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Abstract In this article we study Sobolev metrics of order one on diffeomorphism
groups on the real line. We prove that the space Diff| (R) equipped with the homoge-
neous Sobolev metric of order one is a flat space in the sense of Riemannian geometry,
as it is isometric to an open subset of a mapping space equipped with the flat L2-
metric. Here Diff (R) denotes the extension of the group of all compactly supported,
rapidly decreasing, or W !-diffeomorphisms, which allows for a shift toward infin-
ity. Surprisingly, on the non-extended group the Levi-Civita connection does not exist.
In particular, this result provides an analytic solution formula for the corresponding
geodesic equation, the non-periodic Hunter—Saxton (HS) equation. In addition, we
show that one can obtain a similar result for the two-component HS equation and
discuss the case of the non-homogeneous Sobolev one metric, which is related to the
Camassa—Holm equation.
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1 Introduction

Inrecent decades it has been shown that various prominent partial differential equations
(PDEs) arise as geodesic equations on certain infinite-dimensional manifolds. This
phenomenon was first observed in the groundbreaking paper Arnold (1966) for the
incompressible Euler equation, which is the geodesic equation on the group of volume
preserving diffeomorphisms with respect to the right-invariant L>-metric. It was shown
that this geometric approach could be extended to a whole variety of other PDEs used in
hydrodynamics: the Camassa—Holm equation (Camassa and Holm 1993; Kouranbaeva
1999), the Constantin—Lax—Majda equation (Wunsch 2010; Bauer et al. 2013) and the
Korteweg—de Vries equation (Ovsienko and Khesin 1987; Bauer et al. 2012), to name
but a few examples.

It was later realized that the geometric interpretation could be used to prove results
about the behaviour of the PDEs. The first such result was by Ebin and Marsden
(1970), where the researchers showed the local well-posedness of Euler equations.
Similar techniques were then applied to other PDEs which arise as geodesic equations
(see e.g. Constantin et al. 2007; Constantin and Kolev 2003; Escher et al. 2012; Gay-
Balmaz 2009; Bauer et al. 2011).

The analysis in this paper is mainly concerned with the Hunter—Saxton (HS) equa-
tion. For the periodic case it was shown in Khesin and Misiotek (2003) that the HS
equation is the geodesic equation on the homogeneous space Diff (S1)/S! with respect
to the homogeneous Sobolev H'-metric of order one. Lenells used this geometric
interpretation in Lenells (2007, 2008) to construct an analytic solution formula for
the equation. In fact, he showed that the Riemannian manifold (Diff (shHyst, H 1)
was isometric to an open subset of an L2-sphere in the space C*(S!, R) of periodic
functions and thereby obtained an explicit formula for the corresponding geodesics
on Diff(S1)/S!.

The aim of this article is twofold. First, we extend the results of Lenells (2007)
to groups of real-analytic and ultra-differentiable diffeomorphisms and show that the
solutions of the HS equation are analytic in time and space. Second, we consider the
H'-metric and the HS equation on the real line. Our main result can be paraphrased
as follows (Sect. 4).

Theorem The non-periodic HS equation is the geodesic equation on Diff 4, (R) with
respect to the right-invariant H'-metric. Furthermore, the space (Diff A R), H 1) is
isometric to an open subset in (A(R), L2) and is thus a flat space in the sense of
Riemannian geometry.

Here A(R) denotes one of the function spaces C2°(R), S(R) or W L(R), and
Diff 4, (R) is an extension over the diffeomorphism group including shifts near 4-c0
(Sect. 2).

The first surprising fact is that the normal subgroups Diff 4(R) do not admit the
geodesic equation (or the Levi-Civita covariant derivative) for this right-invariant met-
ric. The extended group Diff 4, (R) admits it but in a weaker sense than realized in
Arnold (1966) and follow-up papers (Sect. 3.2). We also sketch Arnold’s curvature
formula in this weaker setting.
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The second surprising factis that Diff 4, (R) with the H'-metric is a flat Riemannian
manifold, as opposed to Diff ('), which is a positively curved one.

The main ingredient for the proof of this result is the R-map, which allows us to
isometrically embed Diff 4, (R) with the right-invariant H'-metric as an open sub-
set of a (flat) pre-Hilbert space. This phenomenon has also been observed for the
space Imm(S!, R?)/R? of plane curves modulo translations (see e.g. Kurtek et al.
2010; Younes 2008; Bauer and Bruveris 2012) and on the semi-direct product space
Diff (S') x C*°(S!, R) [the corresponding geodesic equation is the periodic two-
component HS (2HS) equation; see Lenells 2011].

In the periodic case we extend the results to groups of real-analytic diffeomor-
phisms and ultra-differentiable diffeomorphisms of certain types and show that the
HS equation has solutions which are real-analytic or ultra-differentiable if the initial
diffeomorphism is.

In Sect. 5 we apply the same techniques to treat the 2HS equation on the real line.
We discuss the existence of the geodesic equation and construct an isometry between
the configuration space Diff 4(R) x A(R) and an open subset of a pre-Hilbert space.

Finally, we generalize the constructions to the case of the right-invariant non-
homogeneous H !-metric on Diff (S') whose geodesic equation is the dispersion-free
Camassa—Holm equation. In this case we define an R-map whose image is a subspace
of a pre-Hilbert space, no longer open.

2 Some Diffeomorphism Groups on the Real Line and the Circle

The group of all orientation-preserving diffeomorphisms Diff (R) is not an open subset
of C®°(R, R) endowed with the compact C*°-topology, and so it is not a smooth
manifold with charts in the usual sense. One option is to consider it as a Lie group in
the cartesian closed category of Frolicher spaces (see Kriegl and Michor 1997, Sect. 23
with the structure induced by the injection f — (f, f~1) € C®* (R, R) x C®(R, R).
Alternatively, one can use the theory of smooth manifolds based on smooth curves
instead of charts from Michor (1984a,b), which agrees with the usual theory up to
Banach manifolds. In this paper we will restrict our attention to subgroups of the
whole diffeomorphism group, which are smooth Fréchet manifolds.

Let us first briefly recall the definition of a regular Lie group in the sense of Kriegl
and Michor (1997); see also Kriegl and Michor (1997, Sect. 38.4). A smooth Lie group
G with Lie algebra g = T, G is called regular if the following conditions hold:

e For each smooth curve X € C*°(R, g) there exists a smooth curve g € C*(R, G)
whose right logarithmic derivative is X, i.e.

[g<0> = 0

dqg) =T (D)X @1) = X(1).g(1).

The curve g, if it exists, is uniquely determined by its initial value g(0).
e The map evolj; (X) = g(1), where g is the unique solution of (1), considered as a
map evoly; : C*(R, g) — G, is C*-smooth.
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2.1 The Group Diff g(R)

The ‘largest’ regular Lie group in Diff (R) with charts is the group of all diffeomor-
phisms ¢ = Idg + f, with f € B(R) suchthat f’ > —1. B(R) is the space of functions
which have all derivatives (separately) bounded. It is a reflexive nuclear Fréchet space.

The space C®° (R, B(R)) of smooth curves t +— f(t,-) in B(R) consists of all
functions f € C*®(R?, R) satisfying the following property:

e Forall k € N>gand n € N> the expression 8{‘

x € R, locally in 7.

a7 f (¢, x) is uniformly bounded in

We can specify other regular Lie groups by requiring that g lies in certain spaces
of smooth functions. Now we will discuss these spaces, describe the smooth curves
in them, and describe the corresponding groups, specializing the results from Michor
and Mumford (2013), where most of these groups are treated on R” in full detail.

2.2 Groups Related to Diff . (R)

The reflexive nuclear (LF) space C2°(R) of smooth functions with compact support
leads to the well-known regular Lie group Diff.(R); see Kriegl and Michor (1997,
Sect. 43.1).

We will now define an extension of this group which will play a major role in
subsequent parts of this article.

Define Cé’?z (R) = {f : f/ € CX(R)} as the space of antiderivatives of smooth
functions with compact support. It is a reflexive nuclear (LF) space. We also define
the space Cé’f’l R) = { fe Cg'é(R) : f(—00) = O} of antiderivatives of the form
x> [ gdywith g € CX(R).

Diff. 2(R) = {go =Id+f:f¢€ C?&(R), > —1} is the corresponding group.

Define the two functionals Shift,, Shift, : Diff. > (R) — R by

Shifte(¢) = ev_oo(f) = lim f(x), Shift,(¢) = evoo(f) = lim f(x)

for ¢(x) = x + f(x). Then the short exact sequence of smooth homomorphisms of
Lie groups

Diff, (R) Diff > (R) (Shiftg, Shift, )

(R%, +)

describes a semi-direct product, where a smooth homomorphic section s : R? —
Diff. »(R) is given by the composition of flows s(a, b) = Flé( to Fl,f" for the vector
fields Xy = fi0yx, X, = [0y, with [Xy, X, ] = 0, where fy, fr € C®(R, [0, 1])
satisfy

1 forx < —1,
0 forx >0,

- [o for x < 0, °

1 forx >1.

fe(x) = [
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The normal subgroup Diff.;(R) = ker(Shifty)) = {¢ = Id+f : f €
CX[R), f* > —1} of diffeomorphisms which have no shift at —oo will play an
important role subsequently.

2.3 Groups Related to Diff 5 (R)

The regular Lie group Diff 5(R) was treated in Michor (2006, Sect. 6.4). Let us sum-
marize the most important results: the space S(R) consisting of all rapidly decreasing
functions is a reflexive nuclear Fréchet space.

The space C*(R, S(R)) of smooth curves in S(R) consists of all functions f €
C>®(R?, R) satisfying the following property:

e For all k,m € Nxo and n € Nxo, the expression (1 + |x|2)m8,"8;’f(t,x) is
uniformly bounded in x € R, locally uniformly bounded in ¢ € R.

Diffs(R) = {(p =Id+f: feSM), f > —1} is the corresponding regular Lie
group.

We again define an extended space:

S (R) = {f € C®[®) : f’ € S(R)}, the space of antiderivatives of functions in
S(R). Itis isomorphic to R x S(R) via f +> (f(0), 7). Itis again a reflexive nuclear
Fréchet space, contained in B(R).

The space C*°(R, S;(R)) of smooth curves in Sp(R) consists of all functions f €
C*®(R?, R) satisfying the following property:

e For all k,m € N>, and n € N, the expression (1 + |x|2)m8,k8;’f(t, X) is
uniformly bounded in x and locally uniformly bounded in ¢.

