, Numerische
I13101 16.1;%0{?/';02(?21 12 1)-5]1 '-%)?173—8‘-‘21 Mathematik

A priori error estimates for finite element methods
with numerical quadrature for nonmonotone nonlinear
elliptic problems

Assyr Abdulle - Gilles Vilmart

Received: 24 September 2010 / Revised: 11 November 2011 / Published online: 22 December 2011
© Springer-Verlag 2011

Abstract The effect of numerical quadrature in finite element methods for solving
quasilinear elliptic problems of nonmonotone type is studied. Under similar assump-
tion on the quadrature formula as for linear problems, optimal error estimates in the >
and the H' norms are proved. The numerical solution obtained from the finite element
method with quadrature formula is shown to be unique for a sufficiently fine mesh.
The analysis is valid for both simplicial and rectangular finite elements of arbitrary
order. Numerical experiments corroborate the theoretical convergence rates.
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1 Introduction

The use of numerical quadrature for the practical implementation of finite element
methods (FEMs), when discretizing boundary value problems, is usually required.
Indeed, except in very special cases, the inner product involved in the FEM cannot
be evaluated exactly and must be approximated. This introduces additional errors in
the numerical method, which rates of decay have to be estimated. The control of the
effects introduced by numerical quadrature is important for almost all applications of
FEMs to problem in engineering and the sciences. Compared to the huge literature
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398 A. Abdulle, G. Vilmart

concerned with the analysis of FEM, the effect of numerical quadrature has only be
treated in a few papers. Such results have been derived by Ciarlet and Raviart [12]
and Strang [30] for second order linear elliptic equation, by Raviart [27] for parabolic
equations and by Baker and Dougalis for second order hyperbolic equations [7]. In our
paper we derive optimal a priori convergence rates in the H' and L? norm for FEMs
with numerical quadrature applied to quasilinear elliptic problems of nonmonotone
type. The analysis is valid for dimensions d < 3 and for simplicial or quadrilateral
FEs of arbitrary order. We also show the uniqueness of the numerical solutions for
a sufficiently fine FE mesh. Both the a priori convergence rates and the uniqueness
results are new.

We first mention that quasilinear problems as considered in this paper are used in
many applications [5]. For example, the stationary state of the Richards problems [8]
used to model infiltration processes in porous media is the solution of a nonlinear non-
monotone quasilinear problem as considered in this paper (see Sect. 5 for a numerical
example). Second, our results are also of interest in connection to the recent develop-
ment of numerical homogenization methods (see for example [1,2,15,16,19] and the
references therein). Indeed, such methods are based on a macroscopic solver whose
bilinear form is obtained by numerical quadrature, with data recovered by microscopic
solvers defined on sampling domains at the quadrature nodes [1,2,15]. Convergence
rates for FEMs with numerical quadrature are thus essential in the analysis of numeri-
cal homogenization methods and the a priori error bounds derived in this paper allow to
use an approach similar to the linear case for the analysis of nonlinear homogenization
problems [3,4].

We briefly review the literature for FEM applied to quasilinear elliptic prob-
lems of nonmonotone type. In the absence of numerical quadrature, optimal a priori
error estimates in the H' and L? norms where first given by Douglas and Dupont
[13]. This paper contains many ideas useful for our analysis. We also mention that
Nitsche derived in [25] an error estimate for the L° norm (without numerical quad-
rature). The analysis of FEMs with numerical quadrature for quasilinear problems
started with Feistauer and ZeniSek [18], where monotone problems have been consid-
ered. The analysis (for piecewise linear triangular FEs) does not apply for nonmono-
tone problems that we consider. Nonmonotone problems have been considered by
Feistauer et al. in [17], where the convergence of a FEM with numerical quadrature
has been established for piecewise linear FEs. Convergence rates have not been derived
in the aforementioned paper and the question of the uniqueness of a numerical solution
has not been addressed. This will be discussed in the present paper for simplicial or
quadrilateral FEs of arbitrary order (see Theorem 5). We note that in [17], it is also
discussed the approximation problem introduced by using a curved boundary of the
domain for the dimension d = 2; this was generalized for d = 3 in [23].

The paper is organized as follows. In Sect. 2 we introduce the model problem
together with the FEM based on numerical quadrature. We also state our main results.
In Sect. 3 we collect and prove several preliminary results as a preparation for the anal-
ysis of the numerical method given in Sect. 4. Numerical examples are given in Sect. 5.
They corroborate our theoretical convergence rates and illustrate the application of the
numerical method to the (stationary) Richards equation. Finally, an appendix contains
the proof of technical lemmas used to derive the a priori convergence rates.
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FEMs with numerical quadrature for nonmonotone nonlinear elliptic problems 399

Notations Let 2 C R? be open and denote by W*7 (£2) the standard Sobolev spaces.
We use the standard Sobolev norms || - || s () and || - [|ws.r(2). For p = 2 we use the
notation H*(£2), and HO1 (£2) denotes the closure in H'(£2) of Cg°(82) (the space of
functions of class C°° with compact support in £2). Let (-, -) denote the scalar product
in L2(£2) or the duality between H~'(£2) and HO1 (£2). For a domain K C £2, |K|
denotes the measure of K. For a smooth function a(x, u), we will sometimes use the

notations d,a, Bfa or alternatively a,, ay, for the partial derivatives a"—ua, 3"741.

2 Model problem and FEM with numerical quadrature
2.1 Model problem

Let £2 be a bounded polyhedron in RY where d < 3. We consider quasilinear elliptic
problems of the form

-V - (a(x,u(x))Vu(x)) = f(x) in 2,

u(x) =0 onas2. M

We make the following assumptions on the tensor a(x, s) = (@mn (X, $))1<m.n<d

— the coefficients a,,, (x, s) are continuous functions on £2 x R which are uniformly
Lipschitz continuous with respect to s, i.e., there exist A1 > 0 such that

|amn (X, 81) — amn(x, $2)| < Aqlsy — 2], Vx € 57 Vsi, 52 € R,
Yi<m,n<d. 2)

— a(x,s) is uniformly elliptic and bounded, i.e., there exist A, Ag > 0 such that

MEIP < ax, )& -&, lla(x, )€l < Aoll§l, VE€R?, Vxe2, VseR

3)
We also assume that f € H~1(£2). Consider the forms
A(z;v,w) = /a(x, z(x)Vu(x) - Vw(x)dx, Vz,v,w € H(} (£2), (@)
Q2
and
F(w):= (f,w), Yw e Hi(2). (5)

From (3), it can be shown that the bilinear form A(z; -, -) is elliptic and bounded in
HJ(£2), i.e., there exist A, Ag > 0 such that

Mol o) < A v,0), V2,0 € Hy (), (6)
Az v, w) < Aolvllggyllwllggy. Yz v.w € Hy(82). )
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400 A. Abdulle, G. Vilmart

We can then state the weak formulation of problem (1) which reads: find u € HOl (£2)
such that

A(w; u,w) = F(w), Yw € Hy (£2). ®)

Theorem 1 [10,14,22] Assume (2), (3) and f € H~Y(£2). Then Problem (8) has a
unique solution u € HOl (£2).

Remark 1 The existence of a solution u of the weak formulation (8) of problem (1) was
first shown in [13, p. 693], using a compactness argument. We refer to [10, Thm. 11.6]
for a short proof of the uniqueness of the solution. In [22], the existence and the
uniqueness of a weak solution of Problem (1) are shown for f € L%(£2), with more
general mixed Dirichlet-Neumann boundary conditions, on a bounded domain with a
Lipschitz boundary. For the proof of the uniqueness, the divergence form of the dif-
ferential operator is an essential ingredient. In the case of a domain §2 with a smooth
boundary 92, assuming the a-Holder continuity of the right-hand side f on £2 and
a € C2(£2 x R), it is shown in [13] that the solution has regularity u € C 2te () and
that it is unique (using results from [14]).

Remark 2 Since the tensor a(x, s) depends on x, and also is not proportional in gen-
eral to the identity /, the classical Kirchhoff transformation (see for instance [26])
cannot be used in our study.

A comment about monotonicity A (nonlinear) form M (-, -) defined on H'(£2) x
H'(£2) is called a H'!(£2)-monotone if it satisfies

M@, v—w)— Mw,v—w) >0, VYv,weH (2).

Notice that the form (v, w) — A(v; v, w) in (4) is not monotone in general, so the
results in [18] do not apply in our study. For instance, it is non-monotone for the tensor
a(x,u) := b(u)I with a differentiable scalar function b satisfying sob’ (so) +b(sg) < 0
for some real sg.

