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1. Introduction

We consider, in d = 2 dimensions, the time independent incompressible Navier—
Stokes equations

—(u-V)u+Au—-Vp=0, (1)

V-u=0, (2)

in the half-space Q = {(z,y) € R?|z > 1}. We are interested in modeling the
situation where fluid enters Q through the surface ¥ = {(x,y) € R?| z = 1} and

where the fluid flows at infinity parallel to the x-axis at a nonzero constant speed
Uy = (1,0). We therefore impose the boundary conditions

}gi u(x) = Ueo, (3)
w2+y2~>oo
Uly, = U + Uy, (4)

with uw. = (us,v«) in a certain set of vector fields S to be defined later on, and
satisfying lim|,| o u.(y) = 0.

*Supported in part by the Fonds National Suisse.
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The above problem has been studied in detail in [12], [13], for the special case

where u.(y) = u«(—y) and v.(y) = —v.(—y). As a consequence the discussion
could there be restricted to the case of symmetric vector fields u = uy + (u,v),
i.e., to functions u, v and p satisfying u(x,y) = u(z, —y), v(z,y) = —v(z, —y)

and p(x,y) = p(z, —y) for all z > 1, and this symmetry property was extensively

used in the proofs. In order to get rid of this limitation one is forced to study

the nonlinearity in (1) in much more detail than in [12], [13]. This makes the

estimates somewhat lengthy, since many different terms have to be analyzed, but

also simpler, since less information needs to be encoded in the function spaces.
The following theorem is our main result.

Theorem 1. Let 3 and Q be as defined above. Then, for each u, = (ux,vs) in
a certain set of vector fields S to be defined later on, there exist a vector field
u = Uy + (u,v) and a function p satisfying the Navier-Stokes equations (1) and
(2) in 2 subject to the boundary conditions (3) and (4). Furthermore,

i o172 (sup (0 = 1) (2,01 ) =0, 5)

Tr— 00 yER

i o (sup (0~ v (2] ) =0 (6)

T—00 yeR
where
c 1 _2 d =z by
= e 4 — 7
¢y 2 d oy b x
Uas(xay) 4ﬁ$3/2 4 7T£L'2+y2 ’7'('(E2+y2’ (8)
with
b= 1l in(ky) u«(y) dy, 9
Jim, Rsm( y) ux(y) dy 9)
d= 1 in(ky) v«(y) dy, 10
Jim, Rsm( y) v(y) dy (10)
c= llii%/Rcos(ky) u(y) dy —d. (11)

A proof of this theorem is given in Section 8.

Remark 2. The integrals in (9), (10) and (11) have to be understood in the
(C,d)-sense, with 0 < 0 < 1 (see e.g. [10], Theorem 15). Namely, let C(d, R) =
(1 —|y| /R)?. Then the exact version of (9) is

R
b= lim ( lim /_R C(6, R) sin(ky)us(y) dy) )

k—04 \ R—oo

and accordingly for the other cases.



Vol. 7 (2005) Asymptotics of Non-Symmetric Stationary Navier—Stokes Flows 613

The set S in Theorem 1 will be specified in Section 8, once appropriate function
spaces have been introduced. For an interpretation of the results see [12], [13]. For
related results see [3], [4], [2], [7] and [11]. For an application of the above results
for an efficient numerical implementation of two-dimensional stationary exterior
flow problems see [9].

The rest of this paper is organized as follows. In Section 2 and Section 3 we
rewrite equation (1) and (2) as a dynamical system with the coordinate parallel
to the flow playing the role of time. The discussion will be formal. At the end
of the discussion we get a set of integral equations. In Sections 4 and 5 we then
prove that these integral equations admit a solution. This solution is analyzed in
some detail in Section 6 and Section 7. In Section 8 we finally prove Theorem 1
by using the results from Sections 4-7.

2. The dynamical system

Let u = uu + (u,v). Then, the equations (1), (2) are equivalent to
w = 0,v — Oyu,
0=—(u-V)wt+Aw,
0 = Oyu + Oyv, (12)

since the pressure p is uniquely determined (modulo an additive constant) by
solving
Ap=V-((u-V)u— Au) (13)

in Q with the boundary condition
Opp = —(u- V)u + Au (14)

on Y, once that (12) has been solved. The function w is the vorticity of the fluid.
Provided 0,u + 0yv = 0, we have that

UOpw + vOyw = Oy (uw) + 9y (vw) = g, (15)

and — for reasons which are not obvious to us — it turns out to be important to
discuss the nonlinearity q as represented by the expression on the r.h.s. of (15)!

The main idea underlying the tools developed in this paper is to consider the
coordinate parallel to the flow as a time coordinate [1]. Let n = dyw. Then, the
equations (12) are equivalent to

Orw =1,
Oen=n— 0w +q,

Oxu = —0yv,

1 In [6] part of the results of this paper were proved by using the expression on the Lh.s. of
(15). That approach turned out to be much more complicated than the present one.
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00 = Oyu + w. (16)
Let
— i —iky
wles) = 5= [ dk ek, a),

and accordingly for the other functions. For (16) we then get (for simplicity we
drop the hats and use in Fourier space t instead of = for the “time”-variable) the
dynamical system

w =1,
n=n+kw+gq,
u = kv,
U= —iku + w, (17)
where
q = 0qo — ikq, (18)
with
1
Go =5 (uxw), (19)
1
qlzg(v*w). (20)

The equations (17) are of the form z = Lz + q, with z = (w,n,u,v), g = (0, ¢,0,0)
and

01 0 O
K21 0 0
L(k) = 00 0 ik
1 0—-ik 0

The matrix L(k) can be diagonalized. Namely, let o(k) = signum(k), and define
Ao, Ay and A_ by

Ao(k) = /1 + 4k?,

Ay () = 2 Ro(R).

Let z =5¢ with
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Then ¢ = D¢ 4+ S~1q with

A_ 1
At -+ 0 0
A A
S7H(k) = ’ ’ :
i) b i
So+d) —3 & —bio

and D = ST'LS a diagonal matrix with diagonal entries A, A_, |k|, and — |k|.
Note that Ay (k) > 1 and A_(k) < 0 and A_(k) ~ —k? for small values of k. Let
¢ = (wg,w—_,us,u_). Using the definitions we find that (17) is equivalent to

1
wy =Awy + —q,
+ TR
1
d)_:A_w_—A—O(L
114
i = |k _ -
Uy = |k[uy qu,
. 114
i =—[klu_ — 25? (21)

with ¢ as defined in (18). For convenience later on we also write z =S¢ in compo-
nent form. Namely,

w=w4 t+w_,

n= A"rw"r + A—w—a
) i
k
V=wy +w_ —iouy +iou_. (22)

u = —%A_er ——Aw_ F+uytu_,

3. The integral equations

To solve (21) we convert it into an integral equation. The +-modes are unsta-
ble (remember that Ay (k) > 1) and we therefore have to integrate these modes
backwards in time starting with w, (k, 00) = uy(k, 00) = 0 (see [5]). We get

