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Abstract: Scattering of photons at an atom with a dynamical nucleus is studied on the
subspace of states of the system with a total energy below the threshold for ionization of
the atom (Rayleigh scattering). The kinematics of the electron and the nucleus is chosen
to be non-relativistic, and their spins are neglected. In a simplified model of a hydrogen
atom or a one-electron ion interacting with the quantized radiation field in which the
helicity of photons is neglected and the interactions between photons and the electron
and nucleus are turned off at very high photon energies and at photon energies below an
arbitrarily small, but fixed energy (infrared cutoff), asymptotic completeness of Rayleigh
scattering is established rigorously. On the way towards proving this result, it is shown
that, after coupling the electron and the nucleus to the photons, the atom still has a stable
ground state, provided its center of mass velocity is smaller than the velocity of light; but
its excited states are turned into resonances. The proof of asymptotic completeness then
follows from extensions of a positive commutator method and of propagation estimates
for the atom and the photons developed in previous papers.

The methods developed in this paper can be extended to more realistic models. It is,
however, not known, at present, how to remove the infrared cutoff.

1. Introduction

During the past decade, there have been important advances in our understanding of the
mathematical foundations of quantum electrodynamics with non-relativistic, quantum-
mechanical matter (“non-relativistic QED”). Subtle spectral properties of the Hamiltoni-
ans generating the time evolution of atoms and molecules interacting with the quantized
radiation field have been established. In particular, existence of atomic ground states
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and absence of stable excited states have been proven, and the energies and life times of
resonances have been calculated in a rigorously controlled way, for a variety of models;
see [BFS98, BFSS99, HS95, Sk98, GLLO1, LL03, Gr04, AGGO05, BFP05], and refer-
ences given there. Furthermore, some important steps towards developing the scattering
theory for systems of non-relativistic matter interacting with massless bosons, in par-
ticular photons, have been taken. Asymptotic electromagnetic field operators have been
constructed in [FGS00], and wave operators for Compton scattering have been shown to
exist in [Pi03]. Rayleigh scattering, i.e., the scattering of photons at atoms below their
ionization threshold, has been analyzed in [FGS02] for models with an infrared cutoff.
The results in this paper are based on methods developed in [DG99]. Some earlier results
on Rayleigh scattering have been derived in [Sp97]. Compton scattering in models with
an infrared cutoff has been studied in [FGS04]. While it is understood how to calculate
scattering amplitudes for various low-energy scattering processes in models without an
infrared cutoff, all known general methods to prove unitarity of the scattering matrix on
subspaces of states of sufficiently low energy, i.e., asymptotic completeness, require the
presence of an (arbitrarily small, but positive) infrared cutoff. In [Sp97, DG99, FGS02],
Rayleigh scattering has only been studied for models of atoms with static (i.e., infinitely
heavy) nuclei.

As suggested by this discussion, the main challenge in the scattering theory for non-
relativistic QED presently consists in solving the following problems:

i) To remove the infrared cutoff in the analysis of Rayleigh scattering;
ii) to remove the infrared cutoff in the treatment of Compton scattering of photons at
one freely moving electron or ion;
iii) to prove asymptotic completeness of Rayleigh scattering of photons at atoms or
molecules with dynamical nuclei.

In this paper, we solve problemiii) in the presence of an (arbitrarily small, but positive)
infrared cutoff. In order to render our analysis, which is quite technical, as simple and
transparent as possible, we consider the simplest model exhibiting all typical features
and challenges encountered in an analysis of problem iii). We consider a hydrogen atom
or a one-electron ion. The nucleus is described, like the electron, as a non-relativistic
quantum-mechanical point particle of finite mass. We ignore the spin degrees of freedom
of the electron and the nucleus. The electron and the nucleus interact with each other
through an attractive two-body potential V, which can be chosen to be the electrostatic
Coulomb potential. Electron and nucleus are coupled to a quantized radiation field. As
in [FGS02], the field quanta of the radiation field are massless bosons, which we will
call photons. Physically, the radiation field is the quantized electromagnetic field. How-
ever, the helicity of the photons does not play an interesting role in our analysis, and we
therefore consider scalar bosons.

As announced, we focus our attention on Rayleigh scattering; we only consider the
asymptotic dynamics of states of the atom and the radiation field with energies below
the threshold for break-up of the atom into a freely moving nucleus and electron, i.e.,
below the ionization threshold. Moreover, we introduce an infrared cutoff: Photons with
an energy below a certain arbitrarily small, but positive threshold energy do not interact
with the nucleus and the electron. While all our other simplifications are purely cosmetic,
the presence of an infrared cutoff is crucial in our proof of asymptotic completeness (but
not for most other results presented in this paper).

In the model we study, the atom can be located anywhere in physical space and can
move around freely, and the Hamiltonian of the system is translation-invariant. This
feature suggests to combine and extend the techniques in two previous papers, [FGS02]
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(Rayleigh scattering with static nuclei) and [FGS04] (Compton scattering of photons at
freely moving electrons), and this is, in fact, the strategy followed in the present paper.
As in [FGS04], to prove asymptotic completeness we must impose an upper bound on
the energy of the state of the system that guarantees that the center of mass velocity of
the atom does not exceed one third of the velocity of light. This is a purely technical
restriction which we believe can be replaced by one that guarantees that the velocity of
the atom is less than the velocity of light. We note that, for realistic atoms, the condition
that the total energy of a state be below the ionization threshold of an atom at rest auto-
matically guarantees that the speed of the atom in an arbitrary internal state is much less
than a third of the speed of light.

Next, we describe the model studied in this paper more explicitly. The Hilbert space
of pure states is given by

H = L*(R?, dx,) ® L*(R®, dx,) ® F, (1)

where the variables x,, and x, are the positions of the nucleus and of the electron, respec-
tively, and F is the symmetric Fock space over the one-photon Hilbert space L2(R?, dk),
where the variable k& denotes the momentum of a photon. Vectors in F describe pure
states of the radiation field.

The Hamiltonian generating the time evolution of states of the system is given by

Hy = Hyom + Hy + 8 (0(G$,) + ¢(GY ). 2

where

2 2
)4 p
Hyom = z—— + =/ + V(x¢ — Xn) (3)
2m, 2my,

is the Hamiltonian of the atom decoupled from the radiation field. Here p, = —iV,, and
Pn = —1Vy, are the momentum operators of the electron and the nucleus, respectively,

and m, and m,, are their masses. The term V (x, —x,,) is the potential of an attractive two-
body force, e.g., the electrostatic Coulomb force, between the electron and the nucleus;
(V (x) is negative and tends to zero, as |x| — oo, and it is assumed to be such that the
spectrum of Hyom is bounded from below and has at least one negative eigenvalue).
The operator H ¢ on the r.h.s. of (2) is the Hamiltonian of the free radiation field. It is
given by

Hy = /dk lkla* (k)a k),

where |k| is the energy of a photon with momentum k, and a*(k), a(k) are the usual
boson creation- and annihilation operators: For every function f € L%(R3, dk),

a*(f) = / dk f(a* (k) and  a(f) = / dk F®a (k)

are densely defined, closed operators on the Fock space F, and, for f, h, € L2(R3, dk),
they satisfy the canonical commutation relations

[a(f),a* (W] = (f,h), [a*(f),a* ()] =0,
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where (f, h) denotes the scalar product of f and h. For f € L*>(R3, dk), a field operator
¢ (f) is defined by

() =a(f)+a*(f).

It is a densely defined, self-adjoint operator on 7. The functions (form factors) G{ and
GY, on the right side of (2) are given by

G (k) = e Mok k), G (k) = e M, (k), 4)
where k., and k, belong to the Schwartz space, and
ke(k) = kn(k) =0, forallk € R? with |k| < o,

for some o > 0 (infrared cutoff). In many of our results, we could pass to the limito = 0;
but in our proof of asymptotic completeness of Rayleigh scattering, the condition that
o > 0 is essential. Finally, the parameter g on r.h.s. of (2) is a coupling constant; it is
assumed to be non-negative and will be chosen sufficiently small in the proofs of our
results. (It should be noted that we are using units such that Planck’s constant 7 = 1
and the speed of light ¢ = 1, and we work with dimensionless variables x,, x;, k chosen
such that Hyom and H ¢ are independent of g.)
In the description of the atom, it is natural to use the following variables:
MeXe + MpXy
=\ X =X, — Xp.
Me + My

Here X is the position of the center of mass of the atom, and x is the position of the
electron relative to the one of the nucleus. Then

2 2

P> p
ngw+%+V(x)+HAf+g<¢(G§(+man)+¢( ’)1(777")6))’ (5)
where P = —iVy, p = —iVy, M = m, + m,, and m = m,m, M~"; (center-of-mass

momentum, relative momentum, total mass, reduced mass, respectively). Self-adjoint-
ness of H, on H (under appropriate assumptions on V') is a standard result.
In this paper, we study the dynamics generated by H,, on the subspace of states in H
whose maximal energy is below the ionization threshold
Yion = lim inf M, (6)
R—00 ¢eDp (€0, §0>

where Dr = {¢ € H : x(]x| = R)¢p = ¢} is the subspace of vectors in H with the prop-
erty that the distance between the electron and the nucleus is at least R. Vectors in H with
amaximal total energy below Xjo, exhibit exponential decay in | x|, the distance between
the electron and the nucleus, see [Gr04]. Under our assumptions, —C g2 < Yion <0,
for a finite constant C depending only on «, and «,,. When g | 0 then ¥, 1 0, which
is the ionization threshold of a one-electron atom or -ion decoupled from the radiation
field.

Our choice of the Hamiltonian Hg, see (2) and (5), and of the form factors G and
GY, . see (4), makes it clear that the dynamics of the system is space-translation invariant:
Let

Py = / dk ka* (k)a (k) (7N
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denote the momentum operator of the radiation field, and let IT = P + P be the total
momentum operator. It is easy to check that

[Hg, 1] =0  (translation invariance). (8)

It is then useful to consider direct-integral decompositions of the space H and the oper-
ator Hy over the spectrum of the total momentum operator IT (which, as a set, is R3).
Thus

(&)
H = dlHp, with Hpg ~ L2(R>,dx) ® F, )
R3

and
®
H =/ dIT Hy (T1), (10)
R3

where the fiber Hamiltonian H, (IT) is the operator on the fiber Hilbert space Hpy given by

(I — Pys)?

H(I) =

+Hat+Hf+g(¢ (G‘;%x)+¢>(G’i%x)), (11)
where IT — Py is the center-of-mass momentum of the atom, and Hy = p2 /2m+V(x)
is the Hamiltonian describing the relative motion of the electron around the nucleus.

We are now in the position to summarize the main results proven in this paper for the
model introduced above. In a first part, we analyze the energy spectra of the fiber Hamil-
tonians H, (IT) below a certain threshold ¥ < min(Zion, Xg), Where Xy is givenin (6),
and Xg = Egt + MB?/2; ESt is the ground state energy of Hy, and f is a constant < 1
(=speed of light, in our units). The condition ¥ < X, guarantees that the electron is
bound to the nucleus, with exponential decay in x, and ¥ < Xg.; implies that, for a
sufficiently small coupling constant g, the center-of-mass velocity of the atom is smaller
than the speed of light. (For center-of-mass velocities > 1, the ground state energy of
the atom decoupled from the radiation field is embedded in continuous spectrum, and
the ground state becomes unstable when the coupling to the radiation field is turned on.)
For realistic atoms, in particular for hydrogen, Xjon < Zg=1/3, so that ¥ < Xjo, is the
only relevant condition. We let E¢(IT) = inf o (H, (I1)) denote the ground state energy
of Hg(IT), and we define

B—HR3'E‘“H—22 12
» = € : 0+2M§ . (12)

We prove that, for every I1 € By, E,(II) is a simple eigenvalue of H,(IT), i.e., that
the atom has a unique ground state, provided g is small enough. This is a result that is
expected to survive the limit o |, 0, provided the factors «, and «;, are not too singular
at k = 0. For the Pauli-Fierz model of non-relativistic QED, existence of a ground state
can be proven under conditions similar to the ones described above, provided the total
charge of electrons and nucleus vanishes; see [AGGO05].

By appropriately modifying Mourre theory in a form developed in [BFSS99], we
prove that the spectrum of H, (I1) in the interval (£, (IT), X) is purely continuous. With
relatively little further effort, our methods would also show that o (H (IT)) N (E¢ (IT), X)
is absolutely continuous. (These results, too, would survive the removal of the infrared
cutoff, o | 0. This will not be shown in this paper; but see [FGSi05].)
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We denote the ground state of H,y(IT), IT € By, by ¥r; (¥ is called the dressed
atom (ground) state of momentum IT). The space of wave packets of dressed atom states,
Haas, is the subspace of the total Hilbert space H given by

®
Haas = [Wf)l v (f) =/ dIl f(Mym, f € L*(Bs,dI) . (13)

This space is invariant under the time evolution. In fact, eI Hyt v (f) = ¥(fr), where,
for f € L>(Bx, dI), f;(IT) = e E«(ID! £(IT) € L%(By, dII), for all times 7.

