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Abstract We study the geodesic exponential maps corresponding to Sobolev type
right-invariant (weak) Riemannian metrics ©® (k > 0) on the Virasoro group Vir
and show that for k& > 2, but not for kK = 0,1, each of them defines a smooth Fréchet
chart of the unital element e € Vir. In particular, the geodesic exponential map
corresponding to the Korteweg—de Vries (KdV) equation (k = 0) is not a local diffe-
omorphism near the origin.
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1 Introduction

The aim of this paper is to contribute towards a theory of Riemannian geometry for
infinite dimensional Lie groups which has attracted a lot of attention since Arnold’s
seminal paper [1] on hydrodynamics. As a case study, we consider the Virasoro group
Vir, a central extension D x R of the Fréchet Lie group D = D(T) of orientation
preserving C*°-diffeomorphisms of the one-dimensional torus T = R/Z and thus a
Fréchet Lie group itself. Its Lie algebra vir can be identified with the Fréchet space
C*°(T) x R. The Virasoro group and its algebra come up in string theory [14] as
well as in hydrodynamics, playing the role of a configuration space for the celebrated
Korteweg—de Vries equation [22, 32]. For k > 0 given, consider the scalar product
(-, Ve vir x vir - R

kom1 )
(W,0), v, b)) =D / 8- 3y dx + ab.

; 0

j=0

It induces a weak right-invariant Riemannian metric ©*' on vir. The notion of a
weak metric, introduced in [15], means that the topology induced by u® on any tan-
gent space ToVir, & € Vir,is weaker than the Fréchet topology on T¢Vir. The aim
of this paper is to show that results of classical Riemannian geometry concerning the
geodesic exponential map induced by the metric ¥ continue to hold in Vir if k > 2.
Note that it has been shown by Kopell [23] (cf. also [17, 29]) that the Lie exponential
map of the diffeomorphism group of the circle is not a local diffeomorphism near the
origin. This fact can be used to show a similar result for the Virasoro group Vir—see
Sect. 5.

Theorem 1.1 For any of the right-invariant metrics 1®, k > 0, there exists a
neighborhood Uy of zero in vir such that for any initial vector § € Uy there ex-
ists a unique geodesic y (t;€) of u® with y|—o = e (e denotes the unital element in
Vir) and y|i—o = &, defined on the interval t € (—2,2) and depending C}p-smoothly*
on the initial data & € Uy, i.e. (=2,2) x Uy — Vir, (t,&)— y(;&)is ClF-smooth.

Theorem 1.1 allows to define, for any given £k > 0, on Uy C vir the geodesic
exponential map
expy: Ux — Vir, &+ y(15§).

The following two theorems show that there is a fundamental dichotomy between the
exponential maps exp, for k = 0,1 and k > 2—see Remark 3.2 for an explanation of
this dichotomy.

Theorem 1.2 For any k > 2 there exist a neighborhood Uy of zero in vir and a
neighborhood V. of the unital element e in Vir such that the geodesic exponential map
expg lu: Ug = Viisa C};-diffeomorphism.

* Amapis Clkp-smooth if it is k-times continuously differentiable in the sense of Fréchet calculus—see
Sect. 5.
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Theorem 1.3 For k = 0 and k = 1 there is no neighborhood Wy of zero in vir
so that the geodesic exponential map expy, is a C}-diffeomorphism from Wy onto a
neighborhood of the unital element e in Vir.

Remark 1.4 Similar results as the one above have been established by Constantin
and Kolev [11] for the Fréchet Lie group D. Note however that the natural inclusion
D — Vir, ¢ + (¢,0) is not a subgroup of Vir and it turns out that the geodesic
exponential map exp; on Vir when projected to D is different from the corresponding
geodesic exponential map exka on D. In fact it has been proved in [11] that exp,? isa
local C},-diffeomorphism near the originin 734D for any k > 1. According to [10], this
is not true for k = 0. This fact reveals a difference between the Korteweg—de Vries
equation which by [22,32] is the Euler equation corresponding to the metric ;%
on Vir and the Camassa—Holm equation which by [22,24,30] is the Euler equation
corresponding to the restriction of the metric u" to D.

The paper is organized as follows: In Sect. 2 we fix notations and describe our set-up.
Theorems 1.1 and 1.3 are shown in Sect. 4, whereas Theorem 1.2 is proved in Sect. 3.
For the convenience of the reader, we have included at the end of the paper a section
on the calculus in Fréchet spaces (Sect. 5), on the Euler equations on vir (Sect. 6),
and on the Lie exponential map (Sect. 7).