1 o0
wrlit) =3 / A=) g(k 5) ds, (23)
t
t
w_(k,t) =@ (k)et-—1 — Aio /1 A== g(k, s) ds, (24)
14 [
welkt) =5 [ M) d, (25)
t
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ot
(ke t) = @t (k)e-He-n _ 12 / ~EIt=3) (k5 ds, (26)
2k J;

with @* and @* to be chosen later on. The integral equations (23)—(26) are iden-
tical to the ones discussed in [12], [13]. There, by restricting to symmetric flows,
q was an odd function of k and therefore, in a space of continuously differentiable
functions, the division by k that appears in (25) and (26) was compensated by a
factor of k coming from ¢, so that u; and u_ were continuous functions of k. For
non-symmetric functions ¢ this strategy does not work anymore. As mentioned
in the introduction, it is replaced in what follows by a more detailed analysis of
the nonlinearity ¢, and by using the invariance properties of the equations which
make that the singular terms compensate each other in the physically relevant
functions w, n, v and v as given by (22). In fact, after substitution of the integral
equations (23)-(26) into the change of coordinates (22) we get, with (18), and
after integrating by parts the time derivative acting on ¢g, the following integral
equations for w, u and v:

w(k,t) = (Jﬁ(k) + ioqo(k’ 1)) oA (t=1)

A

1t

+ —/ eA‘(t_s)ikql(k,s) ds
Ao Sy
1 oo

+ —/ M ikq (k, s) ds
Ao Jy

_ = ~(t=9) g (k
A, /1 e qo(k,s) ds
A o

— —+/ eA+(t_s)q0(k,s) ds, (27)
Ao J;

. 3 ) )
u(k,t) = —%A+ (w_(k) + A—Oqo(k, 1)) eh-(t-1)

+(12*(k:)+%

t
A_+/ A== g (k,s) ds
Ao Jy

1 t
_5/ e~ HE=5) g1 (k. 5) ds
1

1 oo
+ 5/ elF1t=2)g, (k, 5) ds

o R

+

¢
A7 oo
+ A_o/ Mg (k,s) ds
¢
1 t

+ iza(k)/ e K= g0 (k, 5) ds
1
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1 oo
+ Ew(k)/ e®lt=) g (k, 5) ds
¢
- ¢
- ﬁ/ A=) g0 (k, s) ds
Ao Jy
_ M=ok, s) ds, (28)
Ao J

v(k,t) = w(k,t)

+io(k) (a*(k) + %%%(k, 1)) e~ |kI(t=1)

1 t
- iza(k)/ e FICt=3) gy (K, s) ds
1
1 oo
- Ew(k)/ e®1t=9) g (k, ) ds

t

1 t
_ 5/ =9 g0 (k. 5) ds
1
L[ Iki—s)
+ 5 € QO(kas) dSv (29)
t

with go and ¢; given by (19) and (20), respectively. Note that the function 1 does
not need to be constructed since it does not appear in the nonlinearities qg and ¢ .

A closer look at (27)—(29) reveals, that the problem concerning the division by
k in the equations (23)—(26) has not disappeared. However, in this new represen-
tation, the invariance properties of the equations have become manifest, and we
see that the problem can be eliminated by a proper choice of initial conditions,
i.€., w, u, and v are either regular or singular for all times. In particular, as we
will see, if we set

&% (K) = —ikw? (k) — Aioqo(k, 1, (30)

(k) = () ~ 5 1 ao(k,1), (31)
with

W (k) = u” () — o (k)yu* (k). (32)

and with w*, u* ;, and u* , smooth, then w and ¢ are smooth, and u and v
are smooth modulo discontinuities at k¥ = 0. This corresponds to choosing initial
conditions exactly as singular as dictated by the nonlinearity. We expect this
choice to be general enough to cover all cases of stationary exterior flows.

Below, we will prove existence of solutions to (27)-(29) for certain classes of
continuous complex valued functions w*, u* ;, and u* 5. Once the existence
of solutions has been established, we will restrict attention to even, real valued
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functions u* ;, and u” 5, and to complex valued functions w” of the form
wr (k) = wr (k) +iw” 5(k), (33)

with w* ; and w* , real valued, even and odd functions of k, respectively. This
corresponds to the restriction to real valued solutions of (16).

It turns out that the decomposition of the nonlinearity ¢ into ¢y and ¢ is not
detailed enough to prove the existence of a solution to (27)—(29). To overcome
this problem we split w and u into a “dominant part” and a “remainder.” Namely,
we set

w(k,t) = wO(kvt) +w1(k7t)’ (34)
u k7t) ZUO(kvt) +u1(k7t)a (35)
with w and u given by (27) and (28), and with
t
ug(k,t) = —w* (k)e*- 1 4 Ai/ A== g (k, ) ds, (36)
0J1
wo(k,t) = ik ug(k,t). (37)

This decomposition allows us to split the function ¢g into a term which is “large”,
but zero at k = 0, and a remaining term which is “small” (see Section 4 for the
definition of “large” and “small”). Namely, using (37) we find that

(up * wo) (k,t) = (ug * (ikug)) (k,t)
= %zk (ug * ug)(k,t),

and therefore, using the definition (19) of g, we find that

qO(k‘,t) = qO}U(k,t) — ik qO}l(k,t), (38)
with
1
qO70(k,t) = %(UO * W1 + Uy *WO+U1 *wl)(k,t), (39)
1
qO’l(]{?,t) = 7@(710 * Uo)(k,t) (40)

After some rearrangement, and using (30)—(32), we find for wy and w; instead of
the equations (34) and (35) the following explicit expressions, which we will use
in the sequel:

1

wi(k,t) = A_o/t M ikq (K, s) ds

_ ﬁ/ M=) g0 (k, s) ds
Ao J;
_ A_— ' A_(t—s)
e qo(k, s) ds, (41)
Ao i
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and

+ w* (k)A_er-(—D

A_ t
- —/ eA‘(t_s)ql(k,s) ds
Ao Jy

1 t
- 5/ e FIC=3) g (K, s) ds
1

1 oo
+ 5/ eFlE=2) g, (k, 5) ds
¢

A

+ A—;/ Mg (k,s) ds
t

ui(k,t) = (u (k) —io(k)ur ,(k)) e (=D

" t
Z—/ A== go(k, s) ds
Ao Jy

1 t
+ 520'(]{:)/ e K= g0 (k, 5) ds
1

1 oo
+ Ew(k’)/ eFlt=) g0 (k, 5) ds
t

ik [ A
A, et qo(k, s) ds. (42)
t

4. Function spaces

In order to prove the existence of a solution for (27)—(29) we will apply, for fixed
p* = (W, u* 5, u* ,), the contraction mapping principle to the map N, which
maps the triple p = ('q070, ¢o0,1, q1) to the triple p = (dGo,0, Go,1, ¢1), and is formally
defined by computing first g from go,0 and go,1 using (38), then wg, w1, w, ug, u1,
u and v using (37), (41), (34), (36), (42), (35), (29) and (31) and then ¢o 0, go,1
and g1 by using (39), (40) and (20). More precisely, let x = (wo, w1, ug, u1, v),
then N has the following structure:

N(p) = N(x; x), (43)
with
x = Io(p*) +11(p), (44)

with Iy and I linear integral operators, and with N a nonlinear operator (a
convolution operator). We then prove bounds of the form

1X; Dall < cimax{|p*; Wall, llp; Ball}, (45)
IN(x1,x2); Ball <c2llx1; Dallllx2: Dalls (46)
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for spaces Wy, Ba, D, to be defined below and certain positive constants ¢; and
¢2. From (45) and (46) the reduction to the Banach fixed point theorem follows a
general scheme. We now define the functions spaces that will be used below:

Let a, p > 0 and
1

Hap(k,t) = W. (47)

Let furthermore

/La(kv t) = /1'(1.,1/2(]{7 t)v

fia(k,t) = pa (K, ).
According to the structure (45) and (46) of the fixed point problem A, we now
define the functions spaces W, B, and D,,.

