
Multibody Syst Dyn (2014) 32:445–509
DOI 10.1007/s11044-013-9387-2

Energetic consistency conditions for standard impacts
Part II: Poisson-type inequality impact laws

Christoph Glocker

Received: 19 February 2013 / Accepted: 28 June 2013 / Published online: 27 July 2013
© Springer Science+Business Media Dordrecht 2013

Abstract The paper presents a full account of Poisson’s impact law in inequality form.
Based on an entirely new setting for the decompression phase, impact laws for unilateral and
bilateral geometric and kinematic constraints and various friction elements are introduced
and equipped with an impact coefficient in the sense of Poisson’s impulse ratio. Energetic
consistency is proven for small and similar impact coefficients via the condition number of
the Delassus operator. Energetic consistency is generally proven for frictionless systems, as
well as for systems containing one single frictional contact. A counter-example is developed,
which demonstrates a possible energy increase for Poisson impacts in the presence of more
than one frictional contact.
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1 Introduction

In Part I of this contribution [27], the standard Newtonian impact laws that are commonly
applied in nonsmooth dynamics have been analyzed for energetic consistency. These im-
pact laws are designed for frictional multicontact problems as well as for sprag clutches and
bilateral constraints, to be used within a general multibody framework. They have proven
to provide reasonable results for many applications. However, the discouraging observation
has been made that Newton’s kinematic restitution law immediately causes serious ener-
getic inconsistencies when sprag clutches and contact constraints are equipped with differ-
ent restitution coefficients in a coupled problem, which was demonstrated by a slide-push
mechanism. Even worse, the much more common frictional contact shares this unnatural
behavior, because it can be regarded as a combination of a contact constraint and a fric-
tion element, which itself is composed of the aforementioned sprag clutches. As the impact
coefficient for the friction element is normally zero, any choice of a nonzero restitution co-
efficient in the associated contact constraint may immediately produce the said energetic
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inconsistency, which was first observed by Kane in [28]. Because of this deficiency, we feel
an urgent need for at least one alternative approach to frictional multiimpacts, which we try
to satisfy by Poisson’s impact law in inequality form.

Poisson’s law is the second classical approach to impacts. It defines the restitution coef-
ficient as the ratio of the impulsive forces from compression and decompression. The first
inequality formulation for frictional Poisson impacts is found in [22]. There are, however,
several deficiencies in that contribution: Only one-dimensional friction has been consid-
ered. The decompression phase for the friction element has been formulated heuristically,
which has led to an awkward definition of the tangential restitution coefficient, together with
another impact parameter without any clear mechanical meaning. Due to the lack of mathe-
matical structure, the decompression phase in [22] cannot be generalized to two-dimensional
friction, and any attempt to analyze the energetic properties of this impact model is cum-
bersome. Finally, there is the well-known flaw in the energy proof in [22], which makes it
impossible to say anything about the energetic consistency for nonequal impact coefficients.
As an inevitable consequence, Poisson’s impact law in inequality form needs to be substan-
tially revised, which we are trying to do in the paper at hand. Our aim is to present here a
full account on this problem, in which the basic philosophy is still the same as in the orig-
inal publication: to split the multiimpact event in two common phases and to successively
treat each of them by an algebraic inequality problem. The compression phase has been left
unchanged, with the only difference that it is now treated by normal cone inclusion instead
of linear complementarity, in order to access spatial friction. For the rest of the paper, the
following changes and additions have been performed:

– an entirely new and different setup of the decompression phase, together with a math-
ematically consistent representation based on algebraic set operations and normal cone
inclusions

– extension of Poisson’s impact law to the following impact elements, which all are equip-
ped with a restitution coefficient: kinematic unilateral constraints, geometric and kine-
matic bilateral constraints, isotropic and orthotropic Coulomb friction elements, and
any friction element following the proposed normal cone approach as, e.g., Coulomb–
Contensou friction (not treated here)

– two sufficient conditions for energetic consistency in relation to similar and small impact
coefficients, derived from the condition number of the Delassus operator

– energetic consistency proof for general frictionless finite-dimensional Lagrangian sys-
tems, containing an arbitrary number of unilateral and bilateral kinematic and geometric
constraints

– energetic consistency proof for general finite-dimensional Lagrangian systems with one
frictional contact, the latter being set up by one geometric unilateral constraint and one
arbitrary Coulomb friction element following the proposed structure

– general proof on the equivalence of Poisson’s and Newton’s impact laws in inequality
form, if all impact coefficients are equal to each other

– one and the first counterexample that demonstrates a possible energy increase for Poisson
impacts in the presence of more than one frictional contact

Poisson impacts in inequality form are much more involved than Newtonian impacts. This
is caused by the nature of the impulse approach, requiring the impact to be split into two
phases, which both have to be processed within a suitable mathematical framework. Impor-
tant parts of the contribution at hand have been taken from the master thesis [51] of the
author’s former student Fritz Stöckli. This comprises in particular the proofs in Sects. 5–7
and the example in Sect. 10, which were in large parts independently developed by him.
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The literature about impacts is voluminous. The subject is fundamental, rooting back
to the very beginning of mechanics, and the sources for impacts are diverse, and not at all
limited to collisions. We do not even try to present an exhaustive literature overview, but we
restrict ourselves to the topics that are relevant for the multibody community. We therefore
have evaluated all contributions on impacts from this journal since its foundation, which
roughly coincides with the first attempt in 1995 to extend Poisson’s impact law to multi-
contacts within an inequality framework. Only some contributions from other sources are
taken into account in the following literature survey, to give a reasonably coherent picture
of the today’s state of the art.

Energy preserving integration in discrete mechanics In this branch of computational me-
chanics, the concept of discrete derivatives is used to develop energy preserving numerical
schemes from variational or energetic principles. The resulting difference equations are used
to compute the velocity increments in a time step, and are therefore able to treat impulsive
motion as well, as demonstrated in [35] for a completely elastic collision. A similar ap-
proach is taken in [21] to numerically process an oblique frictionless impact of a flexible
bar against a rigid wall. Typical for contributions from this area is that the impact laws are
never explicitly addressed. They somehow come along with the chosen discretization and
are treated as such. An extension toward multicontact configurations with friction seems
hardly possible, as the contact and impact laws are too camouflaged by this approach. In
contrast, several energy preserving integrators under inequality impact laws have been de-
veloped in [37], together with consistent integration routines for partially elastic impacts
with and without friction. These integrators are also based on discrete derivatives, but the
full inequality framework including the specific impact laws has been taken into account in
the governing variational principles.

Impacts and bilateral constraints Bilateral constraints cannot impact by themselves, but
they can react on impacts by impulsive forces and have therefore to be taken into account
in impact theory. Noteworthy is in particular the contribution [8], which provides a compre-
hensive theoretical study on how frictionless impacts are affected by the addition of bilateral
constraints, and how this entire problem has to be dealt with the Lagrangian multiplier and
the minimal coordinates approach. Another situation in which impulsive behavior occurs is
the sudden application of bilateral constraints on a system, in order to instantaneously block
an existing joint, or to model dynamic mass capture and the like. Such types are treated
in [12, 30, 33], all within an equality framework. A more sophisticated approach for such
constraint addition or deletion would in the author’s opinion be a Coulomb-type impact ele-
ment, in which the “normal force” is replaced by an impulsive control to turn the constraint
on (and off) as needed [25]. Various types of switches can indeed be realized within an
inequality framework.

Completely inelastic impacts No publications were found on frictionless one-point colli-
sions, which is the most trivial case in impact theory. Within the example of human walking
with crutches, one-point collisions with friction are treated in [19] by case distinction, i.e., by
writing down the impact equations for each of the various friction phases. Multicontact with
spike constraints is the standard model for human and robotic walking; see [3–5, 40, 56] for
gait generation, optimal trajectory planning, and walking simulation. Although tangential
impulsive forces are present in these contributions, the main difficulties of Coulomb friction
are avoided by the assumption of unconditional stick after the impact. The impact problem
is then solved within the framework of equalities, without explicitly checking the sign re-
striction of the normal impulsive forces. Multicontact with friction is treated in [20, 41] by
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a full inequality approach within a time-stepping and discrete dynamics framework, respec-
tively. Again, the impact laws are not explicitly addressed, as they come along with chosen
discretization scheme. It is therefore expected that completely inelastic impacts have been
implemented.

Newtonian impacts Newtonian impacts are understood as collisions in which a kinematic
restitution coefficient is used to resolve the normal direction of the impact. In [50], a fric-
tionless one-point collisions is formulated within a multibody system approach for the op-
timization of a circuit breaker by using equalities. One-point collisions with friction are
extensively treated in [13]. The impact is formulated within a general multibody framework
and processed with Routh’s method without and with bisection of the collision time. The
latter can be regarded as an impact sub-sequencing technique, in which the various friction
phases are explicitly processed, and which resolves some (but not all) of the energetic in-
consistencies observed in the original example of Kane. In [17], this approach is generalized
to spatial friction by using Keller’s method. Frictionless multicontacts are treated in [11]
within the Appellian classification of impulsive constraints. The presence of additional bi-
lateral constraints is explicitly taken into account, and the overall problem is stated in the
framework of equalities. For the animation of articulated bodies, a multiconstraint approach
is presented in [32]. Collisions are treated by a kind of Newtonian impact law, which is by
words related to linear complementarity. In [42], an interesting approach to multiimpacts is
presented by relating them to penalization methods. The problem is treated within the full
inequality framework, and the frictionless collisions are characterized by an extended im-
pact law that allows for nonlocal interactions. A model for multicontacts with friction within
the idea of complementarity is developed in [7, 18, 49]. It uses inner and outer friction cones
together with a maximum dissipation principle to compute the post-impact velocities. In [9],
frictional multiimpacts are exploited by a generalized Newtonian impact law, involving non-
diagonal restitution matrices and extending the classical setting to, e.g., far distance effects
as in Newton’s cradle.

Poisson impacts Poisson impacts require a bisection of the impact event into at least two
phases, the compression and decompression phase. The end of the impact is classically
determined by the impulse ratio condition on the normal impulsive force of a contact, also
called the kinetic restitution coefficient. No publications were found on frictionless one-
point collisions, which is trivial and well understood today. There is, however, a number
of publications about one-point collisions with friction. In [14, 34], planar frictional impacts
within a multibody system are processed with Routh’s method. This approach is generalized
to spatial one-point collisions with isotropic friction in [17, 57], in which Keller’s method
is used to resolve the various friction phases. Frictionless multicontacts are treated in [31]
by processing the compression and decompression phase within an equality framework. The
sign restrictions on the relative velocities and the impulsive forces are met by a trial and error
method. Coulomb friction is taken into account in the impact-free motion, but not mentioned
for the impacts. The original paper on multicontacts with friction within Poisson’s impact
law is [22]. There are only a few derivatives of this setting, as in [10] with an extension to
impulsive contact moments, and in [43–45] with a modified tangential decompression phase
which roots back to [6].

Impacts in the sense of Stronge In this class, Stronge’s energetic coefficient of restitu-
tion [52, 53] is used to determine the end of the decompression phase by an energy ratio
condition on the normal direction of a contact. No publications were found on frictionless
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one-point collisions. It is well known today that Newton’s, Poisson’s, and Stronge’s resti-
tution coefficients agree with each other for this case. One-point collisions with friction
are extensively treated in [14, 16] by Routh’s method for a planar frictional contact within
a multibody framework. In [14], it has been shown that Poisson’s impact law is always
energetically consistent for a single planar contact, and that there is a one-to-one correspon-
dence between Poisson’s and Stronge’s restitution coefficient. These findings have further
been discussed in [15, 55]. An extension of the above to spatial contacts is found in [17, 58],
in which the collision is resolved by Keller’s method and applied to the three-dimensional
Painlevé problem in [58]. There is only one contribution [36], in which the idea of an ener-
getic restitution coefficient is applied to frictionless multicontacts. The authors decompose
the overall kinetic energy of the system into a portion that can be affected by the impact,
and another portion which remains unaffected, to apply then the energetic restitution law on
the former. Although dealing with more than one constraint, this approach has rather to be
attributed to single collisions, as one and the same restitution coefficient is used for all of the
involved contacts. Within such a situation, it can be shown that the three different concepts
for restitution lead at the end to the very same results. Finally, no publications were found
on multicontacts with friction within Stronge’s approach.

The literature overview reveals the various aspects of impacts in theory and applica-
tions, but also the pressing need for multiimpact laws other than the Newtonian. We there-
fore strive to develop a setting for Poisson impacts, which is general enough to cover at
least some of the issues related to constraint activation and switching, in addition to the
frictional collision problem. The paper is organized as follows: In Sect. 2, some basic al-
gebraic operations on sets are reviewed, as they are needed to properly set up our model
of the decompression phase for Poisson impacts. The latter is introduced in Sect. 3, to-
gether with a short review of Newtonian impacts, which naturally lead for the completely
inelastic case to the Poisson compression phase. In Sect. 4, the entire collection of impact
elements from [27] is adapted to our setting of Poisson impacts, by strictly following the
theoretical framework developed so far. Each impact element is discussed separately, and in
particular their decompression phases are explained in detail. Energetic consistency is ad-
dressed in Sects. 5–8 for various impact configurations. In Sect. 5, energetic consistency is
achieved for sufficiently small or similar impact coefficients within arbitrary combinations
of impact elements, whereas unconditional consistency is proven for frictionless systems
and systems with only one frictional contact in Sects. 6 and 7. In Sect. 8, equivalence of
Poisson and Newtonian impacts [27] is proven under kinematic pre-impact consistency and
equal impact coefficients. Section 9 contains three examples which are the slide-push mech-
anism from [27], Kane’s frictional impact of a double pendulum, and Newton’s cradle with
three balls. They are presented in full detail to support the preceding energy proofs, and to
demonstrate that Poisson impacts can reproduce to a certain extent far-distance effects, as
nondiagonal Newtonian restitution matrices. Finally, an example is presented in Sect. 10, in
which an increase in the kinetic energy is observed for Poisson impacts. Required are one
frictional contact and at least one additional impact element, together with the assumption
of a common compression and decompression phase.

2 Basic algebraic set operations

In this section, some basic operations on sets are reviewed. The following material is entirely
taken from [47, 48], and later used to set up the compression and decompression phase of
Poisson impacts.
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Fig. 1 Scalar multiplication and addition of convex sets as illustrated in [23]

Let C be a (not necessarily convex) subset of Rn and α ∈ R. The scalar multiple αC of
C is defined as

αC := {αx | x ∈ C }. (1)

Geometrically, the set αC is obtained by upscaling or downscaling C and has therefore the
same shape as C ; see left part of Fig. 1. Scalar multiplication preserves convexity, i.e. αC is
convex if C is. Furthermore, note that αC = {0} for α = 0, even if C is unbounded as, e.g.,
C = R

+
0 .

Addition of sets is performed in the sense of the Minkowski sum. Let C1 and C2 be
subsets of Rn. Then

C1 + C2 := {x1 + x2 | x1 ∈ C1, x2 ∈ C2}. (2)

Again, convexity is preserved by this operation as shown in [47]: For C1 and C2 being
convex, there sum also is. Addition of a disk C1 and a rectangle C2 is shown in the right part
of Fig. 1. Each element of the disk C1 has to be added to every element of the rectangle C2

to give the sum C1 + C2.
There is a number of algebraic laws that can directly be derived from (1) and (2). The

following list is again taken from [47]:

C1 + C2 = C2 + C1, (3)

(C1 + C2) + C3 = C1 + (C2 + C3), (4)

α1(α2C ) = (α1α2)C , (5)

α(C1 + C2) = αC1 + αC2. (6)

Convexity is not required for the sets in (3)–(6), but apparently preserved.
Another important operation that stringently requires convexity is the following distribu-

tion law: Let C be a convex set and let α1 ≥ 0, α2 ≥ 0. Then

(α1 + α2)C = α1C + α2C . (7)

This implies among others that 2C = C + C if C is convex, and that the convex set D =
α1C + α2C has the same shape as the convex set C .

We will further need the concept of recession cones from [47]. A vector y �= 0 is called a
direction of recession of the convex set C if

x + αy ∈ C for every x ∈ C and for every α ≥ 0. (8)
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Condition (8) means that a half-line {αy | α ≥ 0} with direction y does not leave the set C
when attached to any of its points x, provided that y is a direction of recession of C . These
half-lines characterize therefore the directions in which the set C is unbounded. The union
of all such half-lines is called the recession cone of C and denoted by 0+C . By using the
notion of lim sup for multifunctions, the recession cone of C is defined in [48] as

0+C := lim sup
α→0+

(αC ) = {
y | ∃xk ∈ C , αk → 0+, with αkxk → y

}
. (9)

A simple consequence on (8) is the property

C = C + 0+C , (10)

which can also be seen from (7) by setting α1 = 1 and taking the limit in the sense of (9) for
α2 → 0+. The recession cone 0+C of a convex set C is a convex cone containing the origin.
If the convex set C is bounded, the recession cone reduces to the single element 0+C = {0}.
Only unbounded convex sets may have nontrivial recession cones.

As a final example on nontrivial recession cones (9) and positive scaling (1), consider
closed convex cones, i.e., closed convex sets K for which αx ∈ K whenever x ∈ K and
α > 0. It immediately follows from this definition that

0+K = K and αK = K for α > 0. (11)

The simplest special case of the above is K = R, for which 0+
R = R and αR = R appar-

ently applies. Another example is K = R
−
0 , for which we get 0+

R
−
0 = R

−
0 and αR−

0 = R
−
0

for α > 0. Nontrivial recession cones will be of interest for Poisson’s impact law only in
these two situations, which will be met again in Sect. 4.1.

3 The standard impact problem for inequality impact laws of Poisson type

In this section, we set up the impact problem for impact laws of Poisson type. The concept
of Poisson impacts requires the impact event to be decomposed into two subevents, which
we call the phase of compression and the phase of decompression. We define the phase
of compression to be a completely inelastic Newtonian impact, i.e., a Newtonian impact
processed with all restitution coefficients εi equal to zero. The phase of decompression is
classically terminated by an impulse ratio condition on the impact contacts, which has been
extended for a first time to inequality systems in [22]. Although (one-dimensional) friction
has been considered in [22], the formulation of the decompression phase is too artificial to
be extended to spatial configuration when the tangential restitution coefficients are chosen
unequal to zero. We therefore develop in this section an alternative, much more structured
setting for the decompression phase, which can be applied to all the impact elements intro-
duced in [27].

3.1 Newtonian impacts revisited

In a first step, we recapitulate the standard impact problem for inequality impact laws of
Newton type as it has been presented in [27]. The impact for such an event is completely
determined by the conditions

M
(
u+ − u−) =

n∑

i=1

Wi�i , (12)

γγγ i = WT
i u, (13)
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ξξξi = γγγ+
i + εiγγγ−

i , (14)

ξξξi ∈ NCi
(−�i ). (15)

Assumed in (12)–(15) is an autonomous Lagrangian system in local coordinates q ∈ R
f

with mass matrix M(q) and n impact elements. The generalized velocities are denoted by
u := q̇, where u+ and u− are their post and preimpact values. The right-hand side of the
impact equation (12) consists of the n generalized impulsive forces Ri := Wi�i , where
Wi = (w1i , . . . ,wm(i)i ) and �i = (Λ1i , . . . ,Λm(i)i )

T are composed for each impact element
i of m(i) linearly independent generalized force directions wj i(q) and m(i) scalar impulsive
forces Λji , respectively. Associated with each direction wj i(q) is a local velocity component
γji = wT

j iu. These are typically the normal and tangential relative velocities that are met in
frictional collision problems. For each impact element, these velocity components may be
gathered in a vector γγγ i = (γ1i , . . . , γm(i)i )

T, which then leads to Eq. (13).
Furthermore, each impact element i is equipped with a Newtonian restitution coefficient

εi , which relates the post and preimpact relative velocities γγγ+ and γγγ− according to (14).
The entities ξξξi = (ξ1i , . . . , ξm(i)i )

T are just auxiliary variables, used to make the associated
impact laws (15) more compact. The impact laws themselves are formulated as normal cone
inclusions, where Ci ⊂ R

m(i) denotes the convex set associated with the impact element i,
and NCi

(−�i ) is the normal cone N(·)(·) of the set Ci evaluated at the point −�i . Inclu-
sion (15) implies that the impulsive forces −�i are restricted to the sets Ci , i.e., −�i ∈ Ci .
The sets Ci can therefore be interpreted as the reservoirs of negative impulsive forces that
are provided by the individual impact elements i.

In addition to convexity, each of the sets Ci has been assumed in [27] to contain the
0-element,

0 ∈ Ci . (16)

By this property and by the definition of the normal cone, one is able to derive from (15) the
inequality

ξξξT
i �i ≤ 0. (17)

In other words, the inequality (17) holds for each pair (ξξξi ,�i ) fulfilling the inclusion (15),
if 0 is contained in Ci as one of its elements. The inequality (17) has been used in the energy
proofs of Newton’s impact law and will be met in a similar context for Poisson impacts.