In a second part of our paper, scattering theory is developed for the models introduced
above. We first construct asymptotic photon creation- and annihilation operators

al(hyg =5 — t_l)ilinoo e el gF (h)e Hel g, (14)

where i, (k) = eI b (k) is the free time evolution of a one-photon state (k). To ensure
the existence of the strong limit on the r.h.s. of (14), we assume that 1 € L?(R3, (1 +
|k|~1)dk), that ¢ belongs to the range of the spectral projection, E s (Hg), of Hy cor-
responding to the interval (—oo, ], with ¥ < (Zjon, Xg), as above, and 8 < 1, and
that the coupling constant g is so small (depending on X) that the velocity of the cen-
ter of mass of the atom is smaller than one. The last condition ensures that the distance
between the atom and a configuration of outgoing photons increases to infinity and hence
the interaction between these photons and the atom tends to 0, as time ¢ tends to +oo.
The details of the proof of (14) are very similar to those in [FGS00]. From (13) and
(14) we infer that, for ¥ (f) € Hdas, and under the conditions of existence of the limit
in (14), vectors of the form a’ (h1) - - - aX (h,) ¥ (f) exist, and their time evolution is the
one of freely moving photons and a freely moving atom:

e gk (hy) . ak (h) W (f) = a*(hiy) - a*(hy )W (fr) +o(1), (15)

as t — =zoo. Furthermore, a4+ (h)Y¥ (f) = 0, under the same assumptions. Equation
(15) provides the justification for calling the vectors a’ (k1) ... a% (h,) ¥ (f) scattering
states. We already know that the atom does not have any stable excited states. It is
therefore natural to expect that the time evolution of an arbitrary vector in the range
of the spectral projection Ex (H,), with £ < min(Zijon, Xg<1) as above, approaches a
vector describing a configuration of freely moving photons and a freely moving atom
in its ground state, as time ¢ tends to +00. Thus, with (15) and (13), we expect that, for
% < min(Zion, Xg<1),

({azm) . .aztw () v () € Haw by € LR, (1+ 1/ kDR,

j=1...onn=12..}) DRanEs(Hy). (16)

where (S) denotes the linear subspace spanned by a set, S, of vectors in H, and (S)~
denotes the closure of (§) in the norm of H. Property (16) is called asymptotic complete-
ness of Rayleigh scattering. The main result of this paper is a proof of (16) under the
supplementary condition that ¥ < Xz for some § < 1/3 (the proof of (16) is the only
part of the paper where, for technical reasons, we need to assume § < 1/3; all other
results only require 8 < 1). Next, we reformulate (16) in a more convenient language.
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We define a Hilbert space of scattering states as the space Hgas ® F, and we introduce
an asymptotic Hamilton operator, H, g’ias’ by setting

1':1;,las = H;as®1+1®Hf, a7
where
Hgaslﬂ(f) =Y (E,(.)[), (18)

for arbitrary f € LZ(BZ, dIT), with ¥ < min(Zion, Xg<1/3), as above. On the range of
Ex (HJ*), the operators Qx, given by

Qe (fH®@a*(hy)...a"(hy)Q) = ai(h)...alh)y(f) 19)

exist; see (14). The vector €2 is the vacuum in the Fock-space characterized by the prop-
erty that a(h)Q2 = 0, for h € L?*(R3, dk). The operators 24 and 2_ are called wave
operators, and the scattering matrix is defined by

S=Qiq_. (20)
From Egs. (14) and (15) we find that

—iHgt —i Hd5s¢
e "L = Qe 8

and hence the ranges of €2, and €2_ are contained in the range of Ex (H,). Using that
ar(WY(f) = 0, for h € L2(R3, dk) and ¥ (f) € Haas, one sees that 2, and Q_ are
isometries from the range of E'y (Hgas) into H. If we succeeded in proving that

Ran (QirRanEz(ﬁ;‘aS)) = RanEy (Hy) @1

we would have established the unitarity of the S-matrix, defined in (20), onRanE'y; (H9s),
i.e., asymptotic completeness of Rayleigh scattering.

In order to prove (21), we show that 24 have right inverses defined on RanE's (Hy).
Our proof is inspired by proofs of similar results in [DG99] and in [FGS02, FGS04]. It
is based on constructing a so-called asymptotic observable W and then proving that W
is positive on the orthogonal complement of Hg,s in RanE's; (Hg). The proof of this last
result is, perhaps, the most original accomplishment in this paper and is based on some
new ideas.

Our paper is organized as follows. In Sect. 2, we define our model more precisely,
and we state our assumptions on the potential V'(x) and on the form factors G§, and
GY,. In Sect. 3, we study the spectrum of the fiber Hamiltonian H, (IT): In Sect 3.1,
we prove the existence of dressed atom states, and, in Sect. 3.3, we prove two positive
commutator estimates, from which we conclude that the spectrum of H, (IT) above the
ground state energy and below an appropriate threshold is continuous. In Sect. 4, we
discuss the scattering theory of the system. First, in Sect. 4.1, we prove the existence
of asymptotic field operators, we recall some of their properties, we prove the existence
of the wave operators, and we state our main theorem. Then, in Sect. 4.2, we introduce
a modified Hamiltonian, Hyyog, describing “massive” photons, and we explain why it
is enough to prove asymptotic completeness for Hpoq instead of H,. In Sect. 4.3, we
construct asymptotic observables W and inverse wave operators W.. In Sect. 4.4, we
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prove positivity of our asymptotic observables when restricted to the orthogonal com-
plement of Hg4,s (the space of wave packets of dressed atom states). Finally, in Sect. 4.5,
we complete the proof of asymptotic completeness. In Appendix A, we introduce some
notation, used throughout the paper, concerning operators on the bosonic Fock space. In
Appendix B, we summarize bounds used to control the interaction between the electron
(or the nucleus) and the radiation field.

2. The Model

We consider a non-relativistic atom consisting of a nucleus and an electron interacting
through a two-body potential V (x). The Hamiltonian describing the dynamics of the
atom is the self-adjoint operator

2 2
Pn_ Pe | yix, —x,) (22)

2m, 2m,

Hytom =

acting on the Hilbert space Hajom = L2(R3, dx,) ® L*(R3, dx,), where x, and x,
denote the position of the nucleus and of the electron, respectively, and p, = —iV,, and
pe = —iVy, are the corresponding momenta. We assume that the interaction potential
V (x) satisfies the following assumptions.

Hypothesis (H0). The potential V is a real-valued, locally square integrable
function on R3 with

lim V(x)=0.
|x]—00
Remarks.
1) Hypothesis (HO) is satisfied by the Coulomb potential V(x) = —1/|x| and it is

inspired by this potential. It guarantees that (a), V € L2(R3) + L>®(R?), and that (b),
Ve R+ LSO(R?’), where R denotes the Rollnik class. Note that L? . C L3/? and

loc loc
that L3/2(R3) ¢ R. By (a), V is infinitesimally small w.r.to p*> = —A, and hence
p*/2m + V, for any m > 0, is self-adjoint on D(p?) = H?*(R>) and bounded from
below. If inf o (p?/2m + V) is an eigenvalue, then, by (b), it is non-degenerate [RS78,
Theorem XIII1.46].

Similarly the Hamiltonian Hjyiom with domain H 2(R)3€n X Ri) is a self-adjoint oper-

ator on the Hilbert space L*(R3, dx,) ® L*(R3, dx,) and it is bounded from below.

2) With little more effort we could have covered a much larger class of locally square
integrable potentials V where only the negative part V_(x) = max{—V(x), 0} is
infinitesimally small with respect to A and Hyom 1s self-adjointly realized in terms
of a Friedrich’s extension. This would allow, e.g., for confining potentials that tend
to oo as |x| —> oo.

3) Note that we are neglecting the degrees of freedom corresponding to the spin of
the nucleus and of the electron, because they do not play an interesting role in the
scattering process.

Next we couple the atom to a quantized scalar radiation field. We call the particles
described by the quantized field (scalar) photons. The pure states of the photon field are
vectors in the bosonic Fock space over the one-particle space L>(R3, dk),

F= @L?(R3",dk1 ...dky), (23)

n>0
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where L?(R3") denotes the subspace of L?(R3") consisting of all functions which are
completely symmetric under permutations of the n arguments. The variables k1, ...k,
denote the momenta of the photons.

The dispersion relation of the photons is given by w (k) = |k|, which characterizes
relativistic particles with zero mass. The free Hamiltonian of the quantized radiation
field is given by the second quantization of w (k) = |k|, denoted by dI"(|k|). Formally,

dr'(lk]) = /dk k| a*(k)a (k). (24)

where a* (k) and a (k) are the usual creation- and annihilation operators on F, satisfying
the canonical commutation relations [a®(k), a?(k))] = 0, [a(k), a* (k)] = 8k — k).
More notations for operators on Fock space that are used throughout the paper are col-
lected in Appendix A.

The total system, atom plus quantized radiation field, has the Hilbert space H =
Hatom ® F; its dynamics is generated by the Hamiltonian

Hy = Hyom +dT (Ik]) + g (#(G5) +¢(GY)), (25)

where g is a real non-negative coupling constant (the assumption g > 0 is not needed,
it just makes the notation a little bit simpler), and where

¢(Gy) = /dk (@* ()G (k) +ak) G (k). (26)

The form factors G¢ and G’ are square integrable functions of k with values in the
multiplication operators on L2(R3, dx). Clearly, G¢ describes the interaction between
the electron and the radiation field, and G’ couples the field to the nucleus. The next
hypothesis specifies our assumptions on the form factors G¢ and G”.

Hypothesis (H1). The form factors G¢ and G", have the form
GE(k) = e * i, (k) and G"(k) = e * i, (k), (27)

where k., kn belong to Schwartz space S(R3), and k. (k) = kn(k) = 0 if |k| < o,
for some o > 0.

The particular form of G¢ and G} given in (27) guarantees the translation invariance
of the system (see the discussion after (37)). The presence of an infrared cutoff o > 0
in k. and «;, is used in the proofs of many of our results; but it is not necessary for the
existence of the asymptotic field operators and for the existence of the wave operator in
Sect. 4.1. Notice that, even though our main results require the coupling constant g to be
sufficiently small, how small g has to be does not depend on the infrared cutoff ¢, in the
following sense. If we define k. (k) = k. (k) x (|k|/o) and k, (k) = k,, (k) x (|k|/0o), with
Ken € C§° (R3), and with x € C°(R) monotone increasing and such that x (s) = 0
if s < land x(s) = 1if s > 2, then Hypothesis (H1) is satisfied for every choice of
o > 0. Moreover how small g has to be is independent of the choice of the parameter o'

Assuming Hypotheses (HO) and (H1), the Hamiltonian H,, defined on the domain
H*R] xR} )® D(AI'(k[)), is essentially self-adjoint and bounded from below. This
follows from Lemma 20, which shows, using Hypothesis (H1), that the interaction
¢(G§e) + ¢(G§n) is infinitesimal with respect to the free Hamiltonian Hy = Hyiom +
dI*(|k[).
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To study the system described by the Hamiltonian H,, it is more convenient to use
coordinates describing the center of mass of the atom and the relative position of the
nucleus and the electron. We define

MyXy +MeXe

X = o X =X, — Xy . (28)
Then, the atomic Hamiltonian Hjio,m becomes
P2 p?
Hyom = i + m +V(x), (29)
where P = —iVy is the center of mass momentum of the atom, and p = —iV, is

the momentum conjugate to the relative coordinate x. Moreover, M = m, + m,, is the
total atomic mass, and m = (m ' +m; ')~! is the reduced mass. Expressed in the new
coordinates, the total Hamiltonian of the system is given by

2 2

P
Hy = St 2 V) + A0k + 8 (G, )+ $(Gy,0))

2 2
= T 5+ V) + AT + 89 (Gx.n). (30)

Here A, = m,,/M and A,, = m,/M, and we use the notation
Gx.x(k) = Gy () + Gy, (k) = e X Fo(k), 31)
with
Fy (k) = e k% e, (k) + ek e, (k). (32)

The fact that the form factors k., and «,, contain an infrared cutoff (meaning that «,, (k) =
ke(k) = 0, if |k| < o) implies that photons with very small momenta do not interact
with the atom. In other words, they decouple from the rest of the system. We denote
by x; (the subscript i stands for “interacting”) the characteristic function of the set
{k € R3 : |k| > o}. Then the operator I'(x;), whose action on the n-particle sector of
F is given by

F'X)=xi®xi®- - ® xi, (33)

defines the orthogonal projection onto states without soft bosons. The fact that soft bo-
sons do not interact with the atom implies that H, leaves the range of I'(x; ) invariant; Hg
commutes with I"(x;). Another way to isolate the soft, non-interacting, photons from the
rest of the system is as follows. We have that L?(R>) = L?(B, (0)) ® L* (B (0)°), where
B, (0) is the open ball of radius o around the origin and B, (0)¢ denotes its complement.
Hence the Fock space can be decomposed as F ~ F; ® F;, where F; is the bosonic
Fock space over L2(B, (0)¢) (describing interacting photons), and F; is the bosonic
Fock space over L?(B4(0)) (describing soft, non-interacting, photons). Accordingly,
the Hilbert space H = L*(R3,dX) ® L?(R3?, dx) ® F can be decomposed as

H>~H; ® Fs with

34
H; = L*(R?, dX) ® L*(R?, dx) ® F;. oY
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By U : H — H; ® Fy we denote the unitary map from H to H; ® F;. The action of
the Hamiltonian H, on H; ® F; is then given by

UH,U* = H; ® 1+ 1 ®dI(|k]), (35)
with
Hy = H, M, (36)

Note that in the representation of the system on the Hilbert space H; ® F;, the projection
["(xi) (projecting on states without soft bosons) is simply givenby UT' (x; ) U* = 1® Pq,
where Pg denotes the orthogonal projection onto the vacuum €2 in Fy.