First we define, for fixed o > 0, V,, to be the Banach space of functions f €
C(R, C) (continuous functions from R to C), for which the norm

1f5 Vall = sup (If(B)] (1 + [£[*))
keER

is finite. Then, W, is the Banach space
Wa :VQ®VQ®VQ7
equipped with the norm

(1, P2, p3); Wall = llp1; Vall + llp2; Vall + llps; Vall -

Next we define, for fixed a, § > 0, B, g to be the Banach space of functions
feC([1,00),V,), for which the norm

1f3 Bagll = supt?|| £ (72, 1); Val]
t>1

is finite. Then, B, is the Banach space
Bo = Ba 32 ® Bagi1,1/2 D Ba3)2s
equipped with the norm
l(p1, P2, p3); Ball = HPl% Ba,g/zH + HP2§ Ba+1,1/2|| + HP3§ Ba,B/QH .

Finally, let Ry = R\ {0}. For fixed o, 3 > 0, we define BY to be the Banach space
of functions f € C(Rg x [1,00), C), for which the norm

’f; Bg“ = sup sup — |f(k’t3‘
t>1 keRo Ha+1(k, 1) + 7z pa (k1)
is finite. Then, D, is the Banach space

Dy = Ba1/2® Ba,i @ Bat1,0® BY @B,
equipped with the norm

1(x1s X25 X35 X4, X5); Dall = [|x15 Bao1y2|| + lIx2; Ball + Ixs; Batioll
+ [|xas Ball + [|xs: B2l -
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Theorem 3. Let o > 1. Let p* = (u* 5, u* o, w*) € Wayr, and let g =
lo*;s Was1ll- Then, N is well defined as a map from B, to B, and contracts, for
o sufficiently small, the ball By (g0) = {p € Ba | llp; Ball < &0} into itself.

Theorem 3 implies that for gy small enough N has a unique fixed point in
B /(g0), i.e., the integral equations (27)—(29) have a solution.

5. Proof of Theorem 3

The proof is organized as follows: we first prove that A is well defined and maps,
for small enough initial condition p* = (u*_71, u® 5, w*), a ball in B, into itself.
Then, we show that N is a contraction on this ball.

5.1. N is well defined
We first prove bounds on x = (wo, w1, ug, u1, v).

Proposition 4. Let a > 0. Let p* = (u* 5, u* 5, W) € Way1, with g9 =
1075 Wa1ll, and let p = (qo,0, qo,15 1) € Ba(r) ={p € Ba| [|p; Ball <r}. Then,
wo, wi and ug as defined by (37), (41) and (36) are continuous functions from
R X [1,00) to C, and u1 and v as defined by (42) and (29) are of the form

up(k,t) = uy g(k,t) + io(k)u1,o(k,t), (48)
v(k,t) =vg(k,t) +io(k)vo(k,t), (49)

with u1,g, w1,0, VE and vo continuous functions from R x [1,00) to C. Further-
more, there is a constant ¢ such that for e = ¢y max{eg, 7}

lwolk, )] < w75 1a (k. 1), (50)
w1 (k, )] < Zpa (1), (51)
Juo(k. )| < eptara (k. 1), (52)
(k. 8)] < efiaa (k,0) + 110 (k. ), (53)

[0(k, D) < eRtari (k,t) + 75 alks D), (54)

uniformly ink € R and t > 1, i.e., ||[(wo, w1, uo, u1, v); Dyl < be.

See Appendix I for a proof. Proposition 4 shows that (44) defines a bounded
map from B, to the linear subspace of elements in D, for which (48) and (49) are
satisfied.

Now we prove bounds on p = (go,0, 90,1, ¢1):
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Proposition 5. Let @ > 1 and &1 > 0. Let x = (wo, w1, ug, u1, v) € Dy, with
lIx; Dol < €1, i.e., wo, w1 and ug are continuous functions from R X [1,00) to
C satisfying the bounds (50)—(52), and w1 and v are continuous functions from
R\ {0} x [1,00) to C, satisfying the bounds (53) and (54), respectively. Then
90,0, Qo1 and q1 as defined by (39), (40) and (20) are continuous functions from
R x [0,00) to C, and there is a constant ¢z, such that

2

|CI0,0(k»t)| < CQ%Na(kvt)a (55)
62

90,1 (k,t)| < C2tlﬁua+1(1f7t), (56)
52

|Q1(k7t)| < CQﬁ/La(kvt)a (57)

uniformly ink € R and t > 1, i.e., ||(qo.0, 901, q1); Ball < 3c2e?.

See Appendix II for a proof. Proposition 5 shows that (43) defines a bounded
map from D, x D, to B,.

Proposition 4 together with Proposition 5 imply that, for p* € W,41 with
0% Wasill < eoand p € Buo(r), |IN(p); Ball < 75ca(c1 max{eg, r})?. Therefore,
N is well defined as a map from B, to B,. Furthermore, if we choose r = ¢, then
it follows that |N(p); Ba| < 75c2(c1e0)? < const. 3, which shows that A maps
B, (e0) into itself for £y small enough.

5.2. N is Lipschitz

In order to complete the proof of Theorem 3 it remains to be shown that N is
Lipschitz:

Proposition 6. Let a>1. Let p*=(u* |, u* 5, w*)EWqoy1, with ||p*; Way1|l =
€0, and let p, p € Bo(eo). Then there is a constant c3 such that

IN(p) = N(p); Ball < cseollp—p; Ball- (58)

See Appendix III for a proof.

Proposition 4 together with Proposition 5 show that, for a > 1, A/ maps the
ball B, (eq) into itself for £y small enough, and Proposition 6 therefore shows that
N is a contraction of By /(gg) into itself for £y small enough. This completes the
proof of Theorem 3.
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6. Invariant quantities

We now restrict attention to real valued, even functions u* ;, and u* ,, and to
complex valued functions w* of the form (33), with w* ; and w* , real valued,
even and odd functions of k, respectively.

Proposition 7. In the limit k — 04 the equations (35) and (29) reduce to

u(0s,t) = —w* (0) + %/100 q1(0,5) ds +u” ;1(0)

b (U:Q(O) +7 /1 ~ 0(0,9) ds) , (59)

1 o0
v(0x,t) = u” 5(0) — 5/1 q0(0, s) ds

[ a0 ds
L (u*,l(O) - /1 Z 0(0,5) ds>. (60)

Proof. This follows immediately using the fact that by Proposition 4 the functions
u and v are continuous on [0, 00) and (—oo, 0], respectively, for all ¢ > 1. O

From (59) and (60) we see that the three (real) quantities b, ¢ and d,
_ u(0+7 t) - U(O_, t)

b
2i ’
de v(04,t) —v(0_,1)
B 2i ’
oo u(04,1) +u(0-,t) d.
2
are independent of ¢ > 1. Explicitly, we have
1 oo
b= 0+ 5 [ a(0.) ds, (61)
1
1 oo
d=u 105 [ @) ds (62)
1
c=—w"(0) —|—/ q1(0, s) ds. (63)
1
We also note that the quantity ¢,
=24+ c=2u" 4(0) - (0), (64)

is directly given in terms of the initial conditions (see [12], [13] and [8] for the
physical interpretation of ¢).
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7. Asymptotic behavior

The following theorem provides the leading order behavior of solutions whose
existence has been shown in Theorem 3. We again restrict attention to even, real
valued functions u* ;, and u” ,, and to complex valued functions w* of the form
(33), with w* ; and w* , real Valued even and odd functions of k, respectively.

