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Abstract. We investigate in this work the asymptotic behavior of isotropic
diffusions in random environment that are small perturbations of Brownian
motion. When the space dimension is three or more, we prove an invariance
principle as well as transience. Our methods also apply to questions of
homogenization in random media.

0. Introduction

The mathematical investigation of transport in disordered media has been
an active field of research over the last thirty years, rich in surprising ef-
fects and mathematical challenges. In a number of cases the method of
the environment viewed from the particle has proven a powerful tool, cf.
De Masi et al. [7], Kipnis-Varadhan [12], Kozlov [13], Molchanov [17],
Olla [18], [19], Papanicolaou-Varadhan [21], [22]. However basic models
such as random walk in random environment or Brownian motion per-
turbed by an environment-dependent drift, when typically the random drift
is neither the gradient of a stationary function nor incompressible, have in
essence not been amenable to this approach and remain to this day math-
ematical challenges. An intensive effort to understand these models has
been launched in the last five years. Progress has been made, especially in
the case of ballistic behavior, i.e. when the particle has a non-degenerate
velocity, see for instance [27], [32] and the references therein. As for diffu-
sive behavior, there has been some progress, cf. [4], but overall the topic has
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been little touched. The present work is precisely concerned with diffusive
behavior, and investigates isotropic diffusions in random environment that
are small perturbations of Brownian motion. When the space dimension is
three or more, we prove transience and an invariance principle. The model
we analyze is a continuous counterpart of the model studied by Bricmont-
Kupiainen [5]. However our strategy of proof is different and we believe
more transparent.

Let us first describe the setting in more details. The local characteristics,
i.e. covariance and drift, of the diffusion in random environment are bounded
stationary functions a(x, w), b(x, w), x € RY, w € Q, with respective
values in the non-negative d-matrices and RY, d > 3: the set 2 is endowed
with a group (#,) e Of jointly measurable transformations preserving the
probability P on 2. We assume that for w € 2, a(-, w) is uniformly elliptic,
see (1.5), and that

a(-, w) and b(-, w) satisfy a Lipschitz condition

A
©.1 with constant K, cf. (1.4).
We denote with Py, the law of the diffusion in the environment w, starting
from x, i.e. the unique probability on C(R,, R?) solution of the martingale
problem attached to x and

| d
0.2) L=, ijZ:l aij (y, ) 8 + l:Zl bi(y, w) 0;

cf. [26]. We let (X,),>o stand for the canonical process on C(R, RY).
The random characteristics of the diffusion are assumed to have finite
range dependence, namely for some R > 0, under PP,

0.3) o(a(x, ), b(x, ), x € A) and G(a(y, ), b(y, ),y € B)
’ are independent when A, B C R4 have mutual distance at least R .

Further they also fulfill a restricted isotropy condition, namely for any
rotation matrix » preserving the union of coordinate axes of R,

(a(rx, »), b(rx, a’))erRd has same law under P as

(ra(x, o)’ rb(x, a)))

0.4)

xeRd?

we refer to Sect. 1 for details.
The main result of this article, cf. Theorem 6.3, states that

Theorem. (d > 3)
There is an no(d, K, R) > 0, such that if

(0.5) la(x, w) — I| < no, |b(x, )] <no, forallx e R, we Q,
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then for P-a.e. w,

0.6) \}t X ., under Py, converges in law to Brownian motion on

RY with deterministic variance o* > 0, as t — 00,
and

0.7 forall x € RY, P, ,-as., tlim |X,| = c0.
— 00

In other words for diffusions in random environment that are small
perturbations of Brownian motion and satisfy the restricted isotropy condi-
tion (0.4), we prove transience and diffusive behavior. Our results also apply
to questions of homogenization in random media, cf. Theorem 6.4, and show
that

Theorem. (d > 3)

One can choose ny(d, K, R) > 0, so that when (0.5) holds, on a set of full
PP-probability, for any bounded functions f, g on R%, respectively continuous
and Holder continuous, the solution of the Cauchy problem:

(0.8) { due = Leue+ g, in (0,00) x RY,

MGl[:O = f,

where for € > 0,

d d
_ 1 B X 2 1 ) X )
(0.9) L=, ¥ ay(*. o) RN bi(% ),
converges uniformly on compact subsets of R, x R?, as € — 0, to the
solution of the Cauchy problem

2

o

_ . 4

(0.10) 9 uo = 2 Auy+ g, in (0,00) x R,
uogli=o = f .

When b(-, w) = 0, cf. [22], [31], or when L is in divergence form,
cf. [7], [13], [19], [20], [21], the method of the environment viewed from
the particle applies successfully, and there is an extensive literature on
invariance principles describing diffusive behavior and applications to ho-
mogenization. There is also ample literature on analogous discrete situa-
tions, cf. [2], [3], [12], [13], [14], [15]. On the other hand the case of general
diffusions in random environment of type (0.2) remains poorly understood,
reflecting the genuine non self-adjoint character of the problem and the
absence of invariant measure at hand. We do not know of any work proving
diffusive behavior, and in the context of random walks in random environ-
ment only of [4], [S]. The restricted isotropy condition (0.4) provides us
with a convenient way to rule out the presence of a non-degenerate limit-
ing velocity (i.e. so-called ballistic behavior). This is a somewhat delicate
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matter because there is no explicit formula in dimension bigger than one
expressing what the limiting velocity of the particle ought to be. Examples
have for instance been provided in [4], showing that in the discrete context
of random walks in random environment, the assumption of mean zero drift
does not rule out ballistic behavior. So in this work (0.4) grants a convenient
centering condition for the diffusion in random environment.

We will now give some description of the proof of our results. We con-
struct a sequence of measures coupling on increasing space and time scales
the diffusion in random environment to a sequence of Brownian motions
with respective variances «a,,, cf. (0.12) below, that converge to ¢% in (0.6).
These couplings yield efficient approximations of the diffusion in random
environment, cf. Proposition 6.2, from which the claims (0.6), (0.7), (0.10)
follow straightforwardly. The construction of this sequence of couplings in-
volves an induction (or renormalization) scheme propagating controls from
one scale to the next. In this scheme a sequence of Holder-norms plays
a central role via estimates in operator norm of the difference of (a trunca-
tion of) the transition kernel of the diffusion in random environment with
that of Brownian motion with variance «,,. These Holder-norm controls are
used in at least three ways. First, together with the Kantorovich-Rubinstein
theorem, cf. [8], they provide estimates on Vasserstein distances and en-
able to construct good couplings, cf. Proposition 3.1. A second use stems
from the fact that when the medium behaves nicely in a given scale, these
Holder-norm controls have good contraction properties, when moving to the
next scale, at least when the dimension d is three or more, cf. Remark 4.7.
Finally, in the induction scheme we have to face the occurrence of certain
deviations from “nice behavior”. Some of these deviations arise from de-
fects in the medium that have no real trapping power, but where nevertheless
the Holder-norm controls pertinent to “nice behavior” in a given scale, are
violated. Here comes a third role of Holder norm controls. Namely they en-
able to smooth out, when looking at a higher scale, the presence of a (few)
defects on a lower scale, with no trapping power, cf. Proposition 5.1. In
addition to the above mentioned defects that can be handled through the use
of Holder norms, one also has to handle the potential appearance of traps,
i.e. pockets in the medium that may emprison the particle for a long time,
and thus destroy its diffusive character. As part of the induction scheme, we
show that traps are rare, by constructing suitable escape strategies for the
diffusion, that prove that it is very unlikely for the medium to entrap the
particle, cf. Proposition 3.3.

We will now discuss the renormalization scheme in a somewhat more
precise fashion. The main point appears in Theorem 1.1. It states an induc-
tion step concerning the behavior of the diffusion in random environment

along a sequence of length scales L, >~ L(()H“)n and time scales L2, where
a is a small positive number and L in a large enough number, cf. (1.14),
(1.15). Several assumptions are propagated from level n to level n + 1.
A first assumption, cf. (1.47), states that up to a P-probability decaying like
a large negative power of L,, the following holds. On the one hand, for
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starting points x with distance const L, from the origin, the displacements
of the path of the diffusion in the environment w slightly beyond distances
of order L, satisfy under P, , a certain exponential control, cf. (1.39), and
on the other hand the transition kernel at time L2 of the diffusion:

(011) Rn(x, d)’) = Px,w[XL% € dy]
is in a sense that we explain below “close” to the Gaussian kernel

ly — x[?
20 L2

2

RO(x, dy) = (20, L2) ™ exp { — } dy, with

0.12)
an = BEoo[1X2[*]/(dL}).

(cf. (1.22) for the precise definition), after localization of x in a box of
size const L, around the origin. The way in which “close” is defined plays
a pivotal role in this work. It refers to the operator norm || - ||,,, for linear
transformations on the space of bounded Holder continuous functions of
order S (some fixed number in (0, ;], cf. (1.13)), endowed with the norm
[ - |, cf. (1.28), adapted to functions “living in scale L,”:

|f(x) = f(»)

(0.13) | /Iy = sup [f(x)] + sup ip
xeRd x#Ey Ln)

In essence “close” means || x,.0(R, — R2)||,, < const L;‘S, where x,0 1S
a cut-off function localizing x in (0.11), (0.12), within distance const L, of
the origin, cf. (1.38), and > 0 is a fraction of g, cf. (1.40).

A second assumption being propagated, cf. (1.48), states quantitatively
the rarity of traps by describing the domination of the tails under P of certain
variables measuring the strength of traps in boxes of size L,, cf. (1.44), by
the corresponding tails of i.i.d. variables equal to O with overwhelming
probability.

The third and last assumption entering the induction step, cf. (1.49),
controls the behavior of «,.

Once Theorem 1.1 is proved, we show in Sect. 6 that when the local char-
acteristics of the diffusion satisfy (0.5), we can start the induction stated
in Theorem 1.1. So the induction assumptions propagate to all levels n,
and with Borel-Cantelli’s lemma we see that all boxes L, within distance
const L2 43 of the origin “behave well”. With the Kantorovich-Rubinstein
Theorem, cf. [8], the Holder-norm estimates and the controls on displace-
ments of the diffusion, cf. (1.47), enable to construct “good couplings”
between the diffusion in random environment and Brownian motion with
variance «,, cf. Proposition 6.2. Since «, converges to a positive limit,
namely o of (0.6), the invariance principle easily follows. The transience
of the diffusion, cf. (0.7), and the homogenization result (0.8), (0.10), also
come as easy consequences of these coupling measures.
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Let us explain how the article is organized and briefly comment on each
section. Section 1 presents the setting and states Theorem 1.1. The proof of
Theorem 1.1 occupies Sects. 2 to 5 of the article.

Section 2 propagates from level n to level n + 1 the controls on the
displacement of the path, cf. Proposition 2.2.

Section 3 propagates the controls on traps, cf. (1.48) and Proposition 3.3.
Traps are a serious matter in our problem because a pocket of size L has
the potential, depending on the realization of the medium, to entrap the
particle for times of exponential order in L. Hence pockets of relatively
modest size may distort the diffusive behavior of the particle on many time
scales L2. This feature naturally affects the distribution of the variables in
(1.44) that measure the strength of traps. We are in fact mainly interested in
a small portion of the information contained in (1.48), namely ensuring that
the variables in (1.44) vanish with “overwhelming probability”, cf. (5.2),
(5.3). But the inductive proof requires a control on the tails of the variables
in (1.44). To carry the tail domination control (1.48) from level n to level
n + 1, in essence we exhibit exit strategies for the particle from boxes of
size L, before time L2 41> Which show that it is costly for the medium to
produce a trap at level n 4 1 of a given strength. Depending on the strength
in question, the exit strategy that is employed varies, and we distinguish
four distinct regimes, (three regimes suffice when d > 4), cf. (3.20).

Sections 4 and 5 are devoted to the propagation from level n to level
n + 1 of the Holder-norm controls contained in (1.47).

In Sect. 4, we perform “surgery” in a large box of size const L2 41
around the origin, which contains the relevant portion of the medium for
our purpose. We investigate at a finite depth n — my — 1, with m a fixed
number, cf. (1.17), this large box, remove all boxes of size L,_,,,—1 where
bad behavior in the sense of (1.47) occurs, and in essence replace them with
good boxes. In this new artificial environment “after surgery”, we analyze
the diffusion at all the levels n’ between n — my — 1 and n + 1. We show
that with overwhelming P-probability this environment not only does not
develop in these intermediate levels bad Holder-norm behavior with distance
Lﬁ 1 from the origin, but produces a decay of the relevant || - ||, -norms faster
than L;,‘s, cf. Proposition 4.11. Wavelets, cf. [6], [16], turn out to provide
a powerful tool in the control of the || - ||,»-norms of certain random linear
operators, cf. Lemma 4.5 and 4.6. Isotropy also provides crucial centerings,
cf. (4.78), (4.79). Collecting Lemmas 4.2 to 4.6, one can read that the

relevant || - ||,»-norms mentioned above “contract like L;,ﬁ PnA=pnd/ 2*1)”,
see also Remark 4.7.

In Sect. 5, we compare at level n 4+ 1 the true environment with the
environment after surgery constructed in Sect. 4. The difference between
them resides in a few defects of size L,_,,,—1. Thanks to the controls
on traps in (1.48), we can assume that these defects have no trapping
power. Then using a strategy close in spirit to Sect. 2 of [25], we show
that the Holder regularity of the kernels of the diffusion in the environment
after surgery performed in Sect. 4, tends to repair the small defects of
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the true environment, cf. Proposition 5.1. One can then recover with large
P-probability the bound || x,+1.0(Ry4+1 — Rg +) a1 < const L;ji] , required
to prove (1.47) at level n + 1, and the discrepancy |w, 1 — oy, is controlled
in Proposition 5.7.

Section 6 as indicated previously applies Theorem 1.1 to the proof of
the main Theorem 6.3, cf. also (0.6), (0.7), and to the derivation of an
homogenization result, cf. Theorem 6.4 and (0.8), (0.10).

The Appendix collects some useful results on the norms | - |, on the
space of S-Holder continuous functions, cf. (0.13), and on the control of the
corresponding operator norms || - ||, with wavelets, cf. Proposition A.2.

The work by Bricmont-Kupiainen [5] was certainly a source of inspira-
tion for the present work even if we had difficulty to follow some of their
arguments. Our proof albeit using renormalization follows a different track.
It may be helpful to highlight some of the differences beyond the fact that
in [5] the setting is discrete and here it is continuous. In this article we in-
troduce a family of Holder-norms that play an important role both for their
contraction properties and the couplings they enable to construct. They also
motivate the use of wavelets. Further we directly compare the quenched
transition kernels of the diffusion, cf. (0.11) to certain Gaussian kernels,
cf. (0.12), and not to the P-average of the kernels in (0.11). This simplifies
the proof. Our bounds on traps are conducted in a different fashion, that is
more in line with [29]. We do not carry in our induction a decomposition
of the kernels into “small field” and “large field”. The scales along which
we perform renormalization here grow faster than geometrically, and we
perform surgery at a finite depth, and compare what happens in true and
“after surgery” environments. Our proof also enables to have, unlike [5],
a concise induction step stated in Theorem 1.1. We believe this is a source
of clarity.

Finally let us say a few words concerning the decision to work in a con-
tinuous rather than discrete setting. It entails some simplifications because
a number of scaling arguments become natural and straightforward. But it
also bears some technical intricacies related to regularity questions at small
scales. Decisive was perhaps the fact that some of the calculations involving
wavelets are more transparent and standard when one uses wavelets on R?,
rather than wavelets on Z¢, cf. [16], §7.3.3.

Acknowledgements. We want to thank Erwin Bolthausen for many helpful conversations.
A.-S. Sznitman also wishes to thank Stéphane Mallat for his explanations concerning
wavelets on Z.

1. Setting and main induction step

In this section we introduce notation for the main objects of interest and
collect some of their elementary properties. We also present in Theorem 1.1
the induction assumption that will be propagated. The proof of Theorem 1.1
occupies the next four sections.
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Welet (¢;)<i<q stand for the canonical basis of R?,and d > 3 throughout
the article. We respectively denote with | - | and | - |, the Euclidean and
supremum distances on R?. We let B(x, r) and B(x, r) stand for the open
and closed Euclidean balls with center x € R? and radius r > 0, and write
Boo(x, 1), Bso(x, r) for the corresponding | - |5-balls. For A, B subsets of
R? we denote with

(1.1) d(A, B) = inf{|x — y|; x € A,y € B},

their mutual | - |-distance, and with dy (A, B) their analogously defined
mutual | - |-distance. When U is a finite subset, we write |U| for the
cardinality of U.

The random environment is described by (€2, 4, P) a probability space
endowed with (7,),cre @ bi-measurable group of P-preserving transform-
ations. The diffusion matrix and the drift of the diffusion in random en-
vironment are stationary functions a(x, w), b(x, ®), x € R, w € Q, with
respective values in the space M of non-negative d-matrices and R?:

(12) a(x,tyw) =alx +y, w),
) b(x,tyw) = b(x +y, w), forx,yeRd,a)eQ.

We assume that these functions are bounded and uniformly Lipschitz, i.e.
there is K > 1, such that for x, y € RY, we Q,

(1.3) 1b(x, w)| + la(x, w)| < K,

(1.4) 1b(x, w) — b(y, )| + la(x, w) —a(y, w)| = Klx — y|.

Further we assume that the diffusion matrix is uniformly elliptic, i.e. there
isav > I, such that for x € RY, w € Q:

1
(1.5) I <alx,w) <vl.
v

As mentioned in (0.3) the local characteristics of the diffusion satisfy a con-
dition of finite range dependence. Namely for A C R?, we define

(1.6) G4 = G(a(x, 9, b(x,); x € A) ,
and assume that for some R > 0,
(1.7) G4 and G p are independent under P whenever d(A, B) > R.

Finally we assume that the local characteristics of the diffusion satisfy the
restricted isotropy condition stated in (0.4).

We recall that (X,),;>0 denotes the canonical process on C(R., RY).
We write (F;),>0 and (6;),>¢ for the respective canonical right-continuous
filtration and canonical shift on C(R,, R?). We also write Hg and Ty, for
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the respective entrance time of X in the closed set B € R? and exit time of
X from the open set U C R%:

(1.8) Hp =inf{lu >0, X, € B}, Ty =inf{lu >0, X, ¢ U}.

In view of (1.2)—(1.5), for any w € Q, x € R¢, the martingale problem
attached to (a(-, w), b(-, w), x), (or alternatively to L in (0.2), and x) is
well-posed, cf. [26]. The corresponding law P, , on C(R, RY), unique
solution of the above martingale problem, describes the diffusion in the
environment o and starting from x. We write E, , for the expectation under
P, ,. Under P, ,, (X,) satisfies the stochastic differential equation

dX; = o(X;, w)dp; + b(X,, w)dt ,

1.9
(1.9) Xo =x, Pyyas.,

where o(-, w) = a(',a))i and B, is some d-dimensional (¥;)-Brownian
motion under P, ,.

The laws P, ,, are sometimes called “quenched laws” of the diffusion in
random environment. We also need the “annealed laws”, P,, x € R?, that
are the semi-direct products on Q x C(R,, R?):

(1.10) P.=Px P,.

We denote with E, the corresponding expectations. These laws typically
destroy the Markovian property of (X ) but restore translation invariance
and isotropy:

the law of (X + y) under P, equals that of (X )

(1.1 under P, , forx, y € RY

and for r a rotation matrix preserving the union of coordinate axes of R,
and x € RY,

(1.12) the law of (X ) under P, equals that of (X ) under P,, .

We now turn to the description of spatial scales. We first choose

(1.13) B e (o, ;]

that will later appear as an exponent of Holder-continuous functions, as well
as

B . a
1.14)  aec (0, 1OOOd],amdco > 1, with 2.¢; log (1 + 2) S 1.

Then for Ly > 10“71, an integer multiple of 5, we define L,,n > 0, by
induction via:

(1.15) Ly =4, L, with €, =5[L%/5], n >0,
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and by convention we set L_; = 1. We also need the auxiliary scales

(1.16) D, = L, exp{co(loglog L,)*},
. D, =L, exp {2¢o(loglog L,)*}, n > 0.

The proof of Theorem 1.1, when deriving controls on certain Holder-norms
at scale L,y, requires one to work at depth mo 4 2 in scale L,_,,—1, see
Sects. 4 and 5, with my > 2 determined by

(1.17) (14+a)™ 2 <100 < (1 +a)™ ",

We can now introduce the probability kernels that enter the renormalization
scheme. To this end we first define

(1.18) X =sup |X; — Xol, u >0,

sS<u

as well as the (F;)-stopping times describing the first time X travels a dis-
tance D, from its starting point:

(1.19) T, =inf{u >0, X*>D,}, n>0.
We can then consider n > 0, w € 2, the probability kernels on R4
(120)  R,(x.dy) = Poo[X.2 € dyl, R,(x.dy) = Poo[X 27, € dyl.

In the renormalization scheme we compare R,, and R, to a Gaussian prob-
ability kernel R® that we now define. To this end we denote with W, the
d-dimensional Wiener measure starting from x € R?. Then for n > 0, we

set

RO(x, dy) = W, [X,, 12 €dy],
1.21) ~0( y) n L2 y
R, (x,dy) = Wi[X(,12)r1, € dY],

where §2 is not used until (4.7), and the positive constant «,, is such that:
(1.22) Eo[IXp2n1,1?] = EM[1X,,121°] = awdL;, n > 0.

To compare R, and ﬁ,, to RS, we will use the kernels

(1.23) Sy,=R,— R, S, =R, —R", n>0,0eQ.

The local drift and the compensated second moments at level n at site x in
the environment w are defined via:

dx.w) = [ G- R0rdy = [ (v= 5.y,

(1.24) N _
i (x, ) = / (y—x); (v —x); SyCx.dy), 1<i,j<d.
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In view of the translation invariance and isotropy of X, under the annealed
measure, cf. (1.11), (1.12), and of (1.22), we see that

(1.25) E[En(x, )] =0, Ey,(x,w)] =0, for n >0, x € R?.
Note also that for x € RY, n > 0,

(1.26) gn (x, dy) depends in a § g, 5,,-fashion on w,

(see (1.6) for the notation), and in particular

(1.27) d,(x, ®), Vu(x, ) are G, 5, -measurable .

The finite range dependence property (1.7), together with stationarity and
(1.25) yields the fact that (d, (x, ), 7 (x, ®)) _,, arei.i.d. centered variables
under P, whenever 'V is a collection of points of R¢ with mutual distance at
least 2D,, + R. This will be especially useful in Sect. 4.

In what follows we will use various norms. For p € [1, oo], we de-
note with | f], the LP-norm of a measurable scalar function f on R?. We

also consider as already mentioned in (0.13) the Holder-norm of order $,
cf. (1.13), in scale L,:

| f(x) = f)

(128) | fley = sup [f0)] + LE sup L n=0.

xeRd x#£y lx — y|?
Note that for f, g scalar functions on R¢:

(1.29) | /8l = 1f 1w 18l n = 0.

The operator norm corresponding to | - |(,) is denoted with | - ||,

(1.30) Al = sup [Aflw),
|f‘(n):1

for A a linear operator mapping the space of Holder-continuous functions
of order g into itself.

In Sect. 4 we need to compute in an efficient way the | - ||,+1-norm
of certain operators entering the linearization of S,; expressed in terms
of n, for ng — mg — 1 < n < ny, cf. Theorem 1.1 for the notation. This is
done with the help of wavelets. Namely we choose a scaling function ¢ and
a mother wavelet ¥, which are compactly supported on R, of class C*, cf.
Daubechies [6, Chaps. 5, 6], Mallat [16, Chap. 7]. In particular ¢, 1 have
unit L2-norms and fR Y(t)dt = 0, cf. [6, p. 153], (intuitively one can think
of the Haar wavelets ¢(t) = 1j0.1)(#), ¥ () = 1[0,;>(f> — 1[5,1>(t)’ which
of course do not fulfill the smoothness assumption we require). Attached
to this choice we have a multiresolution approximation of L?(R), namely
a decreasing sequence of closed subspaces V;, j € Z, of L*(R):

(1.31) .cVh,cvicVyCcV 4 C V...,
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with dyadic scaling sending one space into the next, V_,, = L?*(R),
Voo = {0}, and ¢(- — k), k € Z, an orthonormal basis of Vy, V(- — k),
k € Z, an orthonormal basis of the complement of V, in V_;. Since we are
interested in functions on R¢, we write

(1.32) O =¢, 0 =7,
and for o € {0, 1}¢ and x = (x|, ..., x;) € RY, we define:
(1.33) O (X) = Oq, (x1) ... Oy (xa)

as well as for £ € Z, p € Z:
(1.34) Ot () = ea@ - p> .

In this way given any “top scale” 2/0, we have an orthogonal basis of L>(R%)
made of 0, ¢ p, £ < jo, p € 74, with a # 0if £ < jo, and any f € L*(R%)
can be expanded as
(1.35) fo= ¥ 0y -p).
L<jo, peZd
@30, for €< jg
For our purpose the interest of this expansion stems from the fact that with
an adequate choice of jj (i.e. 20 ~ L,) the norm | f|, is comparable to
sup{[c)y, ,[2PU0705 £ < jo, p € Z4, a # 0 for £ < jo}. This leads to
effective estimates on || - ||,, cf. Proposition A.2 from the Appendix. These
controls will be very useful in the proof of Lemmas 4.5 and 4.6.
To formulate the Holder-norm controls that enters the induction as-
sumption of Theorem 1.1 we need certain cut-off functions which we now
describe. We consider the [0, 1]-valued radial function:

(1.36) x) = 1A Q2= x4, x eRY,

sothat x = 1 on B(0, 1), x =0on B(0,2)".Foru > 1,x € R%, n >0, we
also consider

(1.37) xu() = x(,). as well as

=X
(138) XnxO) = tiogar, =0 =x( 0 " ).
Of special importance for us will be the control of the norm || x, » §n I, to
measure the closeness of R, to RY, for starting points in a neighborhood

of size const L, of x, (we incidentally mention that || x,, . §n I, is finite, cf.
Remark 2.6.2)).

We are now ready to describe the induction assumption we will
propagate. Part of the induction assumption, cf. (1.47), expresses the fact
that with “high probability”, || x,.0 S.|l» is “small” and for starting points
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ly| < 304/d L,, the tail of X*Lz under P, , has exponential decay. More
precisely we introduce for w € 2, n > 0, the set

B,(0) = [x € L, 2% for |y — x| <30vd L,,
(1.39) P, [X%, > v] < e on, forv> D,,
and [| .« Sulla < L%},

with § a number slightly larger than ’g, specifically:

5

(1.40) 5=

B.

We will in particular propagate an upper bound on P[0 ¢ B, (w)], cf. (1.47).
Another part of the induction assumption involves the control of traps

in the medium. Forn > 0, x € L, Z%, we write

(1.41) C,(x) = x + L,[0, 1]%, C;(x):x+Ln(—i,i>d.

Cn’y(x) T 1Ln L, 3L

Cn(x) | \L

Fig. 1. The boxes C, (x), C,,(x), Cy (%)

Cp0) —]

We then chop each of the 2d faces of 9C,(x) into 5~V closed
(d — 1)-dimensional cubes of side-length L, /5, see (1.15), and denote
with C, , (x), 1 <y < 2d 5D, the resulting closed d-dimensional cubes
obtained by “expanding” in the outwards normal direction to dC, (x) the
above mentioned (d — 1)-dimensional cubes, (with some specific labelling
of the collection of cubes expressed by the index y). We clearly have

(142) C,,(x) CC,(x), for <y <2d59 D n>0 xeL,7".