2.2 FEM with quadrature formula

In this section we present the FEM with numerical quadrature that will be used through-
out the paper. We shall often use the following broken norms for scalar or vector
functions v” that are piecewise polynomial with respect to the triangulation .7,

1/p
I/ h
1 eriy = (2 10" Wsrxy)

Ke9,

1/2
(> 1" ew)

Ke9,

hy _ .
lv ”HS(_Q) :

h . h
lv ||WS~OO(Q) = [I{Iéa% lv ||Ou?s,00([(),

foralls > Oandall 1 < p < oo.
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FEMs with numerical quadrature for nonmonotone nonlinear elliptic problems 401

Let .7, be a family of partition of §2 in simplicial or quadrilateral elements K of
diameter hg and denote h := maxgc g, hg. We assume that the family of triangula-
tions is conformal and shape regular. For some results (where indicated), we will need
in addition the following inverse assumption

— < C forall K € 7}, and all .}, of the family of triangulations. )
K

We consider the following FE spaces
S§2, Tn) = " € HL(2); 'k € Z°(K), VK € T}, (10)

where %°(K) is the space 2°(K) of polynomials on K of total degree at most £ if
K is a simplicial FE, or the space 2¢(K) of polynomials on K of degree at most ¢
in each variables if K is a quadrilateral FE. We next consider a quadrature formula
{xk;, wk; }jJ.: 1» Where xg; € K are integration points and wg; quadrature weights.

For any element K of the triangulation, we consider a C'-diffeomorphism Fx such
that K = F K(Ie ), where K is the reference element. For a given quadrature for-
mula on K, the quadrature weights and integration points on K € .7, are given by
wk; = @j|det(@Fk)|, xk; = Fx(X;), j = 1,..., J. We next state the assumptions
that we make on the quadrature formulas.

)A\>O;

Q2) [ px)dx =3 7_ & p(&)). VH(&) € %°(K). where o = max(2¢ — 2, £)
if K isa simplicial FE, or 0 = max(2¢ — 1, £ + 1) if Kisa rectangular FE.

Notice that (Q1), (Q2) are the usual assumptions for the case of linear elliptic problems.
Based on the above quadrature formulas we define for all 2o wh e Sg(.Q, ),

J
Aot why = DT ek ale;, o) Vo' (k) - Vel (g ). (D)
KeZ, j=1

From (3) and (Q1), it can be shown that the bilinear form Ay, (z"; -, -) is elliptic and
bounded in S{;(.Q, ), 1.e., there exist A, Ag > 0 (independent of /) such that

Mo 5 ) < AnE5 00!, v e S5, T (12)

An(@5 0" w"y < Aol gy I ey, V2" 0" w" € S5(2, Z). (13)

The FE solution of (1) with numerical integration reads: find ul e S(l; (82, 9) such
that

A" u why = Fywy  vul e S§2, F), (14)
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where the linear form Fj, (-) is an approximation of (5) obtained for example by using
quadrature formulas. If one uses the same quadrature formulas for (5) as used for (11)
and if (Q2) holds, then for 1 < ¢ < oo with £ > d/q, if f € W%9(£2) we have

|Fa(w") — F"| < ChY|l flwea oy w110y, Yo' € S§(2. ). (15)
and if f € WH14(82), we have
|Fp(") — F"| < CH™ fllwerialwll o). Yo' € S§5(82. F).  (16)

where C is independent of & (see [11, Sect.29]).

The existence of a solution of (14) (summarized in Theorem 2) can be established
using the Brouwer fixed point theorem for the nonlinear map Sj, : Sg(.Q, T —
Sg (82, 9},) defined by

An"; S why = Fyw™), vu' e S§(2, ). (17)

Details can be found for example in [13] (see also [9]).

Theorem 2 Assume that the bilinear form Ay, -, e S(l; (2, D), defined in
(11) is uniformly elliptic (12) and bounded (13). Then, for all h > 0, the nonlin-
ear problem (14) possesses at least one solution u" € Sg (2, T). A solution u" is

uniformly bounded in H& (£2), i.e.

" 512y < Clflwrae

where C is independent of h.
Remark 3 Notice that there is no smallness assumption on /4 in Theorem 2.

The uniqueness of a solution of (14) will also be proved along with our convergence
rate estimates. A smallness assumption on 4 is essential [6].

Given a solution u” of (14) the next task is now to estimates the error u — u" where
u is the unique solution of (8). The convergence ||u — uh g1y — Oforh — 0 of
a numerical solution of problem (12) has been given in [17, Thm. 2.7] for piecewise
linear simplicial FEs. We now state in Theorem 3 below the convergence for the L>
norm for general simplicial and quadrilateral FEs in Sg(.Q, ). It will be used to
derive our optimal convergence rates in the L or H'! norms. It can be proved using a
compactness argument similar to [17, Thm.2.6] or [13, p.893]. For the convenience
of the reader we give a short proof in the appendix.

Theorem 3 Let u” be a numerical solution of (14). Assume that for any sequences
(V" )0, (W) in S§(82, Th) satisfying W || 1 (@) < Cand [V ||yy2.0 ) < C,
where C is independent of k, we have for hy — 0,

| A" wh, v — Ay (w; wh, ") — 0, (18)
| Fy (w™) — F(w™)] — 0, (19)

then |lu — u"|| 2y — 0 for h — 0.
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FEMs with numerical quadrature for nonmonotone nonlinear elliptic problems 403

Remark 4 In the case of linear simplicial FEs, it is shown in [17, Thm. 2.6] that The-
orem 3 holds if one considers in the assumptions all sequences (vhk)k>o bounded in
WP (£2) for some p withd < p < oo. It is sufficient for our study to consider
sequences bounded for the broken norm of W22 (2).

2.3 Main results

We can now state our main results: the uniqueness of the numerical solution and
optimal a priori error estimates for the H! and L? norms.

Theorem 4 Consider u the solution of problem (1), and u” one solution of (14). Let
£ > 1. Assume (Q1), (Q2), (2), (3) and

ue HT(2), (20)
amn € WO (2 xR), Vm,n=1,...d, (1)
feWwh(R), wherel <q <oo, £>d/q. (22)

Then, there exists a constant C1 depending only on the domain §2 and family of FE
spaces (Sg (82, T3)n>0 such that if the exact solution u satisfies

CrA " ull 2oy < 1. (23)

where A1, A are the constants in (2),(3), then the following H U error estimate holds
forallh > 0,

lu — u" |l g1 (@) < CRE, (24)

where C is independent of h. If in addition to the above hypotheses, (9) holds, then
there exists hy > 0 such that for all h < hg, the solution u” of (14) is unique.

Remark 5 Notice that if the tensor a(x, s) is independent of s, then A1 = 0 and (23)
is automatically satisfied. In that case, we retrieve in Theorem 4 the usual assumptions
for linear elliptic problems [11]. Notice that the analysis in [9, Sect. 8.7] also relies on
such a smallness assumption on the solution.

Assuming slightly more regularity on the solution and the tensor and (9), we can
remove the smallness assumption (23), as illustrated in the following theorem. In
addition, we obtain an optimal L? error estimate.

Theorem 5 Consider u the solution of problem (1). Let £ > 1. Let . = 0 or 1. Assume
(QD), (Q2), (9), (63) and

ue HH' @) nwh> (),
amn € W2 xR), Vm,n=1,...d,
fe W), wherel <gq <oo, £>d/q.
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In addition to (2), (3), assume that d,am,, € W (2 x R), and that the coefficients
amn(x, 8) are twice differentiable with respect to s, with the first and second order
derivatives continuous and bounded on 2 x R, forallm,n=1,...d.

Then there exists ho > 0 such that for all h < hy, the solution u” of (14) is unique
and the following H' and L?* error estimates hold:

lu—u" | g1y < ChY,  forp=0,1, (25)
lu = u"ll 2y < CRH for = 1. (26)
Here, the constants C are independent of h.

Notice that the above rates of convergence in the H' and L? norms are the same
as what is known in the absence of numerical quadrature [13], or for linear elliptic
problems with numerical quadrature [11]. The assumption (63) is an hypothesis on
the adjoint L* of the linearized operator corresponding to (1). This hypothesis is also
required to use the Aubin—Nitsche duality argument for L? estimates in the case of
linear problems [12]. Under our assumptions on the coefficients of (1), (63) is for
example automatically satisfied if the domain £2 is a convex polyhedron.

3 Preliminaries
3.1 Useful inequalities

Based on the quadrature formulas defined in Sect. 2.2, we consider, for v, w scalar or
vector functions that are piecewise continuous with respect to the partition .7, of £2,
the semi-definite inner product

J
W w)g = > > gk, - wk).
KeJ, j=1
and the semi-norm ||v|| 7, » where for all » > 1 we define
J N
ol 7 = (D2 D ek, wex)7) 27)
KeJ, j=1

We have (Holder)

(v, w) 7,1 < vl g, pllwllg, 4, (28)
where 1/p 4+ 1/g = 1.

