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Abstract In current global positioning system (GPS) appli-
cations, receiver clocks are typically estimated epoch-wise
in the data analyses even for clocks with high performance
like Hydrogen-masers (H-maser). Applying an appropriate
clock model for high-stability receiver clocks should, in
view of the strong correlation between the station height and
the clock parameters, significantly improve the positioning
results. Recent experiments have shown that modeling the
deterministic behavior of high-quality receiver clocks can
improve the kinematic precise point positioning consider-
ably. In this paper, well-behaving ground clocks are stud-
ied in detail applying constraints between subsequent and
near-subsequent clock parameters. The influence of different
weights for these relative clock constraints on the positioning
quality, especially on the height, is investigated. For excellent
clocks, an improvement of up to a factor of 3 can be obtained
for the repeatability of the kinematic height estimates. This
may be essential to detect small but sudden changes in the ver-
tical component (e.g., caused by earthquakes). Troposphere
zenith path delays (ZPD) are also heavily correlated with the
receiver clock estimates and station heights. All these para-
meters are usually estimated simultaneously. We show that
the use of relative clock constraints allows for a higher time
resolution of the ZPD estimates (smaller than 2 h) without
compromising the quality of the kinematic height estimates.
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1 Introduction

In the present-day analyses of global navigation satellite sys-
tem (GNSS) data, the receiver clocks and satellite clocks
are typically estimated as independent parameters for each
measurement epoch in the least-squares adjustment. The
resulting large number of clock parameters are strongly cor-
related with troposphere Zenith Path Delays (ZPD) parame-
ters and the station height (Dach et al. 2003; Rothacher and
Beutler 1998). It can be expected that, if the quality of the
high-performance receiver clocks could be fully exploited
with an appropriate deterministic and stochastic model, the
solutions of other parameters, especially the kinematic sta-
tion height estimates, should become more stable and more
accurate because of the strong correlation between the clock
parameters and the station height.

The idea of a detailed stochastic modeling of receiver and
satellite clocks is not really new. During the 1980s, colleagues
at Jet Propulsion Laboratory (JPL) modeled clock and tro-
posphere parameters using different stochastic processes
in order to improve GNSS-relevant parameters like orbits
(Lichten and Border 1987). At that time, however, the impact
of a sophisticated clock model was marginal due to the fact
that the large majority of the ground-based and space-borne
clocks was not sufficiently accurate and stable compared to
the phase measurement noise of 1 – 2 mm (3.3–6.7 ps) to
allow for such approaches.

In the last 20 years, more and more stable atomic clocks
are connected to GNSS receivers in the International GNSS
Service (IGS) (Dow et al. 2009) network and used for
time and frequency transfer accompanied with the stronger
connections between different timing labs and the IGS sta-
tions (Ray and Senior 2003). Such a development also
takes place in space, where satellites are equipped with bet-
ter and better clocks. Examples are the Hydrogen-maser
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(H-maser) on GIOVE-B (Galileo In-Orbit Validation Ele-
ment), see Montenbruck et al. (2012), and the modified rubid-
ium clock on GPS-IIF SVN62 (Dupuis et al. 2010). In recent
years, investigations concerning clock modeling came to into
focus again. Weinbach and Schön (2011) have shown that an
improvement in the vertical component of kinematic Precise
Point Positioning (PPP) (Zumberge et al. 1997) by up to 70 %
can be expected by applying a simple deterministic clock
model. They demonstrated that loose relative constraints on
clock parameters may improve the vertical component in the
case of pseudo-range kinematic solutions as well (Weinbach
and Schön 2009).

Because of the high quality of the H-masers available
nowadays, the constraints between subsequent and near-
subsequent clock epochs (the so-called relative constraints)
can also be applied for phase positioning. An appropriate
weighting of these relative constraints depending on the indi-
vidual clock performance is very important to obtain opti-
mal kinematic positions. Constraining the clocks too strongly
(e.g. neglecting environmental influences and hardware delay
variations) may lead to a degradation of the kinematic posi-
tioning results. In this study here, detailed investigations
concerning the weight of the relative constraints on sub-
sequent and near-subsequent (between every three epochs)
clock parameters are performed and the benefit in kinematic
positioning results using phase (and heavily down weighted
code) observations is assessed.

In addition, the global positioning system (GPS) data were
analyzed to study whether the temporal resolution of tro-
posphere parameters can be increased when constraining
clocks to further improve the kinematic height estimates.