One of the most important properties of the Hamiltonian H, is its invariance with
respect to translations of the whole system, atom and field. More precisely, defining the
total momentum of the system by

1= P+dl(k), (37)

we have that [ Hg, IT] = 0. Because of this property, it can be useful to rewrite the Hilbert
space H = L*(R3,dX) ® L*>(R3, dx) ® F as a direct integral over fibers with fixed
total momentum. Specifically, we define the isomorphism

T:LPRdX) Q@ LR, dx) @ F — L*>(R*,dIT; L*> (R}, dv) @ F)  (38)

as follows. For ¥ = {/"(X, x, ky, ..., kn)}n=0 € L>(R3,dX) ® L>(R3, dx) ® F, we
define
(T = (T (@ ki, k)lnzo € L2 (R, dy) @ F (39)
with
TP Gk k) = YOI = kg — - — kg x, kg ), (40)
where

YO (P, x, ki, ..., k) /dXe"'P'XW”)(x,x,k], cky) (41)

= 2m)3/2

is the Fourier transform of v ) with respect to its first variable. Because of its translation
invariance, the Hamiltonian H, leaves invariant each fiber with fixed total momentum

of the Hilbert space L*(R?, dIT; L*(R?, dx) ® F) ~ [®(L?(R?, dx) ® F)dII. More
precisely,

(T*H T)(M) = Hy (Y (IT)  with

1 — dI'(k))? (42)
% +dl(Jk]) + Hy + 8o (Fy),

H,(IT) =
where we put Hy = p?/2m + V. Recall that Fy (k) = e~ **¥, (k) + e!** ¥, (k).
Note that, for every fixed IT, the operator H (IT) is a self-adjoint operator on the fiber

space L2 (R3, dx) ® F. Our first results, stated in the next section, describe the structure
of the spectrum of the fiber-Hamiltonian H, (I1), for fixed values of IT.
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3. The Spectrum of H, (IT)

3.1. Dressed atom states. The first question arising in the analysis of the spectrum of

(IT — dI'(k))?

H,(TT) = o

+dL(Jk]) + Hat + 89 (Fx) (43)
concerns the existence of a ground state of H,(IT): we wish to know whether or not
E¢(IT) = inf 0 (Hg(IT)) is an eigenvalue of H (IT). We will answer this question affir-
matively, under the assumption that the energy E,(I1) lies below some threshold and
that the coupling constant is sufficiently small. The restriction to small energies is nec-
essary to guarantee that the center of mass of the atom does not move faster than with
the speed of light (¢ = 1 in our units), and that the atom is not ionized. The following
lemma (and its corollary) proves that an upper bound on the total energy is sufficient to
bound the momentum of the center of mass of the atom (provided the coupling constant
is sufficiently small) and to make sure that the electron is exponentially localized near
the nucleus.

Lemma 1. Assume that Hypotheses (HO) and (HI) are satisfied.
i) Define EJ' = inf 0 (Hy), and fix B > 0. Suppose & < Xg = ES"+ (M/2)p>. Then
there is g g > 0 such that

Ry SR BY: (#4)

forallg < gs g (g = 0), andforall Tl € R3. In particular ||(|P|/M)Ex (Hg)| < B.
i1) Define the ionization threshold

Eion = ngnw wiergk ((/7, Hg(l’)
with Dp = {9 € D(Hy) : x(Ix| = R)¢ = ¢}. Let ¥, € R be such that ¥ +
a?/(2m) < Zion. Then

sup [le*™ Ex (Hy ()| < o0. (45)
[MeR3

Proof. i)Fixe > Osuchthat X +¢ < Xg = Egt+ (M /2)p?. Choose x € C3°(R) such
that x(s) = 1 fors < ¥, and x(s) = 0if s > ¥ + ¢. Then we have that

(T = dI' (k)| /M) Ex (Hg (ID) || < [[(ITT — dI" (k) |/ M) x (Hg (ID) |
< I = dI'(k)|/ M) x (Ho(IT)) || + Cg, (46)

where Ho(IT) = (IT — dI'(k))?/2M + Hy + dT(|k]) is the non-interacting fiber Ham-
iltonian and where the constant C is independent of IT. To prove the last equation note
that, if ¥ denotes an almost analytic extension of x (see Appendix A in [FGS04] for a
short introduction to the Helffer-Sjostrand functional calculus), we have that

1 1
x (Hg(ID)) — x (Ho(IT)) = ;/dxdy O (2) 8P (Fx)

. @
Ho(T) — Ho(I) — 2
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and therefore

[T — dT (k)| (x (Hg(T1)) — x (Ho(ID))) ||
< Cg|l|TT — dT (k) |(Ho(TT) + i) "' || | (Fy ) (Hg (T + i)'l < Cg,  (48)

uniformly in IT. Next, since Hy > ESt = inf 0 (Hy), dT"(Jk|) > 0, and by the definition
of x, we have that

(IT — dI'(k))?

x (Ho(IT)) = Ez+g_E31 ( M

) x (Ho(ID)) .

Since ¥ +¢& — Egt < (1/2)MpB?, we conclude from (46) that

|P=O ey | <

for g sufficiently small (independently of IT).
As for part ii), we use Theorem 1 of [Gr04] and an estimate from its proof. Given
R>0and IT € R?, let

YR = inf (¢, Hyp),
oeDrlol=1 8
Yr(Il) = inf (@, Hg(ID),
9eDr . llell=1

where Dg = {9 € D(Hy) : x(Ix| < R)o =0}andDgr 1 = {9 € D(Hy(ID)) : x(|x| <
R)p = 0}. Suppose for a moment that

Sr(ID) > Zg (49)
forall IT € R? and all R € R. Then limpg_, 50 X (IT) > Xjon and hence
le*M Ex (H, (TT))|| < o0

by [Gr04, Theorem 1]. Moreover, the value of the parameter R in the proof of [Gr04,
Theorem 1], in the case of the Hamiltonian H, (IT), can be chosen independent of I1

thanks to (49). It follows that the estimate for [|e*Ex, (H, (IT)) || from that proof is also
independent of IT. It thus remains to prove (49). To this end we proceed by contradiction,
assuming that (49) is wrong. Then there exist [Ty € R3 and & > 0 such that

Xr(Ilp) = Xg —e.

Hence, we find gg € Dg. 1, € L*>(R?, dx) ® F with [¢o|| = 1 and with

(9o, Hy (TI)go) < Tg — % . (50)

Moreover, since the map IT — (¢o, Hy (IT)@o), for fixed ¢, is continuous in IT (it is
just a quadratic function in IT), there exists § > 0 such that

&
(@0, Hg(ID¢o) < Xg — 7
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for all IT with |TT—ITp| < §. Next, we choose f € L?(B;s(Iy)) (where Bs(I1p) denotes
the ball of radius 8 around ITp) with || f|| = 1, and we define ¢ € L?(R3, dIT; L>(R3,
dx) ® F) by

@(I1) = f(IDgo .

From (50), we obtain that

(9, Hgp) = /dn (o(II), Hg(IDg(IT)) < (Xg —&/4), (51

because || f|| = 1. Since ¢ € Dpg (which is clear from the construction of ¢), this
contradicts the definition of X . O

In the next proposition we prove the existence of a simple ground state for Hy (IT),
provided the energy is lower than a threshold energy ¥ and the coupling constant is
small enough.

Proposition 2. Assume Hypotheses (HO) and (H1) are satisfied. Fix 8 < 1 and choose
¥ < min(Xg, Xjon) (see Lemma 1 for the definition of g and Zion). Then, for g suffi-
ciently small (depending on B and X), E4(I1) = inf o (Hg(I1)) is a simple eigenvalue
of Hy(I1), provided that E,(I1) < X.

Remark. Since Eg(TT) < E3 +T12/2M it suffices that E&' + [12/2M < ¥ and that g is
small enough.

Proof. The proofis very similar to the proof of Theorem 4 in [FGS04]. For completeness
we repeat the main ideas, but we omit details. In order to prove the proposition, we con-
sider the modified Hamiltonian Hy,oq (defined in Sect. 4.2) given, on the fiber with fixed
total momentum IT, by

(I — dI (k))* P’
Hmoa(I) = —————— +dl'(0) + 5— + V(x) + g (Fy), (52)
2M 2m
where the dispersion law w (k) (with w(k) = |k| if |k| > o and w(k) > o/2 for all k)
is assumed to satisfy Hypothesis (H2) of Sect. 4.2. Set Ennoa(IT) = inf o (Hpeq(I1)).
Note that Hy,ogq(IT) and Hg(IT) act identically on the range of I'(x;), the orthogonal
projection onto the subspace of vectors without soft bosons.
The proof of the proposition is divided into four steps.

1) Suppose E,(IT) < X. Then, for sufficiently small g (depending on 8 and %), we
have that

inf E (T — k) + k| — Eo(TT) > 0, (53)

[k|>=e

for every ¢ > 0. This inequality follows by perturbation of the free Hamiltonian
(see Lemma 35 in [FGS04] for details).

2) Eg(IT) = Enoa(IT). Moreover, if ¥ is an eigenvector of H, (IT) (or of Hyod(IT))
corresponding to the eigenvalue E (IT), then ¢ € RanI"();). In particular, ¥ is an
eigenvector of H, (IT) corresponding to the eigenvalue E, (IT) if and only if v is an
eigenvector of Hyoq(IT) corresponding to the eigenvalue Epoq(I1) = Eg(IT).



Rayleigh Scattering at Atoms with Dynamical Nuclei 401

In order to prove these statements note that the Hamiltonians H, (IT) and Hy,oq(IT) act
on the fiber space Hp = L2(R3) RF = LZ(R3) ® Fi ® Fs, where F; is the Fock space
of the soft bosons, Fy = @,>0L? (B, (0)*"; dk; ... dk,). Thus

Hn = @ L2 (B, " dky ... dkys LR @ F) = DM

n=0 n>0
The restriction of H, (IT) to the subspace H(n") with exactly n soft bosons is given by

(Hg (DY) (k1 oo s ky) = Hu(kys oo k)W (ks oo k)
with
2

_ (M —dP (k) = 35 k)’ »
N 2m

2M

+V(x) +gp(Fr)

Hr(ky, ..., k)

+dT (k) + D 1kl +

J=1

n n

n n
=Hy (TT=D ki | + D lkjl = Eg [TT=D kj | +|D_k;
j=1 j=1

j=1 j=1
> E (T if (ki,...ky) # (0,...0). (54)

In the last inequality we used the result of part (1). This proves that

E¢(IT) = inf 0 (Hy(I1)) = inf o (Hg(ID)| 12 (r3)0.F;)
= infO—(Hmod(H)le(R%@]-‘i) > Emod(ID) . (55)
Since Hg(IT) < Hpoq(IT), we conclude that Eg(IT) = Epoq(I1). Equation (54) also
proves that eigenvectors of H,(IT) corresponding to the energy E,(I1), if they exist,
belong to the range of I'()x;). That the same is true for eigenvectors of Hpyog(I1) cor-

responding to the energy E,(IT) follows from an inequality for Hpoq(IT) analogous
to (54).

3) If E,(IT) < X, and for g sufficiently small (depending on 8 and X) we have that

A(ITD) = inf Eg(IT — k) + (k) — Eg(IT) > 0. (56)

For |k| > o /4, this follows from part (1) (because w(k) > |k|), while for k| < o /4,
this inequality follows from E¢(IT — k) + w(k) — Eg(IT) = E,(IT — k) + |k| — E(TT) +
(w(k) — |k]) = o/4, by (53) and by construction of w (see Sect. 4.2).

4)
inf Oess (Hmod (1)) = min (E (I) + A(IT), Bmoa(ID)) , (57)

where X,04(IT) is defined like Xjon with H, replaced by Hpod(IT). (Recall from 2)
that Emoq(IT) = E,(IT)).
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The proof of part 4) is very similar to the proof of Lemma 36 in [FGS04] with a small
modification at the beginning. We first need to localize with respect to the relative coor-
dinate x. That is, we choose Jy, Joo € C°°(]R3, [0, 1]) with Jo(x) = 1 for |x] < 1,
Jo(x) = 0 for |x| > 2 and J§ + J2 = 1. Let J; g(x) = J;(x/R). Then

Hinoa(I) = Jo. g Himod (T Jo,& + Joo, R Hinoa () Joo g + O (R™?) (58)
as R — o00. As in [FGS04], one shows that
Jo.r Hmoa (I Jo.g > J§ g(E¢(TD) + A(TD) + K
with K relatively compact w.r.t. Hpoq(IT), while
Joo,R Hinod (M) Joo, & = J2 g Zion(IT) + 0(1)

as R — oo follows from the definition of X,04(IT). Part 4) follows from these estimates
applied to the r.h.s. of (58).

Along with 1) and 2), and since X04(I1) > Xjon for every IT (see (49) and its proof),
this proves that E,4(IT) is an eigenvalue of Hg(IT), provided that E¢(IT) < X and g
is sufficiently small (depending on X). The proof of the fact that E¢(IT) is a simple
eigenvalue is given in Corollary 6, below. O

From now on, for fixed 8 < 1 and I such that £,(I1) < £ < min(Xg, Zion), We
denote by Yy the unique (up to a phase) normalized ground state vector of H, (IT). The
vector Yy is called a dressed atom state with fixed total momentum IT. The space of
dressed atom wave packets, Hgas C H, is defined by

THaw = {w € L2(11: Eo(I) < T} L2®,d0) @ F) : (1D € (ym)}.

where (Yq7) is the one-dimensional space spanned by the vector ¥r1; Hgas 1s a closed
linear subspace left invariant by the Hamiltonian Hy. In fact, H, commutes with the
orthogonal projection Py,s, onto Has. This follows from (T Py T*@) (T1) = Py (IT).