Notice that for v” in a piecewise polynomial spaces (as SS(.Q, 1)), we have for
allr > 1,

1" 7 ., < Clv"lLr (2, (29)
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where C depends on the degree of the (piecewise) polynomials, on r and the shape
regularity but is independent of . The proof of (29), that can be obtained following
the lines of [27, Lemma 5] is based on a scaling argument and the equivalence of
norms on a finite-dimensional space.

We shall often use the estimate

[Gv.w)| < llzll s IVl s lwl2). Yz € L), Vv e L),
vw € L*(£2), (30)

which is a consequence of the Cauchy—Schwarz and Holder inequalities. Using the
continuous inclusion H'(£2) ¢ L%(£2) for dim £2 < 3, the special case z = v = w
in (30) yields the so-called Gagliardo—Nirenberg [24] inequality,

172 172

Lyl Yve H Q). (31)

vl @) = Clivll
A discrete version of (30) holds for continuous functions on £2,
|(zv, win| = llzll7, 3llvilg, 6llwll 7 2 (32)

If z, v, w" are in piecewise polynomial spaces (as SS(.Q, 7)), then using (29) we
have

1", whnl < Cl s ) IV s o) w1 2). (33)

where C depends on the degrees of the (piecewise) polynomials and on the exponent
r =2,3,6i1n (27) (see (29)).
The following results will be often used.

Lemma 1 Assume (9). Let k > 1 and v° € H*t1(2) and consider a sequence (")
in Sg (82, Gy) satisfying for all h small enough,

Iv" = vl 10y < Coh*.
Then, for all h small enough,

1" gret 2y + 10" lgrs gy < CUAV Nl sty + Co).

h
lv ||Wk.3(g) = C||UO||Hk+1(_Q).

where the constant C depends only on k, the domain §2 and the finite element space
(S5(82, Ti)n=0-
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Proof 1t follows from the inverse inequality (9) that for all integers m > n > 0 and
all p,g > 1 (see [11, Thm. 17.2])!

C

hy_ hy_ h 4
Vi (2) = @z pmrm 1V W) YU € So(2. ). (34)

where C depends on m, n, p, g, the dimension d, the domain §2 and the family
of finite element spaces (S(‘;(.Q, T )0 The triangle inequality ”Uh”Wk,q(_Q) <
v — 7, vollwka (o) + IIthQIIWk_q(Q) and the inequality (38) below concludes the
proof. O

3.2 Error bounds on A, — A

Let ¢ > ¢/ > 1. We consider the usual nodal interpolant [11, Sect. 12] .%, : C°(2) —
S5(82, F,) onto the FE space S (52, 7;) defined in (10). Then, we have the following
estimates (see [11, Thm. 16.2])

17zl gy < Clizllyiocy, Yz € Whe(2), (35)
1712 = zllwioo(2) < Chlizllwase(g), Yz € WHP(R), (36)
174z = 2l iy < ChU lizll o gy V2 € HOVH(2), (37)

I-Zhzll e -1.00 @y F1nzllpe 6 o) T 117nzll gesi o)

< Clizl ey, Yz e HP(9). (38)

In our analysis, we need a priori estimates for the difference between the forms (4)
and (14) (Propositions 1, 2 below). Consider for all element K € .7}, the quadrature
error functional

J
Ex(p) := / p(0)dx — > wk,p(xk,), (39)

K j=1

defined for all continuous function ¢ on K. The next task is to estimate the quantity
|Eg (a(-, zh)Vvh . th)l, where a(-, -) is the tensor given in (1). Such error estimates
have been derived for the linear case in [11, Thm. 28.2]. In the non-linear case, it is
the purpose of the following Propositions 1, 2.

Proposition 1 Let ¢ > 1. Assume (Q2), u € Ht1(82). Then,
— fora e (WH(2 x R)¥* we have for all w" € Sg(.Q, D),

|An(Ihu; Fhu, w) — A(Iu; Jpu, wh)| < ChY w1y, (40)

where C depends on ||al| .« xRyydxd and ||ul| e+ o) but is independent of h.

! Notice that (34) remains valid for q = oo, replacing 1/q by 0 in the right-hand side (similarly for p).
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— Assume (9). Fora € (WH°(2 x R)4*? we have for all v, w" Sg(.Q, D),

| A (T T, w") — A(Tpus Tyu, w')|
< CR (W™ [l g2y + 1w sy (41)

where C depends on ||a || (yt+1.00 (@ xR)ydxd and |[u|| ge+1 (g but is independent of h.

Here, Zju denoted the usual nodal interpolant of u on Sg (82, ), while ITj,u denotes
the L?-orthogonal projection of u on S(l) (82, D).

The proof of Proposition 1 relies on the following lemma which gives an estimate on
each finite element K € S(l; (82, Fy), with the proof postponed to the Appendix.

Lemma 2 Assume that (Q2) holds anda € (W5 (2 xR))¥*4  then, forall K € .,
and all z, v, w € Z°(K),
|EK(a(', Z)VU . Vu))| E Ch% ”a”(WZ,oc(KXR))dxd ”VU)”LZ(K)

(Wl o 0+ 12y ) + Nl 1901 sy ) (42)

Assume that (Q2) holds and a € (WHH-°(2 x R)¥*4 then, for all K € ), and
all z, v, w € Z°(K),

|Ex(a(-,2)Vv - Vw)| < CRg all west.o0 g wryyixa
((1 + 1zl e g I IV iy + 2w iy 1Vl 6 oy IV W 1

Hlzllar ) IVUllLe ) IVwll s (k) + ||Z||lea(K)||VU||H1(K)||vw||Lﬁ(K)) 43)

Here y = Lifve PYK), y =L+ 1ifve 2¢K), 1 < a,p < oo with
1/a + 1/ = 1/2. The constants C are independent of hx and the element K. For
the case L = 1, the term ||z|yye-1.00xy can be omitted in the above estimates.

Proof of Proposition 1 The proof of (40) is a consequence of (42) in Lemma 2 with
o =3, 8 = 6. We have

|AR (2" 0", why — A" 0" W)

< C D hillalgyese g xrytea 12 lwes i IV g IV 2k
Ke,

ht h h
+ D hgllallgyes i myaxa (14 12 1o o) IV Tazes o I V0" 2k
Ke,

< Ch'llallweoo (@ xryaxd (12" e o) V0" | L) I V0l 120

FA A1 o o DIV 1 e @ VW™ 1 22
w (£2) (£2)
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408 A. Abdulle, G. Vilmart

forall 7', v, wh € Sg (82, T), where we applied for the first sum the Holder inequal-

ity and for the second sum the Cauchy—Schwarz inequality. Finally, we take 7" = v/ =

Znu, and we use the bound (38) to obtain (40).

The proof of (41) is a consequence of (43) in Lemma 2 and is very similar to
that of (40). The main difference is we take " = v" = Mju, where Iju is the
L2-orthogonal projection of u on Sg(SZ, ). We have ||ITu — ullp2e) < Rt and
Thu — ull o) < Ch' and we use Lemma 1. O

We shall also need the following estimate where only the first derivatives of v” and

" are involved in the right-hand side of (44). This is crucial for using Proposition 4

in the proof of Lemma 5, and for showing the estimate (18) of Theorem 3 in the proof
of Theorem 5. Notice that for piecewise linear simplicial FEs the result follows from
[17, Lemma 2.5].

Proposition 2 Let £ > 1. Assume (Q2), a € (W-°(2 x R)?*?. We have for all
ot wh e {2, T,
|AR(@" o™ w") — AV wh)|
< ChIVV [ 20y IV | g1 ) + IV o) IV 182y (44)
where 1 < a, <ocowithl/a +1/8 = 1/2 and C is independent of h.

The proof? of Proposition 2 relies on the following lemma with proof postponed to
Appendix.

Lemma 3 Let ¢ > 1. If(Q2) holds anda € (W'%°(2 xR))?*4, then, forall K € .,
and all z,v, w € Z°(K),
|Ek (a(-,2)Vv - Vw)|
= Ch[(”a“(Wl-OO(KxR))dXd”VU”Lz(K)(”VWHH](K) + ||VZ||L“(K)||Vw||Lﬁ(K)),
where | <o, <ocowithl/a+ 1/ =1/2.
Proof of Proposition 2 Using Lemma 3, we have
|An(" " wh) — AV wh)]

< C D hillal oo sya<a VO 200 V0" |1 )
Ke7,

h h h
+ D hilal ook xryaxa IVV" 1200 1V i V0" s
KeJ,

< Chllall w1 xryixd | VV" [ 22y IV | g1y + IV o) IVW" (|15 2))-

where we applied the Cauchy—Schwarz and Holder inequalities. O

2 Notice that we need Proposition 2 for £ possibly larger than one. Thus, simply setting £ = 1 in Proposi-
tion 1 is not sufficient.
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Similarly, we have (see the proof in Appendix)

Proposition 3 Let ¢ > 1. Assume (Q2), a, € (W-°(2 xR)*? andu € H*(2)N
WL(82). Then, for all v € S{(2, ), w € H?(£2),

(ay (-, In)V-Ipu - V", Fyw)n — (au (-, Iyu)V Ipu - V", Fw)

< Chllv" i@y lwll ey
and for all w" € S§(2, T, v € HX(2),

(au (-, PV Iy -V Fpv, why — (ay (-, Syu)V Fyu - VI, wh)

< Chlvll g2 w51 @)

where C depends on a, u and is independent of h.