2 Deterministic and stochastic modeling of the receiver
clock

In our approach we assume that the receiver clock can be
described by a simple deterministic model (e.g., low-order
polynomial) and a stochastic model:

clk(ti )=am · (ti −t0)
m +· · ·+a1 · (ti −t0)+a0+ p(ti ),

clk(ti+1) = am · (ti+1 − t0)
m + · · · + a1 · (ti+1 − t0)

+a0 + p(ti+1), (1)

where clk(ti ) represents the receiver clock correction for
measurement epoch i , am ,…, a1, a0 are the coefficients of
the low-degree polynomial, and p(ti ) is the stochastic clock
parameter for measurement epoch i .

The deviations of a clock can be divided into two cate-
gories, namely, the systematic effects such as the time offset,
the frequency offset and the frequency drift, as well as the
non-deterministic random errors such as white noise, flicker
noise and random-walk noise (Allan 1987). A study concern-
ing the deterministic models of high-precision clocks and of

their impact on other GPS-related parameters was done par-
allel to this study. The results have shown that the simplest
deterministic model, namely, a linear polynomial, works the
best for stabilizing the kinematic height estimates (Orliac
et al. 2012). In this study, therefore, a linear polynomial is
used. The clock parameters to be estimated from the GPS
data are the coefficients a1, a0 and the stochastic clock para-
meters p(ti ). The stochastic clock parameters p(ti ) represent
the deviations of the real clock from the linear polynomial
given by the coefficients a1 and a0 in Eq. 1. The size of these
deviations p(ti ) depends on the clock quality. The stochas-
tic clock parameters of subsequent epochs ti and ti+1 can
be constrained using a pseudo-observation with the weight
Pi,i+1:

p(ti ) − p(ti+1) = 0, Pi,i+1 = σ 2
0

σ 2
rel

, (2)

where σ0 and σrel represent the a priori standard deviation
of unit weight, i.e., the standard deviation of the GPS phase
observations, and the standard deviation of the relative con-
straint between the two subsequent epochs, respectively. The
weight of the relative constraints is the most important quan-
tity in the stochastic model. In order to be consistent with the
unit of σ0, σrel is expressed in millimeter in this paper.

Similar constraints can also be added for near-subsequent
epochs. In general, the stochastic behavior between the i th
and the (i + n)th epoch is then constrained according to:

p(ti ) − p(ti+n) = 0, Pi,i+n = σ 2
0

σ 2
rel,n

, (3)

where σrel,n stands for the standard deviation of the relative
constraint between near-subsequent epochs ti and ti+n . The
weight Pi.i+n can thereby be derived from, e.g., the Modified
Allan Deviation (MDEV) of the clock records from the Cen-
ter for Orbit Determination in Europe (CODE). The MDEV
is, like the traditional Allan deviation (ADEV), a measure
of the frequency stability and is able to distinguish between
the white phase noise and the flicker phase noise (Allan and
Barnes 1981). σrel,n here is the product of the MDEV value
at the corresponding averaging time (σMDEV,n), the speed of
light (c) and the averaging time (τn) itself:

σrel,n = σMDEV, n · c · τn . (4)

Since the drift a1 and the offset a0 of the linear polyno-
mial are estimated as non-epoch parameters simultaneously
with the stochastic quantities p(ti ), weak absolute constraints
with a small weight Pi have to be put on the stochastic para-
meters p(ti ) to avoid the singularities between the offset,
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the drift and the stochastic parameters. These absolute con-
straints have the form

p(ti ) = 0, Pi = σ 2
0

σ 2
abs

, (5)

where σabs represents the RMS of the absolute constraints.
For network solutions involving a huge number of para-

meters, the epoch-parameters are usually pre-eliminated for
increasing the computation efficiency (Jäggi et al. 2011).
Ge et al. (2006) has introduced a procedure to pre-eliminate
the ambiguity parameters for both real-valued and ambiguity-
fixed solutions and accelerated the computation for huge
network solutions significantly. To limit the required com-
puter resources, clock parameters are efficiently eliminated at
every epoch. If relative constraints are applied, a rather com-
plex pre-elimination and back-substitution scheme has to be
used (and was implemented) for the least-squares adjustment
that also works for near-subsequent epoch parameters. The
stochastic clock parameters are efficiently pre-eliminated at
every epoch in order to limit the computation time. Before
pre-eliminating a specific epoch, the stochastic clock para-
meters of the subsequent and near-subsequent epochs to be
constrained have to be considered. After determination of all
the non-epoch parameters, a back-substitution is performed
starting backwards from the last epoch. All the relevant infor-
mation required for this back-substitution has to be stored
step-by-step during the pre-elimination process. In this way,
relative clock constraints can also be applied for relatively
big regional network or even global solutions.