3.2. The Fermi Golden Rule. From Hypothesis (HO), and from standard results in the
theory of Schrodinger operators (see [RS78]), it follows that the spectrum of

2

p
Hy=—+V

at m

in the negative half-axis (—o0, 0) is discrete. We denote the negative eigenvalues of Hy
by E' < E{' <--- < 0. The eigenvalues E4' can accumulate at zero only. If Hy; has no
eigenvalues (a possibility which is not excluded by our assumptions), then our results
(which only concern states of the system for which the electron is bound to the nucleus)
are trivial. We denote the (finite) multiplicity of the eigenvalue E?t by m . For fixed
Jj =0, wedenote by ¢; o, =1,...mj, an orthonormal basis of the eigenspace of Hy
corresponding to the eigenvalue E?‘. By Hypothesis (HO), the lowest eigenvalue, Ef',
of Hy is simple (mo = 1, see Remark (1) after Hypothesis (HO)). The unique (up to a
phase) ground state vector of Hy is denoted by ¢g.
For every fixed I1, the free Hamiltonian,

M — dr'(k))?2
Hy(IT) = % +dU(Jk]) + Hy (59)
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=M 5

E 0(H)

Fig. 1. Eigenvalues of the free Hamiltonian H(IT) (the dashed curve represents inf o (Hy(IT)))

has eigenvalues
: 2
E;(II) = E;?t+ I1</2m

with multiplicity m ; corresponding to the eigenvectors ¥/; = ¢; o ® 2 (where Q € F
denotes the Fock vacuum), for every j > 0. For |I1|/M < 1, Eo(I1) = inf o (Hp(I1)),
while all other eigenvalues E;(IT), j > 1, are embedded in the continuous spectrum
(see Fig. 1). For |T1|/M > 1, all eigenvalues of Hy(IT) are embedded in the continuous
spectrum, and the Hamiltonian Hy(IT) does not have a ground state. We restrict our
attention to the physically more interesting case |I1|/M < 1; (this will be ensured by
the condition that the total energy of the system is less than £p— = E§' + (1/2)M
and that the coupling constant g is sufficiently small). One then expects the embedded
eigenvalues E;(IT), j > 1, to dissolve and to turn into resonances when the perturbation
¢ (Fy) is switched on. We prove that this is indeed the case, provided the lifetime of the
resonances, as predicted by Fermi’s Golden Rule in second order perturbation theory, is
finite.
For giveni, j > 0and k € R3, we define the m; x m j matrix

(Aij (k))a,oz’ = ((pi,oc , Fx (k)(pj,oz’)- (60)

For given j > 0, we then define the resonance matrix by setting

1 — k)2 2
r;(I0) = Z /dkAjf,.(k)Aj,»(k)a (%Hkl — m+E§“— Ej!‘), (61)

iii<j
where 6(.) denotes the Dirac delta-function. Note that I'; (IT) is an m; x m; matrix.
According to second order perturbation theory (Fermi’s Golden Rule), the m; eigen-
values of I';(IT) are inverses of the lifetimes of the resonances bifurcating from the
unperturbed eigenvalue E;(I1) = E ?‘ +T1%2/2M. We put

y; (M) = inf o (T";(T1)). (62)

Instability of the eigenvalue E;(IT) is equivalent, in second order perturbation theory,
to the statement that y; (IT) > 0.
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Hypothesis (H2). For fixed B < 1 and ¥ < min(Zg, Zjon), we assume that

inf{yj(l'l):H€R3,jzlandEj(l'I)<E}>0. (63)

3.3. The positive commutator. In order to prove the absence of embedded eigenvalues
we use the technique of positive commutators. We prove the positivity of the commutator
between the Hamiltonian H, (IT) and a suitable conjugate operator A. Then the absence
of eigenvalues follows with the help of a virial theorem. We make use of ideas from
[BFSS99], adapting them to our problem.

For fixed j > 1, we construct a suitable conjugate operator A, and, in Proposition 3,
we prove the positivity of the commutator [H, (IT), i A] when restricted to an energy
interval A containing the unperturbed eigenvalue E;(IT) but no other eigenvalues of
Hy(IT). In Proposition 4, we then establish a commutator estimate on an energy interval
around the ground state energy Eq(IT) of Hy(IT).

For fixed j > 1 we define

Pi=>19ja)@jal ® Pa.  Po=Q)(Ql. (64)

By definition, P; is the orthogonal projection onto the eigenspace of Hy(IT) correspond-
ing to the eigenvalue E;(I1) = 1% /2M + Ej?t. Our conjugate operator is a symmetric
(but not self-adjoint!) operator given by

A=dl(a)+iD, (65)
where
I /4 A P 4 .
a:z(k~y+y~k), with k—m,y—lvk, (66)
and
D = gOPja(F\)R*P; — g0 P jR2a*(F,)P;. (67)

In (67), we introduced the notation P j =1— Pj and we used
2 2, 2\7!
R = ((HO(I'I) — Ej(ID)’+e ) . (68)

Note that 8R§ — §(Ho(IT) — E;(IT)) strongly, as ¢ — 0. The real parameters 6 and ¢
will be fixed later on.
By a formal computation, the commutator H (IT)i A — i AH, (I1) is given by

[Hy(IT),iAl = N -dU (k) — g¢p(iaFy) — [He(IT), D].  (69)

(IT —dI"(k))
M
This expression is our definition of the operator [ Hg(IT), i A]. In the proof of Proposi-
tion 3 we will see that (¢, [Hg (IT), i A]g) defines a quadratic form that is bounded from
below (but possibly +00) on vectors from the spectral subspaces RanEa (H, (IT)) of
Proposition 3. On even smaller subspaces a rigorous connection between [ H, (IT), i A]
and A will be established in the proof of the Virial Theorem, Proposition 5.
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Proposition 3. We assume that Hypotheses (HO)—(H2) are satisfied. We fix B < 1 and
choose & < min(Xg, Zjpn); (see Lemma 1 for the definition of ¥ g and ¥;,,). Moreover,
we suppose that the interval A C (—oo, X) is such that E ;(IT) € A and

d :=dist (A, opp(Hy(I)\{E;(ID)}) > 0. (70)

Then, for g > 0 sufficiently small (depending on B, ¥ and the distance d), one can
choose ¢ and 6 such that

EA(Hy(ID)[Hg(IT), i A]EA(Hg(IT)) = CEA(Hg(ID)), (71)
with a positive constant C.
Remarks.

1) The choice of the parameter &, 6 and of the constant C depends on the value of g.
We can choose, for example,

00 ex~0(" C=0(g"™ ™,

forO0 <k <a < 1.

2) How small g has to be chosen depends on the values of 8, on y;(Il), and on
the distance d in (70). We must have that g < (1 — B8), y;(IT) > g% 7%, and
)/j(l"[)d2 > max (g%, g!~*) (for an arbitrary choice of k, @ with0 < k < & < 1).
Moreover, g has to be sufficiently small, in order for Eq. (44) to hold true (and thus
g depends on the choice of the threshold X).

3) In this proposition, we do not need the infrared cutoff in the interaction (i.e., we
can choose 0 = (). However, the infrared cutoff is needed in the proof of Propo-
sition 5 (the Virial Theorem), and hence in the proof of the absence of embedded
eigenvalues.

Proof. Using Eq. (44), it is easy to check that, for A as above,

E(Hy(IT) (N ) -draé)) En(H, ()
> (1= BYEA(Hg(T)(1 — Po)Ea(Hy(T)) (72)
Thus, defining
B =(1—B)(1 — Po) — gp(iaF,) — [Hy(D), DI, 3)

we conclude that
EA(Hg(TD)[Hg (I1), i AJEA (Hg (I1)) > Ea(Hg(I1)) BEA (Hg (T1)), (74)

and it is enough to prove the positivity of the r.h.s. of the last equation to complete the
proof. The advantage of working with B, instead of the commutator [ H, (IT), i A], is that
B is bounded with respect to the Hamiltonian H, (IT) while [H,(IT), i A] is not (since
the number operator N is not bounded with respect to Hg (IT)). In order to prove that

Ex(Hy(TD)BEA(Hg(IT)) = CEA(H(IT)), (75)
we first establish the inequality
EA(Ho(IT)) BEA (Ho(I1)) = CEA(Ho(IT)). (76)
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To this end we may assume that

1 _
Ao :=inf o (EA(Ho(I1)) BE A (Ho(ID)|RanEa (Ho(1T))) < Tﬂ (77)

for otherwise (76) holds with C = (1 — $)/2. This assumption will allow us to apply
the Feshbach map with projection P; to the operator Ea (Ho(IT)) BEa (Ho(IT)) — Ao.

Indeed, this operator restricted to Ran P j is invertible for small g and g%0e~2 asis shown
in Step 1. Step 1 through Step 5 prepare the proof of (76).

Step 1. There exists a constant C > 0, independent of IT and g, such that

_ _ 20\ \ —
P;EA(Hy(ID)BEA(Ho(ID)P; > (1 -B-C (g + i_z)) P;EA(Ho(IT)). (78)

In fact,
PEA(Ho(ID)BEA(Ho(ID) P
> (1 = B)P;EA(Ho(I))(1 — Po) Ea(Ho(T)) P

+g P Ex(Ho(ID)¢ (iaF) Ex(Ho(ID) P

— &%0P j Ea(Ho(T))a* (Fy) Pja(F) RZEA(Ho(T) P,

— 80P Ex(Ho(TD) Ria*(Fy) Pja(Fy) EA(Ho(TD)P . (79)
Applying Lemma 21 of Appendix B to bound ¢ (ia F.), using that ngj EA(Ho(IT)) =
0 (by the choice of the interval A), and that || Rg | < &2, inequality (78) follows easily.
Step 2. We define

- —1
E = PjBPj — PjBPjEA(HO(H)) ((B - AO)'RanﬁjEA(Ho(H)))
x Ea(Ho(ID)P; BP; (80)

where A¢ is defined in (77) (note that, by (77) and by the result of Step 1, the inverse on
the r.h.s. of (80) is well defined, if g and g6 /&> are small enough). Then we have

Ao > info (5|RanP_,-)~ (81)

The proof of (81) relies on the isospectrality of the Feshbach map and can be found,
for example, in [BFSS99]. This inequality says that, instead of finding a bound on the
operator B restricted to the range of Ea (Hy(I1)), we can study the operator & restricted
to the much smaller range of the projection P; (which is finite-dimensional).
Using the assumption (77) and Eq. (78), we see that, if g and g6 /¢ are sufficiently
small,
1-p
(B = 20)[Ran E (Ho(TT)) = - (82)

(Later, when we will choose the parameter 6 and e, we will make sure that g6 /2 is

small enough, if g is small enough). This implies that the operator £ is bounded from
below by

4 _ _
€ 2 PjBP; = 7— P;BP Ea(Ho(T)P;BP;. (83)

Next, we study the second term on the r.h.s. of inequality (83).



Rayleigh Scattering at Atoms with Dynamical Nuclei 407

Step 3. There exists a constant C > 0 independent of g, € and ¢ such that

42
_ _ 0
P;BP;EA(Ho(T))P,;BP; < Cg’Pj+C (g292 +g—2) Pja(Fy)Ra*(Fy)P;. (84)
&

In order to prove this bound, we note that, for any ¢ € H,
(. PjBP ;Ex(Ho(TD)P;BP;Y) = | Ea(Ho(T) P;BPy | (85)
Furthermore

P;BP; = —gP;¢(iaF,)P; — P [H, (1) — E;(I1), D]P;
—gP¢(iaFy)P; + gl P, (Hy(Il) — E;(T1))P; R2a*(Fy) P}, (86)

because
P;(Hy(IT) — E;(IT)) Pj = Pj(Ho(IT) — E;(IT)) Pj + g Pj¢p(F) P; = 0.
Hence we find that

EA(Ho(TD)PjBP;r = —gEA(Ho(ID)P j¢(iaFy) P;r
+ 80P ; Ea(Ho(T)(Ho(T1) — E;(T1)) RZa* (Fy) P;
+ 820 P E(Ho(TD)¢(Fy) P R2a* (Fy) Pj . (87)

Using Lemma 21 and the bound || (Ho(IT) — E;(IT))R¢|| < 1, we conclude that

|Ea(Ho(T)P BP;w|| = Cal Pyl +C (86 +8%0/¢) | Rea™ (F) Pyl (88)
Taking the square of this inequality, we obtain (84).
Step 4. We show that
PjBP; = 2g*0 P;a(Fy)R2a*(F,)P; . (89)
Using that P;(1 — Po)P; =0and P;j¢(iaG,)P; = 0, we easily find that
PjBP; = g0 P;H(TI)P; R2a*(Fy) Pj + g0 Pja(F)R*P ;Hy(THP; . (90)
Writing Hy(IT) = Ho(IT) + g¢(FY), using that P; commutes with Ho(IT), and that
Pja*(Fy) = a(Fy)P; = 0 we find
PjBP; = g0 P;a(F,)PjR2a*(Fy)Pj + g0 Pja(F)R*P ja*(Fy)P; . 1)

Equation (89) now follows writing Fj = 1 — P; and using that Pja(Fy)P; =
Pja*(Fx)P; = 0.
From Step 3 and Step 4 and from (83) we get

452
0
E> (2g29 -C (g292 + gg—z)) Pja(Fy)R2a*(Fy)P; — Cg* P, 92)

for a constant C independent of g, 6 and €.
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Step 5. Next, we claim that

Vj( )

Pja(F)Ra*(Fo)Pj = “——(1 +0:(1) P} , 93)

where 0.(1) — 0,as ¢ — 0.