3.3 Finite element method with numerical quadrature for indefinite linear elliptic
problems

In this section, we generalize to the case of numerical quadrature a result of Schatz

[28,29] for the finite element solution of non-symmetric indefinite linear elliptic prob-
lems of the form

ZLo=f on2, ¢=0 onas2, (45)
where Z¢ = —V - (a(x)V) + b(x) - Vo + c(x)p, with a € (WH®(£2))4x4,

b e (L®(£2))%, ¢ € L®(£2). We assume that the tensor a(x) is uniformly elliptic

and bounded, i.e. satisfies (3). We consider the associated bilinear form on H!(£2) x
HY(%2),

B(v, w) = (a(x)Vv, Vw) + (b(x) - Vv + c(x)v, w), Yv,w € Hl(.Q). (46)

Using the Cauchy—Schwarz and Young inequalities, we have that B (v, w) satisfies the
so-called Garding inequality (with A1, A2 > 0)

Mol o) — 220l o) < B, v), Vv e Hy(82), (47)
and (Ag > 0)
|B(v, w)| < Aollvll g1 lwll g1y, Yv,w e H'(£2). (48)

The proof of the error estimate given in Proposition 4 below for FEM relies on the
Aubin—Nitsche duality argument. The use of such duality argument is instrumental in
deriving the error estimates (26) (see Lemmas 5, 6).
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Proposition 4 Let £ > ¢’ > 1. Consider B(-, ) defined in (46) and a bilinear form
By, (-, -) defined on Sf; (2, %) x Sg (2, D), satisfying also a Garding inequality

Ml 10y = 22V 20y < Bi@" 0, W' € (2, ), (49)
and for all v € HY (), wh € S5(82, T,

|B(Iv, w") = By(Fv, w)| < ChE [[vll o ) 10" 1 11129 (50)
|Bw", Fyv) — By(w", Fyv)| < Ch w1 o) 10l s -

Assume that for all f < H~Y(82), the solution (NS H& (82) of problem (45) is unique.

For a fixed f, assume that the solution of (45) exists with regularity ¢ € HUH(82).
Then, for all h small enough, the finite element problem

By(p", ") = (£, 0" Wl e s§(2, ) (51)

possesses a unique solution (ph € S(l; (2, %,); and q)h satisfies the estimate

lo" — @llgey < Ch® Il s o) (52)
where C is independent of h.
Proof Due to the finite dimension of the linear system (51), to prove the uniqueness
of ¢, it suffices to show that the homogeneous system has a unique solution. This
will be proved if we can show the a priori estimate (52).

We define £" = ¢ — .7},¢ and claim (as proved below) that for all > 0 there
exists g > 0 such that for all & < hg, we have’

16" 1 122y < 1l1E" 111 (@) + CHE N9l o1 gy (53)

where C is independent of 4. We choose 1 such that 1 — 274> > 0. Using the
Garding inequality (49) and (53), we obtain

16" 1310y < COP NN 0 ) + B (8" M)
Using (48) and (50) we obtain

By(&", M) = B(g — Jh9, EM) + (B(Ah9, EM) — Bi( S, £M))
< ChU Nl o o) IE" 1 )

3 Notice that one cannot simply let the parameter 1 tend to zero in (53) because /() depends on 7.
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where we used also (37). Applying the Young inequality, we deduce for all © > 0,

16" 131 (@) < CU+ W M@l 0 ) + CHllE" 151 )

We choose w such that 1 — Cpe > 0, and using the triangular inequality and (37), we
deduce (52).

Itremains to prove the above claim (53). Since by assumption the kernel of the oper-
ator .Z : Hj (2) — H~'(R) is zero, using the Gérding inequality (47), it follows
from the Fredholm alternative (see [21]) that the adjoint operator .£* : HOl (£2) —>
H~'(£2) is an isomorphism and for all g € H~!(£2), the adjoint problem

B(v,¢*) = (g,v), Yve Hy (), (54)

has a unique solution ¢* € HO1 (£2). Now, let Y = {g € L*(2) ; lgllz2(2) = 1} and
recall that

1™ 200y = sug(é”, 9). (55)
ge

For g € Y, we consider wg € HO1 (£2) the unique solution of the adjoint problem (54)
with right-hand side g. We take in (54) the test function v = £ and using (48), (50),
we observe for x € HY T1(£2) that
(", &) = BE", wy)
= BE", wg — 7x) + (B&", Ihx) — Bi(@", 7ix))
+(Bu(¢", Ihx) — Blp, Ihx)) + Blp — I, Ihx)
< ClE" Lo llwg = Thx ey + CHE Q™ gy Xl et g
+Cllo — 2wl )| I X | 1 (@)

Using ||(ph||H1(_Q) < ||§h||H1(Q) + 120l g1 2y and (37), we obtain for all x €
H@’—i—l(g),

", 9) < ClE" I @) (lwg — Tnx gy +hE Ixl e )

+Ch N x o1 @ 10l s (- (56)

Since the injection L2(£2) C H~!(£2) is compact, the set Y is compact in H ™! (£2).
Using that £* : HO1 (£2) — H~'(£) is an isomorphism, we obtain that the set

Z:={z € H}(2); B(v,z) = (g,v), Yv € H}(2), g € Y},
is compact in H L(£2). For a fixed n > 0, the set Z is therefore contained in the union

of a finite family of balls with centers z; € Z and radius n/3 for the H 1(£2) norm.
Taking any z € Z, there exists io such that ||z — zj || 1) < 1/3. Since HETHQ2) s
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dense in H'(£2), forall i there exists Z; € H!+1(£2) such that ||z; — Z; (@) < n/3.
Then, we have

2 = IhZigllur @) < Iz = ziglui (@) + 1zip — Zig L1 @) + 1zip — IhZigl 1 (2)
= '7/3 + 77/3 + Ciohe ”Zi()”HZ’Jrl(_Q)

where we use (37). We take x := Z;,. Notice that | x ||Hg/+1(ﬂ) < C(n) with C(n)

independent of z, iy and A. Taking 4 small enough so that C ,-h(,C(n) <n/3foralli,
we obtain that for all » > 0 there exists 7o > 0 such that for all & < hg and for all
z€Z,

there exists x € H' T1(£2) such that I o1y < CODs Nz = Ihx iy < n-
(57)

Using (55), (56), and (57) with z = w,, we deduce that (53) holds for all 1 < k. O

Remark 6 In Proposition 4, notice that we did not use neither an assumption of the
form (63) on the adjoint .Z* of the operator .# in (45), nor the inequality (9). In
fact, we will use Proposition 4 in the proof of Lemma 5 only for the special case
¢’ = 1. If for the case £’ = 1, we add the regularity assumption (63) on .£* (or e.g.,
the assumption that £2 is a convex polyhedron) then the end of the proof of Prop-
osition 4 can be simplified as follows: for all g € ¥ we have w, € H 2(£2) with
lwellg2(2y < ClIgliL2(g)s thus, in (56) one can simply consider x := w, and use
37).

4 A priori analysis
Lemma 4 [f the hypotheses of Theorem 5 are satisfied, then for all h > 0,
= u"ll 1) < CH* + llu = u" | 12(0)). (58)

where C is independent of h.
Proof Let " = u" — v with v = #,u. Using (12), we have
MEM T o) = An@"su — " €M) = Ap”; u" &) — Ausu &)
+ A u— " €M
+ A ", &M — A" " 8N
+AQ" V" EN = A" 8"
+ ARV EN) — Apl; V" €.

We now bound each of the five above terms. For the first term using (8), (14) and (15)
we have

|Ap s u €M) — A(us u, EM)) = |Fy(€") — FEM| < Cn®.
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For the second term using (7) and (37) yields
AQws u— ", &") < ChYIE 11 ).