We also define the space S| (R) = {f € S2(R) : f(—o0) = 0} of antiderivatives
of the form x — [*__ g dy, with g € S(R).

Diffs,(R) = {(p =Id+f: feSHMR), [ > —1} is the corresponding regular
Lie group. We have again the short exact sequence of smooth homomorphisms of Lie
groups

(Shiftg, Shift,)

Diff s(R) > Diffs, (R) R2, +) ,

which splits via the same smooth homomorphic section s : R? — Diff S, (R) as
in Sect. 2.2 and, thus, describes a semi-direct product. The normal Lie subgroup
Diff 5, (R) = ker(Shift,) of diffeomorphisms which have no shift at —oco will also
play an important role later on.

2.4 Groups Related to Diff 0,1 (R)

The space W (R) = Moo WFIR) = {f € C*R) : f® e L'(R) fork =
0, 1,2, ...} is the intersection of all Besov spaces of type L. It is a reflexive Fréchet
space. By the Sobolev inequality we have W1 (R) c B(R), thus, also, W1 (R)
WoP(R) = {f € C°MR) : f® e LP(R)forp = 0,1,2,...}. Forany f €
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W 1(R) each derivative f® is smooth and converges to 0 for x — =00 since it is
in B(R) and since CZ°(R) is dense in W L(R).

The space C® (R, W1 (R)) of smooth curves t +— f(t,-)in W' (R) consists
of all functions f € C®(R2, R) satisfying the following property:

e For all k € N5g and n € N the expression [|3%3" f(t, ML) 1s locally
bounded in .

Diff o1 (R) = {(p =Id+f: feW2lR), f > —1} denotes the corresponding
regular Lie group.

We agfrain consider an extended space:

W;O TR) = {f € C®M) : f/ € W (R)} is the space of bounded antideriva-
tives of functions in W1 (R). It is isomorphic to R x W L(R) via = (f), fH.
The space C*° (R, W2OO o1 (R)) of smooth curves in W2oo ’I(R) consists of all functions
f € C®(R?, R) satisfying the following property:

e Forallk € N>g,n € N.g,and ¢ € R the expression ||8tk8)’c’f(t, )||L1(]R) is locally
bounded in ¢.

We also define the space Wloo’1 R)={f € W200,1 (R) : f(—o0) = 0} of antideriv-
atives of the form x > [*_ gdy for g € W !(R).

Diffwzoc,l(]R) = {go =Id+f:feWXI®R), f > —1} denotes the correspond-
ing regular Lie group.

We have again the following exact sequence of smooth homomorphisms of regular
Lie groups:

R2, 4),

which splits with the same section as for Diff. >(R). The group Diff ,c.1(R) =
1

ker(Shifty) of diffeomorphisms, which have no shift at —oo, will play an important
role subsequently.

Remark on the H® = W 2case

One may wonder why we use the groups related to Diff 1.1 (R) instead of those
modelled on the more usual intersection H*° of all Sobolev spaces. The reason is that
H® ¢ L';thus, for f € H*(R) the antiderivative x — [*_ f(y) dy is not bounded
in general, and the extended groups are not contained in Diff 3(R) and thus do not
admit charts. If we model the groups on H° N L', then they are not Lie groups: right
translations are smooth, but left translations are not. See Kriegl et al. (2014, 14) for
this surprising fact.

Theorem The groups Diff .(R), Diff . 1 (R), Diff. »(R), Diff 5(R), Diff 5, (R), Diff s,
(R), Diff yyeo.1 (R), Diff | 0.1 (R), Diff Wl (R), and Diff g(R) are all smooth regular
1

Lie groups. We have the following smooth injective group homomorphisms:
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Dift . (R) Diff g(R) — Diff .1 (R)

I |

Diff, 1 (R) — Diffs, (R) —— Diff .1 (R)

]

Diff,. 5(R) —— Diffs, (R) —— Diff 1 (R) — Diff s(R)

Each group is a normal subgroup in any other in which it is contained, in particular
in Diff g(R).

Proof That the groups Diff.(R), Diff s(R), and Diff g(R) are regular Lie groups is
proved (for R" instead of R) in Michor and Mumford (2013), and in (Kriegl and
Michor 1997, Sect. 43.1) for Diff.(R). Moreover, the group Diff yoo (R") (where
H® = W>2) is treated in Michor and Mumford (2013); the proof for W! is the
same. See also (Kriegl et al., 2014, Theorem 8.1). The extension to the semi-direct
products is easy and is proved in Michor (1997, Sect. 38.9). That each group is normal
in the largest one is also proved in Michor and Mumford (2013). O

2.5 Remark on the Existence of Normal Subgroups

This section will not be used in the remainder of the paper. It is a well-known result
that Diff . (R) is a simple group (see Mather 1974, 1975, 1985). We want to discuss
some effects of this result for the diffeomorphism groups introduced in the previous
sections.

Existence of normal subgroups in Diff. > (R). We first claim that any non-trivial
normal subgroup N of Diff, > (R) intersects Diff . (R) non-trivially: letId # ¢ € N.If
¢ has compact support, we are done. If ¢ does not have compact support, without loss
of generality assume that Shift, () = a > 0. Thus, for some x¢p we have ¢(x) = x +a
for x > xg. Choose xog + 2a < x1 < x2 < xo + 3a and ¢ € Diff.(R) with support in
the interval [x1, x2], so that ¥ (x) = x for x ¢ [x1, x2]. For x € [x1, x2] we then have
W oo Y)x) =y (Yx)+a) =y (x)+a. Thus, v o po € N differs
from ¢ just on the compact interval [x, x2]. But then ¥ "' o ¢ o ¥ 0 ¢! € N has
compact support, and we are done.

By the simplicity of Diff.(R) we obtain N 2 Diff.(R). Therefore, the lattice
of normal subgroups of Diff. > (IR) has a Diff.(R) as minimal element and, thus, is
isomorphic to the lattice of subgroups of (R?, +), which is quite large (see Fuchs
1970, 1973).

Existence of normal subgroups N with Diff .(R) — N — Diff g(R). By conjugat-
ing with x +— 1/x we see that the quotient group Diff 5 (R)/Diff . (R) is isomorphic
to the group of germs at 0 of smooth diffeomorphisms ¢ : (R, 0) — (R, 0) such that
p(x) —xisflatat0: p(x) —x = 0(|x|N) for each N. This group contains infinitely
many normal subgroups: ¢(x) — x = o(e~V/I¥ly or = o(exp(—exp(1/]x]))), and so
on.
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We have not looked for normal subgroups N with

Diff o1 (R) — N — Diff .1 (R).
2

2.6 Groups of Real-Analytic Diffeomorphisms

Since the HS equation will turn out to have solutions in smaller groups of diffeo-
morphisms, we give here a description of them. For simplicity’s sake, we restrict our
attention to the periodic case. Let Diff®(S') be the real-analytic regular Lie group
of all real-analytic diffeomorphisms of S!, with the real-analytic structure described
in Kriegl and Michol (1990, Sect. 8.11), see also Kriegl and Michol (1997, Theorem
43.4). Recall that a mapping between ¢*°-open sets of convenient vector spaces is
real-analytic if it preserves smooth curves and real-analytic curves.

2.7 Groups of Ultra-Differentiable Diffeomorphisms

Let us now describe the Denjoy—Carleman ultra-differentiable function classes which
admit convenient calculus, following Kriegl et al. (2009, 2011, 2012). We consider a
sequence M = (My) of positive real numbers serving as weights for derivatives. For
a smooth function f on an open subset U in R", a compact set K C U, and for p > 0
consider the set

{ d*f)

pkk!Mk.xeK,keN}. 3)
We define the Denjoy—Carleman classes

C(M)(U) ={f € C®(U) : VY compact K C U Yp > 0 : (3) is bounded},
C{M}(U) = {f € C*®°(U) : Ycompact K C U Jp > 0: (3) is bounded}.

The elements of C ) (U) are said to be of the Beurling type, those of C M} (U) of the
Roumieu type. If My = 1, for all k, then C (M)(R) consists of the restrictions to U of
the real and imaginary parts of all entire functions, while C*¥}(R) coincides with the
ring C?(R) of real-analytic functions. We shall also write C"™ to mean either CM)
or C™M} We shall assume that the sequence M = (M) has the following properties:

e M is log-convex: k +— log(M}) is convex, i.e. M,f < Mj—1 M4 for all k.

1
e M has moderate growth, i.e. sup; ;cn_, (%’X}‘k) < 0.
e In the Beurling case CIM1 = C™)  we also require that C* < C™) or, equiva-

lently, M,:/k — 00.

Then, both classes C!™! are closed under composition and differentiation, can be
extended to convenient vector spaces, and form monoidally closed categories (i.e.
admit convenient settings). Moreover, on open sets in R”, C!Ml_vector fields have
C™]_flows, and between Banach spaces, the C (M] implicit function theorem holds.
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For mappings between ¢®°-open subsets of convenient vector spaces we have the
following statements:

e For non-quasi-analytic M, the mapping f is C*™} if it maps C*M}-curves to C1}-
curves, by Kriegl et al. (2009).

e For certain quasi-analytic M, the mapping f is CM} if it maps C!V)-curves to
C'}.curves, for all non-quasi-analytic N which are larger than M and have the
aforementioned properties, by Kriegl et al. (2011).

e For any M, the mapping f is CIM1 if it respects C!™]l-maps from open balls in
Banach spaces, by Kriegl et al. (2012).

For every M with the aforementioned properties we have the regular Lie groups
DiffM}(S!y and Diff[M](S]) (we write DifffM1($1) if we mean any of the two) of
CMI_diffeomorphisms of S! which is a C[™l-group (but not better), by Kriegl et al.
(2009, Sect. 6.5; 2011, Sect. 5.6; 2012, Sect. 9.8).

3 Right-Invariant Riemannian Metrics on Lie Groups
3.1 Notation on Lie Groups
Let G be a regular Lie group, which may be infinite-dimensional, with Lie algebra g.
Let © : G x G — G be the group multiplication, p, the left translation and Y the
right translation, given by u,(y) = u¥(x) = xy = u(x, y).