3.2 The reservoirs of impulsive forces for compression and decompression

We now set up the mathematical structure for Poisson’s impact law by defining the reservoirs
of impulsive forces for compression and decompression, and by introducing Poisson’s resti-
tution coefficient. This structure will strictly be followed in all of the subsequent sections of
the paper. The basic idea is to split in a well-defined way the sets Ci of Newton’s impact law
(15) into two sets C (−)

i and C (+)

i , from which the first one is used for the impulsive forces
during compression, and the second one for the impulsive forces during decompression in
Poisson’s law. In this way, kinetic consistency is intrinsically anchored in the resulting im-
pact law by assuring that the overall impulsive force −(�(−)

i +�(+)

i ) as well as the impulsive
forces −�(−)

i , −�(+)

i of the two subevents never leave the sets Ci and C (−)

i , C (+)

i designed
for them.

By applying (7) with α1 := α and α2 := (1 − α) on the individual sets Ci in Newton’s
impact law (15), we may write them each in the form

Ci = αiCi + (1 − αi)Ci with 0 < αi < 1. (18)
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We introduce now the reservoirs of impulsive forces for compression C (−)

i and decompres-
sion C (+)

i for Poisson’s impact law as scaled versions of the original set Ci by setting

C (−)

i := αiCi , C (+)

i := (1 − αi)Ci . (19)

This enables us to rewrite Eq. (18) as

Ci = C (−)

i + C (+)

i . (20)

Note that C (−)

i and C (+)

i have by (19) the same shape as Ci . Also, note that strict inequalities
on the bounds of αi have been used in (18), in contrast to (7) where weak inequalities are
allowed. This stronger restriction is motivated by physical reasons that are later explained
in detail for the individual impact elements. Roughly speaking, a reduction of either one
of the sets C (−)

i and C (+)

i to just the null element, as it would happen in (19) for αi = 0
or αi = 1, would be too restrictive for certain impact elements. However, we will need the
limits αi = 0 and αi = 1 to properly formulate the sets C (−)

i and C (+)

i for Coulomb friction
under any and all circumstances, even under degenerated ones, but also for deriving certain
conditions under which Newton’s and Poisson’s laws are equivalent. It will turn out that the
best object from the physical point of view for these cases is the recession cone of Ci , i.e.,
the set 0+Ci that is obtained by taking the limit for αi → 0+ and (1 − αi) → 0+ in the sense
of (9). We therefore extend now (18) to weak inequalities by defining

C (−)

i := 0+Ci for αi = 0, C (+)

i := 0+Ci for αi = 1. (21)

Note that (20) still holds for these two cases in the form Ci = Ci + 0+Ci , which can be seen
from (10).

In our extension of Poisson’s impact law to arbitrary convex reservoirs of impulsive
forces, an auxiliary set Di with the same shape as Ci is needed,

Di := κiCi with κi > 0. (22)

This set is introduced, together with Poisson’s coefficient of restitution εi , such that the
relation

C (+)

i = Di + εiC
(−)

i with εi > 0 (23)

holds true. The restrictions on κi and εi in Eqs. (22) and (23) are again formulated as strong
inequalities. Their extension to weak inequalities has again to be understood in the sense
of (9), i.e.,

Di := 0+Ci for κi = 0 (24)

and

C (+)

i = Di + 0+C (−)

i for εi = 0. (25)

By our setting of Poisson impacts, there is already a first restriction on the Poisson restitution
coefficient, namely εi ≥ 0 by (23) and (25). This restriction is a consequence on the chosen
framework of convexity, in particular on Eq. (7), which ensures distributivity. The definition
of the various sets in (19) and (22), as well as the way in which Poisson’s coefficient of
restitution is introduced in (23) is not mandatory, and other approaches might work as well.
We have chosen this setting, because it yields Poisson’s law for frictionless impacts as in its
original unilateral formulation [22], and because it can additionally cover certain types of
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Coulomb friction with tangential restitution, i.e., Poisson type impact elements, which have
never been introduced so far.

In a last step, we can now determine the value of κi in (22) by putting (22) and (19)
into (23). This gives

(1 − αi)Ci = κiCi + εiαiCi , (26)

and by the rules (3)–(6) and (7) the desired value of κi ,

κi = 1 − (1 + εi)αi . (27)

Together with the inequality κi ≥ 0, one finally obtains Di in (22) as

Di = (
1 − (1 + εi)αi

)
Ci with 1 − (1 + εi)αi ≥ 0. (28)

In order to set up all three sets C (−)

i , C (+)

i , and Di , only two parameters are needed. These
are the Poisson restitution coefficient εi which has to be provided anyway, and a value for
αi that will explicitly be needed only for the case of Coulomb type friction elements. For
all the other impact elements discussed in Sect. 4, the particular value of αi is insignificant,
although they strictly follow the setup provided so far.

3.3 The Poisson impact law

In the classical setting of single contact collisions, Poisson’s impact law splits the collision
event into a phase of compression and a succeeding phase of decompression. The com-
pression phase is figuratively understood as the phase in which the contacting bodies are
increasingly deformed by the normal contact forces whilst their normal relative velocity is
reduced until standstill. During this process, the entire portion of the kinetic energy which
is accessible by the contact forces, is used to achieve the deformed state of the bodies at the
end of compression.

The idea of a common phase of compression can in general not be transferred to multi-
contact situations. A well-known counterexample is Newton’s cradle, in which the impulse
transfer takes place sequentially from the first to the last ball. Nevertheless, there are many
situations for which the model of a common phase of compression has shown to produce
reasonable results. In order to extend the phase of compression to standard impact prob-
lems as in (12)–(15), we follow the idea of maximum possible energy reduction within the
admissible sets of impulsive forces as described above. In other words, we define the end
of compression as the velocities u◦ obtained by minimizing the associated kinetic energy
T ◦ = 1

2 u◦TMu◦ under the impulsive force restrictions −�(−)

i ∈ C (−)

i in the impact equation
for compression, M(u◦ − u−) = ∑

i Wi�
(−)

i . It turns out that the optimality conditions for
this minimization problem are precisely the equations for a completely inelastic Newtonian
impact, i.e., (12)–(15) with all εi = 0, as shown in the Appendix of this paper. After having
adjusted for this case the notation in (12)–(15), we obtain

M
(
u◦ − u−) =

n∑

i=1

Wi�
(−)

i , (29)

γγγ i = WT
i u, (30)

ξξξ◦
i = γγγ◦

i , (31)

ξξξ◦
i ∈ N

C
(−)
i

(−�(−)

i

)
(32)
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as the conditions that define the compression phase. Note that (29)–(32) can only be inter-
preted as the maximum dissipation conditions of the said minimization problem if all the
sets C (−)

i are constant subsets of R
m(i). The latter does not apply for Coulomb type fric-

tion, for which the reservoirs of tangential impulsive forces C (−)

i depend on the values of
the associated normal impulsive forces Λ

(−)

k , leading to sets C (−)

i (Λ
(−)

k ) in (32) of a priori
unknown size. In this case, (29)–(32) can at best be understood as the solution of a so-called
quasi-optimization problem. Nevertheless, the definition of Poisson’s compression phase as
a completely inelastic Newtonian impact is not affected by the above. It still carries certain
maximality properties related to dissipation and provides a clean link to Newtonian impacts.
This definition has already been used in [24] for frictionless unilateral constraints, and is
still in accordance with the approach presented in [22].

The phase of decompression is the second and final phase in Poisson impact models. It
succeeds the phase of compression and is initiated with the generalized velocities u◦ at the
end of compression. The decompression phase is classically understood as the impact phase
in which the deformations gained during compression are partly released and reconverted
into kinetic energy. For the normal direction of an impact contact, this dissipative behavior
is achieved by taking only a fraction εiΛ

(−)

i of the compression impulse Λ
(−)

i to let it act
as the decompression impulse Λ(+). The parameter εi to specify this fraction is called the
Poisson restitution coefficient. In other words, the impulsive force for decompression Λ

(+)

i

in Poisson’s impact law is determined such that the auxiliary variable Δi := Λ
(+)

i − εiΛ
(−)

i

becomes equal to zero. We now adopt this concept and extend it to arbitrary impact elements
within an inequality approach by defining Poisson’s decompression phase as

M
(
u+ − u◦) =

n∑

i=1

Wi�
(+)

i , (33)

γγγ i = WT
i u, (34)

�i = �(+)

i − εi�
(−)

i , (35)

γγγ+
i ∈ NDi

(−�i ), (36)

where u+ are the Poisson post-impact generalized velocities with which the impact termi-
nates. The auxiliary variable �i appears now in (35) in vectorial form. In contrast to the
classical Poisson impact law, �i is not set equal to zero, but related to the post-impact rel-
ative velocities γγγ+

i by the inequality impact law (36). This impact law is formulated as a
normal cone inclusion, involving the auxiliary set Di as specified in (28). In Sect. 4, we
will explicitly state these sets for each individual impact element, and we will discuss the
particular physical meaning of the associated impact laws (36). We further will explain why
�i cannot simply be set equal to zero for the contacts in a multi-impact problem, as it is
classically done for single collisions.

Note also that property (16) applies for each of the sets C (−)

i , C (+)

i , and Di . This is ensured
by their special construction according to (19) and (28), and yields

0 ∈ C (−)

i , 0 ∈ C (+)

i , 0 ∈ Di . (37)

Together with the two normal cone inclusions (32) and (36), one obtains from (37) the
inequalities

ξξξ◦
i

T
�(−)

i ≤ 0, γγγ+
i

T
�i ≤ 0 (38)
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in the same way as (17) has been deduced from (16) and (15). These inequalities will be met
again in the energy proofs for Poisson impacts. Another consequence of (37) on the above
sets is that

Di ⊆ C (+)

i and εiC
(−)

i ⊆ C (+)

i (39)

for εi ≥ 0, which can directly be seen from (23) and (25).
In a final step, we formulate the compression and decompression phase as a stan-

dard normal cone inclusion problem that can be processed by an inequality solver. We
set W := (W1, . . . ,Wn), �(−) := (�(−)

1
T
, . . . ,�(−)

n

T
)T, �(+) := (�(+)

1
T
, . . . ,�(+)

n

T
)T, � :=

(�T
1 , . . . ,�T

n)
T, γγγ := (γγγT

1 , . . . ,γγγT
n)

T, ξξξ := (ξξξT
1 , . . . ,ξξξT

n)
T, and εεε := diag (εiIi ) with Ii the

m(i) × m(i) identity matrix, and rewrite (29)–(31) and (33)–(35) as

M
(
u◦ − u−) = W�(−), M

(
u+ − u◦) = W�(+), (40)

γγγ = WTu, γγγ = WTu, (41)

ξξξ◦ = γγγ◦, � = �(+) − εεε�(−). (42)

By taking in (41) the differences γγγ◦ − γγγ− = WT(u◦ − u−) and γγγ+ − γγγ◦ = WT(u+ − u◦), and
eliminating the terms (u◦ − u−) and (u+ − u◦) with the help of (40), one obtains

γγγ◦ − γγγ− = G�(−), γγγ+ − γγγ◦ = G�(+), (43)

with G being the symmetric and positive semidefinite Delassus operator defined by

G = WTM−1W. (44)

By using (42), we now eliminate γγγ◦ from the first equation and �(+) from the second equation
in (43). This gives

ξξξ◦ = γγγ◦ = G�(−) + γγγ−, γγγ+ = G� + (
Gεεε�(−) + γγγ◦), (45)

which is the desired formulation. To solve the impact, one first calculates the preimpact rel-
ative velocities from (41) as γγγ− = WTu−. With this result, the first equation in (45) together
with the impact laws (32) is processed to give the relative velocities after compression and
the compression impulsive forces (γγγ◦,�(−)). By using these values, the right equation in (45)
together with the impact laws (36) can be solved, either analytically by case distinction or
numerically by an inequality solver, to compute the relative velocities after decompression
and the auxiliary variables (γγγ+,�). From �, the decompression impulsive forces �(+) are
then obtained by the second equation in (42). The compression and decompression impul-
sive forces �(−) and �(+) are finally put into (40), to compute the generalized velocities u◦
at the end of compression and u+ at the end of the impact.

Already for a small number of impact elements, say three or four, an analytical solution
via case distinction becomes cumbersome and nearly impractical because of the combina-
torial nature of inclusion problems, and the impact has to be treated numerically. One ap-
proach is to formulate (45) together with (32), (36) as a linear complementarity problem, and
to apply one of the standard solvers as, e.g., Lemke’s algorithm. This approach, however, is
limited to planar problems. For the general setting, proximal point formulations processed
with Gauss–Seidel iterations have become the method of choice, which include as special
cases some formerly developed algorithms as Moreau’s cycling through the contacts, Pana-
giotopoulos’ alternating processing of a normal and tangential convex optimization problem,
and the augmented Lagrangian approach as introduced to mechanics by Alart and Cournier.
For an extensive overview about available algorithms, we refer to [1].
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4 Impact elements

In this section, we study in detail the physical meaning of the decompression impact law (36)
for various impact elements. The impact law for compression (32) will not be discussed, as
it agrees with the special case εi = 0 of a Newtonian impact. The latter has extensively been
treated in [27], and everything said about this case keeps its meaning here for the compres-
sion phase. However, we do provide for each impact element the graph of the compression
impact law, together with the associated graph for expansion, to graphically display how
these two are related with each other.

The section is divided into two subsections, in which two different types of impulsive
force reservoirs Ci are considered. The first subsection is devoted to sets Ci for which the
choice of αi ∈ [0,1] in (19) and (21) is immaterial. In the second subsection, sets Ci of
Coulomb type are assumed, and the associated values of αi are determined.

4.1 Closed convex cones

We first consider impact elements whose impulsive force reservoirs Ci are closed convex
cones Ci = Ki . In this case, we have by (11) that 0+Ci = Ci and αiCi = Ci for αi > 0, such
that the impulsive force reservoirs for compression and decompression in (19), (21) become

C (−)

i = Ci , C (+)

i = Ci (46)

for 0 ≤ αi ≤ 1. In the same way, we determine the auxiliary set Di from (22), (24) to be

Di = Ci (47)

for any κi ≥ 0. Note that the three sets in (46) and (47) do not explicitly depend on αi ,
which means that the particular value of αi ∈ [0,1] to obtain these sets is insignificant. As a
consequence, the inequality (1 + εi)αi ≤ 1 in (28) does not impose an additional restriction
on the Poisson restitution coefficient εi ≥ 0, as αi can always be chosen small enough to
allow for arbitrarily high values of εi .

4.1.1 Geometric unilateral constraints

Only the essentials of the geometric unilateral constraint in its capacity as an impact element
are presented here. Additional comments and a detailed discussion of the kinematic and
kinetic properties can be found in [27]. A geometric unilateral constraint is represented
by a weak inequality on its gap function, gi(q) ≥ 0. Strict inequality indicates separation,
whereas equality corresponds to contact. The gap function can be formulated such that γi =
ġi is the normal contact relative velocity with γi = wT

i u and wT
i = ∂gi/∂q. For a closed

gap gi(q) = 0, the pre and post-impact kinematic consistency conditions are γ −
i ≤ 0 and

γ +
i ≥ 0. The geometric unilateral constraint is a one-dimensional impact element, m(i) = 1.

The impulsive force Λi associated with this impact element should act as a compressive
magnitude Λi ≥ 0 but not pull on the contact, which leads by −Λi ∈ Ci to the impulsive
force reservoir

Ci = R
−
0 , (48)

as already stated in [27] for Newtonian impacts. The set R−
0 in (48) is a closed convex

cone. Equations (46) and (47) therefore apply, and the impulsive force reservoirs needed for
Poisson impacts are identified as

C (−)

i = R
−
0 , C (+)

i = R
−
0 , Di = R

−
0 . (49)
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Fig. 2 A configuration for which
Poisson’s decompression law is
required in inequality form to
prevent body 2 from penetrating
the ground during
decompression. This is achieved
by allowing for impulsive
decompression forces
Λ

(+)

B
> εBΛ

(−)

B
in contact B as

indicated in the second line
of (52)

With this result, the impact law (36) for decompression is recognized to be a normal cone
inclusion on the set Di = R

−
0 , which can likewise be stated in terms of the unilateral prim-

itive Upr or by the standard inequality-complementarity conditions; see [27]. We therefore
have at least three equivalent formulations for this impact law, which are

γ +
i ∈ N

R
−
0
(−Δi) or −Δi ∈ Upr

(
γ +

i

)
or γ +

i ≥ 0, Δi ≥ 0, γ +
i Δi = 0. (50)

The most explicit form of this impact law is obtained by substituting back the auxiliary
variable Δi from (35),

Δi = Λ
(+)

i − εiΛ
(−)

i , (51)

and a subsequent evaluation of the inequality-complementarity conditions in (50). The latter
yields by case distinction the two conditions

Λ
(+)

i = εiΛ
(−)

i ⇒ γ +
i ≥ 0,

Λ
(+)

i > εiΛ
(−)

i ⇒ γ +
i = 0,

(52)

which is again a full representation of the decompression impact law (36) for this particular
impact element.

The formulation (50) of Poisson’s decompression impact law for the geometric unilat-
eral constraint is in full accordance with the original version [22], in which it has been
introduced by using the inequality-complementarity conditions. It provides nonnegative im-
pulsive forces for both the compression and decompression phase: For compression, con-
sider (32) together with (49), i.e., −Λ

(−)

i ∈ C (−)

i =R
−
0 . For decompression, it is directly seen

from (52), i.e. Λ
(+)

i ≥ εiΛ
(−)

i together with εi ≥ 0. In contrast to Newton’s impact law [27],
Poisson’s law is always kinematically consistent for the geometric unilateral constraint. In
other words, it always terminates by (52) with an admissible post-impact relative velocity
γ +

i ≥ 0, independent of the sign of the preimpact relative velocity γ −
i .

The first line in (52) shows the impulse ratio condition in Poisson’s impact law as classi-
cally used for single contact problems within an equality approach. It is kept in our setting in
precisely the same way, but only as long as post-impact penetration γ +

i < 0 can be avoided.
In the case that the original Poisson decompression impulsive force Λ

(+)

i = εiΛ
(−)

i is too
small to provide kinematically admissible post-impact relative velocities γ +

i ≥ 0, the sec-
ond line in (52) takes over and increases Λ

(+)

i to a value that at least γ +
i = 0 is reached.

This situation is not pathological as one might probably think, but very common in multi-
contact problems: Consider two bodies with mass m each, as displayed in Fig. 2. Body 2
rests on the ground, whereas body 1 is dropped to hit body 2 with velocity v. The preimpact
relative velocities in the contacts A and B are therefore γ −

A = −v and γ −
B = 0. One may
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Fig. 3 Unilateral geometric and kinematic constraints: The graphs of the impact law for compres-
sion (32) and decompression (36) in the (−Λ

(−)

i
, γ ◦

i
) and (−Λ

(+)

i
, γ +

i
) planes, where ξ◦

i
= γ ◦

i
and

Δi = Λ
(+)

i
− εiΛ

(−)

i
according to (31) and (35), respectively

verify that compression terminates with γ ◦
A = γ ◦

B = 0, and that the compression impulsive
forces are Λ

(−)

A = Λ
(−)

B = mv. We now assume different Poisson restitution coefficients for
the contacts, namely εA = 1 and εB = 0. If we would now process this multicontact problem
by only the first line in (52), the decompression impulsive forces would be Λ

(+)

A = mv and
Λ

(+)

B = 0, meaning that the reaction with the ground would be missing. We would therefore
obtain as post-impact relative velocities γ +

A = 2v > 0 and γ +
B = −v < 0, the latter violating

the post-impact kinematic consistency condition γ +
B ≥ 0. If, however, the example is pro-

cessed with the full impact law (52), then it turns out that its first line applies to contact A,
and its second line to contact B . The result is γ +

A = v > 0, γ +
B = 0 and Λ

(+)

A = Λ
(+)

B = mv,
as we expect it to be.

Figure 3 shows the graphs of the impact law for compression (32) and decompression
(36) in the (−Λ

(−)

i , γ ◦
i ) and (−Λ

(+)

i , γ +
i ) planes. The graph for compression has already

been presented within the framework of Newtonian impacts in [27], whereas the graph for
decompression is drawn according to (52). Compared with each other, we see that both
graphs have the same shape, and that the graph for decompression in this exposition is
shifted by the value εiΛ

(−)

i to the left.

4.1.2 Kinematic unilateral constraints

The kinematic unilateral constraint is a linear inequality constraint on velocity level of the
form γi = wT

i u ≥ 0. It permits motion without any resistance in one direction but blocks in
the other direction. The pre and post-impact kinematic consistency conditions are therefore
γ −

i ≥ 0 and γ +
i ≥ 0. The technical realization of a kinematic unilateral constraint is a sprag

clutch. The dimension of this impact element is m(i) = 1. Kinematic unilateral constraints
can not impact by themselves, but they can react on impacts with unbounded forces in the
blocked direction, Λi ≥ 0, see [27]. The impulsive force reservoir is therefore identical
with the one for the geometric unilateral constraint, namely Ci = R

−
0 as displayed in (48).