Theorem 8. Let o> 1. Let p* = (u” j,u* 5,w*) € Way1, with g9 = [|p*; War|
sufficiently small. Then, the equations (27)-(29) have a solution and

Jim t1/2/ lu(k,t) — uqs(k,t)| dk =0, (65)
— 00 R
tlim t/ [v(k,t) — ves(k,t)| dk =0, (66)
— 00 R

where
Ugs(k,t) = ¢ ekt L g eIkt 4 p io(k)e~ kIt
Vas(k,t) = c ike ™ + d io(k)e 1Kt — b eIkl
with b, ¢ and d as defined in (61), (62) and (63).

The existence of a solution follows from Theorem 3. A proof of (65) and (66)
can be found in Appendix IV.

8. Proof of Theorem 1

We again restrict attention to even, real valued functions v ;, and u* ,, and to
complex valued functions w* of the form (33), with w* ; and w* , real valued,
even and odd functions of k, respectively. For a > 1 we have proved in Section 5
the existence of a solution of the equations (27)—(29) satisfying (to avoid confusion
we now write the hats for the Fourier transforms)

‘ﬁ(k7t)| < Eﬂa(kat)v (67)
[0k, < 75tk t) + fiasa (kD). (68)

Since, for o > 1, the real and imaginary parts of the functions k& — 4(k,t) and
k + ©(k,t) are respectively even and odd functions in L!(R, dk) for all ¢t > 1, their
Fourier transforms

21

1 .
v(z,y) = — /Re_’kyﬁ(k:,x) dk,

1 .
u(r,y) = — /Re_’ky&(k:,sc) dk,

21
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are by the Riemann—Lebesgue lemma real valued continuous functions of y and
vanish as |y| — oo for each z > 1. Moreover, using (67) and (68), we find that

€
sup |u(z,y)| < ——, 69
sup )| < o (69)
€
sup [v(z,y)| < —. (70)
yER ||

As a consequence, u and v converge to zero whenever |z| + |y| — oo in Q (see
Section 5 of [12] for details), and therefore u = us + (u,v) = (1 + u,v) satisfies
the boundary conditions (3), (4). The reconstruction of the pressure from v and v
is standard. For a > 3 second derivatives of u and v are continuous in direct space,
and one easily verifies using the definitions that the triple (1 + u, v, p) satisfies the
Navier—Stokes equations (1). The set S in Theorem 1 is by definition the set of all
vector fields (u,v) obtained this way, restricted to 3. Finally, equations (5)—(11)
are a direct consequence of Theorem 8. This completes the proof of Theorem 1.

9. Appendix 1

In this appendix we give a proof of Proposition 4. We first prove the continuity,
then the bounds. Let ¢p and r as in Proposition 4. Throughout all proofs we
denote by £ a constant multiple of max{eg,r}, i.e., € = const. max{eg,r}, with a
constant that may be different from instance to instance.

The continuity of the functions uy and wy is elementary. Similarly, using that
A4 (k) > 1, the continuity of the function w; is elementary, since the improper
integrals in (41) converge uniformly in k. Next, we note that u; and v as given by
(42) and (29) are explicitly of the form (48), (49). The continuity of the functions
U1,E, 1,0, Vg and vo is again elementary except for the improper integrals involv-
ing the function e/*/(*=%), There are two cases of such integrals; those involving ¢;
and those involving go. Since |qi (k, s)| < e/s%/? and since 1/s%2 is integrable at
infinity, the continuity follows in these cases. Similarly, since |go o(k,s)| < &/s%/2,
the contribution of gg ¢ to the integrals involving gy defines continuous functions.
This leaves us with the case of improper integrals involving el*I(*=5) and go,1- For
these cases we have the inequality

1

5io(h) / M=) (ikgo 1 (k,s)) ds| < / M=) 2k pra1 (K, 5) dis
t t S

- * Il—s) ) 98

< eptat1(k,t) e || Ve
< 4

< eptara (k1) k]2 M / e
|kt o

< eptasr (b, 1) |62 M1 (1 — exf (k| £))
<elk]"? ok pasa (b, 1), (71)
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with erf the error function. This shows continuity, since limy_,o € |k|1/2 fy2(k,t)
ta+1(k,t) =0 for ¢ > 1. This completes the proof of the continuity.

We next prove the bounds (50)—(54). We start by proving an inequality which
will be routinely used below:

9.1. Main technical lemma

Proposition 9. Let o/ > ' >~ >0 and pn > 0. Then, we have the bound

1 =1\ 1 1
— oA (t=1) |A_|f3 <_> < const. — P (72)
1+ [k| t 871 4 (k| £1/2) Y

uniformly in k € R and t > 1. Similarly, for positive o', ', v'with o' — 3’ ++" > 0
and p > 0 we have the bound

1 Clt—1\" 1 1

L ke (_) < const. - e (13)
14 |k| t B 1+ (Jk[ 1) !

uniformly in k € R and t > 1.

Proof. We first prove (72). For 1 <t < 2 we have that

'Y/
1 A (1) |A,|5' (t - 1)

1+ [k t
1 ’ /_ ’
< const. ———— etV At 1) AP
1+ |k
1 7
< const. ——— IA_|P
+ |kl
< t L
s const. ———————a 77
1+ |k
1
< const.

071 4 (k| g/2)

as claimed, and for ¢ > 2 we use that

’

alfﬁ’Jr’y’ , _ 1 0%
et ()
< const. (1 + (|k| t1/2) ) eznb-t|p_¢F

LN

<const. |14+ ———
( |A_‘(¥ /2

At/ Ay e%ﬂ“>
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s
< const. [ 1+ #
A7
< const. (1 + |k\a,/2) < const. (1 + |k\a/) ,

and (72) follows. We now prove (73). For 1 <t < 2 and |k| < 1 we have that

1

ﬁ’ t— 1 'y,
7@,67“““'(’571) k| (—) < const.
1+ |k| ¢

1 1
< const. — T
tB 1+(|k|t)a B+

and for 1 <t <2 and |k| > 1 we have that

'Yl
Ll g (ﬂ)
1+ |k|* t

]. ’ 7
< const. ———— e HFIE=D (k| (£ — 1)) k)P

1+ [k[*

]_ 7
< const. ——— k|®
1+ |k

< t !
s const. ——————5 7
14+ |k‘|a B+
1
< const

T (k|

Finally, for ¢ > 2 we use that
(1 I (|k‘t)a’—6’+v’> et () 1) (%)7/
< const. (1 + (|| t)a"ﬁ'”) e~ zhlklt (|| 1)
< const. < const. (1 + |k;|a/) ,

and (73) follows. O

We are now ready to prove (50)—(54).

9.2. Bound on ug and wg

We write ug = 2?21 Uo,4, With ug ; the i-th term in (36), and we bound each of the
terms individually. The inequality (52) then follows using the triangle inequality.
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Proposition 10. For all a > 0 we have the bounds
|U/())1(k/’, t)' S Eua+1(ka t)7 (74)
|u0,2(ka t)| < 5/~La+1(ka t)v (75)
uniformly int > 1 and k € R.

For ug,; we have
’—wi(k‘)el\‘(t_l)‘ < epigg(k, 1)er- 00,

and (74) follows using Proposition 9. Next, splitting the integral defining of g 2
in two parts we find that

t+1

Ao k,s) d
. /1 e q1(k,s) ds

t+1

At 7]
<cepqr1(k,1)e 2/1 st

-1 (t—1
<ot (1)

< EHa+1 (kv t)7
and that

B A
_EA_OMQ(’) 1@«9

t+

2

1t
A_O/t+ eA‘(t_s)ql(k,s) ds

1

<
t1/2 Ay
< eptat1(k, ),
which proves (75) using the triangle inequality.
By definition (37) of wy, the inequality (50) now follows from (52).

k,t)

9.3. Bound on wq

We write w; = 2?21 w1,i, with wy ; the i-th term in (41), and we bound each of the
terms individually. The inequality (51) then follows using the triangle inequality.