2 Euler-Lagrange equations on the Virasoro group

Denote by D = D(T) the group of C*°-smooth positively oriented diffeomorphisms
of the 1-dimensional torus T := R/Z. The topology on D is induced from the standard
Fréchet topology on C*(T) corresponding to the countable system of H* norms,

koo
i =3 [ @l ax, @.1)
=0

k>0 (cf. Sect. 5). The Fréchet manifold D is a Fréchet Lie group with
multiplication o: D x D — D given by the composition of diffeomorphisms, i.e. if

(¢,¥) € D x D, then (¢ o ¥)(x) := ¢ (Y (x)) (cf. [17]).*

Definition 2.1 The Virasoro group Vir is the Fréchet manifold D x R with
multiplication o: Vir x Vir — Vir given by the formula

1 1
@.ayo (v.p):=(povatp—> /O log(@(¥ (M) dlog (). (22)

The map B, given by B(¢,¥) = —% 01 log(¢ o ), dlog Y, is sometimes referred to
as the Bott cocycle.

Remark 2.2 Passing to the universal cover R — R/Z of the torus T = R/Z we
identify a diffeomorphism ¢ € D with the set of its lifts ¢: R — R, ¢ € C*°(R,R). Two

* Note that the composition on D is C3’-smooth.
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lifts ¢, ¢ of ¢ are related by ¢n(x) = ¢; (x + k) + [ for some k, [ € Z. It is readily seen
that the expression

| .
—5/0 log(¢ (¥ (x)))x dlog Y (x)
in formula (2.2) is independent of the choice of the lifts é, fq e C*® R,R) of ¢ and .
Often we will choose a lift of an element ¢ in D of the form ¢: R — R, ¢(x) = x + v(x)
with 0 < v(0) < 1 and v a smooth 1-periodic function. In the sequel we will not
distinguish between ¢ and its lifts to R.

One easily verifies that Vir is a Fréchet Lie group whose algebra vir can be identified
with the Fréchet space C*° x R with Lie bracket

1
[(u,a), (v,b)] = (uxv — vell, / u(x)vxxx(x)dx)- (2.3)
0

The map C, given by C(u,v) := fol U(X) Vyry (x)dx is often referred to as Gelfand-Fuchs
2-cocycle. The unital element in Vir is e := (id,0) where id denotes the identity
in D.

Remark 2.3 Usually the coefficient in front of the integral in (2.2) is taken to be equal
to 1 instead of —% (cf. [2,22]). In this case, one has to insert a factor —2 in front of the
integral in formula (2.3) for the Lie bracket.

For a given k > 0 consider on vir = C*® x R the Sobolev type scalar product
(y Ve vir x vir - R

ko )
((u,a), (v, b))k :=Z/ olu-dvdx +ab, VYu,a),(v,b) € vir. (2.4)
j=070

This scalar product induces a right-invariant (weak) Riemannian metric* u® on vir.
For any ® € Vir

1P, ) = ((deRe) '€, (deRo) 'n)k, VE.n € ToVir, (2.5)

where Re: Vir — Vir denotes the right translation ¥ +— W o ® in Vir. It follows
from its definition that £ ® is a C%-smooth*™ weak Riemannian metric on Vir.

We define the geodesics with respect to a smooth (weak) Riemannian metric x on
Vir in the classical way as the stationary points of the action functional corresponding
to 4. The following definition makes sense on an arbitrary Fréchet manifold.

* The word weak means that the topology induced by u(k) on any tangent space TpVir, ® € Vir,is
weaker than the Fréchet topology on TgVir.

** The symbol Clkp means that the corresponding map is k-times continuously differentiable in the

sense of Fréchet calculus (see Sect. 5). We reserve the symbol C for the standard notion of continuous
differentiability up to order k in Banach spaces.