To measure the possible presence of traps in C, (x), we want to control how
well the diffusion starting in the smaller box C,,(x) travels to the boundary
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boxes C, , (x) without leaving the larger box C;, (x), within time Lﬁ. To this
end we pick a number

(1.43) ¢t €(0,2), with ! > ;+d3‘”‘,

see also (3.85), and introduce for n > 0, x € L,Z% A C C,(x),
1 <y <2 5@=D_ the random variables measuring the presence and
strength of traps:

(1.44)
Jn,x,A,y(w) = inf {M > 0; )II€1£ Py,w[HCn,y(x) < Lﬁ A TC;L(X)] > C L;{u} ’

where ¢; € (0, 1) is the constant depending on d and v, see also above
(3.67):

1.
c|p = 4 mf{Wx[Xu €B,u< T(_fo*ig)d]’

ue[l 4v] xe[ 1 11]d
400° 10 100 101 °

and B is a closed cube with side-length ]10,

. ) 1 674
contained in | — s s >0.

We call n-admissible family, for n > 0, an arbitrary collection

(i, Ay, Vi) ren, Where o4 is a finite subset of L, Z9,
and forx € A, u, >0, y, € {1,...,2d 59"V},
(1.45)  and A, € C,(x) is a union of boxes C,_;(z)
(with the convention L_; = 1, when n = 0, cf. below (1.15)),
such that do (Ay, Ay) > 10d L,_1, when x # x’.

In the induction step we will propagate an upper bound on P[for x € A,
Jnx,Acye = Uy] for n-admissible families that will show that with over-
whelming probability the variables in (1.44) vanish. We are now almost
ready to state the main Theorem 1.1. We just need to introduce two num-
bers My and M that will respectively govern the estimates on P[0 ¢ B, (w)]
and on the tail of the variables in (1.44).

(1.46) My > 100d(1 + a)™*2, M > 1000M, .

Throughout this article we denote with ¢ a positive constant varying from
place to place that solely depends on d, K, v, R, 8, a, ¢y, ¢, ¥, &, My, M,
cf. (1.3), (1.4), (1.5), (1.13), (1.7), (1.14), (1.32), (1.43), (1.46). Any addi-
tional dependence of the constant will appear in the notation. So for instance
if u is a parameter, c(u) denotes a positive constant depending solely on
u,d,K,v, R, B,a,cy, e, V¥, ¢, My, M.
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Theorem 1.1. (Main induction step)
There are positive constants c,, ¢, such that for Ly > ¢, for ng > mgy + 1,
(cf- (1.17)), if for all 0 < n < ny,

(1.47) P[0 ¢ B, (w)] < L, ™,
and for all n-admissible families (uy, Ax, Vx)xchs

—Mn X 1
]P[for all x € A, Jl’l,XqAx,yx >u,] < LnM D ven (Ut )’

1.48 .
98 i M, = ] (1— @ )
0<j<n log L;
and if, with § as in (1.40),
1) 21§an52v,05n5n0,
(1.49) v
. —(1+ )8
11) |an+1_an|§Ln ’ 0§n<n07

then the estimates (1.47), (1.48) hold with ny + 1 in place of ny, and

_ 9
(1.50) (g1 — Gng| < Loy 0.

The proof of Theorem 1.1 is the scope of the next four sections. The
crucial control is (1.47). In Sect. 2 we propagate the localization estimate
contained in (1.47), that pertains to the tail behavior of X7,. In Sect. 3 we

propagate the control on traps that appears in (1.48). It is in fact used in
a rather special case, at the beginning of Sect. 5, cf. (5.3). As mentioned
in the Introduction, the more detailed (1.48) enables the induction proof
to function. In Sect. 4 we perform surgery on the environment at scale
L"E)’ with ny = ng — my — 1 and mg from (1.17), and remove possible

defects within distance const Lﬁo 41 from the origin, which (in essence)

belong to L, v \3B,; (), and show that with high probability this modified
environment behaves very well up to scale L, . In Sect. 5 we compare the
true and modified environment, and show with the help of the smoothness
estimates of Sect. 4, and the control on traps from (1.48) and Sect. 3, that
one can repair the defects possibly present in the true environment. Later
on in Sect. 6, cf. Proposition 6.2, we choose 1 , cf. (0.5), small enough, i.e.
we consider small perturbations of Brownian motion, in order to initiate the
induction.

We have already discussed our convention concerning positive constants
above Theorem 1.1. We will use in the sequel the expression “for large Ly”
in place of “when Ly > ¢”. We will recurrently use the shorthand notation

(1.51) k, = exp {c (loglog L,)*}, n > 0.

From now on we assume L, > 10, large enough so that

(1.52) L, <D, <D, <Ly, forn>0.



470 A.-S. Sznitman, O. Zeitouni

We close this section with some bounds on the Brownian semigroup and
on the semigroup of diffusion in random environment. We write ()¢ for
the Brownian semigroup and p,(x, y) for its transition density so that

2
(1.53) pi(x,y) = Q) ~* exp{ _ W ;tx' } t>0,x,yeR’, and

(154) P, f(x) = f pi(x, ) f)dy, >0,

= f(x), t =0, withx € R4, f bounded measurable .
Note that P, t > 0, contracts the | - |(,)-norm and
(1.55) P, =1,fort>0.

Also for y = (yi, ..., ¥4) a multi-index (i.e. y; > 0, integer), f bounded
measurable, x € R, t > 0, one has

(1.56) D" (PN = W exp| = IRV (VY A g1 ],

Il
tg 4t 12

with |y| = y1 + - -+ + vy, (the estimate readily follows from the identity:
d+lyl

_ _ . _ i
DY py(x, y) = (=D =" Drg (), withgo) = ) e%).
The semigroup of the diffusion in the environment w

(1.57) (Pof)x) = Exo[f(X)], 1= 0,x € RY, fasin(1.54),

thanks to (1.3)—(1.5), is known to admit a density p;,(x, y), cf. Fried-
man [9], p. 24, which satisfies for0 <t < 1,x,y € R4:

c -
(1.58) Prox,y) = CXP{‘ Clyt i }
12
c -
(1.59) Dy pro, VI < exP{_ Clyt x| }
r 2

As a consequence we can bound the norm || F||p~_ ¢, of P, between
L>®(R?) and the space of B-Holder-continuous functions endowed with

the norm | - |().
Lemma 1.2.
(1.60) |Prollzcsm < cLP, fort>1,n>0,we Q.

Proof. First note that for s > 0, w € Q,

(1.61) |Psofloo = 1floo -
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Then with (1.59) and the above we see that
|P1o f(x) = Pro fO)| < c(lx =y A D[ flo

1.62 Y
(1.62) =ctf([* 20 A 1l
We thus find
(1.63) 1Pro floy < LY |l
and writing for¢t > 1, P, , = Pi ., Pi—1 4, the claim (1.60) now follows from
(1.61), (1.63). O

2. Localization estimates

We keep the notation of the previous section and in particular of Theo-
rem 1.1. We begin here the proof of Theorem 1.1, the principal aim of this
section is to propagate to level ny 4 1 the tail estimates on X* implicit in
(1.47), see also (1.39). This is achieved in Proposition 2.5. We also derive
controls in Proposition 2.5 which in particular imply that S, and S,
are typically close in || ||,,+1-norm. We begin with some additional notation.
With K from (1.3), (1.4), and n > 0, we define:

2.1) 7, = (- 2K L2, 2K L2)*,

and also introduce for w € 2, the modification of B, (w) in (1.39), see
(1.16) for notation:

B, () = [x € L, 2% for |y — x| < 30v/d L,,

(2.2) Py,w[X’Z% > v] < exp{ — l;)n }, for D, <v < D,,

and || X« Sulln < L} -

Note that for n > 0, x € L, Z¢, the event {x € B, (w)} unlike {x € B, (w)}
has a local dependence:

2.3)  {x € By(@)} € Gp. 5430041, (see (1.6) for the notation) .

In the terminology introduced above (1.51), and the notation of (1.22),
(1.24), one has

Lemma 2.1. There is a constant ¢ > 0, such that for large Lo, for any
we Qn>0 witha, < 2v, x € L,Z% with I XnxSnlln < L;‘S, and

04 |d,(y, )] <1, LI, 13 (y, 0)] < i, L2772,
. with «, = exp {c(loglog L,)*} .
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Proof. For y as above and 1 < i, j < d, we define, cf. (1.37),

2.5) fiD) = xp, =y < and

(2.6) fi.j(@) = fi(@) fi(2).
Observe that

(1.29)

(2.7) | filoy < knand | fi il < Kn.

Further using that f;(z) = (ZL’ny )i for|z—y| < 5,,, and Gaussian estimates,
see (1.53), (here the control on «, comes in play), one finds that

dy(y, );
L

n

~i,j ~
Vi (¥, @) . (Sn fl,])(y) < e kn

(2.8) h

-G )| e,

Since x, (y) = 1, cf. (1.38), and || x,.x §n||n < L;‘S, cf. (2.2), the claim
now follows (L is large). |

We now turn to the localization estimates.

Proposition 2.2. For large Ly, if forn > 0, (1.47) and 2111 <, <2vhold,
then

for |y| <30+/d L,11, and v > D,4,

k = 1 _MO
Py olX), =vl= eXp{ - f
n+1

2.9) P =1— LY

Dn+] }

Proof. Using the exponential inequality for martingales, cf. Revuz-Yor [23],

p. 145, for large Lo, n > 0, w € 2, v > 2K Lﬁﬂ, and arbitrary y we find

" cv?
Py,w[XL2 > v] <c exp{ -, }
(2.10) s n+tl
< cexp{—cv} <exp{— b }.

n+1
Hence for proving (2.9) we can restrict v to

2.11) D, <v<2KL;,,.

For such v and w € 2, we define

B = {x € L7 Al 2wl s = )

n

(2.12) for D, <u < " and
100

|d,(y, )| < K, LY, for |y — x| < 10J/d L,},
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where «, appears in (2.4). As in (2.3) the local dependence of the event
{x € 8B,.,(w)}, for x € L, Z¢, is expressed by

(2.13) {x e B, ,(w)} e gB(x,(lgovﬁn)HWdLn).
In particular with (1.7) and (2.11), we see that when Ly, is large,

2.14) for x, x' € L, Z?, with |x — x| > . {x € B, ,(w)} and
' {x" € B, ,(w)} are independent .

We then introduce, see (2.1):

Qo = o e Q, Ty1 N L, 2N BE (@) C Bxo, ),

(2.15) 70

for some xy € L, Zd} .

Observe that when L is large, n > 0, v as in (2.11),
(2.16)
c lead d c . 2v
P[Qs ] < P[To41 N L, Z N B, (w) has diameter > 0 Vd L,] <
for some x, x' € T4y N L, Z,
<
with |x — x'| > 412),x andx" ¢ B, ,(w) | ~

2 2d ;oM 4d 7 —2M,
(C Ln+1/Ln) Ln 0 = Ln+1 Ln 0 ’

where we have used B,(w) C f);n (w), and hence with (2.2), (2.4),
By (w) C By (w), as well as (1.47) and (2.14) in the last step. We now
pick some w € €2, ,. We can find some xo(w) € 7,41 N L, Z4, such that
(2.17) Tost N L, 2N BE (@) € B(xo(w), 7’8) .

We introduce the successive entrance times H; and exit times V; of X _ in
B(xo, 5,) and out of B(xo, ,,), (see (1.8) for the notation):

H, = HB(XO,;E))’ Vi = TB(X014L£)) OQH1 + Hy, andfori > 1,

(2.18)

Hiii=Hio0y +V, Vi =Vioby, +V;,
so that
(2.19) H <Vi<H,<-.--<o00.

We first discuss the more complicated case where

(2.20) o(@)| < J
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Then for |y| < 304/d L,1, we write for large L,

Py olX7> = v] <
Yl

(2.21)
ProlXpa =z v Hy < Lo ]+ PoolTpo 0 < HiALpy].
where we have used that P, ,-a.s., TB(O y < Ln+1, on {X > v}. To

bound the first term on the right-hand side of (2.21), we conglder on the

2
event {X*n+| > v, Hy < L, } the last exit time of B(xo, ,) before Ty, 3,

(< Ln +1» Py.w-a.s. on this event), and the integer part of this time. We then
find:

Py,w[X’ZZH >v, H <L, ] <

[for some k < Ln-H’ sup | X, — Xi| > 180] +
uelk,k+1]

(2.22)

Pool U (X0 € K@) N0, Ty 3, < Hi A 2]

m<Ln+l
. v v
with m integer and K (xo) = 9B (xo, 40) + B(0, 100) )

Using an exponential inequality as in (2.10) to bound the first term on the
right-hand side of (2.22), we find:

Py,a)[XzZ >v, H < Ln-H]
(2.23) "
cLﬁH(exp{—cvz} + sup Pz,w[TB(o,* < H| A Ln+1])
zeK(xp)
For convenience we write K, = {k > 0; kLﬁ < H A LﬁH ATy}

Keeping in mind the last term of (2.21), we write for |z| < 304/d L4y, 0r
z € K(xg):

Pzw[TB(O 3, < Hi A L,.]<

Z,,,J[for some k € K, sup [ Xy — X2l = lv ] +
uelkL2, (k+1)L2] 00
P, ,[for each k € X, sup 1 X — Xp2| < 18 , and
uelkL?, (k+1)L2] 0
(2.12),2.17)
2 2 v
(2.24) Tgo,30) < Hi ALy, ATr.] = cliexp{ - 100Dn}+
Pz,w[for each k € X, sup [ Xy — X2l < ]v ,
welkL2, (k+1)12] 00
v 2 v
< —
and X 2 v > sl Sciepl— o, b
Pz,w[for each k € X, sup | Xy — Xpr2l < l:)O’

uelkL2, (k+1)L2]

and for some m € K, |X,,12 — z| > lvo]'
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We now have to bound the last term of (2.24). To this end we will use an
exponential estimate. But we first need the following

Lemma 2.3. If Z is a random variable on some probability space such that
(2.25) E[e?]1 <2, E[e 41 <2 and

(2.26) E[Z] =0,

then for L > 1,

(2.27) E[exp{\/l"g2 Z}] <2l/1?

2 L
Proof. Fora € (0, 1] and u € R, one has the inequality
(2.28) a2 —1—au) <ée' +e " —2,

that can be verified by expanding both sides in Taylor series and using that
w> > “*Hence we find
k>2,even [ — k>2,0dd k!

(2.29) e <l+aZ+a’le? +e % —2].
Substituting o« = \/ 10;2 L~', and taking expectations we find with (2.25),
(2.26), that the left-hand side of (2.27) is smaller than

1+ log?2 < exp {l(ngZ} < 21/L2‘
This proves (2.27). O

The desired exponential estimate comes in the next lemma where y’
plays the role of X, in the last term of (2.24). For u > 0, we write

(2.30) Y,()=[-uvVv -1Au.
Lemma 2.4. There is a constant c¢ such that for Ly large, if x € B, ,(w)

and |y’ — x| < 10Vd L, then for any e € 7, with |e| = 1,

Ey/,w[ exp {

C
Zn Dn

[wlgo ((XL% B y/) ’ e)
(2.31) -2
~ Evol g, (X =) 9] =297

Proof. In view of Lemma 2.3, we only need to prove that for some ¢ and
all e as above:

Ey/’w[exp { Dcn [ (X2 =) -e)

(2.32)
N Ey/""[wlﬁo ((XL% - e)]]” =2
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To this end note that with a small enough ¢ one has

Evalewf s vy (X —y)-e)}] <
1+ Eyo[(Xp2—y)-e>0,

100 AN X 2=y e 2.12
(2.33) fo C, exn ) uldu] =Y
180 c u
l—i-/o D, exp{(c—l)Dn—i-l}duf
1+ | ic e < V2.

Then observe that when L is large:

|Ey/’w[l//180 ((Xer, =) e)] - En(ylv w) e| =

(2.34)
|Ey’,w[1ﬂ150 ((XLg -y e) - (XLgATn -y €]|
and since the integrand vanishes when 7, > Lﬁ, (because 180 > 5,,),
2 (2.11),(2.12) D,
< oo Prolli =L 2 e en{ - )

(1.15).(1.16)
< cexp{2(1 +a)logL, —exp{co(loglog L,)*}}.

Moreover with (2.12) we find:
(2.35) |, (v, @) - el <, L1,

Hence where L is large, combining (2.33)—(2.35), we obtain (2.32). This
concludes the proof of Lemma 2.4. m|

With the same ¢ as in (2.31), introducing for e € Z¢, with |e| = 1, and
m > 0, the notation

C
Ee.m = €Xp {KnDn > (Vo (X — X ) - e)
(2.36) 0=j<m

= Exp ol ¥, (X0 = X0)- )]} |

we see as an application of (2.31) and the Markov property that for m < 2,
|z| <30+/d L, or z € K(x), e as above:

(2.37) E.o[mL, < H ATz, Em| <2.
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Note also that for large Ly, for 0 < m < Eﬁ, P, ,-a.s. on the event
{IXy2—zl > [y.mL; < H ATy, ,and for0 < k < m, SUPy e [kL2, (k+1)L2]
| X, — XkL%| < 180}, for some e as above, with (2.12) and (2.34), (2.35):

2 [Xganig = Xjz) - e = 26 Llfs]}

no0<j<m

Cc

&e.m = €Xp {Z S
n

v

c _ 271-5 ¢
= eXp {ZnDn (IOd Kn g" L, )} = CXp {ZnDn v} ’

using (1.14), (1.40) and v > D, ., in view of (2.11), in the last step.
It now follows from (2.37) that the last term of (2.24) is smaller than

25% exp{— Z,,CD,, v}. Hence we see that when L is large the left-hand side of

(2.24) is smaller than cﬂi (exp{—,00p.} T €xp{—, 5 VD

Dy

Using this bound in (2.23) and on the last term of (2.21), (recall that
lz| < 304/d L, or z € K(xo(w)) in (2.24)), we obtain for large Ly and
ly| < 30vd L,

Py,a)[XiZ Z U] S
n+1

v

2 2 2 2 Ccv
(2.38) an+1(exp{—cv }+ L, exp{ ~ 100D, } + £ exp{ 0, Dn}) =<

{ 10v }
exp{ — ,

Dy 1
where we have used in the last step that for large L

(2.39) Zn;;(l.lsgl'lg)xp {co[(log log L,, + log (1 4+ ‘2’))2 — (loglog L,,)z]}

> exp {2colog (1 + ;)loglog L.},

with 2¢p log(1 + 7) > 1, by (1.14), as well as v > D, 1, in view of (2.11).
We now turn to the simpler case where unlike (2.20)

(2.40) (@) > ]
Then for |y| < 30+/d L1, Lo being large, we write:

10
@41) PulXj: =0l = Pu[Taoy < HiALLL] < exp { _ v }

Dn+1

repeating similar bounds as in (2.24), (leading to (2.38)). We now define,
cf. (2.15),

(2.42) Q, = N Q107D -

m>0;10" D,,+]<2KL§+,
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and observe that for v € ,,, v € [D,41, 2KL,%+1), ly] < 304/d L1,

PyolX7, >v] < PyulX]
+1

(2.38),(2.41) { 10v,, }
exXpy —
(2.43) i

>l =
Dn+1

SeXp{_DH}’
n

where for m > 0, the notation v,, denotes the unique number 10" D, .,
such that 10" D, 1 = v,, < v < 10v,,.
In addition from (2.16) we deduce that when L is large

2K L2
([mg( 1)/ log 10] +1)e L, L2

n+1
1 —Moy
=10 Ly

P[€2,]

A

(2.44)

since 2My(1 + a)~' > My + 4d + 1, by (1.14), (1.46). Combining (2.10),
(2.43), (2.44), we see that (2.9) is proved. |

We will now conclude this section with an estimate on || x, (S, — S’;) I
that will be repeatedly used in the sequel. We refer to (1.23), (1.30), (1.38)
for the notation.

Proposition 2.5. Given «° as in (1.51), for Ly large, foranyn > 0, w € L,
ifxelL, 72 is such that for |y — x| < 30\/d L,,

« o Dy _
(2.45) Pl Xjy 2 7] =e,
then there exists a k,, as in (1.51) such that

(2.46) 1w (S = Sl < €7

Proof. We use the shorthand notation

~

(2.47) A, =S8, —S,, sothat
(1.23)
A, g(z) = Ez,w[g(XL%) - g(XL%ATn)v T, < Lyzl] .
Note that for f with | f|¢,) < 1, and x, y as above (2.45),

(2.45)
(2.48) 1Ay f)I <2 P, [T, < L2] < 270

So when Ly is large, we find that for y, y" in B(x, 214/d L,), with |y — y'|
> e,

y=y|F
Ly,

e fn

1Ay F) = Ay fO)] < 2¢70 < LF

/
- ‘y—y
Ly

(2.49)

e

’
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(see above (1.51) for the convention we use, and we are only interested
iny,y € B(x, 214/d L,) because Xn.x 18 supported in B(x, 204/d L,), as
follows from (1.38)).

We now consider for «,, as above (2.49),

(2.50) ly=yl=<e™,
and write
1A f(3) = An fON] = a1 + a2, with
2.51) a1 =|Eyolf(Xizar,) — [(Xi207,
@ = |Eyol fX12) = f(X1200)] = Ey ol f(X12) = f(X 12,
and Ty = Ty, ,)» Ty = Tp(y p,) in the notation of (1.8). Writing
(2.52) t=T,ATy,

it follows from the strong Markov property at time 7, with hopefully obvious
notation, that

ar = |Ey [Ty =1 < Ly ATy, Exy, ol [(Xrnaz-n) — fX1]| +

253)  |Evo[Ty =t < LiATy, Exp ol f(X1,nw3-0) — [(X0)]|

def
= by + by, (the inner expectations do not integrate 7).

We will now bound by, b, being handled similarly. To this end we consider
7 € d0B(Y/, D, ) N B(y, D ), (2 plays the role ofXT,) O0<uc< (L -7,
and J the half-space {z € R%;z- ¢ > v}, with E the unit vector in the
direction 2/ — y, v = 2/ - £+ |y — y|. So d(¥, B(y/, D,)) = |y — /| in
the notation (1.1), and B(y, D,) C #¢°. We will use the shorthand notation,
cf. (1.8), H = Hy:, and note that

Ez’,a)HXTyAu - X0|ﬂ N2] <

(2.54) , , ,
2PZ’,a)[H> ly _y|]+Ez/,a)[H <y -yl |XTy/\u — Xol” A 2].

To bound the right-hand side of (2.54), we first note that under P, ,,
(X5 — Xo) - £ admits the semimartingale decomposition

(2.55) Xy —Xo) - €=M, + A, s >0,
where in view of (1.3)—(1.5), for some ¢ > 1,

(2.56) Dss M) ses, Al ses, 520
Observe also that with ¢ as above,

257 P.,as.T,<H<H<inf(s >0, M, >cs+ |y — y|}.
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As a result we find that

Py o[H < |y =yl = Py [H < |y =yl

Pz ,a)[ sup Ms = (C+ 1)|y/ - yl]
s<[y'=yl

W[ sup By>(c+1)]

s=<cly—y'l

vV 1V

v

(2.58) sealing W([sup B, > cly — yl|;]

s<l1

1
v —v| 2
. /cly vl 2 dv
=1- e
1
—cly'—y|2 VA
1
/
>1—cly =y,

where B, denotes the canonical one-dimensional Brownian motion, W the
Wiener measure, and we have used time-change together with (2.56). This
yields a bound on the first term in the right-hand side of (2.54). For the
second term we note that with ¢ as in (2.56), we can define

(2.59) H =inf{s > 0, M; = (c+ D[y’ — yl},
and P, ,-a.s. on the event {H < |y’ —y|},one has T, < H < H, and hence

, 5 o 09
Ez’,a)[HS |y _yla |XTyAu_XO| /\2] =<

ﬁ]f

(2.60) Cly/ _ylﬁ + Ez’,w[H = |y/ — yl, sup |f o(X,, w)dp,
s<H 0

/ B g / B
C|y —)7| +CEZ/,a)[H ]§C|y _y| s

using Burkholder-Davis-Inequalities, cf. Karatzas-Shreve [11, p. 166], then
once again a representation of M, as a time change of Brownian motion
together with scaling, and the fact that moments of order less than ; of the
hitting time of 1 by Brownian motion are finite, cf. [11, p. 96]. We can now
collect (2.58), (2.60) to bound the left-hand side of (2.54). Coming back to
the first line of (2.53), since | f|,) < 1,and B < !, cf. (1.13), we find (recall

T is not integrated in the inner expectation)
2
by < Ey [Ty =1 < L2 AT, EXTV/@UXTYA(L%_T) — Xolf A 2]]

@61y =<cly=YIPPut=Ty <L;]

(2.45) B

0 o
< CIy—y’Iﬂe’“"f‘y Y

n

e "n

A similar bound can be proved for b,.
We then turn to the bound on a, in (2.51). We use the shorthand notation

(2.62) to = (log |y’ — y) 72, (recall (2.50)),
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and denote with ¢, ,,(z, z’) the sub-probability density of the diffusion in the
environment w, killed when exiting the ball B(y, 10), at time ¢ > 0, when
starting in z € B(y, 10). We now find that

1—/ Gi0.0(Vs D N iV, 2)dz < 1 — /Qto,w(y, 2)dz +

/ di.0(s 2) — du.o(ys D) dz < 1 — f Go(v. 2) dz +

(2.63) /
/ oo 2) — Pow(.2)dz +1 - / G0 (v, 2) dz +
/ —¢ yoy| @62 |y_y
1_/QI0,w(yaZ)dZ§C€ o +c ol =l |

for large L, using (1.59) and standard estimates.

With the help of (2.63), we can construct on some auxiliary probability
space two processes Y, and Y’ with same laws as X under P, , and Py,
such that

PIGI=1—c|”7”], with
1612 ¢ V1o

G = {YL, =Y, foru > ty,and Y and Y’ do not exit
B(y, 10) up to time to} .

(2.64)

We now see that with a slight abuse of notation, when L is large:

(2.65)

a < |E[GC, f(YL%) - f(YLgATB(yﬁn)(Y)) - (f(YL%) - f(YL%ATB(y,ﬁn)(Y/)))]|
<4P[G, Ty, 55,(Y) < L, or Ty, 5,(Y) < L]

Holder, (2.45) o HF o (2:62).(2.64)
<

vy B
PIGTE e DTS =y e < |V

e .

Collecting the bounds (2.51), (2.53), (2.61), (2.65), together with (2.49), we
see that when Ly is large, for y, ¥ in B(x, 21J/d L)),

’ y=y B —K
(2.66) 1Bn ) = AafOO = |7V e,
This together with (2.48) and (1.38) readily implies (2.46), (see also (A.4)—
(A.6) of the Appendix). O
Remark 2.6.

1) We have used the assumption 8 < ;, cf. (1.13), in the estimate (2.58).
2) Note that the estimates on (2.51), and (1.60) can also be used to show
that forw € Q,n >0,x € L, 7%,

(2.67) Il X, x §n”n =c Lg :
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3. Controlling traps

We continue the proof of Theorem 1.1. The main objective in this section is
to propagate “at level no+ 1" the estimate (1.48), and this comes in Proposi-
tion 3.3. As mentioned in the Introduction and in Sect. 1 below Theorem 1.1,
the main purpose of the control (1.48) on the tails of the variables in (1.44)
measuring the strength of traps, is to later obtain the estimate (5.3), when
“repairing defects”. This only involves a small portion of (1.48), but (1.48)
is there to let the induction proof function. As a preparation for our main task
we first construct certain couplings of the diffusion in random environment
with Brownian motion of variance «,,, cf. (1.22), at times kLﬁ, k > 0. These
couplings will be very handy later in this section when relating Brownian
motion estimates to the behavior of the diffusion in a good environment, see
(3.51), (3.64), (3.66), as well as in Sect. 6. We begin with some notation.
We denote with d,, g(-, -) the distance function on R?:

_ VB
(3.1 dn,ﬁ(y,y’):‘yLy‘ , vy eR n>0.
We define for v, v’ probabilities on R?, for which

(3.2) / Iy v(dy) < oo, / yIP V' (dy) < o0,

D, (v, V') = sup {|/ fdv — / fdv'|; where f onR?is such that

|f() — fO)] < dup(r,y), fory,y € R

(3.3)
= inf { / dy.5(v. ') p(dy, dy'); with p a probability
R4 xR4

having v, v as first and second marginals} ,

where the last equality results from the Kantorovich-Rubinstein Theorem,
cf. Dudley [8, Theorem 11.8.2]. The function D, g is sometimes called
Kantorovich-Rubinstein or Vasserstein distance. We now consider a con-
tinuous function ~ with values in [0, 1], and for w € @, n > 0, define the
probability kernel on R?