In order to prove (93), we use the pull-through formula for a(q)Rg and the fact that
a(q)P; = 0. This yields

Pja(Fy)R2a*(Fy) P;

= / dgdq’ P Fy(q)a(q) R Fi(q)a*(q) P

(Tl =g —dT (k)2 2
:/dqdq/PjFx(Q)((( 1 ®) +|q|+dF(|k|)+Hat—Ej(H)) +82)

-1

oM
xFy(¢")a(q)a*(q") P;
(Tl =g —dT (k)2 2 -
=/dq PjFx(CI)((( q2M &) +|4|+dF(|k|)+Hat—Ej(H)) +82)
x Fy(q)Pj. (94)

Next, we write Pj = P{' ® Pq, where P = S 1dj.a)(d)al is the orthogonal pro-
jection onto the eigenspace of Hy; corresponding to the eigenvalue E?‘. Then we obtain
that

Pja(Fy) R a* (Fy)P;

2 —1
. (1 — )2 H2
=[/quf‘Fx(q)((z—Mqul—W+Hat—E§‘ +&?

xe(q)P;“} ® Pq. 95)

All operators involved in the expression on the r.h.s. of (95) act trivially on the Fock
space, and we get the lower bound

2 -1
— [ (T —q)? In?
/ qu;tFx(Cl)((Z—MqHW—W“'Hat_E? vet ) o))

(IT ‘])2 n? : g 2 -
> Z/dq Pi'F, (q)Pat(( +1q| — m+1L1m—E;‘) +e )

m<]
x P Fo(q) P

2 —1
— C]) HZ at at 2
ZZ/ (( +lgl= S+ En - Ef) +e
m<j a,o’

< (A @A @), 100 96)
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Using that e(x? + ¢2)™! = §(x) + 0.(1), as ¢ — 0, and recalling the definition of the

matrix I'; (IT), we find that

(¥, Pja(Fy)R2a*(Fy) Pjyr)

%

1
2 L+ o (D)W, BT (TN Py

i (I
> @(1*'08(1))”}’]'1}0”2' 7
This proves Eq. (93).

Proof of Eq. (76). From (92) and (93), we derive that

(T1 492
E> (M (2g29 -C (g292 + g—z)) (1+0,(1) — ng) P;. (98)
& £ ’
Choosing ¢ = g¥ and 0 = g, with0 < x < o < 1, we get
€=y (Mg* Py, (99)

for g sufficiently small. Note that, with this choice of € and 6, g20 /¢ = g2* 2% « 1,
and thus (82) is satisfied, if g is small enough. From (77) and (81) we then get that

Ex(Ho(TD) BEA(Ho(I1)) = y;(I1)g** = Ea (Ho(IT)) (100)
which proves (76).

Proof of Eq. (75). To prove (75), and hence complete the proof of the proposition, we
must replace Ea (Ho(IT)) by the spectral projection Ea (H, (IT)) of the full Hamiltonian
Hg (D).

Given an interval A C (—o0, X) with E; € A and

dist (A, app(Ho(H))\{Ej}) > 0, (101)
we choose an interval A C (—00, X) such that A C Z, and
dist (A, opp (Ho(TH)\{E;}) > 0 (102)

and with § = dist(A, ZC) > 0. Furthermore, we choose a function x € C*®(R) with
the property that x = 1 on A and x = 0 on A®. We can assume that |x'(s)| < cs L
Applying (100) with A replaced by A, and multiplying the resulting inequality with
% (Ho(TD) we get

X (Ho(TD) Bx (Ho(TD)) > y;(TDg**~* x* (Ho(T1)) . (103)
Setting x := x (H,(I1)) and xo := x (Ho(IT)), we have that
XBx = xoBxo+ (X — xo)Bxo+ xoB(x — xo) + (x — x0)B(x — x0). (104)
Using
(X = x0)Bxo+ xoB(x — x0) = —(1/2)xoBxo — 2(x — x0)|Bl(x — xo)  (105)
we find that

xBx = 1/2x0Bx0 — 3(x — x0)|BI(x — x0)- (1006)
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Next we use that

1
—o [ dzo:7 : .
g/ S @y m = e <

(107)

From the definition of B it follows that
I(Ho(T) — z1) ! [BI(Hg(I) —2) 7' || < C(1+g07%) = C(1 4+,
with the choice ¢ = g%, 8 = g“. This implies that
W O = 01 BIGC= x09) = € (82477 w1, (108)
where the constant C depends on § (C is proportional to §~2). Thus, with (106),
XBX 2 (1/2)yJ(H)g2+K—0[X§ _ C(gZ +g3+K—2a)
= (1/2)y;(Ig* ™y % — C(g% + ™72, (109)

Since 0 < k < a < 1, we have g2**=% > g2 and g?*~% >» ¢3**~2_ Therefore,
multiplying from the left and the right with EA (H, (1)), and choosing g small enough,
we find that

En(Hg(ID)BEA(Hy (I1)) = CEA(Hg(I)), (110)
for some positive constant C, which, with (74), completes the proof of the proposition.
O

Proposition 3 and Proposition 5, below, prove absence of embedded eigenvalues of
H,(IT) on (—o0, X) with the exception of a small interval around the ground state
energy, inf o (Ho(IT)). Absence of embedded eigenvalues near the ground state energy
follows from our next proposition.

Recall from (66) the notation

a=g (k-yey-k).

with k = k /|k|, ¥y = i V. A formal calculation shows that

. IT —dI'(k) ~ .
[He(T). idT(@)] = N — —— - dI'(k) ~ g (iaF). (111)

This expression is our definition of the operator [H, (1), idI"(a)]. The remarks after
(69) apply equally to the connection between [H, (1), idI'(a)] and dI'(a).

Proposition 4. Assume Hypotheses (H0O)—(HI). Fix B < 1, and choose ¥ < min(Xg,
Xion), with ¥g = Eg’ + (M/Z),Bz. Suppose the interval A C (—oo, X) is such that

A C (=00, E{(T)) and d = dist (A, E{(I1)) > 0. (112)

(Recall that E(IT) denotes the first excited eigenvalue of the free Hamiltonian Hy(I1)).
Then, if g > 0 is sufficiently small (depending on B, ¥ and d), there exists C > 0 such
that

Ex(Hg(TD)[H, (D), idI (@)1 Ea (Hg (1))
> (1 = B)Ea(Hg(I) (1 = Pyyen) Ea(Hg(T) — CgEa(Hg(TD).  (113)
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Proof. By definition of [ H, (IT), idI"(a)],

EA(Hg(IT))[Hg(IT), idI" (a) | Ea (Hg (I1))
> (1 = BYEA(Hg(IT))N Ea(Hg (T1))
—8EA(Hg(ID)p(iaFy) EA(Hg(I1))
> (1 =B = CQEA(Hy(ID) — (1 — BYEA(Hy(I1) PR EA(H (IT)).  (114)
Here we use that, by Hypothesis (H1), || Ea (Hg (IT))|IT —dI'(k)|/M|| < B, and that, by
Lemma 21, ||¢(iaFx) Ea(Hg(ID)]| < C.
Next, we note that
EA(Hy(I)) PoEx(Hg (1)) = EA(Hg(I) (x (Hy = E§) ® Pq) Ea(Hg(I1))
+EA(Hg(TD) (x (Ha = ETY) ® Pq) Ea(Hg(T))
= Ea(Hg(ID) Py Ea(Hg (IT))

+ EA(Hg(TD) x (Ho(IT) > E(I1)) Ea(Hg(ID)),  (115)
where ¢ is the unique (up to a phase) ground state vector of the atomic Hamiltonian
Hy, (the fact that the ground state vector of Hy, is unique follows from Hypothesis (HO),
see Remark (1) after Hypothesis (HO)). Next we choose a function x € C*°(R) with
x(s) =0fors < E{(I1) —d and x (s) = 1 for s > E;(IT). Equation (115) then implies
that

EA(Hg(IT)) Po EA(Hg(IT))
< EA(Hg(ID) Pyyoo EA(Hg(I1)) + EA(Hg(IT)) x (Ho(I1)) EA (Hg(I1)).  (116)

Note that

~ 1 1
X (Ho(I) — x (H () =/dz32X(Z) (HO(H) — T _Z)
8
~ 1 1
= Cg/dzazx(z) w17

Since, by definition of the interval A, x (Hg(IT)) EA (H,(IT)) = 0, we find that
EA(Hg(ID) x (Ho(I1) EA (Hg (IT)) = EA(Hg(I1))

x (x (Hg(TD)) — x (Ho(T0))) Ea(Hg(IT))
< CgEA(Hy(ID)). (118)

With (114) and (116), this shows that
Ea(Hg(IT))[Hg(IT), idI" (a) ] Ea (Hg (1))
> (1= B)EA(Hy () (1 — Pypa) Ea(Hg(I)) — CgEA(Hg(TD).  (119)
O

Proposition 5 (Virial Theorem). Let Hypotheses (HO)—(H1) be satisfied, and assume
that Hy(IT)p = E¢, for some ¢ € L2(R3) ® F with T'(xi)¢ = ¢, and for an energy
E < Xion. Then

(@, [Hg(TD), i Alp) =0, and (@, [Hg(I1), idI"(a)lp) =0,
where [Hy(I1), i A] and [Hy(I1), idI"(a)] are defined by (69) and (111), respectively.
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Proof. We choose w € C®(R3?) with w(k) = k|, if |k| > o, w(k) > o /2 for all k, and
we define

1
amod = 7AT (Vo k) -y +y - Vo k).
As in (111) and (69), the commutators [ Hyod(IT), idT (amod)] and [ Hmoed (IT), i Amod]
are defined in terms of symmetric operators

. o, O —dI'(k) .
[Himod(IT), idl" (amod)] := dI'(|Vo|”) — T -dI'(Vw) — g¢ (iamod Fx),

[Hmod(n)a iAmod] = [Hmod(H)a idr(amod)] - [Hmod(n)» D].

Since w(k) = |k| for |k| > o, these operators coincide with [H,(IT), idI'(a)] and
[H (IT), i A] on states without soft bosons, that is, on the range of the projection I' (x;).
Therefore it is enough to prove that

(¢, [Hmod (I1), idT (amod)1¢) = 0 (120)

and

(@, [Hmod(IT), i Amodle) = 0. (121)
This is done in the same way as in the proof of Lemma 40 in [FGS04]. O

Corollary 6. Assume Hypotheses (H0)—(H2). Fix B < 1 and choose ¥ < min(Xg,
Xion), with Xg and Zj,, as in Lemma 1. Then, for sufficiently small values of g > 0,

opp(Hg (I1)) N (=00, X) = {Eg(ID)}, (122)
where E4(I1) is a simple eigenvalue, for all I1 with E¢(IT) < X.

Remark. How small g has to be chosen depends on the choice of 8 (g <« 1 — ), on the
choice of ¥ (we need (44) to hold true), on y; (IT) (g K inf{y;(I1) : j > 1, Eg(IT) <
2}), and it also depends on the distances between the eigenvalues of the atomic Hamil-
tonian (we must require that g'/? « min{|E%,} — E%| : 0 < j < n}, where n is such
that E¥ < ¥ < E* ).

n+l

Proof. We first prove that if g is sufficiently small, then
opp (Hg(THRanl (x;)) N (=00, T) = {E ()}, (123)

and that E(IT) is a simple eigenvalue of H,(IT)[RanI"(x;).
To this end, we define Ag = (—oo, (E1(IT) + Eo(I1))/2). We define intervals

Ai— ((Ej(l'l)+2E,-1(H)) (Ej(n)+Ej+1(H)))
I 3 ’ 2 ’

for j = 1,...n, where n is such that £, (IT1) < ¥ < E, (IT). Each interval A; con-
tains exactly one eigenvalue of the free Hamiltonian H(IT), and (—o0, £) C U;fzoA j
The absence of eigenvalues of Hg(IT)[RanI'(x;) inside A, for j > 1 and for g suffi-
ciently small, follows from Propositions 3 and 5. Next, suppose that i is a normalized
eigenvector of H, (IT) corresponding to an eigenvalue E € Ag. Without loss of gener-
ality, we can assume that (1, o ® 2) is real; recall that ¢ is the unique (up to a phase)
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normalized ground state vector of Hy = p?/2m + V (x). Then, by Proposition 4 and
Proposition 5, we have that

0= (1= AW, (1 = Puse)¥) = Cg = (1= B) (1 - (¥, 90 © ) = Cg

1 —
= (-p (- wee)-Ce=Lly-woal-cs 124
Hence
2C
W -l =2 (125)

If there were two orthogonal eigenvectors of Hy (IT) [RanTl"(x;), ¥ and v, correspond-
ing to eigenvalues in Ag then both would satisfy inequality (125), and, thus, we would
conclude that
2
Wi - vall <2, 225 (126)
-p

But this is impossible if g < (1 — B)/4C. So, for g small enough, there can only be
one eigenvector of H g(l'I)[RanF (x;) corresponding to an eigenvalue in Ag. In Propo-
sition 2, we have proven that H, (1) [Ranl"(x;) has a ground state vector. This proves
the fact that E4(IT) is a simple eigenvalue of H, (IT)[RanI'(x;) as well as the fact that
H, (IT)[RanT"(x;) has no other eigenvalue in Ag. Hence (123) follows. To complete the
proof of the corollary, we need to show that

O (Hg(H)[(RanF(Xi))J‘) —g. (127)

To this end, we decompose F >~ F; @ F; =~ EB,,Z()L?(BJ ©)y*", dk; ...dk,; F;), and
we write L2(R?, dx) ® F ~ @,>0H,, where
Hy = L2(By (0", dky .. .ky: L*(R?, dx) ® F)

is the space of vectors containing exactly n soft, non-interacting, bosons. The Hamiltonian
leaves each H,, invariant, and the restriction of H, (IT) on H, is given by

(He(I)[Hp W) ki, .. kn) = Huky, ... k)Y (ka, .o k)

n
128
Hl'[(kl,--~7k11)=Hg(H_kl_"'_kn)"'E k|- (128)
j=1

Here Hy(IT — ki — - - - — ky) is an operator over L?(R3,dx) ® F;, the space of states
with no soft bosons. We know that the only eigenvalue of Hy(IT — k; — --- — k) in
(—00, X) is its ground state energy Eg(IT—k; —---—k,) aslongas Eg(IT—k; —---—
k,) < Z. In particular the only eigenvalue of Hy(ky, ..., k,) in (—oo, X) is given by
Eg(IT—ky —...ky)+|ky|+---+]k,|if this number is less than X. Thus E € (—o0, X) is
an eigenvalue of H, (IT) ['H,, if and only if there exists a set M C B, (0)*"with positive
measure, such that

E=E,(Il —ky — - —kp) + k1| +- -+ |ky| (129)
for all (ky, ..., k,) € M. But this is impossible because, by (44) and § < 1,

IVE,(ID| = (Yn, (TT —dI'(k))/Mym)| < 1
for every IT with E4(I1) < ¥ and g small enough. O
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4. Scattering Theory

The proofs of most of the results in this section are similar to those of the corresponding
results in [FGS04]. In order to give an idea of the structure of the proof of our main result
(asymptotic completeness, Theorem 9), we repeat here the most important theorems, but
we omit most of their proofs (we refer to the corresponding statements in [FGS04]). The
main difference with respect to [FGS04] is encountered in the proof of the positivity
of the asymptotic observable in Sect. 4.4: there, we propose some new ideas to control
the internal degrees of freedom of the atom (which are not present in [FGS04], because
there we considered free electrons coupled to the quantized radiation field).