3 Identification of good H-masers

At present there are over 130 IGS stations equipped with
high-performance atomic clocks. Figure 1 shows the global
distribution of these clocks on April 1st, 2012 including 68 H-
masers, 43 cesium and 26 rubidium clocks (CLKLOG 2012).

We can expect that the application of relative constraints
on clock parameters is most beneficial for stations with very
stable H-masers compared to cesium and rubidium clocks
(Allan 1987). The clock values of H-masers with jumps,
equipment changes or other problems can only be estimated
epoch-wise as it has been done so far. A rough characteriza-
tion of these H-masers can be obtained from the analysis of
the clock estimates, which are freely available in the IGS, the
CODE or the European Space Agency (ESA) stored in clock
RINEX files (Ray and Gurtner 2010). In order to make sure
that the clock estimates used for the clock characterization
represent the actual clock behavior as precisely as possible,
all clock estimates were referenced to the IGS time scale
(IGST) (Wang and Rothacher 2011; Senior et al. 2003). One
way to characterize the H-masers is the empirical RMS of
epoch-to-epoch differences σemprel (the so-called empirical

relative sigma), that can be calculated based on the clock
records in these clock RINEX files according to

σemprel =
√∑n−1

i=1 (clk(ti+1) − clk(ti ))2

n − 1
, (6)

where n represents the number of processed epochs. It should
be noticed that the detected clock jumps or problems here
are mainly concerning the GPS receiver, the installation and
clock adjustments rather than the H-Maser itself. For such
bad behaviors, the clock values usually exceed the GPS mea-
surement noise and allow thus the identification and exclu-
sion of the misbehaving H-Masers.

As an example, Fig. 2 shows the daily empirical rela-
tive sigma σemprel of the H-maser located at station CEDU
(CEDUNA, Ceduna, Australia) in February 2011 and, for
February 15, 2011, the clock residuals after removing a linear
polynomial. The values of σemprel amount to around 60 – 70
ps for most of the days in February 2011, but may sometimes
reach more than 150 ps. The big clock jumps on February 15,
2011 is, e.g., the cause of the relatively big empirical relative
sigma of about 200 ps.

The values σemprel are a good measure of the clock quality,
especially for detecting clock jumps. In our analyses of a
specific H-maser clock, the days with an empirical relative
sigma σemprel bigger than 100 ps were excluded. Figure 3
shows the mean values of σemprel for some well-behaving
H-masers in February 2011, excluding the days with data
gaps and the days with bad σemprel values. It can be seen that
most H-masers are performing very well with a mean σemprel

smaller than 30 ps (9 mm).

4 Estimation of kinematic station coordinates with real
data

In order to assess the effect of relative clock constraints,
experiments with PPP were performed using a modified
version of the Bernese GPS Software (Dach et al. 2007).
The kinematic (i.e. epochwise) coordinates of a static sta-
tion equipped with a well-behaving H-maser were estimated
together with the receiver clock parameters with a sampling
rate of 300 s over a time span of 24 h. The wet part of
the troposphere ZPD was estimated as a piece-wise linear
function with a 2 h resolution and the wet Vienna Mapping
functions 1 (VMF1) (Boehm et al. 2006). In addition, tro-
posphere gradients were estimated with a resolution of 24 h.
The satellite clocks were fixed to high-rate precise clocks
from CODE (Bock et al. 2009; Dach et al. 2009; Hugen-
tobler 2004). Since the investigated stations are static, the
standard deviations of the estimated kinematic coordinates
are considered as a measure for the appropriateness of differ-
ent clock constraints. Clocks with adjustments or huge jumps
were excluded based on the empirical relative sigmas σemprel
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Fig. 1 Global distribution of
IGS stations with
high-performance atomic clocks
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Fig. 2 Empirical relative sigma σemprel for the H-maser clock at sta-
tion CEDU in February 2011 (top) and the residuals for this clock
after removing a linear polynomial on February 15, 2011 (bottom).
The CODE clock RINEX files were used for the plots

(see Eq. 6) derived from the epoch-to-epoch differences of
the GPS clock estimates.