(4)  Ryn(x,dy) = RO(x, dy) + h(x) S,(x, dy), cf.(1.21), (1.23),

(so when h = 0, IAQJ,,,;, = Rg, and when i = 1, IAQJ,,,;, = ﬁ,,).
We are now ready to state and prove the above mentioned result con-
cerning coupling measures.

Proposition 3.1. Leth be a continuous [0, 1]-valued functiononR¢, w € Q,
andn > 0 such that 211; <a, <2v.Thenfory € RY, there is a measure O,y

on the canonical space (R? x RN endowed with the canonical o-algebra
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and the canonical processes Xy, k > 0, X(k), k > 0, such that

under Q, y, Xy, k > 0, (resp. Xz, k > 0) has the law of the
(3.5) Markov chain on RY, starting at y with transition kernel
ﬁn,h (resp. RS)

and forky > 1, y > 0,
Qn,y[le - X(k)| > vy, for some k < ko] <

oo B(7) it e,

with Ty, = SUP e L, 2y xh 0 | Xn.x Sulln-

Remark 3.2. Note that under Q,, above, (XZ);(EO has same law as
(X, k22 k=0 under Wy, the Wiener measure starting from y, cf. above (1.21).
The inequality (3.6) highlights one of the interests in controlling the norms
Il - O

Proof of Proposition 3.1. For z € R?, denote with K, the non-empty com-
pact subset of M;(R? x R?), the set of probability measures on RY x R?
endowed with the topology of weak convergence,

K, = {,o e M (R? x R?); p has marginals R, ;(z, -) and Rg(z, 4,

3.7 ~
( ) and Dn,ﬁ(Rn,h(Zv ')’ R;(z,)(z’ )) = /dn,ﬂ(zla ZZ) p(dZ] ) dZZ)} .

Observe that for any sequences z;, p;, i > 1, with p; € K, fori > 1, and
z; converging to z,, p; is tight and has a limit point p, such that:

/ dy 5(21, 22) pooldzy, dzo) < liminf Dy (R, 4 (21 ), RO(zi, )
= Dn,ﬂ(ﬁn,h(zoo, ')’ RS(ZOO’ )) P

as follows straightforwardly by applying the triangle inequality satisfied by
D, g, as well as (2.67) and (3.3). This shows that po, € K. Then with
Stroock-Varadhan [26, Lemma 12.1.8 and Theorem 12.1.10, p. 289], we
can find a probability kernel 7. (dz;, dz»), z € RY, such that

(3.8)

(3.9 forz e RY, 0.() € K.,

and define the transition probability p_ . (dz’, dz)) on RY x R?:

(3.10) /g(z', 20) Pz, (d2’, dzg) = /g(zl, 20 — 2+ 20) p.(dz1, dz2)

for g bounded measurable on R? x R?, and z, zo € RY.
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We then define Q, , as the canonical law of the Markov chain with
transition kernel p and initial distribution concentrated on (y, y). With (3.7),
(3.9), it is straightforward to check that (3.5) holds. To prove (3.6), observe
that for k > 1:

(3.11)
E%" [dn.5 (X, X(k))] < E%m [dp (X1, XZ_I)] +
E9w[d, 5(Xx, Xg _ Xg,l +Xi0)] (3.9),(3.10)
EQny [d,,,,f,(Xk_l, Xg_l)] + EQ"‘y[Dn,ﬂ(i\;n,h(Xk—l, D, RS(Xk—l, ))] .

To bound the rightmost term, note that for z € R?, when x € L,Z is such

that |z — x| < +/d L,, and f has Lipschitz constant at most 1 with respect
to d, g(-, -), one finds

Gy VR @) = B 01 h@)IS, 1)

= h(@) 1S, (f() = fO) (@)
and since R, (z, -) is supported in B(z, D,) with (1.23), (1.37)
<h(@)| 8 F@) +h@)| Si[(1 = Xaya 5, — 1)) (F) = f))]@)]
~ Y
< 5@ Gt S YOI+ B Lyavanye | ] ] @
with F(-) = Xz\/d'[;n(' — x)(f(-) — f(x)). Note that
(3.13) |Flay < K,

and we now see that the left-hand side of (3.12) is smaller than

on,, L%

~ ~ 2w 2611
h@) (10l Sl + Wo[ Xe 13 ¢ BO.2vd Dy)]* E™| )=
Ky Lo +e7 .
With (3.3), we see that we have shown that

(3.14) sup Dy g(Run(z, )y Rz, ) <ty Top + 7.

z€R4

Coming back to (3.11), using induction over k, and the fact that Xy = X,
Q,,y-a.s., we find for k > 0,

(3.15) E%[d, 5 (Xer Xp)] < k(icu Top + €71) .
The application of Chebyshev’s inequality now yields for y > 0, ko > 1:

B 0 ko
(1) Qo [1X = X)) = v, forsome k = ko] < 3 k(s Doy +¢7)
n k=1

< kg, Ty +e7 ),

which proves (3.6). m|
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We can now return to the main object of this section, namely propagating
(1.48) “atlevel ng+17. The idea is to devise exit strategies from C,,, (x) for
the path, that show that it is costly for the environment to produce Jy, 41 ...
variables above level u,, for x in a finite collection +. The nature of the
exit strategies depends on the level u,, and there are four regimes, (only
three when d > 4), cf. (3.20). The higher the u,, the more the exit strategy
relies on the control (1.48) at level ng. The lower the u,, the more the exit
strategy relies on “good-behavior” of the environment around C, ,,(x) at
the micro-level ny — 1, in the sense of (2.2), so that good couplings with
Brownian motion resulting from Proposition 3.1 can be employed. Good
behavior is precisely expressed by the events C,, cf. (3.24), (3.32), and
below (3.33). As one of the first steps, we reduce ourselves to a situation of
“only good behavior”, cf. (3.36). This involves a certain thinning procedure
of A singling out local high values of u, and showing that bad behavior
of the environment at these sites is costly, cf. (3.36). We then have to
control the probability that the variables J,,, 1 ... are bigger than u,, for x
in a thinning of #, in the presence of good-behavior of the environment,
cf. Lemma 3.4. This is done with the help of the exit strategies that enable
to bound the variables, J, 41 ... from above, in terms of J,, ... variables,
cf. (3.50), (3.58), (3.71), (3.76), and then use the induction assumption,
cf. (3.78). The constant ¢, cf. (1.43), (1.44), is important in the treatment of
the lower values of u,, cf. (3.85). We then go back from the estimates on
the thinned collection with good-behavior of the environment to the general
upper bound in (3.86).

Proposition 3.3. One can choose a (large enough) positive constant c, in
(1.48), such that for large Ly and noy > mqo + 1, if (1.49) holds for ny and
(1.47), (1.48) hold for 0 < n < ny, then (1.48) holds for ny + 1.

Proof. We consider (uy, Ay, Yx)xen, With 4 a finite subset of L, 74, an
(ng + 1)-admissible family, cf. (1.45). From the Definition (1.44), we see
that

d
Jn,x,AUB,y = Jn,x,A,y V Jn,x,B,y, for n = O,X S LnZ s

3.16
(3.16) A,BC C,(x), 1 <y <2d5%".

As a result we see that

]P’[Vx € A, Jno+1x,Avye = MX] =
(3.17) d d 1A~
(an(r] gno) sup ]P’[Vx € A, Jn0+l,x,Cn071(Zx)an z ”X]

where sup stands for the supremum over families z, € L,,_; 74 x € A,
with Cno—l(zx) - Cno—i-l(x)a and doo(Cno—l(Zx), Cno—l(zx’)) = 10dLn0, for
x £ x',in A.

We will now work on the rightmost term of (3.17). To this end we
introduce a thinning 4 of A as follows. We pick some x; € » such
that u,, = max, u,, and define N} = {x € A, [x — X||ooc < Lp,+1, and
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(uy + 1)log L,, < (uy, + 1)}, where we recall that | - |, denotes the sup-
norm on R?. So N; corresponds to the boxes Cpro+1(x), x € A, adjacent to
Cpo+1(x1), with value (uy 4 1) smaller than (u,, 4+ 1)/log L,,. We define

Ay = A\ (N U {x1}).

Either A; = {4, in which case the process stops, or #4; # , and we
repeat the same procedure to +;, and define x;, N, as above, and set
Ay = A\ (M U {x1}), and so on. After p steps, with p < ||, one has
A, =, and the process stops. We then write

(3.18) A=, ..ox)=A\ U M,

I<i<p
and observe that

x,x € 4 and |x — X'|oo < Lyy+1 implies

uy +1

(log L))~ < . <logL,,, and

(3.19)
d
%(ux+1)s(1+10;Lno) Y (4 1)

xeh

We introduce the notation a; = i(d—Z)a, and partition  into four subsets:
9’4:1 ={x€a:€; uszzo},aZz:{xeaI; ngfux <LZ0},
(3.20) A3 = {x € A; logL,, < u, < L&},
0’4:4 = {x € a:(; 0<u, < logLnO}.

Note that J\Tz = (J, whenever d > 4.

Our aim is to produce an upper bound on quantities of the type
P[Vx € .A Jn0+]xcn0 (.. = ux]l. We will in essence show that
{Jno+1,5,Cuy-1(z0), 3 = Uy} 1s unlikely by producing an exit strategy for the
process that leads before time Lﬁo g A TC;0+](X) fromy € C,—1(zx) C

Cpo+1(x) to the box Cpji1,,(x) with side-length L, /5 that borders
8C,,0+1(x) cf. below (1.41). The nature of this strategy depends on which

A,, 1 <i <4, x belongs to. In particular when x € Az, orx € A3 U A4,
the exit strategy involves certain events describing a “good behavior” of the
environment “at level ng — 17°. We first specify these events.

We introduce for x € #4,, (recall this only concerns the case of dimension
d = 3), the numbers o, vy, v, such that:

u, = L&, (sothat by (3.20), a, € [} a, a)), and

(3.21) def 1 oy , def 5 7
O<v, = (a—2)<vx— x—l— 8a.
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We will now define for x € J\Tz the event G, which in essence specifies the

presence in C,,41(x) of channels of width LT within distance ~ L,i;rv}
of any point of C,,(x) where the process easily travels. More precisely
callabox B = z+[0, L}m*"*']d, ZE€ LJ,()*”X 74, of side-length L}m*”*', no-good
forw,ifall y € L,,—; Z¢ within | - |-distance 30/d L,,— of B belong to
Byo—1(w), cf. (2.2). Then set

1+,
CY 1 (0) = {2 € Cagr1(0); d(z, Cugy1 (X)) > Lug ™},
(3.22) and fore € Z%, |e| =1,

Ce () = (€041 () + 2eLog "N\ Cryi1 (1) -
We now define for z € C20+1 x),7 € C50+1 (x), (e as above), and s > O:

@i’” = { w € 2; there is a nearest-neighbor path of ng-good
boxes By = z; + [0, L;O—HX], o Br=z+ [0, L}l:U’”] ,
(3.23) k< 4L;’;"*’, moving in the e-direction after the first

i €[1, k], for which doo(z;, Cpyt1(x)€) < ; Liju';,

. 14+,
with doo (2, B1) V doo(2, Bi) < sLay ™},
as well as the event
C, = ﬂ C*1 where z runs over Ch (%),

(3.24) o
7/ runs over U Cror1(X)

le[=1
(note that requiring z, z’ to have rational coordinates does not change (3.24),
and makes clear that C, is an event). We now bound P[C{]. We observe that

1
(3.25) PLCS] < ¢ L2 sup P[(Cy™'2)°], Lo large,
z,7

where z, 7' respectively run over (L) ZH)NCp | (x), and |, (L Z7)
NCe, ().

We now set w = L, 17 (z' —z) € Z?, and for convenience assume that
7 € C;Z+l(x) and w; > 0,1 < i < d(= 3); the other cases being handled
in a similar fashion. For 0 = (0;, 6,) € 27Z?%, with 6;,6, < 0, we define
ko = wi 4+ wy + w3 + 61| + |62, and for 0 < i < ky,

ph=1(0.01,6,),
(1,0,0), 0 <i < w; +101]
326 , '
Piyi — P =1 0,1,0), wi +161] =i <w;+wy+ 6] + |65

0,0,1), wi+wr+ 01| +102] <i <k,
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as well as
do= Ll B =2 [0, L
i+1 no Pi> i+1 Zz+1 > “no .
Note that for 6 # ',
(327)  dw(BBY) = LM 1<i<ky, 1<i' <k,

and for |61], 62] < b Lin™", Ly large,

100

ko < (3Lug i1 + Ly ) L0 4 1§

(3.28) doo (2., BY) V do (2, BY,) < ; Ly, and for
. 1 2
1< < koo, Copi1 (1)) = 5 Lag ™,

implies z{,| —z{ = L) ™ e3.

u/x—vx( D _
QL AL

Ln0+l

, L
4y no+1
2L v — —

Fig. 2. Candidates for paths of good boxes correspondmg to the exit strategy for A. Solid
lines are made of boxes of side-length L,l0 ¥ and distance between paths of boxes are at
least L

So the paths B?, 1 < i < ky, satisfy the requirements set forth in the
71

definition of @y ° 2
Then for any such given path Bi@, 1 <i <k,

. i
(3.29) P[one of the B is not np-good] < <CL 0 ) 4L4 Lno i

no—1

1
_27

when L, is large, cf. (1.14), (1.46), (1.47), (3.21), (3.28).
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Then using independence, cf. (1.7), (2.3), (3.27), we see that

1 ( LV" 2
e nl=(0) "

and using (3.25), we find when Ly, is large, for x € ;Ez,

(3.21)

PICS] < cLy“™) exp | — cLz(v _V‘)} < exp{—cLy

—6d 99 M(u,+1) log Ly,
no—1 .

6+0(,\ }
(3.30)

When x € ;Q U ;Q, (we are back in the case of a general d > 3), the
event G, will in place of (3.24) require that there are “few” boxes C,,_1(z)
- C,’Wr](x), cf. (1.41), with z ¢ ﬁno,](a)). Just as in (3.24), the good
behavior of the environment is specified at level ny — 1. More precisely for
x € Az U Ay and w € Q, we introduce the compact sets

(3.31) Kiw= B(z.30vd Lyy—1) D Ky = J B(2,29vd L),
Zz Zz

where the unions run over the set of z € L, _ 1 Z4, with d(z, C Coo +1(x))
< 304/d Ly,—1, such that z ¢ £n0 1 (w). We then define for x € Ag U ,A4,

(332) C, = {a) € Q; K, is contained in the union of N, open balls
' with radius 4D,,,_; and centers in L,,_ 7y,

with N, = [12d 9%(1 —l—a)ZM(ux + 1) log L] + 1.
For x € ;3 U Ay, on @C arguing by contradiction we can find N,
disjoint open balls with radius 3 D,10 1, and centers in L,,_ 1 Z4 N

2
(x + Lyg+1[— ]d) N JBnO l(a)) As a result with (1.7), (1.47), (2.3), we

find that for large Ly, for x € A3 U a4>4

PICT < (elny 1 Lag) L") < (cLpuBro—Mo)™

X — no—1

(3.33)
(146 Mo /2 —6d 9% M(ux+1)(log L,,O)
= Ln()—l = Lno+l

For convenience, we set C, = 2, for x € .Al. We now come back to the
rightmost term of (3.17), and observe that

P[Vx S 04) Jn0+1 X, C”O ](Z,\) Yx — XJ S

(3.34) 21A sup IP’[forx € A, Jno+1,5,Cogo1 )y = Uy G
GSA\A|
for x € §, C¢ for x € A\(A U§)].

For § as above we chose M = M($) a maximal set of non-adjacent x in
A\ (A1 U $), (i.e. with mutual | - |-distance at least L, ), and denote
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by M the set of x € A adjacent to M. Coming back to the definitions of
the events C, in (3.24), and the definition of the variables J, 1 v 4,,, With
A C C41(x), cf. (1.44), we see with the help of (1.7) that when L is large
the collection of events

(335) @;" X € M’ {Vx € c;A:\CM’ Jno-i—l,x,CnO—l(Zx),}/x Z ux, Gx}

are independent .
This fact together with (3.30), (3.33), yields that for large L

P[Vx € A, Jl’l()-‘rl,X,CnO—I(Zx)qu > uy] <

—6d9YM Y. (ux+1)(log Luy)

1Al sup {Ln0+1

GCA\A]

P[V)C € ;\:\M, Jn0+1,X,Cn071(Zx),Vx > u,, and @x]} .

(3.36)

With the help of (3.19) we also have a lower bound on the exponent in the
first term in the right-hand side of (3.36), that we will later use in (3.86):

(3.37) 6d9° M 3 (uy+1)logL,, >6d3'M 3 (u,+1).
xXeM xeM

We will now bound the last term in the right-hand side of (3.36):

def
I'=P[Vx € D, Jugt1.6.C01coye = U and Cy,

(3.38) "~
with D = A\M .

Our main control comes in the next

Lemma 3.4. For any positive number ¢, there are ¢, c(cy) > 0, (see above
Theorem 1.1 for the convention concerning constants, and c; is not yet
a constant), such that for Ly > c(c2), [ [,-0(1 — c2(log L) "> é and

=X eqm Mng(1=¢'(log Lug) ™D (ue+1) L_M”" a3 a| A\ M|
no+1 no ’

(3.39) I <L

where the notation M, comes from (1.48).
Proof. We define for 1 <i < 4, in the notation of (3.20), (3.38),
(3.40) D=DNA.

The proof involves the construction of “exit strategies” for the process
somewhat in the spirit of what was done in [29]. The nature of these exit
strategies from C,, 41 (x), leading to C,,, 11 ,, (x) before time Lﬁo A TC;()H (x)»
when starting in C,,,—;(z), depends on which D;, 1 <i < 4, x belongs to.

The exit strategy first uses an “exit path” based on a sequence of nearest-
neighbor boxes (of size L), Cp,(yjx), 0 < j < ji, starting at Cp, (yo,x),
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containing or close to C,,_i(z), leading to a final location, the nature of
which depends on which D;, 1 <i < 4, x belongs to.

More precisely we consider a family m,, x € D, of finite sequences
Ty = (Yjx Vjx)o<j<j i Ly, Z4 x {1, ...,2d 59D}, so that writing for
simplicity (0 < j < j,):

CH = Cno (yj,x), A = Cno,yj‘x (yj,x)
(3.41) AT = Cpy_1(zy), forx € D\ Dy,
AT = Cpy(o.0), for x € Dy,
we have:
Cpy—1(z2) € CO*, CI* C Cpy1(x), 0 < j < ji, and
(342 A C CI 0 < j < ji, when x € D\Dy,
' 1Yo.x = Yxloo < Lugs if Cuy(v) 2 Cpy—1(24), When x € Dy,

(i.e. C%* is adjacent to the ny-box containing Cho—1(24))
and moreover the A/* are spread apart:

min {do (A7, A): (. %) # (. x),

(3.43)
—1<j<ju—1=<j <jo}=10dL,, ;.

LnOI
X1 [ X2

Lno+1

X3 X5

i

X4 X6

Fig. 3. An example where D = {x1, x2}, D> = {x3}, D3 = {x4}, D4 = {x5, x6}. In black
the boxes Cp—1(zx), x € D, and in grey the boxes C/*. The black boxes are at least at
mutual | - |x-distance 10dL

We now describe the additional requirements on the 77, involving which D,
1 <i < 4, x belongs to. So in addition to the above requirements, 7, are
such that:

e when x € Dy:
Jx = 0, and in addition to the last line of (3.42),

3.44
( ) vox €1{1,...,2d S(d_l)} is arbitrary .
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e When x € D;s:
(3.45) sznx+3d“éf[(“*3+”]+3d,

and the nearest-neighbor path (y; ) after at most 2d steps is such that C/+*
remains inside C,,41(x) at | - |-distance at least 2L,,, from dC,, 4 (x), and
moves “along some coordinate direction”.

e When x € D»:
(3.46) je<cLi,

and the finite sequence (y; x, ¥y,x) j<j, 1S now such that after at-most 2d steps
C/* remains inside Cho+1(x) at | - |o-distance at least 2L ,,, from 0C,, 41 (x),
and the path ends with C/=*, A7>* C Cy) | (x), cf. (3.22).

e When x € Dy;
(347) jx S an() ’

after at most 2d steps C/*, j < j, — 1, remains at least at | - |-distance
2L,, from 8C,, .1 (x), and the path ends with C/**, A/ 5o that A/* C
CnoJr],yX ()C)

We will use the fact that when L is large we can select m,, when
x € D\(D, U Dy) and then complete it into ., x € D, so that y; . is
arbitrary and y; . is an arbitrary point of, cf. (3.22), L,, 74 N CSO 10

N Boo(z4, 3Ly ™), when x € D,, while when x € Dy, Cpy(yo) is
an arbitrary adjacent box of C, (yx) 2 Cy—1(2x), Yo.x is arbitrary in
{1,...,2d 5%V} and 7., x € D fulfills all the above properties.

We will now derive lower bounds on the exit probabilities of C,,;(x)
before time Lﬁﬁ] A TC;0+](X)’ via Cpg41,y, (x), when starting in Cp—1(2y),
for x € . We only need to consider w such that w € C,, for x € D,
cf. (3.38). These lower bounds will yield upper bounds on the variables
Jng+1,%,Cg-1(z2),y0 X € D, in terms of J,, ... variables to which we will
apply the induction assumption (1.48). In what follows ., x € D, always
stand for a family of finite sequences satisfying (3.41)—(3.47). We also
introduce the shorthand notation

(3.48) Jiv=J, 0<j=<jrxed.

anj,,\'aAjilayj,x’
When x € D;: we use the path of boxes C/** and “boundary boxes” A/,
0 < j < ju to let the path exit. Noting that cf,, L; < L ., when Ly is
large, the strong Markov property implies that for w € Q:

: 2
g H < 7 >
yeCrlzon_f1 (zx) Py’w[ Crgpe () = L"°+l A TC"OH(X)] -

7§Jj,x
l_[ C1 Lno .
0<j<jx

(3.49)
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Using that for large Lo, cf. (1.15), L,,, <2 L,(,lﬁ“l)fl, we now find the desired
upper bound:

B30 ity ion = € baog L) + A+ @7 Ty
=<J=Jx

When x € D,, o € C,: the event C,, cf. (3.24), ensures the presence of

many channels made of at most 4L¢ " ny-good boxes of size L},:”x, along

which, as we now explain, the diffusion travels well.

Indeed consider By and By = By + L,;""e, with |e| = 1, e € Z¢, two
neighboring ny-good boxes. Denote with U the interior of By U By, with Vj
the concentric sub-cube of B with half-side length, with V| = Vy+ L JJU"E,
the corresponding sub-cube of By, and with W; the concentric sub-cube of
B with quarter side-length. Denote with £ a continuous [0, 1]-valued func-
tion, equal to 1 on U and vanishing outside an L,,_;-neighborhood of U.
We can consider the coupling measure Q,,—1 y, for y € Vp, constructed in
Proposition 3.1. Choosing in the notation of Proposition 3.1:

1+vy 72
Ly 214w (I4ay—2 G20 442
k() = |: 0 ] (S Ln()f] < Ln07] )

,andy =Ly,
Lno—]

it follows from standard Brownian estimates and Remark 3.2, that

(3.51)

inf Ony15(Xy, € Wi, and d(Xy, U) = Ly,, for 0 < k < ko) = c.
yeVo :

By construction, see above (3.22), in the notation of (3.6), we have for

large Ly:

2 —Kpnp—1 8a+4a? 7 -8
kO(Kno—l P ) = Kng-1 Lno—l Lno—l

(3.52) 1.14),(1.40
(. )S( ) s

no—1-
So in the notation of (1.8), (1.19) we find for large L:
inf P, [Hy, <TyA(koL; )] =

yeVp no—1 =
inf Py ,[X2 €V, andfor0 <k < ko,
yeWy no—1
L, 2.2)
(3.53) d(XkLgo_l, U) = 0, and Ty Oz | > L, ] =
. C Ln
ylél‘go Qn()—l,y (Xk() € Vl’ d(Xk’ U ) = 20 5

(3.6),(3.51),(3.52)
! > c.

for 0 <k < ko) — ko e o

So (3.53) shows in a quantitative way that the diffusion “travels well” from
Vo to V; without leaving U. We now explain how this is used to construct an
exit strategy from C,;_1(z,) to Cpy1,4, (x), before time Lio+1 A T L

g "o
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We use the path of boxes C/+* with boundary boxes A/, 0 < j < j, to
go from C,,_1(z,) t0 A" C Boo(zy, 2L,io+vx) N Cr(1)0+1 (x), where AJ+¥
chosen to be inside a channel of ny-good boxes B;,i = 1,...,k < 4LflO*”X,

that exit Cy,,1(x) in Cpy11,,, (x). More precisely, we define the sequence of
stopping times

790 =0, rjzinf{tzrj_l:X,eA”},j:l,... s Jxs
and
T =Tj,, rizinf{tzri_l:X,eB,},i:Z,... k.
We then define the event
En={t,—mua<L,.j=1...jti—1 < (L,i:"x)z,
i=2,...,k; 14, < TC;0+1(X)}.

Note that on the event &, the path hits C,, 1 ,, (x) before exiting C,’10 11 (0,
and it does so before time

Voo CLlngst 42 2
I:CL"OLHO + Ll-&-ux (Lno ) ] Lno+1
no

Using repeatedly (3.53) and the Markov property to control how the dif-
fusion travels in the channel, and the estimates (3.46) and (1.44), we find
that

inf P, [H <L> ATy > inf P, [&,.]>
)’GCn()*l(Zx) y’w[ CnO-H'yX(X) - notl Cn0+|(x>] - )7€Cn0*l(Zx) y,w[ 7T,\] -

CL,,OH/LH"X C? no L7§ZJ 0
We can then remove the dependence on the environment entering the choice
of the path of boxes C/*, with boundary boxes A/*, 0 < j < j,, in the
above inequality, and write

: 2
yeclonfl(z ) Py’w[HC"OH’yX ) = L"OH A Tc;loﬂ(x)] =
(3.54) T

/ ,
4oy cLt ~ —¢ Zjio Jjx
cLno+1/Lng ™ e "0 1nf{Ln0 ! },

where inf refers to the fact that one takes the infimum over a collection of

finite sequences 7., with all possible end points y; , € L,, vide! CO0 1)
N Boo (24, ZLJ,:U"). This is an infimum over a set of cardinality smaller than

r(3.21
(3.55) cLy < L% L, large.
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Further from our choice in (3.21), we see that

3 a 32D 9 a a
. —(a—v) = -, = -, =
(3.56) o — (@ = vy) R T R B T

3 a 32D 9 a a
57 o, — V. =" o, — > a—" =
3.57) LA S S s ) 4 3R

As aresult of (3.54), analogously to (3.50), we find that for x € D»,, w € C,,

Jno+1,6,Cogo1 o)y =

¢ (L™ + Lif)Gog L™ + (1407 Wp{ ¥ Jj.) =
(3.58) 0=j<jx

cLiy Fog L™ +(+a '] ¥ 7,

0<j=<x

and sup has a similar meaning as in (3.54) and involves the supremum over
a set of cardinality bounded by (3.55).

We now turn to the discussion of x € D3 and x € D4, beginning
with some considerations on C,, when x € D3 U D,. We thus consider an
X € QS U 334, w € @x’ and y € Cno (yO) with doo(cno (yo), Cn0+l (X)) = Lno,
such that in the notation of (3.31):

(3.59) dy, Keo) € r>0.
For m > 1, we define

—~ U e [ Luy Lo \9 )
(3.60) Dm:y°+2m([_ ) 20] \<_ 4 4°> ) with
Yo the center of C,,(yo) ,
(36]) Km == Kx,cu N Dmv KO == Kx,w N Cno(yO) .

