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Abstract: This paper presents a no-arbitrage yield-curve model that explicitly incorporates the central-bank 
policy rate. This model is consistent with the existence of a lower bound for nominal interest rates, which 
makes it particularly relevant in the current context of extremely low interest rates. Changes in the policy 
rates depend on the monetary-policy phase, that can be either in an easing, status quo or tightening mode. 
The estimation of the model, based on daily euro-area yield data, reveals the strong influence of the mon-
etary-policy phases on the shape of the yield curve. This relationship can, in turn, be exploited to estimate 
the probabilities of being in the different monetary-policy phases. The model is also used to compute term 
premiums, that are the parts of the yields reflecting the aversion of investors to interest rate risk. The results 
point to the existence of statistically significant premiums for many dates, even for short horizons.
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1  Introduction
The standard view of the monetary policy transmission mechanisms suggests that central banks’ actions 
are mainly transmitted to the economy through their effect on market interest rates. According to this stand-
ard view, a restrictive monetary policy pushes up both short-term and long-term interest rates, leading to 
less spending by interest-sensitive sectors of the economy, and vice versa. While there is a strong empirical 
support for the assertion that monetary policy is a major driver of the yield-curve fluctuations, a very few 
term-structure models explicitly incorporate the “policy rate” – the main central bank’s instrument.

This paper proposes a novel and tractable no-arbitrage term-structure model where discrete-size changes 
in the monetary-policy rate are explicit and central. This framework is particularly adapted to depict the 
dynamics of the short-end of the yield curve, where the influence of monetary policy decisions is the most 
evident [see Cochrane and Piazzesi (2002)]. The estimation, carried out on euro-area daily data, sheds light 
on the influence of the ECB monetary policy on the term-structure of interest rates. Notably, consistently with 
the findings of Bikbov and Chernov (2008), my results show that the shape of the yield curve closely relates 
to the monetary-policy phase (easing, status quo or tightening).1 In turn, this relationship can be exploited to 
estimate the probabilities of being in the (unobserved) monetary-policy regimes.

The model is consistent with the fact that agents are averse to the interest rate risk. If this was not the case, 
the expectation hypothesis would hold. Under this hypothesis, long-term rates correspond to the average of 
expected future short-term rates [see Campbell and Shiller (1991) or Cochrane and Piazzesi (2005)]. While 
there is strong evidence against the expectation hypothesis for long-term yields, the evidence is weaker for 
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1 The definition of these phases is consistent with observed central banks’ target-setting behavior and communication (see 
Smaghi 2009).
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short-term ones [see Longstaff (2000)]. In my model, the possible departure from the expectation hypoth-
esis results from the existence of a stochastic discount factor (s.d.f.). Thanks to this feature, term premiums 
can be computed. These premiums are defined as the differences between actual (observed) yields and the 
(counterfactual) yields that would be observed if agents were risk-neutral.2 Even for short maturities, I obtain 
term premiums that, for many dates, are statistically significant. In other words, my results provide evidence 
against the expectation hypothesis for short-term yields.

The model involves a lot of Markovian regimes – more than 100. Indeed, in the framework, a regime is char-
acterized by (a) the level of the policy rate (about 40 in the present version of the model)3 and (b) the monetary 
policy phase (easing, status quo or tightening). This distinguishes the present framework from earlier interest 
rate models involving regime switching.4 In spite of this unusual feature, the approach remains tractable both in 
terms of bond pricing and of estimation. This is illustrated by estimating the model on euro-area daily data cov-
ering the period from January 1999 to February 2012. The shortest-term rate I consider in the empirical exercise 
is the interbank overnight interest rate, which most central banks aim at stabilizing to a level close to a policy (or 
target) rate. Consistently with this choice, overnight index swap (OIS) rates are used as longer-term yields. An 
OIS is a fixed-for-floating interest rate swap with a floating rate leg tied to the index of daily interbank rates. The 
OIS curve is more and more seen by market participants as a proxy of the risk-free yield curve [see Joyce et al. 
(2011) and BIS (2013)].5 OIS have become popular hedging and positioning vehicles in euro financial markets 
and grew significantly in importance during the financial turmoil of the last few years.

The model is estimated by maximum likelihood techniques. The computation of the log-likelihood is 
based on an innovative joint use of the Kitagawa-Hamilton’s filter and of the so-called inversion techniques 
originally introduced by Chen and Scott (1993).

In a companion paper [Renne (2016)], I use a simpler version of the present model to price interest rate 
options. However, in this previous paper, I do not explicitly model the stochastic discount factor. That is, in 
Renne (2016), the analysis is carried out under the risk-neutral world only, thereby ruling out the computa-
tion of term premiums. Other papers that closely relate to the present one are those by Piazzesi (2005) and 
Fontaine (2009). In both papers, the authors propose term-structure models that explicitly involve the target 
for the policy rate. They estimate their models on U.S. data covering, respectively the periods  1994–1998 
(weekly) and 1994–2007 (daily). A common drawback of these frameworks is that they do not preclude neg-
ative policy rates. While this caveat may be tenable when the short-term interest rate is far enough from 
zero – the conditional probabilities of having negative interest in the subsequent periods being negligible–, 
it is more problematic in the current context of very low interest rates [see e.g. Christensen and Rudebusch 
(2013)]. More generally, many of the tractable yield-curve models are not consistent with the ZLB restriction 
[see Dai and Singleton (2003) or Piazzesi (2010)]. 6 This limitation is addressed in the present framework. 

