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based prices and hedging strategies for a small number of claims can be computed by solving
a mean-variance hedging problem under a specific equivalent martingale measure and rel-
ative to a suitable numeraire. For power utilities, we propose an alternative representation
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35:1479-1531, 2007) for mean-variance hedging. These results are illustrated by applying
them to exponential Lévy processes and stochastic volatility models of Barndorff-Nielsen and
Shephard type (J. R. Stat. Soc. B, 63:167-241, 2001). We find that asymptotic utility-based
hedges are virtually independent of the investor’s risk aversion. Moreover, the price adjust-
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risk aversion, and surprisingly small unless very high levels of risk aversion are considered.
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1 Introduction

In incomplete markets, derivative prices cannot generally be based on perfect replication. A
number of alternatives have been suggested in the literature, relying, e.g., on superreplication,
mean-variance hedging, calibration of parametric families, utility-based concepts, or ad-
hoc approaches. This paper focuses on utility indifference prices as studied by Hodges and
Neuberger [17] and many others. They make sense for over-the-counter trades of a fixed
quantity of contingent claims. Suppose that a client approaches a potential seller in order
to buy ¢ European-style contingent claims maturing at 7. The seller is supposed to be a
utility maximizer with given preference structure. She will enter into the contract only if her
maximal expected utility is increased by the trade. The utility indifference price is the lowest
acceptable premium for the seller. If the trade is made, the seller’s optimal position in the
underlyings changes due to the presence of the option. This adjustment in the optimal portfolio
process is called utility-based hedging strategy for the claim. Both the utility indifference
price and the corresponding utility-based hedging strategy are typically hard to compute
even if relatively simple incomplete market models are considered. A reasonable way out for
practical purposes is to consider approximations for small ¢, i.e., the limiting structure for
small numbers of contingent claims. Extending earlier work on the limiting price, Kramkov
and Sirbu [32,33] show that first-order approximations of the utility indifference price and the
utility-based hedging strategy can be expressed in terms of a Galtchouk—Kunita—Watanabe
(GKW) decomposition of the claim after changing both the numeraire and the underlying
probability measure.

From a slightly different perspective one may say that Kramkov and Sirbu [32,33] relate
utility indifference pricing and hedging asymptotically to some mean-variance hedging
problem. In this representation, the L>-distance between payoff and terminal wealth of
approximating portfolios needs to be considered relative to both a new numeraire and a
new probability measure.

This differs from related results for exponential utility (see [3,28,34]), where no numeraire
change is necessary. In the present study, we show that the numeraire change can also be
avoided for power utilities, which constitute the most popular and tractable ones on the
positive real line, i.e., in the setup of [32,33]. This allows to examine directly how the
dynamics of the underlying change to account for utility-based rather than mean-variance
hedging, and also allows to apply directly a number of explicit resp. numerical results from the
literature. The key idea is to consider an equivalent mean-variance hedging problem relative
to the original numeraire but under yet another probability measure. More specifically, the
solution of [32,33] for a contingent claim H corresponds to a quadratic hedging problem of

the form
2
. c+e*St—H
Es{| —— 1.1
wra((F75)) -y

with some numeraire process N and some martingale measure Q°. If we define a new measure
P€ via

dP€ 1/N2

dQs " Egs(1/N3)’

the mean-variance hedging problem (1.1) can evidently be rewritten as

Egs(1/Npymin Epe (¢ + ¢+ St = H)Y). (1.2)
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where we minimize again over some a set of initial endowments ¢ and trading strategies ¢.
Replacing (1.1) by (1.2) constitutes the key idea underlying our approach. For a related tran-
sition in the quadratic hedging literature compare [16] with and [6,39,42] without numeraire
change. Since the stock is not a martingale in the reformulation (1.2), the Galtchouk-Kunita-
Watanabe decomposition does not lead to the solution. Instead, representations as in [42] or,
more generally, [6] can be used to obtain concrete formulas, which are provided in Theo-
rem 4.7 of this paper. On a rigorous mathematical level, we do not consider mean-variance
hedging problems because the expression in Theorem 4.7 is the solution to such a hedging
problem only under additional regularity which does not hold in general. Instead, we show
in a more direct fashion that the solution of [32,33] can be expressed as in Theorem 4.7.

In order to illustrate the applicability of our results and shed light on the role of the
investor’s risk aversion for power utility-based pricing and hedging, we consider exponential
Lévy processes and the stochastic volatility model of Barndorff-Nielsen and Shephard [2]
as examples. For these processes, all technical assumptions can be verified directly in terms
of the model parameters. Moreover, results for the related mean-variance hedging problem
(cf. [5,18,27,30]) can be adapted to obtain first-order approximations to utility-based prices
and hedging strategies explicitly up to some numerical integrations. Using parameters esti-
mated from an equity index time series, we find that the asymptotic utility-based hedging
strategies are virtually independent of the investor’s risk aversion, which holds exactly for
exponential investors. Moreover, the risk premia per option sold turn out to be almost linear
in the investor’s (absolute) risk aversion, which again holds exactly for exponential utilities.
Hence, these examples suggest very similar pricing and hedging implications of both expo-
nential and power utilities: risk aversion barely influences the optimal hedges, and enters
linearly into the first-order risk-premia. Similarly as in [14,13] in the context of basis risk,
we find that the price adjustments are negligibly small for the levels of risk aversion typically
considered in the literature. In particular, surprisingly high levels of risk aversion are needed
to obtain bid- and ask prices below and above the Black—Scholes price, respectively.

The remainder of the paper is organized as follows. After briefly recalling the general the-
ory of power utility-based pricing and hedging in Sect. 2, we review the asymptotic results
of Kramkov and Sirbu [32,33]. As a byproduct we derive a feedback formula for the utility-
based hedging strategy. Subsequently, we develop our alternative representation in Sect. 4.
Throughout, we explain how to apply the general theory to exponential Lévy processes and
the stochastic volatility model of Barndorff-Nielsen and Shephard [2]. A concrete numeri-
cal example is considered in Sect. 6. Finally, the appendix summarizes notions and results
concerning semimartingale calculus for the convenience of the reader.

Unexplained notation is generally used as in the monograph of Jacod and Shiryaev [21]. In
particular, for a semimartingale X, we denote by L (X) the predictable X -integrable processes
and by ¢ * X the stochastic integral of ¢ € L(X) with respect to X. We write & (X) for the
stochastic exponential of a semimartingale X and denote by .Z(Z) := Zl_ * Z the stochastic
logarithm of a semimartingale Z satisfying Z, Z_ # 0. For semimartingales X and Y,
(X, Y) represents the predictable compensator of [ X, Y], provided that the latter is a special
semimartingale (cf. [20, p. 371]). Finally, we write ¢! for the Moore-Penrose pseudoinverse
of a matrix or matrix-valued process ¢ (cf. [1]) and denote by E; the identity matrix on RY.

2 Utility-based pricing and hedging

Our mathematical framework for a frictionless market model is as follows. Fix a terminal
time 7' > 0 and a filtered probability space (2, .#, (%)¢[0,7], P) in the sense of [21,1.1.2].
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For ease of exposition, we assume that %7 = .% and %y = {&, Q} up to null sets, i.e., all
Fp-measurable random variables are almost surely constant.

‘We consider a securities market which consists of d + 1 assets, a bond and d stocks. As
is common in Mathematical Finance, we work in discounted terms. This means we suppose
that the bond has constant value 1 and denote by § = (SY, ..., 8% the discounted price
process of the d stocks in terms of multiples of the bond. The process S is assumed to be an
R9-valued semimartingale.

Example 2.1 1. Throughout this article, we will illustrate our results by considering one-
dimensional exponential Lévy models. This means that d = 1 and S = Syp&(X) for
a constant Sy > 0 and a Lévy process X with Lévy-Khintchine triplet (6%, ¢X, FX)
relative to some truncation function 4 on R. We write

V¥@ = b 32+ [ 1= 2 P e
for the corresponding Lévy exponent, i.e., the function ¥X : iRY — C such that
E(e¥X1) = exp(tlpx (z)). When considering exponential Lévy models, we will always
assume S > 0, which is equivalent to AX > —1 resp. the support of FX being concen-
trated on (—1, 00).

2. We will also consider the stochastic volatility model of Barndorff-Nielsen and Shephard
[2] (henceforth BNS model). Here d = 1 and the return process X driving S = Sp&(X)
is modelled as

dXt = Mytdt + ﬁdWl, X() = O,

for a constant u € R, a standard Brownian motion W, and an independent Lévy-driven
Ornstein-Uhlenbeck process y. The latter is given as the solution to the SDE

dy; = =iy dt +dZ;, yo >0,

with some constant A > 0 and an increasing Lévy process Z with Lévy-Khintchine triplet
(b%,0, F%) relative to a truncation function 4 on R.