Let L,R : g — X(G) be the left- and right-invariant vector field mappings,

given by Lx(g) = T.(ig).X and Rx = T,(u#).X respectively. They are related by
Lx(g) = Rad(g)x (g). Their flows are given by

FIf*(g) = g.exp(tX) = u™P %) (g), FIf*(g) = exp(tX).g = fexpx)(8)-

We also need the right Maurer—Cartan formx = «” € Ql(G, g), given by k. (§) :=
T (,uxfl) - &. It satisfies the left Maurer—Cartan equation dx — %[K, k]n = 0, where
[ , ]adenotesthe wedge product of g-valued forms on G induced by the Lie bracket.

Note that %[K, kIn(E,n) = [k(), k(n)]. The (exterior) derivative of the function
Ad : G — GL(g) can be expressed by

dAd = Ad.(adok!) = (adok”). Ad

since we have d Ad(Tug.X) = % lo Ad(g.exp(tX)) = Ad(g). ad(Kl(T/,Lg.X)).

3.2 Geodesics of a Right-Invariant Metric on a Lie Group

Let y = g x g — R be a positive-definite bounded (weak) inner product. Then

yeE ) =y (T )& T ) ) =y (@), () )
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is a right-invariant (weak) Riemannian metric on G, and any (weak) right-invariant
bounded Riemannian metric is of this form, for suitable y. We shall denote by y :
g — g* the mapping induced by y from the Lie algebra into its dual (of bounded
linear functionals) and by (a, X) 4 the duality evaluation between o € g* and X € g.

Let g : [a, b] — G be a smooth curve. The velocity field of g, viewed in the right
trivializations, coincides with the right logarithmic derivative

. 9
8@ =Tu* ) 0g=r(dg) = (g"«) (), where d, = at

The energy of the curve g(#) is given by

b b

1 1
E(g) = E/Vg(g/7g/)dt = 5/7((5’*/@(8[), (8%k)(d;)) dt. Q)

a a

For a variation g(s, #) with fixed endpoints we then use that
d(g*K) (3, d5) = 0:(8%k (35)) — d5(g¥x(3;)) — O

partial integration and the left Maurer—Cartan equation to obtain

A E(g) = 2y (35 (") (Bp), (g7K)(@r)) dr

N =
Q\%‘

v (8:(g%K) (B5) — d(g*K)(3y, 3s), (g¥K)(By)) dr

a\w

\::- Q\v Q\w«

v (") (35), 3 (g"K)(3y)) dr

v ([(g71) @), (") (3], (8K) () dr

(7 (3 (87)(@)), (87K)(8))yd

(Y ((g" ) (31)), ad gy (a,) (&) (s ))

2
w\w“

= —/<J>(3z(g*l<)(31)) + (ad(gre)3,) "V (87K (31), (87K) () dr
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Thus the curve g(0, t) is critical for the energy (5) if and only if

Y (3:(g7k)(3,)) + (ad gy (3,) Y ((&¥K)(8;)) = 0.

In terms of the right logarithmic derivative u : [a, b] — g of g : [a, b] — G, given
by u(t) := g*x(9;) = Tg(,)(ug(’)_]) - g'(1), the geodesic equation has the expression

du=—p Ladw)* y ). (6)

Thus the geodesic equation exists in general if and only if ad(X)*y (X) is in the image
of y : g — g* ie.
ad(X)*y(X) € y(9) (7N

for every X € X. Condition (7) then leads to the existence of the so-called Christof-
fel symbols. Interestingly, it is not neccessary for the more restrictive condition
ad(X)*y (Y) € y € gtobe satisfied in order to obtain the geodesic equation, Christof-
fel symbols and the curvature [cf. Michor (2006, Lemma 3.3]. Note here the appearance
of the geodesic equation for the momentum p =y (u):

pr=—ad(y~(p)*p.

Subsequently, we shall encounter situations where (7) is satisfied but where the usual
transpose ad T (X) of ad(X),

adT(X) ==y o ad} o 7, (8)
does not exist for all X.
3.3 Covariant Derivative
The right trivialization (wg,«”) : TG — G x g induces the isomorphism

R : C*(G,g) — X(G), given by R(X)(x) := Rx(x) := T, (n*) - X(x), for
X € C®(G,g) and x € G. Here X(G) := I'(TG) denotes the Lie algebra of all
vector fields. For the Lie bracket and the Riemannian metric we have

[Rx, Ryl = R(—[X,Y]g+dY - Rx —dX - Ry),
R7'[Rx, Ryl = —[X, Ylg+ Rx(¥) — Ry(X),
Yx(Rx(x), Ry(x)) = y(X(x),Y(x)), x € G.

In what follows, we shall perform all computations in C*°(G, g) instead of X(G). In
particular, we shall use the convention

VxY := R~ (Vg,Ry) forX,Y € C®(G,g)

to express the Levi-Civita covariant derivative.
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Lemma Assume that for all & € g the element ad(§)*y (§) € g* is in the image of
Y i g — g*and that € — p~ad(&)*y (&) is bounded quadratic (or, equivalently,
smooth). Then the Levi-Civita covariant derivative of the metric y exists and is given
forany X, Y € C*(G, g) in terms of the isomorphism R by

1
Vx¥ =dY.Ry + p(X)Y = S ad(X)Y,

where

1 1

pEn =777 (adgy, & +m) —adi_, (€ —m) = 7 (adf () +ad} 7(6)

is the polarized version. p : g — L(g, g) is bounded, and we have p(&)n = p(n)é&.
We also have

1 1
y(e@m, ¢) = 57(&‘, ad(m)¢) + Ey(n, ad(§)?),
y(@n. o) +yems & +yv(p@)§ &) =0.

Proof 1t is easily checked that V is a covariant derivative. The Riemannian metric is
covariantly constant since

Rxy(Y,Z)=y(dY.Rx,Z)+ y(Y,dZ.Rx) = y(VxY, Z)+ y(Y,VxZ).
Since p is symmetric, the connection is also torsion-free:

VxY —VyX +[X,Y]g—dY.Rx +dX.Ry = 0.

3.4 Curvature
For X, Y € C*°(G, g) we have

[Rx,ad(Y)] = ad(Rx(Y)) and [Rx,p(Y)] = p(Rx(Y)).
The Riemannian curvature is then computed by

R(X,Y) =[Vx, Vy] = V_[X Y1y +Rx (Y)—Ry (X)

1 1
Z[RX+pX—§adx,Ry+py—§ady]
—R(—[X,Y]g+ Rx(Y) — Ry(X)) — p(—[X, Y]g+ Rx(Y)— Ry (X))

1
+ 3 ad(—=[X, Y]g + Rx(Y)— Ry (X))

1 1 1
= [px, pyl+ pix.yv1, — E['OX’ ady] + E[py, adx] — 1 adix,yy,
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which is visibly a tensor field.

3.5 Sectional Curvature

For the linear two-dimensional subspace P C g spanned by linearly independent
X, Y € g, the sectional curvature is defined as

Y (RX, V)X, Y)
IXIZIYIS — v (X, ¥)?

k(P) =

For the numerator we obtain
Y(RX.NX.Y) =y(poxpy X, Y) — y(pypx X, Y) + v (px.v1 X, Y)
1 1
— Ey(px[Y, X1, Y)+ Ey([Y’ px XL, Y)
1 1
+0- EV([X, prX1,Y) — ZV([[X Y], X],Y)
3 2
=ypxX, pyY) — lloxYl;, + ZII[X, Y1l
1 1
- EV(X, [Y,[X,Y]) + EV(Y’ [X,[X, Y]]).

3
=y (pxX, pr¥) = loxY Iy + ZIX, Y1l
— y(pxY. [X, Y1) + y (Y. [X. [X, Y]]

If the adjoint ad(X) T : g — g exists, this is easily seen to coincide with Arnold’s
original formula Arnold (1966),

Y(R(X,Y)X,Y) = —%u ad(X)"Y +ad(¥) " X||> + y(ad(X)" X, ad(¥)"Y)

+ %y(ad(X)TY —ad(Y)" X, ad(X)Y) + §||[X, Y1l

4 Homogeneous H'-Metric on Diff(R) and the Hunter-Saxton Equation

In this section we will study the homogeneous H' or H'-metric on the various dif-
feomorphism groups of R defined in Sect. 2. It was shown in Khesin and Misiotek
(2003) that the geodesic equation of the H'-metric on Diff (S1) is the HS equation.
We will show that suitable diffeomorphism groups on the real line also have the HS
equation as a geodesic equation. In Lenells (2007) a way was found to map Diff (S')
isometrically to an open subset of an L2-sphere in C*°(S!, R). We will generalize this
representation to the non-periodic case.

In the situation studied here—diffeomorphism groups on the real line—the resulting
geometry will be different from the periodic case. Some of the diffeomorphism groups
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will be flat in the sense of Riemannian geometry, while others will be submanifolds of
a flat space [see Kriegl and Michor 1997, Sect. 27.11 for the definition of (splitting)
submanifolds in an infinite-dimensional setting].

4.1 Setting

In this section, we shall use any of the following regular Lie groups:

(1) We will denote by A(R) any of the spaces C°(R), S(R), W L(R) or HG°(R).
By Diff 4(R) we will denote the corresponding groups Diff . (R), Diff s(R), and
Diffyyeo,1 (R) as defined in Sects. 2.2, 2.3 and 2.4 respectively.

(2) Similarly A (R) will denote any of the spaces Cfﬂ (R), S1(R), or W1°° o1 (R). By
Diff 4, (R) we will denote the corresponding groups Diff ; (R), Diff s, (R) and
Diff oo (R) as defined in Sects. 2.2, 2.3 and 2.4 respectively.

4.2 H'-metric
For Diff 4(R) and Diff 4, (R) the homogeneous H _metric is given by
Gy(X o9, Y o) =Gu(X,Y) =/X/(X)Y/(X) dx,

R

where X, Y are elements of the Lie algebra A(R) or A;(R). We shall also use the
notation

(g1 = GC, o).
Theorem On Diff 4, (R), the geodesic equation is the HS equation

oo ' =u u = —uux+ 3% [ (u(2))?dz, )

and the induced geodesic distance is positive.
On the other hand, the geodesic equation does not exist on the subgroups Diff 4(R)
since the adjoint ad(X)*G1q(X) does not lie in Gig(A(R)) for all X € A(R).

Note that this is a natural example of a non-robust Riemannian manifold in the sense
of Micheli et al. (2012, Sect. 2.4).