Proposition 11. For all a > 0 we have the bounds

3
‘wl-,l(k»t” < Wﬂa(k’t)v (76)
g
‘wl,Q(k7t)| S ;Ma(k7t)7 (77)
g
‘wl,S(k7t)| S Eﬂa+1(k7t)7 (78)

uniformly int > 1 and k € R.
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For wy,1 we have that

L[ ait—s), e |kl /Oo Ag(t—s)
- Vikqy(k,s) ds| < —= 10, (ke t +(t=9)g
AO\/t € ? ql( 75) S| = tg/QAOM ( ) ’ € S
e 1 |k
< (kt
= t3/2 A+ A.O//La( ? )

€
< mﬂa(k'at)»

which proves (76). Similarly, to prove the bound on w; 2, we use that by definition
(38) of qo

€ €
lgo(k, 1) < mua(k,t) + 77z K| pras1(k, 1) (79)
€
< Eﬂa(k,t), (80)

and therefore

A+ o0 A+(t7) €A+ /OO A _
= Dok, s) ds| < ==L pq(k,t +{t=9)q
Ao/te qo(,s)s_tAou(,)te s

e 1

<__akat,

,tAOu( )

which proves (77). The integral defining wy 3 we split in two parts. Using (79) and
the identity |k| = \A,|1/2 \A+\1/27 we find that

t+1

Al 75\ g
A, /1 e qo(k, s) ds

t—1 = 1
<t (b, 1)ed 55 [A_| /1 s

— = ]
+epasall e T A4l [ s
1
_ t—1
< nann b, D7 4| ()

—1 t—1
+ et gy a(k, 1)et== A <T)

< Ma+1<k7 t)7

| M

and, using (80), we find that

A [t el ¢
A_/ A== go(k, 5) ds| < ——,ua(k,t)/ A== |A_|ds
0 Jut t A EE|
el
= tA_/Ja(kvt)a

and (78) follows using the triangle inequality.
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9.4. Bound on u;

JMFM

We write u; = 2321 U1 4, with uy ; the 4-th term in (42), and we bound each of the
terms individually. The inequality (53) then follows using the triangle inequality.

Proposition 12. For all « > 0 we have the bounds

|U171(k7t)| < €ﬂa+1(k7t),
g
|U1 2 kvt | < ;:U/a(kvt)a

(k. 1)
(k0] < Sptapa (k).

w4k 1)] < g (k. )+ 7gpa(h. ),
w5k 8)] < sz pa(ks ),

ok, 0] < g (k. 1),

fur 7k 8)] < sz ok, ),

Shari (k) + 75k, ),
jur ok )] < 7z a k1)

IS
|u1,10(k7 t)l S ;,U/a(kv t)a

=5
[y
0
—
&=
~
=
IN

uniformly int > 1 and k € R.

For u; 1 we have that
\(u:l(k) —io(k)u* (k) e—‘k'<f—1)] < eptag (k, 1) FIE=D),

and (81) follows using Proposition 9. Next, for uj 2 we have that

w*,(k)A,eA*(t_l)‘ < i1 (k, 1) |A_|eA-0D)

81
82

(81)
(82)
(83)
(84)
(85)
(86)
(87)
(88)
(89)

(90)

and (82) follows using Proposition 9. The integral defining u; 3 we split in two

parts. We have that
41
2

/ A0, (k, s) ds
1

t+1

A_ t—1 = 1
< eptatr(k, 1) [A_|etT7 / =748
1 S

Ao

t— t—1
< st et 7 ] (1)

<

| M

pat1(k,t),
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and that
At A e 1 t
I —(t—s) e 1 A (t—s)
AO /% c QI(k’S) ds < t3/2 A()/’La(kvt) /# € ‘A—| ds

e 1
< mA—Oﬂa(kvt)

13
< ;Maﬂ(k,t),

and (83) follows. The integral defining u; 4 we also split in two parts. We have
that
1 s

2
_/ e HE=5) g (k. 5) ds
2 )y

t+1

—Ik] 5 = 1
<ee 3 Ua(kvl)/l S/ 45

< ok, 1) HIT (u)

t
< Efta+1 (ka t)a

and that
L ki) to
2 /% ‘ qi(k, s) ds| < epa(k,t) /% PP ds
€
< mua(k,t),
and (84) follows. Next, to bound u; 5, we use that
L[ |k|(t—s) > 1
5/ ¢ qi(k,s) ds| <epa(k,t) [ — ds
2/, o
€
RV 7z ta(k, 1),

and (85) follows. Next, for uy ¢ we have that

e |A-] > Ay (t—s)
_t3/2 A — ua(k, t)/t e ds
& 1A
1372 NoAy 1

19
< Eﬂaﬂ(kat)’

'— eA+(t*S)q1(k, s) ds

< (k,t)

and (86) follows. To bound u; 7 we split the integral into two parts and estimate
the contributions from g ¢ and go,; separately. For the contribution to u; 7 coming
from ¢p,0 we have that

e
- / eA*(tfs)q()’o(k:, s) ds
1

L
jid} A_(t—s) €
Ao < A0/1 e Sg/zua(k,s) ds
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t+1

L=t 1
gsA—Oe 7 g (k, 1) =7 ds

€
< mua+1/2(kat),

and that
—ik /t eA*(t_s)q (k' S) ds| < E t eA,(t—s)L'u (k’ S) ds
—AO % 0,0\ vy = AO % 83/2 a\lvy
1/2 t
€ AY A_(t—s) 1/2
< _(t—
< stk ) /Le A2 ds
e 1 ! 1
< R
< Aéﬂua(k,t)/t;l s

e 1
<~ 75 talk,t)
= 1/2 a b b)
t Ao
and for the contribution to u1 7 coming from gg; we have that

t+1 t+1

—tk ’ A_(t—s) |k| z A_(t—s) €
A—0/1 e qo01(k,s) ds| < Ao : € a2 k| ttay1(k, s) ds
< eptat1(k, e 2 [A_| -~ ds
€ =1
< mﬂa+1(k, Delr7 |JA_|(t—1)
€
S m#’a+1(kat)7
and that
—ik A (1) Bl [t A s €
_r - < Ikl - £
Ao ﬂﬂ e qo,1(k, s) ds| < Ao Jess e Ve |k| a1 (k,s) ds

t
€ _
< mﬂa+1(k,t) [Jrl e/\,(t s) |A7| ds
2

13
< mﬂaﬂ(k,t),

and (87) follows using the triangle inequality. The proof of the estimate for the
qo,o-contribution to uy g is identical to the proof of (84), and we therefore have
that

1

¢
‘510(19)/ e kIt g0 o (k, 5) ds
1

_ 3
< 5,U/o¢+1(kat) + mﬂa(k,t)~

To estimate the contribution of gp,1 to ui,g we split the integral into two and we
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get
1 = =
§ia(k)/ €_|kl(t‘s)qo,1(k,5) ds S/ o lEl(t=s) & 1/2 k| ptas1(k, s) ds
1 1
ﬁ
< epat1(k, 1) |K| _Ikli/ mds
=1 -1
< et gk e 2 i (1)
g _
S mﬂa—i—l(kvt)a
and

t
— _s) €
< [ﬂ e kIt )SIT k| ptat1(k, s) ds

2

1 t
—ia(k)/ e_lkl(t_s)qo,l(k‘, s) ds
t+

t
€ — —S8
< m:ua—i-l(kat) [+1 e Ikl (e )|k| ds

IS
S mﬂa—i—l(kv t)a

and (88) follows using the triangle inequality. The proof of the estimate for the
go,o-contribution to u, g is identical to the proof of (85), so that
1
liza(k)/ eFlE=) g0 o (k, 5) ds
t

&
t1/2 l’[’a(k t)

For the contribution of go1 to u1,9 we get (this is a more elementary but less
precise bound than (71))
1 oo
‘iw(k)/ M=) (_ikqo 1 (K, 5)) ds
t

> €
< / ) k] i (k. ) ds
t

< ﬂ%um(k,t) / elHE=9) || ds

t

IS
S mﬂa-&—l(k) t)a

and (89) follows using the triangle inequality. Finally, since uq,10 = ik/AL w1 2,
and since |ik/A | < const., the proof of the estimate (90) is identical to the proof
of (77).