4.1. The wave operator. The first step towards understanding scattering theory for the
model studied in this paper consists in the construction of states with asymptotically
free photons. This can be accomplished using asymptotic field operators, which are
constructed in the next theorem. Note that in Theorems 7 and 8 we do not impose any
infrared cutoff on the interaction; we can take o = 0, provided the form factor « (k) is
smooth at k = 0. We use the notation L2 (R3) = L2(R3, (1 + 1/|k[)dk).

Theorem 7 (Existence of asymptotic field operators). Assume Hypotheses (HO)—(HI)
are satisfied (but o = 0 is allowed!). Fix B < 1 and choose £ < min(Zg, Zjon) (with
Yg asin Lemma 1). If g > 0 is so small that (44) is true, then the following results hold.

i) Leth e L2(R?) and let h, (k) = e """ h(k). Then the limit
ai(hye = lim ee'at(hye Mty

exists for all ¢ € RanEx (Hy).
ii) Leth, g e L2 (R>). Then

[as(g), ai(W)] = (g, h) and [di(g),al(h)] =0,

in the sense of quadratic forms on RanEx (H,) (a®(h) means either a* (h) or a(h)).
iii) Leth € Li(]R3), and let M := sup{|k| : h(k) # 0} and m := inf{|k| : h(k) # 0}.
Then
ai(hRany (H, < E) C Ranx(H, < E+ M),
ay(h)Rany (Hy < E) C Rany(Hy < E —m),
ifE < X.
iv) Let h; € LZ)(RS) fori =1,...n. Put M; = sup{lk| : h;(k) # O} and assume

¢ € RanEj (Hy). Then if)ﬁz:'zl M; < ¥ we have that ¢ € D(aﬁ(hl) ... ai(h,,)),
the limits

ai(h) ... ai (e = Tim eMat(hyy) ... a* (hy)e™ sl
exist, and

lab(hy) ... (hy)(Hy + )2 < Cllhill - - - 1nllo-
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v) Ifp € Ex(Hg)Hiqs and h € Lz)(R?’),
ai(h)p =0.
(Wave packets of dressed atom states are vacua of the asymptotic field operators.)

The proof of this theorem is very similar to the one of Theorem 13 and Lemma 14
in [FGS04]. It relies on a propagation estimate for the center of mass of the atom (see
Proposition 12 in [FGS04]), which guarantees that if the energy is smaller than Xg,
then the asymptotic velocity of the atom is bounded above by S (here 8 < 1), and it
exploits the fact that, because the energy is below the ionization threshold, the electron
is exponentially bound to the nucleus. These two facts and the fact that the propagation
speed of photons is the speed of light are sufficient to prove that the interaction between
the atom and asymptotically freely propagating photons tends to zero, as t — oo.

The existence of asymptotic field operators allows us to introduce the wave operator
2, of the system. In order to define €2, we add a new copy of the Fock space F describing
states of free photons to the physical Hilbert space H = L>(R3,dX)® L*(R3, dx) ® F.
We define the extended Hamiltonian

Hy = H, ® 1 +1®dT([k|) (130)

on the extended Hilbert space H = H ® F. In the next theorem, we establish the exis-
tence of the wave operator €24 as an isometry from a subspace of H to a subspace of the
physical Hilbert space H. The “scattering identification map”, /, used in the definition
of the wave operator €2, is defined in Appendix A.6.

Theorem 8 (Existence of the wave operator). Let Hypotheses (HO)—(HI) be satisfied
(but 0 = 0 is allowed). Fix B < 1, and choose ¥ < min(Zg, Zjn) (With Lg, Zion
defined as in Lemma 1). Then if g > 0 is small enough (depending on B and X) the limit

Qg = lim ¢! 1e7 8! (Pyys @ 1)g (131)

exists for an arbitrary vector ¢ in the dense subspace of RanE'x, (H) spanned by finite lin-
ear combinations of vectors of the formy ® a*(hy) ...a*(h,)Q, where y = E; (Hy)y,
hi € LE(R3), andwith A+ ; sup{|k| : hi (k) # 0} < Z.Ifp = y®a*(hy) ...a* (hy)
belongs to this space then

Qe :ai(hl)n-ai(hn)Pdasy- (132)

Furthermore ||Q2:|| = 1, and Q2+ has therefore a unique extension, also denoted by Q.,
to Ex (Hg)H. On (Pgas ® 1)Ex (Hg)H, the operator Qy is isometric. For allt € R,

E_ngtQ+ — Q+e—ngl.

For the proof of this theorem we refer to the proof of Theorem 15 in [FGS04], which
is almost identical. From Eq. (132) we see that vectors in the range of 2, are limits
of linear combination of vectors describing the wave packet of dressed atom states and
configurations of finitely many asymptotically freely moving photons. Physically, it is
expected that the asymptotic evolution of every state with an energy below the ionization
threshold of the atom (that is ¥ < Xjo,) and so small that the atom does not propagate
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with a velocity larger than one (i.e., ¥ < Xg—1) can be approximated by linear combi-
nations of vectors describing a dressed atom state and a configuration of finitely many
freely propagating photons. More precisely, one expects that

RanQ2, D RanEx (H,), if X <min(Zp=1, Zion)-

This statement is called asymptotic completeness of Rayleigh scattering. Due to technical
difficulties, we can only prove asymptotic completeness for states with energy less than
a threshold energy ¥ < min(Xg—1/3, Xexp) and assuming that the coupling constant g
is small enough. The following theorem is our main result.

Theorem 9 (Asymptotic Completeness). Assume that Hypotheses (HO)—(H2) are sat-
isfied (see Eqgs. (27), and (63)). Fix B < 1/3, and choose ¥ < min(Xg, Zjo,) (with Xg
and Zjon as in Lemma 1). Then, for g > 0 sufficiently small,

RanQ2, D Ex(Hg)H.

Remark. The allowed range of values of g depends on the value of (1/3 — §); (we need
that g <« 1/3 — B), on the choice of X (g must be small enough in order for Eq. (44)
to hold true), on the value of o = inf{y;(IT) : j > 1, E,(I) < ¥} (g < «), and on
§ = min{|EY,, — E%|: 0 < j < n}, with n such that E} < £ < EJ\, (g'? « 8). As
remarked in Sect. 2, the assumption that g is positive is not necessary, it only simplifies
the notation (but g = 0is not allowed, because in this case the fiber Hamiltonian H, (IT)
has embedded eigenvalues).

Theorem 9 will be seen to follow from Lemma 11, where we show that it suffices to
prove an analogous statement for a modified Hamiltonian Hpog (introduced in the next
section) and from Theorem 19 in Sect. 4.4, where asymptotic completeness for Hpyq is
proven.

4.2. The modified Hamiltonian. The fact that the bosons are massless leads to some tech-
nical difficulties connected with the unboundedness of the operator N = dI"(1) with
respect to the Hamiltonian. However, as long as the infrared cutoff is strictly positive,
the number of bosons with energy below o is conserved. This allows us to introduce a
modified Hamiltonian, where the dispersion law of the soft, non-interacting, photons is
changed. We define

2 2
p
Hpod = — + — + V(x) +dl'(w) + Gx.x),
mod = Sor+ o (x) () +8¢(Gx,x)
and we assume that the dispersion law w has the following properties:

Hypothesis (H3). o € C®(R?), with w(k) > |k|, w(k) = |k|, for |k| = o,
w(k) > 0/2, forall k € R3, sup; [V (k)| < 1, and Vw (k) # 0 unless k = 0.
Furthermore, w (k1 +k2) < w(k1) +w(ky) forallky, ko € R3. (Here o > 0 is the
infrared cutoff defined in Hypothesis (HI).)

The two Hamiltonians, Hy and Hiod, agree on states of the system without soft bo-
sons. Recall that x; (k) is the characteristic function of the set {k : |k| > o} and that
the operator I'(;) is the orthogonal projection onto the subspace of vectors describing
states without soft bosons. It is straightforward to check that H, and Hy,oq leave the
range of the projection I'(x;) invariant and that

Hg[RanI'(xi) = Hmoal Ranl'(x;). (133)
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The same conclusion can be reached using the unitary operator U : ' H — H; ® F;
introduced in Sect. 2. On the factorized Hilbert space H; ® F;, the Hamiltonians H,
and Hp,g are given by

UH,U* = H; ® 1 +1 @ dI"(|k|),
UHmodU* = H; @ 1+1®dl'(w) with
P2 p?
H=—+—+V +dI"(lk]) + G ,
=5t om (x) (k) + 8¢ (Gx.x)
and we see explicitly that the two Hamiltonians agree on states without soft bosons.

The modified Hamiltonian Hyod, just like the physical Hamiltonian Hg, commutes
with spatial translations, i.e., [Hpnod, [1] = 0, where I1 = P + dI'(k) is the total
momentum of the system. In the representation of the system on the Hilbert space

L>(R3; L?(R?, dx) ® F), the modified Hamiltonian Hpoq is given by

(T Hinoa T* ) (IT) = Hmoa (T (T1),
(M—dr®)*  p?
Hunoa(T) = —— 2+ Py () 4 dr (o) + g6 (F),
2M 2m
where T : H — L%(R3, dT1; L?(R3, dx) ® F) has been defined in Sect. 2.
The fiber Hamiltonians Hy (IT) and Hod(IT) commute with the projection I"(x;) and
agree on its range,

(134)

Hg(ID[Ranl (i) = Hmoda(TD)[RanI"(x;). (135)

In the proof of Proposition 2 we have shown thatif 8 < 1 and ¥ < min(Zg, Zion)
then, for g small enough,

inf o (Hmod(TT)) = inf o (Hg (1)) = E,(TT),

where E, (I1) is a simple eigenvalue of H, (IT) and of Hynoq(I1), as long as E,(IT) < X.
Moreover, the corresponding dressed atom states coincide. Since the subspace Hgys iS
defined in terms of the dressed atom states ¥, it follows that vectors in Hg,s also
describe dressed atom wave packets for the dynamics generated by the modified Ham-
iltonian Hpyoq.

‘We remark that

Opp (Hmoa(IT)) N (=00, X) = {Eg(ID)},

for all I1 € R3 with Eq(IT) < X, and for g sufficiently small; see Eq. (123) and
Corollary 6.

Next, we discuss the scattering theory for the modified Hamiltonian Hpog. As in
Theorem 8 we fix f < 1 and we choose ¥ < min(Xg, Zjon). Then, by the assumption
that w (k) = |k| for |k| > o , and since dI'(|k| — ) commutes with H, and Hpoq We
have that

eiHmodlat(e*iwfh)e*il‘lmodl‘ — engtefidl“(lklfw)tatI(efia)th)eidl“(lklfw)tefngt
— engtaﬁ(efilkllh)eingt, (136)
for all ¢. It follows that the limit

al

‘mod +(h)(p = tlim eiHmOdtaﬁ(e_iwth)e_iHmOdt¢
’ —00
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exists and that ailod’Jr(h)go = ai(h)ga, for all ¢ € RanEx (Hyod) C RanEx (H,) and

forall h € Li(]l@). This and the fact that vectors in Hg,s describe dressed atom states
for Hy and for Hpyog show that the asymptotic states constructed with the help of the
Hamiltonians H, and Hpyod coincide.

On the extended Hilbert space H=HQF , we define the extended modified Ham-
iltonian

Hmod = Hmod ® 1+1 ® dT'(w).

In terms of Hyog and Hmea We also define a modified version, QTOd, of the wave operator
Q. introduced in Sect. 4.1.

Lemma 10. Let Hypotheses (HO), (HI) and (H3) be satisfied (o = 0 in Hypothesis
(H1) is allowed, and then Hyoq = Hy). Fix B < 1 and ¥ < min(Xg, 0). Then if g > 0
is sufficiently small, depending on B and X, the limit
Qrodg = lim ¢! Hnod! ¢~ Hnadt (137)
11— 00
exists forall ¢ € Ex, (Hpoa)H. Moreover, the modiﬁed wave operator QT”", defined by
Q’""d Qm"d(Pdm ® 1), agrees with Q. on RanEs (Hyoq). That is,

Qmly = Q.q, (138)
for all ¢ € RanEs; (Hyoq) C RanEx (Hy).