For the third term using (2),(30), (37), (38) and the inequality |ju — vh||L3(_Q) <
Cllu— vh||H1(_Q) we obtain

|AGu; v EM) — AQM 0" EM)) < @ uw) — al v") VP [ 20 IVE" I 200y
< Cllu = " 3@ IV lwro) I VE" 1 2@
< ChY1E" | g1 (-

Similarly for the fifth term using (32) gives

|AR 5 0" EMY — Ayl o EM)) < la, o) — aCu) Vol g 5 IVER 5 5
< CIE" I 7 31IVV" 1 7, 611 VE" | 7,2
< Clv s 1E" 13 @) IVE 2y (59)

For the fourth term we use Proposition 1. We obtain

IEM 1 g1y < CE 4+ 1EM 1 132 (60)

where we used (38) in the inequality (59). Using the Gagliardo—Nirenberg inequality
(31) and the Young inequality, we have

IEM 1 32y < Cn M IEM 20y + ClIE" 1 (2

for all n > 0. Choosing 7 small enough, this together with (60) and the triangu-
lar inequalities lu — u”|| < llu — Fjull + IE"11, 1" < llu — u" | + llu — Fju]
(respectively for the H I'and L? norms), and (37) yields the desired estimate (58). O

Proof of Theorem 4 Inspecting the proof of Lemma 4 reveals, using [|£" | 3@ =
ClIE" | 1 (g2) in (60),

lu —u" | g1y < Ch" + Crllu — u" | g1 ().

with C independent of 7 and C; = CoAnt [[ee]| H2(2)> where A1, A are the constants
in (2),(3), and the constant C> depends only on §2 and the FE space (Sg (2, Tp) 0.
Then, if we assume that C; < 1, we immediately obtain the estimate (24).

Assuming such smallness hypothesis on u, we can also prove the uniqueness of u”
for all & small enough as follows. Let (u") and (@") be two sequences of solutions of
(14). We show that Eh = " — u" is zero for all i small enough. Using (12) and (32),
we have, similarly to (59),
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ME" g1 (o) = An@"; E" E") = (@(, u") — a( @) Vu", vEM),

< CALE" ol lwr3 ) IE" 1 1 2y

Using Lemma 1 and [|£" | 160y < Cl1&" || g1 (g2 (dim 2 < 3), we obtainforall h < ho,

1E" 1 @) < CoArA™ ull g IE" 11 ) -
If one assumes CoA1A~" lull g2(ey < 1 in the above inequality, then gh = 0, which
implies the uniqueness of u”. O

For deriving the L? error estimate (26), we consider the operator obtained by line-
arizing (4) and its adjoint

Lo ==V -(a(-, )V + pa, (-, u)Vu), (61)
L*¢ ==V - (a(,u)' Vo) + a, (-, u)Vu - Vo. (62)

It has been shown in [13] that these linear operators play an important role. We assume
here that L* satisfies

lell 2@y < CUL*@ll 2@ + l@ll i),  forallp € H*(2) N Hy(£2). (63)

We recall here that (63) is also required for L2 estimates in the case of linear problems
[12], and that it is automatically satisfied if the domain is a convex polyhedron.
We consider the bilinear form corresponding to L* and its discrete counterpart
(linearized at .#,u) obtained by numerical quadrature
B, w) := (a(-,u)Vw, Vv) + (a, (-, u)Vu - Vv, w), Yv,w € H(}(.Q), (64)
By(", w") := (a(, L) V', Vo,
+(ay (-, Spu)V Ty - Vol why,, Vol wh e s§2, 7). (65)

For & € L*(£2), we then seek ¢ € HJ (22), " € S{(£22, F) such that

B(p,w) = (¢, w), Yw € Hy(£2), (66)

Bi(¢", wh) = (5, w"), Vuw" € 552, F). (67)

Lemma 5 Assume the hypotheses of Theorem 5 are satisfied. Then, for& € L*(2) and

for all h small enough, the problems (66) and (67) have unique solutions ¢ € H 2(2),
o" € S§(82, T). They satisfy

le — "1l 1) < ChIEN2@), (68)
"l 72y + 19" lwrse) < ClEN 2 @), (69)

where C is independent of h.
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Proof We show that Proposition 4 applies with £/ = 1 to the operator . = L*, with
the bilinear forms (64) and (65). Using (70) below, this proves (68). Lemma 1 next
yields the estimate (69) for Q"

Using the assumption # € W™ (£2) and the Cauchy—Schwarz inequality, we
obtain that the bilinear form B(-, -) satisfies the bound (48), and the Garding inequali-
ties (47), (49) are obtained using (35), (3) and the Young inequality. Notice that B(-, -)
is the bilinear form associated to the operator L* defined in (62). Since the operator
L : HO1 (2) > HY2) in (62) is in divergence form, it can be shown (see [14]
and also [20, Corollary 8.2]) that L is injective. Since the Garding inequality (47)
is satisfied by B(, -), using the Fredholm alternative, this implies (see [21]) that the
operator L* : Hj (£2) — H~'(£) is an isomorphism. Next, from (63), we have the
estimate

lell g2 2y = ClIEllL2(0)- (70)

It remains to prove (50) (with £’ = 1). Consider the following bilinear form,

By@", w") = (aC, Fuw) V', Vo'
+ay (-, )V S - Vol why, v wh e S§2, ).

Using

ay (-, )V Iyu — a, (-, u)Vu
= (ay (-, Fpu) — a, (-, w)VIpu + ay (-, u)V(Ipu — u), (71)

(35) and the Holder inequality (33), we obtain
|B(Ihv, w") = By(Ihv, w")| < CllIhu — ull o) IV Invll 3 o) 10" 11 )
+C NI — ull g1 ) IV Il 3 1w [ 26 )
< ChZ”v”HZ(.Q) ”wh”Hl(Q)
< Chlvll 2o lw" | g1 o)

where we used the continuous injection HY(2) c L%2) and (37). Similarly, we
have

IBQW", Fhw) = By, Fyw)| < Cllohu — ull o IVV" | 200 |- Zhw e
+C| I — ull g1 (2 IV g1 @) | T wll oo 2)
< ChIV ) llwll 2g)-

We finally show that (50) with £ = 1 holds with B replaced by B},. Indeed, for the first
term in By, (-, ), By (-, -), we apply Proposition 2 with @ = 0o, B = 2, and the same
proposition with tensor @ replaced by a”, and we use (35) for z = u. For the second
term we apply Proposition 3. This proves (50) and concludes the proof of Lemma 5.

O
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Lemma 6 Assume the hypotheses of Theorem 5 are satisfied. Then,

— for u =0, we have for all h small enough,
e — u"ll 2@y < CE + lu = u" 131 ) (72)
— for uw =1, we have for all h small enough,

lu =l 200y < CO + flu—u™)2, (73)

(Q) ) ’
where C is independent of h.

Proof Letv" € S§(£2, 7;) and &" = v —u. Let ¢, ¢ be the solutions of (66), (67)
respectively, with right-hand side £". We have:

1E"172 o) = Bu(e", &M
= A" " 0" = AR o) + (a0 V", V.
A short computation using integration by parts shows that

— A " o) + (Eay (-, 0V, Vel
= Ay, u", ") + "a@, VE" — G (EMPVV", Ve,

where

1

T (x) = /  (x, 0" (x) — 1€ (X)),

0

1
Gy (x) = / (1 = Dy (x, V" (x) — 1" (x))dr.
0

Thus we obtain

161720y = An@"; 0", ¢") — A", u", o™

+(E" @, VE" — @ E"PVV", V"), (74)
Using (32), the boundedness of a,,, a,; on 2 x R and Sobolev embeddings, we have

("3, VE" — @MV Vel = @, VE" — @us" Vo' 51"y,
= C((198"1.71.2 + 1E"Vv"1.5,2) 16" V"I ,2)

< CA+ " lwrs@DIE I IE" 13 19" lwis (o)

@ Springer



FEMs with numerical quadrature for nonmonotone nonlinear elliptic problems 417

The first term in (74) can be written as

1= A" 0", ") — A u", ") = A" 0" ") — A V", M)
FAQ" V", ") — A, v, o)
+AW, V" —u, " — p)
+A(u, vt — U, Q)
+A(u, u, <ph) - Ah(uh, uh, (ph).

We now distinguish two cases to bound the above quantity /.

— For the case i = 0, we take v" = .7,u. Using (8), (14), (37), (15), (40), (69), we
obtain similarly to the proof of Lemma 4, I < C||&" ||L2(_Q)h£.

— For the case i = 1, we take v = IT,u equal to the L>—orthogonal projection of
u on the finite element space Sg(.Q, T1). We have ||ITju — ullp2e) < Ch+! and
ITThu — ull g1y < Ch®. Using (68) we obtain

A, Thu — u, " — ) < ClITpu — ull g1 o 0" = @l (@)
< Ch" Mol y2ea).-

Using Green’s formula yields
A, Thu — u, ) < CITpu — ull 20 @l 22y < B el 2

Using (8), (14), (16), (41) and (69) we deduce I < C||&" |2 o)h* .