2 Specifically, the latter yields are calculated by setting the estimates of the so-called prices of interest rate risk – that define the 
s.d.f. – to zero. These yields are those that would prevail under the expectation hypothesis.
3 The modeled policy rate is valued in a set of positive multiples of 25 basis points (or 0.0025). Indeed, over the estimation period 
(1999–2012), all ECB policy rates were multiples of 25 basis points. On 11 June 2014, though, the governing council of the ECB 
has set the rate of the main refinancing operations at 0.15% (see https://www.ecb.europa.eu/stats/monetary/rates/html/index.
en.html). Such an event was not taken into consideration by markets before 2012. If the model was to be used for the most recent 
period, it could easily be adjusted to accommodate such values of the policy rates.
4 Seminal contributions include those of Hamilton (1988), Garcia and Perron (1996), Gray (1996), Bansal and Zhou (2002), Dai, 
Singleton, and Yang (2007), Ang, Bekaert, and Wei (2008) or Lemke and Archontakis (2008).
5 To that respect, one can note that German sovereign bonds, usually perceived as being the European “safest haven” both in 
terms of credit quality and liquidity, trade at levels that have remained close to the OIS yield curve over the last years. The fact that 
OIS rates are proxies of risk-free yields allows me not to consider the pricing of credit risk in the model.
6 Andreasen and Meldrum (2011) illustrate the ability of quadratic term structure models (QTSM) to preclude negative interest 
rates. These models are tractable but cannot accommodate long periods of unchanged interest rates; the same drawback character-
ises Cox, Ingersoll, and Ross (1985)’s model [see e.g. Kim and Singleton (2012)]. By contrast, the shadow-rate approach is consistent 
with prolonged ZLB periods. Nevertheless, this approach, originally proposed by Black (1995) and recently revived by e.g.  Krippner 
(2013) or Christensen and Rudebusch (2015), does not entail explicit bond-pricing formula. Hence, working with shadow-rate mod-
els requires numerical approximations or simulations [see e.g. Priebsch (2013), Kim and Priebsch (2013) or Wu and Xia (2013)].
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Indeed, in my model, the probability of a cut in the policy rate is zero when this rate is at its lower bound, 
thereby precluding negative policy rates.

The remainder of the paper proceeds as follows. Section 2 develops the model. Section 3 presents the 
data. Section 4 details the estimation strategy and results. Section 5 concludes.

2  The model
This section formulates a model of the daily dynamics of the overnight interbank interest rate.7 I also specify 
a parametric stochastic discount factor and derive the resulting bond prices.

2.1  The components of the overnight interest rate

The policy rate prevailing at date t is denoted by r̅t. A is the case in most currency areas, this policy rate 
is assumed to be a multiple of 0.25%. I proceed under the assumption that the target rate is lower than a 
maximal rate denoted by rmax and equal to 0.25% × N, say. Therefore:

 ∆= ′ , ,t r tr z  (1)

where zr,t is a selection vector – that is one of the columns of IN+1, the identity matrix of dimension (N+1) × (N+1) – 
and where the entries of the vector Δ are the continuously-compounded possible policy rates.8

The interbank overnight interest rate is denoted by rt. Its deviations from the target rate are accounted for 
by two independent components, denoted by ξt and st. Formally:

 ξ= + + .t t t tr r s  (2)

2.1.1  The dynamics of the target rate r t̅

Central bankers can decide to change the policy rate at their regular meetings. On these dates, the target can 
be raised (respectively cut) if the tightening regime (resp. the easing regime) prevails. By constrast, the policy 
rate remains necessarily unchanged under the status quo regime. The monetary regime is represented by a 
three-dimensional selection vector zm,t that is valued in the set of the three columns of the identity matrix I3, 
corresponding, respectively to the tightening, the status quo and the easing regimes. Contrary to the econ-
ometrician, market participants observe the regime, this knowledge being based on a variety of detailed 
policy-relevant information that is not modeled here.

It is easily seen that the Kronecker product of the selection vectors zr,t and zm,t, denoted by zt, is also a 
selection vector that is valued in the set of the columns of I3(N+1). (Recall that N+1 is the number of possible 
values of the target rate, between 0% and rmax = N × 0.25%.) The dynamics of zt is described by a Markov chain. 
The matrix of transition probabilities of zt is denoted by Πt. These matrices are time-inhomogenous, but in 
a deterministic way. Indeed, the matrices Πt can take two values, one of them being specific to those days 
at which a monetary-policy meeting is scheduled.9 The number of entries of these Π matrices is consider-
able: for rmax = 10%, there are 15.129 of them. Nevertheless, owing to the following assumptions, most of these 
entries are zero:

7 The extension to a lower frequency is straightforward.
8 Specifically, using the money-market day-count convention, the ith entry of Δ is given by log(1+(i–1)0.25%/360).
9 Contrary to the policy rate (zr,t), that can change only following a monetary-policy meeting, the monetary-policy regime (zm,t) 
can switch at any date.
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1. Conditionally on being in an easing, a status quo or a tightening regime, the target moves are respectively 
valued in {–0.50%, –0.25%, 0}, {0} and {0, +0.25%, +0.50%}.

2. Easing or tightening phases are necessarily followed by status quo phases.

Even with these restrictions, many of Πt’s entries still require to be parameterised. Eight sets of probabilities 
have to be defined: two of them contain the probabilities of switching to the status quo regime (the probabil-
ity of exiting the easing and the tightening regimes are respectively denoted by pES and pTS), two others are 
the probabilities of exiting the status quo regime (pSE and pST), two of them contain the probabilities of 25-bp 
changes in the target rate (rise: pr25; cut: pc25) and the last two are the probabilities of 50-bp moves (rise: pr50; 
cut: pc50). These probabilities may vary with the policy rate. For instance, the probability of switching from the 
tightening to the status quo regime could be larger for higher policy rates, say. In order to keep the model par-
simonious, the transition probabilities are based on logit parametric functions of the target rate r̅. Formally, 
let me define the function f by:

 −= + +′ 1
1 2 1 2( , [ , ] ) [1 exp( )] .f r a a a a r  (3)

For i∈{TS, ES, SE}, the probabilities pi are characterized by 2-dimensional vectors of parameters αi and are 
given by f( r̅, αi). Further, so as to have pST+pSE < 1, the probabilities pST are defined by (1–pSE( r̅))f( r̅, αST). More-
over, αi-type vectors are not defined for each of the four kinds of target moves (±0.25%, ±0.50%) but only for 
two: one for the rises in the policy rate (αr) and one for the cuts (αc). Two additional parameters, kr and kc, 
are then introduced to share the rise and cut probabilities into those of 25-bp and 50-bp moves. Formally, the 
conditional probabilities of target-rate changes (i.e. pc25, pr25, pc50 and pr50) are defined through:
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(5)

where kc and kr are valued in [0, 1].10

Eventually, the 15.129 entries of matrix Π̅ are defined by 14 parameters only.