9.5. Bound on v

We write v = Z?:l v;, with v; the i-th term in (29), and we bound each of the
terms individually. The inequality (54) then follows using the triangle inequality.
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Proposition 13. For all a > 0 we have the bounds

o1k, )] < 7510k, ), (91)
sk, )] < efiasa (k. t), (92)
[0k, )] < o (k,t) + ok, ), (93)
[oak, )] < 75 11a k), (94)
Jus (k. 1)) < ua+1<k,t>+t1%ua<k,t>, (95)

|U6(k7t)| < mﬂa(kvt)a (96)

uniformly in k € R and t > 1.

Inequality (91) follows from (50) and (51) using the triangle inequality. Next,
after substitution of (31) and (32) into v, we find that ve(k,t) = io(k)u11(k,t).
Therefore,

w2 (K, 1) < fura (R, 1)1,

and (92) therefore follows from (81). Similarly, (93), (94), (95) and (96) follow
from (84), (85), (88) and (89), since

v3(k,t) = io(k) u14(k,t),
va(k,t) = —io(k) w1 5(k,t),
v5(k,t) w(k) u1,s(k, ),

This completes the proof of Proposition 4.

10. Appendix II

In this appendix we give a proof of Proposition 5. Let £; as in Proposition 5.
Throughout all proofs we denote by € a constant multiple of €1, i.e., € = const. €,
with a constant that may be different from instance to instance.

10.1. Bounds on convolutions

Proposition 14. Let a, 8 > 1, p > q > 0 and let a be a piecewise continuous,
and b be a continuous function from R x [1,00) to C satisfying the bounds (see
(47) for the definition of pq,p and pug,q, Tespectively),

|a(kat)| S ,L"(%P(kvt)v

|b(k5 t)| < M57Q(ka t)'
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Then, the convolution a b is a continuous function from R x [1,00) to C and we
have the bounds

(@ b) (k,£)| < const. (tipug,q(k,t) Tk pa,p(k,t)> , (o7)
|(a*b) (k,t)| < const. tip,umin{a_lﬁ}yq(k, t), (98)
[(a*0b) (k,t)| < const. <tipﬂﬁ7q(k,t) + tiq'“avp(k’t)) , (99)
I(a % b) (k, )] < const. mumm{am,mm{p,q}(k, 0, (100)

uniformly int > 1, k € R.

Continuity is elementary. The bound (98) follows immediately from (97) using
that |k| pap(k,t) < const. pa—1,(k,t)/t?, and (100) follows from (99). We now
prove (97). Let k > 0. Then, we have for a x b

() (K, 1) g/

o0

/‘a,p(k/at);“ﬁ,q(k - k/,t) dk’

k/2
< ha/2:0) [ oy (0.0) i
3k/2 00
+/ pap(K' t) dk' +ug,q(k/27t)/ pap (K t) dE'
k/2 3k/2
1
< const. (t_p“ﬁ,q(k’t> + |k ua’p(k’/Q,t)) , (101)
and (97) follows for k£ > 0. Similarly we have for k < 0,
s (RO1< [ ol Oag— K.0) at
3k/2
< /20 [ oy (0.0) b
k/2 00
+/ pap(K' ) dk’+ug,q(k/27t)/ pap(K' t) dE'
3k/2 k/2

1
< const. <t—pu3,q(k,t) + |k ua,p(k/Q,t)> )

and (97) follows for k < 0. We now prove (99). Let k& > 0. Then we have, cutting
the integral into three parts as in (101),

[(a*b) (k, )]
k)2
< Hﬁﬂ(k/27t)/ Na,p(kl7t) k'

—00
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oo

3k/2
ey (k)2,1) / Ptk D) K s 72,0 /
k/2

Pap(K' t) dE'
3k/2

1 1
< counst. <t_pﬂﬂwq(k’t) + t_qﬂa,p(k7t)) )

and (99) follows for k£ > 0. Similarly we have for k& < 0,

(@ xb) (k. )
3k/2
< /2 [ a0 0) i
k/2 0o

+han(b/2,0) [

3k/2

1 1
< const. <t_pp’ﬂ7l1(k7t) + t_qﬂa,p(kvt)> )

gk — K ) K+ g (k2. 8) / ey (1)
k)2

and (99) follows for k£ < 0. This completes the proof of Proposition 14.

10.2. Proof of Proposition 5

We first prove the bound on g 9. Namely, using Proposition 14, we find from (50),
(51), (52) and (53) that
2
|(u0 * Wl) (k7t)‘ < Wﬂa(ka t)v
2
|(ur * wo) (k)] < 573k, 1),
2
|(u1 * wl) (k7t)‘ < t_QMa(k,t)7

and (55) follows using the triangle inequality. Next we prove the bound on ¢ 1.
Namely, using (100) we find from (52) that
2
(o * uo) (k, )] < —775 ptasa (K, 1),

which proves (56). Finally, we prove the bound on ¢;. First, the bounds (50) and
(51) imply using the triangle inequality, that

g
|w(k7 t)l < m/ﬁa(lﬁ t)7

which, together with (54) and using Proposition 14 implies that

2
e
(0 %) (k0)] < s pahs 1),

which proves (57). This completes the proof of Proposition 5.
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11. Appendix III

In this appendix we prove Proposition 6. Let p* = (pi, pd, pi), p? = (p3, p3,p3) €
Ba/(g0). Then, by Proposition 4 and Proposition 5, p = N (p) — N(p?) is well de-
fined and p € B,. Let p = (p1, pa2, p3), and let Wi, wi, w', ud, ud, vi, i = 1,2, be the
quantities (37), (41), (34), (36), (42) and (29), computed from p' and p?, respec-
tively. Using the identity ab—ab = (a—a)b+a(b—b) (distributive law) we find that

pr = o (ug xwf +ud g+ uf x o)
S R v P Y 5
_ % [(ub — ) *w! +ud * (0! — w?)]
+ g [(ud = ud) o+ o (0 — )]
+ o [(ud — ) v+ (0] - uB)]
and similarly that
pr =~ [ —8) w b+ 18 (uh —13)]

p3 = % [(vlfvz)*leer*(wl—wz)].

Therefore, and since the quantities wi, wi, Wi, ul, uf, vi, i = 1,2 are linear (re-
spectively affine) in p! and p?, the bound (58) now follows mutatis mutandis as in
the proof of Proposition 4 and Proposition 5.

12. Appendix IV

In this appendix we prove (65) and (66). Let € as in Theorem 8. Throughout all
proofs we denote by ¢ a constant multiple of €g, i.e., € = const. £y with a constant
that may be different from instance to instance.