As a consequence, the resulting impact law is the very same as for the geometric unilateral
constraint, and Eqs. (49)–(52) as well as Fig. 3 apply without any changes. Also, note that the
impact terminates by (52) always with an admissible post-impact relative velocity γ +

i ≥ 0,
no matter what the sign of the preimpact relative velocity γ −

i has been.
The physical interpretation of the first line in (52) for the kinematic unilateral constraint

is straightforward: If the sprag clutch has been loaded during compression with Λ
(−)

i > 0,
then the decompression impulse εiΛ

(−)

i allows the relative velocity in the sprag clutch to
jump to post-impact values γ +

i greater than zero and, therefore, to an instantaneous motion
in the unconstrained direction. The second line of (52) has to be interpreted in a similar way
as for the geometric unilateral constraint: If the decompression impulse Λ

(+)

i obtained from
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the first line is—for any reason—not strong enough to prevent the sprag clutch from moving
in its blocked direction, it will be increased until at least a standstill γ +

i = 0 in the clutch at
the end of the impact is attained.

It has been shown in Sect. 6 of [27] that already the most elementary combination of one
unilateral geometric and one unilateral kinematic constraint may lead to an energy increase
when Newton’s impact law is applied. This is in striking contrast to Poisson’s impact law,
under which the very same system behaves well, as it will be demonstrated in Sect. 9.1. We
will prove in Sect. 6 energetic consistency for even an arbitrary arrangement of unilateral
and bilateral geometric and kinematic constraints under the common restrictions on the resti-
tution coefficients εi , and we will revisit in Sect. 9.1 the slide-push mechanism from [27]
to demonstrate how unilateral geometric and kinematic constraints interact under Poisson’s
law.

4.1.3 Geometric bilateral constraints

Geometric bilateral constraints are equality constraints of the form gi(q) = 0. They can be
transformed to velocity level by differentiation, which yields with ġi = γi and wT

i = ∂gi/∂q
the constraint velocity γi = wT

i u. In order to keep the system on the constraint manifold, one
sets gi(q0) = 0 at a specific time instant t0 and makes sure that this value of gi will never be
left, by demanding γi = 0 for all times t . The condition γi = 0 has to apply in particular for
the pre and post-impact constraint velocities, which reveals the kinematic consistency con-
ditions for the impact as γ −

i = 0 and γ +
i = 0. The dimension of this impact element is again

m(i) = 1. As sprag clutches, geometric bilateral constraints cannot impact by themselves,
but react on impacts. Forces in geometric bilateral constraints are assumed to be of any size
and, if necessary, even of impulsive nature Λi . In particular, there is no sign restriction on
these forces, such that the impulsive force reservoir can be identified as

Ci = R. (53)

The real numbers constitute a closed convex cone, and Eqs. (46) and (47) therefore apply.
As a result, we obtain for the three impulsive force reservoirs

C (−)

i = R, C (+)

i = R, Di =R. (54)

The decompression impact law (36) is now a normal cone inclusion on the set of real num-
bers Di =R, i.e., a set without boundary points. The auxiliary variable −Δi ∈ R is therefore
always from the interior of R, for which the normal cone reduces to just the null element.
This gives by (36) the only value γ +

i = 0 for the post-impact constraint velocity, which in
addition fulfills the kinematic consistency condition. We therefore may write the decom-
pression impact law by either one of the following two equivalent conditions:

γ +
i ∈ NR(−Δi) or −Δi ∈R, γ +

i = 0. (55)

After substituting back the auxiliary variable Δi from (35),

Δi = Λ
(+)

i − εiΛ
(−)

i , (56)

the right representation of the decompression impact law in (55) may equivalently be ex-
pressed in terms of Λ

(+)

i and γ +
i , which yields

Λ
(+)

i ∈ R, γ +
i = 0. (57)
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Fig. 4 Bilateral geometric and kinematic constraints: The graphs of the impact laws for compression (32) and
decompression (36) in the (−Λ

(−)

i
, γ ◦

i
) and (−Λ

(+)

i
, γ +

i
) planes, where ξ◦

i
= γ ◦

i
and Δi = Λ

(+)

i
− εiΛ

(−)

i
according to (31) and (35), respectively

Apparently, there are no restrictions on the decompression impulsive force Λ
(+)

i , and the
impact terminates with the only admissible post-impact constraint velocity γ +

i = 0, as it
should be.

Figure 4 shows on the left the graph of the Poisson impact law for compression (32) in
the (−Λ

(−)

i , γ ◦
i ) plane, which has already been presented in [27]. On the right, the graph for

decompression is depicted in the (−Λ
(+)

i , γ +
i ) plane according to (36) or, more explicitly,

to (57). As already for the unilateral constraints in Fig. 3, both graphs have again the same
shape, and the graph for decompression is shifted by the value εiΛ

(−)

i to the left. This shift
can not be detected in the figure, because the graph is mapped onto itself, but can be traced
from (56), which actually reads −Λ

(+)

i ∈ R− εiΛ
(−)

i when −Δi ∈ R from (55) is taken into
account.

4.1.4 Kinematic bilateral constraints

We consider kinematic bilateral constraints of the form γi = wT
i u = 0, as already assumed

in [27]. They impose equality constraints on velocity level upon the system, which are me-
chanically realized by the accompanying constraint forces. The latter are not restricted to
any size and may even be of impulsive nature Λi , because kinematic bilateral constraints
may react on impacts, although they can not impact by themselves. The reservoir for the
impulsive forces −Λi is therefore again Ci = R, just as in (53) for the geometric bilateral
constraints. As a consequence, all the conclusions (54)–(57) apply without any modification
for the kinematic bilateral constraint, including even the graphs in Fig. 4. The kinematic
consistency conditions derived from the constraint γi = 0 are in the case of an impact appar-
ently γ −

i = 0 and γ +
i = 0. Kinematic post-impact consistency is guaranteed by the impact

law (57), because it always terminates with γ +
i = 0.

4.2 Coulomb type sets

Coulomb friction elements i are usually used together with geometric unilateral constraints
k to model the load dependent resistance in the tangential direction of contact problems. One
of the main characteristics of Coulomb friction is that the size of the friction force reservoirs
linearly depends on the applied normal loads. In order to extend this concept to impacts, we
define an impulsive force reservoir Ci to be of Coulomb type, if it consists of a given shape
Ai which scales in the sense of (1) with the impulsive normal force Λk ≥ 0 of the associated
geometric unilateral constraint, i.e.,

Ci (Λk) = ΛkAi . (58)
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We assume the convex set Ai to be bounded, which is sufficient for our later applications,
but which excludes spike constraints. As a consequence, we have 0+Ai = {0}, and also
0+Ci = {0} whenever Λk is finite. Based on the definition (58), we now develop a setting for
Coulomb type impact laws which is in perfect agreement with Sect. 3.2. In particular, we
determine the values for αi and κi , and the three sets C (−)

i , C (+)

i , and Di in terms of the known
shapes Ai . In the succeeding subsections, these results will be applied to specific bounded
sets Ai , to reveal Poisson’s impact laws for certain one- and two-dimensional Coulomb type
elements.

The overall impulsive force Λk of the associated unilateral geometric constraint, set up
by its contribution to compression Λ

(−)

k and decompression Λ
(+)

k , is

Λk = Λ
(−)

k + Λ
(+)

k . (59)

By putting this expression into (58), we obtain for the overall Coulomb type reservoir

Ci = Λ
(−)

k Ai + Λ
(+)

k Ai . (60)

Our model of the frictional Poisson impact now is to claim that the Coulomb type force
restriction −Λi ∈ Ci = ΛkAi applies not only for the entire impact event, but separately for
both the compression and decompression phase. In other words, we want to have −Λ

(−)

i ∈
Λ

(−)

k Ai and −Λ
(+)

i ∈ Λ
(+)

k Ai , which enables us to identify the sets C (−)

i and C (+)

i with the
help of (60) and (20) as

C (−)

i = Λ
(−)

k Ai , C (+)

i = Λ
(+)

k Ai . (61)

The next step is to determine the value of αi in (19). This can be accomplished by taking the
first equation in (19) and substituting C (−)

i from (61) and Ci from (58). Alternatively, one
could take the second equation in (19) together with C (+)

i from (61) and again Ci from (58).
The results for both approaches are

Λ
(−)

k Ai = αiΛkAi , Λ
(+)

k Ai = (1 − αi)ΛkAi , (62)

from which we identify

Λ
(−)

k = αiΛk, Λ
(+)

k = (1 − αi)Λk (63)

as a solution. We have presented both equations, because we want to show explicitly the
following: Due to the exceptional cases in the compression and decompression impact laws
for the unilateral geometric constraints, it might happen that either Λ

(−)

k = 0 or Λ
(+)

k = 0,
although Λk > 0. This requires in (63) either αi = 0 or αi = 1, which now justifies our
former choice of weak inequalities on αi instead of the strong inequalities in (18).

The auxiliary set Di in (28), needed for the decompression impact law (36), has still to
be determined. With the help of (58), the first equation in (63), and (59), we get

Di = (
1 − (1 + εi)αi

)
Ci

(58)= (
1 − (1 + εi)αi

)
ΛkAi

(63)= (
Λk − (1 + εi)Λ

(−)

k

)
Ai

(59)= (
Λ

(−)

k + Λ
(+)

k − (1 + εi)Λ
(−)

k

)
Ai , (64)
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which finally gives

Di = (
Λ

(+)

k − εiΛ
(−)

k

)
Ai . (65)

We further have to ensure the inequality on the right in (28), which is by (27) the same as to
guarantee that κi ≥ 0. With Di according to (22) and Ci according to (58), we get

Di = κiCi = κiΛkAi . (66)

By comparing this expression with (65), the term κiΛk is identified to be

κiΛk = Λ
(+)

k − εiΛ
(−)

k . (67)

Since Λk ≥ 0, we conclude that

Λ
(+)

k ≥ εiΛ
(−)

k (68)

is sufficient for the inequality κi ≥ 0 to hold. We further know by Δk ≥ 0 in (50) or, more
explicitly, by (52) that

Λ
(+)

k ≥ εkΛ
(−)

k (69)

always applies for the geometric unilateral constraint. We can therefore guarantee for the
inequality (68) to hold, if we choose the tangential impact coefficient εi to be not larger than
the impact coefficient εk of the associated geometric unilateral constraint,

εi ≤ εk. (70)

This condition is an additional restriction on the tangential impact coefficient εi ≥ 0, which
ensures that κi ≥ 0, and that the set Di determined in (65) fully meets the structure set up in
Sect. 3.2.

4.2.1 Kinematic step constraints of Coulomb type

The kinematic step constraint of Coulomb type is a one-dimensional impact element
(m(i) = 1), which is used to model frictional effects in planar collisions. It acts on the
tangential relative velocity γi = wT

i u by the tangential impulsive force Λi . We call this im-
pact element a kinematic step constraint, because it can be formulated on the velocity level
by set-valued sign functions ,which form upward steps in the velocity-impulse planes. The
impulsive force reservoir of this impact element has been assumed in [27] to be

Ci (Λk) = Λkμi[−1,1], (71)

where μi is the coefficient of friction. As required for (58), the set Ci depends linearly on
the impulsive normal force Λk ≥ 0 of the associated geometric unilateral constraint. We may
therefore identify from (71) the shape Ai in (58) as

Ai = μi[−1,1], (72)

which is a bounded convex set. As a consequence, Eqs. (61) and (65) apply in the form

C (−)

i = Λ
(−)

k μi[−1,1], C (+)

i = Λ
(+)

k μi[−1,1], Di = (
Λ

(+)

k − εiΛ
(−)

k

)
μi[−1,1]

(73)
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Fig. 5 Kinematic step constraint of Coulomb type: The graphs of the impact laws for compression (32) and
decompression (36) in the (−Λ

(−)

i
, γ ◦

i
) and (−Λ

(+)

i
, γ +

i
) planes, where ξ◦

i
= γ ◦

i
and Δi = Λ

(+)

i
− εiΛ

(−)

i
according to (31) and (35), respectively

for the three force reservoirs, and the restitution coefficient εi has to meet the inequality (70).
With Di from (73), the impact law for decompression (36) takes the form

γ +
i ∈ NDi

(−Δi). (74)

By evaluating this normal cone inclusion, one obtains for the three cases that −Δi is either
in the interior of Di or at one of its boundary points the three conditions

|Δi | < μi

(
Λ

(+)

k − εiΛ
(−)

k

) ⇒ γ +
i = 0,

Δi = −μi

(
Λ

(+)

k − εiΛ
(−)

k

) ⇒ γ +
i ≥ 0,

Δi = +μi

(
Λ

(+)

k − εiΛ
(−)

k

) ⇒ γ +
i ≤ 0,

(75)

which fully characterize the impact law. Again, the auxiliary variable Δi is according to (35),

Δi = Λ
(+)

i − εiΛ
(−)

i (76)

and is responsible for the shift of the associated graph, as for the former impact elements.
The graphs of the compression and decompression impact law in the (−Λ

(−)

i , γ ◦
i ) and

(−Λ
(+)

i , γ +
i ) planes are depicted in Fig. 5. Both characteristics are shaped like an inverted

set-valued sign function, which is typical for dry friction effects. The impact law for com-
pression coincides again with a completely inelastic Newtonian impact, as discussed in [27].
The impulsive force for compression Λ

(−)

i is restricted to values −μiΛ
(−)

k ≤ Λ
(−)

i ≤ +μiΛ
(−)

k .
If Λ

(−)

i is in the interior of this interval, compression terminates with stick γ ◦
i = 0. Other-

wise, sliding may take place in the one (γ ◦
i ≥ 0) or the other (γ ◦

i ≤ 0) direction. The graph
for compression is horizontally centered at the origin, and its width is 2μiΛ

(−)

k , according to
the size of the impulsive force reservoir C (−)

i in (73).
The shape of an inverted set-valued sign function is fully characterized by three parame-

ters. These are the width of its graph, and its horizontal and vertical shift. The most general
implementation of a decompression law for one-dimensional friction would therefore re-
quire three impact parameters, if it is based on such a shape. However, vertical shifts have
not been considered for all the previous impact elements, and our whole theoretical setting is
indeed not designed to carry them. Therefore, only two parameters are remaining, and they
are responsible for the horizontal shift and stretch of the decompression graph. The latter
is depicted for the impact law (75), (76) in the right part of Fig. 5. One observes that this
graph is centered at the value −εiΛ

(−)

i , which corresponds to a horizontal shift to the left
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Fig. 6 Special cases for decompression: Completely inelastic frictional behavior is obtained for εi = 0, as de-
picted on the left. Poisson’s impact law can be observed in the right graph, where εi = εk and Λ

(+)

k
= εkΛ

(−)

k
is required for the associated unilateral geometric constraint

for Λ
(−)

i > 0, and to the right for Λ
(−)

i < 0. According to the set Di , the width of the graph
is 2μi(Λ

(+)

k − εiΛ
(−)

k ). It depends on another parameter, which is the friction coefficient μi .
However, the friction coefficient μi must not be seen as an independent parameter that can
freely be chosen to adjust the width for decompression, because the same μi is required
for compression by the construction of our sets in (73). What we actually propose in our
impact law (75) is therefore a one-parameter family of signum-shaped curves, in which the
tangential restitution coefficient εi as the only adjustable parameter simultaneously affects
both the shift and the stretch. Already because of this restriction, we cannot expect our de-
compression law for frictional collisions to cover the overall variety of post-impact states
that have been derived in academic examples and measured in experiments. Only a subset
of them will be reproducible by (75).

In the following, we will shortly analyze how the tangential restitution coefficient εi

affects the shape of the decompression graph. As a first special case, we set εi = 0 in (75)
and (76) to get

∣∣Λ(+)

i

∣∣ < μiΛ
(+)

k ⇒ γ +
i = 0,

Λ
(+)

i = −μiΛ
(+)

k ⇒ γ +
i ≥ 0,

Λ
(+)

i = +μiΛ
(+)

k ⇒ γ +
i ≤ 0.

(77)

These are precisely the conditions that one would empirically employ for pure Coulomb
type friction, and they work pretty much in the same way as for compression: The impulsive
force for decompression Λ

(+)

i is restricted to values −μiΛ
(+)

k ≤ Λ
(+)

i ≤ +μiΛ
(+)

k . If Λ
(+)

i

is in the interior of this interval, decompression terminates with stick γ +
i = 0. Otherwise,

sliding may take place in the one (γ +
i ≥ 0) or the other (γ +

i ≤ 0) direction. The graph for
this case is depicted in the left part of Fig. 6. It is not horizontally shifted but centered at
the origin, and its width is 2μiΛ

(+)

k , according to the size of the impulsive force reservoir
Di = C (+)

i in (73). In accordance with the terminology used for collisions, we may call this
a completely inelastic tangential behavior.

As a second special case, we assume that εi is such that Λ
(+)

k = εiΛ
(−)

k . This leads by (75)
to Δi = 0 as the only possible value, and to unrestricted velocities γ +

i � 0 as a consequence.
With Δi = 0 and Δi according to (76), we therefore obtain

Λ
(+)

i = εiΛ
(−)

i , γ +
i ∈R, (78)

which is Poisson’s impact law in its purest classical equality form. Note that there is no
restriction, in particular no sign restriction on the velocity γ +

i , as post-impact tangential
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motion in both directions is kinematically admissible. The graph of the impact law (78) is
shown in the right part of Fig. 6. It consists of one straight vertical line without any stick
region, which is again horizontally shifted by the value εiΛ

(−)

i . Finally, note that the equality
Λ

(+)

k = εiΛ
(−)

k as required for (78) only applies if εi = εk and Λ
(+)

k = εkΛ
(−)

k , i.e., if the
tangential and the normal restitution coefficients are chosen to be equal to each other, and if
the associated geometric unilateral constraint operates in its regular regime according to the
first line in (52). This can be deduced from the inequalities Λ

(+)

k ≥ εkΛ
(−)

k in (52) and εi ≤ εk

in (70).
Let us finally summarize how the shape of the decompression graph is deformed when

the tangential restitution coefficient εi is increased from 0 to its maximal value εk and the as-
sociated geometric unilateral constraint operates according to Λ

(+)

k = εkΛ
(−)

k : For εi = 0, the
decompression graph is the one depicted in the left of Fig. 6. By raising the value of εi , the
center of the graph εiΛ

(−)

i is increasingly shifted in the horizontal direction, while its width
2μiΛ

(−)

k (εk − εi) continuously decreases, until the configuration in the right part of Fig. 6
is reached for εi = εk . We note that the width of the decompression graph 2μiΛ

(−)

k (εk − εi)

is always smaller than or equal to the with for compression 2μiΛ
(−)

k , as long as εk ≤ 1 and
εk, εi ≥ 0. We further note that the maximal shift of the decompression graph under the com-
mon restrictions on the impact parameters is equal to Λ

(−)

i , which is obtained for εi = εk = 1.
In this case, the impulsive forces for compression and decompression are by (78) equal to
each other, Λ

(+)

i = Λ
(−)

i .
The compression phase as published in the original article [22] is identical with our ap-

proach here, i.e., its graph coincides with the one from the left of Fig. 5. The decompression
phase in [22] proposes a two-parameter model, which allows to adjust the shift and the width
of the decompression graph independently by the two parameters εT and ν. For the values
εT = ν = 0, the same completely inelastic frictional behavior is obtained as in (77) or equiv-
alently, in the graph from the left of Fig. 6. It is, however, impossible to generally relate the
two parameters εT and ν from [22] to the tangential restitution coefficient εi in (75), as the
approach to develop the decompression impact law has been different in [22]: At this time,
the impact law has been stated intuitively by taking into account some physical aspects, but
without a theoretical umbrella as the one proposed in Sect. 3.2. The mathematical consis-
tency of our new and improved version will us allow in Sect. 5 to draw conclusions that
would never have been possible within the original setting.

4.2.2 Isotropic Coulomb-type friction

Isotropic Coulomb-type friction is the simplest two-dimensional extension (m(i) = 2) of the
Coulomb-type kinematic step constraint. Together with the geometric unilateral constraint,
it is used to model spatial contact situations. We denote by γγγ i = (γ1i , γ2i )

T the two compo-
nents of the tangential relative velocities γ1i = wT

1iu, γ2i = wT
2iu in the contact plane, and by

�i = (Λ1i ,Λ2i )
T the corresponding tangential impulsive forces. The friction coefficient is

again denoted by μi , and the associated impulsive normal force by Λk . The impulsive force
reservoir Ci (Λk) for this impact element has been introduced in [27] as

Ci (Λk) = {
�i ∈R

2 | ‖�i‖ ≤ μiΛk

}
(79)

and consists of a circular disk with radius μiΛk . With the help of the set

Bμi
:= {

�i ∈ R
2 | ‖�i‖ ≤ μi

}
, (80)
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which constitutes another disk with radius μi , the impulsive force reservoir Ci in (79) can
be rewritten as

Ci (Λk) = ΛkBμi
. (81)

This enables us to identify the shape Ai in (58) as Ai = Bμi
, and with it the three sets in (61)

and (65) as

C (−)

i = Λ
(−)

k Bμi
, C (+)

i = Λ
(+)

k Bμi
, Di = (

Λ
(+)

k − εiΛ
(−)

k

)
Bμi

. (82)

With Di from (82), we obtain the impact law (36) for decompression as

γγγ+
i ∈ NDi

(−�i ), (83)

where �i according to (35), i.e.,

�i = �(+)

i − εi�
(−)

i . (84)

In contrast to the scalar impact laws from the previous sections, a full vectorial representa-
tion is needed here to express that the two tangential directions in the contact plane are not
independent from each other.