# Another approach is to prove that there exists a Levi-Civita connection on Vir with respect to the
metric M(k) and then to define the geodesics as the curves whose tangent vectors are parallel with
respect to the connection (cf. [11, 15]).
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Definition 2.4 A C%—smooth curve y: [0,T] — vir, T > 0, is called a geodesic of the
smooth (weak) Riemannian metric 1 on Vir if for any C%-smooth variation (with s
denoting the variation parameter —€ < s < €)

y: (—€,6) x [0, T] = Vir, (s,0) — y(s,t) with y(0,1) = y(¢) (2.6)

such that y(s,0) = y(0) and y (s, T) = y(T) for any —e < s < € one has
d
3 li=0Eu(r(s.)) = 0. 2.7)

Here, E,, denotes the action functional

T
Eu(y(s,) = %/0 w(y (s,0), ¥ (s,0)dt
and y(s,t) := %—}t’(s,t). The variational equation (2.7) leads (cf. Sect. 6) to a partial
differential equation for y (¢), called the Euler—Lagrange equation. Note that the exis-
tence and the uniqueness of geodesics on Fréchet manifolds might not hold. Indeed,
the corresponding Euler-Lagrange equation can be viewed as a dynamical system
(ODE) on the tangent bundle which is a Fréchet manifold as well. But on Fréchet
manifolds, smooth ODE’s may have no or more than one solution (cf. [17], p. 129).
It turns out that a C%-smooth curve t > () = (¢ (1), a(t)) € Vir with

do )
®l;—0 = e and Ehzo = (up,ap) € vir

is a geodesic with respect to the metric w® if and only if ¢ (¢) and «(¢) are solutions
of the ordinary differential equations

B(1) = u(t, ¢ (1)), (2.8)
li=0 = id (2.9)
and
1 1
a() =a(t) — E/ uy(t, ¢ (t,x)) dlog ¢« (t,x), (2.10)
0
a(0) =0, (2.11)
where (u(f),a(t)) € vir satisfies the so-called Euler equation
Aguy = —QuyAgu + uAply) + Aliyyy, (2.12)
a=0, (2.13)

with A := 3% ((~1)/8 and initial data
u(0,x) = up(x) and a(0) = aop. (2.14)

We will derive the above system (2.8)—(2.13) in Sect. 6. Let us point out that unlike in
the case of the Lie group exponential map for Vir (see Sect. 7) the element u in (2.8)
generically depends on time.

Lett — (¢ (t;ug,ap), a(t;up,ap)) € Vir be a C%—smooth solution of (2.8)—(2.9) and
(2.10)-(2.11) where u(t,x) = u(t,x;uo, ap) is a solution of the Euler equations (2.12)-
(2.14) that we assume is defined on an open set in R containing the interval [—1, 1].
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Then, the geodesic exponential map at (ug, ap) is defined by the formula

expy: (1o, ao) — (¢ (t,x;u0,a0), o (t;uo, ao))|=1- (2.15)

Theorem 1.1 stated in the introduction and proved in Sect. 4 says that for any k > 0
the geodesic exponential map exp, is well-defined in a small open neighborhood of
zeroin vir.

3 Proof of Theorem 1.2

We will prove Theorem 1.2 by applying, for any given k > 2, Proposition 5.5 in Sect. 5
to the Hilbert approximation*

Virpgi1 2 virpgip 2 - 2 vir

of the Fréchet space vir = C® x R where vir; := H' x R and H' = H(T) is the
Sobloev space of real valued functions on T. Let D° (s > 2) denote the Hilbert
manifold, modeled on the Hilbert space H®,

D’ = {¢p € HS(T,T) | ¢'(x) > 0 ¥x e T}.

Representing an element ¢ € D° in the form ¢ (x) = x + f(x) one can easily see that
a neighborhood of the identity 1d in D* can be identified with an open neighborhood
of 0 € H® (cf. Sect. 5). The composition of mappings endows D* with a topological Lie
group structure.**

The following result is the main ingredient in the proof of Theorem 1.2.

Proposition 3.1 For any k > 2 given there exists a neighborhood U,y 1 of zero in
viryga such that for any | > 2k + 1 and any initial data (ug, ag) € U; := Uppq Nvir
there exists a unique solution ®(t) = (¢ (1), a(t)) € C((=2,2),D' x R) of (2.8)—(2.14)*
which depends Cl-smoothly on the initial data (1o, ao) € U, in the sense that ® belongs
to C1((=2,2) x U, D' x R).

To prove Proposition 3.1, we need to establish first some auxiliary results. For a given
k > 2 consider the pair of equations depending on the real parameter a = ay,

b = u(t, ¢ (1), 31
Aguy = —QuyAgu 4+ uAguy) + altyyy, (32)

with initial data u|,—o = up and ¢|;—¢p = 1d. Our first aim is to prove that for anya € R
and any/ > 2k+1 there exist solutions ¢ € Cl((~T,T),Dyandu € CO((-T,T), HHN
C'((=T, T),H1) of the system (3.1)—(3.2) which are defined for some T > 0 (pos-
sibly depending on the initial data g € H' and a € R). To this end note that for any
[ > 2k + 1 the system (3.1)-(3.2) can be transformed by a change of variables to a

* For any k > 2 given, we choose viryy as the first approximation space of vir to insure that all
our calculations will take place in H* with s > 1. Note that H® is a Banach algebra for s > 1.