12.1. Asymptotic behavior of u

Let .
1
Ul(k,t) = (—w*(k) + — / q(k, s) ds) eM-0=1),
Ao Jy
Using the triangle inequality we get that
Juk,£) = as (k,1)] < |U (k1) — ¢ e*’fzt\ o+ fuas () — ¢
+ [uo(k, t) = U(k, )| + |ua (K, £)| . (102)
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We bound each term in (102) separately. First, we have that
k
() e i
and furthermore that
<1
|U(E,t)| < <5ua+1(k,1) +5ua+1(k,1)/ st) eA-(t=1)
1

§ 5/1404+1(k7t)’
so that A
’U(m,t)' < o (k, 1). (104)

From (103) and (104) it follows by the Lebesgue dominated convergence theorem
that

Jim t1/2/ ’U(k,t)fce*krzt dk
—k2
-t [ o]

as required. Next

lim t1/2/ ‘uas(k,t) —ce R
R

t—o0

dk < Jim W?/ (d] + b)) e~ ¥1* dk

— lim t1/22|d|+|b‘

t—o0

0,

as required. Next, using that 1 — e” < —z for all z < 0, we find that

1/t . _
lug(k,t) — U(k,t)] gA—O/l (eAf(t ) _ A=t 1)) g1 (k, s)| ds

[ty
< ,(t—s) A (5 1)
= Ao/1 ‘ (1- ) sorahalhss) ds
SO LTy (s — 1)~ pia(k, 5) ds
= AO 1 — 53/2/J“O¢ Y i

and therefore, since
t+1
1 [z

- oA (t—s) _
A A (s—1)—

3
3/2 H’Oz(k? 5) dS

t—1

A_tzt t—1)° 1/2
< ephat1(k, e~ =2 A_ — t

€
< m#mrl(k»t),
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and since

1

t
. A (t=s5) 1)
A, /t;1 e A_(s 1)53/2 bk, s) ds

S A R S T
_—mA—OMa( ;1) t+16 - as

2
€
S mﬂa(k7 t)7
it follows that

3
R mﬂa(k7 t) dk

< lim tl/Q% =0,

t—o0

lim t1/2/ Juo(k,t) = U(k, )| dk < lim /2
R — 00

t—o0

as required. Finally, we have that
lim t1/2/ luy (k,t)| dk < lim t1/2/
t—oo R t—oo R

< lim tl/Q% —0,

t—o0o

_ g
(e7ta (k1) + w75 alki1)) dk

as required. This completes the proof of (65).

12.2. Asymptotic behavior of v

Let
V(kat> = Vb(k7t) + Vl(kat)a
where
1 t
wm#{@w—r/m@@wy%mhﬁm
0Ji1

1 K I
Vi(h,t) = (w(k)ut (k) ~ gio(k) / n(k,s) ds — | / d0o(k, ) ds> oIk,
1 1
with u* given by (32). Using the triangle inequality we get that

o(k, ) — vas(k, 1)] < ‘Vo(k,t) — ¢ ike Kt

+ ‘Vl(k,t) - (d io(k)e kIt — b e_|k|t)’

+ |v(k,t) — V(k,t)]. (105)
We bound each term in (105) separately. First, we have that
. k g
tlirrolotl/zv()(m?t) =c (—ik)e ™, (106)
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and furthermore that
> 1
|V0(k‘,t)| < (5,uoz+1(k'a 1) +€/Ja+1(ka 1)/ S— ) |k| (¢=1)
1

< e k| patr(k,t),

so that

k
t1/2vo(m,t)‘ < ek prasa (k, 1). (107)

From (106) and (107) it follows by the Lebesgue dominated convergence theorem
that

tlimt/ ‘%(k,t)—c(—ik)e_k2t dk

— 00 R

_ 1 1/2 e —k?

= Jim [ vo(tl/z,) ¢ (—ik)e ™| dk
:0’

as required. Similarly, since go(0,¢) = qo,0(0,t), for ¢t > 1, we find that

lim vl(k ) — dio(k)e H — p eIk, (108)

t—o0o

and furthermore that

[Vi(k, )]
> 1

s(sua+1<k,1>+euu<k,1) / s+ o (k1) K / —ds) Ik,
1

< epta(k, Ve HED 172 (k1) M- ”lkl( / )

< efia(k, 1),

so that

Vl<§,t)‘ < epia(k, 1), (109)

for ¢ > 1. From (108) and (109) it follows by the Lebesgue dominated convergence
theorem that

lim t/ ‘Vl(k,t) - (d io(k)e~IHlt _p e—‘klt)‘ dk
R

t—o0

= lim
t—o0 R

:0’

Vl(é,t) - (d io(k)e ! — b e_lkl)’ dk

as required. Finally, for the last term in (105) we have the following Proposition:
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Proposition 15. Let v and V' be as defined above. Then,
3 3
‘U(k, t) - V(k’t)| S W/J’Oé(k7t) + W“a,S/G(kvt)

£ e _
+ sgho sk t) + s halk, ). (110)

See Appendix V for a proof.
From Proposition 15 it follows that

lim t/ ok, ) — V(k,t)| dk
R

t—oo

. £ 5 5 e _

< lim t/R (Wﬂa(kvt) + mﬂa,5/6(kat) + mua,:s/zl(k"t) + mﬂa(lﬁt)) dk
) €

< Jim b7 =0,

as required. This completes the proof of (66).

13. Appendix V

In this appendix we prove Proposition 15. The proof is rather lengthy and we
therefore split it in several pieces. We start by proving some general bound.

13.1. Two inequalities

Proposition 16. Let o > 0. Then,

" (k=) _ =t L
/1 (e ) —e ) mﬂa(lﬁs) ds

1 1
< const. (mﬂa(kﬂt) + Wﬂa&/fﬁ(kat)) ) (111)
o0 s 1
/t eIkl (t=s) Wﬂa(l@,s) ds
1 1
< const. Wﬂa(k, t) + Wﬂa,:s/z;(k?,t) ) (112)

uniformly in k € R and t > 1.

We first prove (111) for 1 <t < 2. We have

¢ 1 tds
—|k|(t—s —|k|(t—1
/1 (6 lkl(t=s) _ o=kl )) —83/2Ma(k,s) ds < epo(k, 1)/1 7]

e
S E,U/a(k, ].) S Wﬂa(kat)a



642 F. Haldi and P. Wittwer JMFM

as required. For ¢ > 2 we split the integral in (111) into two. For the first part we
have

- |kl (t—3) klt-1)) _L
—|k|(t—s —|k|(t—1
/1‘ (6 — € ) S?)Tﬂa(lﬁs) ds

DT s klt-1)) L
— t—s — t—1
< 6/,La(k, 1)[ (e — € ) S?’T ds

t—(t—1)%/6 1
<ok 1) | =) (1 e‘wsfu) s
1 S

pp—nyre [EDTE
< epia(k, e 1 (s = 1) |K| 3/2
5 t—1 2
< et (k, 1) =D g <T>

e
< mﬂa,{i/ﬁ(kv t)’

as required, and for the other part we get,

t
1
—lkl(t=s) _ —lklt—1)) _*
,/t_(t_l)s/e (6 . ¢ It )) 53/2ﬂa(k78) ds

c t
< olbt) [ ds
t3/2 t—(t—1)5/6

3
< mﬂa(k t)tS/G < tg/gua(kat)a

as required. We now prove (112). Namely,
oo . 1
/ elkl(t—s) 3/2ua(k s) ds

t+t3/4 1 o 1
< e (k,t) elkl(t=s) ds+/ elFlt=s) _—_ g
3/2 t+t3/4 S

t+t3/4 sy [ 1
< epio(k,t) — ds+e Kt / —d
EH < 33/2 s+e s 372 S

—|k\t3/4
< etk 1) t3/4 t1/2

t3/4ua( t) tl/glu’oz 3/4(k t)

\ /\

< mﬂa(kat) + mua’g/zl(k,t),

as required. This completes the proof of Proposition 16.