2.1.2  The volatile component ξt

Factor ξt is aimed at capturing the volatile and short-lived (noise) fluctuations of the spread between the inter-
bank overnight rate and the policy rate. I assume that the ξts are independent exogenous random variables. 
The distribution of these variables is denoted by L ; this distribution is designed in such a way as to flex-
ibly accommodate non-zero skewness and fat tails. Specifically, a random variable drawn from distribution 
L  (w, p, αP , βP , αN, βN) is equal to w+I{u = 0}νP–I{u = 1}νN, where u is Bernoulli distributed with success probability p 
and where νP and νN follow β distributions with parameters (αP , βP) and (αN, βN), respectively.

10 Before November 2001, possible changes in the policy rate were discussed in each of the bi-weekly meetings of the ECB 
 Governing Council. Since then, they are considered during the first of these two bi-weekly meetings only. Accordingly, for the first 
part of the sample (up to November 2001), the target-moves probabilities are divided by two so as to result in (approximately) the 
same probabilities of target moves over a month.
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2.1.3  The dynamics of st

The variable st is aimed at contributing to persistent fluctuations of yields that cannot be accounted for by 
the regime variables zr,t and zm,t. Combined with ξt, the regime variables are expected to account for most of 
EONIA’s fluctuations. Therefore, the variable st is expected to have a far lower impact on the overnight rate 
than on longer-term yields. To obtain such a feature (without resorting to an explosive dynamics for st), st 
is decomposed into two components denoted by s1,t and s2,t, that is, st = s1,t+s2,t.11 The dynamics of [s1,t,s2,t]′ is 
defined through:

 
Φ Σε ε−

−

   
= +   

      
∼1, 1, 1

2, 2, 1

,   i.i.d. (0, )t t
t t

t t

s s
I

s s
N

 
(6)

ρ β
Φ Σ

ρ σ

   
= =   

      
1

2

0 0
where    and   .

0 0 s

The smaller β, the less variable s1,t is. In the limit, if β is equal to zero and if s1,t was zero at some point 
in the past, then st = s2,t. I assume this is the case under the physical measure, but not under the risk-neutral 
one.12 Under the latter measure, if the ρ∗’si  – the risk-neutral counterpart of the ρi’s – are close to one, a shock 
on s2,t can have a very persistent impact on st. In addition, if β* is large enough, these effects are multiplied by 
feeding through s1,t. Therefore, st’s innovations may have a far more long-lasting impact under the risk-neutral 
measure than under the physical measure. This implies that st may account for a far larger variance of long-
term yields than of short-term yields.13

2.2  Pricing

2.2.1  The stochastic discount factor (s.d.f.)

I assume that the stochastic discount factor (s.d.f.) between dates t–1 and t is given by:

 
ν ν ν ε δ− − − − − −

 
= − − + +′ ′ ′  1, 1 1 1 1 1

1exp ( ) .
2t t t t t t t t t tM r z z

 
(7)

The vectors δt and νt are the prices of risk associated to the regime shifts and to the Gaussian shocks εt, respec-
tively. Assuming that vector νt satisfies Σνt = (Φ*–Φ)[s1,t s2,1]′ and defining matrix Π∗

t  through Π Π δ∗ =, , ,exp( ),t ij t ij ij t  
it can be shown that the dynamics of zt and st under the risk-neutral measure are of the same kinds as their 
physical counterparts except that matrices Πt and Φ are respectively replaced by Π∗

t  and Φ*.14 (The risk-
neutral – or pricing – measure ℚ is defined through the Radon-Nikodym derivatives of ℚ with respect to the 
physical measure P: dℚ/dP = exp(rt−1)Mt−1,t.)

It is worth stressing that these specifications offer the possibility to price monetary-policy-related risks, 
this feature resulting from the presence of monetary-policy phases (zm,t) and target rates (zr,t) in the definition 
of the stochastic discount factor.

11 An alternative would be to assume that st follows an AR(1) process. However, to capture the previous feature, the  auto-regressive 
parameter should be larger than one. With a Gaussian st, this would imply infinitely large (positive or negative) long-term rates. By 
contrast, the process that is proposed here ensures that the variances of long-term yields do not explode with maturities.
12 The relationship between the physical and the risk-neutral dynamics is discussed below, in Subsection 2.2.1.
13 The choice of this dynamics builds on Dubecq and Gouriéroux (2011).
14 See Monfort and Renne (2013). In particular, the ∗ ,ESp  ∗ ,SEp  ∗ ,STp  ∗ ,TSp  ∗

25 ,rp  ∗
25 ,cp  ∗

50rp  and ∗
50 ,cp  that  define the ∗Πt ’s  matrices, 

are based on functions f( r̅, ·). Still using the superscript “*” to denote risk-neutral parameters, these probabilities depend on some 
vectors α∗

i  (see end of Subsection 2.1.1).
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2.2.2  Bond prices

It is well-known that the existence of a positive stochastic discount factor is equivalent to the absence of arbi-
trage opportunities [Hansen and Richard (1987)] and that the price at t of a zero-coupon bond with residual 
maturity h, denoted by P(t,h), is given by:

 + + − + + −= ×…× = − −…−, 1 1, 1( , ) ( ) (exp[ ]),t t t t h t h t t t hP t h E M M E r rQ  (8)

where tE
Q  denotes the expectation under the risk-neutral measure, conditional on the information available 

at date t. Substituting Equation (2) into Equation (8) leads to:
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Under the assumption that r̅t, st and ξt are independent processes, it comes:
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(10)

The computations of Pz(t,h), P
ξ
(t,h) and Ps(t,h) are detailed in Appendix B. Explicit formulas are available to 

compute these three terms, each of them turning out to be exponential affine in ′ ′( , ) .t tz s  Accordingly, the 
yields associated with zero-coupon bonds of maturity h, denoted by y(t,h), are of the form:15

 = + +( , ) ( , ) .t h h ty t h G t h z A B s  (11)

3  Data and stylised facts
The sample period is January 15, 1999 to February 17, 2012 (3416 dates). The shortest-maturity rate I will con-
sider is the EONIA (Euro OverNight Index Average), that is the daily euro-area interbank rate. Longer-term 
rates are overnight indexed swap rates (OIS). An OIS is an interest rate swap whose floating leg is tied to 
an overnight rate – the EONIA in the euro-area case – compounded over a specified term. Six maturities 
are included in the estimation dataset (in addition to the overnight one): 1 month, 3 months, 6 months, 
12 months, 2 years and 4 years.16 The policy rate and the EONIA series come from the ECB; longer-term yields 
are taken from Bloomberg.17

15 Using the notations of Appendix B, I have ξ= +( ) ( ) .s
h h hA A A  Note that the values of Ah are not the same before and after 8 October 

2008 because of the change in the distribution of ξt on that break date (see Section 3). Therefore, the pricing formulas of P
ξ
(t, h) 

actually have to be used twice, with Lnorm first and then with Lexcess (yielding to two different sets of constants Ahs). For notational 
convenience, this is not expressed in Equation (10). Note eventually that the time-dependence of G is deterministic; this time 
dependence relates to the (publicly-known) dates of the monetary-policy meetings.
16 OIS yields are not available for longer-than-one-year maturities before 2005. Before that date, I use EURIBOR swaps data 
in place of the 2-year and 4-year OIS yields. Before 2007, the short-term EONIA swaps and maturity-matching EURIBORs had 
extremely close variations before 2007. For each maturity (2-year and 4-year), I subtract the 2005–2006 IBOR-OIS average spread 
from the EURIBOR swap series used in the estimation before 2005, which is about 10 basis points (the standard deviation is 
smaller than 3 basis points).
17 All yields are expressed in continuously-compounded terms. Money-market rate are based on the ACT/360 day-count basis, the 
corresponding continuously compounded rates are therefore computed as ln(1+d × r/360) × 365/d, where r is the considered rate 
and where d is the residual maturity of the instrument. Since the pricing formula presented in Subsection 2.2 are consistent with 
zero-coupon yields, that type of yields is computed using classic bootstrapping methods (for maturities larger than one year, i.e. 
2 and 4 years).



J.-P. Renne: A model of the euro-area yield curve with discrete policy rates      105

2000 2002 2004 2006 2008 2010 2012

0

1

2

3

4

5

6

7

Panel A

Main policy rate
EONIA
Deposit and lending facility rates

2000 2002 2004 2006 2008 2010 2012

−1.0

−0.5

0.0

0.5

1.0

Panel B

EONIA-main policy rate

2000 2002 2004 2006 2008 2010 2012

0

1

2

3

4

5

6

Panel C

Main policy rate
6-month rate
4-year rate

2000 2002 2004 2006 2008 2010 2012

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

Panel D

Term spreads:

6-month rate-main policy rate
2-year rate-main policy rate
4-year rate-main policy rate

Figure 1: Target rate, EONIA and OIS.
Panel A shows the target rate together with the overnight interbank interest rate (EONIA). The dashed lines are the bounds of the 
corridor (see Subsection 3). Panel B displays the EONIA spread, i.e. the spread between the EONIA and the target. The  vertical 
bar in Panel B indicates the date on which the Fixed-Rate Full Allotment procedures was announced by the ECB (8 October 
2008). Panel C presents the target rate and two OIS yields. Spreads between OIS and the main policy rate are reported in 
Panel D.

Panel A of Figure 1 compares the fluctuations of the policy rate with these of the EONIA. Changes in 
the policy rate are decided during the first of the bimonthly meetings of the ECB’s Governing Council. On 
a daily scale, this implies a step-like behavior for the target rate. This plot also displays the two additional 
policy rates of the Eurosystem framework. These two rates constitute the bounds of the so-called corridor that 
brackets the main policy rate.18 The lower bound of the corridor is the deposit-facility rate, that is the rate at 
which banks can deposit cash overnight with the Eurosystem. The upper bound is the lending-facility rate, 
at which counterparties can borrow funds overnight from the Eurosystem. No bank would agree (a) to lend to 
another bank at a yield lower than the one it can secure by using the ECB deposit facility – which is a credit-
risk-free investment – or (b) to borrow at a rate higher than the one it can get by using the lending facility. This 
ensures that the EONIA lies within the bounds of the corridor.

Panel B of Figure 1 presents the EONIA spread, that is the yield differential between the overnight inter-
bank rate and the main policy rate, which is the middle of the corridor. In the model, the EONIA spread is 
rt–r̅t = st+ξt. This plot highlights the break in the relationships between these two rates that occurred in 2008. On 

18 See Kahn (2010) for a comprehensive description and an international comparison of “corridor” systems.
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19 See https://www.ecb.europa.eu/press/pr/date/2008/html/pr081008_2.en.html. The FRFA announcement date is indicated by 
a vertical bar on Panel B in Figure 1.
20 Alternatively, a modeling possibility is to introduce an additional regime-switching variable (zexc,t) indicating whether the 
excess liquidity regime prevails, or not, at date t. The latter approach has been employed in a previous version of the paper. 
For the sake of simplicity, the breakpoint approach is used in the present one. The qualitative results are fairly robust to this 
 simplification.
21 Since I assume that the EONIA rate is modeled without error, ξt is not considered as a third unobserved variable. In other 
words, conditionally on the knowledge of zt, st and rt, variable ξt is deterministic.
22 The ith entry of Λm,t is given by Λz(zr,t⊗ei), where ei denotes the ith column of I3, the identity matrix of dimension 3 × 3.