Proof Note that Gu : AI(R) = A (R)* is given by Gua(X) = —X" if we use the

L?-pairing X > (Y > J XYdx) to embed functions into the space of distributions.
We now compute the adjoint of the operator ad(X) as defined in Sect. 3.2:
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(ad(X)*G1a(Y), Z) = Gra(Y, ad(X)Z) = Gua(Y, —[X, Z])

:/Y’(x)(X’(x)Z(x) —X(0)Z'(x)) dx
R

_ / Z) (X" ()Y (x) = (X ()Y (x))") dx.
R

Therefore, the adjoint as an element of A7 is given by
ad(X)*Ga(Y) = X"Y' — (XY")".

For X = Y we can rewrite this as

X

* 1 12N/ " 1 / N\
ad(X)*Gua(X) = 5 (X% = X" = 5( / X (0 dy - (x)
s f
=3 ld( — / X’(y)Qdy+(X2>’).

—00

If X € A;(R), then the function —% ffoo X'(y)>dy + %(X2)’ is again an element
of A;(R). This follows immediately from the definition of .4;(R). Therefore, the
geodesic equation exists on Diff 4, (R) and is given by (9).

However, if X € A(R), a neccessary condition for ff o X’ (y)2dy € A(R) would
be [°°. X'(y)*dy = 0, which would imply X’ = 0. Thus, the geodesic equation does
not exist on A(R).

The positivity of geodesic distance will follow from the explicit formula given in
Corollary 4.4. O

Remark One obtains the classical form of the HS equation,

1 2
Uty = —UUxx — Euxy

by differentiating the preceding geodesic Eq. (9). In Sect. 4.3 we will use a geometric
argument to give an explicit solution formula, which will also imply the well-posedness
of the equation. For A;(R) = WloO 1 (R) an analytic proof of well-posedness could
also be carried out similarly to that in Bauer et al. (2011, Sect. 10) by adapting the
arguments to R. Furthermore, using this geometric trick, we will conclude that the
curvature of the H'-metric vanishes. One can also show this statement directly using
the adaption of Arnold’s formula presented in Sect. 3.5. From the foregoing proof one
can easily deduce the formula for the mapping p:

p(X)Y = =G~ (ad(X)*G(Y) + ad(X)*G(Y))

N =
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é—l (X//Y/ (XY )// + VD¢ —(YXx )//)

N =N —

(X/Y/)/ + (Xy)///)

G™!
( /(XY)dx+(XY)

Using this formula, the desired formula for the curvature is a straightforward calcula-
tion.

Remark For general X # Y € A;(R) we will have ad(X)*éId(Y) ¢ éld(Al(R)). If
there were a function Z € A (R) such that —Z” = X"Y’' — (XY’)”, then a necessary
condition would be 0 = Z'(—00) = — ffooo X"Y'dx, which would in general not
be satisfied. Thus, the transpose of ad(X) as defined in (8) does not exist; only the
symmetric version X +—> Gijl (ad(X )*éld(X )) exists.

4.3 Square-Root Representation on Diff 4, (R)

We will define a map R from Diff 4, (R) to the space

AR, R> ) ={f € AR) : f(x) > =2}
such that the pullback of the L%-metric on A(R, R._,) is the H'-metric on the
space Diff 4, (R). Since A(R, R._») is an open subset of C*°(R), this implies that
Diff 4, (R) with the H'-metric is a flat space in the sense of Riemannian geometry.
This is an adaptation of the square-root representation of Diff (S')/S! used in Lenells

(2007); see also Sect. 6, where we review this construction.

Theorem We define the R-map by

[Diff AR > AR, R._;) C AR, R)
@2 ("2 =1).

The R-map is invertible with inverse

Rl A(R,R._») — Diff 4, (R)
Ny x+ i S (¥E+4y) dr

The pullback of the flat L*-metric via R is the H'-metric on Diff 4, (R), i.e.
R*( )2 = ()
Thus the space (Diff A, (R), H 1) is a flat space in the sense of Riemannian geometry.
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Here (-, -);2 denotes the L?-inner product on A(R) interpreted as a Riemannian
metric on A(R, R. _3), which does not depend on the basepoint, i.e.

G (h,k) = (h, k) 2 =/h(x)k(x) dx,
R

forh, k € A(R) = T, AR, R._,).

Proof We will first prove that for ¢ € Diff 4, (R) the image R(¢) is an element of
AR, R. _»). To do so, we write ¢(x) = x + f(x), with f € A;. Using a Taylor
expansion of 4/1 + x around x = 0,

1

1 1 1—1¢
\/l—i—x:l—i—zx—z/—dtxz,

3
5 (1+41x)2

we obtain

R(@) =2(@H)'"? = 1) =21+ f -2

, 1 1—1 , ,
==y [
(1+1f7)3

0

L+ FOUOS

with F € C“(R~_1, R) satisfying F(0) = 0.

Because ¢ = Id + f is a diffeomorphism, we have ' > —1, and since f' € A(R)
implies that f’ vanishes at —oo and at co, we can can even conclude that /' > —1+¢
for some ¢ > 0. Therefore, F(f') is a bounded function for each f’ € Diff 4, (R).
Using that all the spaces A(R) are B(R)-modules we conclude that F(f’) f and,
hence, R(¢p) are elements of A(R).

To check that the mapping R : Diff 4, (R) — A(R, R>_2) is bijective, we use the
identity %(y xX)+2)2—1= f'(x),withy = R(p) = R(Id + f). Using this identity
it is straightforward to calculate that

RoR'=1dy, R 'oR=Idpis.

To compute the pullback of the L2-metric via the R-map, we first need to calculate
its tangent mapping. To do this, leth = X o ¢ € T,Diff 4, (R), and let t — ¥ (¢) be a
smooth curve in Diff 4, (R), with ¥(0) = Id and 9,|o¥ (1) = X. We have

T,Rh = 0 loRW 1) 0 ) = 102((W (1) 0 )2~ 1)
= 3lo2((W(1)x 0 @) o)/

x(0
= 2690 P lo(@ 100 0 9) = () V(o) o)

W (0172 °
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= (@)"?(X 0 ) = @)X 0 9).
Using this formula we have forh = X109,k = Xs0¢

R*(h, k)2 = (T,R.h, TyR.k) 2 =/X/1(x)X’2(x)dx = (h, k) 1.
R

O

Corollary Given g, ¢1 € Diff 4, (R), the geodesic ¢(t, x) connecting them is given
by

p(t,x) = R ((1 = DR(go) + 1R(gD) (x) (10)

and their geodesic distance is

d(go. 91) = 4/ (@) = (})'?)? dx. (11
R

Furthermore, the support of the geodesic is localized in the following sense: if
o(t,x) = x+ f(t, x)with f(t) € A (R) and similarly for g, @1, then supp(dy f (1))
is contained in supp(dx fo) U supp(9y f1).

Proof The formula for the geodesic ¢(t, x) is clear. The geodesic distance between
@o and ¢ is given as the L? difference between their R-maps:

1

dP" (@, @1) = dA(R(@0), R(p1)) = / / (R(¢1) — R(¢0))” dx dr
0 R

=2 | [ (= )’ a.

R

To prove the statement regarding the support of the geodesic, we use the inversion
formula of R to obtain

1
flt,x)=¢'(t,x)— 1= /GO x) +4),

where y (¢, x) = (1 — t)R(¢o)(x) + tR(p1)(x) is the image of the geodesic under
the R-map. Next we note that at the points where fl./ (x) = 0, we have (plf (x) =1and
R(¢;)(x) = 0. Hence, at the points where both fj(x) = f{(x) = 0, we also have
f'(t,x) =0forallz € [0, 1]. O
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Fig. 1 va)mplete geodesic p(t, x) € DiffA1 (R) s.amp.lefi at time poir.lts t = 0, % 1, % 2, % 3. Left image:
geodesic in R-map space. Right image: geodesic in original space, visualized as ¢ (¢, x) — x

Example A geodesic connecting the identity to the diffeomorphism ¢j(x) = x +
e~ V/HD? o= 1/G=D? cap be seen in Fig. 1. In all the examples presented in this article,
we consider diffeomorphisms ¢ with supp(¢’ — 1) C [—1, 1]. We approximated the
diffeomorphisms with 1000 points on this interval. In the following lemma it is shown
that this behaviour does not hold in general.

Lemma The metric space (Diff A R), H 1) is path-connected and geodesically con-
vex but not geodesically complete.

In particular, for every @y € Diff 4, (R) and h € Ty, Diff 4, (R), h # 0, there exists
atimeT € R suchthat ¢(t, -) is a geodesic for |t| < |T| starting at oo with ¢;(0) = h,
but ¢, (T, x) = 0 for some x € R.

Proof Set yo = R(¢o) and k = Ty, R.h. Then R maps the geodesic ¢(¢) to
R(p())(x) =y, x) = yo(x) + tk(x)

and the geodesic ¢(¢) ceases to exist when y (¢) leaves the image of the R-map,
i.e. when y (¢, x) = —2 for some pair (¢, x). Consider the function g(x) = |2 +
Yo(x)|/lk(x)|, and set g(x) = oo, where k(x) = 0. Since we assumed i # 0, there
is at least one x € R such that g(x) is finite. Since k(x) — 0 as |x| — oo, we have
g(x) — oo for x large, and g attains the minimum at some point. Let this point be xg,
and define T = —(2 + y0(xp))/k(x0). Then |T| is the time when y (¢, x) first reaches
—2. So for |t| < |T| the geodesic y (¢) lies in A(R, R _») and y (T, xo) = —2. Then
we have

1
¢x(T, x0) = 1+ 2v(T. x0)(y (T, x0) +4) = 1-1=0,

as required. This proves that the space is not geodesically complete.
The statement regarding path connectedness and geodesic convexity are direct con-
sequences of the path connectedness and convexity of A(R, R. _7). O
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Fig. 2 Incomplete geodesic ¢(t, x) € Diff 4, (R). Left image: geodesic in R-map space at time points
t =0, %, 1, %, 2, %, 3. Attime t = 3 (red line) the geodesic has already left the space of R-maps. Right
image: geodesic in original space visualized as ¢(f, x) — x sampled at time points t = 0, %, 1, %, 2, %
(Color figure online)

Example This behaviour is illustrated in Fig. 2, where we have again chosen ¢y = Id
and we have solved the geodesic equation in the direction

~1
_ p—1
h(x) = R G:Zﬁ@)

until the geodesic leaves the space of diffeomorphisms—which happens approxi-
mately at time r = 2.58.

4.4 Square-Root Representation on Diff 4 (R)

We will now study the homogeneous H !-metric on diffeomorphism groups which do
not allow a shift towards infinity. We can still use the same square-root representation
as in the previous section, but now the image of this map will be a splitting submanifold
in the image space A(R, R. _»).