The normal cone inclusion (83) can be brought by case distinction to a more explicit
form. For interior points �i of the set Di , the normal cone reduces to the single element
{0}, and decompression terminates with stick γγγ+

i = 0. If −�i is at the boundary of Di , the
normal cone provides a half-line orthogonal to the boundary of Di at the point −�i , which
specifies the admissible set of post-impact velocities γγγ+

i . Both cases together can be stated
as

‖�i‖ < μi

(
Λ

(+)

k − εiΛ
(−)

k

) ⇒ γγγ+
i = 0,

‖�i‖ = μi

(
Λ

(+)

k − εiΛ
(−)

k

) ⇒ γγγ+
i = κiei (�i ), κi ≥ 0,

(85)

where ei (�i ) in the second line represents the aforementioned half-line and constitutes the
slip direction. It can be expressed as

ei (�i ) := − �i

‖�i‖ , (86)

which is a direct consequence on the circular shape (82) of the set Di .
Figure 7 shows a graphical representation of the normal cone inclusions for compression

and decompression. Displayed are the circular force reservoirs together with their associated
slip directions. For elements from the interior of the force reservoirs, the normal cone is
simply {0}, and the corresponding impact phase terminates with stick. For boundary points,
sliding may take place in the direction as indicated. The circular force reservoir for compres-
sion is centered at the origin in the (−Λ

(−)

1i ,−Λ
(−)

2i ) plane. As a consequence, the velocity γγγ◦
i

has precisely the same direction as the impulsive force −�(−)

i when sliding takes place. The
circular force reservoir for decompression is not centered at the origin in the (−Λ

(+)

1i ,−Λ
(+)

2i )

plane, but shifted by the value εi�
(−)

i according to (84). In contrast to compression, the ve-
locity γγγ+

i and the impulsive force −�(+)

i are no longer collinear for sliding, but only for
the special case that �(+)

i has the same direction as εi�
(−)

i . In this direction, the isotropic
Coulomb type impact element behaves precisely in the same way as its one-dimensional
counterpart, i.e., the kinematic step constraint from Sect. 4.2.1.
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Fig. 7 Isotropic Coulomb-type friction: The graphs of the impact laws for compression (32) and decompres-
sion (36) displayed as normal cone inclusions, where ξξξ◦

i
= γγγ◦

i
and �i = �

(+)

i
− εi�

(−)

i
according to (31)

and (35), respectively

Let us finally show how the impact law simplifies for the two special cases discussed at
the end of Sect. 4.2.1. We first assume that the tangential restitution coefficient is equal to
zero, εi = 0. Together with �i = �(+)

i from (84), we obtain for the impact law (85)

∥∥�(+)

i

∥∥ < μiΛ
(+)

k ⇒ γγγ+
i = 0,

∥∥�(+)

i

∥∥ = μiΛ
(+)

k ⇒ γγγ+
i = κiei (�

(+)

i ), κi ≥ 0,
(87)

and the slip direction (86)

ei

(
�(+)

i

) = − �(+)

i

‖�(+)

i ‖ . (88)

The impact law shows now the typical Coulomb type structure and is in full analogy with
the compression phase: The force reservoir with radius μiΛ

(+)

k is now centered at the origin
in the (−Λ

(+)

1i ,−Λ
(+)

2i ) plane, and the velocity γγγ+
i and the impulsive force −�(+)

i have the
same direction for sliding.

For the second special case, we assume that the associated geometric unilateral constraint
operates in its regular regime Λ

(+)

k = εkΛ
(−)

k , and that the normal and tangential restitution
coefficients are equal, εi = εk . With these two assumptions, we obtain Λ

(+)

k −εiΛ
(−)

k = 0, and
the set Di in (82) reduces to Di = {0}. The only possible value for −�i ∈ Di is therefore
�i = 0. With N{0}(0) = R

2 in (83) and �i according to (84), the impact law for this case
can now be stated as

�(+)

i = εi�
(−)

i , γγγ+
i ∈R

2. (89)

This is the generalization of (78) to the two-dimensional case, in which we observe Poisson’s
impulse hypothesis in vectorial form, together with unrestricted post-impact velocities.

4.2.3 Orthotropic Coulomb-type friction

A model for orthotropic Coulomb type friction (m(i) = 2) with Newtonian restitution has
been introduced in [27], which we now put in the framework of Poisson impacts. As for all
the previous impact elements, only the decompression phase will be discussed. The com-
pression phase coincides again with the case that the Newtonian restitution coefficient is
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Fig. 8 Orthotropic Coulomb-type friction: The graphs of the impact laws for compression (32) and decom-
pression (36) displayed as normal cone inclusions, where ξξξ◦

i
= γγγ◦

i
and �i = �

(+)

i
− εi�

(−)

i
according to (31)

and (35), respectively

set equal to zero in [27]. For the reservoir of tangential impulsive forces, an elliptical set
Ci (Λk) has been assumed in [27], with its semiaxes proportional to two different friction
coefficients μ1i , μ2i ,

Ci (Λk) =
{
�i ∈R

2

∣∣∣∣
Γ 2

1i

(μ1iΛk)2
+ Γ 2

2i

(μ2iΛk)2
≤ 1

}
. (90)

With �i = Λk�i , this set is rewritten as a standard ellipse

Eμ1iμ2i
:=

{
�i ∈R

2

∣∣∣∣
Ξ 2

1i

μ2
1i

+ Ξ 2
2i

μ2
2i

≤ 1

}
, (91)

which enables us to state (90) as Ci (Λk) = ΛkEμ1iμ2i
and to identify the shape Ai in (58) as

Ai = Eμ1iμ2i
. The three sets in (61) and (65) therefore become

C (−)

i = Λ
(−)

k Eμ1iμ2i
, C (+)

i = Λ
(+)

k Eμ1iμ2i
, Di = (

Λ
(+)

k − εiΛ
(−)

k

)
Eμ1iμ2i

, (92)

and the impact law for decompression (36) with �i according to (35) is

γγγ+
i ∈ NDi

(−�i ) with �i = �(+)

i − εi�
(−)

i . (93)

The graph of this normal cone inclusion is depicted in the right part of Fig. 8, together with
the graph for compression on the left. They both can be read in the same way as the graphs
in Fig. 7.

In order to obtain a more explicit formulation of the impact law (93), we set �i :=
(Λ

(+)

k − εiΛ
(−)

k )�i in (91) and address Di in (92) by the level set of the function

f (�i ) := Σ2
1i

μ2
1i

+ Σ2
2i

μ2
2i

− (
Λ

(+)

k − εiΛ
(−)

k

)2
. (94)

With −�i ∈ Di if and only if f (−�i ) ≤ 0, the impact law (93) can now be written as

f (−�i ) < 0 ⇒ γγγ+
i = 0,

f (−�i ) = 0 ⇒ γγγ+
i = κiei (�i ), κi ≥ 0.

(95)



470 C. Glocker

As already in (86), the entity ei (�i ) denotes the slip direction associated with the boundary
points of Di . It can be determined from the differential of f ,

∂f

∂�i

= 2

(
Σ1i

μ2
1i

,
Σ2i

μ2
2i

)
, (96)

and subsequent normalization,

eT
i (�i ) :=

(
∂f

∂�i

/∥∥∥∥
∂f

∂�i

∥∥∥∥

)
(−�i ). (97)

The two special cases εi = 0 and εi = εk together with Λ
(+)

k = εkΛ
(−)

k can be derived
from (93)–(97) as for the isotropic case with correlating results. For equal friction coef-
ficients μ1i = μ2i =: μi , the elliptical shapes in Fig. 8 become circular, and the resulting
impact law is the same as in Sect. 4.2.2.

5 Energetic consistency conditions for arbitrary combinations of impact elements

In this section, we study the energetic consistency of Poisson impacts according to (29)–(32)
and (33)–(36) for autonomous Lagrangian systems under an arbitrary arrangement of impact
elements. We present a number of sufficient conditions under which the kinetic energy does
not increase at the impact. The kinetic energy of an autonomous, i.e., not explicitly time-
dependent mechanical system, may be written as a purely quadratic form

T = 1

2
uTMu, (98)

where M(q) is the symmetric and positive definite mass matrix and u the generalized veloc-
ities. As already pointed out in [27], the positions q are assumed to be constant during the
impact and henceforth no longer addressed.

We denote the kinetic energy before the impact by T −, at the end of compression by T ◦,
and after the impact by T +. In order to bring the overall energy difference T + − T − into a
suitable form, some preliminary work is needed, which follows precisely the original article
[22], but can also be found in [23, 46]. From (98), we get

T ◦ − T − = 1
2 u◦TMu◦ − 1

2 u−TMu− T + − T ◦ = 1
2 u+TMu+ − 1

2 u◦TMu◦

= 1
2 (u◦ + u−)TM(u◦ − u−) = 1

2 (u+ + u◦)TM(u+ − u◦)
(40)= 1

2 (u◦ + u−)TW�(−) (40)= 1
2 (u+ + u◦)TW�(+)

(41)= 1
2�(−)T

(γγγ◦ + γγγ−)
(41)= 1

2�(+)T
(γγγ+ + γγγ◦)

=: W(−) =: W(+) (99)

where the left column refers to compression, and the right column to decompression. In the
last two lines of (99), the energy differences are recognized as the associated work W(−) and
W(+) done by the individual impact elements, which will be used from now on. With the
help of (43), the relative velocities γγγ− are now eliminated from the left column, and γγγ◦ in
the same way from the right column,

W(−) = −1

2
�(−)TG�(−) + �(−)Tγγγ◦, W (+) = −1

2
�(+)TG�(+) + �(+)Tγγγ+. (100)
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The overall energy difference or, equivalently, the overall impact work therefore becomes

W := W(−) + W(+) = −1

2
�(−)TG�(−) − 1

2
�(+)TG�(+) + �(−)Tγγγ◦ + �(+)Tγγγ+. (101)

In a further step, �(+) is eliminated by � = �(+) −εεε�(−) according to (42), which yields for
the second summand in (101)

1

2
�(+)TG�(+) (42)= 1

2
�TG� + 1

2
�(−)T

εεεGεεε�(−) + �(−)T
εεεG�, (102)

and for the last summand together with γγγ+ − γγγ◦ = G�(+) from (43)

�(+)Tγγγ+ (42)= �Tγγγ+ + �(−)T
εεεγγγ+

(43)= �Tγγγ+ + �(−)T
εεε(γγγ◦ + G�(+))

(42)= �Tγγγ+ + �(−)T
εεεγγγ◦ + �(−)T

εεεG� + �(−)T
εεεGεεε�(−). (103)

Together with (102) and (103), the impact work (101) becomes

W = −1

2
�(−)TG�(−) − 1

2
�TG� + 1

2
�(−)T

εεεGεεε�(−) + �(−)Tγγγ◦ + �Tγγγ+ + �(−)T
εεεγγγ◦, (104)

and can finally be stated as

W = −1

2
�TG� − 1

2
�(−)T

(G − εεεGεεε)�(−) + �Tγγγ+ + �(−)T
(I + εεε)γγγ◦. (105)

Except of the notation, (104) is precisely the same expression as in Eq. (43) of the original
article [22], and can also be found in [23, 46]. Note, however, that only geometric unilateral
constraints and one-dimensional Coulomb type friction elements have been treated in these
publications, whereas the entire collection of impact elements from Sect. 4 is covered here.

5.1 Isolated impact elements

Before studying the fully coupled problem, we want to quickly analyze the case that the
individual impact elements are completely isolated and independent from each other, which
means among others that the off-diagonal terms in the Delassus operator G are equal to zero,
Gik = WT

i M−1Wk = 0 (i �= k). Under the assumption that each individual impact element
behaves dissipatively, i.e., does not lead to an increase in its associated impact work Wi ,
certain restrictions on the impact parameters εi can be derived, such as the classical choice
of εi ≤ 1 for the geometric unilateral constraint. The impact work

W =
n∑

i=1

Wi (106)

can therefore be written by (105) for the individual impact elements as

Wi = −1

2
�T

i Gii�i − 1

2

(
1 − ε2

i

)
�(−)

i

T
Gii�

(−)

i + �T
i γγγ+

i + (1 + εi)�
(−)

i

Tγγγ◦
i , (107)
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Table 1 Restrictions on the impact coefficients from kinetic and isolated energetic consistency. The index k

denotes the geometric unilateral constraint associated with the friction element i

Unilateral constraints Bilateral constraints Coulomb type friction

0 ≤ εi ≤ 1 0 ≤ εi ≤ 1 0 ≤ εi ≤ εk

where Gii = WT
i M−1Wi are the symmetric and positive definite diagonal entries of G. By

this property, we immediately have �T
i Gii�i ≥ 0 and �(−)

i

T
Gii�

(−)

i ≥ 0. Furthermore, it

holds by (38) that �T
i γγγ+

i ≤ 0 and �(−)

i

Tγγγ◦
i ≤ 0, where we have used ξξξ◦

i = γγγ◦
i from (31).

A sufficient condition on the full expression (107) to be less than or equal to zero is therefore
to restrict the impact coefficient εi to values

|εi | ≤ 1, (108)

to keep (1 − ε2
i ) nonnegative. Although this restriction provides energetic consistency for

isolated impact elements, it does in general not ensure dissipativity for coupled systems.
A counterexample will be presented in Sect. 10. For certain applications, it may even be
necessary to disrespect the inequality (108), and to enforce an energy gain locally at certain
impact elements to reach a desired post-impact state. That such an approach may be rea-
sonable, also from the mechanical point of view, will be discussed in context with Newton’s
cradle in Sect. 9.3. Nevertheless, we will take the restriction (108) as a basis to derive ener-
getic consistency conditions for coupled systems, which is done in the next section. When
finally combining the bounds on εi from (108) with the kinetic restrictions εi ≥ 0 from
Sect. 3.2 and εi ≤ εk for the Coulomb type elements in Sect. 4.2, one obtains the values
summarized in Table 1.

5.2 Fully coupled systems

Energetic consistency of the individual impact elements as studied in the last section may
get lost when the impact elements are coupled among each other by the off-diagonal terms
in the Delassus matrix. In order to address this case, we keep the restrictions −1 ≤ εi ≤ 1
from (108) and derive additional conditions on εi to ensure energetic consistency also for
fully coupled systems. For this, we return to the overall impact work (105) and study the
four summands of which it consists.

The term �TG� in the first summand is always greater than or equal to zero, because G
is positive semidefinite by (44). The third summand can be written as a sum, for which we
get by the right inequality in (38) that

�Tγγγ+ =
n∑

i=1

�T
i γγγ+

i ≤ 0. (109)

With γγγ◦
i = ξξξ◦

i from (31) together with the left inequality in (38) and the restriction (108) on
the impact coefficients, it holds for the fourth summand that

�(−)T
(I + εεε)γγγ◦ =

n∑

i=1

(1 + εi)�
(−)

i

Tγγγ◦
i ≤ 0. (110)
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In order to ensure energetic consistency W ≤ 0 in (105) as a whole, it remains to find condi-
tions under which the matrix (G −εεεGεεε) in the second summand is at least positive semidef-
inite, i.e., under which

�TG� − �TεεεGεεε� ≥ 0 ∀�. (111)

Such conditions have originally been derived by the author’s former student Fritz Stöckli in
his master thesis [51] for the cases of similar and small impact coefficients εi as shown in
the following.

5.2.1 Similar impact coefficients

We denote by εmin the smallest and by εmax the largest of the impact coefficients εi ∈ [−1,1]
and rewrite the second summand in (111) as

�TεεεGεεε� ≡ ε2
min�

TG� + �T(εεε − εminI)G(εεε + εminI)�. (112)

With it, the condition of positive semidefiniteness (111) becomes

(
1 − ε2

min

)
�TG� − �T(εεε − εminI)G(εεε + εminI)� ≥ 0 ∀�. (113)

Since G is symmetric and real, it follows for the first summand in (113) that

(
1 − ε2

min

)
�TG� ≥ (

1 − ε2
min

)
λmin‖�‖2, (114)

where λmin denotes the smallest (real) eigenvalue of G. For the second summand in (113), it
holds that

�T(εεε − εminI)G(εεε + εminI)� ≤ ‖εεε − εminI‖‖G‖‖εεε + εminI‖‖�‖2

= (εmax − εmin)λmax(εmax + εmin)‖�‖2 (115)

where λmax is the largest (real) eigenvalue of G, and ‖A‖ denotes the matrix norm induced
by ‖A‖ := maxx{‖Ax‖|‖x‖ = 1}. By the estimates (114) and (115), we conclude that (111)
can be guaranteed if

(
1 − ε2

min

)
λmin‖�‖2 − (εmax − εmin)λmax(εmax + εmin)‖�‖2 ≥ 0 (116)

or, after canceling �, that the inequality

ε2
max − ε2

min

1 − ε2
min

≤ λmin

λmax
(117)

is sufficient for the matrix (G − εεεGεεε) to be positive semidefinite. We therefore conclude
that similar impact coefficients εi in the sense of (117) provide a sufficient condition for the
impact to be energetically consistent, i.e, to fulfill the impact work inequality W ≤ 0 with
W according to (105).
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5.2.2 Small impact coefficients

Another sufficient condition for energetic consistency is obtained from (111) by the follow-
ing estimation: Similarly to (114), we have for the first term in (111)

�TG� ≥ λmin‖�‖2. (118)

For the second term in (111), it holds that

�TεεεGεεε� ≤ ‖εεε‖‖G‖‖εεε‖‖�‖2 = ε2
maxλmax‖�‖2. (119)

By the estimates (118) and (119), we conclude that (111) can be guaranteed if

λmin‖�‖2 − ε2
maxλmax‖�‖2 ≥ 0 (120)

or, after canceling �, that the inequality

ε2
max ≤ λmin

λmax
(121)

is sufficient for (G − εεεGεεε) to be positive semidefinite. In other words, impact coefficients
that are small in the sense of (121) provide another sufficient condition for the impact to be
energetically consistent, i.e., to fulfill the impact work inequality W ≤ 0 with W according
to (105).

Note, however, that the conditions (117) and (121) are not independent, but can be related
to each other by the inequality

ε2
max − ε2

min

1 − ε2
min

≤ ε2
max. (122)

In order to verify this, we multiply both sides with (1 − ε2
min) ≥ 0 to obtain

ε2
max − ε2

min ≤ ε2
max

(
1 − ε2

min

) ⇒ −ε2
min ≤ −ε2

maxε
2
min ⇒ ε2

max ≤ 1, (123)

which is true by (108). Small impact coefficients in the sense of (121) are therefore a special
case of similar impact coefficients in the sense of (117). In other words, impact coefficients
that respect inequality (121) do automatically respect inequality (117) because of (122).

5.2.3 Equal impact coefficients

A second special case of similar impact coefficients is met when they are all equal to each
other with value ε,

ε := ε1 = · · · = εn. (124)

In this case, we have εmax = εmin = ε, and (117) reduces to 0 ≤ λmin/λmax, which is always
true, because the eigenvalues of the positive semidefinite Delassus matrix G are all non-
negative. Alternatively, energetic consistency may directly be verified on the contact work
(105) as done in [46]. With εεε = εI, it reduces to

W = −1

2
�TG� − 1

2

(
1 − ε2

)
�(−)TG�(−) + �Tγγγ+ + (1 + ε)�(−)Tγγγ◦. (125)

The critical matrix (G − εεεGεεε) in (105) is now (1 − ε2)G, and its positive semidefiniteness
is guaranteed by (108).
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5.2.4 Completely elastic impact

We call an impact to be completely elastic iff all impact coefficients are equal to one, i.e.,
if ε = 1 in (124). A completely elastic impact is therefore a special case of equal impact
coefficients which by itself is a special case of similar impact coefficients, and is always en-
ergetically consistent. Kinematic unilateral constraints are explicitly allowed for this case,
in contrast to Newtonian impacts [27], for which they had to be excluded because of the re-
strictions on their impact coefficients. Completely elastic impacts may be energy preserving.
With ε = 1 and � = �(+) − �(−) according to (42), the contact work (125) becomes

W = −1

2

(
�(+) − �(−)

)T
G

(
�(+) − �(−)

) + (
�(+) − �(−)

)Tγγγ+ + 2�(−)Tγγγ◦. (126)

and may become equal to zero under certain conditions: The products �(−)

i

Tγγγ◦
i in the last

term are equal to zero for the unilateral and bilateral constraints, which can be seen from
the left diagrams in Figs. 3 and 4. For all Coulomb type elements, the terms �(−)

i

Tγγγ◦
i can

be enforced to be equal to zero if the friction coefficients μi are chosen big enough to
ensure stick after compression, as seen from the left diagrams in Figs. 5, 7, and 8. The
remaining terms in (126) vanish if the compression and decompression impulsive forces
are equal, �(+) = �(−). Because of εi = εk = 1, this applies by the right diagram in Fig. 6,
or by Eqs. (78) and (89) for all Coulomb type elements. Remaining are the unilateral and
bilateral constraints, for which it might indeed happen that �(+) = �(−) does not apply. This
is caused by the inequality formulation of the unilateral constraints and occurs in particular
for combinations of impact contacts and sprag clutches, such as in the slide-push mechanism
that will be presented in Sect. 9.1. Additional conditions, under which the completely elastic
impact indeed leads to energy conservation W = 0 will be presented in Sect. 8.3, in which
the equivalence of Newtonian and Poisson impacts is addressed.