Vol. 7 (2005) Asymptotics of Non-Symmetric Stationary Navier—Stokes Flows 643
13.2. Proof of Proposition 15

Let vp = v — V. Using the definitions we find that

UD(k7t) = wl(kvt)
t
+ Ao /i (eA*(tfs) - eA*(t*1)> ikqi(k, s) ds
1t
- 5/ (e_‘k‘(t_s) - e_‘k“t_l)) (qo,0(k, 8) +io(k)q1(k, s)) ds

1 100
+ 3 / elkl(t=s) (go,0(k,s) —io(k)qi(k,s)) ds
¢

1 t 0
~3 </ e K1) ikqo 1 (K, s) ds —/ e®It=ikqo 1 (K, 5) ds> . (113)
1 ¢

We write vp = Z?Zl Up,;, with vp ; the i-th term in (113), and we bound each
of the terms individually. The inequality (110) then follows using the triangle
inequality.

Proposition 17. For all a > 0 we have the bounds

[op (kD] < ~paa (k. 1), (114)
[vp.2(k, )] < % p1a (k. 1), (115)
00,3k, D] < Zygita b, 2) 17 a0k 1), (116)
oDa(k. D] < frgitalk,t) + 17 asa(k.1). (117)
00,5k )| < e (b, 6) + gk, t)

+ 7has/o(kt) + o as/alk, ), (118)

uniformly in k € R and t > 1.

The bound on vp ; has already been established in (51). Next, to bound vp 2,
we split the integral into two parts. We have

t41
1

— ’ A_(t—s) _ A_(t—1)
Wl A0 [k g1 (k)] ds

t+1

= . _ 1
< 5/1'&+1/2(ka1)/ (e"*(t ) —eh-l ”) IAfll/zs;W ds
1
t+1

2 1
stm@n[feL“@Ofw$*Umf”;ﬁ@
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=1 2 1
< ety D5 [ 1) I ds

- t—1\°
< e,_:tl/2‘ua_i_1/2(k,,1)€A,T |A_‘3/2 <T>

€
S ;ua+1/2(ka t)7

1 t
L (e ) e
Ao #
1/2 t 2 1
<t A A2
S ¢ AO ,uoz(kvt) /Hrz)le |A7‘ 83/2 ds
i/z A ( ) 1/2 ! 1
_(t—1 —
+e€ Ao Ma(kvt)e |A7| /% §3/2 ds
c t A (t—s) 1/2
_(t—s
< pahalk,t) /ﬂ € A7 ds
2
€ A_(t—1) 2 (=1
+ iz talk,te A1 ( v

t
€ 1 €
< = okt ds + i (Kt
< )/wf 5+ Spualh 1)

< %,ua(k,t),

and (115) now follows using the triangle inequality. The bounds (116) and (117)
on vp,3 and vp 4 are a consequence of Proposition 16, using that

: €
l90,0(k, 5) +io(k)ar(k, )| < -5 ha(k,s).

To complete the proof of Proposition 17 we still need to prove the bound (118)
on vp 5. This bound is somewhat tricky, since the dominant contributions to the
two integrals defining vp 5 compensate one another. A proof of this bound is the
content of the final subsections of this paper.

13.3. Proof of inequality (118)

Using the definition of vp 5 we find after integration by parts, that

t [eS)
—io(k)vps(k,t) :/ e KIt=9) |k g0 1 (K, 5) ds —/ e®t=9) k| go.1 (K, 5) ds
1 ¢

s=t t
- [eflkl(t*S)QO,l(k,S)} */ eflk‘(tfs)as%,l(kas) ds

s=1 1
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§=00

+ e|k\<t—s>q0,1(k,s)} t
5= t

Therefore,
—io(k)vps(k,t) = o (k,t) — e IV go 1 (k, 1) — go 1 (K, t)

t
_ef|k|<t71>/ Dsqo.1 (k, 5) ds
1
t
1

o
- / e‘k‘(t_s)asqo,l(k?s) d87
t

and therefore
vp 5k, t) = —io(k)e  M=Vgq 1 (k, 1)

¢

- io(kz)/ (e_lkl(t_s) - e_lk‘(t_l)) 05q0,1(k, s) ds
1

—ia(k)/ e®lt=9 qo.1(k, s) ds.
¢

From the representation (119) of vp 5 we get the inequality

[vp,5 (k)] < €™M |g0,1 (k. 1)
t
—|—/ (ef‘kl(tﬂ) —eilkl(tfl)) |0sq0,1(k, s)| ds
1

+/ elkl(t—s) |0sq0,1(k, 8)| ds.
t

—/ elkl(t_s)asqoyl(k,s) ds.
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(119)

(120)

We now prove a bound for each of the terms in (120) separately. The bound (118)
on vp 5 then follows by the triangle inequality. For the first term in (120) we have

that
_ B _ _ 9
e~ 1kI(E=1) \qO,1(/€,t)| <e |k](t—1) t_1/2 ﬂa+1(k7t)

g _
S mlioﬂrl(k, t)a

as required, and the bounds on the second and the third term in (120) follow using

Proposition 16, together with:

Proposition 18. For all « > 0 we have that
€
|ath0,1(k,t)| < mﬂa(kat)a
uniformly in k € R and t > 1.

See the next subsection for a proof.
This completes the proof of inequality (118).

(121)
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13.4. Proof of Proposition 18
By definition (40) of go,1 we have that

1
0¢qo,1(k,t) = ~or (uo * Oruo) (k,t),

and for d;ug we have:

Proposition 19. For all a > 0 we have
€
|Osug (K, t)| < zua(k‘,t), (122)
uniformly in k € R and t > 1.

See the next subsection for a proof.
Using (100) we find from (52) and (122) that

2
€
|(u0 * 3tu0) (kvt)| < mﬂa(k,t),

and (121) follows. This completes the proof of Proposition 18.

13.5. Proof of Proposition 19
By definition (36) of ug we have that
Ayug(k,t) = —w* (k)A_er-(—D

1
+ A_Oql (kv t)

1 t
+— / AN _qi(k,s) ds. (123)

Ao 1
We write Oyug = Zf’zl Orto,s, With Oyug,; the i-th term in (123), and we bound
each of the terms separately. The inequality (122) then follows using the triangle

inequality.

Proposition 20. For all « > 0 we have the bounds

€
|atu0,l(k7t)| < Z,ua(k7t)7 (124)
€
|8tu0’2(k7t)| < Wﬂa(k,tL (125)
€
|0¢uo,3(k, t)| < ;ua+1(k7t)7 (126)

uniformly int > 1 and k € R.
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For Oiup,1 we have

‘fw*_(k)A_eA*(tfl)‘ < eftayr(k, 1)V A,

and (124) follows using Proposition 9. Next,

and

find that

1 1 e
= < - =
G N WL

and that

(125) follows. Finally, splitting the integral defining Oyug 3 in two parts we
15 SR
—/ AN _qi(k,s) ds| < epay(k, 1)6A*% |A_|/ —=ds
Ao J; . s
t— t—1
S L
€
< gﬂa+1(k7t)7
RN AR A q1 (k) ds| < o~ pua(k, 1) LA IA_|ds
A[) # —1q1 ) = t3/2 Aoua ) H_Tl _
e 1
< WA_oua(k’t)

13
< gﬂaﬂ(kat),

and (126) follows using the triangle inequality. This completes the proof of Propo-
sition 20 and Proposition 19.
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