Self-financing trading strategies are described by R?-valued predictable stochastic
processes ¢ = (¢!, ..., %), where ¢! denotes the number of shares of security i held
at time . We consider an investor whose preferences are modelled by a power utility function
u(x) = x'7P/(1 — p) with constant relative risk aversion p € R \{0, 1}. Given an initial
endowment v > 0, the investor solves the pure investment problem

UWw):= sup Eu(v+¢-*Sr))), 2.1
0eO(v)

where the set ® (v) of admissible strategies for initial endowment v is given by
OW) ={peLlS):v+¢p+S >0}

To ensure that the optimization problem (2.1) is well-posed, we make the following two
standard assumptions.

Assumption 2.2 There exists an equivalent local martingale measure, i.e., a probability
measure Q ~ P such that S is a local Q-martingale.

Assumption 2.3 The maximal expected utility in the pure investment problem (2.1) is finite,
ie., U(w) < oo.
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Example 2.4 1. In a univariate exponential Lévy model S = Sp&(X) > 0, Assumption
2.2 is satisfied if X is neither a.s. decreasing nor a.s. increasing. In this case, by [37,
Corollary 3.7], Assumption 2.3 holds if and only if f{\Xl>1} xl-PFX (dx) < o0, i.e., if
and only if the return process X has finite (1 — p)-th moments.

2. By [26, Theorem 3.3], Assumptions 2.2 and 2.3 are always satisfied in the BNS model
if the investor’s risk aversion p is bigger than 1. For p € (0, 1), they hold provided that

o0

1— 1= —\T

/ exp (7%12;1) FZ(dz) < oo, 2.2)
2p A

1

i.e., if sufficiently large exponential moments of the driving Lévy process Z exist.

In view of [31, Theorem 2.2], Assumptions 2.2 and 2.3 imply that the supremum in (2.1)
is attained for some strategy ¢ € © (v) with strictly positive wealth process v + ¢ * S. By
Assumption 2.2 and [21, 1.2.27], v + @ * S_ is strictly positive as well and we can write

v+geS=v8(—a-S)

for the optimal number of shares per unit of wealth
- ®
v+@eS.’

which is independent of the initial endowment v for power utility. Finally, [31, Theorem 2.2]
also establishes the existence of a dual minimizer, i.e., a strictly positive supermartingale Y
with ?T = éi(—ﬁ . S);p such that (v 4+ ¢ S)? is a supermartingale for all ¢ € ®(v) and
(v + @ * S)Y is a true martingale. Alternatively, one can represent this object in terms of
the opportunity process L := Lo&(K) := &(—a * S)P Y of the power utility maximization
problem (cf. [6,26] for motivation and more details).

The optimal strategy ¢ as well as the joint characteristics of the assets and the opportunity
process L satisfy a semimartingale Bellman equation (cf. [36, Theorem 3.2]). In concrete
models, this sometimes allows to determine ¢ and L by making an appropriate ansatz.

Example 2.5 1. Let § = Sp&(X) > 0 for a non-monotone Lévy process X with finite
(1 — p)-th moments. Then it follows from [37, Lemma 5.1] that there exists a unique
maximizer 7 of

I-p _
g(n) = nb* — gnzcx +/ (% - nh(x)) FX(dx),

overtheset €0 = {§ e R: FX(x € R: nx < —1) = 0} of fractions of wealth invested
into stocks that lead to nonnegative wealth processes. By [37, Theorem 3.2], the optimal
number of shares per unit of wealth is given by

—a = 77\/ S_,
with corresponding wealth process v&'(—a ¢ §) = v& (7X) and opportunity process
L; =exp(a(T —1t)), wherea = (1 — p) max g(n).
ne®?
2. By [26, Theorem 3.3], it is also optimal to hold a constant fraction of wealth in stocks
in the BNS model, namely 7 = n/p (provided that the conditions of Example 2.4 are

satisfied). The optimal number of shares per unit of wealth is then given by —a = 77/S_
with corresponding wealth process v& (17X), and opportunity process

L = exp(ao(t) + a1 ()vy),
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for

l—p 51— M0

ZpM A

T
al(t) = ., () = / (i (s))ds,
t

where /% denotes the Lévy exponent of Z.

In addition to the traded securities, we now also consider a non-traded European contingent
claim with maturity 7 and payment function H, which is an .#r-measurable random variable.
Following [32,33], we assume that H can be superhedged by some admissible strategy as,
e.g., for European puts and calls.

Assumption 2.6 |H| < w + ¢ * St for some w € (0, 00) and ¢ € O(w).

If the investor sells ¢ units of H at time 0, her terminal wealth should be sufficiently large
to cover the payment —q H due at time 7. This leads to the following definition (cf. [9,19]
for more details).

Definition 2.7 A strategy ¢ € ©(v) is called maximal if the terminal value v + ¢ * St of its
wealth process is not dominated by that of any other strategy in ® (v). An arbitrary strategy
¢ is called acceptable if its wealth process can be written as

v—l—go-S:v’—}—go/'S—(v//—i-(p//'S)

for some v/, v € Ry and ¢/, ¢” € L(S) such thatv' +¢"* S > 0,v" + ¢” S > 0 and, in
addition, ¢” is maximal. For v € (0, c0) and ¢ € R we denote by

O%(v) := {p € L(S) : ¢ is acceptable, v + ¢ * Sy — gH > 0},
the set of acceptable strategies whose terminal value dominates g H.

Remark 2.8 Given Assumption 2.2, we have ® (v) = O%v) by [9, Theorem 5.7] combined
with [23, Lemma 3.1 and Proposition 3.1] .

Let an initial endowment of v € (0, co) be given. If the investor sells g units of H for a
price of x € R each, her initial position consists of v + gx in cash as well as —g units of
the contingent claim H. Hence ®7 (v + gx) represents the natural set of admissible trading
strategies for utility functions defined on R . The maximal expected utility the investor can
achieve by dynamic trading in the market is then given by

Ul(v+gx) = sup  Eu@+gx+¢*Sr—qH)).
€@ (v+gx)

Definition 2.9 Fix g € R. A number 79 € R is called utility indifference price of H if
Ul(v+qr?) =U(v). (2.3)

Existence of indifference prices does not hold in general for power utility. However, a
unique indifference price 79 always exists if the number ¢ of contingent claims sold is
sufficiently small or, conversely, if the initial endowment v is sufficiently large.

Lemma 2.10 Suppose Assumptions 2.2, 2.3 and 2.6 hold. Then a unique indifference price
exists for sufficiently small q. More specifically, (2.3) has a unique solution 7 if ¢ < ﬁ,
respectively ifq < -> and H > 0, where w denotes the initial endowment of the superhedging
strategy for H from Assumption 2.6.
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Proof First notice that g¢ : x — U9(v + gx) is concave and strictly increasing on its
effective domain. By [31, Theorem 2.1], gl (x) < U+ gx + qw) < oo forall x € R. For
H >0and g < % we have gf (x) > —oo forx > w — 3 In particular, g¢ is continuous
and strictly increasing on (w — g, o0) and in particular on [0, w] by [40, Theorem 10.1].
By H > 0 we have g/ (0) < U(v). Moreover, Assumption 2.6 implies g (w) > U (v).
Hence there exists a unique solution 79 € [0, w] to glx) = U). Similarly, for general
H and g < 5, the function g? is finite, continuous and strictly increasing on an open set
containing [—w, w]. Moreover, gf(—w) < U(v) and g{(w) > U (v). Hence there exists a
unique 7¢ € (—w, w) such that gd(mw?) = U(v). This proves the assertion. ]

We now turn to optimal trading strategies in the presence of random endowment. Their
existence has been established by [8] resp. [19] in the bounded resp. general case.

Theorem 2.11 Fix g € R satisfying the conditions of Lemma 2.10 and suppose Assumptions

2.2, 2.3 and 2.6 are satisfied. Then there exists ¢4 € ©9(v + qn?) such that
E(u(w+gn?+¢?+Sr —qH)) = U4 (v +gn9).

Moreover; the corresponding optimal value process v + qm9 + ¢4 * S is unique.

Proof This follows from [19, Theorem 2 and Corollary 1] because the proof of Lemma 2.10

shows that (v + g9, g) belongs to the interior of {(x, r) € R2: O (x) #* o} O

Without contingent claims, the investor will trade according to the strategy @, whereas
she will invest into ¢? if she sells ¢ units of H for 74 each. Hence, the difference between
both strategies represents the action the investors needs to take in order to compensate for
the risk of selling ¢ units of H. This motivates the following notion:

Definition 2.12 The trading strategy ¢? — @ is called utility-based hedging strategy.