** Unfortunately, the composition o: D¥ x D’ — D* and the inverse operation (-)~1: D5 — D are
not C®. However, for any [ > 0, the composition o: Dt/ x DS — DS (I > 0) is a C!-smooth map
(see e.g. [15]).

T with u@) = ¢:(t) 0 o)~ L.
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parameter dependent ODE on the Hilbert manifold D' x H'. To see this note that for
u € H' one has

Ap(utty) = uAguy + Qp (),

where Qp(u) is a polynomial in the variables u, uy, ..., afku. As HI7% (I >=2k+1)
is a Banach algebra with respect to multiplication of functions* it follows that Oy €
C*®(H!, H'=?K). Using the identity displayed above, (3.2) can be rewritten in the form
Ap(uy + uuy) = —2uAgu + O (1) + aliyyy OF

Uy + uuy = A;l o Bi(u;a),
where for any given a € R,
u > Br(u;a) = —2uyAxu + Qp(u) + atyyx

is an element in C®°(H!, H'=2¥). Note that Bi(0;a) = 0. In the sequel, we will some-
times write By (a) for By(-;a). Note also that By depends smoothly on the parameter
a € R. More precisely

H' xR — H™% (u,a) — Bi(u;a),
is a C*°-map.

Remark 3.2 The term auyy, in the expression for By (u;a) belongs to H'=3 which is
contained in H =2k when k > 2. If k = 0 or k = 1 the latter inclusion does not hold.

Finally, the substitutions v(f) = u(¢) o ¢ (t) and ¢ = vlead to the equation
¢ =v, (33)
v = Fr(¢,v;a), (3.4)

where Fi(¢,v;a) i= (A" o Bi(v o ¢~';a)) o ¢. The right-hand side of (3.3)~(3.4) is
well defined for any (¢,v;a) € D' x H' x R and belongs to the space H! x H'. In
particular, (3.3)-(3.4) defines a dynamical system (ODE) on D' x H! which depends
on the parameter a € R. For s > 1 given let Ry: D° — D* denote the right-translation
inD’by ¢ € D fors > 1. As

Fi(¢,via) = Ry o Ay o Ry 0 Ry o B(a) o Ry-1v,
the mapping
Fi: (9, v;a) > (¢, F(¢,v;a))

can be written as a composition,

Fi = Ay o By, (3.5)
where
Ac: (.v) > (¢, Ry 0 AL o Ry1v) (3.6)
and
Bi: (¢p,v;a) — (¢,Rp o Bi(a) o R¢71v). 3.7)

* In particular, the multiplication HI72k « gl=2k _ pl-2k , (u,v) — u - v,is a continuous bilinear
map.
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The following result will allow us to prove Proposition 3.1 with the help of the local
smoothness theorem for ODE’s in Banach spaces (cf. [25, Chapter 1V]).

Lemma 3.3 Let k > 2. Then for any | > 2k + 1,

) A € CL(D' x HI=2 D! x H) (3.8)

(i) Br € CH(D' x H' x R, D' x H'=%). (3.9)

As a consequence

(iii) Fi e CL(D' x H' x R, D' x H

and therefore the mapping D' x H xR — H! x H, (p,v;a) — (v, Fi(p,v;a)) is

Cl-smooth.

To prove Lemma 3.3, we first need to establish two auxiliary lemmas. Note that

Aj: D x H'=2k — Dl x H', defined by (3.6), is invertible and its inverse is given by
A D x H' > D! < HZ2% (¢,v) > (6. Ry 0 Ag o Ry1v). (3.10)

Lemma 3.4 Let k > 1and | > 2k + 1. Then for any ¢ € D' and v € H' the following
statements hold:

(i) Forany1 <s <2k,

S
Bwogp ) =D Py(¢) @v)og ", (3.11)
j=1
where Pg j is a polynomial in 9" (¢~ (1 <m < s) with integer coefficients.
(ii) Forany1 <j <2k d(p~!) = Si(¢) where Sj(¢) is a polynomial in (p)Logp1
(37¢) 0 ¢~ (1 < m < j) with integer coefficients.