8 October 2008, in a context of worldwide financial stress, the Eurosystem adopted a fixed-rate full allotment 
(FRFA) tender procedure.19 Since then, the ECB accommodates any demand for liquidity its bank counterparties 
might express at the policy rate – against eligible collateral – in unlimited amounts. This measure generated a 
steady excess of liquidity balances in the overnight market, putting downward pressure on the overnight inter-
est rate. As a result, the latter rate drifted toward the lower limit of the monetary policy corridor [see Soares and 
 Rodrigues (2013), Beirne (2012) and Fahr et al. (2010)]. In addition, it can be seen on Panel B that the distribution 
of the volatile component of the overnight rate became strongly positively skewed after the drop in the EONIA 
spread. Accordingly, the date of the FRFA announcement (8 October 2008) is treated as a break date. At that 
date, I allow for a change in the distribution of the volatile component ξt of the EONIA rate.20 Specifically:
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(12)

In particular, since the L distribution is not centred, the mean value of ξt can differ in the two periods. 
(Looking at Panel B, it is expected to be close to zero before the break date and negative after.)

4  Estimation

4.1  Estimation strategy

The model is estimated by means of maximum likelihood techniques. In the spirit of Kalman filtering, the 
computation of the likelihood function is based on an algorithm that simultaneously derives estimates of the 
latent factors (zt and st).21

The model is a state-space model. Such a model entails two ingredients: (a) transition equations, which 
specifies the dynamics of the state vectors, and (b) the measurement equations, that describe the relation-
ship between the state vectors and the observable variables. In the present case: (a) the dynamics of the state 
vectors st and zt are respectively defined by Equation (6) and by the matrices of transition probabilities Πt 
and (b) the measurement equations relate observed yields, gathered in Rt – a vector of M observed yields of 
maturities h1, …, hM – to st and zt. Using Equation (11) and introducing some vectors of i.i.d. normal measure-
ment errors denoted by η, the measurement equations, in vector form, are:

 
Λ Λ σ η η= + + ∼,   (0, ).t z t s t R t tR z s IdN

 (13)

At that stage, note that zt is only partially unobserved. Indeed, zt is the Kronecker product of zr,t and zm,t; and 
zr,t is observed. Therefore, the true latent variables are st and zm,t. Equation (13) is accordingly rewritten as:

 
Λ Λ σ η= + +, , ,t m t m t s t R tR z s

 
(14)

where Λm,t is a 1 × 3 (observable) vector that is such that Λm,t zm,t = Λz(zr,t⊗zm,t).22
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This latency is handled by using an estimation strategy built on Monfort and Renne (2013). The approach 
consists in applying inversion techniques à la Chen and Scott (1993) together with the Kitagawa-Hamilton 
filter to address the hidden nature of the switching regimes. The idea of the inversion technique is the fol-
lowing: assuming that a linear combination of the yields is observed without error, one obtains the latent 
variable st as a function of Rt and zt. In that case, one can compute the likelihood function; the calculation 
involves the specified dynamics of the latent factor as well as the distribution of the remaining pricing errors. 
Usually, one uses trivial perfectly-priced combinations of yields: specifically, if there are m latent factors with 
continuous support in the model, one assumes that m yields are priced without error. However, as noted for 
instance by Piazzesi (2010), the choice of these m yields maturity, out of the M available ones, is arbitrary. 
Therefore, I resort here to an original alternative approach and choose st in order to minimize the average 
squared pricing errors across the different maturities.23 In that case, conditionally on (Rt, zt), the latent factor 
st is simply obtained by using the OLS formula:

 
Λ Λ Λ Λ−= −′ ′1( ) ( ).t s s s t z ts R z

 
(15)

Equation (15) shows that st is then given by a weighted average of the elements of Rt–Λzzt, which are the parts 
of the yields that cannot be accounted for by zt. Contrary to the classic inversion technique, in which there 
is a one-to-one relationship between one of the yields and st, the averaging underlying the present approach 
tends to make the results less sensitive to potential noises present in the yield observations (i.e. in Rt). Further 
details of the exact computation of the likelihood are provided in Appendix C.

4.2  The estimated model

Table 1 reports the maximum-likelihood parameter estimates.24 The mean absolute pricing error is equal to 
7 basis points, which is comparable, though slightly higher, to Piazzesi (2005)’s fit of the U.S. yield curve.25 
Figure 2 shows the fit of the 6-month and the 4-year yields. These plots also show the part of those yields that 
is explained by the regime variable zt. It appears that most of the yields’ fluctuations can be accounted for 
by zt: more than 95% of the sample variances of yields with maturities lower than 2 years are captured by the 
term G(t,h)zt appearing in Equation (11).26

Figure 3 presents the estimated probabilities of being in the different monetary-policy regimes (zm,t).27 
The policy rate is also plotted on this figure. Naturally, the chart shows that phases of cuts (respectively rises) 
in the policy rate take place when the easing (respectively tightening) regime prevails. Interestingly, it also 
appears that there are changes in the monetary policy regime that accompanied by movements of the policy 
rate. Such changes could be triggered by (non-modeled) ECB officials’ speeches or by the release of macro-
economic news or figures. In the context of the model estimation, the detection of these changes is based 
on the information embedded in the shape of the yield curve. To illustrate, Figure 4 shows the influence 