5.2.5 Completely inelastic impact

We call an impact to be completely inelastic iff all impact coefficients are equal to zero,
i.e., if ε = 0 in (124). A completely inelastic impact is therefore a special case of equal
impact coefficients, which by itself is a special case of similar impact coefficients, and is
always energetically consistent. Moreover, a completely inelastic impact is a special case of
small impact coefficients with εmax = 0, for which (121) always holds true. With ε = 0 and
� = �(+) according to (42), the contact work (125) becomes

W = −1

2
�(+)TG�(+) − 1

2
�(−)TG�(−) + �(+)Tγγγ+ + �(−)Tγγγ◦. (127)

A completely inelastic impact terminates already after the compression phase, which will be
shown in Sect. 8.3. As a consequence, the decompression impulsive forces �(+) are equal to
zero, by which the impact work (127) simplifies to

W = −1

2
�(−)TG�(−) + �(−)Tγγγ◦. (128)

This result is the same as if a Newtonian impact is processed with all of its impact coeffi-
cients equal to zero, εi = 0, which will formally be verified in Sect. 8.
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6 Energetic consistency for frictionless systems

In this section, we prove the energetic consistency of Poisson impacts for frictionless sys-
tems under the standard restriction |εi | ≤ 1 on the impact coefficients. Allowed in the system
is any number and any combination of frictionless bilateral or unilateral geometric or kine-
matic constraints, i.e., any combination of the impact elements from Sect. 4.1. The original
version [51] of this proof is geometrically driven and covers the two types of unilateral
constraints.

In order to proof the above assertion, we need the impact equations for compression and
decompression from (40),

M
(
u◦ − u−) = W�(−), M

(
u+ − u◦) = W�(+), (129)

as well as two auxiliary velocities u♦ and u�, which are implicitly defined by

M
(
u♦ − u◦) = W�(−), M

(
u� − u◦) = Wεεε�(−). (130)

By looking at (130) as kind of impact equations for decompression, u♦ would be the post-
impact velocity that would be obtained if the decompression impulse would equal the com-
pression impulse �(−), and u� would be the post-impact velocity obtained by a decompres-
sion impulse εεε�(−) equal to the one in the classical Poisson setting.

We will further need that the two velocities u♦ and u− are of equal length in the kinetic
metric, ‖u♦‖M = ‖u−‖M or, in other words that

u♦T
Mu♦ = u−TMu−. (131)

In order to show (131), we take the left equation in (129) and in (130), and build their sum
and their difference,

M
(
u♦ − u−) = 2W�(−), u♦ + u− = 2u◦. (132)

The left equation in (132) is now multiplied with the right equation, which yields

(
u♦ + u−)T

M
(
u♦ − u−) = 4u◦TW�(−). (133)

With the help of γγγ◦ = WTu◦ from (41), one finally obtains

u♦T
Mu♦ − u−TMu− = 4γγγ◦T�(−). (134)

Written as a sum, the right-hand side of (134) consists of terms γ ◦
i Λ

(−)

i , which all are equal
or less than zero by (38) and ξ ◦

i = γ ◦
i . For the (frictionless) impact elements in Sect. 4.1,

they are even equal to zero, which can be verified by the left diagrams in Figs. 3 and 4. We
therefore obtain γγγ◦T�(−) = 0 in (134), and the equality (131) is verified.

To prove now the energetic consistency for frictionless systems, the post-impact kinetic
energy T + is written by a telescopic expansion as

2T + = u+TMu+

= u+TM
(
u+ − u�

) + u+TMu�

= u+TM
(
u+ − u�

) + u+TM
(
u� − u♦) + u+TMu♦. (135)
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The first summand in the last line is now rewritten with the help of the right equations
in (129) and (130) as

u+TM
(
u+ − u�

) = u+TW
(
�(+) − εεε�(−)

) = u+TW� = γγγ+T
� = 0, (136)

where we have also used � = �(+) − εεε�(−) from (42) and γγγ+ = WTu+ from (41). The
last statement, γγγ+T

� = 0, follows from the right inequality in (38), which holds in our
(frictionless) case again as an equality by the right diagrams in Figs. 3 and 4. For the second
summand in the last line of (135), we obtain by (130)

u+TM
(
u� − u♦) = u+TW

(
εεε�(−) − �(−)

) = γγγ+T
(εεε − I)�(−) (137)

where we have again used γγγ+ = WTu+ from (41). Expanded into a sum, it can be written as

u+TM
(
u� − u♦) =

n∑

i=1

−(1 − εi)γ
+
i Λ

(−)

i ≤ 0. (138)

The inequality follows from the facts that (1 − εi) ≥ 0 by the standard restriction on εi , and
that γ +

i Λ
(−)

i ≥ 0 for the impact elements considered here: For the unilateral constraints, we
have Λ

(−)

i ≥ 0 and γ +
i ≥ 0 according to Fig. 3, whereas γ +

i = 0 applies by Fig. 4 for the
bilateral constraints.

With the help of (136) and (138), one obtains now from the first and the last line of (135)
the relation

u+TMu+ ≤ u+TMu♦, (139)

where the second member in (139) can be estimated by the Cauchy–Schwartz inequality as

u+TMu♦ ≤
√

u+TMu+ ·
√

u♦TMu♦. (140)

The inequalities (139) and (140), together with (131), finally lead to

u+TMu+ ≤
√

u+TMu+ ·
√

u−TMu−, (141)

which shows by (98) energetic consistency in the form

T + ≤ √
T + · √T − ⇒ T + ≤ T −. (142)

For Newtonian impacts [27], unilateral geometric and kinematic constraints in already the
most elementary combination have been shown to generate a disastrous increase in the ki-
netic energy. In contrast, energetic consistency can be assured by (142) in full generality
for frictionless systems when Poisson’s impact law is applied. The slide-push mechanism
from [27], for which Newton’s impact law failed so dramatically, will be reconsidered in
Sect. 9.1 to demonstrate energetic consistency under Poisson’s law.

7 Energetic consistency for one frictional contact

By the famous example of Kane in [28] and [29], it is known that already one single fric-
tional contact in a multibody system may lead to an energy increase if the collision is pro-
cessed by Newton’s impact law. This is not the case for Poisson’s impact law, which we will
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prove in this section and later demonstrate on the said example. Allowed in the proof is one
geometric unilateral constraint, addressed by the lower index N for “normal,” together with
one of the friction elements from Sect. 4.2, addressed by the lower index T for “tangential.”
The proof itself is quite labor-intensive and is therefore split into five steps:

1. All relations which are relevant for the proof are put together in Sect. 7.2. Furthermore,
two auxiliary velocities uN and uT are introduced, on which the following estimations
are based.

2. In Sect. 7.3, we will shown that the generalized post-impact velocities fulfill for εT ≥ εN

the inequality ‖u+‖M ≤ ‖uT ‖M.
3. In Sect. 7.4, we will shown that the generalized post-impact velocities fulfill for εT ≤ εN

the inequality ‖u+‖M ≤ ‖uN‖M, provided that a certain term A is nonpositive.
4. In Sect. 7.5, we will prove the two inequalities ‖uT ‖M ≤ ‖u−‖M and ‖uN‖M ≤ ‖u−‖M,

and will deduce from them energetic consistency T + ≤ T −.
5. We will prove in Sect. 7.6 that the assumption A ≤ 0 made in step 3 indeed applies for

all the Coulomb-type impact elements from Sect. 4.2. The proof is based on Fenchel’s
inequality from convex analysis, and requires certain indicator and support functions. Al-
ternatively, one can show the same by case distinction, but only for the one-dimensional
Coulomb friction element from Sect. 4.2.1, which is performed in Sect. 7.7.

The material from Sects. 7.3, 7.4, 7.5, and 7.7 is taken from the master thesis [51], in which
this proof has originally and for a first time been developed for the one-dimensional fric-
tion element. The extension to spatial situations requires Fenchel’s inequality, which can be
found in detail in [47], and which is briefly summarized in the following, as far as needed.
The proof cannot be extended to general situations, as we will see by the counterexample of
Sect. 10.

7.1 Fenchel’s inequality

Let f (x) be a proper, lower semi-continuous convex function and f �(x�) its conjugate.
Between f and f � holds Fenchel’s inequality,

xTx� ≤ f (x) + f �
(
x�

) ∀x, ∀x�. (143)

If x� is in addition a subgradient of f at x or, in other words, an element of the subdifferential
∂f (x), then (143) applies even as an equality,

x� ∈ ∂f (x) ⇔ xTx� = f (x) + f �
(
x�

)
. (144)

We choose now f (x) = IC (x) in (143), where IC (x) is the indicator function of the closed
convex set C , defined by IC (x) = 0 if x ∈ C and IC (x) = +∞ else. After having evaluated
the indicator, Fenchel’s inequality becomes

xTx� ≤ I �
C

(
x�

) ∀x ∈ C , ∀x�. (145)

The function I �
C (x�) in (145) is the conjugate of the indicator and is called the support

function of C . By knowing that the subdifferential of the indicator equals the normal cone,
Fenchel’s equality (144) can be written for the case of indicator functions and x ∈ C as

x� ∈ ∂IC (x) = NC (x) ⇔ xTx� = I �
C

(
x�

)
. (146)

Relations (145) and (146) will be used in Sect. 7.6 to complete the energy proof for arbitrary
Coulomb type sets as introduced in Sect. 4.2.
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7.2 Problem setting

For the sake of clarity, the main equations for the proof are collected in this section, and
equipped with the special notation for a frictional contact. We denote by ΛN the impulsive
force in the normal direction of the frictional contact, and by wN the generalized force
direction associated with it. The impact laws for compression (31), (32) and decompression
(35), (36) for the unilateral geometric constraint are in this section written as

compression: γ ◦
N ∈ N

R
−
0

(−Λ
(−)

N

)
, (147)

decompression: γ +
N ∈ N

R
−
0
(−ΔN), (148)

ΔN = Λ
(+)

N − εNΛ
(−)

N . (149)

Depending on the dimension m of the frictional impact law, the impulsive tangential forces
are denoted as �T = (Λ1T . . .ΛmT )T, and their generalized force directions are collected in
the matrix WT = (w1T . . .wmT ). The impact laws, together with the definition of the sets
C (−)

T and DT for Coulomb type sets according to (61) and (65), are written as

compression: γγγ◦
T ∈ N

C
(−)
T

(−�(−)

T

)
, (150)

C (−)

T = Λ
(−)

N AT , (151)

decompression: γγγ+
T ∈ NDT

(−�T ), (152)

DT = (
Λ

(+)

N − εT Λ
(−)

N

)
AT , (153)

�T = �(+)

T − εT �(−)

T . (154)

In the following sections, we also will frequently use the inequality

Λ
(+)

N ≥ εNΛ
(−)

N , (155)

which derives from ΔN ≥ 0 in (149) and (148). We further need the impact equations for
compression and decompression from (40), which take for our case of one unilateral geo-
metric constraint and one Coulomb type element the form

M
(
u◦ − u−) = wNΛ

(−)

N + WT �(−)

T , (156)

M
(
u+ − u◦) = wNΛ

(+)

N + WT �(+)

T . (157)

In addition, two auxiliary velocities uT and uN will be used, which are implicitly defined as

M
(
uT − u◦) = εT

(
wNΛ

(−)

N + WT �(−)

T

)
, (158)

M
(
uN − u◦) = εN

(
wNΛ

(−)

N + WT �(−)

T

)
. (159)

The energy proof can be performed already within the standard restriction |εN,T | ≤ 1, such
that the additional requirement εT ≤ εN from Table 1 is not needed here.

7.3 Show ‖u+‖M ≤ ‖uT ‖M for εT ≥ εN

In order to show ‖u+‖M ≤ ‖uT ‖M for εT ≥ εN , some basic manipulations on the double
post-impact kinetic energy u+TMu+ are required to bring it into a suitable form,
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u+TMu+ = u+TMuT + u+TM
(
u+ − u◦) + u+TM

(
u◦ − uT

)

(158)= u+TMuT + u+TM
(
u+ − u◦) − u+T(

εT wNΛ
(−)

N + εT WT �(−)

T

)

(157)= u+TMuT + u+T(
wNΛ

(+)

N + WT �(+)

T − εT wNΛ
(−)

N − εT WT �(−)

T

)

(154)= u+TMuT + u+T(
wNΛ

(+)

N − εT wNΛ
(−)

N + WT �T

)

(149)= u+TMuT + u+T(
(εN − εT )wNΛ

(−)

N + wNΔN + WT �T

)

(34)= u+TMuT + (εN − εT )γ +
N Λ

(−)

N + γ +
N ΔN + γγγ+

T

T
�T . (160)

For the right three summands in the last line of (160), we have (εN − εT ) ≤ 0 by assumption,
γ +

N ≥ 0 and Λ
(−)

N ≥ 0 by Fig. 3, γ +
N ΔN = 0 by (50), and γγγ+

T

T
�T ≤ 0 by the standard property

(38). With all these summands less than or equal to zero, we conclude that

u+TMu+ ≤ u+TMuT ≤
√

u+TMu+ ·
√

uT
T MuT , (161)

where the second term has in addition been estimated by the Cauchy–Schwartz inequality.
We finally obtain from (161) that

u+TMu+ ≤ uT
T MuT for εT ≥ εN, (162)

which is the result that has to be proven.

7.4 Show ‖u+‖M ≤ ‖uN‖M for εT ≤ εN

Basically the same operations are needed as in (160) to bring u+TMu+ for εT ≤ εN into a
form suitable for further analysis. The only difference is that (159) is used instead of (158),

u+TMu+ = u+TMuN + u+TM
(
u+ − u◦) + u+TM

(
u◦ − uN

)

(159)= u+TMuN + u+TM
(
u+ − u◦) − u+T(

εN wNΛ
(−)

N + εN WT �(−)

T

)

(157)= u+TMuN + u+T(
wNΛ

(+)

N + WT �(+)

T − εN wNΛ
(−)

N − εN WT �(−)

T

)

(149)= u+TMuN + u+T(
wNΔN + WT �(+)

T − εN WT �(−)

T

)

(154)= u+TMuN + u+T(
wNΔN + WT �T − (εN − εT )WT �(−)

T

)

(34)= u+TMuN + γ +
N ΔN + γγγ+

T

T
�T − (εN − εT )γγγ+

T

T
�(−)

T . (163)

Again, the right three summands in the last line are checked for nonpositiveness. As in (160),
we have γ +

N ΔN = 0. For the remaining terms,

A := γγγ+
T

T
�T − (εN − εT )γγγ+

T

T
�(−)

T with εT ≤ εN, (164)

however, we cannot immediately deduce that they are less than or equal to zero. We will
leave this to Sect. 7.6, in which we will show that A ≤ 0 indeed holds true. By anticipating
this result, we now conclude that

u+TMu+ ≤ u+TMuN ≤
√

u+TMu+ ·
√

uT
N MuN, (165)
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where we have again used the Cauchy–Schwartz inequality to relate the left to the right
expression. We finally obtain

u+TMu+ ≤ uT
N MuN for εT ≤ εN , (166)

which completes this part of the proof.

7.5 Show ‖uN‖M ≤ ‖u−‖M and ‖uT ‖M ≤ ‖u−‖M

We first show that ‖uN‖M ≤ ‖u−‖M. By performing some basic operations on the quadratic
difference of the two terms involved, we obtain

uT
N MuN − u−TMu− = (

uN + u−)T
M

(
uN − u−)

= (
uN + u−)T(

M
(
uN − u◦) + M

(
u◦ − u−))

(156)= (
uN + u−)T(

M
(
uN − u◦) + (

wNΛ
(−)

N + WT �(−)

T

))

(159)= (
uN + u−)T(

(1 + εN)
(
wNΛ

(−)

N + WT �(−)

T

))

= (1 + εN)
(
uN + u−)T

W�(−), (167)

where we have used in the last line the abbreviations

W := (
wN WT

)
, �(−) :=

(
Λ

(−)

N

�(−)

T

)

. (168)

We eliminate now the term (uN + u−) from the last line of (167). For this, we take uN

from (159) and u− from (156), both equipped with the abbreviation (168),

uN = u◦ + εN M−1W�(−), u− = u◦ − M−1W�(−) (169)

and build their sum as

uN + u− = 2u◦ − (1 − εN)M−1W�(−). (170)

By substituting (170) into the last line of (167) and again performing some basic manipula-
tions on the resulting term, we get

uT
N MuN − u−TMu− = (1 + εN)

(
2u◦ − (1 − εN)M−1W�(−)

)T
W�(−)

= 2(1 + εN)u◦TW�(−) − (
1 − ε2

N

)
�(−)TWTM−1W�(−)

(44)= 2(1 + εN)u◦TW�(−) − (
1 − ε2

N

)
�(−)TG�(−)

(168)= 2(1 + εN)
(
u◦TwNΛ

(−)

N + u◦TWT �(−)

T

) − (
1 − ε2

N

)
�(−)TG�(−)

(34)= 2(1 + εN)
(
γ ◦

NΛ
(−)

N + γγγ◦
T

T�(−)

T

) − (
1 − ε2

N

)
�(−)TG�(−). (171)

For the summands in the last line of (171), we have γ ◦
NΛ

(−)

N = 0 by the left diagram in
Fig. 3, γγγ◦

T
T�(−)

T ≤ 0 by the standard property (38) for compression, where γγγ◦
T = ξξξ◦

T , and
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�(−)TG�(−) ≥ 0 because G is positive semidefinite. With |εN | ≤ 1, the whole right-hand
side of (171) is less than or equal to zero, and we can deduce that

uT
N MuN ≤ u−TMu−. (172)

In order to show the second assertion,

uT
T MuT ≤ u−TMu−, (173)

precisely the same steps as in (167)–(171) have to be performed, but with (uT , εT ) instead
of (uN, εN), and with (158) in (167) instead of (159).

Finally, we combine the two inequalities (162) and (173), and in the same way the two
inequalities (166) and (172), to obtain

u+TMu+ ≤ uT
T MuT ≤ u−TMu− for εT ≥ εN ,

u+TMu+ ≤ uT
N MuN ≤ u−TMu− for εT ≤ εN .

(174)

By the inequalities between the utmost left and right terms in (174), we see that energetic
consistency applies,

T + ≤ T −, (175)

independent of whether εT ≥ εN or the reverse. We therefore have shown that one frictional
contact within an arbitrary multibody system is always energetically consistent under the
standard restriction |εN,T | ≤ 1 when processed with Poisson’s inequality impact law.

7.6 Prove that A ≤ 0 for general Coulomb type sets

To complete the proof, it remains to show that A in (164) is indeed less than or equal to zero.
The term A consists of a difference,

A = �T
T γγγ+

T − (εN − εT )�(−)

T

Tγγγ+
T with εT ≤ εN, (176)

formed by two duality pairings with one of the vectors in each pairing being γγγ+
T . The other

vectors are −�T and −(εN − εT )�(−)

T , respectively. By (152), we have implicitly that

−�T ∈ DT . (177)

Furthermore, (152) relates γγγ+
T and −�T by a normal cone inclusion, which may equivalently

be stated by the associated support function as

γγγ+
T ∈ NDT

(−�T ) = ∂IDT
(−�T ) ⇔ −�T

T γγγ+
T = I �

DT

(
γγγ+

T

)
, (178)

thanks to Fenchel’s equality (146). If we can now show that

−(εN − εT )�(−)

T ∈ DT , (179)

we may afterward apply Fenchel’s inequality (145) on the pairing −(εN −εT )�(−)

T

Tγγγ+
T , relate

the resulting expression to (178), and deduce from them A ≤ 0. In order to show (179), we
start with −�(−)

T ∈ C (−)

T from (150), and apply (151),

−�(−)

T ∈ C (−)

T

(151)= Λ
(−)

N AT . (180)
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Both sides of (180) are now multiplied with the nonnegative number (εN − εT ), and further
processed with the inequality (155) and the definition of DT in (153),

−(εN − εT )�(−)

T ∈ (εN − εT )Λ
(−)

N AT

= (
εNΛ

(−)

N − εT Λ
(−)

N

)
AT

(155)⊆ (
Λ

(+)

N − εT Λ
(−)

N

)
AT

(153)= DT , (181)

which already yields the desired result (179). As a consequence, Fenchel’s inequality (145)
applies in the form

−(εN − εT )�(−)

T

Tγγγ+
T ≤ I �

DT

(
γγγ+

T

)
. (182)

We take now Eq. (182) and subtract from it the right equation in (178) to obtain

−(εN − εT )�(−)

T

Tγγγ+
T + �T

T γγγ+
T ≤ I �

DT

(
γγγ+

T

) − I �
DT

(
γγγ+

T

) = 0. (183)

By comparing this expression with (176), we see that

A ≤ 0, (184)

which is the desired result that we were going to prove.