3 The asymptotic results of Kramkov and Sirbu

We now give a brief exposition of some of the deep results of [32,33] concerning the exis-
tence and characterization of first-order approximations of utility-based prices and hedging
strategies in the following sense.

Definition 3.1 Real numbers 7° and 5’ are called marginal utility-based price resp. risk
premium per option sold if

71 = 7"+ g7’ +o(q)

for ¢ — 0, where 77 is well-defined for sufficiently small ¢ by Lemma 2.10. A trading
strategy ¢’ € L(S) is called marginal utility-based hedging strategy if there exists v/ € R
such that

i 0T 97 + e Sr) - W+@Sr)—q' +¢"*Sr)
q—0 q -

0 3.1

in P-probability and (v' + ¢’ ¢ S )? is a martingale for the dual minimizer Y of the pure
investment problem.

Remark 3.2 [32, Theorems A.1, 8, and 4] show that for power utility functions, a trading
strategy ¢’ is a marginal utility-based hedging strategy in the sense of Definition 3.1 if and
only if it is a marginal hedging strategy in the sense of [33, Definition 2].

The asymptotic results of [32,33] are derived subject to two technical assumptions.
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Assumption 3.3 The following process is o -bounded:

S$._( 1 S )
T\&(=a8) E—aS) )’

The reader is referred to [32] for more details on o-bounded processes as well as for
sufficient conditions that ensure the validity of this assumption. In our concrete examples,
we have the following:

Lemma34 1. Let S = So&(X) > 0 for a non-monotone Lévy process X with finite
(1 — p)-th moments. Then Assumption 3.3 holds if the optimizer 1] from Example 2.5 lies
in the interior of the set €° of fractions of wealth in stocks leading to nonnegative wealth
processes.

2. Assumption 3.3 is automatically satisfied if the stock price S is continuous. In particular,
it holds in the BNS model.

Proof First consider Assertion 1. In view of [32, Lemma 8], it suffices to show that N
is bounded by a predictable process. If 77 > 0, there exists 7 € €° with 7 < 7; hence
AX > —1/7 by definition of €°. Consequently, JAX > —7/7 > —1 and thus
1 ‘ _ 1 _ 1 1 _ 7
E(—a+9| €GO  1+7AX[|EGX) -] — 0 —mIEGX)-|

a.s.,

which shows that the first component of $* is bounded by a predictable process and hence
o-bounded. Likewise, if 7 < 0, there exists 1 € €° with n < 7. Then AX < —1/n and in
turn 7AX > —ﬁ/ﬁ > —1. Hence it follows as above that |1/&(—a ¢ S)| is bounded by a

predictable process. The assertion for the second component of S% follows similarly.
If the stock price process is continuous, both S and &(—a ¢ S) are predictable. Hence
Assertion 2 follows immediately from [32, Lemma 8]. O

Since &(—a * S)? is a martingale with terminal value & (—a * S)lep, we can define an
equivalent probability measure 0% ~ P via

~ 1—p
do®  &(—a- 9y e
— = "1  Cy=E&(=a-S; ).
P o 0 (E(=a*Hr ")
Let %’62(Q$) be the space of square-integrable Q®-martingales starting at 0 and set
ME = {MG%Z(Q$):M:¢'S$ for some ¢ eL(S$)}. (3.2)
Assumption 3.5 There exists a constant w® > 0 and a process M® € //$2 such that
|H%| < w® + M}
for
H® = 71-1 .
E(—a*S)r
Assumption 3.5 means that the claim under consideration can be superhedged with port-
folios as in (3.2). Note that this is again evidently satisfied for European puts and calls.

Remark 3.6 By [32, Remark 1], Assumption 3.5 implies that Assumption 2.6 holds. In par-
ticular, it ensures that indifference prices and utility-based hedging strategies exist for suf-
ficiently small ¢ if the pure investment problem is well-posed, i.e., if Assumptions 2.2 and
2.3 are also satisfied.
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In the proof of [32, Lemma 1] it is shown that the process
V= Egs (HMZ), 1€10,7]
is a square-integrable Q®-martingale. Hence it admits a decomposition
1 - _
VS = E (H$) tee sS4 NS = ok (g(—a . S)T"H) re-SSENS, (33

where & *+ §% ¢ ///3;2 and N® is an element of the orthogonal complement of ///$2 in
%%Z(Q$). Note that this decomposition coincides with the classical Galtchouk—Kunita—

Watanabe decomposition if S¥itselfisa square-integrable martingale. The following theorem
is a reformulation of the results of [32,33] applied to power utility, and also contains a feed-
back representation of the utility-based hedging strategy in terms of the original numeraire.

Theorem 3.7 Suppose Assumptions 2.2, 2.3, 3.3, and 3.5 hold. Then the marginal utility-
based price 7° and the risk premium 7' exist and are given by
1 e p
0 P _ $\2
" = C—OE(@@(—a S H), = Z—UEQ$((NT) ).

A marginal-utility-based hedging strategy ¢' is given in feedback form as the solution of the
stochastic differential equation

¢' =@ Eq+asH — (" +¢' -5 )a,
with & from (3.3), and where E4 denotes the identity matrix on RY.

Proof The first two assertions follow immediately from [32, Theorems A.1, 8, and 4] adapted
to the present notation. For the third, [33, Theorem 2] and [32, Theorems A.1, 8, and 4] yield

lim W +qnl +¢7*Sr)— W +@*Sr) —qE(—a* )r(n® +&+ 5y)
q—0 q

=0. (3.4)
because the process X ’T (x) from [33, Equation (23)] coincides with &(—a * §) for power
utility. Set
E0 =m0 gesS ETSS =0 pees TS,
Then we have (£0, &2, ... £ty e L(&(—a * S), S)) and
74+ ¢ 8T (BT S5). ) =E(—a (' +&+ 5% (3.5)

by [14, Proposition 2.1]. The predictable sets D, := {|a| < n,|S_| < n, 1(£9,8)] < n}
increase to  x R, the predictable process (a, Eg + ESI)& 1p, is bounded, and we have

(@ Eq+aShelp,) S
= (E(~a+S)_&"S*a+ @2 ..., )ip,) s
=(€% &% .. ) Ip) (=T 8), )+ (E(—a - (" +E+S)Ip) @+ 9)
=1p, * (% 6% ... £« (E(=T+ ), )+ (E(=a* S)— (" +& + §*)) + @~ 5)).
By [23, Lemma 2.2] and (3.5), this implies (@, E; + aS_ )& € L(S) as well as
70+ (@ Eq+aShg)«S=&a+ )’ +&+ 5%
HEaS)_ (1 +E 5@ ).
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Hence &(—a * S)(n0 + &« $%) solves the stochastic differential equation
G=n"+(@ E;+as))e)+S—G_+@-$). (3.6)

By [20, (6.8)] this solution is unique. Since we have shown (@, Eq + aS1 )& € L(S) above,
it follows as in the proof of [6, Lemma 4.9] that ¢’ is well-defined. 7° 4 ¢’ + S also solves
(3.6), hence we obtain

E(—a*S)a'+&8)=74¢ 5.

In view of (3.4), the process 70 4 ¢ « S therefore satisfies (3.1), so that ¢’ is indeed a
marginal utility-based hedge in the sense of Definition 3.1. O

Remark 3.8 1f the dual minimizer Y is a martingale and hence—up to the constant Co—the
density process of the g-optimal martingale measure Qg with respect to P, the generalized
Bayes formula yields Vt$ = Eg,(H|%)/&(—a * S);. In particular, the marginal utility-
based price of the claim H is given by its expectation 70 = E 00(H) under Qy in this
case.

The computation of the optimal strategy ¢ and the corresponding dual minimizer Y in the
pure investment problem 2.1 has been studied extensively in the literature. In particular, these
objects have been determined explicitly in a variety of Markovian models using stochastic
control theory resp. martingale methods. Given & (—a * S), the computation of 7° can then
be dealt with using integral transform methods or variants of the Feynman-Kac formula.
Consequently, we suppose from now on that ¢ and 7% are known and focus on how to obtain
7’ and ¢'.