We now extend the domain of €2, to include arbitrarily many soft, non-interacting
bosons. As a byproduct we obtain a proof of (138). To start with, we recall the iso-
morphism U : F — F; ® F; introduced in Sec. 2 and define a unitary isomorphism
UQU :H > Hi®F QF QF, separating interacting from soft bosons in the
extended Hilbert space H. With respect to this factorization the extended Hamiltonian
Hbecomes Ho = H;® 1@ 1+1®1@dI (k) ® 1+1® 1 ® 1 ® dT'(|k|), where

H, = H;, ® 1 +1 ®dI'(|k|). As an operator from H; @ F; ® F; ® Fs to H; Q@ Fy, the
wave operator €2, acts as

UQ(U* @ U*) = QM @ Q°ft (139)

where QM : H; ® F; — H; is given by
Q' =5 — lim ol Hit [o=iHit (pint @ 1) (140)

while Q1 : F, ® F, — F; is given by
Q= 1(Po® 1), (141)

where Pgq is the orthogonal projection onto the vacuum vector Q € F;. In view of
(139) and (140) the domain of 2, can obviously be extended to RanEx H)®F, ®
Fs D RanEy (H ). For the modified wave operator QmOd Qm(’d(Pdas ® 1), we have
Qmod = oint - '® Q5 and from Hg[Ranl'(x;) = Hmoa[RanI'(x;) it follows that

+,mo:
lemod = QM Consequently, also 27 is well defined on RanEx (H;) ® Fs ® Fy and
Qmod Q,.
We summarize the main conclusions in a lemma.
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Lemma 11. Let the assumptions of Lemma 10 be satisfied, and let Q2+ be defined on
RanEy ® F; ® F;, as explained above. Then

RanQ, = RanQ" ® F; (142)

in the factorization H = H; @ F;. In particular, the following statements are equivalent:

i) RanQ2y D Ex(Hg)H,

ii) RanQ, D I'(xi)Ex(Hy)H,
iii) RanQy D Ex(Hpuoa)H,
iv) RanQ; O I'(x;)) Ex (Hpoa)H.

4.3. Existence of the asymptotic observable and of the inverse wave operator. Fix 8 < 1
and choose ¥ < min(Xg, Xjon) (recall from Lemma 1 that Xg = Egt + M,BZ/Z). We
choose numbers S, B2, B3 and y such that

B<Br<Pr<pBz<y.

Definition. We pick a function x,, € C®(R; [0, 11) such that x,, = 1 on [y, 00) and
Xy = 0on (=00, B3]. Our asymptotic observable W is defined by

W=s— lim it £ (Hyog)dT (t (191/0) f (Huoae™ e,

where the energy cutoff f is smooth and supported in (—oo, X). For the existence of
this limit, see Proposition 13 below.

The physical meaning of the asymptotic observable is easy to understand: W measures
the number of photons that are propagating with an asymptotic velocity larger than y .
We will prove in Sect. 4.4 that W is positive when restricted to the subspace of vectors
orthogonal to the space Hgas of wave packets of dressed atom states. Instead of invert-
ing the wave operator €2, directly, we can then invert it with respect to the asymptotic
observable W. More precisely, we define an operator W, : ' H — H=H®F,called
the inverse wave operator, such that W = Q,W,.. Then, using the positivity of W, we
can construct an inverse of 2. In order to define W, we need to split each boson state
into two parts, the second part being mapped to the second Fock-space of prospective
asymptotically freely moving bosons.

Definition. We define j, : h = L>(R?, dk) — @b asfollows: let jih = (jo.ih, joo.h),
where ju(y) = Jo(Iy1/0), jz € CO®R:[0,1]), jo+ joo = 1. jo = 1 on (=00, 2],
supp(jo) C (—00, B3] while joo = 1 on [B3, 00) and supp(jc) C [B2. 00). Then the
inverse wave operator W.. is given by

Wy =s— lim ™! f (Huoq) T (AT Oty (191/0) f (Hyoa)e™ e,

where f is a smooth energy cutoff supported in (—oo, X). See Appendix A.5 for the
definition of the operator I (j;). For the existence of this limit, see Proposition 14.

Note that, since by definition 8 < y, the photons which propagate with velocity larger
than y are asymptotically free. To prove this fact, notice first that Lemma 1 continues to
hold with H, replaced by Hy,q. Hence, the assumption that supp f C (—o0, X) (where
f is the energy cutoff appearing in the definition of W and W, ) with ¥ < min(Xg, Xjon)
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guarantees, for sufficiently small g, that both the nucleus and the electron remain inside
a ball of radius B¢ around the origin. In fact, using the assumption ¥ < ¥g (and g small
enough), we can prove, analogously to Proposition 12 in [FGS04], that

s = lim h(IX|/1) f (Hmog)e ™" md = 0 (143)
—> 00

for any h € C*®(R) with i’ € C{°(R), supph C (B, 00) and for any f € C5°(R)
with supp f C (—o0, ). Recall that X is the coordinate of the center of mass of the
atom. Moreover, the assumption that ¥ < Xj,, implies that the electron and the nucleus
remain exponentially bound for all times; therefore, both the electron and the nucleus are
localized inside the ball of radius B¢. As a consequence, the interaction strength between
the nucleus (or the electron) and those bosons counted by dI"(x, (|y|/t)) decays in ¢ at
an integrable rate. To establish this fact rigorously we need the following lemma, similar
to Lemma 9 in [FGS04].

Lemma 12. Assume that Hypothesis (H1) is satisfied and that R’ > R > 0. Then, for
every |1 > 0, there exists a constant C,, such that

sup e Wy (1X] < R) llx(Iyl = R)Gxxll < Cu(R' — R)™*. (144)
X,xeR3

Moreover, if ¥ < Xjo,, we have
lo(x(Iyl = RNGx ) x(IX| < R)Ex(Hpuoa)| < Cu(R'— R)™*. (145)

Remark. In the proof of the existence of the operators W and W,, where we use this
lemma, typically R = Bt and R’ = yt. Hence the r.h.s. of (145) gives a decay in time
which is integrable if we choose u large enough.

Proof. To prove (144), we first choose ¢ = (R’ — R)/2A > 0, with A = max(A,, A¢)
(recall that A, = m,; /M and A,, = m,/M) and we observe that

e My (X1 < B)lIx(yl = RNGx .l < x(Ix| < &) x(IX| < R)
xlx(yl = RNGx x| +e™* [ Gx«ll. (146)

Using that Gy (k) = e X+ )k, (k) + eI X=20%e (k). it follows that
1GxalP =2 [ dk (0P + 1a OP) (147)

Hence the second term on the r.h.s. of (146) can be bounded by Ce™* = C(R’ — R)™*
(because e"e~*¢ is bounded). Moreover the square of the first term on the r.h.s. of (146)
can be estimated by

(%] < &) x(1X] < R) lx(Iy] = R)G x|l
<2 x(x] < &) x(1X] < R)/dyx(lyl > R')

x (18X +2ex = )2+ [fn (X = hnt = W)

/!

R — R\ . 5
<2 [ dyx{IX+Aex =yl = |Ke (X + Aex — y)|

/

R — R\ . 5
+2 [dy x (IX —Apx —y] = [kn (X — Apx — y)|

=xe / o O (IO + 1R P) (148)
ly|=* 5=
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for all X and x. Here we used that, from |y| > R’, |X| < R, and since, by definition of ¢,
Aelx] < dee < (R'—R)/2and A, |x| < Ane < (R'—R)/2, we have that | X +A.x —y| >
|y] — |X] — Aelx| > (R — R)/2 and analogously |X — A, — y| > (R’ — R)/2. Since
Ke, Kn € C(‘)’o (R3), their Fourier transforms decay faster than any power, and hence (148)
implies (144).

To prove (145), we use that

o (x Iyl = RNGx.)x(IX| < R)Es (Hmoa) I
< lle™™x(1X] < B¢ (x(Iyl = RNGx )N+ D7
I(N + e Es (Hmod)

< Csupe My (IX| < R)lIx(yl = R)Gx«ll (149)
x, X

because ||(N + 1)e* Ex (Hmod) || is finite (because £ < Tjon and by a simple commu-
tation). Equation (145) then follows from (144). O

The decay of the interaction determined in the last lemma is one of the two key ingre-
dients for proving the existence of W and W... The other one is a propagation estimate
for the photons, analogous to Proposition 24 in [FGS04], but with the cutoff for x/¢
(in [FGS04], x is the position of the electron) replaced by a cutoff for the asymptotic
velocity X/t of the center of mass of the nucleus-electron compound (the reason why
we can introduce here a cutoff in X/¢ is that, because of (143), we know it can not
exceed f).

For the details of the proof of the next two proposition we refer to Theorems 26 and
28 in [FGS04].

Proposition 13 (Existence of the asymptotic observable). Assume that Hypotheses
(HO), (H1) and (H3) are satisfied. Fix < 1, and choose ¥ < min(Xg, Zjon). Suppose
that f € C(‘)>o (R) with supp(f) C (=00, X). Let v, and x,, be as defined above, and let
Xyt be the operator of multiplication with x,, (|y|/t). Then, for g > 0 small enough (in
order for (44) to hold true),

W =s— lim efmod fdT(x,, ) fe Hnod!
—>00

exists, W = W* and W commutes with Hy,,q. Here f = f(Hpoq).

Proposition 14 (Existence of W.). Assume Hypotheses (HO), (HI) and (H3) are sat-
isfied. Fix B < 1 and choose % < min(Xg, Xjpn). Suppose that f € C;°(R) with
supp(f) C (=00, X), and that x,, and j; are defined as described above. If g > 0 is so
small that (44) holds, then

(1) the limit

We =5 — lim e £ (Huoa)T ()AL (ty.0) f (Hpoa)e ™ o

exists, and ¢~ Hinoas Wy = Wee iHmoas | forall s € R;
(i) A x(N=0)OW,=0;
(iii) W =Q,W,.
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4.4. Positivity of the asymptotic observable and asymptotic completeness. In this section
we prove the positivity of the asymptotic observable W, restricted to the subspace of
states orthogonal to wave packets of dressed atom states and not containing any soft
bosons. We need the following lemma.

Lemma 15. Assume Hypotheses (H0), (HI), (H3). Fix B < 1 and choose ¥ < min(Xg,
Zion). Suppose, moreover, that f € Ci°(R) and supp(f) C (—oo, X). Put ay =
1/2)(Vo - (y — X) + (y — X) - Vw), where X is the position of the center of mass of
the atom. Then, if g is so small that (44) holds true, we have that

f(Hmod)[iHmod’ dF(aX)]f(Hmod) > (1 - ﬂ)f(Hmod)Nf(Hmod) - Cgf(Hmod)2
(150)

on the range of the projection T (x;).

This lemma follows from a straightforward estimate of the commutator
[Hmod, dT"(ax)], from (44), (45), and from Lemma 21.

Theorem 16 (Positivity of the asymptotic observable). Assume that Hypotheses (HO)—
(H3) are satisfied. Fix B < 1/3 and choose ¥ < min(Xg, Zjo,) (With g and Zjo, asin
Lemma 1). Let the operator W be defined as in Proposition 13 with supp f C (—oo, X).
Then if g > 0 is sufficiently small we can choose y > B in the definition of W such that

(0, Wo) > CII f (Hmoa) >, forall ¢ € RanP T (x:) . (151)

Here C is a positive constant depending on g, B, X, but independent of . In particular,
if A C (—o00, X)andthen f = 1on A, then

W|RanEA(Hm0d)r(Xi)Pj‘;S Z C > 0 (152)

Proof. Let D = D(dI'(a)) N RanF(X,-)PdtS. Since D is dense in RanF(Xi)PdtS, it is
enough to prove that

(0, Wo) > Cllfol? (153)

for every ¢ € D. As before, we use the notation f = f(Hmoq)-
The first step consists in proving that there exists a constant C, depending only on
%, such that, for every ¢ € D and for every ¢ > 0,

1 — t
(pr. AT Gty S 1) = cnf«)n—z[Tﬂ /0 dslgs. [NFgs) = (v + B +6)

2
X((ptvaf§0t>] —Cgllfol* +o(l), as t—oo. (154)

This inequality follows from Lemma 15 by straightforward adaptations of arguments
given in the proof of Theorem 27 in [FGS04]. Next, we observe that

1 [ 1 /1
;/0 ds<¢s,fogos>z||fgo||2—;/o ss FPafos), (155)

where Pg denotes the orthogonal projection onto the Fock vacuum 2. The second term
on the r.h.s. of the last equation can be written as an integral over fibers with fixed
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total momentum. Making use of the fact that ¢ = Pdtsqa and of Fubini’s Theorem to
interchange the integration over s and over I1, we obtain

1 /! 1 /! .
: /0 ds tgs. fPafe) = [ani; /O s [ P f (Himoa ()~ a5 pL (11 2,
(156)

where Py, = |Y¥r)(¥nl is the orthogonal projection onto the dressed atom state v,
and Px/an = 1 — Py is its orthogonal complement. For every fixed I1, the operator

Pq f (Hoa(IT)) is compact on L*(R?, dx) ® F, because || Ex (Hmoa(ID)|| < C;
(since ¥ < Xjop, this follows from Lemma 1). By the continuity of the spectrum of
Hinod(IT) on RanE's (Hinod) Pj;n I'(xi) (see Corollary 6), and the RAGE Theorem (see,
for example, [RS79]), it follows that

1/t .
" /0 ds || Pa.f (Hmoa(T))e ™ st P (I |2 — 0, (157)

as t — oo, pointwise in I1. Using Lebesgue’s Dominated Convergence Theorem, we
conclude that

1 t
;/0 ds (@5, fPafes) = 0, (158)

as t — oo. From (155) we obtain

I fel®

> (159)

1 t
. / ds (g, FNfoy) =
0

for ¢ large enough, where we can assume || f¢|| 7% O without loss of generality. Equa-
tions (158) and (159) allow us to apply Lemma 17, with h1(s) = (@5, fNf@s) and
ha(s) = (ps, f Pafes) (itis easy to check that 4 and /i, are bounded and continuous).
We conclude that there exists a sequence {t,},>0 with , — o0, as n — oo, such that

1 [l
t_/o ds (@5, fNfos) = (1 —e)ey,, fNfor,),  and
(@r,, fPafe,) = 0, asn — oo. (160)

From (154) we infer that

(@uns FAT Gy n) f0) = Clfoll 721 =28 — y — 28)%{@s,, FNfor,)*

—Cgllfell* +o(D), (161)
as n — 00. Choosing y — 8 and ¢ > 0 sufficiently small, we conclude that
=382 . 2 2
(1, FAT Ky 1) f 1) = C——F——=If@ll" (@1, FNfor,)” = Cgll fol” +o(1)

2
1—3p)?