7.7 Prove that A ≤ 0 for one-dimensional friction

The kinematic step constraint of Coulomb type from Sect. 4.2.1 is the simplest special case
of the frictional impact elements presented in Sect. 4.2. As a one-dimensional impact el-
ement, the inequality (184) can easily be derived by case distinction as done in [51], and
the more involved approach via the support functions as necessary for the two-dimensional
friction laws can be avoided: According to (73), the set DT needed in the impact law is

DT = μ
(
Λ

(+)

N − εT Λ
(−)

N

)[−1,1], (185)

and A from (176) reduces for this case to

A = ΔT γ +
T − (εN − εT )Λ

(−)

T γ +
T . (186)

In order to prove now A ≤ 0, we start with the case γ +
T = 0, which immediately yields

γ +
T = 0 ⇒ A = 0. (187)

For γ +
T �= 0, we see from (75) that ΔT is either one of the two boundary points of DT ,

|ΔT | = μ
(
Λ

(+)

N − εT Λ
(−)

N

)
, (188)

which leads with Λ
(+)

N ≥ εNΛ
(−)

N from (155) to the inequality

|ΔT | ≥ μ
(
εNΛ

(−)

N − εT Λ
(−)

N

)
. (189)
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Furthermore, we see from the left diagram in Fig. 5 that μΛ
(−)

N ≥ |Λ(−)

T |, such that (189) can
now be estimated as

|ΔT | ≥ (εN − εT )
∣
∣Λ(−)

T

∣
∣. (190)

In a next step, we multiply both sides of (190) with |γ +
T |,

|ΔT |∣∣γ +
T

∣∣ ≥ (εN − εT )
∣∣Λ(−)

T

∣∣∣∣γ +
T

∣∣, (191)

and take into account that |a||b| = |ab|,
∣∣ΔT γ +

T

∣∣ ≥ (εN − εT )
∣∣Λ(−)

T γ +
T

∣∣. (192)

We further see by (75) that ΔT γ +
T ≤ 0. As a consequence, |ΔT γ +

T | = −ΔT γ +
T , which turns

(192) into

−ΔT γ +
T ≥ (εN − εT )

∣∣Λ(−)

T γ +
T

∣∣. (193)

We eliminate now ΔT γ +
T with the help of (186) to get

−A − (εN − εT )Λ
(−)

T γ +
T ≥ (εN − εT )

∣∣Λ(−)

T γ +
T

∣∣ (194)

or, after having brought everything except of A to the right-hand side,

A ≤ −(εN − εT )
(
Λ

(−)

T γ +
T + ∣∣Λ(−)

T γ +
T

∣∣). (195)

The last term on the right is of the form x + |x| ≥ 0. We further have by (166) that εT ≤ εN ,
hence A ≤ 0. By summarizing the steps (189)–(100), we have therefore shown that

γ +
T �= 0 ⇒ A ≤ 0, (196)

which, together with (188), completes the proof.

8 On the equivalence of Newton’s and Poisson’s impact law

For coupled problems with more than one impact element, Newton’s and Poisson’s impact
law may behave essentially different. There is, however, at least one case for which both
impact laws can be related to each other, namely if their impact coefficients are all the same.
For systems with only geometric unilateral constraints, the equivalence of Newton’s and
Poisson’s impact law has already been shown in [24] by a geometrically inspired proof. In
the following, we generalize this idea to arbitrary impact elements as presented in Sect. 4.
Let therefore be

ε := ε1 = · · · = εn = ε1 = · · · = εn, (197)

where εi denotes the Poisson impact coefficients in (35), and εi the Newtonian impact coef-
ficients in (14). For the Newtonian impact, we need (14) and (15) together with the impact
equation in local coordinates,

γγγ+
N − γγγ− = G�, ξξξ = γγγ+

N + εγγγ−, ξξξi ∈ NCi
(−�i ). (198)

where the left equation in (198) results from (12) together with (13) as shown in [27]. Fur-
thermore, we have equipped the Newtonian post-impact relative velocities γγγ+

N with a lower
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index N to distinguish them from the Poisson post-impact relative velocities, which will
henceforth be denoted by γγγ+

P . For the Poisson impact, we need (43) and (42), as well as the
impact laws (32) and (36),

γγγ◦ − γγγ− = G�(−), ξξξ◦ = γγγ◦, ξξξ◦
i ∈ N

C
(−)
i

(−�(−)

i

)
, (199)

γγγ+
P − γγγ◦ = G�(+), � = �(+) − ε�(−), γγγ+

P i ∈ NDi
(−�i ). (200)

Note that we already have used (197) to express in (198) and (200) the various impact
coefficients by their common one, ε. In the following, we derive some conditions under
which (198) is equivalent to (199) and (200) in the sense that both impact problems terminate
with the same post-impact relative velocities γγγ+

N = γγγ+
P under the same overall impulsive

forces � = �(−) + �(+). The proof is done in accordance with the energetic restrictions of
the Newtonian impact coefficients −1 < ε ≤ 1, which have been derived in [27].

8.1 Compression

In this section, we relate Poisson’s compression phase (199) to the Newtonian impact (198).
We assume that all magnitudes in (198) are known and set

�(−) := 1

1 + ε
� and ξξξ◦ := 1

1 + ε
ξξξ (201)

for the terms in Poisson compression phase (199). We show now that (�(−),ξξξ◦) according
to (201) is a indeed solution of (199), if (198) holds.

We start by verifying the first two equations in (199). To do this, the relative velocity γγγ+
N

is eliminated from the first equation in (198) with the help of the second equation, which
gives

ξξξ − (1 + ε)γγγ− = G�. (202)

We divide now both sides of (202) by (1 + ε),

1

1 + ε
ξξξ − γγγ− = 1

1 + ε
G�, (203)

and rewrite the resulting expression together with (201) as

ξξξ◦ − γγγ− = G�(−), (204)

which already proves the first two equations in (199).
It remains to show that Poisson’s impact law for compression, i.e., the inclusion to the

right of (199), follows from Newton’s impact law in (198) if (201) applies. The object
NCi

(−�i ) in Newton’s impact law is the normal cone to Ci at −�i , i.e., a cone K , ful-
filling αx ∈ K whenever x ∈ K and α > 0 by definition. We therefore may multiply ξξξi

in the normal cone inclusion (198) by any positive number and state Newton’s impact law
equivalently as

1

1 + ε
ξξξi ∈ NCi

(−�i ). (205)

In the next step, we use that the normal cone remains invariant under positive scaling
α > 0 of the associated convex set and its elements, NC (x) = NαC (αx), which immediately
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follows from its definition. We scale now both the set Ci and the argument −�i in (205) by
again the same positive number and obtain

1

1 + ε
ξξξi ∈ N 1

1+ε
Ci

(
− 1

1 + ε
�i

)
. (206)

By using (201), this inclusion can now be written as

ξξξ◦
i ∈ N 1

1+ε
Ci

(−�(−)

i

)
, (207)

which is Poisson’s impact law for compression in (199), provided that 1
1+ε

Ci ≡ C (−)

i . The
latter condition has to be shown for the two types of impact elements from Sect. 4. These
are the closed convex cones from Sect. 4.1, for which it immediately applies by the first
paragraph of the said section, and the Coulomb type sets from Sect. 4.2. For them, we have
by (61) that C (−)

i = Λ
(−)

k Ai , where Λ
(−)

k = 1
1+ε

Λk by (201). As a consequence, we obtain that
C (−)

i = 1
1+ε

ΛkAi , which gives together with ΛkAi = Ci from (58) the desired equality.
By summarizing the result of the above proof, we have shown that (ξξξ◦,�(−)) = 1

1+ε
(ξξξ,�)

solves Poisson’s phase of compression (199), if (ξξξ,�) is a solution of Newton’s impact
problem (198) and vice versa, since all steps in the proof can be reversed.

8.2 Decompression

For the second part of the proof, we assume that both the Newtonian impact problem (198)
and Poisson’s compression phase (199) are satisfied under the relations (201). For the de-
compression impulsive force, we set

�(+) := ε

1 + ε
�, (208)

and derive now the conditions under which it solves the Poisson decompression phase (200).
We first determine the value of γγγ+

P in the left equation of (200). For this, we add the left
equations in (199) and (200), substitute �(−) and �(+) from (201) and (208), and compare
the result with the left equation in (198),

γγγ+
P − γγγ− = G

(
�(−) + �(+)

) = G
(

1

1 + ε
� + ε

1 + ε
�

)
= G� = γγγ+

N − γγγ−. (209)

We obtain

γγγ+
P = γγγ+

N =: γγγ+, (210)

i.e., that the Newtonian and Poisson post-impact relative velocities are equal to each other,
which we denote in the sequel by γγγ+.

In a final step, we have to make sure that the decompression impulsive force (208) that
was shown to provide equal post-impact velocities (210) does not conflict with Poisson’s
impact law for decompression in the right expression of (200). For this, we calculate �

from the second equation in (200) as

� = ε

1 + ε
� − ε

1 + ε
� = 0, (211)
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where we have again used (201) and (208). With the help of the second equation in (198)
and (211), Newton’s and Poisson’s impact laws from the right expression of (198) and (200)
may now be written as

γγγ+
i ∈ NCi

(−�i ) − εγγγ−
i , γγγ+

i ∈ NDi
(0). (212)

The assumed decompression impulse �(+) from (208) is compatible with Poisson’s impact
law if the resulting set NDi

(0) does not further restrict the set NCi
(−�i ) − εγγγ−

i from New-
ton’s impact law, to which γγγ+

i belongs. We therefore have to investigate the conditions under
which

NCi
(−�i ) − εγγγ−

i ⊆ NDi
(0) (213)

holds true for every type of impact elements, which we are going to check now.
For the unilateral constraints, we have by (48) and (49) that Ci = Di = R

−
0 . With

N
R

−
0
(0) = R

+
0 , inclusion (213) takes the form N

R
−
0
(−Λi) − εγ −

i ⊆ R
+
0 . We further have

that N
R

−
0
(−Λi) ⊆ R

+
0 for any Λi ≥ 0, with N

R
−
0
(−Λi) = R

+
0 as the most restrictive case for

the above inclusion. From R
+
0 − εγ −

i ⊆ R
+
0 , we deduce that

εγ −
i ≤ 0 (214)

is a sufficient condition for (213) to hold. For the bilateral constraints, we have by (53)
and (54) that Ci = Di = R. With NR(·) ≡ {0} independent on the argument, inclusion (213)
becomes {0} − εγ −

i ⊆ {0} and apparently holds only true if

εγ −
i = 0. (215)

For all Coulomb type elements, we have by (201) and (208) that Λ
(+)

k = εΛ
(−)

k for the asso-
ciated geometric unilateral constraints. As a consequence, we obtain Di = {0} by (66), and
the inclusion (213) becomes NCi

(−�i ) − εγγγ−
i ⊆ N{0}(0). For one-dimensional friction, {0}

has to be considered as a subset of R, which yields N{0}(0) = R and NCi
(−Λi)− εγ −

i ⊆R,
which is always true. For the two-dimensional cases of isotropic and orthotropic friction, {0}
has to be considered as a subset of R2, which yields N{0}(0) = R

2, with again no restrictions
on the values of εγγγ−

i in (213).

8.3 Summary

We have shown the equivalence of Newton’s and Poisson’s impact law for equal impact
coefficients if the conditions (214) and (215) on the preimpact relative velocities γ −

i of
the unilateral and bilateral constraints are met. In particular, we can draw the following
conclusions:

1. Completely inelastic impact ε = 0: For this case, conditions (214) and (215) always
apply, and the two impact laws are therefore always equivalent. Moreover, we see
from (208) that �(+) = 0, which means by the first equation of (200) that γγγ+ = γγγ◦.
In other words, the Poisson impact terminates already after the phase of compression,
and the phase of decompression leaves all the compression magnitudes unchanged by
�(+) = 0.

2. Impacts with ε �= 0 under kinematic and kinetic consistency: In order to comply with
(215), all geometric and kinematic bilateral constraints have to provide kinematically
admissible pre-impact relative velocities γ −

i = 0. The situation is more involved for the
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unilateral constraints. According to Table 1, the values of their impact coefficients are re-
stricted to 0 ≤ ε ≤ 1 for Poisson’s impact law. For Newton’s impact law, kinematic con-
sistency requires 0 ≤ ε ≤ 1 for the geometric unilateral constraints, and −1 < ε ≤ 0 for
the kinematic unilateral constraints, as seen from Table 1 in [27]. As a consequence, the
Poisson and the Newtonian impact coefficient of the kinematic unilateral constraints can
never be set equal to each other, because their admissible ranges do not provide any com-
mon values except of zero. For the geometric unilateral constraints, we have 0 ≤ ε ≤ 1 for
both impact models, from which kinematically admissible preimpact relative velocities
γ −

i ≤ 0 follow in (214). We conclude that Newton’s and Poisson’s impact law are equiva-
lent for equal restitution coefficients ε �= 0 under kinematic and kinetic consistency, if all
bilateral and all geometric unilateral constraints are initialized with kinematically admis-
sible preimpact relative velocities, and if no kinematic unilateral constraints are present.

3. Completely elastic impact ε = 1: As a special case of the above, kinematic unilateral
constraints have again to be excluded. Furthermore, we see from (201) and (208) that
�(−) = �(+) = 1

2 �, by which the first two summands in (126) vanish. Together with the
results from Sect. 5.2.4, we may now summarize the conditions under which a Pois-
son impact is sufficiently energy preserving: Allowed are arbitrary combinations of all
the impact elements from Sect. 4, with the only exception of the kinematic unilateral
constraint. All impact coefficients have to be equal to one. All geometric and kinematic
bilateral constraints, as well as all geometric unilateral constraints have to be initialized
with kinematically admissible preimpact relative velocities. In addition, the friction coef-
ficients of all Coulomb-type elements have to be chosen big enough, such that the Poisson
impact terminates in the stick regime. Under these conditions, we obtain conservation of
kinetic energy W = 0 in (126), and the post-impact state is the same as for Newton’s
impact law.

The fact that kinematic unilateral constraints have to be excluded for ε �= 0 in the above proof
is very natural and is caused by the superiority of Poisson’s impact law. As it has been shown
in [27], Newton’s impact law may dramatically fail in the presence of kinematic unilateral
constraints. Supposed that Poisson’s law does a better job, the resulting post-impact state
can not be the same as the one obtained by Newton’s law. Conservation of energy for ε = 1
in the presence of kinematic unilateral constraints is in general not possible. This will be
shown by the slide-push mechanism in Sect. 9.1.

9 Examples

In this section, three different examples are discussed. For all of them, the concept of New-
tonian impacts fails, whereas Poisson’s approach does at least not lead to obvious contradic-
tions with the expected results. Throughout all the examples, the concept of an appropriate
“ansatz” is used, which merely means that a particular state of the impact law is anticipated
and afterward verified by doing the necessary calculations. Sometimes, the ansatz in the
examples is physically reasoned, sometimes it appears just out of the sky. We do not check
whether another ansatz might lead to a solution as well, which is left for the reader. In other
words, we do not touch in this article the question of uniqueness of solutions. We know,
however, about the uniqueness of the post-impact generalized velocities for the examples
without Coulomb type friction, because the underlying mathematical structure is that of a
strictly convex quadratic program.
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9.1 The slide-push mechanism

The slide-push mechanism has been introduced in [27] to demonstrate that energetic incon-
sistency for Newtonian impacts already may occur in the presence of one geometric and
one kinematic unilateral constraint. As depicted in Fig. 9, the mechanism consists of two
bodies with mass m, a hard contact between body 1 and the environment, and a sprag clutch
between body 1 and body 2. The sprag clutch is arranged such that the two bodies can move
away from each other, but not approach each other. The restitution coefficient of the hard
contact is εA = 1, whereas the impact parameter of the sprag clutch is left open within the
formerly derived restrictions 0 ≤ εB ≤ 1. The inertial positions of the masses are denoted by
x1 and x2, and the relative velocities in the impact elements by γA and γB . Furthermore, we
set u1 := ẋ1 and u2 := ẋ2 for the generalized velocities.

In contrast to [27], the system is now treated with Poisson’s impact law, for which it has
to be formulated according to (40)–(42). We set up the generalized velocities u, the relative
velocities γγγ , and the impulsive forces � as in [27], and introduce the auxiliary variables �

accordingly,

u =
(

u1

u2

)
, γγγ =

(
γA

γB

)
, � =

(
ΛA

ΛB

)
, � =

(
ΔA

ΔB

)
. (216)

By this setting, we obtain from the impact equations in [27] the same expressions for
the mass matrix M, the generalized force directions W, and the Delassus operator G =
WTM−1W. Together with the impact coefficient matrix εεε in (42), they are

M =
(

m 0
0 m

)
, W =

(
1 −1
0 1

)
, G = 1

m

(
1 −1

−1 2

)
, εεε =

(
1 0
0 εB

)
,

(217)
which completes the mathematical description of the problem, up to the impact laws. The
kinetic energy T of the system is

T = 1

2
mu2

1 + 1

2
mu2

2. (218)

It will later be used to check the impact for energetic consistency when it is processed by
Poisson’s law.

For the preimpact configuration, we assume as in [27] that body 1 is moving with ve-
locity v towards the wall, whereas body 2 is at rest, causing the sprag clutch to work in its
unconstrained direction. The preimpact generalized and relative velocities therefore are

u− =
(−v

0

)
, γγγ− =

(−v

v

)
, (219)

which can directly be verified from Fig. 9. In order to solve the compression phase, the
associated impact laws have to be evaluated together with the left equation in (45). The

Fig. 9 The slide-push
mechanism, consisting of one
geometric unilateral constraint
and one kinematic unilateral
constraint
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latter is γγγ◦ = G�(−) + γγγ− and can be brought with the help of (217) and (219) to the explicit
form

(
γ ◦

A

γ ◦
B

)
= 1

m

(
1 −1

−1 2

)(
Λ

(−)

A

Λ
(−)

B

)

+
(−v

v

)
. (220)

Driven by the maximum dissipation property of the compression phase, we take γγγ◦ = 0 as
an ansatz, solve with it (220) for �(−),

γγγ◦ =
(

0
0

)
, �(−) =

(
mv

0

)
, (221)

and verify afterward that this result is in accordance with the compression impact law from
the left diagram in Fig. 3. The latter may mathematically be expressed by the inequality-
complementarity conditions γ ◦

i ≥ 0, Λ
(−)

i ≥ 0, and γ ◦
i Λ

(−)

i = 0, which are indeed satisfied
by each pair of components in (221). As a result, the system is in standstill after compres-
sion, realized by only the impulsive force Λ

(−)

A = mv between body 1 and the environment,
whereas the impulsive force in the sprag clutch is equal to zero, Λ

(−)

B = 0.
The decompression phase is driven by γγγ+ = G�+ (Gεεε�(−) +γγγ◦) from the right equation

in (45), which gives together with (217) and (221)

(
γ +

A

γ +
B

)

= 1

m

(
1 −1

−1 2

)(
ΔA

ΔB

)
+

(
v

−v

)
. (222)

Note that the impact coefficient εB from the sprag clutch does not at all enter these equations,
which is caused by the vanishing compression impulsive force Λ

(−)

B = 0. For decompression,
we expect body 1 to bounce back from the wall under a Poisson decompression impulsive
force Λ

(+)

A following the first line in (52) and leading to ΔA = 0. In contrast, the sprag clutch
will be pushed to the right, which requires a nonvanishing impulsive decompression force
Λ

(+)

B > 0. Since we had Λ
(−)

B = 0, only the second line in (52) can apply. We therefore take
ΔA = 0 and γ +

B = 0 as an ansatz, and solve with it (222) for the remaining unknowns ΔB

and γ +
A . The result

γγγ+ =
(

1
2v

0

)

, � =
(

0
1
2mv

)
(223)

is by pairs in accordance with the inequality-complementarity conditions (50) for decom-
pression, and is therefore the solution of the impact problem. In a final step, the decompres-
sion impulsive forces �(+) and post-impact generalized velocities u+ are calculated as

�(+) =
(

mv
1
2mv

)
, u+ =

(
1
2 v

1
2 v

)

(224)

where we have used �(+) = �+εεε�(−) from (42) together with the particular values in (217),
(221), and (223). As recognized from u+, both bodies are moving after the impact with the
same velocity 1

2v to the right.
With the help of (218) and the results for u− and u+ from (219) and (224), the pre and

post-impact kinetic energy, as well as the energy difference can be calculated as

T − = 1

2
mv2, T + = 1

4
mv2, W = T + − T − = −1

4
mv2. (225)
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We see by the negative value of the impact work W that the impact process is energetically
consistent, which supports our theoretical result from Sect. 6. Note, however, that conser-
vation of energy under the standard restriction 0 ≤ εA ≤ 1 can never be achieved in this
example, because the second impact parameter εB fully drops out from the decompression
phase. Such behavior seems to be typical for systems with sprag clutches.