Figure 4 shows the effect of relative constraints of dif-
ferent strengths on the H-maser clock estimates at station
ONSA (ONSALA, Onsala, Sweden) on February 1st, 2011.
The clock estimates without any constraints are shown in
blue, while the red, green and magenta lines represent the
clock estimates with increasing relative constraints. Finally,
applying very strong constraints results in an almost straight
line (black). We thus see that, as expected, increasing the
relative constraints forces the clock estimates to converge
towards a straight line.
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Fig. 3 Mean empirical relative sigma σemprel for some H-masers in
February 2011. The IGS/CODE/ESA clock RINEX files were used for
the plot

Figure 5 shows the corresponding kinematic height esti-
mates for station ONSA on February 1st, 2011. As in Fig. 4,
the blue line indicates the kinematic solution without any
clock constraints, while the red, green and magenta lines
represent the kinematic height estimates with increasing
relative constraints. It can be observed that the kinematic
height estimates of the static station ONSA are significantly
improved by applying relative clock constraints, e.g., up to
a factor of 2. This improvement of the height repeatabil-
ity (see standard deviations σH in the legend of Fig. 5) is
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Fig. 4 Clock estimates for
station ONSA using different
relative constraints between
subsequent clock epochs on
February 1st, 2011

Fig. 5 Kinematic height
estimates for station ONSA on
February 1st, 2011 using
different relative constraints
between subsequent clock
epochs

a consequence of relative constraints together with the high
correlations between the clock parameters and the height esti-
mates. This is especially important, since the height estimates
from GPS are typically much less precise than the horizontal
components. The black line using very strong relative con-
straints shows, however, a degradation of the positioning
results in the vertical direction.

To study the impact of the relative constraints in more
detail, a large series of kinematic solutions were produced
decreasing σrel in steps of 0.1 mm from 20 mm down to
0.1 mm. Figure 6 shows these results, i.e., the direct relation-
ship between the weights of the relative constraints between
subsequent clock parameters and the standard deviation of
the kinematic coordinates for station ONSA on February 1st,
2011, in all three directions (North, East, Up). Starting with
very weak constraints, the standard deviation of the kine-
matic height estimates (red line) decreases with increasing
relative constraint (i.e., decreasing relative sigma), and shows
a minimum at a relative constraint of about 1.2 mm (4 ps).
With stronger relative constraints the estimated clock val-
ues cannot represent the clock variations anymore and the
results are degraded. As opposed to the height estimates,

Fig. 6 Standard deviation of the kinematic coordinates for station
ONSA with different relative constraints on February 1st, 2011

the horizontal coordinates are not improved by constraining
the clock parameters. A significant degradation can be
observed especially for a relative sigma smaller than 2 mm
(6.7 ps). The relative sigma σrel of about 1.2 mm (4 ps),
which leads to the best kinematic height estimates, degrades

123



432 K. Wang, M. Rothacher

(a) (b)

Fig. 7 Stability improvements of kinematic height estimates for some a stable and b unstable H-masers on February 1st, 2011, using different
relative constraints

at the same time the horizontal coordinates and is, thus, not
the optimal choice. The reason for the degradation of the
kinematic horizontal coordinates with relative sigmas bigger
than 1.2 mm is not clear.

Figure 7a shows the improvements in the kinematic height
estimates for some well-behaving H-masers on February 1st,
2011. The solid lines represent the standard deviations of the
kinematic height estimates using different relative constraints
between subsequent epochs. These epoch-to-epoch relative
constraints can improve the stability of kinematic height esti-
mates reaching an optimum for a very small relative sigma
σrel between 0 and 2 mm (0 and 6.7 ps). The improvement
reaches a factor of about 2 to 3. However, this conclusion
only holds for very stable H-masers (e.g. clock with σemprel

smaller than 15 ps). For H-masers that are not that stable, the
standard deviations of the kinematic height estimates grow
rapidly after reaching a relative sigma σrel smaller than 2 mm
(see Fig. 7b). Only very weak relative constraints may be
considered for such clocks (for KOKV 8.5 mm and for IRKJ
14.2 mm).