Using (69) and ||vh||Wl,6(Q) < Cllull g2 () for V" = Fyu or v = T,u, we obtain
16" 22y < CO +1E 1) 18" 1132 < CT 4+ 15" 131 -

Finally the triangle inequality [u — u”|| < ||£"|| 4 [|v" — u| with the L? and H'
norms, respectively, gives the estimates (72), (73). O

Proof of Theorem 5 We first prove the H'! estimate (25) and then the L? estimate

(26). We postpone to the end of Sect. 4.1 the proof of the uniqueness of the numerical

solution u”.

(i) Proof of the a priori estimate (25).

We know from Theorem 2 that a numerical solution u” exists for all /. Substituting

(72) of Lemma 6 into (58) of Lemma 4, we obtain that for all # < h; any solution uh
satisfies an inequality of the form
e — w71y < C* + lu = u"131 o)),

with some constant C, or equivalently,

(1= Cllu = u" | g1 @) llu = u" || g1 (o) < ChE. (75)
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From Theorem 3 together with Proposition 2 (¢ = 2, 8 = 00) and (15), we have that
luh — ullp2(oy — 0for h — 0. Using Lemma 4, we deduce

lu" — ull g1 (@) — O forh — 0.
Then there exists / such that for all & < hy, 1 — C||lu" — ullgi(ey = 1/2. Finally we
set ho = min(hy, hy) and the proof of (25) is complete.
(i) Proof of the a priori estimate (26).

The L? estimate (26) is an immediate consequence of the H! estimate (25) and (73)
in Lemma 6. O

4.1 Newton’s method

Consider forall z" € S§(£2, ;) the bilinear form N, (z"; -, -) defined on S§ (2, ) x
S5(82. T) by

N 0" why == @@, 2V, vy, 4+ a2V, vy,

The Newton method for approximating u” by a sequence (z,i’) in S(l; (£2, ) can be
written as

Nu@s gpy — 2 ") = B0 — Ap(els 2f oM, W e S§2, 7). (76)

where zg € SS(.Q, ) is an initial guess.

In this section, we show that under the hypotheses of Theorem 5, the Newton method
(76) can be used to compute the numerical solution u" of the nonlinear system (14).
We also prove the uniqueness of the finite element solution u” of (14) for all # small
enough. This generalizes the results in [13] to the case of numerical quadrature.

Consider for all / the quantity

h
V"l Lo (2)
op= sup ————=

; .
viest2. 7y W' i@
Using (9), one can show the estimates
op < C(A+|Inh)Y/? ford =2, o, <Ch~Y? ford =3,
where C is independent of .. The above estimates are a consequence of the inverse
inequality (34) with m = n = 0, ¢ = oo and the continuous injection H'(£2) C
LP($2) with p = 6 ford = 3 and withall 1 < p < oo ford = 2. Ford = 1, we

simply have o, < C. Notice that for all dimensions d < 3, we have ho, — 0 for
h — 0.
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To prove that the Newton method (76) is well defined and converges, the following
lemma is a crucial ingredient.

Lemma 7 Lett > 0. Under the assumptions of Theorem 5, there exist hg, § > 0 such
that if 0 < h < ho, and 7" € S§(2, F,) with

h h
1% lwreey <t and onllz" — Fpullgio) <9,

then for all linear form G on Sg (82, D), there exists one and only one solution
vt e S§2, ) of

N 0" why = Gy, v e S§2, ). (77)
Moreover, vh satisfies
10"l g1 @) < CIGIg-1(0) (78)

where we write |G || -1 (o) = SUPyhest(2..9) |G(wh)|/||wh||H1(Q), and C is a con-
stant independent of h and z".

Proof 1t is sufficient to prove (78), since it implies that the solution is unique and
hence exists in the finite-dimensional space Sg (£2, 93). Assume that v" is a solution
of (77). Using (12), (33) and (31), we have

MV ) < A0 0" = GO = a2V, vty
< (IGg-1@) + Cllau (. 2"V ooy IV 1 3@ IV 1 1 (2

1/2 1/2
< (Gl -1 + CTlV" oy 10" 101 2 DIV 1 2y

From the Young inequality, we deduce
W12y < CUGIL-1i2) + 1V 20)- (79)

Next, applying Lemma 5, with £ = v in (67), let ¢ be the solution for 4 small enough
of

Nu(Fpu; wh, oM = " wh) vut e S§(2. T):
it satisfies the bound
h h
o™l g12) = Cllv Il 2(2)- (80)
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We obtain using an identity similar to (71) and the Cauchy—Schwarz inequality,

1" 1720y = Na(Fhu; v", ¢")
= G(p") + Ny (Fu; v, @) — Np(Z"5 0", ")
< (IGllg-1(@) + CllIhu — L) 10" 1 g1 )
+C I I o) | Ihu — 2 1 g @) lle" 11 (-

Using (80), we deduce

"1l 122) < CUGH g-1(2) + 200 Ihu — 2" | g1y IV 1 1 (2)
< CUIGI g-1¢0y + 810" 1 512

Substituting into (79), we obtain
(1= COIV 1) = CIGIg-1(2)-

We choose § > 0 so that I — C§ > 0 which concludes the proof. O

We may now state in the following theorem that the Newton method (76) is well
defined and converges. This results generalizes to the case of numerical quadrature
the result of [13, Thm. 2].

Theorem 6 Consider u" a solution of (14). Under the assumptions of Theorem S5,
there exist ho,8 > O such that if h < ho and opllzy — u"ll g1y < 8. then the

sequence (z,’(’)for the Newton method (76) is well defined, and ey = ||z,}(l —uh a1 (2)
is a decreasing sequence that converges quadratically to O for k — oo, i.e.

ext1 < Copet, (81)

where C is a constant independent of h, k.

Proof The proof is a consequence of Lemma 7 and is obtained following the lines of
the proof of [13, Thm. 2]. For the convenience of the reader, a detailed proof is given
in the Appendix. O

Using Theorem 6, we may now show the uniqueness of the numerical solution u”

of (14) for all 4 small enough.

Proof of Theorem 5
(iii) uniqueness of the numerical solution.

We know from Theorem 2 that a solution of (14) exists for all 4. Consider two solu-
tions u”, u" € S§($2, F) of (14). Using (25), there exists /1; > 0 (independent of the
choice of u”, ") such that

forallh < hy, |lu" —ullyig) < Ch* and |[@" — ull 1) < Ch".
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This yields

IA

onlli — ull g1 () + onllu" — ull g
2Cahh£ — 0 forh — 0.

~h h
opllu” —u ||HI(Q)

IA

Thus, we have oy, [|ii" — u" || 1) < 8 for all b < hy for some hy > 0. Then, apply-
ing Theorem 6 with initial guess zg = u", we have that the sequence (zi’)kio of the
Newton method is well defined by (76), and ||z£’ —uh I 1@y = 0 fork — oo. Since
zi’ is in fact independent of k (because u" solves (14)), we obtain " = u" for all
h <hgy:= min(hl, hy). O

5 Numerical experiments

In this section, we present two test problems in dimension two to illustrate numerically
that the H' and L? estimates between the finite element solution and the exact solution
in Theorem 5 are sharp.

We consider the numerical resolution of non-linear problems of the form (1), with
Dirichlet and also more general boundary conditions, on the square domain 2 =
[0, 117 discretized by a uniform mesh with N x N 2'-quadrilateral elements or a
uniform mesh with N x N couples of &2 !-triangular elements which corresponds in
both cases to O(N?) degrees of freedom. Notice that we obtain similar results when
considering either quadrilateral or triangular elements. For each quadrilateral element,
we consider the Gauss quadrature formula with J = 4 nodes, while for triangular ele-
ments we consider the quadrature formula with J = 1 node at the baricenter.

Evaluating L?> and H" errors  The L? and H' relative errors between the finite ele-
ment solutions «” and the exact solution u are approximated by quadrature formulas.
We compute

J
e = llullZg, D Dok, lu (k) —ulxk )P, (82)
Keg, j=1
J
e =Vl a g D D ok, IV (k) = Vuleg )11, (83)
Ke, j=1
so that
e =g V@ = uMl2
e N ——, eg1 N
||u”L2(Q) ||VM||L2(_Q)

Here the values u(x K_,~) and Vu(x K_,~) for the exact solution are computed either ana-
Iytically, or approximated using a very fine mesh. In (82), (83), for each quadrilateral
element, we consider the Gauss quadrature formula with J = 4 nodes, which is exact
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on 23(K), while for triangular elements we use a quadrature formula with J = 6
nodes on each triangle (the nodes and the middle of the edges) which is exact on
9‘2(1( ). This way, the additional numerical quadrature error introduced in (82), (83)
is negligible compared to the accuracy of the studied finite element method.