23 I am grateful to Simon Dubecq for providing me with this procedure. To my knowledge, though particularly efficient compared 
to classic inversion techniques, it has not been used in the existing literature.
24 In order to avoid that the factor st, thanks to its flexible Gaussian dynamics, explains too large a share of the yield fluctua-
tions, I limit the size of its marginal variance in the estimation. Specifically, I impose that the marginal standard deviation of the 
st-related component of the 1-year yield is lower than 5 basis points. Eventually, 46 parameters remain to be estimated.
25 Piazzesi (2005)’s approach constitutes a good basis for comparison because the focus of her paper is put on the same spectrum 
of maturities as the present one. Note however that the sample period used by Piazzesi (2005) is shorter (4 years against 13 years 
here) and the frequency is lower (weekly vs. daily here). Another basis for the fit assessment is offered by principal component 
analysis: the mean absolute pricing error resulting from fitting the yields with their first two principal components is of 5 basis 
points (2 basis points with the first three principal components).
26 Eighty five percent of the variance of the 4-year yield is accounted for by G(t,h)zt.
27 These probabilities are the smoothed probabilities computed with Kim (1994)’s algorithm.
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Table 1: Parameter estimates.

  1a
∗   2a

∗   k*     a1   a2   k

Rise in the policy rate  –0.058   0.112   0.506     1.035   –0.157   0.889
  (0.700)   (0.024)   (0.520)     (0.452)   (0.026)   (0.089)

Cut in the policy rate   0.254   0.102   0.147     0.801   –0.144   0.411
  (0.320)   (0.009)   (0.329)     (0.546)   (0.029)   (0.142)

ES   3.260   0.518       5.173   –0.415  
  (0.056)   (0.021)       (0.696)   (0.225)  

SA   8.980   –0.879       6.039   –0.473  
  (1.000)   (0.035)       (1.051)   (0.286)  

TS   4.414   0.293       3.889   0.266  
  (0.056)   (0.015)       (0.785)   (0.278)  

ST   5.836   –0.029       3.617   0.538  
  (0.076)   (0.051)       (0.906)   (0.091)  

βP,norm   βN,norm   αP,norm   αN,norm   wnorm   pnorm    

0.760   0.178   8.192   1.643   0.040   0.571    
(0.033)   (0.005)   (0.129)   (0.136)   (0.001)   (0.011)    

βP,excess   βN,excess   αP,excess   αN,excess   wexcess   pexcess    

0.858   8.875   1.474   0.450   –0.650   0.814    
(0.123)   (1.014)   (0.038)   (0.0375)   (0.001)   (0.010)    

1ρ∗   2ρ∗   β*     ρ2     σs( × 106)   σR

0.999   0.998   105.511     0.941     0.930   0.091
(0.001)   (0.001)   (0.534)     (0.001)     (0.007)   (0.001)

The table reports the estimates of the parameters defining the dynamics of the factor under historical and risk-neutral 
 measures. The estimation data are daily and span the period from January 1999 to February 2012. Standard errors are reported 
in parentheses. The parameters ai relate the probabilities of changes in the policy rate or in the monetary-policy regime to the 
level of the policy rate (see Subsection 2.1.1 and notably Equation 3). The parameters that define the risk-neutral dynamics are 
indicated by *. σR is the standard deviation of the pricing errors (see Equation 13), expressed in percentage points. Parameters 
wi, pi, αP,i, βp,i, αN,i, βN,i define the distribution of ξt, the volatile component of rt [see Equation (12)]. Parameters ρ∗

1 ,  ρ∗
2 ,  β*, ρ2, σs 

characterize the dynamics of st (see Subsection 2.1.3).
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Figure 2: Model fit.
These plots compare model-implied yields with their data (actual) counterparts. The dotted line represents the part of the 
model-implied yields that is accounted for by the regime variable zt [that is G(t,h)zt+Ah in Equation 11].

of the monetary-policy regimes on the term structure of interest rates. Modeled yields are compared with 
the observed ones for three dates. For each date, three additional yield curves are displayed, each of them 
corresponding to one of the three monetary-policy regimes. The modeled yield curve corresponds to one 
of these three curves, the attribution being based on the smoothed probabilities of being in the different 
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Figure 3: Regimes’ estimates.
This figure displays the (smoothed) probabilities of being in the different monetary-policy regimes (left-hand scale). The main 
policy rate is also shown (right-hand scale).
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Figure 4: Fitted yield curves and influence of monetary-policy regimes.
These plots compare model-implied (diamonds) with observed (black circles) yield curves at different dates. In addition, each 
plot reports the (model-implied) yield curves that would have been obtained if other monetary-policy regimes had prevailed on 
these dates. The seven circles (and diamonds) correspond, respectively to the following maturities: 1 day, 1, 3, 6 months, 1, 2 
and 4 years.

monetary-policy regimes.28 The two remaining curves are the answers to the question: what if the monetary-
policy stance were different on that date? These plots show that monetary-policy regimes are key to shape the 
yield curve. Furthermore, this figure demonstrates the ability of the model to reproduce various shapes of the 
yield curve (steep, flat, humped, inverse-humped).

The specifications of the model allow for an heteroskedastic behavior of the policy rate. This is illustrated 
in Figure 5, that displays the conditional standard deviations associated to the 3-month-ahead forecasts of 
the policy rate (i.e. +3[ ]t t mthVar r ). For any date t, these standard deviations depend on (a) the policy rate (r̅t) 
and on (b) the monetary-policy regime (zm,t) prevailing prevailing at date t. For instance, the plot suggests that 
uncertainty characterising future policy rate moves is higher in easing than in tightening phases, which is 
line with the findings of Fontaine (2009).