Theorem The square-root representation on the diffeomorphism group Diff 4 (R) is
a bijective mapping given by

. [DIffA®R) = (I(R), |- [I2) € (AR, R>2). |- 2)
: @2 ()2 —1).

The pullback of the restriction of the flat L*>-metric to Im(R) via R is again the
homogeneous Sobolev metric of order one. The image of the R-map is the splitting
submanifold (in the sense of Kriegl and Michor 1997, Sect. 27.11) of AR, R~ _»)
given by
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Im(R) = {y € AR, Ro ) : F(y) := / y(y +4) dx = 0}.
R

Proof The statement regarding the image of R follows from the fact that a diffeomor-
phism ¢ = Id +g € Diff 4, (R) is also an element of Diff 4(R) iff

/(fp/(x) —1dx = /g/(x) dx = 0.
R R

Using that for y = R(¢) we have ;ll(y(x) +2)2 — 1 = g/(x) we obtain the desired
result. The mapping AR, R~ _2) 3 f = 2((f + D2 = 1) € AR, R._5) isa
diffeomorphism, and it maps A(R, R. ) N{f : f f dx = 0} diffeomorphically onto
Im(R), which is therefore a splitting submanifold. O

Remark Note that we have d F (y)(§) = fR(2y +4).8 dx, but 2y +4isnotin A4, only
in the dual A*. So the so-called normal field along the codimension 1 submanifold
Im(R) has no length; methods like the Gauss formula or the Gauss equation do not
make sense. This is a diffeomorphic translation of the non-existence of the geodesic
equation in Diff 4(R).

4.5 Geodesic Distance on Diff 4(R)

We have seen that on the space Diff 4(R) the geodesic equation does not exist. It
is, however, possible to define the geodesic distance between two diffeomorphisms
©o, 1 € Diff 4(R) as the infimum over all paths ¢ : [0, 1] — Diff 4(R) connecting
these:

1
aAigo.p) = inf / VG @) 3 dt.
=90
o(D=¢1 0

In Corollary 4.4 we gave an explicit formula for the geodesic distance d* on the
space Diff 4, (R). It turns out that the geodesic distance d“* on Diff A(R) is the same
as the restriction of A1 to Diff A(R). Note that this is not a trivial statement, since
in the definition of d“* the infimum is taken over all paths lying in the smaller space
Diff 4 (R).

Theorem The geodesic distance d* on Diff A(R) coincides with the restriction of
d* 1o Diff 4(R), i.e. for ¢g, @1 € Diff 4(R) we have

d (@0, o1) = d™ (9o, 91).

Proof Because the space Diff 4(IR) is smaller than Diff 4, (R), we have the inequality
dy, < dy. The following argument will establish the other inequality d 4 < d4,,
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and hence with both of these inequalities together we will be able to conclude that
dy, =dy.

Take ¢o, ¢1 € Diff 4(R), and let ¢ (¢) be a path connecting them in the larger space
Diff 4, (R). Then y (t) = R(¢(1)) is a path in AR, R._>), and its length is measured
by

/8ty(t, x)2dxdr.
R

1
L(y) =/
0

We also have the functional

F@)zfyuf+4wwm,
R

which measures whether y lies in the image of Diff 4(R) under the R-map.

We will construct a sequence ¥, of paths with n — oo such that these paths satisfy
F(y,) = 0and L(y,) — L(p). This will show that each path in Diff 4, (R) can be
approximated arbitrarily well by a path in the smaller space Diff 4(R), and hence we
will have established the other inequality d 4 < d 4, .

Since y (t) and 0,y (¢) decay to 0 as x — oo, there exists for each n > 0 some
X, € R such that

1
ly(, )l <5

£ .
oy o) <L T

We also define ¢, = % Let ¢ : R — R be a smooth function with support in [—1, 1],
Y (x) > 0and [ ¢(x)dx = 1, as well as [ 1 (x)?dx = 1. Now define the new path

Tt ) = 7 (6, 2) + eOentr (ente =50 = £;1).

with the function «, (¢) determined by F (37, (¢)) = 0. To make the calculations easier,
we set Y, (x) = ¥ (g,(x — x, — &, 1)) and we note that

en/wn(x)dx =1, sn/wn(x)zdx =1.
R R
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Writing the condition F (¥, (7)) = 0 more explicitly we obtain

FFu(t) = / YO + 20, (DenPny (1) + an (D292 + 4 (v (1) + oy (1) ey dx
R

= £00, (1)° + 4+2€n/%3/(t)dx o (1) + F(y (1)).
R

We need to estimate the integral

Calt) = & / Y Oy (1, x)dx
R

to be able to control « (7). We have

Co01 = Jen [ (eatr = 2 = 1)) yt. 000
R
Xn+2€;l
s [ v (ete—x ) vl
Xn
Xn+28;l
<, / " (sn(x Xy — e;l)) Lix
4 n
1
n

Hence we see that for large n we will have «, () — — F (y(t))/4, and the convergence
is uniform in . To see that «(¢) is smooth in 7, we can use the explicit formula

an(t) = =&, 2+ Co(1)) — \/8{2 Q2+ Cu(0)* — & ' F(y (1))

and note that for ¢, sufficiently small the term under the square root will always be
positive.

Now we look at the length of the path ¥,. Let us consider only the inner integral
fR 0; 7, (¢, x)dx. We will show the convergence

/ @V (r, ) dx — / By (t, x))? dx
R R
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uniformly in ¢z, which will imply the convergence L(y,) — L(y). To do so, we look
at

/ (@7 (1)) dx = / By ()% + 28,0 () En P dry (1) + (B0 (1)) &2 (x)*dx
R R

= / By (1)) dx + 20, (1)e / Yndry (D)dx + (306, (1)) 5.
R R

The integral
Dy (1) == Sn/lﬂn(X)at)/(t,X)dx
R

can be estimated in the same way as C,, (¢) previously to obtain D, () < % It remains

to bound 9, (¢) uniformly in ¢ to show convergence. We differentiate the equation
enttn ()* + | 44 26, / Yay (H)dx | an(t) + F(y (@) =0
R

that defines o (), which gives us
oy (t) Lepoy(t) +4 4 2C,(2)) + Ty(l)F-at)/(t) =0,

and thus

Ty(l)F.a[)/(t)
4+ 2e40, (1) +2C, (1) '

dran (1) = —

We see that 0, (1) — —T, ) F.0;y (t)/4, and the convergence is uniform in ¢. Thus
we have shown the convergence L(y,) — L(y) of the length functional. O

4.6 Submanifold Diff 4(R) Inside Diff 4, (R)

The following theorem deals with the question how Diff 4 (R) lies inside the extension
Diff 4, (R). We give an upper bound for how often a geodesic in Diff 4, (R) might
intersect or be tangent to Diff 4(R). It is only an upper bound because the geodesic
might leave the group of diffeomorphisms before intersecting Diff 4 (R).

Theorem Consider a geodesic ¢(t) in Diff 4, (R) starting at ¢(0) = @o, with initial

velocity ;¢ (0) = ug o o, and denote by u(t) = 9,¢(t) o ¢(t)~"! the right-trivialized
velocity. Then the size of the shift at infinity is given by
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2
Shift(e(t)) = Shift(pg) + tup(oo) + %/(u(’))zdx
R

u(t, 00) = ug(00) +t /(u[))zdx.
R

This means that every geodesic in Diff 4, (R) intersects Diff 4(R) at most twice, and
every geodesic is tangent to a right coset of Diff 4(R) at most once.

For ¢, ¢1 € Diff 4(R) we can give the following formula for the size of the shift
along the connecting minimal geodesic:

2 _
Shift(p(1) = —— | R@o) = R | = @ = 0] o = ot 12

Proof To make the computations easier, define the following variables:

Y0 = R(¢o)
ko = TyyR.(up o @o) = \/;6”6 © 9o
y(t) = R(p(®)) = yo + tko.

For a diffeomorphism ¢ € Diff 4, (R) the size of the shift at oo is given by

o0 o0
1
Shift(p) = lim p(x) —x = / (p’(x)—ldx:z / R(¢)? +4R(p) dx.
—0o0 —0o0

Similarly, the value of a function u € A; at oo can be computed by

o0

u(oo) = / u' (x)dx = /(u/ o @)(x)¢ (x) dx

—00

1 (0.¢]
=3 /(R(<p) +2)T,R.(u o ¢)(x) dx.

Note that this holds for any ¢ € Diff 4, (R). Since the R-map pulls back the L*-metric
to the H'-metric, we also have the identity

o]

/ u'(x)dx = /(T(pR.(u o ¢))%dx.

—00
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For the sake of convenience let us rewrite the last two equations using the variables
up, yo and kq:

1 o o o)
uo(00) = 3 /()/o + 2)ko dx /(146)2 dx = / kg dx.
—00 —00 —00
Now computing the shift of ¢(#) at oo is easy:
1 o0
Shift(e(t)) = 7 / (Yo + tko)? + 4(y0 + tho) dx
—0oQ
o
1 2 2,2
=2 Vo + 4yo + 2tyoko + 4tko 4tk dx
—0oQ
) o
. ! /\2
= Shift(¢g) + tug(co) + 7 / (ug)“dx.
—0oQ

Computing the value of u(¢) at oo is just as simple:

o0
1
u(t, 00) = > /()/o + tko 4+ 2)ko dx

= up(00) + t/(u{))zdx.

R

If we start with ¢p, ¢1 € Diff 4(R), then the geodesic connecting them has kg =
y1 — Yo, with y1 = R(¢1). Some algebraic manipulations, keeping in mind that
Shift(g;) = 1 [ y? +4y; = 0, give us

o0 o0
1 1
up(00) = 2 /(J/o +2)(y1 —y) dx = 3 / Yoyt — ¥ — 2v0 + 2y dx
—00 —00

17 1 17
1
2 2 2 2
=§/VOV1—Vo +§Vo—57/1 dx:—z/(yl—yo) dx,
— 00 —00

which in turn leads to

2 7 2 ®°

t 12—t
Shift(p(t)) = tup(oo) + T / (up)? dx = 2 / (1 — y0)? dx.
—0o0 —00
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Fig. 3 Geodesic ¢(t,x) € Diff 4, (R) between two diffeomorphisms in Diff 4(R) sampled at times

t =0, % %, %, %, %, 1. Left image: geodesic in R-map space. Right image: geodesic in original space,

visualized as ¢(t, x) — x

This completes the proof. O

An example of a geodesic illustrating the behaviour described in the lemma can be
seen in Fig. 3.