As reviewed above, [32,33] show that ¢’ and 7’ can be obtained by calculating the gen-
eralized Galtchouk—Kunita—Watanabe decomposition (3.3). Since $% is generally only a
O%-supermartingale, this is typically very difficult. If however, S* happens to be a square-
integrable Q%-martingale, (3.3) coincides with the classical Galtchouk-Kunita—Watanabe
decomposition. By [11], this shows that & represents the mean-variance optimal hedging
strategy for the claim H hedged with $% under the measure Q% and E Q$((N¥)2) is given
by the corresponding minimal expected squared hedging error in this case. Moreover, & and
E 0s ((N?)z) can then be characterized in terms of semimartingale characteristics.

Assumption 3.9 S% is a square-integrable Q®-martingale.

For exponential Lévy models, this assumption satisfied if the budget constraint € is “not
binding” for the optimal fraction 7 of stocks and if, in addition, the driving Lévy process is
square-integrable. For the BN'S model it is only a matter of integrability.

Lemma3.10 /. Let S = So&(X) > 0 for a non-monotone Lévy process X with finite
second moments. Then Assumption 3.9 is satisfied if the optimizer 1) of the pure investment
problem lies in the interior of €°.

2. Let S = Sy&(X), where (y, X) is a BNS model. If p > 1 or (2.2) holds, then SSisa
Q$-martingale.

Proof If 7 lies in the interior of €7V, it follows from [36, Proposition 5.12] that the dual
optimizer Y = L& (—a * S)™7 is a local martingale. Since it is also the exponential of a
Lévy process (cf. [37, Sect. 6]), it is in a fact a true martingale. Thus it is—up to normaliza-
tion with 1/Lo—the density process of the g-optimal martingale measure by [36, Remark
5.18]. Combined with [21, Proposition III.3.8], this yields that S¥isa Q$-martingale and it
remains to show that §* is square-integrable. By Propositions 6.2, 6.3, and 6.4, the process
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$$ = (1/6@X), So&(X)/& (T X)) is the stochastic exponential (& (R'), &(R?)) of a semi-
martingale R with local Q%-characteristics

ﬁ2 —77(1 _ —nx A)x ~ 1= X

(0’ (—ﬁ(l —W) (=7 ) Gr /1G (1+nx’ T+ )(”’7") 'F (‘”‘))’
relative to the truncation function i(x) = x on RZ2. This truncation function can be used
because R is Q$-locally a square-integrable martingale. By [21, Propositions 11.2.29 and
111.6.35], this holds because X is square-integrable, |1/(1 +7AX)]| is bounded (cf. the proof
of Lemma 3.4) and hence fxlFR Sdx) < CfszX(dx) < oo and fszR Sdx) <
CfszX(dx) < oo for some constant C € R (cf. [21, Theorem II.1.8]). As the QSB
characteristics of R are deterministic, R is a Q%- -Lévy process by [21, Corollary 11.4.19] and
a square-integrable martingale by [21, Proposition 1.4.50]. Therefore $% = (&(RY), &£(RY))
is a square-integrable martingale as well by [35, Lemma A.1.(x)]. This proves Assertion 1.

Assertion 2 is shown in the proof of [26, Theorem 3.3]. ]

The square-integrability of % in the BNS model is discussed in Remarks 4.3 and 5.7
below. Given Assumption 3.9, we have the following representation.

Lemma 311 Suppose Assumptions 2.2, 2.3, 3.3, 3.5 and 3.9 hold. Denote by ESEVIS e
modified second Q$—characteristic of (§ $. V%) with respect to some A € o (cf. Appendix
6). Then

loc

£ = (ES$$)715S$,V$$ (3.7
~y$ ~s$ s ~58¢. 1 ~58 v$
EQ$((N§)2) = Egs ((Cv $_ (@SS T (5% -158% Vs AT) _

Proof Since $% is a square integrable Q®-martingale by Assumption 3.9, the claim follows
from [6, Theorems 4.10 and 4.12] applied to the martingale case. O

4 An alternative representation

We now develop our alternative representation of power utility-based prices and hedging
strategies. As explained in the introduction, they can—morally speaking—be represented
as the solution to a mean-variance hedging problem relative to the original numeraire, but
subject to yet another probability measure P€ ~ P. Given Assumption 3.9, the latter can be
defined as follows:

PE  E(—a- 5, L
P _dCa Sy = E@ (a8 7).

dP Cy
Remark 4.1 If we write the density process of P€ withrespectto Pas LES(—a * §)~1=7/C,
for a semimartingale L€ > 0 with L$ = 1, the local joint P-characteristics of S and

K€ := Z(LF) relative to some truncation function (1, h2) on R? x R satisfy
~ €
A+x)(1—a x) 1PFSE (dx) < oo, 4.1
{lx|>1}

and solve

0=k 11 +pa b5+ +p)a'c S.K€ 7(p+1)(p+2)5%5a

2
+ / ()=~ =1 =)= (1)@ Ty (e)) FER @), (42)
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by [23, Lemma 3.1] and Propositions 6.3, 6.2 . Conversely, if a strictly positive semimartingale
L€ = LEE(KE) satisfies LE = 1 and (4.1), (4.2), then LE€S(—a » §)™177/Cy is a o-
martingale and the density process of P€ if it is a true martingale.

In concrete models, the drift condition (4.2) often allows to determine L€ by making an

appropriate parametric ansatz. For exponential Lévy models and the BNS model, this leads
to the following results.

Example 4.2 1. For exponential Lévy models as in Example 4.2, plugging the ansatz a€¢
with € € R for K€ into (4.2) yields

1 2
(p+ )2(p+ )ﬁzcx

—/ (A+70)7"77 =1+ (A + p)ih(x)) F¥(dx).

a® =1+ pnp* -

This expression is well-defined because the integrand is of order O (x?) for small x and
bounded on the support of FX by the proof of Lemma 3.4 and [21, Theorem I1.1.8]. One
then easily verifies that LE = exp(a®(T — 1)). Indeed, the strictly positive o -martingale
LE€&E[HX) is a true martingale because it is also the stochastic exponential of a Lévy
process.

2. For the BNS model, one has to make a more general ansatz for LE. Choosing exp (af O+
af (1)y;) with smooth functions o, af satisfying o5 (T) = «F(T) = 0 as in [26],
insertion into 4.2 leads to

(1+pQ2—p) ,1—e D
m

afn) = =25 -

T
, as() = / (@ (s))ds.
t

Then, (4.1) is satisfied and exp(a§ () + F (1)y)E(HX) "1 77 is a o -martingale if
€
e WIFZ(d7) <00 forallt € [0, T]. 4.3)
{lx[>1}

(4.3) automatically holds for p > 2, because ozi€ < 0 in this case. For p € (0, 2), (4.3)
is satisfied if

® _ Y

/exp((1+p)(§ p) pl=e z) FZ(dz) < oo. (4.4)
2p A

1

In either case, the true martingale property of the exponentially affine o-martingale
exp(ad (1) + af (1)y)&HX) ™17 follows from [24, Corollary 3.9]. This shows that L€
is indeed given by exp(a0€ (t) + ocf ®)y).

Remark 4.3 Part 2 of Example 4.2 shows that in the BNS model the first component of S€ is
square-integrable if p > 2 or (4.4) holds. Hence the measure P€ is well defined with density
process LEEGX)~' P in either case.

As motivated in the introduction, the measures P€ and Q$ are linked as follows.

Lemma 4.4 Suppose Assumptions 2.2, 2.3 and 3.9 hold. Then the process

E(—d * 8)2

zy[ ) OStETv
E(—a -+ S)
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satisfies Lﬂ} = 1 and the density process of Q$ with respect to P€ is given by

do?
dP€

In particular, LS, L% > 0 and the stochastic logarithm K% := 2% is well-defined.

c _ L3&(—G » S)?
F )= LLds(—a. =2 2 ( Z )i
Co Ly

Proof The first part of the assertion is trivial, whereas the second follows from d 0’ /dP€ =
%g(—a « $)2. Since £(=a * §), E(—d * §)— > 0, [21,1.2.27] yields L%, L* > 0 and
hence the third part of the assertion by [21, 11.8.3]. O

Remark 4.5 L? is linked to the opportunity process L of the pure investment problem and
the process L€ from Remark 4.1 via
L Lo&(K)

$ $y 78

by the generalized Bayes’ formula, Ly = L% = 1, and because L& (—a * §)! 77 as well as
L€&(—a » S)~'~P are martingales.

In our examples, this leads to the following.

Example 4.6 1. Suppose S = Sp&'(X) > 0 for a non-monotone Levy process with finite
second moments. Then L% = exp((a — a€)(T — 1)) and K$ (a€ — a)t for a and a®€
as in Examples 2.5 resp. 4.2.