= O (15012 - 2001, 1 Paf01)

—Cgll foll* +o(), (162)
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as n — oo. Hence, by (160), there are constants C1 > 0 and C < oo, depending only
on X, such that

(@15 FAT Otp) fr,) = C1(1 =38 = C2g)* [l flI* +0(1) (163)
asn — oo.If B < 1/3 and g is small enough, we arrive at (151) by taking the limit
n — 00. (Since we already know that the limit defining W exists, it is enough to prove

its positivity on some arbitrary subsequence!) 0O

Lemma 17. Suppose h| and hy are positive, continuous, bounded functions on R, such
that

1 1
m(t) ::;/ dshi(s)>C >0 (164)
0
forallt > 0 large enough, and
1 t
ma(t) = ;/ dsho(s) > 0 ast — oco. (165)
0

Then, for every § > 0, there exists a sequence {t,},>0, with t, — 00, as n — 00, such
that

1
mi(ty) > —— hi(ty) (166)
1+6
and
hy(t,) >0 asn — oo. (167)
Proof. Define the sets
1
St = [te[O, T]:m(t) < mhl(t) , for some § > 0.

By the continuity of /21 (¢) and m (¢) the sets St are measurable (with respect to Lebes-
gue measure on R), for all 7. Denote by 1 (A) the Lebesgue measure of a measurable
set A C R. We show that

w(St)

lim inf

T—o0

< 1. (168)

In fact, if (168) were false, then (since u(S7)/T < 1 forall T > 0)

lim A1) _
im ——= =

17
T—oo T

and hence, for arbitrary ¢ > 0, we could find a Ty such that

s

’
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for all T > Tjy. This would imply that

1 /T 1
my(T) = ;/0 ds b (s) = ;/S ds b1 (s)

146 1+8 (T
> — dsmi(s) > — dsmy(s) —
Sy T Jo

1 (S5)
- TT Im1lloo,  (169)

where ||m1 |« denotes the supremum of the bounded function m; and S5 = [0, T\ St
is the complement of St inside [0, T']. Hence, we find

1+6 (T
ml(T)zT/ ds m1(s) — &llmillos (170)
0

forevery T > Ty. Put m(T) := (1/7) fOT ds m1(s). Then we have

d | my(T) _ 1 (ml(T) ) 1 ( 8||m1||oo)
o log i (T) = ——1)>=(6-—=—). 7))
aT mi(T) m(T) T m(T)

By the assumption that m(T) > C for all T large enough, we have m(T) > C, and
thus, choosing ¢ < C8/2|/m 1|0, we find

4 ogiin(T) = 2 (172)
—_— m [E—
ar &M 2T

for all T large enough. This contradicts the boundedness of 711 (T') (which follows from
the boundedness of m1(T")). This proves (168), and implies that there exist ¢ > 0 and a
sequence {7, }m>0 converging to infinity such that

n(St,,)

T

<l-eg, (173)

forallm > 0. Hence pL(S?m) > ¢T,,, forall m. Next, we show that there exists a sequence
{tn}n>0, with t, — 0o as n — o0, such thatt, € Umzos%m, forall n > 0, and

ha(t,) = 0, (174)

asn — oo. Since, foralln > 0,1, € ST , for some m € N, the sequence #,, automati-
cally satisfies (166). Thus the lemma follows if we can prove (174). To this end we argue
again by contradiction. If there were no sequence {t,},>0 € Upn>0S57 7, satisfying (174)
then there would exist T and o > 0 such that i, (f) > «, forall 1 UszS%n N[z, 00).
But then, for an arbitrary m € N with 7,,, > 1,

Tn 1 M(S;" N [Ta Tm])
— ds ha(s) > — dshy(s) > q—m "~
T Js5 NIr.T] T

n(Sz.)
Tm Tn’l Tm

for all m € N with T;, > 7. Taking m — 00, this contradicts the assumption (165). O
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4.5. Asymptotic completeness. Using the positivity of the asymptotic observable W, we
can complete the proof of asymptotic completeness for the Hamiltonian Hy,oq. Our proof
is based on induction in the energy. The following simple lemma is useful.

Lemma 18. Assume that Hypotheses (HO)—(H3) are satisfied. Fix B < 1 and choose
¥ < min(Xg, Zjon). The wave operators Q. and Q. are defined as in Lemma 10 and in
Theorem 8, respectively. Suppose that RanQ2y D E;(Hyoa)H, for some n < X. Then,

for every ¢ € RanEy, (ﬁmgd), there exists v € RanE E(I:Imgd) such that
S~2+(Ei7([']m0d) ® D = Q9.
If A C (=00, %) and ¢ € EA(Hpoa)H then ¥ € Ex(Hpoa)H.

The interpretation of this lemma is simple: If we know that asymptotic complete-
ness holds for vectors with energy lower than 7, then it continues to be true if we add
asymptotically free photons to these vectors (no matter what the total energy of the new
state is). For the proof of this lemma we refer to Lemma 20 of [FGS04]. Using this
lemma we can prove asymptotic completeness for Hpoq; the proof is similar to the proof
of Theorem 19 in [FGS04]. We repeat it here, because it is very short, and because it
explains the ideas behind all the tools introduced in Sect. 4.

Theorem 19. Assume that Hypotheses (H0)—(H3) are satisfied. Fix B < 1/3 and choose
X <min(Zg, Zion); (with Xg and Zjo, defined as in Lemma 1). If g > 0 is sufficiently
small, then

Ran 2, D E(—oo,E)(Hmod)H'
Proof. The proof is by induction in energy steps of size m = o /2. We show that
Ran Q4 D E(—c0,5—km) (Hmod) H (176)

holds for k = 0, by proving this claim for all k € {0, 1, 2, ...}. Since Hpoq is bounded
below, (176) is obviously correct for k large enough. Assuming that (176) holds for
k = n+ 1, we now prove it for k = n. Since Ran €2, is closed (by Theorem 8) and since
Ran€2; D Hayas, it suffices to prove that

Ran @, D Pit T (x) Ea(Hmod)H

for A = (info(Hy—0) — 1, ¥ — nm). Here we use Lemma 11. Fix ¥ with & <
T < min(Xg, Eion~) and choose f € CgO(R) real-valued, with f = 1 on A and
supp(f) C (—oo, X). We define the asymptotic observable W in terms of f, as in
Proposition 13. By Theorem 16, the operator I'( Xi)P(iLaSWP(ﬁsF( Xi) s strictly positive
on Psz;SF(X,-)EA(HmOd)H, and hence onto, if g is small enough. Given ¥ in this space,

we can therefore find a vector ¢ = P(f- I"'(xi)¢ such that

as
L —

By Proposition 14, W¢ = fZ+W+<p and Wy = Eg_nm(ﬁmod)W+cp. Furthermore, by
part (ii) of Proposition 14, W, ¢ has at least one boson in the outer Fock space, and thus
an energy of at most ¥ — (n + 1)m in the inner one. That is,

Wip = [Ex_(n+1ym (Hmod) @ 11W, 0.
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Hence we can use the induction hypothesisRan 2, D Es,_ (y41)m (Hmod) H. By Lemma 18,
it follows that . Wip = Quy forsome y € E A(I:Imod)H. We conclude that

¥ = () Pib sy
=T ()% ® Pa)y
=Q,(T(x) ® T(u) Pa)y.

where Pé is the projection onto the orthogonal complement of the vacuum. This proves
the theorem. O

A. Fock Space and Second Quantization

Let h be acomplex Hilbert space, and let ® h denote the n-fold symmetric tensor product
of h. Then the bosonic Fock space over b,

F=F0)=Por™".
n>0
is the space of sequences ¢ = (¢,),>0, With @9 € C, ¢, € ®7h, and with the scalar
product given by
(0, V) =D (@u> Y,
n>0

where (¢,, ¥,) denotes the inner product in ®@7h. The vector @ = (1,0,...) € F is
called the vacuum. By Fy C F we denote the dense subspace of vectors ¢ for which
¢, = 0, for all but finitely many n. The number operator N is defined by (N¢), = ng,.

A.l. Creation- and annihilation operators. The creation operator a*(h), h € b, is de-
fined on h®"~! by

a*(h)yp = V/nS(h ® @), for g € h& 1,

and extended by linearity to F(. Here S denotes the orthogonal projection onto the sym-
metric subspace @7 C ®”h. The annihilation operator a(h) is the adjoint of a*(h).
Creation- and annihilation operators satisfy the canonical commutation relations (CCR)

la(g), a*(h)] = (g, h), la*(g), a* ()] =0.

In particular, [a(h), a*(h)] = ||k ||2, which implies that the graph norms associated with
the closable operators a(h) and a*(h) are equivalent. It follows that the closures of a(h)
and a*(h) have the same domain. On this common domain we define the self-adjoint
operator

(h) = a(h) +a*(h). (177)

The creation- and annihilation operators, and thus ¢ (&), are bounded relative to the
square root of the number operator:

la* (YN + D72 < 1Al (178)
More generally, for any p € R and any integer 7,

(N + DPa*(hy) . ..a® () (N +1)7P72) < Cup il -+ - Il
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A.2. The functor I'. Let h; and h» be two Hilbert spaces and let b € B(h, hr). We
define I'(b) : F(h1) — F(ho) by

o)y =b®---®b.

In general I'(b) is unbounded; but if ||b|| < 1 then ||['(h)|| < 1. From the definition of
a*(h) it easily follows that

C(b)a*(h) = a*(bh)T (b), h € by, (179)
C(b)a(b*h) = a(h)T(b), h € by. (180)
If b*b = 1 on b then these equations imply that
I'(b)a(h) = a(bh)T (b), h € by, (181)
L®¢h) = ¢OWI'D),  heb. (182)

A.3. The operator A" (b). Let b be an operator on h. Then dT"(b) : F(h) — F(h) is
defined by

dr(b)r®§'h=Z(1®...b®...1).

i=1
For example N = dI'(1). From the definition of a* (k) we infer that
[dT (), a*(W)] = a*(bh) [dT(b), a(h)] = —a(b*h),
and, if b = b*,
i[dT (D), ¢ (h)] = ¢ (ibh). (183)
Note that |d['(b)(N + D)L < |b]|.

A.4. The tensor product of two Fock spaces. Let b and h, be two Hilbert spaces. We
define a linear operator U : F(h; @ b2) — F(h1) ® F(h2) by

UQ=Q®Q, (184)
Ua*(h) = [a*(h©) @ 1 + 1 ® a*(h(e)IU for h = (h(o), h(x0)) € b1 ® b2.

This defines U on finite linear combinations of vectors of the form a*(hy) ...a*(h,)S2.
From the CCRs it follows that U is isometric. Its closure is isometric and onto, hence
unitary.

A.5. Factorizing Fock space in a tensor product. Suppose jo and jo are linear operators
onfhand j: h — b hisdefined by ji = (joh, jooh), h € b. Then j*(hy, hy) =
Joh1 + j3h2 and consequently j*j = ji jo + j3,joco- We define
I'(j)=Ur():F—>FQF,
where I'(j) is as defined in Sect. A.2. It follows that I'(j)*I"(j) = I'(j* j) which is the
identity if j*j = 1. In this case
F(a*(h) = [a* (o) @ 1+1® a* (jo)IT (), (185)
L) = [¢(joh) @ 1 +1® ¢(jool)IT()). (186)
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A.6. The “Scattering Identification”. We define the scattering identification [ : F ®
F — Fby

Ie® Q) =g,
I @a*(hy)---a*(hy)Q =a*(hy)---a*(hp)e, ¢ € Fo.

and extend it by linearity to Fo ® Fo. (Note that this definition is symmetric with respect
to the two factors in the tensor product.) There is a second characterization of / which
can be useful. Let ¢ : h @ b — b be defined by t(h(0), h(o0)) = h(0) + h(0). Then
I = T'()U*, with U as above. Since ||¢|| = +/2, the operator / is unbounded, but it can
be proved that I (N + H*® X (N < k) is bounded, for any k > 1.

B. Bounds on the Interaction

In this section we review standard estimates that are used throughout this paper to bound
the interaction.

Lemma 20. Let L2 (R3) := L2(R?, (1 + 1/|k|)dk) and let h € L2 (R3). Then
1/2
la(h)ell < (/ dk|h<k)|2/|k|) Idr (kD e,

la* (el < I1hlle 1Tk + D20,
lp(Mell < V2], 1T (KD + D20,

2
£ (h) Sadr<|k|)+l/dklh<k>| |
o k]

where |h|2 = [ dk (1+1/|k[)|R(k)|*

The next lemma is used to control the factor ¢ (ia F) appearing in the commutators
of Sect. 3.3.

Lemma 21. Assume Hypothesis (HO)—(HI). Let a = (1/2)(k - y + yk) with k = k/|k|
and choose ¥ < Xjo,. Then there exists Cy, < o0 such that

¢ (iaFy)Es(Hg(ID)|| < Cx, (187)
with Fy as in Eq. (32). For ay == (1/2)(k - (y — X) + (y — X) - k),
lp(iaxGx ) Es(Hy)| < Cx, (188)

where Gx (k) = e *X F\ (k); (see Egs. (31), (32)).
Proof. Note that
(@Fy) (k) = (ik - Vi +2/[k]) (e e (k) + 7% ¥ ey (k)
— pikekx (kex Kre, (k) + ik - Vic (k) + 2/|k|/ce(k))

+ ek (—Anx Frey (k) + ik - Viey (k) + 2/|k|l<n(k)). (189)

Equation (187) follows from Lemma 20, because ™ Ex (Hg(IT)) is bounded (see
Lemma 1) and from Hypothesis (H1). Equation (188) follows from (187) because

(axGx.)(k) = e XK @aF) (k).
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