Keeping in mind L+, as aunit scale, we consider form > 0, the Newtonian
capacity of L K,

no+1 m-

(3.62) cap,, = cap(L*

1 .
no+1 Km) = Kng—1

(eno— 1 eno)d72 '

We now consider an arbitrary continuous, [0, 1]-valued, function # such
that:

~ (33D
h=1on C;OH(x)\Kx,w ) C;,0+1(x)\Kx,a), and

(3.63)
R Xno—1,. =0, forall z € L1 Z' N B, (w).

We can now consider the coupling measure Q,,_ , from Proposition 3.1.

Keeping in mind that under this measure X, k > 0, is a Brownian motion



496 A.-S. Sznitman, O. Zeitouni

starting from y sampled at times o, k Lno |» we see from an analogous
calculation as for the classical Wiener test, cf. [28, p. 72-74], that

Qno_l,y[Xg € K, ,, forsome k > 0] <

~@d-2) \ (.62
c cap, (2" £;1)~@=2 4 cap 4 ( < )
(3.64) n(2" by av

m>2 m=0,1 no+1

—d-2)
—(d—-2 r
eng—1 N <£"0(—1 '+ (Ln 1> )
o

where we recall the notation (3.59).
We now proceed in a similar fashion as in (3.53), with the help of
Proposition 3.1, choosing in (3.6) y = L,,_1, and

_[1 Ln0+1 2 4a+24%
(3.65) k=1 (Lno_l) | B

We find that for large L:

122
Py’wl:HCno-f-lJ/x(x) < <5 Ln0+1) A TC;,0+](X)] =
Ly,
Py’wl:XkOLiO,l S Cn0+1,)/x (x), d(XkLﬁO,I N C;0+1 (x)c) Z 20 ,
(X2 . BE (@) N Lyg—1 Z%) = 295/d Lyy—1,

3.66 2
(3.66) for 0 < k < ko, T, 1obuz > L

no—1°

f0r05k<k0]2

Ly,
Qn()f],yl:xk() € Cn0+] ]/X(x)’ d(Xk’ C;,O_;,_](x)c) = 20 ’

d(Xg, B, 1(@) N Lyy—1 Z%) > 29v/d L1,
for0 < k < ko] — kge "t

where we used that 7 = 1 on C;O +1(x)\I?x,w, cf. (3.63), as well as the

localization part of (2.2). Then with (3.6), denoting with gn(ﬁ,]’yx (x) the
concentric box to C,11,,, (x), with half-size, we find

O ~
= Qnofl,ul:xko € Cn0+],yx(x)a d(Xka no+l(x) ) = Lno for 0 =< k =< kOa
X, ¢ Kyon for0§k§k0] -

—K, — e —
ko e o~ _ko(Kno anO e ])’

where we have used that & x,,,—1 ., = 0,forz € L, Zd\ﬁno,l (w), as well
as (2.2) in estimating I',,,_; », of (3.6).
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Combining this with (3.64), (3.65), and the inequality
0~ 0
Oy 1] Xiy € ot (), d(X,s €y () = Loy,
for0§k§ko] > 4¢y

that follows from the definition of ¢; below (1.44), and (1.49), we conclude
with (1.14), (1.40) that

L 2
Pyyw[HCno-H,Vx(x) < (5 Ln0+]> A TC;,O+.(X)] =

—(d-2)
der—sn N (P4 (L) ).

no—l

(3.67)

This will be a crucial estimate to control exit strategies of the path starting
. . . . 2
in Cp,—1(z,) and landing in C,, 41 ,, (x) before time Lno+1 A TCQOH(")’ when
x belongs to D3 U Dy.

When x € D3, w € C,: we describe the exit strategy. First consider

. i ; . . (345

the boxes C’/*, with boundary boxes A/*, 0 < j < j, 345 n, + 3d.
Consider a path of the diffusion starting in C,,,_;(zy) successively entering
the A/ C C/*!* before time L, A Te, (vjix» 0 < Jj < ji. From the time
it enters C>** until it enters A/, the path remains in C,,,(x), and has
diameter at least ny L,,.

If 6 > 0 is such that the above mentioned portion of the path remains in
the open set

(3.68) Up={y e R, d(y, K0) <0},
in view of (3.32), the fact that w € G, then implies
Ny Ly, < 2Nc(4 Dyyy_1 4 6).

Choosing
(3.69) r= "; ]5"0 —4D,,_y > 0, when Ly is large, cf. (3.32), (3.45),
the path enters C,,, 4 (x) U before time (j+1) Ly A Ty 0 = i L A

Tc - Letting this entrance point in C,,,41(x) N Uy play the role of y in
)
(3.67), we can use the strong Markov property and find that for large L:

. 2
wng)l_f| (zx) Pw,w[HC,,O_,_LyX(x) = Ln0+] A TC;’0+'(X)] Z

(3.70) ,
C{X+l L;;C Z()gjgjx j.)c)2C] ’

where we used that thanks to (1.14), (3.20), (3.32), (3.45), (3.69), the last

term of (3.67) is arbitrarily small, when L is large. As a result we thus see
that when L is large:

GBI JugrtxCogaroye < €nx(0g Ly ) + (U +a)™ Y Jj,.
0=<j<jx
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When x € Dy, o € C,: we denote with gno,x the union, (we recall that
Crg(yx) 2 Cy—1(24), cf. (3.42)):

(3.72) Cov= U C,0.

|y=yxloo=<Lng

By the same argument as below (3.68), a path of the diffusion inside
Cp,.« starting in C,,_;(z,), which has diameter at legst ; L,, before time
(é Lﬁo AT Clin > enters before that time the set C,,, N Uf, with

(3.73) r= j};“ — 45,10,] > 0, when L, is large .
If this entrance point in 5,10,)( N U; plays the role of y, (3.67) provides
a lower bound on the probability that the path then reaches C, ;1 ,,(x)

172
before (5 L, 1) A TCZOH(X)‘
Note that when starting at # in C,,,(y), With |y — yy|eo < Ly,:

(3.74) Pu,w[xzﬁoﬂd > VL] e L, where

o
. /
Jy = sup {Jno,y’,Cno(y’),V” 1Y = Yaloo = Ly

(3.75)
y'ell,...,2d5“ "},

With the strong Markov property, we thus see that for large Ly,

: 2
s H < / >
yeC:onfl (zx) Py’w[ Crgt1pe (0 = LnOH A TC"0+1(X)] -

(3.76) 2c1(1 — (1= ¢ L&) %™ > 26, (1 = (1 = ¢ L;57) 70/ =

llnf/ 2C] (1 — (] — ¢ L;0§Jn0~)"~Cn0(>"),V')5%0/4) ’
y,v

where the infimum is over the same set as in (3.75).

We will now employ the bounds (3.50), (3.58), (3.71), (3.76) to bound
I in (3.38) and prove the claim (3.39). To keep track of the supremum
and infimum that respectively enter (3.58), (3.76), we introduce a set IT of
7 = (7,)ren, sSuch that for any xg € D,, m € II, the set of 7’ € TII that
coincide with T for x # x¢ is such that all points of L,, Z4 N Cgo 1)
N By (x, 3 L,i:vx) and all y in {1, ...,2d5“ D} occur as Vi 304 Vi o
and similarly for any xo € D4, 7w € II, the set of 7" € TI that coincide
with 7w for x # xo is such that all y’ € L,, Z¢ with C,,(y’) C C,,.» and
vy ef{l,...,2d 5% D} occur as yg_, and yp . With (3.55) we see that when
Ly is large we can choose such a IT with cardinality

(3.77) TT| < Lge1P2l (I Dsl
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Note that for any 7 € I, the sets A/*, —1 < j < j, x € D, lie at mutual
| - [so-distance at least 10d L, cf. (3.43), so that in view of (1.48), for any

choice of v; . > 0, where (j,x) € J def {(j,x);, xeD, 0<j <j.l,

(3.78) Plforall (j,x) € &, Jjx = vj,] < ]_[ PlZ > vj,],
(j,x)eg

where Z = Z;, and Z;, k > 1, is an i.i.d. family of non-negative random
variables defined in some auxiliary probability space such that

(3.79) PIZ>v] =Ly """ forv> 0,

(soP[Z=0]= 1—L;0M"°,and we assume from now on that Ly > const (c;)
so that [[,., (1 — c2(log L) > ;). Let us mention that (3.78) can be
rephrased in terms of upper orthant order, see Shaked-Shanthikumar [24,
p. 140]. We denote with X, k£ > 0, the partial sums

(3.80) 0=0 X =2Z1+---+Z, fork>1.
Note that for 0 < A < M, log L,,,, one has

o
E[ekZ] =1 +/ )\‘ekv L;OMno(U+1)dv
0

3.81
(3.81) N Ly

=1

T Magtog Ly —1) ™

Analogously for an arbitrary collection v, > 0,x € D, and A, €
[0, M,,log L,,), x € D\Ds, it follows from (3.78), see also [24, Theo-
rem 5.G.1, p. 141], that:

P[ Yo Jix =y, forx e g)] <
0<j<jx
exp{— > noudEfen]| X o ¥ ),
XeD\Dy XeD\Dy  0<j<js
(3.78)
forx S 97)4, JO,x Z vx] E

(3.82) 38D

exp{— > kxvx} [T EleZi] J] PIZ=v] =

xeD\ Dy xeD\ Dy x€Dy

-M
Ay Ly © Jxtl
ool = x p] L0, i)

xeD\Dy xeD\ Dy My, log Ly, — Ay
1 PIZ > v.].

x€Dy
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We will now use (3.82) to bound [ in (3.38). Indeed for large L,, with
(3.50), (3.58), (3.71), (3.76) we have

1= P Uletlog L) + (1 +07" ¥ Jjzu,

mell 0<j<jx
for x € Dy,
eLyy ® ogLuy)™ + 1+ ¥ Sz,
(3.83) forx € D,
cny(log Lugs) ™ + (1 +a)™ 2 iz
o for x € D5,

_ N2
= L2 = (1= Lo ™) ", forx e 4|

From (3.45)-(3.47), j. < ct,,, for x € D\ Dy, so using (3.77) and (3.82)

with A, = Ay & M, log L, — 1, forall x € D\ Dy, and (1 + u) < e, we

find

I < LDl (1

- — —1
(3.84) eXp{ xe.,‘DZ\i)4 M (108 Lyg11) (y + 1) (1 — c(log L) )}

2
[T P[1= ) Lt = (1= e LA™,

no+1
x€Dy

Note that with L large and IT1,,>0(1 — ¢z (log L) H > ;, cf. below (3.79),

each individual term of the last product is smaller than

(3.85)
(3.79)
Plct,? L, = L,*%] < P[¢Z = qu (1 +a) +2a—c(logL,) '] =

no+1 — “ng

exp{ — (log L,,) My, (ux(l +a)+ ? a — c(log Lno)_l 4+ 1)} <

exp | = G0z L) Mo [ (1 + @+ 1+ (2 = 1) a] |

Coming back to (3.84), we obtain

—1Ds(} —)aMy,

;<1 Y iep Mag(I1—c(log L) ™) (ux+1)] L. ’

— “no+1

and in view of (1.43), this proves (3.39). O
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We can now conclude the proof of Proposition 3.3. Coming back to
(3.17), (3.36), (3.37), (3.39), we observe that when Ly, is large,

.18) ~
d d \ |4l 3dal A G d 39t a| A
(2C Zno—l Eno) = Lno = Lno ’
and hence
(3.36)
P[Vx S A, Jng—&-l,x,Ax,yx = ux] =<
Ld3d+la‘£| L*Mno(lfc// 10g Lno) Z,\-e,;\,u(ux“r])
no no+1
—d3H aMy | As\M| L72d3‘”1M Cemluxtl) _
no no =
(3.86)

Ld3d+la|£\(/¥4‘ L—M,,O(l—c‘/lOgLnO)ZXE,;((MX-‘rl) <
no no+1 —

—Myg(1=c"/1og L) 3 e 5 (ux+1) (329)

no+1 —

Mg (1" /108 Lug) Y i tx+1)
no+1

L

L

where Ly > const(c;), so that ano(l —cy(logL,)™") > ; and in particular
M,, > 1. We then see that if ¢, is chosen to be constant bigger than the

constant ¢”” that appears in the last member of (3.86), then (1.48) holds for
n = no + 1. This proves Proposition 3.3. O

4. Surgery and contraction of Holder-norms

We continue the proof of Theorem 1.1. The aim is now to propagate the
part of (1.47) that concerns Holder-norms at level ng + 1, cf. (1.39). The
part of (1.47) that concerns localization controls has been taken care of
in Proposition 2.2. The control of Holder-norms will be carried out in the
present and in the next section. Here we first perform “surgery” and remove
“Holder-norm defects” at level ny — my — 1 that occur in the large box
5Tho+1, see (2.1). We show that with overwhelming P-probability the kernel
R, of the diffusion in the modified environment, when starting in 77,4,
gets closer and closer in || - ||,-norm to R? as n goes from ny — mg — 1 to
ng, cf. Proposition 4.11. The crucial step comes in Proposition 4.1, where
Holder-norm estimates are derived on what is in essence the linearization
of the evolution after surgery at level n 4 1, when expressed in terms of the
one at level n, as n varies from ng — mo — 1 to ng.
As a shorthand notation, we write, cf. Theorem 1.1,

4.1) nyg=no—my—1>0.

Keeping in mind the notation (1.51) and the convention on constants above
Theorem 1.1, we will repeatedly use in the sequel that when L is large, for
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ny <n <ng+1,e ™ < e "ot and 2e” 0! < e ot where of course
the various constants entering the various occurrences of «, and k1 vary
(but do not depend on the particular value of ng).

We introduce the event, cf. (2.2)

G = {w € Q; Ly Zd N i)’ (a)) N (5 Ty+1) is contained
in the un10n of at most £, open balls with radius 3D ’

4.2) and center in L, ) Z }
5 2M,
where £y = [Mo(l 4 a)-motd _ Zd] +1.

By analogous considerations as in (3.31), (3.32), we see that on G, we can
find 2, dlS]OlIlt open balls with centers in L, Zd N £ (a))‘ N (5 Thy+1) and
radius g D,,;), so that with (2.3), (1.7), (1.46), (1.47), we see that when Ly is
large

2 7 ~
P[G] < ¢ (L"O“ )M L Mobo
— L n/

/ 0

)
4.3) - Liod(]Zf(1+a)*(’”0+2))7M0l70(1+a)*(m0+2)
— no+
< (100(mg +2))~' LM

no+1 *
We introduce the set of finite sequences of length at most £:
={o=(01,00,...,0p); with0 < £ < &y, 0; € L, Z°,

4.4) ~ -
B(Gia 3Dn6) m57;lo+] ;é @v for 1 <i=< E} P

we denote with ¢ the only element of ¥ with length £ = 0. We can now
write

G c U G,, with

oex

4.5) 7 - -
Go ={we Q; (5T N Ly Z)\ U B(0i,3Dy;) € By (@)},
i=1
foro = (a],...,ag),withO§l7§fo.

Loosely speaking, on G, the defects at level n(, occurring within 5 75, 4 |

are contained in the “small set” Uf B(o;, 35"6)' We are now going to
perform surgery on these defects. To this end for each o € X, we choose a

[0, 1]-valued function g, such that with o = (o7, ..., 0¢),0 < ? <0,
g =0 on {J B(oi, 5D,) U551,
1<i<t
(4.6) =1 on {du(.(5T1)9) = 2D, }\ U B(0:.7Dy).
1<i<l

g =g @I |’ 7],

n 0

forall y,z € RY,




An invariance principle for isotropic diffusions in random environment 503

(with the § = 1 analogue to (1.29), one can for instance construct g, as

a product of functions attached to each 0, 1 <i < Z, when ¢ > 1).
One can then define the corrected transition kernels for o € X, w € Q:

* 0
(4.7) Ry . =Ry —|—gg(R/ - né), cf. (1.20), (1.21),
and by induction for n € [ng, nol:

R:-H o (R1(1) + h” S:,U)Z%’ with S::,O' = R;zk,a - R1(1)’
and &, functions with values in [0, 1], taking the value 1 on

(4.8) {dOO(" (5Tno+1) ) = 2L3+1

{doo(', (5‘]}10+1)C) < erlH }, such that sup |h,|m) <c.

ny<n<ng

}, the value 0 on

Note that R, (x, dy) is supported in B(x, 5”6)’ and when Ly is large, it
05
follows by induction that for njy < n < ny:
£ * L%+1/Li/
Rn+1 a('x dy) = (R 0 ) O(Xv dy)’
if doo (x, (5Tp+1)°) > 3Ln+1

4.9)

It is also convenient to introduce some further kernels R* that have a well-
localized dependence on the environment, and mtultlvely are “stopped ver-
sions” of the kernels R; .. For our purpose the difference between these

two kernels will be “negligible”, cf. (4.140), and (4.12). More precisely, for
x € R4, we consider, (see (1.14) for the notation)

Y¥,.x(2) a piecewise linear function of |z — x|,
(4.10) with value 1 for |z — x| < Df & L, g3ologlosLn)?®,

and value O for |z — x| > D) + 1.

We define the probability kernels R for n, < n < ny, as

(R:,gf)(x) = > i [(Wn.x sz’a)m(l — V) f](0)
@4.11) Osm<Li/bLy,

% n/
+ [V RS, )

The kernel ﬁ;l"’a(x, dy) corresponds to a “soft stopping” with the function
Vn.» Of the Markov chain with kernel R?, starting at x, at time L%/ Li, , see
0’ 0

" f](x), with f bounded measurable .

also (4.138) for a trajectorial interpretation. In particular ﬁ;"/ , coincides
0’

with R:’ib’“ and R;, ;(x, dy) is supported in B(x, D, + 1 + D"E))‘ It is also

convenient to introduce

(4.12) St = — R,
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and we now see that for nj, <n < ng, x € RY,

no (X, dy) or S » »(x, dy) depend

4.13 Lo
(4.13) ina 9 B(x.Di+1+ 5n6)-measurable fashion in w.

In analogy with (1.24), we also define for o € X, w € Q, n;, < n < ny,
x € R4,

o) = [ =0 R, dy) =[-8, (x.dy)

(4.14) N -
G w) = [y =0i 0 =0, 8 (e dy) 1< j <d.

We want to compare R, , with RY on the event G,,, when starting reasonably
away from (5 T;,+1)¢, for ”o < n < ng + 1. Note that with (4.8), using

perturbation expansion for ny < n < ny:
(4.15)
2 2
o= (R 40, S;,)" = (R + (R — KD,
DL (R S5 (R i S0 (RO)

ko -k +m=02
ki>0,m>1

+ P“”Li-H - Pan+1Ln+1 ’

In essence we are going to first study the “linearized” term corresponding
to m = 1 in the above series, however replacing S* _, with the more conve-

n,o?’

nient S;‘ - due to their better localization properties. With this in mind, we
introduce for 0 € X, n, <n < ng, v € L,y 74, with the notation (1.38),

the operator

(4.16) Lonv= 2 Xnt1.0(RO S5 (RDGHF1 %000,
05k<£,21

where we have used the shorthand notation 4, ,(-) = h,(-) xp,,,(- —v), and
Knt1.0() = XD, ¢ — V), cf. (1.37). We also introduce, cf. (1.13), (1.40),

—p/4
4.17) vy =2Kn6(Ln6)*8(LL”> ,forn) <n<ng+1,
o

where it should be observed that ’Z > §, and k,, is defined in (2.4). Our first
important step comes with

Proposition 4.1. When Ly is large, if for some n € [ny, no,

N*
] 2
Yno=i . w)‘ > vn” <L,
n

%
n,o=y

(4.18) IP’[ sup { .

yel0, L4

>, w)‘
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then for any o € X, v € L, Z%, and event Gonv C G, on which

sup ”Xn,x S:;,g”n = Vn,

(4.19) €
with 8,y % L, 79 0 {d(-, Supp hy.p) < 208/d Ly},
one has
i~y Kn Vn —Kn
(4.20) P[va N {HOCMUHM > H < e,

Proof. Without loss of generality we assume that
4.21) hy., is not identically O,

otherwise there is nothing to prove. We decompose fm,v into

~

(4.22) Lopny=La+Lp+Lc+Lp,
where the operators on the right-hand side of (4.22) are respectively obtained

by restricting the summation over k in (4.16) to

Iy = {0}, IB:{k:0<k§Z§},

2 2
(4.23) Icz{k:ez" <k5£ﬁ—£3ﬁ},
2
1D={k:£§—zgﬁ<kgeﬁ—1}.

We will obtain controls like (4.20) on each term of the decomposition,
_BAcd—
with the role of 65/3 replaced with Z,]fﬁ for L4, Z,(,] ArG=D for L3,

d_
e = PG or e, and 087 for £ p, of. Lemmas 4.2, 4.3, 4.5, 4.6.
We begin with the control of /£ 4.

Lemma 4.2. When Ly is large, foro € X, ny <n <ng, v € L4, 74, with
4.21), w € Q:

K ~ .
(4.24) [Lallntr = E‘fﬁ (sup N Xux Sy g lln +e7).

n X€8
Proof. By construction, cf. (4.19), Supp s, , < Uxe/SM B(x, +/dL,), and
forx € 4,,,y € B(x, 20\/dL,,), f with | f|u+1) < 1, one has
~ 2-1~ ~ .
(S0 (R Xnt1.0f) ) = (S5, H)(y), with
H(z) = (Pa,,(zg—l)Lg 7n+1,vf)(Z) - (Pan(Z%—I)L%%n-‘rl,vf)(x) )

simply because §;f 1 = 0. With the help of (1.49), (1.56), we find

(4.25)

(4.26) IVH| <cL,},, and H(x) = 0.
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Using a cut-off function and (A.6) from the Appendix, we can thus find H
such that

Supp H C B(x,4D%), |H| < |H|, H = H on B(x,3D}),

427 N :
@27 nd \H| oy < ';

n

With the remark above (4.12) on the support of ﬁ,’;’a (y, -), we see that
(4.28) Xonx St o(H — H) = —x,.« R)(H — H) ,

and with (1.49), (1.56) and (4.27), we find

(4.29) s B H =5, 5 Dy < €7

As aresult of (4.25), (4.29), we obtain

o oNE2—1 ~ Pt ~ —kn
‘Xn,x S:,a (Rn) Xn+1v f‘(n) =< |Xn,x S;g H|(n) +e .

4.27) ~ Ky B
< 1 Xnx Sy o lln ¢ +e .

n

Letting the family of functions £, , X, .. §;"’U(R2)Z3_l Xntlo [rX € Buu,
play the role of the (g;);c; in Lemma A.1 of the Appendix, with (1.29) we
find for large L:

Dt e S5 (B T £ <

(4.30) Ky - i
Z ( Sup ”XVLX S;:,g”n + e n) ’
n  xedyy
and since || L4 llp+1 < EflloﬁAHn, (4.24) follows. |

We now turn to the control of £ p.

Lemma 4.3. When L, is large, for o € ¥, njy <n <ng,v € L,y 74 with
4.21), w € Q:

K ~ s
(4.3D) ILplln+1 = e (xselip 1 Xnx S o lln + €7
Proof. Note that for k < Ez cf. (4.22), and f with | f|n+1) < 1, with (1.55),

(1.49), |(R0)“ it flasn < c Hence for x € 4, ,, repeating the
construction used in Lemma 4.2, we can find H with Supp HcC B(x,4Dy),
\H [y < Kn ¢,” such that

432 o S0 (R) ™ Totrn £ = 20 Sty |y < 7
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With L large we thus find that

|an (RO) - l’)\(JnJrl,v f|(n) =

K o _
5 (sup s Syolla+e7).

n Xe€duy

(4.33)

Note also that with (1.49), (1.56), for t > «,, LﬁH/Z,
(4.34) | P gli+1) < c|glco. When g is bounded measurable ,

so that for each k € Ip,

k ~ Cok—1 ~
‘Xn+l v (RO) hn v S* (R ) Xn+1,v f|(n+]) <
(4.35) K
i (sup [ St lla+ 7).
n XE8n p
2
Since |Ip| < ¢; ﬁ, summing over k € Ip, we obtain (4.31). O

We continue with the analysis of L and J£p. We first need to recall
some facts related to Taylor’s formula. For g a C>-function on R?, Taylor’s
formula with integral remainder of order 2 states that for y, z € R%:

(4.36) gy+2) =g+ \\Zz ;, D¥g(y) 2" +rg(y, 2)
VI= '

wherey = (yy, ..., yy)isamulti-index, |y| = y1+- - -+va, ¥ = ! .. v4l,
' =z"...2}" and

1
(4.37) re(y,2) = / 3= X D gy i) dr
0 lyl=3 7*

and otherwise hopefully obvious notation. We recall the Definition (4.14),
and the notation (1.54). Also we denote with D and D® the first and second
differential of a function.

Lemma 4.4. When Ly is large, 0 € ¥, nj <n < np,w € , forl < j
< Zﬁ, xelL,Zq% ly — x| < 10\/dL,,, f bounded measurable,

/ L0, d[(RY fl2) =, (v, @) - (DPy, 12 /()

(438) + ) Via @) - (D? Pz £)0)
and

o =e(+ PV0) W (I A1)

Jj Ly j% L3 (ViLn)?

' (”Xn,x n’g'”n +e_Kn) .

(4.39)
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Proof. With (4.36), (1.21), we can write:
(R f(y +2) = Pyyjiz2 fO) + (DPyyji2 ) -2
1
+ 5 (D(Z)Pa,,jL,zl f)(y) Z2Q®z+rjy(2),

and r; s,(- — y) coincides in B(y,3D}) with 7(-) which is supported in
B(y,4D3), and such that

- DR [ Ifh ;P
4.40 y<c [ A ](1 + )
(4.40) [Flwy = ¢ i Ly | floo L0

Indeed with (4.37), (1.49), (1.56):

def  D*3 [ £l1
@4l)  sup i, G— | <a, Do D [ AN ] ,
censpy T A L >

and for w, w' € B(y, 5D}),

7 fy(w—y) —rjsy(w —y)| <

c _sup |(D? Py jr2 f)(y + tw —y) - (w—y) —
<t<L,]y|=3

(DY Py, jrz [) + 1w =) - (w' = »)"| <

¢ sup |D'P, 2 f@)| D w—w| +
zeB(y,SD;:)
ly|=3
, 3 (1.56)
clw—w'| sup |D'P, 2 f)|D;} <
z€B(y,5D})
ly|=4

clw—w| ( D3 n D;’;“)( I/ Amm) <

Dy 2 L3 F2LY N/ Ly)?
w—w'|P D
¢ ‘ Dx | af’”(l + «/jL,l) '
So using a cut-off function, we obtain the claim (4.40). Since ﬁ;"’a (y,dz) is
supported in B(y, 3D;}), cf. above (4.12),

(4.42)

(4.43) |/ S0 (- d0)(rj py(@ = y) = 7(z))| =
. |/R2(y, dz)(rj ry(z =) —’F(z))‘ <caj e,

using Cauchy-Schwarz’s inequality, (1.49), (1.56) in the last step.
Taking into account that x, (y) = 1, and

Hjp(y) = /gi,a(y, dz)rjy(z =),

the claim (4.39) now follows from the above inequality and (4.40). O
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We now decompose £L¢, cf. (4.22), into
(4.44) Le=LE+ LE,
where in the notation of (4.14), (4.38)
Lo f(y) =
% it (R ([ o o) - (DPayz -ty Tt £)O

kelc
) TroCe @) (DP Py iy e £)O]) )

and

LEF) = T o1 [ (R (42 hoo(@) Hip i1 500,01 (@)

kElC
Our next step comes with

Lemma 4.5. When L is large, 0 € X, njy < n < no,v € L,y 74 with
4.21), w € Q:

K
(4.45) L& M1 < E,;g ('sup e Spolln + 7).
n

xed n,v

Moreover, if n is as in (4.18), with the notation (4.17) and above (4.19)

@46 P[Gonun |1t = 5 ] e
O 7

Proof. We begin with the proof of (4.45). We choose f with | f|n41) < 1,
and deduce from (4.39) and (4.34), that

_3 ~
44T) L2l < X (2 —k = 1) 7> (sup e Syl +e7).

kelc xX€8up

Noting that ). =2 732 < ce,”?, we find (4.45).
We then turn to the proof of (4.46). We further decompose £C into

(4.48) L= Y Loy + Ly,
ye(0.1d

where

(4.49) Ley fy) = Zk Xn+1,0(3) Py ()
qeNy kelc

(4.50) LefM= 2 Xnt1.0) Peu(HO),

gel’ kelc
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and we have used the notation for g € 74,k > 0,

Py k() =
4.51) qu Pa,,kLg (v, dz) hn,v(Z)[’C\ZZ,G(Z, w) - (DPa,,(egfkfl)L% Xn+1.0 f) (2)

+ ; Vo2, @) - (DzPa,,(Z,zl—k—l)L,zl Xn+1.0 f)(Z)] ,
4.52) B, = 10D} (q + [0, 11",
asy A= lg ez’ B,n (U <z B(o; 20v/d D}) # #}). with
o=(01,...,07),0=< € < ¥y,
Ay = {qe ZN\N'; g; = y; mod2,

(4.54)
for1 <i <d, and B, N Supph, , # @} .