28 These probabilities are the ones displayed in Figure 3. In the present case, the smoothing algorithm results in a clear-cut iden-
tification of the hidden monetary-policy regime: Most of the time, the smoothed probabilities are either 1 or 0.
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4.3  Term premiums

Conceptually, term premiums correspond to average bond excess returns demanded by investors to be com-
pensated for the risk associated with changes in interest rates. Let me clarify. If bond prices tend to be system-
atically lower – because interest rates tend to be systematically higher – in what investors consider as “bad 
states of the world”, then an investor gets more exposed to these bad states of the world if she purchases the 
bond. For her to be willing to buy such an asset, the bond price has to be lower than what it would be under 
the so-called expectation hypothesis, where the preferences of the bond holders would not relate to the level 
of interest rates (see e.g. Campbell and Shiller (1991) or Cochrane and Piazzesi (2005)). While there is strong 
evidence against the expectation hypothesis for long-term yields, the evidence is weaker for short-term ones 
[see Longstaff (2000)].

Formally, in my model, the expectation hypothesis is verified if the prices of risk ν and δ are equal to zero 
(see the specification of the s.d.f. in Equation 7). In that case, the s.d.f. Mt−1, t is equal to exp(–rt−1) and the risk-
neutral and the physical dynamics coincide (because dℚ/dP = exp(rt−1)Mt−1,t). By contrast, if the preferences 
of the agents are related to the interest rate risk, the risk-neutral dynamics differs from the physical one and 
term premiums arise. By definition the term premiums are the differences between model-implied yields 
(y(t,h)) and the counterfactual yields �( ( , ),say)y t h  that would be observed if the investors were not averse to 
interest rate risk. Formally:

 
+ −=− − −…− 1

1( , ) log (exp[ ])t t t hy t h E r r
h

Q

 
(16)

 + −=− − −…−�
1

1( , ) log (exp[ ]).t t t hy t h E r r
h

P

 (17)

The existence of term premiums at the short to medium end of the yield curve is important in several 
respects. Let me mention two of them. First, if these risk premiums are sizeable, OIS forward rates should 
not be interpreted as the market (physical) expectations of future policy rates for short to medium horizons, 
though this is the basis of a widespread market practice.29 Second, the existence of risk premiums implies that 
excess returns are partially predictable.30
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Figure 5: Heteroskedasticity of the policy rate.
This plot presents the conditional standard deviations (reported in basis points) of the 3-month-ahead forecasts of the policy 
rate – i.e. 3( )t t mthVar r + – as functions of the current policy rate (r̅t) and of the current monetary-policy regime (easing, status 
quo or tightening). These standard deviations measure the uncertainty associated to future values of the policy rate. This plot 
illustrates the heteroskedasticity of the policy rate in the model.

29 See e.g. Barclays (2008), Joyce, Relleen, and Sorensen (2008), Joyce and Meldrum (2009), Bank of England (2005) or Lang 
(2010).
30 See e.g. Fama and Bliss (1987) and Campbell and Shiller (1991).
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Both conditional expectations appearing on the right-hand side of Equations (16) and (17) can be cal-
culated by using the approach detailed in Appendix B. The only difference is that the computation of y(t,h) 
involves Π∗

t  and Φ*, while that of �( , )y t h  involves Πt and Φ (see Subsection 2.2.1).
Term premiums for two maturities (1 year and 4 years) are plotted on Figure 6. Panels A and B show 

that the 4-year term premium is higher and more volatile than the 6-month one. This reflects the fact that 
longer-term instruments are more sensitive than short-term ones to the interest rate risk; investors therefore 
ask higher premiums to bear that higher risk. At the end of the sample (2009–2012), in a context of very low 
interest rates, important shares of the yields are accounted for by the term premiums, especially for the 4-year 
maturity.

Because the term premiums are functions of the model parameterisation, they inherit the uncertainty 
surrounding parameter estimates. This is illustrated in Panels C and D of Figure 6. These panels display 
the same term premiums as before, but the 10th and 90th percentiles of their distributions are added. The 
computation of these percentiles is based on bootstrap techniques.31 Naturally, the term premiums are 
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Figure 6: Term premium estimates.
This figure displays the term premium estimates. These term premiums are the parts of the yields that would not exist if agents 
were not averse to nominal interest rate risks. The upper panels plot the term premiums together with the corresponding yields. 
The lower plots display 80% confidence intervals reflecting the uncertainty associated to the parameter estimates. The compu-
tation of these confidence intervals is based on bootstrap techniques: the asymptotic distribution of the parameter estimates 
is used to draw 1000 alternative sets of parameter estimates that, in turn, are used to compute 1000 sets of term premiums; the 
gray lines indicate the 10th and 90th percentiles of the obtained risk-premiums distributions.

31 The asymptotic distribution of the parameter estimates is used to draw 1000 alternative sets of parameter estimates that, in 
turn, are used to compute 1000 sets of term premiums; the gray lines indicate the 10th and 90th percentiles of the obtained risk-
premiums distributions (considered date per date).
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statistically significant at the 10% level when 0 is not included in the confidence interval (gray-shaded area). 
This happens about half the time, for both the 1-year and the 4-year maturity. These results therefore point to 
the rejection of the expectation hypothesis, for shorter as for longer maturities.

5  Conclusion
While central banks’ interest-rate decisions are obvious drivers of the fluctuations of the term structure of 
interest rates, only few of the available no-arbitrage term structure models feature a realistic modelling of 
the policy rate. This paper proposes a framework that captures simultaneously the dynamics of the policy 
rate and that of the yields of longer maturities. Importantly, this model is consistent with the existence of 
the zero-lower-bound restriction, making it appealing in the current context of extremely low interest rates. 
A key ingredient of the model is an extensive and innovative use of switching-regime features. Each regime 
is characterized by a monetary-policy level and a monetary-policy regime (easing, tightening or status quo).