2. Let § = Sp&(X) > 0 for a BNS model satisfying (4.4) if p < 2 and, additionally, (2.2)
if p < 1. Then Lf = exp(ag(t)) + a?(t)yt) and, by It6’s formula,

K = a(0) — af(0) + @} 0y — o Oy0 + 3 (1027 — 1 - af(9)AZ,),
s<t
for (xl.$ = — oz;é, i =0, 1, with «; and af as in Examples 2.5 resp. 4.2.
Now define
E(&(—a = S);"H|.F)

V,:=&(=a -8,V = 0 <t<T,
t o Li&(—a+S), "

which coincides with the conditional expectation under the g-optimal martingale measure
Qo, if the latter exists. Denote by

$
HS€ S€E SVE SKY€

€ $ $
24 | cvse ve  vike | pGV.EDE 4
pke oKS.5€ KS.VE K€

P€_differential characteristics of the semimartingale (S, V, K $) and define

~Sx 1
CS = m (CS€ +/(1 +X3)x1x1 F(S V.3 )€(d ))
1
SV .= 71 e (CS’V€ +/(1 +x3)x1x2F(S’V’K$)€(dx)),
_l’_
. 1
&= T (cV€ +/(1 +x3)x3 FO VK€ gy ))
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where K% = K, g + AK® + MX® denotes an arbitrary P€-semimartingale decomposition of
K*®. We then have the following representation of the marginal utility-based hedging strategy
¢’ and the risk premium 7’ in terms of semimartingale characteristics, which is the main
result of this paper.

Theorem 4.7 Suppose Assumptions 2.2, 2.3, 3.3, 3.5 and 3.9 hold. Then &5*,&SV* &V*
are well-defined, the strategy ¢’ given in feedback form as the solution of the stochastic
differential equation

=@MV~ (2 s —V)a

is a marginal utility-based hedge, and the corresponding risk premium is

o = %Eﬁ (( (5‘/* _ (Z,S,V*)T(ES*)—IES,V*) L$) . AT)-
Remark 4.8 As is customary for mean-variance optimal hedges [6,42], the strategy ¢’ is
described in “feedback form”, i.e., it is computed as the solution of a stochastic differential
equation involving its past trading gains ¢’ ¢ S_, which reduces to a simple recursive for-
mula in discrete time (cf., e.g., [43, Theorem 2.4]). Alternatively, the corresponding linear
stochastic differential equation for ¢’ * S can be solved [6, Corollary 4.11],

, B ~ (ES*)flgs,V* + (V_ _ ﬂﬂ)a a
] S_é"(a S)( @@(—5'5), (S-Fm [S, S]))a

leading to a cumbersome but explicit expression for the hedge ¢'.

In view of [6, Theorems 4.10 and 4.12], Theorem 4.7 states that the first-order approxi-
mations for ¢4 and 77 can essentially be computed by solving the mean-variance hedging
problem for the claim H under the (non-martingale) measure P€ relative to the original
numeraire. However, this assertion only holds true literally if the dual minimizer Yisa
martingale and if the optimal strategy ¢ in the pure investment problem is admissible in the
sense of [6, Corollary 2.5], i.e., if ¢ * S7 € L2(P€) and (@ * $)Z2 is a P€-martingale
for any absolutely continuous signed o-martingale measure Q with density process Z< and
% € L%(P€). More precisely, in this case the strategy —aly, & (—alye,ry * S)— is
efficient on the stochastic interval ]z, 7] in the sense of [6, Sect. 3.1] and @ is the corre-
sponding adjustment process in the sense of [6, Definition 3.8]. By [6, Corollary 3.4] this
in turn implies that LS is the opportunity process in the sense of [6, Definition 3.3]. Hence
it follows along the lines of [6, Lemma 3.15] that the opportunity neutral measure P* with

density process
P LS
L3E(AKY)

exists. By [6, Lemma 3.17 and Theorem 4.10], &8* ¢V &SV* indeed coincide with the
corresponding modified second characteristics of (S, V, K) under P*. Hence [6, Theorems
4.10 and 4.12] yield that relative to the probability measure P€, the process ¢’ represents a
variance-optimal hedging strategy for H while the minimal expected squared hedging error
of H is given by the 2Cov/(pCi)-fold of n’. Moreover, V; = Eg,(H|.%#;) and in particular
the marginal utility-based price 70 = E¢,(H) are given as conditional expectations under
the variance-optimal martingale measure Qg with respect to P€, which coincides with the
g-optimal martingale measure with respect to P.
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Proof of Theorem 4.7 An application of Propositions 6. 3 and 6.2 yields the P€-differential
characteristics of the process (S,V,&(—a < ), .f( L$£( + 5)2)). Now, since

%‘)L$£’ (=@ * S)? is the density process of Q% with respect to P€, the Q¥-characteristics of
(S, V,&(—a * S)) can be obtained with Proposition 6.4. Another application of Proposition
6.2 then allows to compute the Q$-characteristics of (S$, V$).

Since $% € #°2(0%) by Assumption 3.9and V¥ € #2(0Q%) by the proof of [33, Lemma 1],

~vS . 55, v3$

~55¢ . .
the modified second characteristics ¢ and &5 exist and are given by

s _ 1+ AAK® (

~ ~S*~ ~T S* T
a'c R
E(—a = S)2 \ R¢ Sa RcS*RT ) “.5)
s 1+ AAKY (G ~
FVS = 7g(+~ 57 (‘;e ) (5”* +ES*aV_), (4.6)
5(—a ® ol
sg 1+ AAK
= e (e +2v-aTes Vs + v2aTesa) @.7)
_a. -

for R := E; + S_a'. In particular it follows that ¢"*, &V* and &* are well defined. By
the definition of £ in Eq. (3.7) and [1, Theorem 9.1.6] we have

8 RIS
S =S,

In view of Egs. (4.6) and (4.5), this yields

T ~S% ~Sx pT ~T
a'cS*aa'es*R _fa ~S Ve | ~Sa~ )
(Rcs*a RES*RT )g - (R ) (C rerav-),

or equivalently, decomposed into the first and last d components,
a'leS*@ RHe=a' @V +&*av.) (4.8)
and
R&*(@, R"E = R@ESV* + & av.). 4.9)

By multiplying both sides of (4.8) with S_ from the left and subtracting the result from (4.9),
this leads to

& @ RHE =V & av_, (4.10)
since R — S_a' = E4. By Theorem 3.7,
¢'=@RHE— (" +¢'+5)a
defines a marginal utility-based hedging strategy. Let
Y=g = (@NTE @+ ¢ s -V =@ RHE- @S —va
Then it follows from the definition of ¥ and (4.10) that
Sy = EVE LSV G SV _ Sy G =0,

because &*(&5*)~1&S:V* = &5V* by [1, Theorem 9.1.6]. In particular, (') T&5*y' = 0.
Since L$/Lg = éa(KSB) > 0 and hence AK® > —1 by [21, 1.4.61], this implies

WHT&Sy =o. 4.11)
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For n € N define the predictable sets D,, := {|'| < n}. By Proposition 6.3 and (4.11), we
have &¥'12:*S = 0 and hence ¢¥'122*S = (0 and F¥'12:*$ = (). Together with Proposition 6.4,
this implies that the local characteristics of ¥'1p, ¢ S under the equivalent local martingale
measure Q from Assumption 2.2 vanish by [23, Lemma 3.1]. Hence ¢'1p, * S = 0 and it
follows from [23, Lemma 2.2] that ¥’ € L(S) with ¥/’ » § = 0. Taking into account the
definition of v/, this shows

@ e S=(EHSV @ v S —(@ S )@,
i.e., @' * S solves the feedback equation
G= (@S 7" —v)a)+S—G_+@-S). (4.12)

Since ¥/ € L(S) and L(S) is a vector space, it follows that @~1ESVr e L(8), too.
As in the proof of [6, Lemma 4.9], this in turn yields that ¢ is well-defined and in L(S).
Evidently, ¢’ * S also solves (4.12) and, since the solution is unique by [20, (6.8)], we obtain
@'+ S =¢ S Therefore ¢’ is a marginal utility-based hedging strategy.