The asterisks in Fig. 7a represent the standard devia-
tions using not only relative constraints between subsequent
epochs (called σrel,1), but also between near-subsequent
epochs (every third subsequent epoch, called σrel,2). The rela-
tive sigma values σrel,1 and σrel,2 have been derived from the
MDEV of the CODE clock records, and the x-coordinate
of the asterisks in Fig. 7a is set to be the relative sigma
σrel,1, i.e. the product of the MDEV value at 300 s derived
from the clock records, the speed of light and the averag-
ing time of 300 s. The three-epoch constraints cannot be
directly compared with the optimal standard deviation of the
epoch-to-epoch constraints because the CODE clock records
used for MDEV comprise the measurement noise, but they
also improve the stability of the kinematic height estimates
significantly.

Table 1 summarizes the improvements obtained in the
kinematic height estimates for some H-maser clocks on
February 1st, 2011. The clocks are sorted by their quality.
The quality is based on the standard deviations σSTD com-
puted after removing a linear polynomial from the corre-
sponding clock records (column 2). The empirical relative
sigma σemprel is listed in the third column. The data from
different institutes (IGS/CODE/ESA) were used to give a
complete list of the evaluation for the given clocks. The
corresponding agency is indicated with the first letter (see
column 2). The fourth column and the fifth column docu-
ment the standard deviation of the kinematic height estimates
without constraints (STD0) and with the optimal constraints
(STDmin), which generates the most stable kinematic height
estimates. The sixth column contains the standard deviation
of the kinematic height estimates using relative constraints
between three consecutive epochs. The seventh column lists
the values σrel, which lead to the minimal standard devia-
tion of the kinematic height estimates for the corresponding
station (see Fig. 7). It should be noted that the range of σrel

values tested started with a value of 0.1 mm. Even stronger
relative constraints have not been studied. The improvement
factor f of the kinematic height estimates (column 8) has
been calculated based on

f = STD0

STDmin
. (7)

From Table 1 we see that for very stable H-masers the
kinematic height estimates could be improved by up to a fac-
tor of 2 to 3 by applying relative constraints between 0 and
2 mm (0 and 6.7 ps). If the best relative sigma to be used is
not known, an epoch-to-epoch relative constraint of 2 mm
or a near-subsequent constraint derived from a MDEV plot
may be a safe way to stabilize the kinematic solutions in
the vertical direction. The improvement that can be reached

123



Stochastic modeling of high-stability ground clocks in GPS analysis 433

Table 1 Improvements of kinematic height estimates for some H-masers using relative constraints between subsequent and near-subsequent clock
parameters on February 1, 2011

Station Clock estimates Kinematic height estimates f

σSTD (ps) σemprel (ps) STD0 (m) STDmin (m) STDCovar (m) σrel (mm)