9.2 Frictional impact at a double pendulum

The most prominent example of an energetically inconsistent impact is Kane’s double pen-
dulum [28], which strikes the environment by a frictional collision under Newton’s impact
law. Two cases are reported in [29], for which an increase in the kinetic energy has been ob-
served. These results have been confirmed and discussed in many works on the same or on
very similar systems; see, e.g., [7, 13, 16, 18, 34, 54, 55]. In some of these contributions, the
system has also been processed by certain variants of Poisson’s impact law, which always
have produced energetically consistent results in the sense that the overall kinetic energy is
not increased by the impact. In order to support these findings, we apply now our inequality
setting of Poisson impacts on the two critical cases of the original system [29], and com-
pare the results with those formerly obtained for the very same system by Newton’s impact
law [27].

The double pendulum is depicted in Fig. 10 and consists of two identical uniform rods
with mass m and length l. Its upper endpoint O is hinged at the origin of the inertial frame
(eI

x, eI
y, eI

z ), whereas its lower endpoint C strikes a horizontal surface by a frictional impact.
The contact is modeled in the normal direction by a geometric unilateral constraint accord-
ing to Sect. 4.1.1, and in the tangential direction by the one-dimensional Coulomb friction
element from Sect. 4.2.1. The double pendulum therefore constitutes a mechanical system
with one frictional contact, for which Poisson’s impact law has been proven in Sect. 7 to be
energetically consistent. All data in the following semianalytical approach are kept in accor-
dance with those of the original example in [29], and all numerical values are rounded to four
digits. As in [27], the system is parameterized by the generalized coordinates q = (ϕ1ϕ2)

T,
which measure the absolute angles of the two rods. The contact angles and the preimpact

Fig. 10 Double pendulum striking the environment by a frictional impact according to [29]. Mechanical
model with impact data, contact elements, and impulsive forces acting on the contact point C
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generalized velocities are as specified in Fig. 10. By setting

q =
(

ϕ1

ϕ2

)
, q̇ =: u =

(
u1

u2

)
, γγγ =

(
γN

γT

)
, � =

(
ΛN

ΛT

)
, � =

(
ΔN

ΔT

)
,

(226)
we obtain the same mathematical representation of the system as in [27]. In particular, the
mass matrix M and the matrix of the generalized force directions W = (wN wT ) have been
computed in [27] to be

M =
(

16.0 5.9088
5.9088 4.0

)
kg m2, W =

(
0.6840 −1.8794

1.0 −1.7321

)
m. (227)

Furthermore, the Delassus operator G = WTM−1W together with the Poisson impact coef-
ficient matrix εεε is needed,

G =
(

0.3365 −0.5071
−0.5071 0.8134

)
kg−1, εεε =

(
εN 0
0 0

)
, (228)

where the values of G have again been taken from [27], and the tangential restitution coef-
ficient has been chosen as εT = 0, as for the Newtonian impact in [27]. Finally,

T = 1

2
uTMu (229)

denotes the kinetic energy of the system, used to demonstrate that the Poisson impact for
this example is indeed dissipative.

The kinetic energy before the impact T − can be derived by (229) from the preimpact
generalized velocities u− and the mass matrix M in (227), and gives

u− =
(−0.1

−0.2

)
rad

s
, T − = 0.2782 J. (230)

The preimpact relative velocities γγγ− in the normal and the tangential direction are obtained
from (41) with W and u− according to (227) and (230),

γγγ− =
(−0.2684

0.5343

)
m

s
. (231)

All these values can already be found in [27] and are shown here just for completeness. The
pre-impact velocities u− are such that both rods turn clockwise, which makes the endpoint
C of the lower pendulum to move downward to the left, as seen by the values of γγγ− and
Fig. 10.

The two critical cases in Kane’s example require the two restitution coefficients εN = 0.5
and εN = 0.7, but a common friction coefficient μ = 0.5. Since the restitution coefficients
are not needed until the decompression phase, the equations for compression (29)–(32) apply
with

μ = 0.5 (232)

in the same form for both cases. The compression phase is fully determined by the left equa-
tion in (45), i.e., γγγ◦ = G�(−) +γγγ− with G and γγγ− according to (228) and (231), together with
the associated impact laws. To solve these two equations for the four unknowns (γ ◦

N, γ ◦
T ) and
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(Λ
(−)

N ,Λ
(−)

T ), we take as an ansatz for two of the four variables γ ◦
N = 0 and Λ

(−)

T = −μΛ
(−)

N ,
which leads to the solution

γγγ◦ =
(

0
0.1187

)
m

s
, �(−) =

(
0.4549

−0.2274

)
N s. (233)

In a final step, the ansatz has to be checked for consistency with respect to the compression
impact laws from the left diagrams of Figs. 3 and 5. With Λ

(−)

N ≥ 0 associated with γ ◦
N = 0

and γ ◦
T ≥ 0 associated with Λ

(−)

T = −μΛ
(−)

N , the compression impact laws are indeed ful-
filled, and (233) is the solution of the compression phase. By substituting �(−) into the left
equation of (40), the generalized velocities u◦ after compression can be computed, and from
them the associated kinetic energy T ◦ by (229),

u◦ =
(−0.1709

0.1169

)
rad

s
, T ◦ = 0.1429 J. (234)

After compression, the upper rod still turns clockwise but with an increased angular velocity,
the lower rod turns anticlockwise, and the endpoint C still slides to the left by maintaining
contact. The normal component Λ

(−)

N of the impulsive compression force acts on the pen-
dulum point C in upward direction. The tangential component Λ

(−)

T acts on C to the right,
opposing the sliding direction.

We solve now Poisson’s decompression phase for the first critical case in Kane’s example,
which has shown an energy increase for a Newtonian restitution coefficient of εN = 0.5 with
stick at the end of the impact. We choose the Poisson restitution coefficient to be

εN = 0.5, (235)

and solve the right equation in (45), i.e., γγγ+ = G�+(Gεεε�(−) +γγγ◦), together with the decom-
pression impact laws (50), (51) and (75), (76). The four unknowns are γγγ+ and �, whereas G,
εεε, �(−) and γγγ◦ can be taken from (228) and (233). For the ansatz, we expect a normal impul-
sive force according to Poisson’s original law, which is Λ

(+)

N = εNΛ
(−)

N , and hence ΔN = 0
by (76), and we try stick γ +

T = 0 in the tangential direction. This yields

γγγ+ =
(

0.0786
0

)
m

s
, � =

(
0

−0.0041

)
N s, �(+) =

(
0.2274

−0.0041

)
N s, (236)

and is in accordance with the decompression impact laws, because γ +
N ≥ 0 associated with

ΔN = 0 fulfills (50), and |Λ(+)

T | ≤ μΛ
(+)

N associated with γ +
T = 0 fulfills (75), since we have

ΔT = Λ
(+)

T by (76) due to εT = 0. Upon substitution of �(+) into the right equation of (40),
one gets the post-impact generalized velocities u+, and from them the post-impact kinetic
energy T + by (229),

u+ =
(−0.1961

0.2127

)
rad

s
, T + = 0.1516 J. (237)

This yields, together with (230), the contact work

W = T + − T − = −0.1266 J (238)

and shows that the impact is indeed dissipative, in contrast to the result when Newton’s im-
pact law is used. By the values in (236) and (237), one observes the following post-impact
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motion: The upper rod turns clockwise with an even more increased angular velocity, the
lower rod turns anticlockwise with an increased angular velocity compared to compression,
and the endpoint C lifts off the ground without any tangential velocity. The normal com-
ponent Λ

(+)

N of the impulsive compression force acts on the pendulum point C in upward
direction. The tangential component Λ

(+)

T acts on C to the right, which is the same direction
as for compression.

The second critical case in [29], which showed slip reversal under Newton’s impact law,
requires a restitution coefficient

εN = 0.7. (239)

In order to evaluate Poisson’s decompression phase, we proceed precisely as for the first
critical case by solving γγγ+ = G� + (Gεεε�(−) + γγγ◦) together with the impact laws. The same
ansatz as above, i.e., ΔN = 0 and γ +

T = 0, leads to the solution

γγγ+ =
(

0.0805
0

)
m

s
, � =

(
0

0.0526

)
N s, �(+) =

(
0.3184
0.0526

)
N s, (240)

which is again in accordance with the impact laws because of γ +
N ≥ 0 and |Λ(+)

T | ≤ μΛ
(+)

N .
The generalized post-impact velocities u+ and the associated kinetic energy T + are obtained
as

u+ =
(−0.2007

0.2178

)
rad

s
, T + = 0.1588 J, (241)

and the contact work W becomes

W = T + − T − = −0.1194 J. (242)

Again, the impact behaves dissipative as expected by the energy proof of Sect. 7. The post-
impact motion is topologically the same as for the first case, with the only difference that

Table 2 Comparison of the results obtained by Poisson’s and Newton’s impact law for the frictional impact at
the double pendulum. The impact has been initialized with the preimpact relative velocities γ −

N
= −0.2684 m

s
and γ −

T
= 0.5343 m

s , and has been processed with a friction coefficient μ = 0.5. Displayed are the normal

and tangential post-impact relative velocities γ +
N,T

, the associated impulsive forces ΛN,T with ΛN,T =
Λ

(−)

N,T
+ Λ

(+)

N,T
in the case of Poisson, the generalized post-impact velocities u+

1,2, the impact work W , and
the tangential post-impact state

Newton εN = 0.5 Poisson εN = 0.5 Newton εN = 0.7 Poisson εN = 0.7

γ +
N

[ m
s ] 0.1342 0.0786 0.1879 0.0805

γ +
T

[ m
s ] 0 0 −0.0177 0

ΛN [N s] 3.4079 0.6823 5.4995 0.7733

ΛT [N s] 1.4676 −0.2315 2.7498 −0.1748

u+
1 [ rad

s ] −0.3346 −0.1961 −0.4430 −0.2007

u+
2 [ rad

s ] 0.3631 0.2127 0.4909 0.2178

W [J] 0.1634 −0.1266 0.4889 −0.1194

state stick stick slip stick
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the tangential decompression impulsive force Λ
(+)

T on the lower endpoint C acts now to the
left to ensure the stick condition.

Table 2 shows the results obtained by Poisson’s and Newton’s impact law [27] for the
two critical cases of Kane’s example. By comparing the associated values, one observes that
the two impact laws behave entirely different. In particular, the tangential impulsive forces
differ from each other not only in their values, but even in their directions.

9.3 Newton’s cradle with three balls

Newton’s cradle consists of a linear chain of equal balls. In the idealized standard exper-
iment, all but the first ball are initially at rest, slightly touching each other. The first ball
is then shot against its neighbor with a velocity v. By the occurring impact, a process is
initiated in which the linear momentum of the first ball is sequentially transferred by the
deformability of the bodies to the last ball in the chain, which then detaches with the same
velocity v. In the following, we propose two different mechanical interpretations on how to
deal with this behavior within a rigid body framework. In both approaches, all contacts are
closed, forming a problem with multiple contacts at the same time. If the balls in Newton’s
cradle are represented by rigid bodies and the contacts between them are assumed to be hard,
nearly all of the physics responsible for the experimental result has been eliminated from
the mechanical model. Nevertheless, we still are able to reproduce the observed behavior.

In our first interpretation, we assume the impacts to be successive. The resulting impact
sequence can be solved by applying either Newton’s or Poisson’s impact law in the following
way: In order to keep the sequential momentum transfer in the model, one breaks down the
overall impact event into four subevents, in which the currently moving ball hands over its
linear momentum to its right neighbor by a completely elastic single collision. This impact
sequence may be visualized by tiny gaps between the balls, as depicted in the left part of
Fig. 11.

An even coarser model is obtained when the overall impact process is considered as
instantaneous, without any timing or sequencing of subevents. In such a setting, the only
possible and remaining mechanical interpretation is an instantaneous momentum transfer
from the first to the last contact, which is sketched on the right of Fig. 11. As demonstrated
in [26], this kind of momentum transfer can not be handled by the standard Newtonian
impact laws [27] with just diagonal entries in the restitution coefficient matrix, but would
require certain extensions as done in [9, 42]. The cleanest way to treat such problems is
in the author’s opinion the concept of far distant interaction that allows nonneighboring
bodies to directly communicate with each other via artificial, nonmaterial contacts; see,
e.g., [2]. However, although not designed for this purpose, Poisson’s impact law allows for
reproducing the result in Newton’s cradle. In order to realize the instantaneous momentum
transfer, the initial collision between the two leftmost balls has to be as dissipative that
the contact stays closed after the entire impact event, whereas the rightmost balls have to

Fig. 11 Newton’s cradle: Model with four successive impacts to the left, model with one instantaneous
impact to the right. The latter requires an instantaneous energy transfer from the first to the last contact
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Fig. 12 Newton’s cradle with three balls: Mechanical system and parameterization to the left, free body
diagram with impulsive forces and relative velocities to the right

actively bounce away from each other like in a pinball machine, thereby gaining the same
amount of energy as dissipated in the other contact, and requiring a local Poisson restitution
coefficient greater than 1 as a necessary consequence.

We now demonstrate the above on Newton’s cradle with three balls (Fig. 12) and deter-
mine the values of the two restitution coefficients εA and εB such that the right ball detaches
with the same velocity v as the left ball has approached. The positions of the three balls are
denoted by x1, x2, x3, and the two contacts between them are labeled by A and B . For the
parameterization of the system, we set

q =
⎛

⎝
x1

x2

x3

⎞

⎠ , q̇ =: u =
⎛

⎝
u1

u2

u3

⎞

⎠ , γγγ =
(

γA

γB

)
, � =

(
ΛA

ΛB

)
, � =

(
ΔA

ΔB

)

(243)
and obtain for the mass matrix M, the generalized force directions W = (wAwB), the De-
lassus operator G = WTM−1W, and the Poisson restitution coefficient matrix εεε

M =
⎛

⎝
m 0 0
0 m 0
0 0 m

⎞

⎠ , W =
⎛

⎝
−1 0
1 −1
0 1

⎞

⎠ , G = 1

m

(
2 −1

−1 2

)
,

εεε =
(

εA 0
0 εB

)
,

(244)

where wA and wB have been obtained from the relative velocities γA = u2 − u1 and
γB = u3 − u2. We assume for the preimpact configuration that the left ball approaches with
velocity v, whereas the other two balls are at standstill. The generalized and relative preim-
pact velocities are therefore obtained as

u− =
⎛

⎝
v

0
0

⎞

⎠ , γγγ− =
(−v

0

)
. (245)

For compression, we solve γγγ◦ = G�(−) + γγγ− in (45) with the maximum dissipation ansatz
γγγ◦ = 0, which leads with (244) and (245) to

0 = 1

m

(
2 −1

−1 2

)(
Λ

(−)

A

Λ
(−)

B

)

+
(−v

0

)
, (246)

and hence to the solution

γγγ◦ =
(

0
0

)
, �(−) = 1

3
mv

(
2
1

)
, (247)
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which indeed fulfills the inequality-complementarity conditions shown in the left graph of
Fig. 3. The generalized velocities u◦ are then computed from u◦ = u− + M−1W�(−) in (40),
where (244), (245), and (247) have to be used to obtain

u◦ =
⎛

⎝
v

0
0

⎞

⎠ + 1

3
v

⎛

⎝
−1 0
1 −1
0 1

⎞

⎠
(

2
1

)
= 1

3
v

⎛

⎝
1
1
1

⎞

⎠ . (248)

The values of u◦ reveal that all three balls are moving after compression with a common
velocity to the right, which is one third of the initial velocity of the left ball.

The decompression phase is driven by the equation γγγ+ = G�+ (Gεεε�(−) +γγγ◦) from (45),
from which we now determine the values of the restitution coefficients εA and εB such that
the typical behavior of Newton’s cradle applies. After the impact, we want the left two balls
to stick together and, therefore, set γ +

A = 0. The right ball should leave the others with
velocity v, which requires γ +

B = v and ΔB = 0 as a necessary consequence on the impact
law (50). With these values, we obtain together with (244) and (247)

(
0
v

)
= 1

m

(
2 −1

−1 2

)(
ΔA

0

)
+ 1

3
v

(
2 −1

−1 2

)(
2εA

εB

)
, (249)

and after multiplication with m and expansion of the matrix-vector products

(
0

mv

)
=

(
2ΔA

−ΔA

)
+ 1

3
mv

(
4εA − εB

2εB − 2εA

)
. (250)

Multiplication of the first line by 3 and of the second line by 6 yields the two equations

6ΔA = mv(εB − 4εA) and 6ΔA = mv(4εB − 4εA − 6), (251)

from which the impact coefficient in the right contact can be determined as

εB = 2. (252)

The value of εA can not be derived from (251). Instead, the inequality ΔA ≥ 0 from (50) has
to apply, which restricts by (251) and (252) the possible values of εA to

εA ≤ 1

2
. (253)

This condition ensures that Poisson’s decompression law is kept in the exceptional case for
contact A according to the second line in (52), and does prevent the contact to open as it
would happen for larger values of εA. According to our ansatz and Eqs. (251) and (252), the
solution of the decompression phase can now be summarized as

γγγ+ =
(

0
v

)
, � = 1

3
mv

(
1 − 2εA

0

)
. (254)

The decompression impulsive forces �(+) then follow from (42) by �(+) = �+εεε�(−), which
gives together with (244), (247), (252), and (254)

�(+) = 1

3
mv

(
1 − 2εA

0

)
+ 1

3
mv

(
2εA

2

)
= 1

3
mv

(
1
2

)
. (255)
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Note that the undetermined impact coefficient εA drops out by this operation, and that the
components of �(−) from (247) and �(+) from (255) are the same but just interchanged,
which had to be expected by the symmetry of the system. In a final step, the post-impact
generalized velocities u+ are computed from (40) as u+ = u◦ + M−1W�(+). With the help
of (244), (248), (255), this gives

u+ = 1

3
v

⎛

⎝
1
1
1

⎞

⎠ + 1

3
v

⎛

⎝
−1 0
1 −1
0 1

⎞

⎠
(

1
2

)
=

⎛

⎝
0
0
v

⎞

⎠ . (256)

After the impact, the left two balls are indeed at rest, and the right ball leaves with velocity
v as expected.

10 Energetic inconsistency at Poisson impacts

In this section, we present an example for which Poisson’s impact law becomes energetically
inconsistent under the standard restrictions of the impact coefficients 0 ≤ εi ≤ 1. Needed is
at least one frictional contact together with at least one other unilateral constraint. Otherwise,
the consistency results of Sects. 6 and 7 would apply. Energetic inconsistency has to be
understood in the sense that the overall kinetic energy of the system is increased by the
impact, but not just an energy portion related to one of the impact elements as, e.g., in the
right contact of Newton’s cradle in Sect. 9.3. Up to our knowledge, the example presented
here is the first and the only so far that is able to show an energy increase in Poisson impacts.
It has been invented in the master thesis [51], together with the calculations necessary to
demonstrate the energy gain.

The energy increase in the following example is caused by the simple fact that the same
impulsive force applied to masses of different size leads to different kinetic energies: Sup-
pose a point mass M moving with velocity v. In order to bring it to standstill, an impulsive
force F = Mv is needed. After standstill, decrease the mass to m and apply the same impul-
sive force F again. This brings the now smaller mass to the new velocity M

m
v. The difference

in kinetic energy is T + − T − = 1
2 Mv2(M

m
− 1) and is greater than zero for M > m.