The model is estimated on daily euro-area yield data spanning the period 1999 to 2012 by means of 
maximum likelihood techniques. The model-implied probabilities of being in the different monetary-policy 
regimes for any date in the sample constitute interesting by-products of the estimation. Besides, because it 
involves a stochastic discount factor, the model can be used to compute term premiums. These premiums are 
the parts of the yields that reflect the excess return demanded by bondholders to bear the interest rate risk. 
The results suggest that a substantial part of the yields is accounted for by term premiums, which points to 
the rejection of the expectation hypothesis, even for short-term horizons.
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Appendix

A Laplace transform of a Markov-switching process

In the following, I consider a n-state Markov process zt, valued in {e1, …, en}, the set of columns of In, the iden-
tity matrix of dimension n × n. I assume that the matrix of transition probabilities is deterministic and denoted 
by Pt (the columns sum to one). I have: + += = ′1 1( | ) .t i t i t tz e z e P zP  It can be shown that:

 
α α α
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+ + +
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where exp α is the vector whose entries are of the form exp(αi)’s and where D(x) is a diagonal matrix whose 
diagonal entries are the elements of the vector x. Indeed, for h = 1:

α α α
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+
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Now, for h = 2, the law of iterated expectations leads to:
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Using the facts that + +′1 1t tz z  commutes with any matrix and that + + +=′ ′�1 1 1[1  1] ,t t tz z z  I get:
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B Pricing formulas

In this Appendix, I briefly explain how to compute the three terms Pz(t,h), P
ξ
(t,h) and Ps(t,h) whose product is 

the bond price P(t,h) [Equation (10)].

B.1 Computation of Pz(t,h)

The targets r̅t are the only stochastic variables involved in the computation of P1,(t,h). The previous Appendix 
shows that the expectation of an exponential-affine combination of a variable that follows a Markov-switch-
ing process is available in closed form. This leads to the following formula:
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and where the product operator Π works in a backward direction: if X1 and X2 are some square matrices, 
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X X X  Defining the vector G(t,h) as G(t,h) = –(1/h)log{Gz(t,h)}, I get Pz(t,h) = exp(–hG(t,h)zt).

B.2 Computation of P
ξ
(t,h)

Using the independence assumption of the ξts, I obtain:
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According to the definition of the L distribution (see Subsection 2.1.2), the expectation ξ +− 1(exp[ ])t tEQ  is 
given by:

α β α β− × − + − ×exp( ){ ( , , 1) (1 ) ( , , 1)}P P N Nw p pF F

where F   (α, β, v) is given by: α
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F  (using the Laplace transform of the Beta  
 

distribution). Note that ξ ξ +− − 1exp( )/ (exp[ ])t t tEQ  is very close to one (especially at the daily frequency). With 
virtually no impact on the result, I therefore use the approximation:
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B.3 Computation of Ps(t,h)

We have
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The previous equation can be solved using the recursive algorithm proposed by Ang and Piazzesi (2003). 
A faster computation can be obtained by using the algorithm described in Borgy et al. (2011). The resulting 
price is of the form:

 
= − −( )( , ) exp( ).s

s h h tP t h hA hB s
 

(20)

C Computation of the likelihood

Multiplying both sides of Equation (13) by Λ Λ Λ−′ ′1( ) ,s s s  I obtain:

Λ Λ Λ Λ Λ Λ Λ Λ Λ Λ η− − −= + +′ ′ ′ ′ ′ ′1 1 1( ) ( ) ( ) .s s s t s s s z t t s s s tR z s

The assumption according to which Λ Λ Λ Λ−= −′ ′1( ) ( ),t s s s t z ts R z  which reflects the fact the linear combina-
tion of yields Λ Λ Λ−′ ′1( )s s s tR  is priced without error, implies that the last term in the previous equation is null, 
that is: Λ η =′ 0.s t  This notably implies that the elements of ηt can then not be independent. However, the ele-
ments of a subset of M–1 of them can be independent. Without loss of generality, I assume that the last M–1 
elements of ηt are i.i.d. σ2(0, ).RN

For a given regime vector zt, there is the same information in Rt as in �{ , },t ts R  where �tR  is any subvec-
tor of Rt containing M–1 yields of distinct maturities. My intermediary objective is to compute the likelihood 
associated to = …

�
1, , { , } .t t t Ts R  Without loss of generality, I assume that = … ′�

2[ ( , ), , ( , )] .t MR y t h y t h  Denoting by 
Γ the (M–1) × M matrix that selects the last M–1 entries of an M × 1 vector, I have Γ=� .t tR R  Substituting for st in 
Equation (14) and rearranging the terms in this equation leads to:

η Λ Λ Λ= − − − , , ( ) ( ) ,t t m t m tId R Id z

where Λ Λ Λ Λ Λ−= ′ ′1( ) .s s s s  Multiplying both sides of the previous equation by Γ gives:

 η Γ Λ Γ Λ Λ= − − −�
, ,( ) ( ) ,t t m t m tId R Id z  (21)

where η Γη≡� t t  is the vector containing the last M–1 (i.i.d.) elements of ηt.
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Besides, let me rewrite the second equation of System (6) after substituting for st (≡s2,t) and st−1 (≡s2,t−1):

 
ε Λ Λ Λ ρ Λ ρ

σ
−

− −= − − −′ ′1
2, 2 1 2 1

1 ( ) [( ) ( )],t s s s t t z t t
s

R R z z
 

(22)

where ε2,t~N(0, 1) (this is the second element of εt). The system made of Equations (21) and (22) involves a 
set of independent Gaussian shocks {ε2,t, η2,t, …, ηM,t} as well as the (unobserved) regime variable zm,t. The 
computation of the log-likelihood associated with the previous system of equations is obtained by applying 
the Kitagawa-Hamilton filter (see e.g. Hamilton (1994), Chapter 22). However, this likelihood is the one associ-
ated with the vector = …

�
1, , { , } ,t t t Ts R  while I need to maximize the one associated with actually observed data  

{Rt}t = 1, …, T . The latter likelihood is obtained by multiplying the former by the determinant of the Jocobian 

resulting from this change in variables, that is Λ
Λ Λ

∂ ∂ =′
′

�
,1

1| [ , ]/ |t t t s
s s

s R R  where Λs,1 is the first entry of Λs.
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