Note that in view of (1.7) and (4.13), for f bounded measurable and
y €{0,1}9,

(4.55) {(q’q,k(f))oskgzg} are independent under PP, as g varies over A, .

Note also that when L is large, with o, n, v as above (4.45) and y € {0, 1},
by the properties of the support of 4, ,, cf. below (4.16),

d
(4.56) Ml =e(P) s w18 e

n

We use wavelets, see (1.34), to control ||£1C||,,+ 1, and recall from Proposi-
tion A.2 in the Appendix that for y € {0, 1}%:

5 260
4.57)  |lLeyllnsr < c sup
ylin+ wlp o Ty 2Bt Ddt

|<90!LP’ Ly ea/,i/,p’>| )

where the supremum runs over « € {0, 14, ¢ < Jur1, cf. (A7), p € 74,
with @ # 0, when £ < J,,, and similar constraints for o', ¢/, p’ in the
sum. An analogous inequality holds for £ in place of £L¢ ,. From now we
consider triplets

(a, £, p), (&, £, p') satisfying the above conditions
(4.58) and such that Supp 6 ¢,, N Supp xp+1,0 7% 9,
and Supp Oy ¢,y N SUPP Kns1,0 # 9,

cf. below (4.16) for the notation.
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Given y € {0, 1}4, we introduce an enumeration gj,1 < j <IN
of A, . We then define for 0 < j < |A,|

459 M;=2"" Y {Baip A1 ¥ja), for j =1, My =0,

kelc,j'<j
where in the notation of (4.51),

(4.60) Yk E D410 ) )

We now bound |M; — M;_|, first when w € G, ,, cf. above (4.19), and
then for a general w € 2. Note that with analogous arguments as in the
proof of Lemma 2.1, in view of (4.14), (4.19), (1.49), for w € G, .y,

(4.61) for y € Supp hy . |d; (v, )| < sy vy L, ¥ (3 )] < sy v L7
In addition to (4.58), let us first assume that

(4.62) 2 <L,.

Then for y, y' € B(v,20/d L,41) NSUpp o p, @ € Gopps 1 < j < A,

with the help of (1.49), (1.56), (4.61), in view of (4.51), (4.60), we find
when Ly is large:

2!l x o\ d
> W vl = ()

kel Ln+1
1 o * . 2
2 _ T2 7 -1 _ C|2 - lODn q]| }
463 kgc [K,, v, L, (Zn k 1) L 'exp { & —k—1)i2

(24 (2 —k — 1)‘; LY v L2(2—k—1)""L?

2! p = 10D qi "\ et (2 U
eXp{_ (zg—k—l)ng }(2 (6 —k=1) 2 L,7) ]

where in the expression inside the exponential we made use of (4.62), of

(1.34) , ,
Supp Oy ¢,y < B p', c2%), and of (Eﬁ —k=D'"?L, > Dy, fork € Ic.
Hence the left-hand side of (4.63) is smaller than:

2t D; \¢ -
¢ /c,,vn(L”> Z(Zﬁ—k—l) 2
kelc

Ln+1 n+1

(4.64)

2¢ 5 = 10D% ¢ |* | I
S R I CR SR

Using a comparison with fooo s e "/5ds, we find that

(4.65) forp>1,u>0, Y k7 exp{ — Z} <c(p)w PV AD,

1<k<oo
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so that
2 p’ 100 4,

Y (k=) ¢ eXp{ (2 —k—1)L2 }E

kelc

L, d—1
(e ) A1)
|2¢' p' — 10Dz ;|

and coming back to (4.63), (4.64), we find thatforw € G, 0,1 < j < [A,],
Yy, y/ € B(U, 20\/dLn+l) N Supp 00!,[,]7:

Yo k() — ¥ <

ke Ic

22 D;: d 22/ d L, d—1
Kn Un L Y] % /\ 1 ’
n+1 Ln+l Ln |2 2 lOanjl

and with entirely analogous bounds

Yo Wi <

kelc

D* d 2@/ d L d—1
o (1) () Ly Do) 211
Lyt Ly |2@ p/ - lODZq”

We now replace (4.62) with:
(4.68) L, <2 <L,..

(4.66)

(4.67)

We then write for y,y" € B(v, 20\/dL,,+1) N SuppOue,ps @ € Gop v,
L <j=IAlL

(4.69)
c2t D} d
> 1) = w0l = () s,
kelc Ly+1 \Lpt1
(d+1) o * 2 U\d
. 2 711\ 2 _ c|2 — 10D} ¢/] } <2 )
[ kgg, (6 —k=1) eXp{ (€2 —k—1)L2 L) T
2 <(2—k-1)'12L,
1 YA * N2
T (2~ 10D} g — 2 )+”
kezzc, (6 —k=1) exP{ (€2 —k—1)L2 ’

2' > (2 —k-1)12L,

where we omitted the intermediary step, cf. (4.63), where terms correspond-
ing to dy; , and Y, , are separately bounded. Note that

@k ()

kelc, 2@/
2 <(2—k-1)'2L,
(4.70) 1 o
> (B-k—-1)2=<c .
kelc, L"

2V > (2—k-1)V2L,
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These inequalities together with (4.65) show that for v € G, .4, ¥, V' €
B(v,20/d L,y1) NSupp by p, 1 < j < |A, ], with (4.68) we have:

> k() = ¥ =

kelc
2( D* d 2@/ d L, d—1 L, d—1
0 ()t ) LEHG) A (o Zhomi) 1
Ln+1 Ln+1 Ln 2t |2l p — lOD”q]|
2 (|2¢p' = 10D3q;| — c2%)%
() ool ‘)-
( ) L, P 220

1 2@ D;’; dzk/ 1 A 2@/ d—1 "
nen\ L L L Oy .
n+l1 n+l1 n |2 P ]OD |

12¢ p' — 10D ;]|
eXp{ _C< 2 ) H

and with entirely similar estimates we also have in this situation

D* dzf/ 25/ d—1
= Wl =son( 7)) (1A (| )

4 _
(4.72) Kele Lo 20p' —10D5q;

12¢p' — 10D%q;|\2
exp | — (7))

Using the fact that f@a,@,p(y) dy = 0, when o # 0, cf. (A.12), we see
collecting (4.66), (4.67), (4.71), (4.72) that for large Lo, ® € Gspp, ¥ €
{0, 1}4, (a, £, p), (&', £, p') as in (4.58),

(4.73) IMj — M| < 8e0(), 1 < j <A,
where up to a constant multiplicative factor, d¢ ¢ (j) is given by the right-
hand side of (4.66) when 2Y < L,, and by the last member of (4.71) when
L, <2 <L,.

Observe that when we consider a general w in place of w € G, .4, as
above, we can use analogous bounds with the only difference that (4.61) is
now replaced with:

1y o (v, )] < Ln

(4.74) 4
|yn6(y,a))|</<n ,force X, yeR, we Q.

Hence we find that forw € Q, y € {0, 1}¢, («, £, p), (¢, £, p') asin (4.58),

(4.75) |Mj — M| < kv, Sew(i), 1< <Al

Now for y € {0, 1}4, (a, £, p), (&', £/, p') as in (4.58), we introduce the
conditional probability:

(4.76) PO)=P[ - | IM;— M| <8e(i). 1<) =IA,],
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and denote with E the corresponding expectation. We note that thanks to
the independence under P of the increments M; — M;_;, 1 < j < [A,],
cf. (4.55), these increments are independent under PP as well. We will now
bound

4.77) AERIM - M 1< <Al

First note that for y € J By, cf. (4.52), (4.54), with L large, we can
replace R* , With § ; in the right-hand side of (4.11), when calculating
(V. w), yn (v, w) in (4.14). So by isotropy, cf. (1.12), for y € | J

qeNy

qeNy
(4.78) E[d (v, ®)] =

Moreover for y in the same set, with 1 < i, j < d, we have

@79  EG )Y w)] 2

E[(7 )™ (v, @) — )™ (3, )] .

On the event where for all x € L, Z¢ with Supp x,. N B(y,3D}) # @,
x € By(), and all x' € L, Z with Supp y,, N B(y,3D}) # ¥, x' €
By (w), the integrand in the right-hand side of (4.79), using the remark
above (4.78), the strong Markov property, and the localization estimate in
(2.2), is bounded in absolute value by

2 —K_

cD;k2 <(LL" ) e "0+ e"‘”) < e, with L large .
)

Bounding with (1.47) the probab1l1ty of the complement of this event, we

see that for large Lo, y € {0,1}¢, y € quA

~s ol (DY _ _ _
BV, (3, )] < ¢ D} [(J) LM 4k, L MO} + e
(4.80) "

_ —mo+1) (1.46)
Liz%-l_d) Mo(1+a)~ "0 < L lO.

=< Kng ng

We then observe that the bounds we derived below (4.61) until (4.73) show
that when 1 < j < |A, |, with «,, as in (4.61), («, £, p), (&, ¢/, p) as in
(4.58),

if |d;,k,g(y, a))l < KpVy Ly, |7:,g(y, w)l = Kn an,%,

(4.81) .
forall y € qu, thenle — Mj_1| < 55’5/(‘]) .

Hence on the event {|M; — M;_,| > 3,.¢())}, for some y € B, (4.81) does

not hold, and by the remark above (4.78), we can replace o with #(e %),

when negating (4.81). We thus find with (4.18) that when L, is large, for
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y €{0, 1}, (. £, p), (&, €, p') with (4.58), for 1 < j < |A,|:

. |Bg;| o _ -2
(4.82) P|M; —M;_y| > 8 e¢(DI<c | L < Kk, L °.

Coming back to (4.78), (4.80), to replace (4.61), the estimates (4.61) until
(4.73) now show that with 1 < j < |A,|:

-1 . - .
4.83)  [EIM; — M; 1| < (kv L2) 7 L0800 () < Ly0800()
and noting that

4.77) .
E[M; — M;_1] = "A;B[IM; — M| < 800(D] +

E[M; — M;_i, |M; — M;_| > 8.0(j)],

we obtain from (4.75), (4.82), (4.83), that for y € {0, 1}¢, (a, £, p),
(o, 0, p')asin (4.58), 1 < j <|Aj|:

- 0 - . _ Lodefx L
@.84) A1 = 2(L,)" + kL2 v, ') 8o () < Ly Se.e() = 80 ()
Observe that under P, M, Ayl — leiyll Aj is a sum of |A,| independent
variables respectively bounded by 2§, (j). Note also that when 2Y < L,,
by (4.606), (4.67)

/

1
. 2t D* \4 /2t \d
> se?) =au () ()

(4.85) I<j<[Ay| Lyy1 \Lyp

26 2% \? gef
=qu,. () = e o),

Ln+l Ln+1

whereas for L, < 2 < L,.1, with (4.71), (4.72)

1 7 7 ’ 1
. 2 2@ D* d 2( 2( d 2( d B
Lyy1 \Lyy1/ Ly D D

(486) 1§j§|Ay|
¢ ONSH gop
<k, v, 0 2 (2 )2 &t o (0.0

" Ln+1 Ly

Note also that when L is large, for £, ¢’ < J,.1, v € {0, 1}%:

1

~ . (4.84) [ .22

Y B = s (X ew())

(4.87) 1<j<|Ay Cauchy—Schwarz 1<j<|Ayl

(4.56),(1.14) |
<

5 0,(L, 0.
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We thus see that for u > o,(£, '), with a slight variation of Azuma’s
inequality, cf. [1], or [30], p. 308,

P[IMia, | = t, Gono] <P[IMja, )l > u] <

P[|Ms, — > Ajlzu — ) E@,z'(j) <
(4.88) [1Min, 1<fZia ) 1=/, ]

2exp { B 312 (a,,(Z, e/))z} '

If we define for y € {0, 1}¢ the event

Ga,n,v,C,y = Ga,n,v N {fOI‘ (o, 2, p), (O{/’ g/v Pl), as in (4.58),

(4.89) it |But s L.y B p)

0 (€, ) (1 4 € + ) eloghoe b’}

=

(£_, ¢’_ denote the respective negative parts of £, £'), we see that when L
is large,
(4.90)

IP>|:Ga,n,v\G<r,n,u,C,y] =

d d
L oe(%) () el - g ettt s e 2 <
= 2 2t 32

U =Jn+1

Dy 11 d 1 2(loglog Ly)? 2 : —Kn
C(Z <22> exp{—64e "(1+€,)}> < e Mo,

ZSJVL+1
Observe that on G, 4, ¢, in view of (4.57) one has
(4.91)
l/

lLeylint =T Ee sup 3 2 0,(0, €)= (1o 1),
al,p o' 0, p 2

with (o, £, p), (&, €', p") varying over the set described in (4.58). We now

write:

(4.92) I <T)+T},

where I'} corresponds to the expression in the right-hand side of (4.91) with

2 < L,, and I'} to the expression with L, < 20 < L,1. We thus see that
for large Ly,

, (4.85) 2t 26 \¢ ;2P

FS e sup > (2 ) are e,

2Ly Lot qelp, o Nt
2( 1-8 25/ B
(4.93) < KpV, Sup < ) (1+€-) > ( ) (I+72°)
2<L,y “En 2zp, bt
Kn Vn

o
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On the other hand, (recall £ = 0, when L,, < 20 < Lyy1):
(4.86) ¢
I < kyve sup - (1400 % e (

ZZSLnJrl ntl Ln<2Z/§Ln+],pl

2[ 1-8
<k swp () A+

2N\ 441 Bl
L)

ZZSLnJrl n+l
/ / d 1 ~
wony - v (] )ﬁzz*d@)z+ (D"“)d
Lo<2V <Lt Lyt n L, 2t

¢ 1-8 ¢ B ¢ _d+l
<kK,V, Ssup (2 ) 142 3 <2 )(2)2
2Z§Ln+l L”+1 Ln<2Z/SLn+1 Lﬂ+1 L,
Ky Vp
=< 4 .
EfA(z*U
Combining (4.93), (4.94), we see that when L is large, for y € {0, 1}", on
Ga,n,v,C,y:

Kn Vn
(4.95) ILeylun < 0"
Ly
We now turn to the study of «£;.. Keeping in mind that |A’| < ¢, cf. (4.53),
using similar estimates as in (4.66), (4.67), (4.71), (4.72), we see that for
large L, with («, €, p), (¢, ¢/, p’) as in (4.58), and for w € G, . ,:

1 /
2d€ |(9a,€,pv °CC 9&’,@’,p/>| =<

9t D* d 2[’ d v

n <
(4.96) KnVnp o <Ln+1> <L> , for2" < L,,
2t « \d 2t ,
Kn Vn ( D ) , forL, <2° < Lyi.
Ln+1 Ly Ln

By direct inspection in (4.85), (4.86), we see that the above right-hand side
is bounded by «, 0, (¢, £"). Hence the analogous bound as in (4.57), for /£,
as well as (4.91)—(4.94), now prove that when Ly is large, for v € G4 .-
Kn Vn

(4.97) Il < 7"
n

14
Collecting (4.90), (4.95), (4.97), we have completed the proof of (4.46). O

We continue with the analysis of L. In analogy with (4.44), and with
I replacing I there, we write:

(4.98) Lp=dLy+ Ly,
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Lemma 4.6. When L is large, 0 € X, ny < n < no, v € L,y 74 with
4.21), w € Q:

(4.99) |3, < ; (sup 1 s Sy olla +€7) .

X€8

Moreover if n is as in (4.18) with the notation (4.17) and above (4.19),

Kn Un —Kn
(4.100) P[Ga,n,v N {H°C}3Hn+l Z Z(1—/3)/\(5—1) H =e

Proof. We begin with the proof of (4.99). Note that with (1.49), (1.56), for
g bounded measurable,

ct,
(4.101) ot Pz 8loren < I8l for 1 <k <63,
hence with (4.39) we find
cl, k ~ e
H°C%||n+l =< Z . ( sup ”Xn,x S;:,g”n +e ")

kelg \/k 52 xegmv
(4.102)

Kn ~ e
=, (sup [ Xn.x Sy olln +€7).

n xXe€d,.y

This proves (4.99).
We continue with the proof of (4.100). In analogy to (4.48), and with I
replacing I there, we decompose £}, into:

(4.103) L= Y Ly, +LYy,
yelo, 14

Fory € {0, 1}¢, (a, £, p), (&', ¢, p') satisfying (4.58), we introduce in full
analogy with (4.59), with I replacing I there, M;,0 < j < |A,|. With
the Definition (4.60), we observe that for large Ly, when

(4.104) 2<L,,

for Y, y/ € B(U, 20\/d Ln+]) N SUPPQa,e,p, w € Ga,n,va 1 =< .] = |Aj|a with
the help of (1.56), (4.61),

Yo Vi) = ¥ <

kEIB
(4.105) D:d 1 |y _ y/l exp{ B CAj(y, y/)Z} Kn Uy ( 26/ )d
kelp L,‘f kd;rl Ln kL% Zn Ln+] ’
with
(4.106)

Aj(y,y)=inf{lw —W|, we By, W=2ry+ (1 -1y, 0=<r<1}.
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As aresult of (4.65), under the above assumptions:

@.107) X W) — vu0) < [( Ly )d_l/\l] =1

kelp en Aj(yv y/) Ln
and by an analogous calculation
Kn Vn Ly d=2 . def
@108 X 1wl = " [(B) T AL with 4,00 = dey, B
kelp Ly Aj(y)
If we now turn to the case
(4.109) L,<2"<L,.,

under the same conditions as stated above (4.105), we find

’ n Vn 2[/ d y—= y/
X W = vl = Kev <L ) ‘ L
kelB’\/kLn>26 n n+1 n
(4.110)

Z k?(d;rl) exp{ A y/)z} .

20 </kLp<Lyqi kL,%
Note that one has the following refinement of (4.65):

@.111)
> k*pexp{ — Z} < c(,o){(u VA N 1}, foru,v>20,p>1,

v<k

that is obtained by considering the case u = 0, and using (4.65). Hence for
large L, when (4.109) holds, for y, y € B(v, 20\/dLn+1) N Supp Oy.¢. s
w € Gopp 1 < <IN

> Wix(y) — i <

kelp kL,>2¢
P b))
Ly L1 Ly 2t v Aj(y,y)

and in an analogous fashion:

4.112)

/

@113 Y |w,-,k(y>|s”';”"(ze )d{( n )LH“}'

kelp \/kL Y n Ln+] 2@ \4 A/ (y)
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On the other hand with (4.60), (4.51):

1
Suppga[p

kelg,VkL,<2¢

Kn Uy 2t \d
¢ <L ) dz dy
(4.114) " ke, JkLn<2@ B(2'p.c2")
c(z — y)2
e exp{ P

knve (20 N4 (20N\? (Di\¢ A;2'p)\?
t <LH4> <Ln> (3) e {=c(V5") )

Collecting our bounds, we thus see that when L is large, for y € {0, 1},
(o, £, p), (&, €, p')asin (4.58), w € Gy, | < j < [N

4.115) IMj — M;_{| <8¢ pe())

where for 2¢ < L,,, 2 < L1, 1 < j <|A,|:

. Kn Vn 2t \d 2t L, d=2
5&]7’[/(]) o En (Ln+l> |:Ln+1 {(Aj,e,p> A 1} +

ot L d—1
(G, )
L, Ajep

Ajip=inf{lw — W], we By, W€ BQ'p, 2"},

(4.116)

where

with ¢ such that Supp 6,(-) € B(0, ¢), for all @ € {0, 1}¢, and we have
made use of the fact that since 2¢ < L,, « # 0, and in view of (A.12),

fea,é,p(y)dy =0
On the other hand when L, < 2¢ < Ly, 2t < Ly, 1 <j=<|Al:

4.117)

s = ()T Gl )T (L )T
Lyt Ly Ly Ly Ze\/Aj.[,p L, Zl\/Aj’[,p

L,\42 A 2

(i) ew{ =) ]
Arguing as above (4.75), we see that when L, is large, for y € {0, 1}4,
(o, €, p), (@, €, p)asin(4.58), forwe Q,1 < j<|A,l:

(4.118) IM; —M;_| <k, v, 800 ()
Keeping the same notation P and A j»1 =< Jj=<IA,l asin (4.76), (4.77),

with the only difference that &, , ,(j) replaces 8, ¢ (j) in (4.76), repeating
the argument leading to (4.84), we see that for large L, under the same
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conditions as above (4.118)

_ . def . .
(4.119) 1A < Lyt Seper() = Sepwr(Ds 1< j <A

Keeping in mind the objective of deriving bounds that parallel (4.88),
we now bound (ZISJSIAV\ 8§’p’5,(j))1/2. To this end note first that for

2¢ < L,, p, ¢’ compatible with (4.58), cf. (4.116),

1
(¥ o) =
I<j=|Ay|
1

Kn Vn 2@ )d |: 2( < < L, )2(d—2) ) B
. Al) +
(4.120) Ly (Ln-H Lyt lfjé\:l\yl Ajep

¢ 2(d—1) !
Iz (o)~
La/Ni<jsing Nier

Observe that with (4.54), and the notation below (4.116),
(4.121)

2(d—2)
VDY ( AL" ) A1 <k, €D with v(d) =

1<j<|A, | Jtp

1
2’
=0, whend > 4,

whend = 3,

~ L \2d-D)
i) > (A " ) ANl <c.

I<j<|a,| “20bp
As a result we obtain that for 2¢ < L,,, p, £’ compatible with (4.58):

‘ ¢ \d ot
(4.122) ( > sz,p,@,(jf)z <o, (t, £) & K ( 2 ) 2
1<j<|Ayl y \Lpy1/ Ly

To handle the case L, < 2° < L, , observe that:

(4.123)
j 2 eNd
VDY exp{_C<A1f,p> }50(2 )
I1<j<|Ay| 2 Ly,
i Ly )40 L, \2@d=D ot \d L,\4-2
ii) 15J§Ay\ <2[VAMP) = C<2‘~’) <D,*;> +C<2€)

IA

L, d-2
C 2t
L, 2(d=2) s ot d+
¢ 2¢ D*
n
Y i@
625<iDz§cﬁn+1

< i, 02D with the notation of (4.121) .

IA

L, 2@d-2)
2 i)

1=j=|Ayl
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Coming back to (4.117), we obtain for L, < 2¢ < L,, p, £’ compatible
with (4.58):

< Z 5z,p,e’(j)2>£§

1=j=|Ayl

/ d d
(4.124)  knvn ( 2 )‘1 [( 2 ) vy, 2 <Ln>z*1 (Ln)fz]
en Ln+l Ln+l Zn + Ly 2¢ + 2¢ E

knvn (20 NI 2 2 \NVDT o
o (L,,H) [(Ln+l)ﬂz(d)+(Ln) ]Zan(ﬁ,ﬁ’).

The same argument leading to (4.87), (4.88) shows that when L, is large,
0,0 < Jyi1, v €10, 1}%

~ . 1 ,
(4.125) Yo Sepe()) < NACEIR

1=j=|Ayl

and for u > o0,(¢, ),

1 u 2
@126 P[M = u Gona] <20 |- 5 (2 )

We can now introduce for y € {0, 1}¢ the event

Gonvpy = GonyN {for (a, ¢, p), (@, €, p)asin (4.58),
1
4.127) sat (Catp: L3 o0 p)] <

G (€. ) (1 + €+ £ ) etoeoetn’)
and find that when L is large, for y € {0, 1)4, similarly to (4.90),
(4.128) P[GG,H,U\GU,H,U,B,V] =< e ",
Moreover on the event G, .., 5,,,» We have
(4.129)
1 def 2/%/ ’ l (loglog L,)?
HOCB’},”H]fF:csup Z/ e 0, (L, Y1 +L_+ 1 )e n?*

al,p o W, p

with (¢, £, p), (&, €', p’) varying over the set described in (4.58). We now
write:

(4.130) F<IyvD,,
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with I'y defined as I with the additional requirement 2¢ < L, and I', with
the additional requirement L, < 2¢ < L, , instead. With (4.122), we find
for large L:

¢ \d st 8e/
<" sup Y (2 ) (Z )(l—i-ﬂ,—l-ﬁ',)2

b gtcr, wigy Nt 7
2 Un 2[ 1-8 2[’ B
(4.131) < (1) Ta+e) X oa+e())
n 20<], n 2£/§Ln+l n
Kn Vn
e

whereas with (4.124), we find, (recall £_ = 0, when L, < 2° < L,,;):

Kn Vn 28 1 ot 26 ()
I, < [ v(d) ( ]1 ,
2= L Sup ,Z 260 | Ly Zn + Ln> (+€7)
n Ly <2£§Ln+l 2t <L,
s = e [ ()5 ()]
‘ T ¢ " Lyt XA L,
Ly<2°<Lpy
Kn Vn Ky Vy

- ﬁrlz_(ﬂw(d)) - Z’(llfﬂ)A(gfl) ’

Coming back to (4.129), we see that when L is large, for y € {0, 1}, on
Gonv,By, We have

1 Kn Vn
(4.133) (e — NS

n
We now turn to the study of «£’. Keeping in mind that |A’| < ¢, cf. (4.53),
using similar estimates as in (4.115), (4.116), (4.117), we see that for large
Lo, with (a, €, p), (&, ¢, p') as in (4.58), and for w € G, -

<

27 |<00t»&17’ L Qo/,fﬂp’>

Kn Vp < 2¢ )d 2 if2l < L.
9 1 f— no»
(4.134) e, \r,.) L,
KoV, s 26 \d, 20 L,\d-2\ ,
¢ (L ><L +(2f> )’lfL”<2 = Lo
n n+1 n+1

By direct inspection, cf. (4.122), (4.124), we see that the right-hand side
above is bounded by «, 0, (£, £'). Hence the analogous bound to (4.129) for
L', as well as (4.131), (4.132) show that when L, is large, for w € G, ,:

Kn Vn

(4.135) Ll = (g
n

14
Combining (4.128), (4.133), (4.135), we have proved (4.100). O
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Collecting Lemmas 4.2, 4.3, 4.5, 4.6, we see that we have proved Propo-
sition 4.1. O

Remark 4.7. As a result of Lemmas 4.2, 4.3, 4.5, 4.6, we see that with
high probability on G ., ||Lon.vlla+1 18 smaller than «, v, by the crucial
contraction factor Z;ﬂ/m(l_ﬁwd/zﬂ) (= E,T’m, with our choice 8 € (0, ;]
in (1.13)). In the proof of Proposition 4.1, there is an asymmetry in the role
of k close to 0 and k close to Efl — 1 in the decomposition (4.22), which stems
from the use of Taylor’s formula to second order, cf. (4.38). In a loose sense,
if the S* in the definition of oCU n.v 10 (4.16) had been centered under P

we could have avoided Taylor’s expansion, and chosen in (4.22), [, = {O}
Ip=1{k:0<k<02)2},Ic =1{k: /2 <k < —1},Ip={—1}.