For our example, an inhomogeneous rigid bar is needed, which we set up according
to Fig. 13. It consists of a homogeneous rigid bar (length 2l, center of mass S, mass m1,
moment of inertia ΘS with respect to S), and an additional point mass m2 attached to S. We
choose m2 as

m2 = α − 3

3
m1 (α ≥ 3) (257)

to independently adjust the overall mass of the body and the moment of inertia relative to
each other by the values of α. The overall mass of the body is m := m1 + m2, which gives
with the help of (257)

m = α

3
m1. (258)

Fig. 13 Rigid body, consisting
of a rigid bar and an additional
point mass attached to its center
of mass S
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Fig. 14 Two-stage impact process on an inhomogeneous bar: Impact configuration for the first stage to the
left, free body diagrams for the first and the second stage to the right

The moment of inertia of the overall body with respect to its center of mass S is ΘS = 1
3m1l

2

and can be written by (258) as

ΘS = ml2

α
. (259)

The following analysis on the impact dynamics of the body from Fig. 13 is split into two
parts. In the first part, the mechanism leading to the energy increase is explained by means
of a simplified two-stage model. It turns out that a change in the constraint configuration by
passing from the first to the second stage is responsible for the energy gain. These two stages
can be identified with the compression and decompression phase of a frictional Poisson
impact, which is demonstrated on the final model in the second part. In both parts, the rigid
body from Fig. 13 is used, and its inertia terms are henceforth addressed by (m,ΘS) with
ΘS according to (259).

10.1 Energy gain under changing constraint configurations

We investigate now a sequence of two impacts that act on the body from Fig. 13 under dif-
ferent constraint configurations, in order to demonstrate that the kinetic energy is increased
at the end. The first stage of this process will in the final example correspond with the phase
of compression, and the second stage with the phase of decompression.

The constraint configuration of the body for the first stage is shown on the left of Fig. 14.
The body is hinged at its right endpoint U , and initially turns anticlockwise, to hit a rigid
support with its left endpoint T . The free body diagram for this impact configuration is
depicted on the lower right of Fig. 14. We assume the preimpact velocities to be

ẏ− = −v, ϕ̇− = v

l
, (260)

and want to determine the two impulsive forces Λ
(−)

T and Λ
(−)

U such that the body is at rest
after this impact,

ẏ◦ = 0, ϕ̇◦ = 0. (261)

From the linear and angular momentum theorem for impacts,

m
(
ẏ◦ − ẏ−) = Λ

(−)

U + Λ
(−)

T , ΘS

(
ϕ̇◦ − ϕ̇−) = lΛ

(−)

U − lΛ
(−)

T , (262)

we obtain for the current impact configuration (260), (261) together with (259) the two
equations

mv = Λ
(−)

U + Λ
(−)

T , −mv

α
= Λ

(−)

U − Λ
(−)

T , (263)
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which can be solved for Λ
(−)

T and Λ
(−)

U to give

Λ
(−)

T = 1

2α
mv(α + 1), Λ

(−)

U = 1

2α
mv(α − 1). (264)

The kinetic energy E− before the impact is

E− = 1

2
mẏ−2 + 1

2
ΘSϕ̇

−2

= 1

2
mv2 + 1

2

ml2

α

v2

l2

= 1

2α2
mv2α(α + 1), (265)

where (259) and (260) have been used to bring it to its final form.
For the second stage, we remove from the system the hinge and the rigid support at points

U and T , and apply an external impulsive force Λ
(+)

U at the right endpoint U of the rod, as
depicted in the upper right of Fig. 14. We further assume the size of Λ

(+)

U to be

Λ
(+)

U = Λ
(−)

U , (266)

in order to determine from the linear and angular momentum theorems

m
(
ẏ+ − ẏ◦) = Λ

(+)

U , ΘS

(
ϕ̇+ − ϕ̇◦) = lΛ

(+)

U (267)

the post-impact velocities (ẏ+, ϕ̇+) for the current configuration. With ΘS from (259),
the initial velocities (ẏ◦, ϕ̇◦) from (261), and the applied impulsive force Λ

(+)

U from (266)
and (264), one obtains

mẏ+ = 1

2α
mv(α − 1),

ml2

α
ϕ̇+ = 1

2α
mlv(α − 1), (268)

and hence the result

ẏ+ = 1

2α
v(α − 1), ϕ̇+ = 1

2l
v(α − 1). (269)

With it, the kinetic energy E+ is computed as

E+ = 1

2
mẏ+2 + 1

2
ΘSϕ̇

+2

= 1

8α2
mv2(α − 1)2 + 1

8α
mv2(α − 1)2

= 1

8α2
mv2(α − 1)2(α + 1), (270)

where again (259) has been used. The energy difference for the overall impact process is
now obtained from (265) and (270) as



Energetic consistency of Poisson impacts 501

Fig. 15 Frictional multicontact problem of an inhomogeneous rod. Left: Mechanical system with impact
elements. Right: Configuration at which the rod impacts against the environment

E+ − E− = 1

8α2
mv2

(
(α − 1)2(α + 1) − 4α(α + 1)

)

= 1

8α2
mv2(α + 1)

(
(α − 1)2 − 4α

)
(271)

and turns out to be positive under the restriction α ≥ 3 from (257), if

α > 3 + 2
√

2 ≈ 5.828. (272)

In this case, the kinetic energy is increased by the considered impact process, caused by a
reduction of the effective mass at U due to the constraint removal at T . In the next section,
we will discuss the same but slightly extended example to show that the deletion of the hinge
and the rigid support can be performed by Poisson impact elements.

10.2 Energy gain by a frictional Poisson multi-impact

The final example, on which we demonstrate that Poisson impacts may become energetically
inconsistent, is depicted in Fig. 15. It consists of the same inhomogeneous rigid bar as be-
fore, but is equipped with an additional degree of freedom x, which allows the left end of the
rod to horizontally impact against a vertical wall by the geometric unilateral constraint N .
Furthermore, the rigid support T has been replaced by a Coulomb friction element T , and
the hinge U by a geometric unilateral constraint U , constituting a frictionless contact with
the horizontal environment. The task of the unilateral geometric constraint U is to represent
the hinge during compression, to realize its deletion for decompression, and to provide the
decompression impulsive force Λ

(+)

U according to (266) by a restitution coefficient εU = 1.
The task of the Coulomb friction element T is to realize the rigid support by large friction
coefficient μ, which brings the left end of the rod to stop after compression. The task of
the unilateral geometric constraint N is to switch off the Coulomb friction element T , and
hence to remove the rigid support after compression, which is done by a restitution coef-
ficient εN = 0. With εT ≤ εN according to (70), the three impact coefficients are therefore
chosen as

εN = 0, εT = 0, εU = 1, (273)

and the former constraint deletion is now realized by the specific values of these impact
coefficients. In other words, Poisson impact elements can be (mis)used to a certain extent as
switches, to change the constraint configuration after compression.

We are now going to put this system into our framework for Poisson impacts and to
process it in the same way as all the examples before. For the parameterization of the system,
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we set

q =
⎛

⎝
x

y

ϕ

⎞

⎠ , u := q̇ =
⎛

⎝
ẋ

ẏ

ϕ̇

⎞

⎠ , γγγ =
⎛

⎝
γN

γT

γU

⎞

⎠ , � =
⎛

⎝
ΛN

ΛT

ΛU

⎞

⎠ , � =
⎛

⎝
ΔN

ΔT

ΔU

⎞

⎠ .

(274)
The impact configuration q0 is depicted in the right part of Fig. 15 and is addressed by the
coordinates q0 = (x0, y0, ϕ0)

T = (l,0, π
2 )T. The linear and angular momentum theorems for

this impact configuration are

m
(
ẋ+ − ẋ−) = ΛN, m

(
ẏ+ − ẏ−) = ΛU + ΛT , ΘS

(
ϕ̇+ − ϕ̇−) = lΛU − lΛT ,

(275)
where the points of application and the directions of the impulsive forces ΛU and ΛT are as
in the free body diagrams of Fig. 14, and ΛN acts on the left end of the body horizontally
to the right. The relative velocities associated with the three impact elements for the given
impact configuration are

γN = ẋ, γT = ẏ − lϕ̇, γU = ẏ + lϕ̇. (276)

From (275), (276), and (273), the mass matrix M, the matrix of the generalized force direc-
tions W, and the impact coefficient matrix εεε are identified to be

M =
⎛

⎝
m 0 0
0 m 0
0 0 ΘS

⎞

⎠ , W =
⎛

⎝
1 0 0
0 1 1
0 −l l

⎞

⎠ , εεε =
⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠ , (277)

according to the parameterization (274). The Delassus operator G is then calculated as

G = WTM−1W =

⎛

⎜⎜
⎝

1
m

0 0

0 1
m

+ l2

ΘS

1
m

− l2

ΘS

0 1
m

− l2

ΘS

1
m

+ l2

ΘS

⎞

⎟⎟
⎠ = 1

m

⎛

⎝
1 0 0
0 1 + α 1 − α

0 1 − α 1 + α

⎞

⎠ , (278)

where ΘS from (259) has been used for its final representation.
The preimpact velocities are chosen such that the bar is turning anticlockwise around its

right endpoint, which itself is sliding on the ground to the left. With u > 0 and v > 0, this is
realized by

ẋ− = −u, ẏ− = −v, ϕ̇− = v

l
, (279)

where ẏ− and ϕ̇− are precisely as in (260). The associated relative velocities can now be
computed from (276) and are

γ −
N = −u, γ −

T = −2v, γ −
U = 0. (280)

For compression, we solve γγγ◦ = G�(−) + γγγ− from (45) with the ansatz

γ ◦
N = 0, γ ◦

T = 0, γ ◦
U = 0, (281)
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to obtain the same velocities (ẏ◦ = 0, ϕ̇◦ = 0) as in (261). This yields the linear system of
equations

0 = 1

m

⎛

⎝
1 0 0
0 1 + α 1 − α

0 1 − α 1 + α

⎞

⎠

⎛

⎜
⎝

Λ
(−)

N

Λ
(−)

T

Λ
(−)

U

⎞

⎟
⎠ +

⎛

⎝
−u

−2v

0

⎞

⎠ , (282)

from which the impulsive forces for compression can be calculated as

Λ
(−)

N = mu, Λ
(−)

T = 1

2α
mv(α + 1), Λ

(−)

U = 1

2α
mv(α − 1). (283)

Note that the values of Λ
(−)

U and Λ
(−)

T are by (264) the same as in the previous example. In
order to verify the ansatz, the impact laws for compression have to be checked against viola-
tion. With γ ◦

N = 0 and γ ◦
U = 0, the associated impulsive forces have to obey the inequalities

Λ
(−)

N ≥ 0 and Λ
(−)

U ≥ 0, as required by the left diagram in Fig. 3. This clearly holds true
for Λ

(−)

N , but also for Λ
(−)

U since α ≥ 3 by (257). For the friction element, we have γ ◦
T = 0.

This causes by the left diagram in Fig. 5 the stick condition |Λ(−)

T | ≤ μΛ
(−)

N , which can be
evaluated with the help of (283) to obtain a lower bound of the friction coefficient as

μ ≥ α + 1

2α

v

u
. (284)

To summarize the results of the compression phase, we conclude that the unilateral con-
straint U and the frictional contact N,T are indeed able to represent the action of the hinge
and the rigid support on the rod by the very same impulsive forces.

In order to process the decompression phase, we have to solve the right equation in (45),
i.e. γγγ+ = G� + (Gεεε�(−) + γγγ◦). With the ansatz

ΔN = 0, ΔT = 0, ΔU = 0 (285)

and the values in (281), it reduces to γγγ+ = Gεεε�(−) and can be written as

⎛

⎜
⎝

γ +
N

γ +
T

γ +
U

⎞

⎟
⎠ = 1

m

⎛

⎝
1 0 0
0 1 + α 1 − α

0 1 − α 1 + α

⎞

⎠

⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠

⎛

⎜
⎝

Λ
(−)

N

Λ
(−)

T

Λ
(−)

U

⎞

⎟
⎠ . (286)

Substitution of (283) into (286) yields the post-impact relative velocities as

γ +
N = 0, γ +

T = −1

2α
v(α − 1)2, γ +

U = 1

2α
v
(
α2 − 1

)
. (287)

The decompression impulsive forces are calculated from (42) by �(+) = � + εεε�(−), which
reduces to �(+) = εεε�(−) because of (285). With εU = 1 as the only nonzero entry in the
restitution matrix εεε from (277), we obtain Λ

(+)

U = Λ
(−)

U as in (266), and all together with
(283)

Λ
(+)

N = 0, Λ
(+)

T = 0, Λ
(+)

U = 1

2α
mv(α − 1). (288)

With ΔN = 0 together with γ +
N = 0, and ΔU = 0 together with γ +

U > 0, the ansatz is ap-
parently in accordance with the impact law (50) for the impact elements N and U . For the
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impact element T , the conditions in (75) have to be checked. With εT = 0 and Λ
(+)

N = 0, we
obtain in (75) for the driving term μ(Λ

(+)

N − εT Λ
(−)

N ) ≡ 0 and deduce that any value for γ +
T

is allowed. Finally, note that Λ
(+)

T = 0 in (288) realizes the deletion of the rigid support T in
our previous example, which is accomplished by the normal restitution coefficient εN = 0.
The latter makes the normal decompression impulsive force Λ

(+)

N to disappear, and with it
the associated tangential component Λ

(+)

T thanks to Coulomb’s law.
By knowing u−, �(−) and �(+) from (279), (283) and (288), the post-impact general-

ized velocities u+ can now be computed by M(u+ − u−) = W(�(−) + �(+)) from the two
equations in (40). In a first step, this yields

⎛

⎝
m 0 0
0 m 0
0 0 ΘS

⎞

⎠

⎛

⎝
ẋ+ + u

ẏ+ + v

ϕ̇+ − v
l

⎞

⎠ =
⎛

⎝
1 0 0
0 1 1
0 −l l

⎞

⎠

⎛

⎝
mu

1
2α

mv(α + 1)

1
α
mv(α − 1)

⎞

⎠ , (289)

and after expanding the matrix vector products,

⎛

⎝
m(ẋ+ + u)

m(ẏ+ + v)

ΘS(ϕ̇
+ − v

l
)

⎞

⎠ =
⎛

⎝
mu

1
2α

mv(3α − 1)

1
2α

mlv(α − 3)

⎞

⎠ . (290)

With ΘS from (259), we get the final result

ẋ+ = 0, ẏ+ = 1

2α
v(α − 1), ϕ̇+ = 1

2l
v(α − 1), (291)

in which the post-impact velocities ẏ+ and ϕ̇+ again coincide with those from (269). The
kinetic energy of the system is

T = 1

2
mẋ2 + 1

2
mẏ2 + 1

2
ΘSϕ̇

2, (292)

from which the impact work can be computed. By taking into account that the pre and post-
impact velocities for ẏ and ϕ̇ are the same as in the previous example, we can take the former
result (271) and express the energy difference as

T + − T − = E+ − E− − 1

2
mu2. (293)

Note that the completely inelastic collision against the vertical wall adds to the dissipation of
the overall impact by 1

2mu2. However, an energy increase is still possible and easy to realize.
For this, choose some α according to the inequality (272), adjust afterward u such that
T + − T − > 0 holds, and determine finally from (284) the friction coefficient μ necessary to
achieve the stick state at the end of compression.

As an energy increase is possible in this example, the two conditions (117) and (121) for
small and similar impact coefficients that sufficiently ensure energetic consistency, cannot be
expected to hold. To demonstrate this, the eigenvalues of the Delassus operator G from (278)
have to be determined. They apparently are

λ1 = 1

m
, λ2 = 2

m
, λ3 = 2α

m
, (294)
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with λ1 being the smallest and λ3 the largest. This leads to the reciprocal condition number

λmin

λmax
= 1

2α
≤ 1

6
, (295)

revealing that neither (117) nor (121) can be met with εmax = 1 and εmin = 0, as it is in our
example by (273).

11 Conclusion

In this paper, we have presented a full account of Poisson’s impact law in inequality form.
Various impact elements, which all are equipped with a restitution coefficient, have been set
into a common mathematical framework. This allows for an arbitrary combination of impact
elements within a multibody system or, even more general, within any finite-dimensional
Lagrangian system. Multicontact configurations can be accessed in this way by a very struc-
tured approach. In the author’s opinion, Poisson’s impact law is superior to Newton’s impact
law for most application problems, which is supported by the various examples and ener-
getic consistency proofs in the paper. The overall better behavior of Poisson impacts results
from the impulse-based approach instead of the kinematic restitution law, together with the
splitting of the impact event into two subphases. However, even Poisson’s impact law in
integrated form, as treated in this paper, is far from being perfect.

The first fundamental problem is that the friction law for impact-free motion, i.e., the fric-
tion force as a function of the tangential relative velocity, cannot be brought in closed form
by integration to the impulse-velocity level. Although this problem is slightly disarmed for
Poisson impacts by the bisection of the impact event, it is still present and leads to question-
able results if slip reversal or transitions from stick to slip take place within one of the two
subphases. The second fundamental problem lies in the assumption that the compression
phase, and also the decompression phase, and thus the impact itself, terminates simultane-
ously in all impact elements. Systems that require sequential impacts can in general not be
solved by our approach. The only possibility to resolve both of the above problems is a fur-
ther subsequencing of the impact event in the sense of Routh or Keller. This, however, leads
to a dramatically increasing number of possible solutions, as already pointed out in [14].
At the end, one of these solution has to be singled out, which cannot be done by the me-
chanical model alone, but requires additional physical arguments to identify the true impact
sequence.

The problem of sequential impacts is often caused by an insufficient spatial discretization
of the system, by which too much of the underlying physics has been eliminated. Instead
of the subsequencing technique, we recommend for such cases a refinement of the model
by, e.g., adding elasticity, in order to dynamically decouple the impacting contacts from
each other, which becomes manifested in additional zeros in the off-diagonal terms of the
Delassus operator. Our particular approach is to put the elasticity in the bodies to which it
physically belongs, but to leave the contacts hard and to still process them with the meth-
ods as described. In our opinion, an impact model can be regarded as robust, as soon as a
parameterization of the overall system has been found, such that the impact process is well
approximated by nearly inelastic behavior. Models involving big restitution coefficients have
to be taken with utmost care.
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Appendix

For completeness, we verify that Poisson’s impact law for compression (32) indeed maxi-
mizes the losses in kinetic energy under the constraints that the impact equations (29) and
the restrictions −�(−)

i ∈ C (−)

i on the impulsive forces are met. This fact is so well known
in the community that it has—to the best of our knowledge—never been formally derived
in one place, maybe due to its obviousness; see, e.g., [42]. Actually, everything about this
optimality property can be found in [39] and roots even back to [38]. What we do is to con-
dense the information provided on the various places in [39] to the desired formulation. We
consider the convex optimization problem

minimize T ◦(u◦) = 1

2
u◦TMu◦ (296)

subject to M
(
u◦ − u−) =

n∑

i=1

Wi�
(−)

i (297)

and −�(−)

i ∈ C (−)

i , (298)

where T ◦ is the kinetic energy of the system at the end of compression. We will show that
Poisson’s impact law for compression (32) provides the optimality conditions of the above
minimization problem. For doing this proof, we rigorously use matrix notation by setting
W := (W1, . . . ,Wn), �(−) := (�(−)

1
T
, . . . ,�(−)

n

T
)T, C (−) := C (−)

1 × · · · × C (−)
n in (297), (298),

and later γγγ := (γγγT
1 , . . . ,γγγT

n)
T. We further change the cost function (296) to an equivalent one

by subtracting the constant T − from it, which is the preimpact kinetic energy. The new
cost function therefore is T ◦(u◦) − T − =: W(−)(u◦), i.e., the contact work for compression
according to (99). With it, the optimization problem (296)–(298) can now be stated as

minimize W(−)
(
u◦) = 1

2
u◦TMu◦ − 1

2
u−TMu− (299)

subject to M
(
u◦ − u−) = W�(−) (300)

and −�(−) ∈ C (−). (301)

The equality constraint (300) can now be eliminated from the cost function (299) by
performing the very same steps as in (99), where the abbreviations (41) for the terms
WTu◦ =: γγγ◦ and WTu− =: γγγ− have also been used. In addition, we need the left equation
in (43), which has formerly been derived by again using only (41) and (300). Together, this
gives

W(−) = 1

2

(
γγγ◦ + γγγ−)T

�(−) and γγγ◦ − γγγ− = G�(−), (302)

and allows us to finally eliminate γγγ◦ from the cost function W(−). The resulting optimization
problem

minimize W(−)
(
�(−)

) = 1

2
�(−)TG�(−) + γγγ−T

�(−) (303)

subject to −�(−) ∈ C (−) (304)

is now exclusively stated in terms of the compression impulsive forces �(−). With the help
of the indicator function IC (−) , the constraints (304) can equivalently be taken into account
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in the extended cost function W(−)
� , which yields the unconstrained problem

minimize W(−)

�

(
�(−)

) = 1

2
�(−)TG�(−) + γγγ−T

�(−) + IC (−)

(−�(−)
)
. (305)

By taking the subdifferential of (305), we obtain the optimality conditions 0 ∈ ∂W(−)
� (�(−)),

which explicitly gives

0 ∈ G�(−) + γγγ− − ∂IC (−)

(−�(−)
)
. (306)

We finally substitute in (306) the right equation from (302) and replace the subdifferential
of the indicator by the normal cone. The resulting expression

γγγ◦ ∈ NC (−)

(−�(−)
)

(307)

is Poisson’s impact law for compression (31)–(32) or, equivalently, Newton’s law (14)–(15)
for a completely inelastic impact ε = 0.
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