Test problem  We first consider the non-linear problem

—V - (a(x,u(x))Vu(x)) = f(x) in$2

u(x) =0 onaf2 84)
with Dirichlet boundary conditions and the anisotropic tensor
) = (1 Fasn ar‘gtan(s)) , (85)
The source f in (84) is adjusted analytically so that the exact solution is
u(x) = 8sin(mwxy)x2(1 — x2), (86)

see the numerical solution on a 32 x 32 mesh in Fig. la. We also give a graphical
representation of the source f projected on the finite element space in Fig. 1b.

In Fig. 2a, we plot the L? and H'! relative errors (82), (83) for the numerical solution
compared to the analytical solution (86), as a function of the size N of the meshes
made of N x N elements of quadrilateral type with size 4 = 1/N. As predicted by
Theorem 5, we observe that the error for the H! norm has size @' (h) (line of slope
one), and for the L2 norm, we observe an error of size & (hz) (line of slope two).

Concerning the Newton iterations (76), using the (artificial) initial guess zg =
I, (10x1 (1 —xp)x(1 — xz)), we observe that it requires about 7 iterations to con-

verge to u"" up to machine precision for all meshes considered in Fig. 2a.

Richards’ equation for porous media flows Consider Richards’ parabolic equa-
tion for describing the fluid pressure u(x, ¢) in an unsaturated porous medium, with

N\
(755 SN
0 22 A\
N 7% SSLSSINRAANAR:
A R~
7 oo SSesiuet g 3
-50 N

e SIS

===t Ea

(b)

Fig. 1 Problem (84), (85). a Solution u" with mesh size 32 x 32. b L2—projecti0n of the source f on the
finite element space with mesh size 32 x 32
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Fig.2 e¢;> error (solid lines) and ey error (dashed lines) as a function of the size N of a uniform N x N
mesh. a Problem (84), (85). 2! -quadrilateral FEs. b Problem (88), (87). ! -triangular FEs

permeability tensor a(s) and volumetric water content @,

00 (u) da(u)
ryenie V - (a(u)Vu)) + oxy

f

where x; is the vertical coordinate, and f corresponds to possible sources or sinks.
We consider an exponential model for the permeability tensor a similar to the one in
[31], which we slightly modify to simulate an anisotropic porous media,

=5 1as): (87)

For our numerical simulation, we are interested only in the stationary state (where
du/dt = 0). We therefore arrive at the following non-linear elliptic problem. For
simplicity, we let the source term be identically zero (f (x) = 0),

=V - (a(wx))V(u(x) —x3)) =0 in £2. (88)
We add mixed boundary conditions of Dirichlet and Neumann types,
u(x) =gi(x) onds2p, = [0, 1] x {1},
u(x) = g(x) ondf2p, = [0, 1] x {0},

n-a(x)Vux) —x2) =0 ond2y = {0} x [0, 1]U {1} x [0, 1].

We put Neumann conditions on the left and right boundaries of the domain (n denotes
the vector normal to the boundary). On the top boundary 02p, and the bottom bound-
ary 0£2p,, we take respectively
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Fig.3 Porous media flow problem (88), (87). Numerical solutions on various uniform meshes with N x N
couples of yl—triangular elements. a Level curves. Mesh size 4 x 4. b Level curves. Mesh size 16 x 16.
¢ Level curves. Mesh size 32 x 32. d Surface plot. Mesh size 16 x 16

gi(x) = —x7,
g2(x) = =247,

Notice that (88) is not exactly of the form (1), but can be cast into this form
using the change of variable v(x) := u(x) — x3. The corresponding tensor is then
a(x,s) = a(s + x7). Since no analytical formula for the solution u(x) is available, we
compute a reference a finescale solution on a uniform mesh with 1024 x 1024 cou-
ples of #!-triangular elements (one million degrees of freedom). Here, the Newton
iterations (76) converge in about 6 iterations with the initial guess zg =0.

In Fig. 3 we represent the levels curves of the the numerical solutions on uniform
meshes of various sizes. Notice that the level curves for the finescale solution look
nearly identical to those of the solution with N = 32 in Fig. 3c.

In Fig. 2b, we plot the H! and L? relative errors on various uniform meshes with
N x N couples of 2!-triangular elements with size # = 1/N. Similarly to the pre-
vious experiment, we observe an error of size &'(h) in the H I horm as predicted by
Theorem 5 (line of slope 0.97 for the meshes with N = 64, 128, 256), and & (h?) in
the L2 norm (line of slope 1.91 for the meshes with N = 64, 128, 256).
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6 Appendix

We give here the proofs of Theorem 3, Lemmas 2, 3, Prop. 3 and Theorem 6.

Proof of Theorem 3 As mentioned in Remark 4 we have to make sure that Theorem 3
remains true for general simplicial and quadrilateral FEs. We use a compactness argu-
ment similar to [17, Thm. 2.6] or [13, 893]. From Theorem 2, the numerical solution
exists for all 4, and for any choice of the numerical solution, the sequence (uh)h>0
is bounded in HO1 (£2). Since the injection H!(£2) C L?(£2) is compact, from any
sequence of {h} tending to zero, there exists a subsequence {h} such that for some
w e HY (), ulk — w strongly in Lz(.Q) and weakly in H'(£2). To conclude
the proof that lu" — u||Lz(Q) — 0 for h — 0, it is sufficient to show that the
limit is unlque with w = u. Letv € CO (.Q) and v/* = I, v. Using (36) yields
lv—v k||W1 oo(y — 0 for k — oo and [lv" 2oy = Cllvllw2oo(g)- Using (8),
we have

A(w, w,v) — F(v) = A(w, w — u™, v) + (A(w, u™, v) — A", u"*, v))
+A@ U v — v
—l—(A(uh", uhk, vhk) — Ay (uhk, uh", vh"))
(AR ", ul M) — Fy(0"))
+(Fp (™) — F")) + F" —v).

Using (18), (19) it is straightforward that the right-hand side of the above equality
tends to zero for k — oo. Thus we obtain that w satisfies

A(w; w,v) = F(v), Yve Cio(£2),

and hence w is solution of (8) because Cé’o (£2) is dense in HO1 (£2). Since the solution
of (8) is unique (Theorem 1), we obtain w = u. O

Proof of Lemma 2 As the functional Ex in (39) is linear, we shall get the error
estimates for the expression E (a(-, 2)Von)W()), Where a(-, -) is a scalar function
denoting a component of the tensor (@, (X, $))1<m,n<¢ and v(y), w(,) denote the
components of Vv | g, Vw" | g . Consider a reference element K. We use the notations
a(x, ) == a(Fg(x), ), 2(x) == z(Fg (x)), Oon)(x) := von) (Fk (x)) and similarly for
W), where Fi : K — K is defined in Sect. 2.2. We have

Eg(a(-, 2)Vmyw)) = |det dFg [E p (@, 2)0(m)Wen))- (89)

(i) Proof of estimate (42).

We adapt the proof of [11, Thm.28.2]. We start by applying the Bramble—Hilbert
Lemma [11, Thm.28.1] to the linear form ¢ — E (¥¢) with ¥ a polynomial on
K. This is a linear bounded functional on WH2°(£2) which vanishes on 22¢~1 (I% ) if
¥ € 2'-1(K) (due to the assumption (Q2) for simplicial FEs) and if {/ € (2¢(K))*
(due to the assumption (Q2) for quadrilateral FEs). Thus, in either cases,

4 We denote by (2! (I% ))’ the space of all derivative of polynomials belonging to (24 K)).
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E¢@@) < ClW I a9l yese () ¥ € WES(K). (90)

We now take ¢ = a(-, )0y and U= W), where Z, 0, W € 2YK) or 2'(K) (and
thus 1& is in 3”‘[_1(16) orin (2¢ (k)’, respectively). We obtain

|E¢ (@, D0mWm | < Clat, 2)0em lyeoo gy lDon ll 12 (4)-
Using the equivalence of norms on a finite dimensional space of polynomials, we have

14

j=0

where we note that the sum stops at £ — 1 if v € 9?¢(K). Using the Faa-di-Bruno
formula’, la(., 2)|W joo (R €an be bounded by a sum of terms of the form

193 95a G D ooy |l oo iy -~ VElymeoo ) o1
where v € N¢ is a multi-index and [v| + 7 + -+, = j, withk > Oand r; > 1

for all i. We recall the following inequalities [11, Theorems 15.1 and 15.2], for all
0<j=<t-1,

10Y0Ka N e g ey < Chy 0¥ 0k all ook xry. O < k+ V] < £, (92)
18l iacky < ChildetdFx |~ vlyiqg), Yo e WH(K), 1<q < oo,

93)

1By sco ) < ChilOlwicoxy, Vv € WHO(K). (94)

Using the equivalence of norms, the term for k = 1, |[v| = 0, j = £ can be bounded
as

”au&(v 2)||Loo([€) |2|W(oo([€) |a(m)|L00([€)
=< C|&|WI’OO(I€XR) |2|Wia([2) ”ﬁ(m) ”L/S(Ie)

< Ch*|det 3 F |~ al ook sy |2l wew i) 10 | 26 (k)

where we use (93) withg = 2,«, B (1/a + 1/8 = 1/2). For all other terms in (91)
we use the estimates (92) and (94). We obtain

|Eg (@, 2)mwam)| < Cht|detdFx |~ allyeo k xm w2k,

(”U(m)”HV(K)(] + ”Z||€VZ—1,00(K))+|Z|W‘3’°‘(K)”U(m)”Lﬁ(K))v

5 Here we use the fact that all functions in W1-°°(R) are Lipschitz continuous. This implies that the usual
chain rule applies for differentiating with respect to x the composition a(x, z(x)) of s = a(x, s) (where s
evolves in R) with a smooth scalar function z(x) defined on K.
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where y = £ — 1ifv e %K) and y = £if v € 2Y(K) (in the above estimate

||Z||€VZ—1,OO(K)) can be omitted for ¢ = 1). Finally, using (89) concludes the proof of

42).
(i1) Proof of estimate (43).