4.7 Solving the Hunter—Saxton Equation

The theory described in the preceding sections allows us to construct an analytic
solution formula for the HS equation on .4;(R). Here A;(R) denotes one of the
function spaces Cfﬁ (R), S1(R) or WlC>o ’I(R), as defined in Sects. 2.2-2.4.

Theorem (Solutions to HS equation) Given an initial value ug in Aj (R), the solution
to the HS equation is given by

u(t, x) = @i(t, 97" (1, %)), with ¢(t,x) = R~ (1ug) (x).
In particular, this means that a solution with initial condition in one of the spaces
CX[R), S(R) or W L(R) exists for all time t > 0 if and only if uy(x) = 0 for all

x € R. All solutions are real-analytic in time in the sense of Kriegl and Michor (1997,
Sect. 9).

Proof By the theory of the previous sections, we know that the path

o, x) = R (ty)(x),

with ¢(0, x) = x, is a solution to the geodesic equation for every y € A;(R). It
remains to choose y such that the initial condition

90,9710, x)) = ¢, (0, x) = uo(x)
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is satisfied. This can be achieved by choosing y = Tig R.ug since,
Y = dloty) = dloR(p(®)) = Ty R.gi(1)| ) = TiaR.uo.

Using the formula T,R.h = (¢/)~'/2h" from the proof of Theorem 4.3 yields
TiaR.uo = uy,.
The solution is real-analytic in 7 since ¢t — f.uq is a real-analytic curve in A1 (R)
and since R respects real-analytic curves (see Kriegl and Michor 1997, Sect. 9).
Given xg, ug such that u((xg) < 0, there exist 7o € R, with foug(xo) < —2. Thus
the geodesic at time 7y has left the R-map space, and the solution of the HS equation
leaves the space Aj. O

A more explicit formula for the solution is given by

o~ (t,x)
_ t
u(t, x) = uo(gp 1<t,x)>+§ / up(y)* dy
—00

X

1
e, x) =x+ 2 / 2 (up(y)? + 4tup(y) dy.

—00

Remark The HS equation on the real line also provides an example of how geometry
and PDE behaviour influence each other. It was shown in Sect. 4.2 that the geodesic
equation on Diff 4(IR) does not exist because the condition ad*(u) u € G (u) is not
satisfied. From a naive point of view we could start with the energy

1 oo
E(u)z//ui dx dt (12)
0 —o0

defined on functions u € C*°([0, 1], A(R)) and take variations of the form du =
n: + nxu — nu, with fixed endpoints (0, x) = ¢o(x) and n(1, x) = ¢;(x). This
would lead, after some integration by parts, to

1 oo

(DE(u), $u) = / / (Urxx + WUy )xx — Uxttye) n dx dt,

0 —oo
and we could now declare
Urxx + (Ul )xx — Uxlxx =0
to be the geodesic equation. It is in any case the equation which the critical points of

the energy functional (12) must satisfy. But this equation has no solutions in A. It is
shown in Theorem 4.6 that a solution u € C*°([0, 1], A;(R)) intersects A(R) at most
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once. To find solutions, we must enlarge the space to A; (R), and then the preceding
theorem via the R-map gives us the existence of solutions.

4.8 Continuing Geodesics Beyond the Group, or How Solutions
of the Hunter—Saxton Equation Blow Up

Consider a straight line y(r) = y + ty; in AR, R). Then y(r) € AR, R._3)
precisely for ¢ in an open interval (fo, 1), which is finite at least on one side, say, at
t1 < oo. Note that

X

1
() (x) == R (y(0)(x) = x + Z / YA () + 4y (1) (u) du

—00

makes sense for all 7, that ¢(7) : R — R is smooth and that ¢(¢)'(x) > 0 for all x
and 7; thus, ¢(¢) is monotone non-decreasing. Moreover, ¢(¢) is proper and surjective
since y (t) vanishes at —oo and oo. Let

Mony, (R) :={ld+f: f € AR, R), f' > —1}

be the monoid (under composition) of all such functions.

For y € AR, R) let x(y) := min{x € RU {oo} : y(x) = —2}. Then for the
line y (t) from above we see that x(y(¢#)) < oo for all # > #;1. Thus, if the ‘geodesic’
@(t) leaves the diffeomorphism group at #1, it never comes back but stays inside
Mon 4, (R) \ Diff 4, (R) for the rest of its life. In this sense, Mon 4, (R) is a geodesic
completion of Diff 4, (R), and Mon 4, (R) \ Diff 4, (R) is the boundary.

What happens to the corresponding solution u(z, x) = ¢; (¢, (1)~ (x)) of the HS
equation? In certain points it has infinite derivative, it may be multivalued, or its graph
can contain whole vertical intervals. If we replace an element ¢ € Mon 4, (R) by its
graph {(x, ¢(x)) : x € R} C R, we get a smooth ‘monotone’ submanifold, a smooth
monotone relation. The inverse ¢! is then also a smooth monotone relation. Then
t — {(x,u(t,x)) :x € R}is a(smooth) curve of relations. Checking that it satisfies
the HS equation is an exercise left for the interested reader. What we have described
here is the flow completion of the HS equation in the spirit of Khesin and Michor
(2004).

4.9 Soliton-Like Solutions

For a right-invariant metric on a diffeomorphism group one can ask whether (general-
ized) solutions u (1) = ¢;(t)o ¢(1)~! exist such that the momenta é(u(t)) =: p(t) are
distributions with finite support. Here the geodesic ¢ () may exist only in some suit-
able Sobolev completion of the diffeomorphism group. By the general theory (see in
particular Michor 2006, Sect. 4.4, or Michor 2013) the momentum Ad(¢(#))*p(t) =
o(t)*p(t) = p(0) is constant. In other words, p(1) = (¢(t)~")*p(0) = ¢(1)+p(0),
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i.e. the momentum is carried forward by the flow and remains in the space of distrib-
utions with finite support. The infinitesimal version (take 9, of the last expression) is
pi(t) = =Lyyp) = —ad,) * p(t); cf. Sect. 3.2. The space of N solitons of order 0
consists of momenta of the form p, , = Z,N:1 a;8y,, with (y, a) € R2N . Consider an
initial soliton py = G(ug) = —uy = ZlNzl a; 8y, withy; < y» <--- < yy.Let H
be the Heaviside function

0, x<O,
Hx)={1, x=0,
1, x>0,

and D(x) = 0 for x < 0 and D(x) = x for x > 0. We will see later why the
choice H(0) = % is the most natural one; note that the behaviour is called the Gibbs
phenomenon. With these functions we can write

N

ug(x) = — > aidy, (x),
i=1
N

up(x) = —ZaiH(x = Yi),
i=1
N

uo(x) = — > aiD(x — y).
i=1

We will assume henceforth that Z,N: 1 ai = 0. Then up(x) is constant forx > yy, and
thus ug € Hl1 (R); with a slight abuse of notation we assume that Hl1 (R) is defined
similarly to H°(R). Defining S; = >

i .
j=1@j Wecan write

N
up(x) = — > S (H(x — yi) — H(x — yiy1)).
i=1

This formula will be useful because supp(H (. — y;) — H(. — yi4+1)) = [yi, Yi+1l-

The evolution of the geodesic u(¢) with initial value #(0) = uq can be described
by a system of ordinary differential equations (ODESs) for the variables (y, a). We cite
the following result.

Theorem (Holm and Marsden 2005) The map (y, a) +— Z,N: 1 aidy, is a Poisson map
between the canonical symplectic structure on R*N and the Lie—Poisson structure on
the dual Tj}; Diff 4(R) of the Lie algebra.

In particular, this means that the ODEs for (y, a) are Hamilton’s equations for the
pullback Hamiltonian

1
E(y,a) = EGId(M(y,a)a u(y,a))a
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with u¢y ) = (V}_l(zl{\/:l aiby,) = — ZlN:] a; D(. — y;). We can obtain the more
explicit expression

2
N
1 2 1
E(y,a) = > / (u(y,u)(x)’) dx = 5/(2 Si]l[yi»yi+|]) dx
R R M=l
| N
=3 > ST i1 — i)
i=1
Hamilton’s equations y; = dE/da;, a; = —d E/dy; are in this case
N-1
Jit) =D S i1 (1) = yi (1),
j=i

a0 = 5 (S0 = 5107%)

Using the R-map we can find explicit solutions for these equations as follows. Let
us write @; (0) = a; and y; (0) = y;. By Theorem 4.9 the geodesic with initial velocity
ug is given by

X

1
0t x) = x + - / Gy ()? + dtu(y) dy

4
—0Q
e (t.x)
_ t
u(t, x) = uo(p~' (¢, x)) + 3 / up(y)?* dy.
—00

First note that

¢ 2
o't x) = (1 + Eug(x))

up (971, 2))

w2 = L+ Lul (o= 1t, 2)

Using the identity H (¢~ '(t,z) — y;) = H(z — (¢, y;)) we obtain

N
up (0710, 0) = = D aiH =9t ),

i=1
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and thus

(ué) (w‘l(t, z)))/ == ﬁ:ai%a,yi)(z)-
i=1

Combining these we obtain

1
u'(t,z) = a;é ()
(1+%u(-1<rz> (Z e )
N

i=1 1+ 1146( ))

2 6‘/’0 y:)(z)

From here we can read off the solution of Hamilton’s equations

yi(t) = o(t, yi),
)
ai (1) = —a; (1+ Sug(vi)
When trying to evaluate u(y;),
up(yi) = a;H(0) — ;

we see that u6 is discontinuous at y;, and it is here that we seem to have the freedom to
choose the value H (0). However, it turns out that we observe the Gibbs phenomenon,
i.e. only the choice H(0) = % leads to solutions of Hamilton’s equations. Also, the
regularized theory of multiplications of distributions (see the discussion in Grosser et
al. 2001, Sect. 1.1) leads to this choice. Thus we obtain

yl(t)—yt+2( tS/) (y/+1_y/)

(1) = —aj _ Si S
s -s)t \-ss 1-gsa )

It can be checked by direct computation that these functions indeed solve Hamilton’s
equations.