We now turn to the risk premium 7’. First notice that by [1, Theorem 9.1.6],

cS = EV$$ . (5s$,v$$)T§ _ 5V$$ _ (555‘,v$$)T(5s$$)7155$,v$$ >0,
C€ — aV* _ (ES,V*)T(ES*)flgs,V* > 0.
Hence C® + A is an increasing predictable process and, by Lemmas 3.11 and 6.5,
Es((N})?) = Egs(C®* Ar)
Cy

— Gy (LS6-a-s2ctar)

C] ~ $ $
= G Epe (LT 92 - (v VO — (v 5+ sHT)).
Since we have shown ¢’ * S = ¢’ * S above, [15, Proposition 2.1] and the proof of Theorem
3.7 yield & « 8% = (¢0, ¢') « §% for "0 := 70 + ¢’ « § — ¢’S. Hence

C ~ /! /
Egs(N9) = &L Epe (L2692 - (V8. V9T — (V.09 - $9F'))

_ G $ o =02 (VS _ =SS VIST . 0 A,
= G Epe (L26a 92 (7 = @ VT ¢)) - Ar)

After inserting EV$$, &S558 from (4.7) resp. (4.6) and the definition of ((p’o, @), this leads
to

Cq $
Egs((ND) = & Epe ((1+44%") Lic€ - ar). 4.13)
Now notice that the definition of the stochastic exponential and [21, 1.4.36] imply
L5 = (14445 £ aM®) LS.

By [21, 1.4.49] the process AMK® (LFILC€ * A) is a local martingale. If (7,,),en denotes a
localizing sequence, this yields

$ $
E,e(L5CE + Arnr,) = E pe ((1 + AAKY 4 AMK ) L3ce- ATATH)

E,e ((1 + AAKS) Lc€- Arm) :
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and hence
E,e(L8CE+ Ap) = Epe ((1 + AAK$) LS C€ . AT)

by monotone convergence. Combining this with (4.13), we obtain

c ~Vx ~, * ~Sx\—1 ~ *
EQ$<(N¥)2>=C—;E,,e<(cV = @VTENTIEV) 15 Ap).

In view of Theorem 3.7, this completes the proof. O

Remarks 1. The arguments used to show ¢’ * S = ¢’ * S in the proof of Theorem 4.7
also yield that one obtains a marginal utility-based hedging strategy if the pure hedge
coefficient (&5*)~1&5V* is replaced by any other solution ¢ of &5*¢ = &5 V*,

2. An inspection of the proof of Theorem 4.7 shows that the formulas for ¢’ and 7’ are
independent of the specific semimartingale decomposition of K $ that is used. In particu-
lar, the not necessarily predictable term 1 + AAK b€ disappears in the formula for ¢’ by
[1, Theorem 3.9]. If the semimartingale K $is P€—special, one can choose the canonical
decomposition [21, 11.2.38]. By [21, I1.2.29], this yields

AAKS = AA/xFK$€(dx).

If additionally K $ has no fixed times of discontinuity, [21, I1.2.9] shows that A can be
chosen to be continuous, which implies AAK S = 0.

3. For continuous S, our feedback representation of ¢’ coincides with [33, Theorem 3]
because the modified second characteristic is invariant with respect to equivalent changes
of measure for continuous processes.

5 Semi-explicit formulas in concrete models

We now discuss how Theorem 4.7 can be applied in our concrete examples to yield numeri-
cally tractable representations of power utility-based prices and hedging strategies.

5.1 Exponential Lévy models

For exponential Lévy models, Theorem 4.7 indeed leads to a mean-variance hedging problem.
Consequently, semi-explicit formulas for the objects of interest are provided by the results
of Hubalek et al. [18] for mean-variance hedging in exponential Lévy models.

To this end, we fix a univariate exponential Lévy model S = S$p&'(X) > 0, with some
non-monotone square-integrable Lévy process X. Its Lévy-Khintchine triplet relative to the
truncation function 2(x) = x is denoted by (b%X, X, FX). Finally, we suppose throughout
that the optimal fraction 7) for the pure investment problem lies in the interior of the admissible
fractions of wealth in stock €, implying that all assumptions of Sects. 3 and 4 are satisfied.

Remark 5.1 By [15, Lemma A.8], the stock price can also be written as the ordinary expo-
nential § = Sp exp(X) of the Lévy process X with Lévy-Khintchine triplet

1
b* =b¥ - ECX +/<1og(1 +x) —x)FX(dx), & =c*X,

FX(G)=/lg(log(l—i-x))FX(dx) VG € B,

relative to h(x) = x.
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Since the density process (L€/ Lg)zg’ (#X)~'7P of P€ with respect to P is an exponential
Lévy process, Proposition 6.4 shows that X is also a Lévy process under P€ with Lévy-
Khintchine triplet (bX-€, ¢X-€ FX-€) gjven by

(bX — (1 + p)nc* - /x(l — (1 +70) ") FXdx), X, (1 +ﬁx)*‘*"FX(dx>) ,

relative to h(x) = x. This truncation function can be used because X is square-integrable
under P€ as well by [41, Corollary 25.8] and the proof of Lemma 3.4. Moreover, since the
budget constraint £ is “not binding,” the first-order condition [37, Equation (6.3)] implies
that the drift rate bX-€ can also be written as

b€ = (c +/ T )1+p X(dx)) = %€, (5.1)

Lemma 5.2 The optimal trading strategy ¢ = —va& (—a * S) in the pure investment prob-
lem is admissible in the sense of [6, Corollary 2.5].

Proof In view of [42, Proposition 13], the mean-variance optimal hedge for the constant
claim H = vis —vA&(—A * §) for A = bX-€/(S_¢X-€). Hence @ = A by (5.1); in particular,
@ is admissible in the sense of Schweizer [42] and therefore in the sense of Cerny and Kallsen
[6] as well by [6, Corollary 2.9]. m]

Together with the discussion at the end of Sect. 4, Lemma 5.2 immediately yields

Corollary 5.3 Let H be a contingent claim satisfying Assumption 3.5. Then the marginal
utility-based price 7°, the marginal utility-based hedging strategy ¢', and the risk premium
7" from Theorem 4.7 coincide with the mean-variance optimal initial capital, the mean-
variance optimal hedge and the p exp((a€ — a)T)/2v-fold of the minimal expected squared
hedging error sé for H under P€.

Corollary 5.3 implies that—in first-order approximation—power utility-based hedging
corresponds to mean-variance hedging, but for a Lévy process with different drift and jump
measure. If » = 0, which is equivalent to S being a martingale under the physical measure
P, then P€ = P and no adjustment is necessary. If 7 > 0 in the economically most
relevant case of a positive drift, the stock price process is a P-submartingale, but turns into
a supermartingale under P€. Moreover, negative jumps become more likely and positive
jumps less likely, such that a negative skewness is amplified when passing from P to P€.
The magnitude of these effects depends on the investor’s risk aversion p. Note that as the latter
becomes large, the P€ dynamics of the return process converge to those under the minimal
entropy martingale measure (cf., e.g., [12]). Hence, as risk aversion becomes large, asymptotic
power utility-based pricing and hedging approaches its counterpart for exponential utility.

The above considerations apply to any contingent claim satisfying Assumption 3.5, i.e.,
which can be superhedged with respect to the numeraire given by the optimal wealth process
in the pure investment problem. To obtain numerically tractable formulas, one has to make
additional assumptions. For example, semi-explicit solutions to the mean-variance hedging
problem for exponential Lévy models have been obtained in [ 18] using the Laplace transform
approach put forward in [38]. The key assumption for this approach is the existence of an
integral representation of the payoff function in the following sense.

Assumption 5.4 Suppose H = f(St) for a function f : (0, co0) — R such that
R+ioo
f(s) = / I(z)s%dz, s € (0, 00),
R—ioco

forl : C — Csuchthatthe integral existsforalls € (0, oo) and R € Rsuchthat E(S}e) < 00.
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Most European options admit a representation of this kind, see, e.g., [18, Sect. 4].

Example 5.5 For a European call option with strike K > 0 we have H = (S7 — K)™ and,
fors >0and R > 1,

R+ioco
(=Kt = /K” “q
s — = N .
27i c—p

R—ioco

By evaluating the formulas of Hubalek et al. [18] under P€, we obtain the following

semi-explicit representations. They are expressed in terms of the Lévy exponent ¢X€ of the
log-price X under P€.