We adapt the proof of [12, Thm.2]. Consider the linear operator My : LY(K) —
P9(K) defined as

~ n 1 n
fo(f) = — / I ()i,
¥

Let g € WL (K) and € (#%(K))'. Then, we have

Ex(§9) = Eg (o) (Tog1)¢n)
+E g (Coy)(@1 — To@)a) + Eg ((F — ToP)g).  (95)
where we set ¢ := @1¢,. We apply the Bramble-Hilbert Lemma three times, to esti-
mate each of the above terms. I}sing (Q2), the first term as a function of ¢; is a linear
form which vanishes on 22¢(K) (since IToyy € 2°(K)), while the second and third
terms as functions of ) respectively are linear forms which vanish on P1(K).
We use ”HOWHLZ([Q) = C”I//”LZ([e) and [|[¢ — HOWHLZ(IQ) = C|1/f|H1(12) (applying

the Bramble—Hilbert Lemma to the linear form 1& — 1/A/ — 12[01/} which vanishes on
20(K)). This yields

E¢Gh @) < CUP 2z 101120 192 e 2

+||w”L2(I€)|¢71|H1(I€)|¢72|Wz,oc>(k) + |W|H1(Ie)|¢)|WZ°°(IE))
Similarly to (i), we take ¢ = a(-, 2), §1 = Ogmy and ¥ = 1(,). We obtain

|Eg@C, D0mwml = CUat, Dlyerogy 10mll 2@y 1W0mll 24
+|&(9 §)|WZOO([€) Iﬁ(m) |H1 ([2) ”ﬁ](n) ”LZ(k)
+|&(» 2)ﬁ(m)|wz‘oo(]2)|ﬁ)(n)|Hl(k))'
In the above estimate, the quantity |a(-, Z) Dgn)| ooy can be bounded exactly as in
the proof in i). It remains to bound the first two terms in the above estimate. We use
again the Faa-di-Bruno formula for computing the derivatives up to order £ 4+ 1 of

a(-, 7). For the case where Z is differentiated £ or £ + 1 times, we obtain terms of the
form

”8148)?,-&”LOO([%XR)laH(([e) ”i\)(m) ”L"‘(I%) ”Lb(n) ”Lﬁ(le)’

||8“&||L°°(I€XR)|2|WLD‘(I€)|ﬁ(m)|H1(I€)”w(”)”Lﬁ(k)’

”8“&”L°"(12><R)|2|H(+1(12) ”ﬁ(m) ”L"‘(IE) ”li)(n) ”L/S(Ie)’
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where we use the equivalences of norms for spaces of polynomials on K. For deriv-
atives of z of order j < ¢, we consider the norms |2|Wj,oo(12), |ﬁ(M)|H/"(12) and
1y ||L2(13). We conclude the proof using (92), (93), (94) and (89), similarly to the
proof in (1). O

Remark 7 Notice that in the above proof (ii) of (43) in Lemma 2, in the case of
simplicial elements, instead of (95), one can simply consider

Eg(U9) = Ep((Tgy)) + E ¢ (¥ — TTgy)g),

then take ¢ = Wy and ¢ = a(-, 2)Vgn), and use |f1(m)|Hz(I€) = |ﬁ(m)|Hf+1(1€) =0.

For quadrilateral elements, we had to use twice the projection Iy in (95) because we
have |ﬁ(m)|Hf+1(1€) # 0 in general.

Proof of Lemma 3 For simplicial FEs with ¢ = 1, the result was first shown in [17,
Lemma 2.5]. For general simplicial or quadrilateral FEs, we apply the Bramble—Hilbert
Lemma [11, Thm. 28.1] to the functional Eg (lﬁ~) with 1} a polynomial in (%" (I%))’.
This is a linear bounded functional on W1 (£2) which vanishes on 90(16 ) (as Q2)
holds). Thus,

Ex(§9) < ClY Il 2z @l gy, V9 € WH(K), (96)

Then we take 1[/ = U(n) and @ = a(-, 2)W(,). The rest of the proof is similar to (i) in
the proof of Lemma 2. O

Proof of Proposition 3 We follow the lines of the proofs of Proposition 2 and
Lemma 3, and take in the estimate (96) the functions ¢ = &, (-, 2)2(u)W, ¥ = D(m) and
@ =a,(-, Dvemw, 1} = Z(n), respectively. This yields for all 2ot wh e Sg (2, %)
the two estimates

(au(-, 2V Vol why, = (au (-, 2V vl wh
< ChIV 712y (A + 1" 1o @) 10" 22) + 12" g2 1w 22
" e llw” 1))
< Chl|Z" ey (1 + 12" oo @)1V L1y ™ 1 222y

0" g2y 1" 222y + 10" 1 g2y 10" 1111 (2)) -

We conclude the proof of Proposition 3 by taking z* =: Zu, and w" = Fw,
v = A respectively, and using (36), (38). O

Proof of Theorem 6 The proof follows closely the lines of the proof of [13, Thm. 2].
We first show that Lemma 7 applies with z" = u” forall h < hq small enough. Indeed,
we have from Theorem 5 that oy, ||lu” — Inull gy < Copht — 0 for h — 0, and

we obtain from Lemma 1 that ||z || w62y = C where C is independent of .
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We show that given z’,j satisfying oy, [|lu — z,i‘ g1y < J, the next approxima-
tion zlk’ 11 exists and is uniquely defined. Since S(‘; (82, F,) is finite-dimensional, it is
sufficient to show for all v”* € Sg(.Q, Ty,) that

NuGl o why =0, vu e s§2, ) (97)
implies v" = 0. Indeed, using (97) we have
Ny " why = Gwh), vu' e 52, T,
where

Gw") = (@G, u") —a(, )Vl vuhy,
+ " (@ o u"y — au G 2V W) = ay(, ZHV @ —u), Val),.

Then, |Gl z-1(2) < Conllu™ — 2| 1) Iv" || g1 (2 and Lemma 7 yields

h h h h h
v ||H1(_(2) < Copllu —Zk”Hl(_Q)”U ||H1(Q) < Cd|v ||H|(.Q)-

If § is chosen small enough, we have Cé < 1 and thus v =0.
We now show (81). We have
Ni sz —u wh) = Np@ls 2f =l w") + A s, "y — Al o w™
FNR W 2y — 2wty = N 2y — 2w
= G1(w") + Gr(w") = Gw"), Vu" e 552, ),

where the first and second lines are equal to G, G, respectively. Then, similarly as
in the proof of Lemma 6, we have

1._ -
Gi(w") = (Eauu(z,’: —u"?Vu 43, - "V -2, th)
h

2 h
< Cone|w” | g1y
where a,,, and a, are certain averages of a,,, and a,,. Similarly,

Ga(w") = ((a( u") = a Z)V gy = 20 + @y — 20)
x(a(, z)V " —z0), V'),
(g — 2D (@ u") = aC, ) Vu, Vu'y,
<C h__ h 2 — yh ho o h h
< Conllzy —u” g1y Cllizg = w'llgr @) + Iz — ' lar@)lw’ g o)
+Conllzg —u" g lu" lwroge) (12 = "l + 2k =" ()
w1 o)

< Coner(ex + exs ) |[w" | 1(g)-
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Using Lemma 7 with 2" = u

" we obtain

2
eit1 < Cop(ey + exery1)

which yields

2
(1 — Coper)ery1 < Copej

and taking § small enough, we have 1 — Coper > 1 — C§ > 0 and this concludes the
proof. O
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