5 Two-Component Hunter-Saxton Equation on Real Line

In this section we will show, similarly to the previous section, that one can adapt the
work of Lenells on the periodic 2HS equation Lenells (2011) to obtain results for the
non-periodic case. On the real line this system has been studied from an analytical
viewpoint in Wunsch (2010, Sect. 4).
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Theorem Let M = Diff 4(R) x A(R, R) and M= Diff 4, (R) x A(R, R) be the
semi-direct product Lie groups with multiplication

(p, )Y, B) = (o, B+ao),

where A and Ay are as defined in Sect. 4.1. Consider the following weak Riemannian
metric G on M and M :

Gaa,0((X, @), (Y, D)) Z/X/(X)Y/(X)-i-a(X)b(X) dx,

where (X, a) and (Y, b) are elements of the corresponding Lie algebra.
Then the geodesic equation on M is the two-component non-periodic HS equation
given by

W, p) =(prop Laoph,

X

_ l 2 2
Uy = —ully + 5 uy(z)” + p-(z)dz,
—0Q

ot = —(pu)y.

The geodesic equation does not exist on M since the adjoint ad((X, a))*G (4,0) is not
in Gq,0)(Lie algebra) for all (X, a). These are not robust Riemannian manifolds in
the sense of Micheli et al. (2012, Sect. 2.4).

Remark Note that one obtains more so-called classical forms of the HS equation by
differentiating the equation for u;:

_ 1_2 2
Upy = uuxx+2( uy +p°),

1
Utxx = (_ Ulyy + 5(_u’2‘ + pz))x = —2uUylyy — Ulxyx + PPx-

The second of the preceding equations is the version which Lenells called the two-
component HS equation in Lenells (2011).

Proof To prove the formula for the geodesic equation we need to calculate the adjoint
as defined in Sect. 3.2. For vector fields (X, a) and (Y, b) the Lie bracket is given by

[(X, a)s (Yv b)] = (_[Xv Y]s _(EXb - EY{J)) .
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We calculate

(ad((X, @)*G((Y, b)), (Z, )
= G((Y,b), ad((X, ))(Z, ¢))

— G((Y, b), (=[X, Z], —Lxc + Eza))

= / Y'(x) (X' (0)Z(x) - X(x)Z’(x))/ + b(x)(—Lxc(x) + Lza(x)) dx
R

= / Y () (X" () Z(x)+ X' () Z'(x) = X' (0)Z' (x) — X(x)Z"(x)) dx
R

+/b(x)(—c/(x)X(x) +d (x)Z(x))dx
R

= / Z@) (X" ()Y (@x) + (X(x)Y'(x)" + b(x)a(x)) dx
R

+ / OB ()X () + )X (x) dx
R

= {(X"Y + (XYY" +ba' . b'X +bX), (Z.0)).
Therefore, the adjoint is given by
ad(X, a)*G(Y, b)(x) = (X"Y + (XY")" + ba', b'X + bX').

Note that for general (X, a), (Y, b) € A x Athe adjoint is not an element of G (A x .A);
the same statement is true for A; x A. But for (X, a) equal to (Y, b) we can rewrite
the preceding equation in a form similar to that in Sect. 4.2 to obtain

* 1 12N 1 2\ 1 2N/ /
ad(X,a)"G(X,a)(x) = (E(X ) +§(X ) +§(a Y,aX +aX

X ”
1
=5 /X’2+a2dx+(X2)’ a'X+aX
o0
1 X
=G 5 /X’2+a2dx+(X2)/ ,a'X +aX'

o0

An argument similar to that in Sect. 4.2 proves the existence of the adjoint and, thus,
of the geodesic equation on M and the non-existence on M. O
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Theorem (R-map for 2HS equation) Define the map

e [ M = (AR C/=2D. - ]12).
. (w’ Ol) — 2 (p/l/Zeux/Z —9.

The R-map is invertible with inverse

ol AR, C/{-2})) - M,
' Y > (x+}ffoo(|y+2|2—4) dx,2arg(y(x)+2)).

The pullback of the flat L%-metric via R is the metric G as defined in Theorem 5.
Thus the space (M , G) is a flat space in the sense of Riemannian geometry.

Proof An argument similar to that in Sect. 4.3 shows that the image R(¢, ) is an
element of A(R, C/{—2}). The bijectivity follows from a straightforward calculation
using that for y = R(p, o) = R(Id +f, ) we have

1 2 ’
Z'y(x) +21"—1=f (),

which proves the identities Ro R~! = Ro R~! =1d.

__Since the mapping R is bijective, the pullback via R yields a well-defined metric on
M. To obtain its formula, we must calculate the tangent mapping of R. Let (h, U) =
(X o@,U) € Ty oM. We have

TpoR(h,U) = gy P10 e 1 ig ey
Using this formula we have forh = X109,k = Xo0¢

R*((h,U), (k, V)2 = Re/(TWXR(h, U), Ty o R(k, V))dx
R

z/xg () X5(x) + a(x)B(x)dx
R
=Gy a((h,U), (k,V)).

O

We can now again use this result to construct an analytic solution formula for the
corresponding geodesic equation—the 2HS equation.

Theorem (Solutions to 2HS equation) Given an initial value (ug, po) in A1 (R) x
A(R), the solution to the HS equation is given by

W, p)=(prog™ !, —aop+a,09™) with (p,@) = R (t(uy +ipo)).
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In particular, this means that a solution breaks in finite time T if and only if there
exists a x € R such that uf)(x) < 0 and po(x) = 0.

Proof By the previous theorem we know that the path

(p(t, ), p(t,x)) = Rt y0) (x)

is a solution to the geodesic equation for every yy € A (R, C/{—2}). It remains to
choose y such that the initial conditions are satisfied. This can be achieved exactly by
choosing yo = Tia,0R (1o, po) = (ug + ipo). m

Remark This theorem holds also in more general situations, i.e. for spaces A (R) x
C(R) with A # C, e.g. W{X’ ‘I(R) x S(R). The result holds in this situation since
the diffeomorphism group Diff 4, (R) acts on C(RR) for all choices of .A and C among
C(R), S(R) and W 1(R).

6 Remarks on Periodic Case

In this section we will briefly review the results of Lenells (2007) and extend them to
the case of real-analytic or ultra-differentiable functions on the circle. In this section,
Diff°(S')/S! denotes one of the following homogeneous spaces:

(1) Diff(S')/S! the space of smooth diffeomorphisms on the circle modulo rotations.

(2) Diff*(s")/S! the space of real-analytic diffeomorphisms on the circle modulo
rotations; cf. Sect. 2.6.

(3) DifftMl(s1)/S! the space of ultra-differentiable diffeomorphisms of the Beurling
type or Roumieu type on the circle modulo rotations; cf. Sect. 2.7.

A diffeomorphism ¢ € Diff°(S!) is related to its universal covering diffeomorphism
7 by p(e*) = ¢!?@ Then (x) = x + f(x), where f is a 27 -periodic real-valued
function. Rotations correspond to constant functions f. Let EEO(S 1) denote the
regular Lie group of lift to the universal cover of diffeomorphisms. The corresponding

homogeneous space is then Diff (S")/R, factoring out all translations.

Theorem (Lenells 2007) On the homogeneous space /D}ffO(S /R the square-root
representation is a bijective mapping given as follows:

R Diff (S1)/R — (Im(R), || - I .2j0.227)) < (an_per(R, Roo), || - ||L2)
g =22
The image of the R-map is a sphere of radius /8w, i.e.

21

In(R) = {7 € 3y (B Ro): 171, = [ 720 = 81}
0
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The pullback of the restriction of the L*>-metric to Im(R) via R is the homogeneous
Sobolev metric of order one, i.e.

Thus the spaces (Diff °(shy/s', H 1) have constant positive sectional curvature.

Here C5 per (R, R~ ) denotes the corresponding space of sufficiently smooth func-
tions, i.e. either the space of C°, real-analytic or ultra-differentiable functions.

Proof The case of C®°-functions is proven in the work of Lenells Lenells (2007). The
statement about the image of R follows from

27 27
IR@)I* =41l @)1 = 4/ ¢ (x)dx = 4/ 1+ f/(x)dx = 87.
0 0

The remaining cases follow similarly using that Diff*(S') and Diff!™!(S1) are Lie
subgroups of Diff (S§1); cf. Sects. 2.6 and 2.7. O

As a direct consequence we obtain the following result:

Theorem (Solutions to the periodic HS equation) Given an initial value ug in
C°(S', R-0), the solution to the HS equation stays locally in the same space. A solution
exists for all time t if and only if uy(0) > 0 for all 6 € st

Remark From our setup in Sects. 2.6 and 2.7 it is obvious that the results of Lenells
(2011) for the 2HS equation extend to the cases of real-analytic and ultra-differentiable
functions.

7 A Similar Representation for Camassa—Holm Equation

In this article we have shown that certain non-trivial Riemannian spaces that have flat
or constant curvature can be represented as a simple submanifold of the flat manifold
of all sufficiently smooth functions equipped with the L?-metric. In this section we will
present a natural example of a metric space with non-trivial curvature which can also
be represented as a (complicated) subspace of the flat manifold of all smooth functions,
namely the Lie group Diff(S') equipped with the right-invariant non-homogeneous
H'-metric.

Theorem (Kouranbaeva 1999) The right-invariant H'-metric on the Lie group
Diff (') is given by

Gy(Xop,Yogp)= / X(x)Y(x)+ X' (x)Y'(x) dx,

@ Springer



806 J Nonlinear Sci (2014) 24:769-808

where X, Y are vector fields in the Lie algebra X(SV). The induced geodesic distance is
positive, and the corresponding geodesic equation is the Camassa—Holm Eq. Camassa
and Holm (1993) given by

U — Uyyr + 3Uly = 2UxUyy + Ullyyy.

The geodesic equation is well posed, and the exponential map is a local diffeomor-
phism.

Using the ideas of Lenells (2011) we can introduce an R-map for this space. We use
again g (&™) = €9 with @(x) = x+ f(x) for periodic f. Again let/D\i_ff(Sl) denote
the regular Lie group of lifts to the universal cover of diffeomorphisms. For curves
we obtain d;|o¢(t, €¥) = id;|0@(t, x).'?™) = id,|o f (7, x).¢'?™) . Thus, for tangent
vectors we obtain §¢ = i.6¢.¢ = i.8f.¢.

Theorem The R-map is defined by

R@) = 2(7%8(‘571‘1)/2 —2(1 + f/)%eifﬂ’
R :Diff(s") — €52, (R, C).