WSRT 12.9 (I) 6.2 0.0153 0.0082 0.0090 0.5 1.87

ONSA 22.1 (I) 10.9 0.0132 0.0066 0.0066 1.2 2.00

USNO 22.9 (I) 10.6 0.0232 0.0082 0.0085 0.6 2.84

USN3 23.3 (I) 10.0 0.0196 0.0056 0.0078 0.1 3.50

YELL 23.5 (C) 22.0 0.0687 0.0227 0.0243 0.8 3.03

CRO1 32.8 (I) 23.2 0.0356 0.0158 – 0.1 2.25

AMC2 33.7 (I) 7.9 0.0192 0.0159 0.0165 2.2 1.21

HRAO 39.1 (I) 12.0 0.0225 0.0114 – 0.6 1.98

HOB2 40.5 (I) 15.5 0.0240 0.0098 0.0139 1.2 2.44

TWTF 44.6 (I) 9.8 0.0179 0.0108 0.0109 1.2 1.66

ALGO 45.3 (I) 6.5 0.0108 0.0057 0.0058 1.0 1.89

BREW 55.3 (I) 23.5 0.0153 0.0094 – 1.8 1.63

KOUR 241.1 (I) 20.0 0.0266 0.0159 0.0159 2.5 1.67

MEDI 342.2 (I) 18.0 0.0177 0.0092 – 4.6 1.90

IRKJ 416.2 (I) 55.1 0.0178 0.0152 – 14.2 1.17

KOKV 982.7 (E) 33.9 0.0198 0.0173 – 8.5 1.14

The IGS/CODE/ESA clock RINEX files were used for generating the σSTD and σemprel

depends heavily on the clock quality. Clocks with an unsta-
ble or unknown behavior are not suitable for clock modeling.
Constraining such clocks may lead to much worse results. It
should be mentioned that very strong and unrealistic weights
for relative constraints (σrel � 2 mm) may also make things
worse even for very stable H-masers (see Fig. 7). The reason
for this may be related to the noise level of the observations
and the simultaneous estimation of other parameters (e.g.,
troposphere parameters). Apart from that, real clock varia-
tions may not be adequately modeled with too strong clock
constraints. Looking carefully at Table 1 we can see that the
improvement factor f that can be achieved in the repeatabil-
ity of the kinematic height estimates is not a simple function
of the clock quality given by the deviations from a straight
line (σSTD) or the size of the epoch-to-epoch clock differ-
ences as defined by σemprel. Besides σSTD and σemprel other
factors like multipath, antenna environment seem to play a
major role, too. A bad observation geometry or a limited
number of the phase observations may strongly degrade the
kinematic estimates in the case no clock constraint is applied
(e.g. YELL in Table 1). The relative sigma between subse-
quent and near-subsequent epochs σrel,n (see Eq. 4) derived
from the CODE clock records and the optimal relative clock
constraints that we obtained here (see Table 1) do not nec-
essarily correspond to the real clock behavior. They are also
influenced by the measurement noise, the antenna environ-
ment, multipath and troposphere variations.

Let us have a look now at the optimal values for the rel-
ative constraints over a longer time period. Fig. 8a shows

these optimal values for five very stable H-masers for all
days in February 2011. The variations for an individual clock
strongly depend on the clock behavior on the corresponding
day. For most of the days in February 2011 the best σrel val-
ues are smaller than 2 mm (6.7 ps), while some outliers can
also be observed. Taking the H-maser clock at station YELL
(YELL CACS-GSD, Yellowknife, Canada), for example, two
outliers on February 6, 2011 and February 25, 2011 can be
observed in Fig. 8a, indicating an unstable clock behavior.
For comparison, Fig. 8b showsσemprel (see Eq. 6) based on the
CODE clock RINEX files for the H-maser at station YELL
in February 2011. We see that the days with a high value
of σemprel correspond to the outliers in Fig. 8a. Very strong
constraints on clock parameters on these 2 days would lead
to a degradation of the positioning results.

Figure 9 shows the relationship between the clock qual-
ity (σemprel and σSTD) and the improvement factor f of the
kinematic height estimates with a relative clock constraint of
2 mm. The IGS/CODE/ESA clock records of the H-Masers
listed in Table 1 in February 2011 were used for the plots. We
see that the number of improvement factors below 1 increases
with an increasing σemprel and σSTD. For the clocks with
σemprel < 15 ps and σSTD < 50 ps, the improvement factors
are in 98 % of the time above 1, thereof 49 % above 1.5.

In order to analyze the variations in kinematic heights over
various time intervals, the MDEV of the kinematic height
estimates for station ONSA on February 1st, 2011 using dif-
ferent stochastic clock models were computed (see Fig. 10).
The black line indicates the MDEV of the kinematic height
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Fig. 8 The optimal relative sigma σrel for a five very stable H-masers
in February 2011 and b the empirical relative sigma σemprel for the
H-maser at station YELL during February 2011

estimates obtained without any relative clock constraints.
The magenta and the blue line corresponding to epoch-
to-epoch relative constraints of 1.2 mm (4 ps) and the
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Fig. 10 MDEV of kinematic height estimates for station ONSA using
different relative constraints on February 1st, 2011

three-epoch constraints, respectively, show huge improve-
ments in precision of the kinematic height estimates ranging
from 5 min to about 3 h. It can also be seen that the quality
of the kinematic height estimates is somewhat degraded for
time intervals between approximately 30 min and 3 h com-
pared to the slope of −1 for typical flicker noise (blue dashed
line). Since the ZPDs were estimated with a time resolution
of 2 h, this limited time resolution might be the cause of this
degradation.