Theorem 5.6 For a contingent claim H satisfying Assumptions 3.5 and 5.4, the marginal
utility-based price and a marginal utility-based hedging strategy are given by

7(0) = Vo
o =& — (V0+(P/ 8- — Vt—)a
with
Y€+ 1) — yXe) —yXeq)

)\ = xe —
@ = v @ - v B CTNES

_ 1 yXE(1)

a .= ——— = s
Si— Y X€2) — 29 X€(1)
R+ioo

v, = / 5 OT01(2)d
R—ioo
R+ioo

g = / g 11//X€(Z+ 1) — 1/fX€(Z) 1/fX (D RIGIE ’)l(z)dz.
. YX€Q2) — 2y Xe()

R—ioco
Moreover, the corresponding risk premium 7’ for H can be written as
R+ioco R+ioco

7 = M J(z1, 2Dl (zDl(z2)dz1dz2,

2v

R—ioco R—ico
for a and a€ as in Examples 2.5 and 4.2, respectively, and
yreqy?
yXe@) -2y Xe)
J@r22) = v+ 2) — ¥ ¥ ) - e ()
@+ ) =R — p e ) @ + ) -y ) — pRe)
yXeQ) — 29 X€(1) ’

kLT _ ¥ €T

k(z1,z2) == W(z1) + ¥(z2) —

7 S ) e ifk(z1, 22) # ¥*€ (21 + 22),
(@1, 22) == k(i 22) =YX+ 22) )

SE a1, )TV T ifk(z1,22) = ¥¥€ (a1, 22).
Proof See [18, Theorems 3.1 and 3.2]. ]
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5.2 BNS model

We now turn to the application of Theorem 4.7 to the BN'S model with stochastic volatility.
Throughout, we assume that the conditions of Examples 2.4 and 4.2 are satisfied, i.e., either
p > 2 or sufficiently large exponential moments of the subordinator Z driving the variance
process y exist. In the first case, we also suppose Z is integrable. By Proposition 6.4, the
P€-dynamics of the variance process y and the return process X are given by

dy, = —Adt +dZ€,
dX; = (—pu/p)yidt + /y:dW;.
Here 1 and A are the constant drift and mean reversion rates of the BN'S model under P, W is

a standard Brownian motion (under both P and P€), and Z€ is an inhomogeneous P€—Lévy
process with characteristics

o0
€ €
b? +/z(e“1 02 _1)F?(dz),0, e*1 D2FZ(dz)
0

relative to the truncation function 4 (z) = z. Hence (y, X) is an inhomogeneous BNS model
under P€. Note that as for exponential Lévy models, the drift rate of the return process
changes its sign when moving from p (under P) to —u/p (under P€). The effect on the
volatility process y depends on the sign of oz1€, which is positive for p < 2 and negative for
p > 2.1f p < 2, 1i.e., for less risk-averse investors, the mean of z€ (i.e., the average size
of the positive volatility jumps) increases because jumps (in particular, large ones) become
more likely under P€. For more risk averse investors with p > 2, the frequency of jumps is
decreased under P€, which also leads to a decrease in the average value of volatility. Since
ozl€(t) decreases resp. increases to 0 as t — T for p < 2 resp. p > 2, the deviation from
the P-dynamics of Z is largest at the initial time # = 0 and tends to zero as t — 7 . Finally,
as the investor’s risk aversion becomes large, the P€ dynamics of (y, X) again tend to their
counterparts under the minimal entropy martingale measure corresponding to exponential
utility, which was determined in [4].

With the P€-dynamics of S at hand, we can now provide a sufficient condition for the
validity of Assumption 3.9 in the BN'S model. More specifically, S is square-integrable under
P€ by [24, Theorem 5.1] provided that

° AT _
A 2p 4
1

If, in addition, the conditions of Example 4.2 are satisfied, Assumption 3.9 holds.

We now turn to the computation of semi-explicit representations for the marginal utility-
based price 79 (cf. Remark 3.8) as well as the utility-based hedge ¢’ and the risk premium 7’
from Theorem 4.7 for claims admitting an integral representation as in Assumption 5.4. The
(inhomogeneous) BNS model is studied from the point of view of mean-variance hedging
in [30]. As noted in the introduction, the formulas in Theorem 4.7 formally agree with such
a problem under the appropriate probability measure P€. Therefore the calculations in [30]
can be adapted to the present situation. In that paper, admissibility of the candidate solution a
to the pure investment problem under quadratic utility is not shown. Nevertheless, the results
from [30] can be applied here because a does not have to be admissible for the application of
Theorem 4.7. Put differently, the calculations in [30] can be used without explicitly referring
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to the quadratic hedging problem studied there. Below, we outline the necessary steps. This
sketch could be turned into a rigorous proof, similarly as in [27, Theorems 4.1 and 4.2].

The first step is to determine the mean value process V = Eo,(H|.#,). Since the density
process L& (1X) P of Q¢ with respect to P is the exponential of an inhomogeneous affine
process (cf. [10,24] for more details), Proposition 6.4 shows that (y, X) is also an inhomo-
geneous affine process under Q. Using the integral representation for H, Fubini’s theorem,
and the affine transform formula for (y, X) (compare [10,24]) then leads to

R+ioco
V, = / Stexp (WO, T, 2) + W', T, 2)y,) [(2)dz, (5.2)
R—ioco

with

-2z -
\Ifl(t, T,7) = %(6 aMT t)_])’

T

WO, T, 2) = / (V@) + 96, T.2) = 47 @1 (5))) ds,

t

In the second step, we turn to the marginal utility-based hedging strategy ¢’. The repre-
sentation (5.2) for V and the bilinearity of the predictable quadratic variation yields integral
representations for the modified second P€_characteristics of (S, V), too, where the inte-
grands can be computed using Proposition 6.2 (cf. the proof of [30, Theorem 3.3] for more
details). Plugging these in Theorem 4.7 gives

o =&—-MVo+¢' * S —Via,

with
R+ioco

& = / 287 Vexp (WOt, T, 2) + Wh(t, T, 2)y,- ) (2)dz,
R—ioco
for Wy, W, as above.
Remark 5.7 Provided that differentiation and integration can be interchanged, the pure hedge
coefficient & in the BNS model is given by the derivative of V; with respect to S;. Hence the
marginal utility-based hedging strategy is given as the sum of the delta hedge with respect to

the marginal utility-based option price and a feedback term. This is a generic result in affine
models with continuous asset prices and uncorrelated volatility processes, compare [30].

Finally, in a third step, it remains to consider the risk premium 7" in Theorem 4.7. Plugging

in the expression for L and LE, we find
pCi _ pL§
2vCy 2vLg

w1 —e
p*A

B %e"p /(‘” (@ (1) = Y7 (@1 ()dt + Y
0

Hence it remains to compute the expectation in the formula for the risk premium 7. Here,
(5.2) again leads to integral representations for &5*, &-V* &* The product of L® and the
integrand once more turns out to be the exponential of an inhomogeneous affine process. Its
expectation can therefore again be computed using the affine transform formula for (y, X)
(cf. the proof of [30, Theorem 3.4] for more details). This leads to

T R+ioco R+ico

C
= pPL1 / / / ](t’Zl’Zz)l(zl)l(ZZ)d21dZ2d[,
2UCO

0 R—ioo R—ioco

@ Springer



22 Math Finan Econ (2014) 8:1-28

for
Yt u) = yPu+af () — i),
Jt, 21,22 = v 2 QS ) + W, T, 20) + W' (1, T, 20) + v 7€, oS (1))
—Z€ (1) + W, T, 21) — v Z€ 1 e () + W, T, 22)),
2 1
g(z1,z1) = M; p(Zl +22) — = (21 + 22)%
P 2
and

e)\(sft) —1

Y, 1, T, 21, 22) = @ @) + W' (0, T, 20) + W'(t, T, 20)e* ™ + g(z1, 22) -

’

t
YO, 1, T, 21, 22) = / YA€ Y (r 1, T, 21, 22))dr,
N
Tt z1,22) = S5 2 j(t, 21, 22) exp (YO0, £, T, 21, 22) + Y (0.2, T, 21, 22) o)

T
X exp /1//Z€(s, oS (5)ds + W0, T, z1) + W0, T, 22)
t

If the volatility process y is chosen to be a Gamma-OU process, all expressions involving
integrals of the characteristic exponent 1//Z€ (t,u) = 1//Z(u + a1€ () — 1//Z(a1€ (1)) can be
computed in closed form as well. More specifically, let y be a Gamma-OU process with mean
reversion rate A > 0 and stationary I'(a, b)-distribution and let

m(s) := cy (ef)‘(tls) — 1) + czef}‘(tls) +c3, tel0,T],

for constants cy, ¢z, ¢3 € C. Then if m(s) # b, s € [t, T] we have

[5) - \ y —b+m(ty) i .
/I/fz(m(s))ds = B (Mt2 —t)(c1 —c3) —blog (*b+nml(t;))) b #c3—ci,
—ra(ty — 1) + -4 (ex(z’—tz) _ ex(?—tl)) b —r

n c1tc

for 0 < t; < t» < T and where log denotes the distinguished logarithm in the sense of [41,
Lemma 7.6]. This follows by inserting the Lévy exponent % (u) = % which is analytic

u b
on C\{b}, and integration using decomposition into partial fractions.