The image under the R-map of the diffeomorphism group is the space S given by
S = ROIF(S") = {y € €52, R.C\ (0D 2 F(») = (R, B() =0},

2
where Fi(y) : = /<|y|2 —1)ao,
0

and Fy(y) : = 8arg(y) — |y|*.
The R-map is injective, and for any curve in S the inverse of R is given by
R™'(y) =2arg(y) +Idg ~ R™!:S > Diff(s").

Furthermore, the pullback of the L inner product on C*®(S', C) to the diffeomorphism
group by the R-map is the right-invariant Sobolev metric of order one.

Proof To prove the characterization for the image of R, we observe that for y
C®(S', C\ {0}) the function R~ (y) € C*®([0.27), [0, 27)) is periodic if and only
if F1(y) = 0. Furthermore, we have that R(R~!(y)) = y if and only if F>(y) = 0.

To calculate the formula for the pullback metric, we need to calculate the tangent
of the R-map where /4 is tangent to ¢, i.e. to f:

T;Rh = 521 el + i 16i /2,
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Thus the pullback of the L? inner product on C*°(S', C) is given by

2
(R*(, )2)g(h, h) Z/TaR(h)-Tg,;R(h)dx
0
nh/2
=/T,+h(ﬁ/dx =/X2+X/2dx,
0 (0 Sl
withh = X 0 @. O

Acknowledgments We thank Yury Neretin for helpful discussions and comments regarding the space
H®°(R). MB was supported by Fonds zur Forderung der wissenschaftlichen Forschung, Projekt P 24625.

References

Arnold, V.I.: Sur la géometrie différentielle des groupes de lie de dimension infinie et ses applications a
I’hydrodynamique des fluides parfaits. Ann. Inst. Fourier 16, 319-361 (1966)

Bauer M., Bruveris M., Marsland S., Michor, P.W.: Constructing reparametrization invariant metrics on
spaces of plane curves. 2012. arXiv:1207.5965

Bauer, M., Bruveris, M., Harms, P., Michor, P.W.: Geodesic distance for right invariant sobolev metrics of
fractional order on the diffeomorphism group. Ann. Global Anal. Geom. 44(1), 5-21 (2013)

Bauer, M., Bruveris, M., Harms, P., Michor, P.W.: Vanishing geodesic distance for the Riemannian metric
with geodesic equation the KdV-equation. Ann. Global Anal. Geom. 41(4), 461472 (2012)

Bauer, M., Harms, P., Michor, P.W.: Sobolev metrics on shape space of surfaces. J. Geom. Mech. 3(4),
389-438 (2011)

Camassa, R., Holm, D.D.: An integrable shallow water equation with peaked solitons. Phys. Rev. Lett.
71(11), 1661-1664 (1993)

Constantin, A., Kappeler, T., Kolev, B., Topalov, P.: On geodesic exponential maps of the Virasoro group.
Ann. Global Anal. Geom. 31(2), 155-180 (2007)

Constantin, A., Kolev, B.: Geodesic flow on the diffeomorphism group of the circle. Comment. Math. Helv.
78(4), 787-804 (2003)

Darryl D. Holm and Jerrold E. Marsden. Momentum maps and measure-valued solutions (peakons, fila-
ments, and sheets) for the EPDiff equation. In: The breadth of symplectic and Poisson geometry, volume
232 of Progr. Math., pp 203-235. Birkhiuser Boston, Boston (2005)

Ebin, D.G., Marsden, J.: Groups of diffeomorphisms and the motion of an incompressible fluid. Ann. Math.
2(92), 102-163 (1970)

Escher, J., Kolev, B., Wunsch, M.: The geometry of a vorticity model equation. Commun. Pure Appl. Anal.
11(4), 1407-1419 (2012)

Fuchs, L.: Infinite abelian groups. Vol. I. Pure and Applied Mathematics, Vol. 36. Academic Press, New
York 1970)

Fuchs, L.: Infinite abelian groups, vol. II. Academic Press, New York (1973)

Gay-Balmaz, F.: Well-posedness of higher dimensional Camassa-Holm equations. Bull. Transilv. Univ.
Brasov Ser. III 2(51), 55-58 (2009)

Grosser, M., Kunzinger, M., Oberguggenberger, M., Steinbauer, R.: Geometric theory of generalized func-
tions with applications to general relativity, volume 573 of Mathematics and its Applications. Kluwer
Academic Publishers, Dordrecht (2001)

Khesin, B., Michor, PW.: The flow completion of Burgers’ equation. In: Infinite dimensional groups and
manifolds. In: Tilmann W. (ed) IRMA Lectures in Mathematics and Theoretical Physics 5, pp. 17-26.
De Gruyter, Berlin (2004)

Khesin, Boris, Misiotek, Gerard: Euler equations on homogeneous spaces and Virasoro orbits. Adv. Math.
176(1), 116-144 (2003)

@ Springer


http://arxiv.org/abs/arXiv:1207.5965

808 J Nonlinear Sci (2014) 24:769-808

Kouranbaeva, S.: The Camassa—Holm equation as a geodesic flow on the diffeomorphism group. J. Math.
Phys. 40(2), 857-868 (1999)

Kriegl, A., Michor, P.W.: The convenient setting for real analytic mappings. Acta Math. 165(1-2), 105-159
(1990)

Kriegl, A., Michor, P.W.: The convenient setting of global analysis, volume 53 of Mathematical Surveys
and Monographs. American Mathematical Society, Providence (1997)

Kriegl, Andreas, Michor, Peter W.: Regular infinite-dimensional Lie groups. J. Lie Theory 7(1), 61-99
(1997)

Kriegl, A., Michor, P.W., Rainer, A.: The convenient setting for non-quasianalytic Denjoy—Carleman dif-
ferentiable mappings. J. Funct. Anal. 256(11), 3510-3544 (2009)

Kriegl, A., Michor, P.W., Rainer, A.: The convenient setting for quasianalytic Denjoy—Carleman differen-
tiable mappings. J. Funct. Anal. 261(7), 1799-1834 (2011)

Kriegl, A., Michor, P.W., Rainer, A.: The convenient setting for Denjoy—Carleman differentiable mappings
of Beurling and Roumieu type (2012). arXiv:1111.1819

Kriegl, A., Michor, PW., Rainer, A.: An exotic zoo of diffeomorphism groups on R” (2014)

Kurtek, S., Klassen, E., Ding, Z., Srivastava, A.: A novel Riemannian framework for shape analysis of 3d
objects. IEEE Computer Society Conference on Computer Vision and Pattern Recognition, pp. 1625—
1632 (2010)

Lenells, J.: The huntersaxton equation describes the geodesic flow on a sphere. J. Geom. Phys. 57(10),
2049-2064 (2007)

Lenells, J.: The Hunter—Saxton equation: a geometric approach. SIAM J. Math. Anal. 40(1), 266-277 (2008)

Lenells, J.: Spheres, Kéhler geometry, and the two-component Hunter—Saxton equation 2011. Proc. Roy.
Soc. A 68, 469 (2013)

Mather, J.N.: Commutators of diffeomorphisms. Comment. Math. Helv. 49, 512-528 (1974)

Mather, J.N.: Commutators of diffeomorphisms. II. Comment. Math. Helv. 50, 33—40 (1975)

Mather, J.N.: Commutators of diffeomorphisms. III. A group which is not perfect. Comment. Math. Helv.
60(1), 122-124 (1985)

Micheli, M., Michor, P.W., Mumford, D.: Sobolev metrics on diffeomorphism groups and the derived
geometry of spaces of submanifolds. STAM J. Imaging Sci. 5(1), 394-433 (2012)

Michor, P.W.: Some geometric evolution equations arising as geodesic equations on groups of diffeomor-
phisms including the Hamiltonian approach. Nonlinear Differ. Equ. Appl. 69, 133-215 (2006)

Michor, P.: A convenient setting for differential geometry and global analysis. Cahiers Topologie Géom.
Différentielle 25(1), 63—109 (1984)

Michor, P.: A convenient setting for differential geometry and global analysis. II. Cahiers Topologie Géom.
Différentielle 25(2), 113-178 (1984b)

Micheli, M., Michor, P.W., Mumford, D.: Sobolev metrics on diffeomorphism groups and the derived
geometry of spaces of submanifolds. Izvestiya 77(3), 541-570 (2013)

Michor, Peter W., Mumford, David: A zoo of diffeomorphism groups on R”. Ann. Glob. Anal. Geom.
44(4), 529-540 (2013)

Ovsienko, V.Y., Khesin, B.A.: Korteweg-de Vries superequations as an Euler equation. Funct. Anal. Appl.
21, 329-331 (1987)

Waunsch, M.: On the geodesic flow on the group of diffeomorphisms of the circle with a fractional Sobolev
right-invariant metric. J. Nonlinear Math. Phys. 17(1), 7-11 (2010)

Waunsch, M.: The generalized Hunter—Saxton system. STAM J. Math. Anal. 42(3), 1286—-1304 (2010)

Younes, L., Michor, P.W., Shah, J., Mumford, D.: A metric on shape space with explicit geodesics. Math.
Appl. 19(1), 25-57 (2008)

@ Springer


http://arxiv.org/abs/arXiv:1111.1819

	Homogeneous Sobolev Metric of Order One on Diffeomorphism Groups on Real Line
	Abstract
	1 Introduction
	2 Some Diffeomorphism Groups on the Real Line and the Circle
	2.1 The Group 
	2.2 Groups Related to 
	2.3 Groups Related to 
	2.4 Groups Related to 
	2.5 Remark on the Existence of Normal Subgroups
	2.6 Groups of Real-Analytic Diffeomorphisms
	2.7 Groups of Ultra-Differentiable Diffeomorphisms

	3 Right-Invariant Riemannian Metrics on Lie Groups
	3.1 Notation on Lie Groups
	3.2 Geodesics of a Right-Invariant Metric on a Lie Group
	3.3 Covariant Derivative
	3.4 Curvature
	3.5 Sectional Curvature

	4 Homogeneous   and the Hunter--Saxton Equation
	4.1 Setting
	4.2 dot H1
	4.3 Square-Root Representation on 
	4.4 Square-Root Representation on 
	4.5 Geodesic Distance on 
	4.6 Submanifold 
	4.7 Solving the Hunter--Saxton Equation
	4.8 Continuing Geodesics Beyond the Group, or How Solutions  of the Hunter--Saxton Equation Blow Up
	4.9 Soliton-Like Solutions

	5 Two-Component Hunter--Saxton Equation on Real Line
	6 Remarks on Periodic Case
	7 A Similar Representation for Camassa--Holm Equation
	Acknowledgments
	References