To verify this, different sampling intervals for the ZPD
parameters were tested. The resulting MDEV of kinematic
height estimates for ONSA are shown in Fig. 11 applying
(a) no clock constraints or (b) relative constraints of 2 mm
(6.7 ps) between subsequent clock parameters. Compared
to the slope of −1 for typical flicker noise in the MDEV

(a) (b)

Fig. 9 Relationship between the improvement factors f with a relative clock constraint of 2 mm and a the empirical relative sigma σemprel
and b the standard deviation from a linear polynomial σSTD using the IGS/CODE/ESA clock records of 16 H-Masers in February 2011.
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Fig. 11 MDEV of kinematic height estimates for ONSA using a no relative constraints and b relative constraints of 2 mm between subsequent
clock epochs on February 1st, 2011. The troposphere ZPD parameters were set up with different sampling intervals

(see blue dashed line in Fig. 11b), obvious deviations can be
observed for long time intervals. By decreasing the sampling
intervals of the ZPD parameters, these deviations are consid-
erably reduced, showing that the modeling deficiencies due to
the insufficient time resolution of the troposphere parameters
deteriorate the kinematic height estimates for large averag-
ing times. The cases with a ZPD time resolution higher than
60 min are overwritten by the 60 min case. This means that
no degradation of the kinematic heights takes place even if
a 15 min time resolution for the ZPDs is used. the relative
clock constraints thus allow for a higher temporal resolu-
tion of the troposphere parameters, which may be advanta-
geous in the case of fast changing weather conditions. In
contrast, in the case without applying relative clock con-
straints (see Fig. 11a), the increase in the number of ZPDs
eventually (15 min ZPD resolution) leads to a degradation of
the kinematic height estimates at averaging intervals below
about 1 h. An offset can generally be observed between
Fig. 11a, b. It shows the positive effect of an appropriate
relative clock constraint on the kinematic height estimates.

Experiments have also been performed with respect to
even stronger relative constraints, e.g., 1.2 mm (4 ps), which
corresponds to the optimal σrel for the H-maser at ONSA (see
Fig. 10). However, the benefits from changing the sampling
interval of ZPD parameters are not obvious any more. The
improvements are very similar to the case using a constraint
of 2 mm (6.7 ps) and a 60 min ZPD interval.

5 Estimation of kinematic station coordinates
with simulated data

In order to verify the results obtained with real data, GPS code
and phase observations on both frequencies were simulated
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Fig. 12 Standard deviation of the kinematic height estimates derived
from simulated GPS data with realistic receiver clock behavior using dif-
ferent relative constraints on subsequent clock parameters. The CODE
clock RINEX files were used for simulation of the receiver clocks

with a pre-defined receiver clock behavior, a phase observa-
tion noise of 2 mm and a code observation noise of 20 cm
using a modified version of Bernese GPS Software 5.0 (Dach
et al. 2007). The simulated receiver clocks were generated
with an offset, a drift and the deviations of the H-masers at
WSRT (Westerbork Synthesis Radio Telescope, Westerbork,
Netherlands), ONSA and HOB2 (Hobart AU016, Hobart,
Australia) from a linear clock behavior amounting to an RMS
of 14.7, 35.3 and 44.3 ps, respectively, on February 1st, 2011.
After multiplication with the speed of light, the RMS of the
epoch-to-epoch difference σemprel of these three real clocks
amount to 1.9 mm (6.3 ps), 2.9 mm (9.7 ps) and 5.2 mm
(17.3 ps), respectively.

In Fig. 12 we see the results of the simulations using
different relative constraints for the receiver clocks. Different
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colors represent different clock qualities. We see that in
this simulated case the stability of the height estimates as
a function of the relative clock constraints behaves very sim-
ilar to the real data case (see Fig. 7). We also see that the better
the clock quality, the smaller the optimal σrel. The optimal
σrel is below 2 mm (6.7 ps) for stable clocks (with σsimrel =
1.9 mm (6.3 ps) and σsimrel = 2.9 mm (9.7 ps)) and above
2 mm (6.7 ps) for the clock with σsimrel = 5.2 mm (17.3 ps).
The blue line represents the clock with a perfect behavior, i.e.,
without any stochastic component. For the perfect clock, the
stronger the relative constraints are, the better performance
we can get for the kinematic height estimates, even for very
strong constraints.