—B/3N(1=B)A(d/2—-1)

With the proper assumptions, the role of ¢, would then have

been replaced with ¢, —BAI=HN(G - dlsplaymg a higher symmetry between

the role of small k and & close to 22 — 1. Ultimately the asymmetry in the

proof results from the fact that we work with S, which compares R, to
the Gaussian kernel R, rather than separately analyzing R, — E[R,] and

E[R,] — RY. O

Our next objective, see the comments above (4.10), is to control ||/, (S
— 8, 5)lln- To this end we introduce the event, cf. (4.2):

G=GNn N {oe L, 2N B,(0)° N (5Tnys1) is
(4.136) "= ontained in the union of at most £y open
balls with radius 35,, and center in L, Zd} .

The same estimates as in (4.3), show that for large L,

~C _ _ l _
(4.137)  P[G°] < (no — ny + 1)(100(mg + 2)) ! Lnoﬁf’l < 100 Lnojﬁ‘} .
Itis also convenient foro € X, w € €2, to introduce the laws P;f oY E R4, of
the canonical Markov chain on (R%)Y, with transition kernel Ry, cf. (4.7).
05
We denote with E | the corresponding expectation and with Z;, k > 0, the

canonical process’on (RY)N. So for instance for bounded measurable f and
n € [ng, nol, y € R?, in view of (4.11),

Riof)= B[ 5 T vus(Z(0 = s (Za) [(Z) +

(4.138)
[T Vas(Z0 £Z2)]

0<k<ky

with k, = (Ly/Ly)*.
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Lemma 4.8. When L is large, foro € ¥, n, <n <ng, y € {d( Supp i)
< 504/dL,}, x € L,Z¢ N {d(-, Supp h,) < 20v/dL,}, » € G,

(4.139) Pyl sup | Zk—Zo| = 300, D,,] < e fm
0<k=<k,

(4.140) 100 (S% 5 = St ) lln < €70,

and

(4.141) 1 Xnx S lla < cLE.

Proof. We begin with the proof of (4.139). The case n = n,, is obvious
since k,, = 1, and the steps of Z, have length at most D"E)’ P;”w—a.s. cf. (4.7).

Since w_€ 5, we can find a collection w; € L,Z% 1 < i < Zo, with
B(w;,3D,) N 57,41 # ¥, such that

(4.142) B,(@) 2 (5Tos) N Ly Z)\ U B(w;,3D,).
1<i<¢y
Let us write 0 = (0y,...,0;), where 0 < l< Zo, and introduce the open
set
= (U B@.6D))u( U Bi6Dy).
1<i<ly 1<i<l

Since Py ,-a.s., Z. has steps of length at most Dn ,and U is a union of
at most 24, balls of radius 6D,, using a connectedness argument we see
that P" -a.s., on the event ﬂ0<k<k {Z, € U}, one has supy_;<, |Zr — Zo|

<7x 2!50 D Therefore P" -a.s., on the event in (4.139), Z_ exits U before
times k. If we now deﬁne

t = inf{k > 0; inf d(Z, z) > 4D,)},
Zz

(4.143)
(z runs over {wy, ..., wg, 01, ..., 0¢})

we see that the probability in (4.139) is smaller than:

(4.144) E;w[r < ky, Pgr,w[ sup | Z — Zo| > l;]] :
0<k<kn

where we have used the strong Markov property. With our choice of y,
see also below (4.8), we see that P)‘Zw—a.s., on {t < k,}, deo(Zz, (5T3y+1)°)

z Li_t,-l —cL, - (Ln/Ln())2 5"6 > D, + 25"6’ when L is large.
So in view of (4.6), with the notation (1.18), we obtain that P;f »-a.8., 0N

{T < kal,

b D7 22),(4.142)
Pg,,w[ sup | Zy — Zo| > 2"] < PZt,w[X’Z% > 2"] < e
0<k<k,

Coming back to (4.144), we obtain (4.139).
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We now prove (4.140). Once again the case n = ng, is immediate since
R, coincides with R*, . We thus assume n, < n < ng, and choose f
0’ 0’

with | f|m) <1, w € G. With large Ly, we see that, cf. (4.9), (4.138), for x
as in (4.140), y € R¢,
(4.145)
o~ def .
Xnx (S o = Si ) FO) = e (9) Ay f(y), with

An f(y) = E;wl:f(zkn) - Z 1_[ l[/n,y(zk)(l - l//n,y(zm)) f(Zm) -

0<m<k, O0<k<m

[T ¥ns(Z0) (2],

0<k<k,

and hence by the choice of ¥, ,, cf. (4.10),

xSy = S ) FO < 23 () PIL[ sup | Ze — Zo| > D]
0<k<k,

(4.139)
(4.146) < e

Then for y, y"in {d(-, Supp x..x) < L,}, we see that when |y — y'| > e "0,

/ / — —y|P —
14T) s VA ) = s 0) A O] < €70 = |77 e

We thus consider y, ¥ in {d(-, Supp x,.») < L,}, with
(4.148) y =yl <e™n,

and write in analogy with (2.51):

(4.149) |An f() = Ay fO)] < a1 + az, where

a=|Es] X T v Z00 = Yy (Z) f(Z) +

0<m<k, 0<k<m

1_[ l;[/n,y’(zk) f(an) -

0<k<k,

> T ¥y @0 =Yy (Z) f(Zn) —

0<m<k, 0<k<m

[T un(Z0) £Z)]|

0<k<ky

and with hopefully obvious notation

w = |(E7, ~ B[ AZ0) = 5 s (Z00 = Yy (Za) f(Z) -

0<m<k,

[T ¥ur(Z0) f(zm]\ .

0<k<ky
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In view of (4.10), [, y(-) =¥,y ()| < |y —)'|, and we see that with (4.148)
and (1.13),

B B

y—=y
L,

y—=y

n

using (4.148), and (1.13). Then using the fact that, cf. (4.6), (4.7),

4.150) ay < (K2 +ka)ly — ¥'| < (K2 + Ky )e ™

<e

’

R::{),a =(1—g) R26 + 8o RnE) >
we can write
R  =A+ B with A= (1—g,)R) + g, R,. and
4.151) ~g o -
B=(1-g) (R — R))+ g (R = Ryy).

With (1.60), (1.29), (2.46), we find

. Lo\’ p

D 1Al = () 14~y < ¢ L, and

(4.152) LA "o

i) 1B, < (") 1Bl < e
"o

Denoting with g(-) the function x,, (- — y), cf. (1.37), we have

’

(4.153) a = |R:6,G(g E7IH) () — Ry, (8 E7,[HT)(Y)

where |H| <2 l{supofkfkn Zi—2o|= Dz /2)» and

E{ [H] = (RZE)’U)""*‘ f(z) —
Z (‘/’n,yR:E)’G)m(] - wn,y)f(z) - (‘/’n,yR:E)’G)kn_lf(Z) .

0<m<k,—1

Using (4.151) in (4.153), as well as (4.152) i), we thus find

—y/ B D
azf‘yLy| ch sup P;w[ sup |Zy — Zo| = 2”]—|—a’2
n z€B(y,2Ly) 0<k<k,

(4.154) @139 ‘ —

e " + a), where

n

a, = |B(GE. ,[H)(y) — BSE.,[H) ()| .

In view of (4.152) ii), (4.147)—(4.150), the claim (4.140) will follow once
we show that

(4.155) 18 EwlHllw < cLbk,.
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To this end observe that for m > 1, with (4.151), using perturbation expan-
sion
(4.156) (Ry )" =B"+ > B" ARy, """
0<m’'<m
so that with (4.152)
* k,,—l kn—1 m B B
(R, ) fy < IBIE + L IBeLiseLl.

Analogously, we see that with0 <m < k, — 1,
|(Wn,y R )m(l Vny) f|(,,) < MWy Bl 11— Yyl +
> 1y BIZ c Ll

0<m’<m

(4.10),(4.152)
< cL?, and

ne

Wy Ry ) flay < L.

The claim (4.155) follows, and this finishes the proof of (4.140).
Let us finally prove (4.141). For large Lo, 0 € X, ny <n < ng, w € G
and x as in (4.141), as a result of (4.8), (4.9):

Xn,x S;:,g = Xn,x(R:E)’G)kn — Xn.x R,(; .
Using (4.156) and (4.152), the claim (4.141) immediately follows. |

Keeping in mind the expansion (4.15), it is convenient to modify (4.16),
and introduce foro € X, ny <n <np,v € L,y 74 the operator

(4.157) Lony= 2 Xnt1.v(R )h Sy o (R ) e

0<k<t2

As an application of the previous lemma we have
Lemllla 4.9. When Ly is large, for o € X, ny < n < ng,v € L,y 74,
weG
(4.158) Lo — Lomollass < e 0.
Proof. We write, (recall that h,, ,(-) = xp,,, (- — V) h, (")),

Lony — Lony = L1+ L2+ L3, with

L= T e (R = ho) S; (R

O§k<Z%

k ~ 02 —k—1
(4'159) °C2 = Z Xn+1,v (RS) h",U (S;zk,a - S;zk,a)(Rg) !
O§k<Z%

k I~ 02 —k—1 ~
°C3 = Z Xn+1,v (RS) hn,v S:,G(RS) ! (1 - Xn+],v) .
0<k<(2
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Keeping in mind (4.140), (4.141), together with (1.55), (1.56), (1.49), (1.29),
we see that

L, < €2 ce™m c L <e™ 0, ||L2]], < €2 ce ™ < e,

Noting that A, , §,’;’G g = —h,, R g, when g is supported in B(v, 3D,41)",
with L large, we also find

L3, < cLP e 0 < ek .
n n

Since we also have ||L]],4+; < €5||£i||n, fori = 1,2, 3, the claim (4.158)

follows. o
Proposition 4.10. When Ly is large, for nyy < n < ng, (4.18) is satisfied.

Proof. We use induction over n € [ny, ng]. First observe that with the
notation (4.5) and in analogy with (4.3)

2
PGyl > 1~c <L£°H)d LM>1- o [ 2A-Mo(1+a) 0+

no+1
ng 0
(1.46)
—98d
> 11— an0+1 .

Hence with (4.137), we find for large L

(4.160) P[Gyn] > 1— LM, with Gy E GyNG .

We introduce the notation

(4.161) 8, = L, 2 N {d(-, Supp h,) < 20/d L,}, fornj <n < ng.
Note for later use that with the notation (4.19), for n;, < n < n,,
(4.162) 8,11 C {v e Lo 2% 8,0 # 0} = (v € Lyt Z7%; hy,y #0}.
Further when L is large, for all w € Gm,,,é), X € 5”6’ with (4.7)

- -~ 22
(4163) ||Xn6,x S:E),(/j”né = ”Xné,x Sn6||n6 = Vn;) s

and for all y € [0, L"E)]d’ using (2.2), (2.4)

d::b,(/) znb
‘Ln/ (¥ w)‘(= L, o2 w)D = Vg
(4.164) ! Y
yni),VJ VnE)
L?, (y’w)K: L?, (y’w)D = Vng -
VIO Ilo




530 A.-S. Sznitman, O. Zeitouni

Let us assume that for n; withny < n; < ng, we have a decreasing sequence
of events Gy ,, ny < n < ny, such that for n, <n < n,

(4.165) PlGyu\Gpni1] < e,

and for w € Gy, x € 4, (4.163), (4.164) hold with n in place of n (the
expressions in parenthesis in (4.164) being now disregarded). With (4.160),
we see that (4.18) is satisfied withn = n, and with (4.20) of Proposition 4.1,
where we have set Gy, , = Gy ,,, we obtain since 8, , < 4,,, for all
v e Ln+] Zd,

~ Kny Vn,
Pl Gyn N sup L.y vlln+1 > /3 =
UeLnl-%—]Zd:/srL]Jz?’éQ Enl

(4.166)
<L30+1 )d —K —K
c e " < e "M,

Ln1+l
We then define

~ Ky, V
(4167) G@,n|+] == GQ’n] m { Sup ||°C(2J,n|,vlln1+] S ’;Iﬂ/;] } ’

veLnl+1Zd25n]m;ﬁVj ni

and note from the above that (4.165) is true for n = n;. Then with
Lemma 4.9, since Gy ,,4+1 € G, we have for w € Gy, 41

K,, V
(4.168) sup Lyl <2770
veL,,]HZ":%K,,l,U;é(ZJ Z111

Coming back to (4.15), we see that for w € Gy, 41, V € 8, 41:

(4.169)
”XnH—l,v S:w],@”nl-&-l =< ”°C(/J,n1,v||n1+l +

| (R S (R S (R 0+
+ oAk +m=
! k,—zonjmzz "

def

cHP =a+a+as.

0‘"|L3:1+| - PO‘"1+1L%1+1 ”"l"rl
With (4.162), from (4.168) we find

(4.170) ay < Ky, vn, 0,753

ni
Then with (4.163), with n; in place of n;, (A.3) of the Appendix, and
(4.140), we see that for w € Gy p,+1 € Gy, :

(4171) ”hnl S:;]’Qj”nl S ||hn1 S;1k|,@||”l +67Kn0 E CUnl + eiKnO E C3 Unl .
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As a result with the help of (1.55) and the fact that || - ||, 4+ < Ef Il 1l., we
obtain

ay < ctl > (c3 0"
k0+---+km+m=13ﬁl
ki>0,m>2
(4.172) 2 )
=cll [A+czv)™ —1 =05 c3v,]
(1.14),(1.40),(4.17)
< cﬁ’”“ 3] exp {c vy, Zi]} =< CLZ? V,f] ;

where we used the inequalities (1 + u)t <e*and e’ — 1 — v < v?e, for
£, u, v positive numbers. To bound a3, we use the heat equation satisfied by
the Brownian semigroup, which implies that for f with | f|u,+1) < 1,

|Pa"1L311+I f - P“n]-HL,, . fl(n1+l) =
<;\t,,]Ln]Jrl 1
A P, fds =
O‘n1+1L,,1+1 (n1+1)
4.173
( ) an1+1Ln]+l 1 (1.56).(1.49)i)
Py A Py fds <
“”ILflﬁ—l (m+1)
(1.49)ii) _ 195 (1.14)  _185
clen 41 — oy | = Cme = nlﬁl .

We have thus shown that when L is large
18

(4.174) <cL,".

Collecting (4.170), (4.172), (4.174), we see that when L is large, for
(ONS] Gw,l’ll-i-l’ Ve /Snl_;,_]:

* 85
@175) s Sttt < (i v, 67+ L3002 +1,5),
and thank to (4.140), a similar inequality is satisfied by x,,+1.v §:] g I
we now choose v = 0, analogous controls as in the derivation of (2.4), using

(4.14), and (1.49) i) with n = ny + 1 < ny, and the remark below (4.11),
show that

Tk
dn]+l
Ln1+1

n|+l (O, a))D

n|+1

sup ( (¥ w)|

(4.176) el Lyl
)
K1 <Kn] v GPP L3024 L +1) < Vp41s

using (1.14), (1.40), (4.17) in the last step.

We thus see that (4.163), (4.164) are satisfied forw € Gy 41,V € 84,41,
with n; + 1, in place of n;. This completes the induction step, and with
(4.160), this is more than enough to prove the claim of Proposition 4.10.

O
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We are now ready to state and prove the main result of this section. We
recall the notation introduced in (4.4), (4.5), (4.136).

Proposition 4.11. When Ly is large, for each o € X there is an event
Gong+1 € Gy N G, such that:

(4.177) sup P[(Gy N G)\Gppgr1] < e,
oEeX
c 1 _M()
(4.178) P[(}QE Gongi1) | = 3o Lnt

and on Gy 41, for all ny < n < ny, (cf. (4.17), (4.162) for the notation),

(4.179) sup (It St ol Vo S5 o lln) < Vs
xedy,
and
2
(4.180) | Kngs1.0(Rig 1.0 = (RS) ™) o1 < Vgt -

Proof. The argument is similar to the proof of Proposition 4.10. We define
foro € X,

(4.181) Gow, =Gs NG,

(this is consistent with (4.160), when o = ). We then observe with (4.7),
(4.11), that when L is large, foro € X, w € GU,,,;], NS 5"6:

O _ *
||Xn6,x Snb,a ||n6 = ||Xn6,x Sn6,0||”0
— (N 70 0
4.182) = g (85 Sy + (1 = 8o) (R = Ry )) e
(4.6),(2.2),(2.46) @.17)
<

c (L;; + ef"”ﬂ) < -

Let us now assume that for n; with nj; < n; < ng, and o € X, we have
a decreasing sequence of events, n;, < n < no, such that

(4.183) sup PGy y\Goni1] < e ™0, forny <n <ny,
oEX
and such that on G, ,:

(4.184) Sup (xS o lln V 1 Xx S5 o lln) < V-

x€ed,

Then with Proposition 4.1, for o € X,

= Kn Unl
P Ga,nl N sup ”°Ca,n1,v”n1+l > B/3 =<
veL,,]HZ":%K,,l,U;é(ZJ E"l

(4.185)

2

L d
C< n0+1> eiK"O S eiK"O .
Ln1+1
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We then define for o € X, (this is consistent with (4.167)):

(4186) Ga,n|+1 = Ga,m ﬂ{ sup ”fa,n],U”erl <

Kn Vny
9
veL,,lHZd:Sn],U#Q)

3
e

and see that (4.183) holds with n; 4 1 in place of n;. Moreover in a parallel
fashion to (4.169), foro € ¥, w € Gy ,41, V € 8,41,

(4187) ||Xn]+],v S;,kl+1ﬁg||n|+l <a+a+ as,

where a;, 1 < i < 3, are just as in (4.169), with o replacing ¢ in the
expressions entering ap, a,. The same reasoning (4.170)—(4.174) shows
that when Ly is large, foro € X, w € Gy 41, and v € &, 41:

18
@188) s 10 St 1o lbasn < € (i vy 673 + L3902, + L, 107)

1 np ny ni+1

~

and that with (4.140) a similar inequality holds for x, 11,4 S, .- This
implies that (4.184) is true for n = ny + 1. This proves by induction (4.183)
for ny < n < np and (4.184) for n; < n < ny. We can then define

for o € X, Gy py+1 via (4.186) with ng in place of n;. We then obtain

(4.177), (4.180) by writing the analogue of (4.15) for R:o-H — (RSO)ZEO,
i.e. without the bottom line of (4.15), (incidentally we recall that (1.50)
remains to be proved, cf. Proposition 5.7 below). The claim (4.178) is now
a straightforward consequence of (4.5), (4.137), (4.177). This concludes the

proof of Proposition 4.11. O

S. Repairing defects

We conclude the proof of Theorem 1.1 in this section. The main remaining
task is to propagate the part of (1.47) concerning Hoélder-norm controls at
level ny 4 1. In Sect. 4 we have performed surgery on the environment and
removed defects occurring at level ny = ng — mo — 1. We have shown that
the kernels R;; , ny<n=<nyo+1,0 € I, cf. (4.7), (4.8), describing the
evolution at level n “after surgery”, were typically well-behaved for Holder-
norms, when w € G, 41, and that the complement of Uaez G np+1, Was
“negligible” for our purpose, cf. Proposition 4.11. We now have to show
that on “most” of G ;i+1, RZO tlo and R, 4, the true object of our interest,
are close in the Holder-norm sense. To this end we will in essence use the
smoothing effect of the kernels “after surgery” to repair defects, as well as
(1.48) to prevent any trapping effect of the defects. The main step comes
with Proposition 5.1. We will also prove (1.50), cf. Proposition 5.7, and
thereby complete the proof of Theorem 1.1.

We first introduce some additional notation. We recall that Z;, k > 0,

denotes the canonical process on (RN, and that the laws Py, foro € %,

d . . .
w € L,y € RY with corresponding expectation EY ,, have been defined
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above (4.138). We let Pye’w stand for the canonical law on (R?)N of the

Markov chain starting at y € R?, with transition kernel R, . It describes
the diffusion in the environment (whence the superscript ) w € 2, viewed
at times kLﬁ,, k > 0, originating from y. We let E;w stand for the cor-

responding expectation. When no confusion with (1.8) arises, we use the
notation

(5.1)  He=inflk>0,Z, € C}, Te =inf{k >0, Z ¢ C}.

Likewise we still denote with 6;, k > 0, the canonical shift on (R?)Y. With
the notation of (1.44), we introduce the event

G={weQ hc,my=0, forallng <n <ng+1,

(5.2)
X €L, 2N (5Tn41), v €{1,...,2d5"V}}.

This is the place where we use the control on traps to make sure that G ¢ has

negligible probability. With (1.48), for n < ny and Proposition 3.3 when

n = ng + 1, (we in fact only need in these controls the case of 4 singleton

and u, — 0) we see that when Ly is large,

L2
PG ¥ c( ”°+1)dL;Mn

(5.3) pzazatt Lo
_ —(my+2) (1.14),(1.17)
< clmg +2) L0+ 0t M2 ) 2Mo

no+1 no+1 -

(1.46)

With the notation of Proposition 4.11, (4.5), (4.136), we define for each
o€ X

(5.4) Gonpst = Gongt1 NG S G, NGNG.
When L is large with (4.178), (5.3), we find:

c c ] _
U Gouet) | = B[(U Gomnr) | +B[6] = | L

oex (A=)

(5.5) IP[(

The next proposition is an important step in our program of “defects repairs”.
Some elements are reminiscent of Sidoravicius-Sznitman [25], cf. below
(2.33) of [25].

Proposition 5.1. When L is large, for 0 € %, w € Ggpot1, f with
|+ = L,

— 5 .
sup | ES [ A(Z1)] — ES LAZ < L, 2T, with
‘Y‘SDnO-H

L, 2 (4.138)
T:( 0*‘) B

L.
ﬂo

(5.6)
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Proof. We break the difference in (5.6) into three terms that will bg sepa-
rately bounded. Recall from (4.4) that o = (o1, ..., 07), where 0 < £ < ;.
We introduce

Z ~ i 1
(57) KO' = iL:_Jl B(Gi’ 10Dn6)$ Us, = L__J B(Gi’ ~0 Ln6+2) s

i=1 5¢
and write for y € B(0, 5n0+1), (cf. (5.6)),
Ay = ES [ f(Zr), Hk, > T| — E [ f(Zr). Hk, > T].

T T
(5.8) A= B [fZn). | < He, = T| =B [fzn), | < He, =T).

e T o T
Ay = B[ £z, Hy, =) = B[ 20, He, =),
(incidentally note that A, = A3 = 0, when o = (J). We thus have
(5.9) ES Jf(Zr)] = ES I f(Z1)] = A1+ Ay + A5

We first bound A;. Note that when L is large, for y € B(0, 5,,0+]), o€,
(ORS Ga,no+l,

(5.10) P;w—a.s., T < T; Togt1
indeed, T < (Ln0+]/Ln6)2 < Li0+1/105,,6, when Ly is large, see also
(4.7). Coming back to the diffusion process, we can write, cf. (4.7):

Ay =Ey o [f(Xp2), X2 ¢ Ky, for0<k<T]|—
(5.11) " "
Eyo[f(Xv,), Xy, ¢ Ko, for0 <k <T],

where Vi, k > 0, are the iterates of the stopping time L?, AT, on C(Ry, RY),
0
cf. (1.19), that is:

(512) Vo=0,Vi =Ly ATy, and Vi = Vio by + Vi, fork>1,

(here of course (6;),>¢ stands for the canonical shift on C(Ry, R?)). With
(5.10), (5.11), we see that:

A1l <2 X Puo[Ty 06,2 > L2, for0O<m <k,
0<k<T "0 0
T”6 o ekLi, < Lib s
(5.13) 0
and X,,;2 € Tpy11\Ko, for 0 <m < k]
"0

(2.2),(4.5) _
< 2T e < g fnotl
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We now bound A,, and by the remark following (5.8), we may and will
assume that o # (. Note that:

(5.14) Azgp;,w[g < Hy, 5T]+P;w[§ < Hy, §T].

We can express both probabilities in the right member of (5.14) in terms
of the diffusion process in a similar fashion as in (5.11). Using analogous
bounds we see that

.15 |Pe, [y < He =T| = Po[) < H, = T]| e,

Further since w € G, ,,,+1 € G, see (5.4), it follows from (5.2), (1.44) with
n = ny, and the Markov property that for y as in (5.6),

(516 P s Xo— X< 0] =0 — e < oo

O<u<v<T L?
SUSV=4 Lo

With a similar argument as in (3.68), one sees that on the complement of the
event that appears in the above probability, X, must have exited the open

set Uf: , B(o, Zg)’) by time Z Lib' We hence find that

o [T
Py < Hi =T| <

Py,w[XVm ¢ Ky, forall0 <m < g , and Xy, € K,, for some z <k<T,
and sup d(X,, K,) > ZEO — 105"6] + e Fnotl

o<u<? 12, 0
0

Introducing the open set:
(5.17) U = {zeRd; dz. K,) <t — 115,,},
400 0
we see with a similar argument as in (5.13), using (5.10), that
Pl <Hg <7<
W[z = HKe = ] =

r T _
(5.18) P;,w[z <Hg, =T NTy, ., Tu < 2] + e ot <
sup PZw[HKrr <TA T%H] + e Fnot

Ze(f;'l(ﬁrl\u
Coming back to (5.14), (5.15), we find
(5.19) Ay <2 sup P? [Hk, <T ATg,  |+e ot

ZE‘];'I()-H \u
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The next step is to bound the first expression in the right-hand side of (5.19).
To this end for w € 27,41, we introduce the function:

/ if D*, > |, _ ,
(5.20) n(2) = { i n0+2—|z w|

sup{n € [ny, nol; |z —w| > Dj,}, else,
and the stopping time (for Z.):

1, when n,,(Zy) = ny,

(5.21) Ty = .
ko Ninflk > 0: |Zy — Zo| = D;, (Zo )} else,

(recall k,, = (L,,/L,,b)z, cf. (4.138), and D; is defined in (4.10)). We write
below n(z) for n,,(z). We also introduce the function

1
100 °

522)  fu@ = """ AL zeRY withy =d—2—

K
Dn0+]

Lemma 5.2. When L is large, for 0 € £, ® € Ggpyt1, W € 2T541, 2 €
(2Tny41) N B(w, LG, (cf: (1.40) for the definition of §), we have

(5.23) E7 L fu(Ze )] = fu(@).
Proof. When |z — w| < D

(5.24)
def —~ 1+
Z0 = z — w satisfies |zg| > Dn0+], and z € 2T,,+1) N B(w, Ly, ) .

ot 10 (5:23) is immediate. We thus assume that

Consider x € R?, such that |x| < 5 2ol Writing Zp = ‘ I’ we have

_Y

o~ 4 _ . 2
2o+l =laol 7 oo+ F | =l (14250 F 4+ )
Izl lzol ' lzol
2
= |Z0|_3’<1 _ Y (Z,Z\() X + |X|2) +
lzo|  lzol

» 242 (P ),

(5.25)

with |r(zo, x)| < ¢ ( I ) ,
|zo]

after the application of Taylor’s formula to second order in the neighborhood
of 0, to the function (1 + u)™"/?, u € (-1, 1). Coming back to (5.21), with
(5.24) in force, we see that

E? L fu(Ze,)] =

(526) fw(Z)(l o J/| /Z\O ’ an [wa - ZO] - 2|ZV0|2 Eg,w [lZTw - ZO|2] +

L0220 po [ (Za, — Zo))] +c(DZ‘“)3)-

2 zol? |zl
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~

Comparing the law of Z;, under P/, with Rn(zm(z, -, cf. (4.138), with

(4.139), and w € G, py+1, We see that when Ly islarge, 0 € X, w € Gy py+1,
w, Z € 275,41, with (5.24):
|E2w[ZTw — Zo]l — g:(z),a

(5.27) \EZ (Ze,, — Z0)i (Ze,, — Zo);] —

(z, )| < e "m0,

2 S i s
an(Z) 6!] Ln(z) - (y:(z),g)l I(Z’ (,())| E e ko )

for 1 < i, j < d, with the notation of (4.14). Using (4.179), (1.49), and
once again an analogous calculation as in Lemma 2.1, we see that under the
same conditions as in (5.27)

5 ~ 2
(5:28) 1@y 0 (2 )] < Kng Loy Vs 17y o (2 0| < Ky L2y Ve -

As a result we obtain, (recall y +2 —d = — 1(1)0):

(y +2)ES [z (Zo, — Z)V?] — ES (122, — ZoI] <

1 2 )

100 %n() L"(Z) + Kng Ln(z) Vn(z) -
Therefore for large Lo, 0 € X, w € Gy pyt1, W, 2 € 27541, With (5.24), we
find

(5.29)
E7 [ fulZo)] <

D* 3
k Y 2 [«
fw(Z)[l T . Ln(z) V() — 2|z0/? Ln(z)( 116((1)) — Knyg Vn(z)) + C( n(z)) ]

|zo] [zol
(5.24),(5.20)
<

Fa@[ 1+ (sag vay = )] = fut@)

|zo| [zol

using (5.26), (5.28), and (4.17). The claim (5.23) now follows. |
Coming back to (5.19), (5.7), we see that

(5.30)

Ay <

20y sup sup PZw[HB(a,-,loﬁ,,/) <T ATy, 1 +e 0 <
15l ey uile—oilz 0 -B, ’

20, sup sup PZw[HB(ai,lan{)) <Tn Trfnoﬂ] + ¢ Fno+l
1<i<i

Ln ~ Ln
I o <|z—oi|< "0
ZEJn0+1. 4y Dn67|Z oi|< 4fy

using the strong Markov property in the last step.
With (4.139), n = ng, and the Markov property, we observe that for
large Lo, 0 € 3, w € Gy 41,2 € Tp+15

Z,w

(5.31) P [Oillj<pr | Zi — Zo| > £2,308) Dy, | < e *r0+ .
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. . L ~
As a result when z € 7,4 is such that for some 1 < i < ¢, 42)) — D%

<lz—oy < Zg:,with (1.14), (1.40), we find

Pza,a)[HB(a,-,]O[N)nE)) <TA TTnOH] <

(5.32)

o ~ —Kng+1
PZ,a)[HB(O'i,IODnE)) < TB(ai,LEL]OM/Z))] te :

We can then introduce rfji, k > 0, the iterates of the stopping time 1, cf.
(5.21) with w = o;.