6 Numerical illustration

Mean-variance hedging for the BNS Gamma-OU stochastic volatility model is considered in
[30]. Since the formulas in the previous section are of the same form, the numerical algorithm
applied in [30] can also be used to explore this model from the point of view of utility-based
pricing and hedging. Exponential Lévy processes could be treated analogously (compare
[18]). Since the corresponding results are very similar, we omit them here.

As a concrete specification, we consider the discounted BNS-Gamma-OU model with
parameters as estimated in [25] from a DAX time series, i.e.,

w=1404, 1x =254, a=0.848, b=175.
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Fig. 1 Initial Black—Scholes hedge and initial utility-based BNS-hedges for p = 2, p = 150 and a European
call with strike K = 100 and maturity 7 = 0.25
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Fig. 2 Black—Scholes price and approximate indifference price 7 (0) + gz’ in the BNS model for p = 2 and
a European call with strike K = 100 and maturity 7 = 0.25

We let yg = 0.0485 and put v = 241, which implies that indifference prices and utility-based
hedging strategies exist for So € [80, 120] and g € [—2, 2]. By our above results, first-order
approximations of the utility-indifference price and the utility-based hedging strategy exist
for p =0.5,...,150 by Lemma 2.10 resp. Theorem 2.11. Moreover, Assumptions 3.5 and
5.4 hold for European call-options by Example 5.5. The formulas from Sect. 5.2 can now be
evaluated using numerical quadrature, where we use R = 1.2.
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Fig. 3 Black—Scholes price and approximate indifference price 7 (0) + gz in the BNS model for p = 150

and a European call with strike K = 100 and maturity 7 = 0.25
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Fig. 4 Risk premia gn’ for ¢ at-the-money European calls with strike K = 100 and maturity 7 = 0.25 in

the BNS model for risk aversions p = 0.5, ..., 150

The initial hedges for p = 2 and p = 150 in Fig. 1 below cannot be distinguished
by eye. Indeed, the maximal relative difference between the two strategies is 0.4 % for
80 < So < 120, which implies that the utility-based hedging strategy is virtually independent
of the investor’s risk aversion. Moreover, both strategies are quite close to the Black—Scholes
hedging strategy, the maximal relative difference being about 8.9 %.

We now turn to utility-based pricing. First, note that in our specification the mar-
ginal utility-based price 7° barely depends on the investor’s risk aversion, and is almost
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indistinguishable from its Black—Scholes counterpart. For a relative risk aversion of p = 2,
the effect of the first-order risk adjustment is also very small (cf. Fig. 2). This resembles
similar findings of [14,13] on utility-based pricing and hedging for basis risk.

In fact, much higher risk aversions as, e.g., p = 150 in Fig. 3 are required to obtain a bid
price below and an ask-price above the Black—Scholes price for one option as a result of the
first-order risk adjustment. For evidence supporting such high levels of risk aversion, cf., e.g.,
[22]. Finally, Fig. 4 depicts the dependence of the risk premium 7" on the investor’s relative
risk aversion p, which turns out to be almost linear. Note that since 7’ is inversely proportional
to the initial endowment v, this also implies that 7’ is virtually linear in the investor’s absolute
risk aversion p/v, which holds exactly for exponential utility (cf. [3,28,34]).
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Valuation and Risk Management (NCCR FINRISK), Project D1 (Mathematical Methods in Financial Risk
Management), of the Swiss National Science Foundation (SNF).

Appendix

In this appendix we summarize some basic notions regarding semimartingale characteristics
(cf. [21] for more details). In addition, we state and prove an auxiliary result which is used
in the proof of Theorem 4.7.

To any R¢-valued semimartingale X there is associated a triplet (B, C, v) of character-
istics, where B resp. C denote R?- resp. R?*?-valued predictable processes and v a random
measure on Ry X R4 (cf. [21, 11.2.6]). The first characteristic B depends on a truncation
function h : R? — R4 such as h(x) = x1yx<1). Instead of the characteristics themselves,
we typically use the following notion.

Definition 6.1 Let X be an R-valued semimartingale with characteristics (B, C, v) relative
to some truncation function 4 on R?. In view of [21, I1.2.9], there exist a predictable process
Ace bzzfl;rc an R?-valued predictable process b, an R¢*?-valued predictable process ¢ and a

transition kernel F from (2 x R4, &) into (R4, #7) such that
B,=b+A,, Ci=c*A;, v(0,1]]xG)=F(G)*A, forte[0,T], Ge A,

where we implicitly assume that (b, ¢, F)) is a good version in the sense that the values of
¢ are non-negative symmetric matrices, F;({0}) = 0 and f(l A |x|2)FS (dx) < 00. We call
(b, c, F, A) local characteristics of X.

If (b, ¢, F, A) denote local characteristics of some semimartingale X, we write
~ T
c.—c+/xx F(dx)

and call ¢ the modified second characteristic of X provided that the integral exists. This notion
is motivated by the fact that (X, X) = ¢ = A by [21, 1.4.52] if the corresponding integral is
finite. We write (bX, ¢X, FX, A) and éX for the differential characteristics and the modified
second characteristic of a semimartingale X. Likewise, the joint local characteristics of two
semimartingales X, Y are denoted by

XY) (X.Y) p(X,Y) (P X XY (X.Y)
(b ,C ,F ,A) = o |\ orx F A
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and

~X ~X.,Y
cxn _ (e ¢
EY’X EY ’

if the modified second characteristic of (X, Y') exists. The characteristics of a semimartingale
X under some other measure Q$ are denoted by X $, X $, FX $, A). The following rules for
the computation of characteristics are used repeatedly in the proofs of this paper.

Proposition 6.2 (C2-function) Let X be an R?-valued semimartingale with local character-
istics (bX, cX, FX, A). Suppose that f : U — R" is twice continuously differentiable on
some open subset U C R such that X,X _ are U-valued. Then the R"-valued semimartingale
f(X) has local characteristics (bf(X), AN A ON A), where

d d
v . 1 .
o] = o (X b+ 5 2 ! (X, )M
k=1 k=1

d
+ / (ﬁi(f(xz— +x) = f(Xi) =D 3kfi(Xz—)hk(X)) FX(dx),

k=1

d
e O =S g X o (X ),
k,l=1

F/(G) = / 16(f (Xi— +x) = f(X2)FX(dx) VG € #" with 0 ¢ G.

Here, 0 etc. denote partial derivatives and h again the truncation function on R".
Proof This follows immediately from [15, Corollary A.6]. O

Proposition 6.3 (Stochastic integration) Let X be an R?-valued semimartingale with local
characteristics (b*, ¢X, FX, A)and Han R”Xd-valuedpredictableprocess with H/" € L(X)
for j = 1,...,n. Then local characteristics of the R"-valued integral process H * X =
(Hj' * X)j=1,..,n are given by (bH'X, cH*X pHX A), where

.....

b** = Hb) + / (h(Hyx) — Hih(x)) FX (dx),
cHe X — H,c,XH,T,

FH*X(G) = / 16 (H,x)FX(dx) VG € B" with0 ¢ G.

Here i : R" — R" denotes the truncation Sfunction which is used on R".

Proof [29, Lemma 3]. O

1 .. . . . .
Let P*~P be a probability measure with density process Z. Local equivalence yields
that Z and Z_ are strictly positive by [21, 1.2.27]. Hence the stochastic logarithm N :=
L(Z) = % * Z is a well-defined semimartingale. For an R?-valued semimartingale X we

now have the following result, which relates the local P*-characteristics of (X, N) to the
local characteristics of (X, N) under P.
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Proposition 6.4 (Equivalent change of measure) Local P*-characteristics of the process
(X, N) are given by (bXN* XN+ p(X.N)* - A) ywhere

pXN* = pXN) o (K N)N +/h(x)xd+1F(X’N)(dx),

XN — (N
FE&EN* / L)1 + x40 ) FEV(dx) VG € 2 with0 ¢ G.

Proof [23, Lemma 5.1]. ]
The following observation is needed in the proof of Theorem 4.7.
1
Lemma 6.5 Let Q<0<CP with density process Z. Then for any increasing, predictable process
A with Ay = 0 we have
Eo(Ar) = Ep(Z_ * A7).

Proof Since Z is a P-martingale and A is predictable and of finite variation, A ¢ Z is a local
P-martingale by [21,1.3.10 and 1.4.34]. If (7;,) ,en denotes a localizing sequence, A * Z7 aT,
is a martingale starting at 0. By [21, II1.3.4 and 1.4.49], this implies

Eo(Arat,) = Ep(ZT AT, ATAT,)
= Ep(Z_*Arar, + A* Z1AT,)
= Ep(Z_ * Arrt,).

Hence monotone convergence yields Eg(Ar) = Ep(Z_ * Ar) as claimed. ]
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