6 Summary and conclusions

The kinematic coordinates derived from an PPP solution
using phase measurements typically show an accuracy at cm-
level in horizontal and at sub-decimeter level in vertical direc-
tion (Geng et al. 2010). This means that it is more difficult
to detect real motions of a receiver in height than in horizon-
tal positions. This situation can considerably be changed, if
high-stability H-masers are connected to the receiver. Using
a simple deterministic model (e.g., a linear polynomial) and
relative constraints with an appropriate weight between sub-
sequent epochs (e.g., 2 mm or 6.7 ps) for such a clock, the
kinematic solutions can be significantly improved in the less
accurate vertical direction, namely, by up to a factor of 2
to 3. The optimal weight for the relative constraints between
subsequent clock epochs, which leads to the best kinematic
solution, depends heavily on the quality of the clock con-
sidered. For very stable H-masers, i.e., for H-masers with a
standard deviation lower than 50 ps after removing a linear
polynomial and an RMS σemprel of the epoch-to-epoch clock
differences smaller than 15 ps, the optimal relative constraint
typically lies between 0 and 2 mm (0 and 6.7 ps). Taking the
16 investigated H-Masers (see Table. 1) in February 2011 for
example, for all the clocks that have passed the criteria that
are mentioned above (σemprel < 15 ps and σSTD < 50 ps),
98 % of the improvement factors are above 1, 49 % thereof
above 1.5. It should be noticed that the σemprel derived from
the GPS estimates is noisier than the real clock. It can only
be considered as a measure for the clock quality, but is not
directly related to the optimal relative sigma.

Relative constraints between subsequent and near-
subsequent epochs using weights derived from the MDEV
of clock records available from IGS, CODE or ESA is also
a good and safe choice for stabilizing the kinematic solu-
tions in the vertical direction. In this way, the stability of the
kinematic height estimates can also be improved by up to a
factor of approximately 2 to 3. Taking the 16 investigated
H-Masers (see Table. 1) in February 2011 for example, for
all the clocks that have passed the criteria that are mentioned

above (σemprel < 15 ps and σSTD < 50 ps), 99 % of the
improvement factors are above 1, 44 % thereof above 1.5.

It is clear that the improvement in the repeatability of the
kinematic heights (i.e. in changes of the kinematic heights) is
roughly limited to time intervals, during which the receiver
clock does not deviate by more than about 50 ps from a linear
behavior.

Most benefit from the methods presented here are there-
fore to be expected in the quantification and detection of
small height changes at cm-level over short time intervals
(a few hours to one day). Prominent and important examples
are certainly earthquake ground motions and displacements,
tsunami GPS buoys and land slides, provided that H-Masers
or other clocks of similar performance are getting cheaper
and less sensible to the environment in the future.

Because of the high correlation of the troposphere zenith
delays with the station height estimates, the sampling inter-
vals used for the ZPD estimation is always a critical issue
in kinematic positioning. Experiments have shown that with
an appropriate relative clock constraint increasing the sam-
pling resolution of the ZPD parameters from 2 h to one or
even half an hour clearly improves the stability of kinematic
height estimates. Therefore, we may expect that clock con-
straints allow it to estimate troposphere parameters with a
much higher temporal resolution without suffering from the
high correlation between troposphere and heights, an impor-
tant aspect for the determination of water vapor on ships or
buoys to cover ocean areas.

It should be mentioned that no significant improvements
can be obtained in the PPP solutions applying different clock
models, if only one set of coordinates is estimated per day
(Orliac et al. 2012). Tests have also shown that the modeling
of the receiver clocks on the ground does not have a sig-
nificant impact on GPS orbits and Earth rotation parameters
(ERPs).

In the future, with the progress made in the field of high-
performance frequency standards, more and more stable and
cheap clocks will become available and the use of clock mod-
eling will become more and more important. With the com-
pletion of the Galileo constellation in the near future, it will be
possible to also make use of very stable satellite clocks. The
stability of such clocks was studied by, e.g., Montenbruck
et al. (2012), for the case of the GIOVE-B satellite carrying a
H-Maser. Since receiver clock modeling, as mentioned
above, does not have much effect on global parameters, one
can conclude that making use of the very good receiver clocks
improves the receiver-specific parameters (like heights and
ZPDs), whereas global or satellite-specific parameters (like
earth rotation parameters and satellite orbits) show no or
only very small improvements. It is to be expected in anal-
ogy, therefore, that the constraining of the high-performance
satellite clocks will mainly lead to improvement in satellite-
specific parameters (e.g. orbital parameters, decorrelation of
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orbital parameters and satellite clock corrections). Improved
separation of the highly correlated satellite orbits and satellite
clock parameters may help in future to better assess the defi-
ciencies in the orbit modeling, especially in the solar radiation
pressure models.

In the far future, as the clocks developed for receivers
and satellites are getting more and more stable as described
in this paper, the stochastic modeling of clocks over longer
and longer time spans will become an integral task of high-
precision GNSS analyses, leading to improvements in both,
receiver- and satellite-specific parameters.
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