(5.33) =0, T, =Ty, To'=T500u +1., fork>1,

O O

as well as
(534) N =inf{k>0; Zy € B(0;, 10D,;) U B(oy, L{LT/2)°} .
Using induction over k, the strong Markov property and (5.23), we see that

(5.35) EZw[fai(ngAk)] is a decreasing function of k > 0.

Further observe that for z as above (5.32), P7 -a.s.,ontheevent {Hp . 195 ,)
~ "0
< TB(G_ L(|+5/2))}, it holds that Z,.~v € B(o;, IOD"E))’ as follows from (5.21),
irbeng o
(5.33), (5.34). Hence with Fatou’s lemma, we find

PZw[HB(a,-,loﬁnE)) < TB(UI.’L%H/Z))] < EZ, [/ (Zi). N < 0]

= fai(z) .

The above inequality together with (5.22), (5.30), shows that when L is
large,

(5.36)

L *(‘1*2*160) _
Ay < Kppt1 (L no ) F e~ ¥t
(5.37) 1
“4.1) _9 ((]+a)*l,(]+a)7(m0+l)) (1.14),(1.17) _8
100 10
= Kngti Ln0+1 = no+1*

We now bound As. As in the case of A;, we only need to consider the case
o # @, see below (5.8). We first introduce some notation. We consider the
functions, (with w € G4 41, and f as in (5.9)):

Fe(kv Z) = E;w[f(ZTfk)]»

(5.38) 3 - .,
Fo(k,2) = EZ [ f(Zr-)) z€ R, 0<k<T.
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We also introduce the probability kernels:

Qe G(k’ Z) = ng[G((k + TUg A lO) AN Tv ZTUJ At()A(Tfk))]v
0<k<T zeR?,

0° Gk, z) = Ezw[G((k + Ty, Nto)) AT, Zry, Ato/\(Tfk))]v
0<k<T zeR?,

(5.39)

with G bounded measurable on {0, ..., T} x R4, U, as in (5.7), and

(5.40) to = kug3 "= (Lug 13/ L)

Loosely speaking, these kernels describe for the Markov chain in the true
environment or in the environment after surgery how the process initiated at
time k < T, and stopped at the deterministic time 7 A (k + #) quits U,. We
also introduce sub-probability kernels describing returns to K, prior to T
or exit from i Too+1:

R°G(k,2) = E;,w[G((k + Hxk ) AT, Zpyg a—1))s
Hy, < (T —k) AT

'Tno-H]
(5.41)
R°G(k,z) = Eiw[G((k + Hk ) AT, Zay nt—1))s

Hg, <(T —k) A T; %H],

with0 <k < T,z € R?, and G as below (5.39).
Coming back to the definition of Az in (5.8), we see using the strong
Markov property at time H,, analogous considerations as in the control of

Aj and (5.10), that for large Lo, 0 € X, w € G py+1, ¥ € B(0, 5,,0+1):
(5.42)
|A3 — AS| < e 0t with
AL E;w[HKa <A T,

Tng+1°

Fe(Hx, Zng,) = F"(H, Zng,) |
Applying the strong Markov property, we see that for 0 < k < T, z € R%:
Fo(k,2) = F7(k,2) = Q° F*(k,z) — Q% F°(k, 2)

= Q(F' = F)(k,2) +(Q° = Q°) F° (k, 2) .

The next lemma will provide an analogue of (4.139) for the Markov chain
in the true environment (i.e. under P; ).

(5.43)

Lemma 5.3. When Ly is large, for 0 € X, 0 € Gopo+1, 2 € 3T0+1,
ny < n < ng:

(5.44) PeL[ sup |1Zx — Zo| = 308y D, ] < e o+,

zZ,0
0<k<k,

with k, @19 (L,,/L,,{))z, and €y as below (4.2).
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Proof. The argument is similar to the proof of (4.139). The probability in
(5.44) coincides with

(5.45) P.,[ sup |XkLz — Xo| > 300y D,].
0<k<k,

On the event inside the above probability, X . exits the open set U defined
below (4.142):

- (lg% B(w;, 65,0) U (1<L,J~<zB(m’ 65,0) :

where the w; are omitted when n = n;. We denote with S the stopping time
on C(R,, RY):

S:inf{szo, | X, — x| 245,,, forallxe{w],...,wgo,a],...,ag}},

where the w; are omitted when n = nj. From the discussion above, with
the notation (1.18), the expression in (5.45) is smaller than:

~ (2.10)
E.o[S < L. Pxsol X}z = Dy]]

(5.46) E.o[S < Ly ATag, s Prgol XG5 = D,1] + e *ro

E e_’(n + e_Kn0+l E e_Kn0+l ,

using the definition of U, and (2.2) in the last step, together with the notation
(1.51) and the remark below (4.1). This proves the lemma. O

We now Work on the quantities that appear in the last line of (5.43). For
0<k<T,ze J,,0+1, we can write:

Fe(k,2) = F7(k,2) = EX [Hk, < (T =) ATs g f(Zr-0)] =
E? [Hk, < (T =k A Tyg . f(Z1- 0]+
ES [Hk, = (T —k) A Tyg . f(Zr- 0] —
E? [Hk, = (T —k) A LEEI f(Zr-p)].

np+1

Note that when L is large Eﬁo 5,,0 < é Lﬁo 41> S0 that with (4.139) and

(5.44) when n = ny, difference of the last two terms of the above equality
is bounded in absolute value by

B2 [Hi, ATy 2 T =k f(Z10]
B2 [Hi, ATy, = T =k f(Zr 0]+

< Qe Kno+l < e fno+1 ,
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using in the last step analogous estimates as for Ay, cf. (5.13), and the remark
below (4.1). Further the terms in the first line of the right-hand side of the
above equality are seen to coincide with R°F¢(k,z) — R° F°(k, z), after
application of the Markov property at time Hg, A (T — k). Using once again
estimates as in the control of A, or in the derivation of (5.42), we see that
R¢F¢(k, z) — R° F° (k, z) differs at most by e “"0+! from R°(F°— F°)(k, z).
Collecting our bounds, we see that when Ly is large, 0 € X, w € Gg 541,
0<k<T,ze€ é Tno+1:

(5.47) |(F¢ — FO)(k, 7) — RE(F¢ — FO)(k, 7)| < e~ .

Letting y' € 41;7;10+1 be a dummy variable playing the role of Zp,_in (5.42),
and noting that in view of (5.39), (5.44), when 0 < k' < T, Q°((K', y),
{0,..., T} x (3 Tpr1)S) < 0%, we see with (5.43) and (5.47) that for
0<k <T:

|(F* = FO)(K,y) — Q° R*(F* — F*)(K', y') —
(Qe _ Qa) Fa(k/’ y/)| < e Kng+1

Thanks to (5.43) the expression under the absolute value coincides with

(5.48)

(5.49)
1
|:Fg _ Fa _ Qe Re QE(Fe _ FU) _ EO(QL) Re)m(Qe _ QU)FG](]{/, y/) .
Using the strong Markov property, (5.39), (5.41), (2.1)

Q° R Q°((K',y), {0, ..., T} x (3 Tog1)*) <

(5.44)
] < e_’(n0+l .

(5.50) ,

1
e
P lsuplZ— Zol = | L
k<T

Hence using (5.47) to transform (5.49), we deduce from (5.48), (5.50) that
H:Fe — F° _ (QeRE)Z (Fe _ FO') _

(551) Z (QeRe)m(Qe _ QO’)FO‘](k/’ y/)| < e Kng+l

m=0

Note that (5.50) holds for (Q°R°)" Q¢ m > 0, arbitrary in place of
(Q° R°) Q°¢, as follows from the strong Markov property. We can then
repeat the above manipulation finitely many times and find that when L is

large, foro € Z,w € Gy 41, Y € i Tho+1, 0 <K' <T:

||:Fe — F° _ (QeRe)m>k (Fe _ FO') _
(5.52)
(0 RY™(Q8 = QOVF7 ||, y)| < e et

0<m<my
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with in the notation of (1.14), (1.17):
(5.53) m,=[la ' +a)™")+1.

Keeping in mind that y" plays the role of Zy, and letting kK play the
role of Hg_ in (5.42), we are now going to bound [(Q°R¢)"1](k’, y), for
Ofk/f g’yle 41‘,‘?‘;!044'

Lemma 5.4. When L is large, 0 € X, w € Ggpot1, for 0 < k' < r

/ 1
y e 4 ‘:I\;’l()*‘rl)

5.54 ereyn (. vy [2 1.7 x RY) < L 10

G5 s (@R (K0 [ T xR) <L
8

(5.55) (Q°RYY™ (K, y), [0, T] x RY) < 2L, 1,

Proof. We first prove (5.54). When m = 0, the expression that appears in
(5.54) vanishes, and we can restrict to the case 1 < m < m,.. We can rewrite
the quantity in (5.54) using the strong Markov property, (5.39), (5.41),
as the Py  -probability of a certain event (loosely speaking expressing the
occurrence of m successive possibly truncated departures from U, and
returns to K, prior to exit of i Tno+1, with the m-th return taking place

sometimes during [i T—k', T—k')). On this event since truncated departures
have at most a duration of f, cf. (5.39), at least one of the return periods
has a duration of at least

3 ’ T
(4T—k —m*t0>/m*z4 — 1.

Ny

As a result we have:
(0 RY" (W, 3, [} T x RY) =

m  sup Pzw[4; —tofHKa<T].

3
7€} Tn0+l

(5.56)

The probability that appears in the right-hand side of (5.56) is similar to the
first probability that appears in (5.14), (y € B(0, 5n0+1) is now replaced
with z € i Tno+1, and ; with 4;* —1p). The same estimates leading to (5.37)
now yield for L large:

e T - 180
(5.57) m, sup P, [4m* —ty< Hg, <T|<L,",
zei 7;lo+|

thus proving (5.54).
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We now turn to the proof of (5.55). With (5.54) and using the strong
Markov property in the second inequality, we find

(QeRe)’"*((k’ ¥),[0, T] x RY) <

(55 Lmtr TQRYRDD, (0.7 ) x&') <

My

Lnolﬁ] +( sup  P.o[Hk, 01, ni < Tryy AT])
Zei Tng+1
The same argument employed in (5.16)—(5.18), shows that for z € i Tno+1s

(5.40) _
(recall ty = k"6+3)'

Ln6+2

Pze,w[d(zk, Ks) = — 115"6’ for some 0 < k < to] >

(5.59)
1 — e o+t
so that we find with (5.7)
Pz,w[HKg 0 01y, ntp < TTnO+1 A T] <

e Fno+l 4 E;,w[TU,, <1y, P [Hk, < T7,

ZT Ug Aty ®

(5.60) N T]] .

nop+1

But for z € 7;,,+1\U, playing the role of ZTUWO,(,J in the last term of (5.60),
we find just as for (5.15):

(561) P;w[HKJ < TTn()-H A T] < PZw[HKa < T,];l0+l A T] _i_e*Kn()-H .

The first term on the right-hand side of (5.61) can be bounded in the same
way as in (5.30)—(5.37), to obtain with L large:

99 9
(5.62) PO, [Hk, < Ty, AT]< e( D*”()*f) 0 et < g7 o
no+

Coming back to (5.58) (5 60) we see that when L is large, 0 € %,

w e Ga,no—i-l, 0 = k' < = y € Jn0+1
9
s @ R“)'"*((k’, W10, 71 x BY) < L, + (¢, ) e )™
(5.63) (L15),(5.53) _ _ 8
= no+1 *
This proves the claim (5.55). |

We return to (5.52), and observe with the help of the above lemma that

when L is large, 0 € ¥, w € Go,, Lpfor0 <k <3 Ty eKyN (] ’J',,OH),
|(F* = F7)(K', y)| <

GO (Lt s Q-0 Pk,

k<3 T.2€KoN(3 Tug+1)
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where we used that yY € K, when handling the term corresponding to
m = 0, in (5.52). We now bound the last term of (5.64). We consider

. 5.40
k< i T,z€e K, N (2 Tho+1), as above and introduce (recall £ 020 k"6+3)

(5.65) k=inf{metwZ+T; m>k+1t).
With (5.39), and the Markov property in (5.38), we can write
Qe Fa(k’ Z) = E;,w[FU(k + TU,, AT, ZTUUAI())]

(5.66) . . e
- A L

where k = k 4+ Ty, A 1o is not part of the inner expectation. The same

calculation for Q? F° (k, z) and the strong Markov property yield:

(5.67) Q7 F (k. 2) = EZ,,[F° (k. Z¢_,)].

Using controls on the size of displacements of Z_ in a time interval of length
fp or 21, under P7  or P¢ , cf. (4.139), (5.44), we see that:

z,w?

(5.68) sup [(Q° — QF) F°(k, 2)| < e *0*! 4 var F°, where

k<3 T.26KsN (3 Tag+1)

VaI'FU déf sup {lFU(Z, Zl) - FU(IE’ Z2)|’ 71,22 € 7;10-&-1,
(5.69)

o=zl < D)y . Kewz+nn o, 1 7]}

+3°

We will bound var F° with the help of the smoothness properties resulting
from (4.179) and (5.38). We introduce a cut-off function & with values in
[0, 1] such that with (2.1):

h=10n2T,, h=0on (z 'J‘,,O+1) ,and

(5.70) c
[P lng+1y < 1+ p

no+1
Lemma 5.5. Forlarge Ly, 0 € £, w € Gy o411,y < 1 < ny,

(5.71) 1R RS o llng+1 = Hh(RZb,U)k” <1+ va,

no+1
with v, defined in (4.17), and k, @19 Lﬁ/Lﬁ/.
0

Proof. The equality in (5.70) follows from (4.9), (5.69). Then with (4.9),
(5.70), we can write

h(RY )" =hR;, R +hs,

(5.72) B _
=hR+hS, +h(S,—S5,).
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From (1.29), (1.55), (5.70) we have

c

”0+1§1+LI3 ’

no+1

(5.73) |2 R

and from (4.140) we deduce

~, L, B ~,
1S = Sl = (707 ) 1S, o = S )l

< <Lno+l>ﬂe—xn0 < e Kno+l
Ly,

(5.74)

Ifg iisuch that |g|m,+1) = 1, and x € L, Z4 such that Xnx B # 0, we can
find G such that:

Supp G C B(x, 4D7),
(5.75) ~ ~ Ly \F
G =g — g0 on B(x.3D}), |Gloy < s, ).

no+1

We thus see, cf. above (4.12), that with (1.49)

|Xn,x S;:’(r g|(n) = |Xn,x S:;’o' Gl(n) + eiKn =<

(5.76) ~ L, \B  _. 4179 L, \P
len,xSZ,glann( ) +e < Knvn(L ) :

Lno+] no+1

As a consequence we see with (A.3) from the Appendix and (5.70) that

~ L, B~
STD 10 S0 8lugrn = (70 ) 10 S5 8l < v = 0 v I8t

Collecting (5.72), (5.73), (5.74), (5.77) we obtain (5.71). |

We return to the task of bounding (5.69). With % as in (5.69) we have
T —k — k,, € ty N, and hence we can write

(5.78)
T—k—ky= > u,k,, withu, suitable integers in [0, £2 — 1) .

0
ny+3<n<ng
Then for z € 7,11, f asin (5.6), (or (5.9)), we have:

o 538) 7
Fo k2 "= (R, )T f()
k.
0

— (R:E)’G)kno (R:E)’O.)unffd np+3 . (R:E)’G)unkn f(Z) .

Using (4.9) and (T — k) D,y < |} L2 . cf. below (5.10), we find
o (7 _ p* * Upl 43 * \lUp * iy
(5.79) Fe(k, Z)_Rnoﬁ(iRn{)Jr&a) o (MR, ) (WR )T f(2)
=R, ., f(2),
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where in view of (5.71), (5.78)

(5.80)
~ 2 5] (L15).(4.17)
[flogrn =TI (A 4rav)™ < eXp{ Y. Kn vnﬁn} < c.
ny+3<n<ng ny+3<n<ng
So we see that for z;, 2o € T;+1, With |z — z2] < D:6+3’
g g (5.79)
|F? (k,z1) — F°(k, 22)| =<
0 7 (1.49),(1.56)
RO f(z1) — R Fz)| + 185, o fz) = Sk o fa)] =<
(4.179)
cD, DY \B  (@17).41)
03 +C( 0+3) Vg z
Ln() Lno
—(1fq—(+a)~m07D)
58Dk, (Ln0 ] +
L(]ﬁaﬂ(a‘il)ﬂ(1+a><m0”(‘ja)(1+a><mo+2>)> (1.14),(1.17)
no+1 —
(1.40)
L —(B+9) —2a L (4(1+a) —b—a liﬁ 150* 1(1)0(f*5)) <
no+1 n0+1 + np+1 —
(/3+5+2a)
Ln0+]
So we have shown that when Ly is large, 0 € X, w € G4 41,
(5.82) var F7 < ¢ L, #1o0
Collecting (5.42), (5.64), (5.68), we obtain since 8 + 8 + 2a < ] 0>
(5.83) Ay <cL, B,
Substituting in (5.9) the bounds (5.13), (5.37), (5.83) we now obtain (5.6)
and this concludes the proof of Proposition 5.1. O

As an application of Proposition 4.11 and 5.1, we have

Proposition 5.6. When L is large, 0 € £, w € Gy py+1,

2
(5.:84) [0 (R = (R2) ™) 1 < € Loyt
Proof. We have

”X"0+1 0( no+1 — ( )e )”n0+1 =
(5.85) ” oot 0( e no+1 U) HnOH " (4.180)

[ 10(R 1.0 = (R )y

|| Xno+1, 0( no+1 — n0+1 0) Hn0+1 + Vg1 -
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With the notation of (5.6), and with (4.9), we also find that:

Xn0+l,O(Rn0+l - R:O_H,g) = Xno+l,0(Rn6 (Rnf))T - RZ{)’U(R;Z)’G)T) =
Xno+1,0 Rng)((Rn;))T - (R::(),U)T) + Xno+1,0(Ryy — R:;),U)(R::{),U)T-
With (1.60) and (5.6), we see that

| Ry L0, 5,y (Ri)" = (R DTN,y =

(5.87) Lyy+1\P Lﬁ LB o —(ta)
I no+1 no+1
o

(5.86)

Also note that when |glo, < 2 and g 1 Bugsn) = 0, then with the notation
(1.57), Xno+1.0 Ry (8 = Xng+1,0 P, PLz 1.0 & and from inequalities such
L,

asin (2.10), and from (1.17), we seethat 1180, Dyy+1) PLz 1w8le e T,

so that using (1.59) as in the proof of (1.60), we find that | Xno+1,0 R,,O 8lmo+1)

<e ok "0, Coming back to (5.87), we hence obtain:

T T (8+a)
(5.88) [ Xno 1.0 Ry (Ru)™ = Ry D), 00 < € Lugii” -
We now turn to the last term of (5.86) and observe that:

@7 > R
Ry = Ry =" (1= o) (Ryy — R + 85 (Ryy — Ry) .

With the same argument employed above (5.88), cf. (1.20), (1.37), for the
notation, applied to the last expression of the following identity

Xno+1,0 8o (Ruy — Rno)(R* ' = Xno11.086 (Ryy — Rno) XDy 1 (R DT+

def
Xno+l,0 8o Rnb(l - XD"0+1)(R}16, )T 2 Al + A2 )

. —cL . .
we see that || Az ||,;,+1 1s smaller than e . Further just as in (5.80) we see
that:

” XDng 41 (R;zkb,a)T Hn0+1 =c
and together with (4.6), (2.2), (2.46) we obtain:

T —
1A g1 = | Xng 1.0 &6 Sy = Su) Xyt Ry D7 [ + €70

<e —Knp+1 .

(5.89)

In view of the identity below (5.88), to control the rightmost expression in
(5.86), it remains to bound || xuy11.0(1 — g5) (Ryy — R))(RY, )T llng41. To
0 0’



An invariance principle for isotropic diffusions in random environment 549

this end in analogy with (1.20) we define the probability kernel

R, (x,dy) = [XLz ay edy], x e R, we Q, with

(590 "0 .
T =inf{u >0, X; > D;"/ }, cf. (4.10), (1.18) for the notation .
0 0

As in Lemma 5.3, see in particulai (5.46), we see that when L is large,
o€X, weGyyyt1,fory e BO, Dyyy1),
D:/ —K,
Pwv[X?z, > 20] <e "0,
&)
Then with a slight variation on the proof of Proposition 2.5, for x € L%Zd
m B(Oa Dn0+l),

—K
<e ”6‘

’
o

Employing a similar identity as above (5.89) in the first inequality, and
(5.91) in the second, we find

| Xg+1,0(1 — 8a)(R r— R0 )(R* )T”no-H <
o101 = £ 0 = Rt R )+
” Xno+1.0(1 = 8a) Ry (1 — XDnoH)(RZ{yG)THnoH +e " <

[ Ko 1.0(1 = 30)(R:’ - ﬁg/) XDy (R:/,O')T”n()-‘rl +e ",

with the same argument as applied above (5.88). Note that thanks to (1.60),
(4.6), (5.9, I(1 — &6) X x (R* - RO )||n, < cLﬁ, , with x as above (5.91).

For f with | f|n+1) < 1, and wr1t1ng 0=(1- ga)(R* R0 ) we also
find

(592)  Xng+1.0 @ Xbyyer Ry ) f = Xug+1.0 @ X0 (Rly )0
where f just as in (5.79), (5.80) satisfies
(5.93) | Flagsny <c.

Further if x € Lnb Z4 is such that d(x, Supp Xnp+1,0) < 304/d L"{)’ we can
use a cut-off function and construct ﬁl, ﬁz supported in B(x, 3Dj1‘,) (where
0
XDygi1 () = 1), such that in B(x, 2D7,)
0

H, coincides with R f~(-) — R f(x),

(5.94) H, coincides with S Snowo o) — Siio f(x) @-8.(4.9) (R:;,,a)k"(’ 70

— (R, ) foo) = R) FO) + RY f),
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and so that they satisfy the bounds

~ (1.56) L, ~ (4.179) L,\p

(595 By = e O 1l = kg () e
no no

As a result we obtain

|Xn6,x Q XD,,O_H (R:E)’U)T f

() = |Xn{),x Q H, |(n{)) + |Xn6,x Q H2|(n6)
(2.2),(4.6) L, L, \B
< Ky Lﬁ/ ( ng +( no) WQ) ‘
(5950 0 "0\ Ly, L,,
We thus find

1Xno+1.0(1 = 8D (Ryy = Ry ) (R ) llng1 <

0
L B (/Ly\1-8 _
B no+1 0 Kt —(8+a)
Kn£) L"E) ( Ln() ) (<Ln0> + vno) + ¢ ' S Ln0+l ’

using similar calculations as in the bottom lines of (5.81). Collecting (5.88),
(5.89), (5.96), we obtain (5.84). O

(5.96)

Before concluding the proof of Theorem 1.1, we yet have to control the
difference oty 11 — 0ty

Proposition 5.7. Under the assumptions of Theorem 1.1, when Ly is large,

—(14 )8
(597) |ano+l - ano| =< Lno 10 .

Proof. Recall the definition of «, in (1.22). In analogy with (2.5) we con-
sider the function, cf. (1.37) for the notation:

|z|?

(5.98) f@) = Xab,y @ [, s z€ R?,
no+1
so that | f|(ng+1) < Kng+1, and:
1.22 ~
(5.99) st "2 B[R,y 1 FO)].

We denote with € the event

Q= {a) € Q; for |y| < 30v/d Lygs1,

(5.100) PoulXy = vl= exp{ . } for all v > D,,O+1} N

no+1
{weQ; forall x € Ly Z N (5T5041), x € Byy()}.

With (2.9) and (1.47), we see that when L is large,
~ L2 d (1.14),(1.15)
5101 PQT< LM e ( £°+1) I

10 0 no (1746) no+1*
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Then for w € 5, we see that (cf. (1.37) for the notation):

~ P B

|Rug1 £(0) — (RSO + XBygii Suo) " FO)| < |Rugs1 f(0) = Ryt fO)] +
2 02 B

|(R20 + Sno) "0 f(0) - (RO + Xﬁn o Sno) "0 f(())| < e Fmotl 4

|5 R (1= x,) S (R + X500 S20) ' 0]
05k<£n0

using (2.46) with n = ng 4 1, and perturbation expansion in the last step.
Since RO + XDy Spy = (I — X5n0+l) Rgo + X5, Rny contracts the sup-

norm, we see with (5.100), that when Ly, is large, for w € Q:
~ 02 i
(5.102) |Rugi1 FO) = (RO, + X5, Sno) ™ FO)] < e™novt

Using perturbation expansion as in (4.15) we find that for all w € Q:

(R, + X5, 0 Sua) ™ £O) = (RO,)™ £(0) =

k P
(5.103) 0 Z, (R2) X5y Sno (R ™0™ f(0) +

Z X5n0+1 S”O(Rgo)kl e X5n0+l S”O(Rgo)km f(O) .

kot Ak +m=L5

ki>=0,m>2
~ (2.2),(2.46) s )

Further for w € Q, || x Byt Suo < c¢L,/, so that the term in the last
line of (5.103) is smaller in absolute value than:

(5.104)

_s\m —8\tn 2 78
> (cL,2)" kngs1 = kngpa [(1+ L2y —1—ct; L]
kot Ak +m=05
k,-zO,mz2 S Kno-l,-] L;028+4a ,

with ¢ denoting the same constant in both members of the equality, and
using a similar argument as in (4.172).

Coming back to (5.102), (5.103), noting that (Rgo)zﬁo f(0) =

L2 £(0), cf. (1.21), (1.54), and that in view of (1.49) i) and (5.98)

this quantity differs at most by e™*"o+! from do,,,, we see that for w € Q:

|Rupi1 fO) —dety = X (R2) x5, S (R2,) 7 (0] <
(5.105) 0<k<€3

—28+4a
Kno+1 L

’

where we used (2.46) with n = n.
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Observe that for z € B(0, g 5n0+] ), with (1.49) 1) and (5.98),
|- [?

2 —k—1 e )
sup |(Ry,) ™ " (f—@)@)| et withg() =, .
O§k<€%0 Lno+1

Hence with (5.105) we see that when L is large, for w € Q:
(5.106)
Ryy11 f(0) — doty, —

> d ~ii
2dy(z, w) Yy (2, ®)
S Pugaz, 0,40 x5, @(PME P 2y )| <
O§k<@%0 no+1 i=1 no+1
—25+4
Kng+1 Lno +4a .

In view of (1.24), (1.25), the P-expectation of the sum in (5.106) vanishes.
Hence with (5.101) we see that for large L:

(5.107)
~ 2d,. (z, ) d Vid(z, w)
‘E[Q > PanokL%o (0, dz) XBpg s (z)( b 24> L"2 >]| <
O§k<[%0 no+1 i=1 no+1
2 —10 -9
Kng Zl’l() Ln0+l = Ln0+l :

So using (5.101), (5.105), (5.107), we see that when L, is large
d|otng 1 — Ol < |E[Ruyi1 £(O) = dotyy, Q]| + E[Ryyr1 £(0) — dotyy, Q]|

(1.14),(1.40) —(+ 9 )8
—25+4 10
“ S Ln() ’

and (5.97) is proved. |

We can now conclude the proof of Theorem 1.1. We have just shown
(1.50) and there remains to complete the proof of (1.47) with n = ngy + 1.
With (5.84), we see that when L is large, foro € X, w € Gg 541,

—(8+a)
”Xn()Jr],O Sn0+] |In0+] <c Ln0+] + || Pano i(ﬁl - Pan0+1Lﬁ0+1 ||n0+1

—(5+ (S AR R—
S c Lno(_l,.]a) + c |an0+l - anol S c Lno(_;,_]a) ’
using in the second inequality a similar bound as in (4.173). Further with

(5.5) wefind P[(Uyex Gong+1)] < 1]0 L;ﬁ"l These bounds together with
(2.9) and (2.46) show that

1 1 _ _
PIO ¢ Buy1@)] = (0 + o) Lot = Lo

This concludes the proof of (1.47) for n = ny + 1, and hence of Theo-
rem 1.1. m|
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6. Invariance principle, transience and homogenization

In this section as mentioned in the introduction, we apply Theorem 1.1
and prove an invariance principle and transience for isotropic diffusions
in random environment that are small perturbations of Brownian motion,
cf. Theorem 6.3. We also provide an application to homogenization, cf.
Theorem 6.4. But the heart of the matter really comes with Proposition 6.2,
where a sequence of good couplings of the diffusion in random environment
with Brownian motion of variance «,, is constructed. We begin with a lemma
that is helpful when applying Theorem 1.1.

Lemma 6.1. When L is large, forw € 2,0 <n <mgy—+ 1,

1 —
(6.1) xn.0(Prw = PO Przilla = | L,

of. (1.17), (1.38), (1.40), (1.54), (1.57) for the notation.

Proof. We recall the convention L_; = 1, see below (1.15), and extend
using this convention the definitions | - |(n), || - l1» Xu.x to the case n = —1,
cf. (1.28), (1.30), (1.38). We also introduce the probability kernels, see
above (1.21) for the notation

P (2. dy) = P o[ X1, € dy),

(6.2) ~ 4
Pi(x,dy) = Wi[Xisr, €], x € R, where

1
(6.3) Ty =inf{u>0, X;>L}.

With the same proof as in Proposition 2.5, using exponential inequalities,
cf. [23, p. 145], in place of (2.45), we see that for large L, forw € Q, x € 74,

~ ~ oL V10
(6.4) IX=1x(Prw — Pro)ll-1 V lx—1.(P1 — P)ll-g < e “ho

Hence it follows that for 0 <n < mg + 1,

I X-1.x(Pro— P)Pr2_ill-1 =<

IX=1.+(Pro — Pro) Pra_ill-1 +

X-1x(Prow — PO P2yl + Ix-1.0(Pr — P P2yt <
cemh" 4 X140 (Pro — FI)PLgfl -1

(6.5)

With a similar argument as in (5.94), for 0 < n < my + 1, gnd f with
| flmy < 1, we can construct with a cut-off function, a function H supported
in B(x, 3L(1)/10), such that:

H agrees with P2y f— P2y f(x)in B(x, ZLS)/]O)

and |H|-1 =c LO ;

n



554 A.-S. Sznitman, O. Zeitouni

where (1.56) has been used for the last inequality. We hence find that with
large Ly

[X-1.x(Prw — PO Pr2_y fli—1) = IX=1x(Pro — PO H| -1y

(1.62),(6.4),(6.6) L,
< cLy' L,

and hence with (6.5), (6.6):
1 Xn0(Prwo — P1) Pra_illn < LE I xn.0(Pro — Pr) Pra_ill—1

1

1
6.7) < Lf(ceiCLOIO +cLy L;l)
1.17
(<) 1 -5
- 10"
This proves our claim. O

The next proposition is instrumental and enables to construct good cou-
plings of the diffusion in random environment with Brownian motion. From
now on we specify the choices of v = 2, 8 = ;, a, co, ¢, W, &, Mo, M,
cf. (1.5), (1.13), (1.14), (1.32), (1.43), (1.46). In accordance with the con-
vention concerning constants started above Theorem 1.1, constants will
solely depend on d, K, R in view of the choices we just made. We denote
with X,, ¢ > 0, and X?, t > 0, the canonical processes on C(R,, RY)?, the
space on which we will construct the coupling measures.

Proposition 6.2. (d > 3)
Given K > 1, R > 0, there exists g > 0, depending only on d, K, R, such
that for a(x, w), b(x, w) as in (1.2), satisfying (1.4), (1.7), (0.4), and

(6.8) la(x, w) — I| < no, |b(x,w)| < no, forx e R, w e Q,

then there is an event Q2 with full P-measure and a finite N(-) on Q, such
that for w € Q, when n > N(w):
forallx € L,7Z¢ N (4T,43), x € B,(w),

(6.3) (cf. (1.39), (2.1) for notation) ,

and for any y € R there is a coupling measure Qn y.o0on C(R,, R)? such
that under Q..

(6.10) 5(’0 is distributed as X, under W, ,
(6.11) 5(4.”27”3(;) is distributed as X_ATZT"+3 under Py ,,

(6.12) Qo sup |X, —X°| =3D,] < L;%?, wheny € T3 and
2

usLn+3

L9
6.13) forn >0, a, € [1,4], s — | < Ly T10°

(in particular (o) is a convergent sequence) .
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Proof. In the sequel we use the expression “small enough 7", in place
no < ¢, with c a constant, with the meaning explained above Proposition 6.2.
From now on we assume ny < 1 small enough so that (1.3), (1.5) are
satisfied. We now choose constants Ly and ¢, according to Theorem 1.1,
Lemma 6.1, and such that for all n > 0, (recall W, denotes the Wiener
measure)

if in (245), €0 =, (D,/D,).

1)
then e~ in (2.46) is smaller than | L9,
10 =n
(3] * 1 4U 1
i) WolX}, =v] < eXp{— } forv> D,,
2 10 D 4
(6.14) o
S " D, 72 1
i) (E"0[1X 3] + D7) WO[XL% - ] = 100 °
: I PaL2 - Po/L2 lln
V) [Xnolmy —sup no e < Ly, cf. (4.173),
| cota'<d4 lo — o]
2= =
and
—(1+ )8 1
(6.15) > Ly <L

We have now specified L, and we will first see that:

for ny small enough, (1.47), (1.48), (1.49) hold for all

(6.16) no>mo+ 1, and |ag — 1| <

10°

To this end, first recall from (1.9) that for v € Q, x € R?, there is an
(#:)-Brownian motion g, such that P, ,-a.s., forall + > 0,

t t
X, :x+/ O’(XS’ w)dﬂv +/ b(Xs,w)dS,
(6.17) 0 0

with o(-, @) = a(-, )2 .

Note that for y € RY, w € Q, o(y, w) — I = (a(y, w) — I)(o(y, w) + 1)7",
so for small 79, y € R, w € Q, with (6.8),

(6.18) lo(y,w) =1 <cnp.

Further from the exponential martingale inequalities, cf. [23], p. 145,

v 2
wa[su O_Xs,w d s — Pu Zu] =cex {_Cu },
(6.19) ’ v§3| y TP Al P

foru,t>0,x e R, we Q.
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Choosing 7y small, with (6.8), (6.17), (6.19), we see that for v € €2,
O<n<my+1,xeL,Z% ACC,x),y €{l,...,2d5"}, and the
notation (1.44),

(620) Jn,x,A,y(a)) =0 s

so that (1.48) holds for 0 < n < my + 1. Likewise with (6.14) ii), we see
that choosing 7y small we can make sure that forw € 2,0 <n <my+ 1,
y €RY,

620 PulXpzvisep|- ) | forallvzD,.
Further we have

Xn0(Ry — Pr2) = Xn,0 Prw(Pr21.o — Pr2-1) + Xno(Pro — P1) Pr2_1,

and with (1.60), (6.1), (6.19), it follows that choosing 1 small, for w € €2,
and 0 <n <mg+ 1,

(I
(6.22) Ixn,0(Rn = Pr2)lln = L,’.

Recall that, cf. (1.22)

1

oy = i Eo[|XL5AT,,|2],

and note that for small 5, with (6.14) iii), (6.19), forO <n <mg+ 1,
|Eo[|XLg|2] - E0[|XLgAT,,|2]| =
Eo[(IXpI*+ D7), T, < L}] <

~ 1
(Eo[1X 311 + B) (o sup 18 = ] +

s<L2

Po sup

0<s<L2

/(G(Xva) Idgs| >

So when 7 is small enough, for 0 <n < my+ 1,

1 1 5 57, 6.17,(6.19) |
623) ln=11= 0 o [Eo[IX Pl = Bl Pl <7 s
and hence

—(14 )8

) oy —dupp1| < Ly ,0<n <mp, and

e[ (=[] wosamer

2v
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This proves that (1.49) holds for 0 < n < mg + 1. Then observe that for
O<n<my+1,we,

1,0 Sulln < 1xn.0(Sn = Slln + || X0 (R" = Py2)],
+ ”Xn,()(Pa,,L% - PL%)”n s

so that using (6.21), (2.46), (6.14) i) to bound the first term in the right-hand
side, (6.22) to bound the second term, (6.14) iv), (6.23), (6.24) ii) to bound
the last term, we see that when 7 is small, forw € 2,0 <n < mg + 1,

~ 1 _ 1, _ 1 _ _
(6.25) 130 Sulln < (o L’ + 5 L+ S Lo Ly < L
Hence with (6.21), we see that for small 1y, when w € Q,0 <n <mgy+ 1,
(6.26) 0€ Bu(w).

We can now apply Theorem 1.1, and with (6.15) note that |og — 1| < 110
implies that (1.49) remains also satisfied by induction, so that (6.16) is
proved.

As a next step observe that for n > mg + 1,

IP’[for some x € L, 7N 4Th43), x ¢ £,,(w)] <

c (LLﬁ:lus)d L;Mo (lgﬁ) CLﬁd(l+a)3—100d(l+a)m0+2 < CL;98d,
and this last quantity is the general term of a convergent series. With Borel-
Cantelli’s lemma, we see that there is an event 2 with full P-measure, and
a finite N(-) on €2, such that when n > N(w), (6.9) holds.

Let us now fix w € Q. Given n > N(w), we denote with & some
[0, 1]-valued continuous function with value 1 on 27,3, and 0~0n (BT43)¢.
Consider the Markov chains with respecgve transition kernels R, j,, cf. (3.4),
and R, 5, as in (3.4) with S, in place of S,,. They can be coupled in a natural
fashion up to the first time either one exits the set {# = 1} using their
respective interpretations in terms of the diffusion in the random environ-
ment w. The coupling can then be extended using from then on independent
moves. With Proposition 3.1, we thus naturally obtain for y € R? a coupling

measure still denoted by Q,, on (R x RY)N, under which the canonical
processes Xy, k > 0, and X,(:, k > 0, have the laws of the Markov chains
on R starting at y with respective transitions R, », and R?. Let PZLj’w denote
the bridge measure in time L2 between z and 7’ for the diffusion in random

. . L2 . .
environment. Similarly, let P.”, denote the analogous bridge measure in
time L2 for the Brownian motion with covariance o, 1. Let

2 2
O = (h(@) 12,0z 2) + (1 = h(2) Payr2(z 2N (WD pr2(z. 2P
2
+ (1= 1(2)) P12 (2. 2) PL2)
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. = L2 L2
and define the bridge measure Q.. . wn = Q% ® PZO’ZE) on
21. d)2 . 5 .
C([0, L;]; R%)=. Use now the bridge measure Q R Xir KR, to inter-
polate the chains X; and X! to diffusion processes, whose joint law is
the coupling measure Q, ., on C>(R;,R?) (note that conditioned on

X, k>0, )_(2, k > 0, all the interpolating bridges are independent). Now
(6.10) and (6.11) hold. Then using (3.6), (6.9), (1.39), we find for y € 7;,43:

én,y,w[ SUP ‘j\iu - 552| Z 35n] f
2

usLn+3

L 4 L 2
( n+3) (Kn L;S + e*KyL) + 2 < n+3> e*Kn E L;s/Z ,
Ly Ly

(6.27)

when 7 is large enough. Hence increasing N(-) if necessary, we see that for
w € Q, (6.10), (6.11), (6.12), (6.13) holds, and this finishes the proof of
Proposition 6.2. O

We are now ready to state and prove our main applications.

Theorem 6.3. (d > 3)
With no(d, K, R) > 0, as in Proposition 6.2, when a(x, ), b(x, ®), as in
(1.2), satisfy (1.4), (1.7), (0.4) as well as (6.8), i.e.

|a(-x’ (,()) - I| S No, |b(x’ Cl))| S No, forx S Rd, w € Q,

then P-a.s.,

1 . . .
J X ., converges in Py ,-law, as t — 00, to a Brownian motion
(6.28) !

on R? with deterministic variance 6> > 0,
(6.29) forall x € R, P, ,-a.s., lim |X,| = c0.
11— 00

Proof. We keep the notation of Proposition 6.2. We first prove (6.28). From
(6.13) we know that «,, converges and we write

(6.30) o2 lim ozn( € [i 4]) .

The claim (6.28) will follow once we prove that for any w in €2, in the
notation of Proposition 6.2,

1
Jt

for any F on C([0, T, R?), T > 0, bounded by 1, Lipschitz relative to the
distance function

(6.31) lim oo F( X.0)] = EYIFX ),

(6.32)  Dyp(w, w') =sup |ws) —w' )| AL, w,w e C(0,T],RY),

s<T
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with Lipschitz constant 1, with a slight abuse of notation in (6.31). For ¢
large we define the integer n(f) > 0, such that
(6.33) Ly <t <L,

and observe that for w € 2, F as above and large ¢

B F( ), X.0)] = BRG] < a1 + a2 + a5, where

634 a(t) = ‘Eo,w[F<\;t X.t)] - Eo,w[F<\;t X("MTZ%(IM)]

ox0 = [ena[ 7, X )] - 9, )]
as(t) = |[EVO[F(Ja,(, X.)] = EV[F(oX )]

and we have used Brownian scaling for a;(-). From (6.30) and dominated
convergence, we see that

’

’

(6.35) lim az(t) =0.
—00

Further when ¢ is large,

(6.33) )

ai(t) < 2Py [Tz < T1] < 2Pou[Togiss < T Ligyin)
(2.10)
< cexp{—cL;, 5} sothat
(6.36) lim a;(t) =0.
—00

As for a,(¢), using the coupling measure fQV,,(,%o,w from Proposition 6.2, we
find with (6.10), (6.11), that for large ¢

— ént.,w 1 = _ 1 0
az(t)_‘E 00 [F<w X<-f>ATzfn<,H3<%>) F(w X.[)]‘

0 Xunty % — Xl
< EQn(z).o,wI: sup UATYT, (13 (0 o 1]

u<Tt ‘/t
(6.12),(6.33) 3D _
2 3Dn + Ln((xz —i—ce*CLi(fM,
2.10) N
so that
(6.37) lim a,(¥) =0.
—00

Combining (6.35)—(6.37), the claim (6.31) follows. This proves (6.28).
We now prove (6.29). When n is large, it follows from standard estimates
on Brownian motion and (1.49) that for |z| = L,41,

W, [Xa,,. exits B(0, 2L,,,) before time Lﬁ 43 Or

6.38 ~ n
( ) entering B(0, 4D,,)] >1- ; .

n
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Then for w € 2, with Proposition 6.2 and (6.38) we see that for large n and
2] = Lut1,

FQV,,,W[X enters B(0, L,) before exiting B(0, L,42)] <

(6.39) s Kn _ Kn
L <",
T T
With (6.11), we thus see that for large n and |z| = L,y 1,
K
P olHpo,1,) < TBO.Lin] = En <12,
n
so that with the strong Markov property we find:
(6.40) P J[Hpo,,=001> 1 (1-¢7) — 1.
k>0 n—o0

It now follows in a standard way that when w € €,
(6.41) forx e RY, P.,[lim |X,|=o00]=1,
—00

and this proves (6.29). m|

We conclude this section with an application to homogenization in ran-
dom media. Given f, g bounded functions on R respectively continuous
and Holder continuous, under the assumptions of Theorem 6.3, for w € Q
and € > 0, there is a unique bounded solution of the Cauchy problem

6.42) { O e = Leue + gin (0, 00) x RY,
Ueli=o = f,

where
1 & X 2 d X

64 L=} > ai (. ) 02 +Y bi(* o) 0.

see for instance [9, Theorem 12, p. 25], and [10, Theorem 5.3]. The asymp-
totic behavior of u., as € — 0, is intimately related to the invariance
principle proved in Theorem 6.3.

Theorem 6.4. (d > 3)

Under the same assumptions as in Theorem 6.3, on a set of full P-measure,
for any f, g as above, the solution u. of (6.42) converges uniformly on
compact subsets of R, x R? to the solution of the Cauchy problem

2

_O . d
(6.44) dug =" Auy+gin (0,00 x R,

uE|t:0 = f’

with o% as in (6.28).
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Proof. Consider w € 2, (cf. Proposition 6.2), and € > 0, with [10, Theo-
rem 5.3], we can write

(6.45) 1 (s, x) = Ex/e,w[ fleX o) — / g€ X, 0) du], fors >0, x € RY.
0

Letting €~! play the role of ¢ in (6.33), very similar bounds as in (6.34)—
(6.37), with some obvious modifications for the bound above (6.37) yield
that as € — 0,

u. converges uniformly on compact subsets of R, x R to

\

646) | (1) = EW [ F(X2,) — / ‘ g(Xazv)dv],
0

and our claim now follows. O

The proofs of the last two theorems illustrate the fact that the measures
constructed in Proposition 6.2 offer a very quantitative and handy com-
parison of the isotropic diffusion in random environment with Brownian
motion.

A. Appendix

This appendix collects several results concerning the Holder-norms | - |,
I - |ln, cf. (1.28), (1.30). In particular the effective control of these norms
with the help of wavelets is discussed in Proposition A.2. We begin with the
convenient

LemmaA.l. (n >0,L, asin(1.15), € (0, 1))
Consider a non-empty index set I, f, (g:)ic1, scalar functions on R, (x;)cr,
points of RY, such that

(A.]) f =g, on B(x;,2L,), i €I, and
(A.2) Supp f € U B(x;, L,), then

iel
(A.3) [ [y < 3sup [gilw) -

iel

Moreover if f is a scalar function, I > 0, and
(A4  sup [f)| =T,
xeR4
(A5)  |fx)— fnI =T ‘x;y‘ﬁ, for x, y in the open
L, -neighborhood of the support of f and |x — y| < L,,,
then
(A.6) | flmy <3T.
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Proof. We first prove (A.3). Note that
|f|oo =< sup |gi|oo,

iel
and for x, y in R? with |x — y| > L,,

L5 1) = fOl

<2sup il -
8 |X—)’|ﬂ i >

On the other hand, when x, y are distinct points of R, with |x — y| < L,
and say x € Supp f, then x € B(x;,, L,), for some iy € I. One then has

18 1) = fO @y 5 18i0 () = 81 (V)]
o= ylf T x =yl

’

whereas when none of x, y belongs to Supp f, the left member vanishes.
The claim (A.3) now follows.

We now prove (A.6). Note that when x, y are such that |x — y| > L,,
then

Lo 170 = )

21 f] Mmzr
< < .
oy S

On the other hand when x, y are distinct points of RY with |x — y| < L,
and either some or none of them belongs to Supp f, we find with (A.5)

18 O = fOl _

I,
ok —ylf

and the claim (A.6) now follows. O

The next result will provide an effective control of the Holder-norms
(1.28), (1.30), with the help of the expansion in an orthonormal basis of
wavelets. The fact that such bases give rise to a handy control of the Holder-
property is well known, cf. Daubechies [6, p. 199-203], Mallat [16, p. 169—
173]. The proposition we will now prove, gives a version of these results
useful for the calculations of Sect. 4. We introduce the sequence of non-
negative integers J,,, n > 0, such that

(A7) 20 < L, <21,
and recall the L?(R¢)-orthogonal expansion in (1.35).

Proposition A.2. (d >1,0<8<1,¢,¥)

There is a constant I' > 1, depending on d, B, ¢, V¥, such that forn > 0, and
f compactly supported bounded measurable function, one has, cf. (1.35)
for the notation,

1 Jn—=0)| I
(A.8) 0 fleoy = sup 2K )|Ca,g,,,| <T[flw-
ab<l,, pez?
a0, for £<J,
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Moreover, when A is a bounded linear operator mapping bounded meas-
urable functions on R? into bounded measurable compactly supported func-
tions on R?, and A vanishes for functions supported in the complement of
some compact subset of RY, then

/

1 280
”A”n =< sup Z 2Bt pdt |(9a,£,p, Aea’,@’,p/)
(A.9) @, l<Jp,peZd o 0'<Jy,p'e7d
a0, when £<J, o £0, when €' <J,
= TlAll, .

with the notation (h, g) = / h(x) g(x) dx.

Proof. We begin with the proof of (A.8). For f as in the statement o€

0,1}, ¢ < J,, p e Z4, with a # 0, when £ < J,, the coefficients ¢ M ,of
(A.8), are expressed in view of (1.35), as
7, 1 X
(A.10) e = pua |, 1) 9&(23 - p> dx,
(note incidentally that forn > 0, ¢ < J,,, « # 0, ca oy = i"zlp) Denoting

throughout the proof with ¢ a positive constant changmg from place to
place and solely depending on d, 8, ¢, ¥, we find that for £ < J,, p € 7,
ae{0,1}, witha #£0if £ < J,:

(A.11) |Ca[p|<clf|oofc|f|(n)-

Note that when o # 0, 6,, = ¥, for some 1 <i < d, in (1.33), hence
(A.12) f O,(x)dx =0, foraa #0.

We see that for £ < J,, p € Z¢, a0 # 0t

(A13) e, | =27 /2 (fx) = f2°p)) Ha(; - p) dx,

t(p+Suppba)
and hence
26N\ _
(A14) ekl =e(] ) 171w = 27 Fla.
n

The right inequality in (A.8) now follows from (A.11), (A.14).
Conversely, expanding f as in (1.35), assume that

or L sup {[el | 22070

(A.15)
ae{0, 1}, 6<J,,peZ’ a#0whent < J,} <oo
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Observe that for £, < £y < J, and x € R?,

Jn X —Jn X
L elut(i-nl = 3 2orla(io)
(A.16) 41 =<L=<dy L=<ty

<cpy X 2P < cp 2Blo=In)

L=<ty

since for each £ < J,, at most c of the summands in the expression after the

. . . . 7
first inequality do not vanish. In particular > «» ¢, 6, cONverges
L <t=<Jn T

uniformly (and of course in L?) towards f, which is continuous and satisfies:

(A.17) [floo = cpy.
Note that when |x — y| > 2%, one has

x—y|P
(A18) £ = Ol =21l < 2¢p scpp [T 7]

On the other hand, when [x — y| < 27, so that
(A.19) 20 < |x — y| < 29T with ¢y < J,,

. ~ J
we introduce f =) «r ¢}, Our p, and find
tomingy Cotip Y0l

10 = fOI = 21f = Fleo + 1700 = Tl <7
¢ py 2P +‘ z €'t (%@ —p) —Oa(zy,_, _pm -

Lo<L=<Jyn

x_y‘ (419
4

(A20) C/)f 2/3([07-]}1) + ij Z 2,‘3“7-]}1)

Lo<t=Jy

_v|B
cor([" 0 H =y n 20emesn) <

ZOS[SJ}':
X =Yy
C'Of(| Ly

Combining (A.17), (A.18), (A.20), the proof of (A.8) is completed.

We now turn to the proof of (A.9). We begin with the proof of the left-
hand inequality. We denote with ® 4 the middle expression of (A.9), which
we assume finite. We pick a [0, 1]-valued function %, compactly supported
such that

(A.19) B

B -
P _y|2—(1—ﬂ)eo—ﬂfn> < cp Y

n

(A.21) |h|(n) < 3, and
(A.22) A(hg) = A(g) for any bounded measurable g .
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Indeed given our assumptions on A, we can for instance pick % of the form
(1.37), with u large, and use (A.6). For g with |g|,) < 1, we define

(A.23) f=hg,

so that expanding f as in (1.35) with (J, in place of jj), and keeping the
notation (A.15) for p s, we find:

(A8) (1.29),(A.21)
(A.24) pr = clflm = clglm =c.

Since A(g) = A(f) is bounded measurable and compactly supported, we
find:

1
> G AUty
a l=<Jy,p
a0, for £<J,

(A25)  A(g) = A(S) (1.35),(A.10)

We also know that the partial sums f, cf. above (A.20), converge uniformly
to f, as £y tends to —oo, and only finitely many terms in the sum defining
f do not identically vanish on the support of /. Using the continuity of A
for the sup-norm, we find that for @ € {0, 1 e < J, pE 74, with o # 0,
for ¢ < J,, with hopefully obvious notation:

o 1
200 sea 1Oatps AN =

(A.15)
(A.26) 2P0t el (D] [atpr A )| =
. o 0 p
280
Zﬂl Zld |(901,£,p, A(Qa/’z/’p/)ﬂ *

pro 2

7Pl
o'\l p

Keeping in mind (A.24), we see coming back to (A.25) with the help of
(A.8) that A(g) is a B-Holder continuous function and:

(A.27) |A()|m) < c P4, (cf. above (A.21) for the notation) .

This proves the left inequality of (A.9).

We now prove the right inequality of (A.9). Without loss of generality
we assume || Al|, finite, i.e. A maps boundedly the set of bounded S-Holder
continuous functions endowed with |- |(,, into itself. Consider «¢ € {0, 1)4,
Ly < J,, po € Z4, with g # 0, if £y < J,, and ¢’ a finite set of (/, £/, p')
satisfying analogous constraints. Using the convention sign (0) = 1, we
define

(A.28) =3 sign ((Bug.to.p0r ACuw.0.))) 2% O v -
g/
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From (A.8), we deduce that

(A.29) | £y < 2P, and that
(A.8),(A.10) B 1
|A(f)|(n) = Czﬂ(Jn to) 20od |<9010,Z(),p0’ A(f)>|
(A28) _ 28¢
(A.30) = e %’: 2tod |<0<¥0s@01l70’ A(Qa’,v,p’)ﬂ

( 28¢

A.29)
= lel(n) ; 2(d+B)tg |<0a0,€0yp0a A(@q/’e/,p/)n .

Since f in (A.28) is not identically zero and «y, £¢, po, and ¢’ are arbitrary,
we find that

(A.31) IAll,, = c Py, (cf. above (A.21) for the notation) .
This finishes the proof of (A.9), and of Proposition A.2. O
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