Proof of Lemma 3.4 As the proofs of items (i) and (ii) are similar we will prove here
only (i). We argue by induction. For s = 1 one obtains by the chain rule that

vop =@ i viop™h.
Assume that (3.11) is satisfied for s with 1 <s < 2k — 1. Differentiating both sides of
(3.11) with respect to x and using that ((3}v) o ¢~ 1), = (a)jflv) o~ (¢~ 1), one gets

that (3.11) holds for s + 1. This completes the proof of (i). The proof of (ii) is similar.
g

The second lemma we need is the following one.
Lemma 3.5 Lets > 2. Then the map, D° — Hs 1 ¢ = 1/¢y, is Cl-smooth.

Proof of Lemma 3.5 Take ¢ € D° and consider a neighborhood Uc(¢) = {¢ —
f1Nfllgs < €} of ¢ in D* with € > 0 so small that

Ife/@xllpgs—1 < 1. (3.12)

As H*~!is a Banach algebra ||fy/¢xll g1 < Cllfellyys—111/éxll -1 and, hence, (3.12) is
satisfied for 0 < € < 1/(C ||1/¢xll ggs-1). The lemma then follows from the expansion

<¢—1f)x:i(l+%+(%)2+"')

which, by (3.12), converges in H*~! uniformly in U, (¢). O
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Proof of Lemma 3.3 First we will show (3.8). Combining items (i) and (ii)
of Lemma 3.4 one concludes that
2k '
RyoAroR,1v= > Pi$)-dv, (3.13)
j=0

where Pj(¢) is a polynomial in (¢)~1 and 93¢ (1 <s < 2k). It suffices to show that
D' x H' — D' x H'=% (¢,v) > (¢, Ry 0 Ap o Ry-1v) is a local C'-diffeomorphism.
Note that it follows from Lemma 3.5 that the map

(@) > (D) s, 82K, v, vn, ., 02K0), Dl x HY — (H'2K)+2

is CL. Using that the multiplication H72%k » HI=2k . pgl=2k (u,v) > u-v,is a
bounded bilinear map, we conclude from (3.13) that the map (3.10) is C!. For any
(¢0,v0) € D' x H', the differential d(,p()’m)A,;l: H' x H' — H' x H'=?K is of the form

5¢ 0

-1

oo Ay (56, 8v) = |:S(8¢) Ry 0 Ag o R¢18vi| ’ (3.14)
0

where S: H' — H'"** and Ry 0 Ay o Ry1: H' — H'~?* are bounded linear maps. As
0
Rpy0AroR Pk H! — H'?Kis invertible, the open mapping theorem implies that it
0

is a linear isomorphism. Hence, d(¢0,vO)A,;1 is a linear isomorphism and by the inverse
function theorem, the map

A D! x H > D! < HZ2%, (¢,v) > (8. Ry 0 Ao Ry1v)

is a local C!-diffeomorphism. This proves (i). Arguments similar to those used to
prove that (3.10) is smooth, involving Lemma 3.4 and Lemma 3.5, prove (ii). Item (iii)
is a direct consequence of (i), (ii), and (3.5). O

Fix [ > 2k +1 and assume that the C'-curve (—2,2) — D! x H!, t > (¢ (1), v(1)),is a
solution of (3.3)-(3.4) with initial data (¢o, vp). Our next goal is to establish a relation
between the regularity of the initial data (¢o, vo) and the regularity of ¢ () —see (3.16)
below. To this end note that the arguments in the proof of Lemma 6.2 in Sect. 6
show that

1) = I 0.u0) = e - ((Au®) 0 $ () —aSg ) € H*  (3.15)

isindependent of t € (—2,2). Hereu = v o¢p~1 and S(¢ (1)) is the Schwarzian derivative

(D (Drxx (D) — 3¢2.(1)/2)/$2(1). As u = ¢y 0 ¢! one has uy = (¢ 0 1) - (7 D)s.
Using that (¢~), = 1/(¢x 0 ') and hence (82€¢ 1) o p = —02K¢p/pZ**! 4 ... one
gets

02Fu) 0 ¢ = (0250 Jp2 — pur - 92K 2 -

where ... stand for terms containing derivatives of ¢ or ¢,(=v) in x of order up to
2k — 1 and hence in H/~2k+1 Together with (3.15) and the expression for Ay one then
obtains

(%2 (t) = ¢ - 025 — ue - 92+ -
@ Springer



164 Ann Glob Anal Geom (2007) 31:155-180

Hence, we have for any ¢ € (—2,2)
$x(0) - 901 (0) = 90 - 079 (1) = (1 9} 0 (#3710 + Ik (6 0. v(0): )

where Ji (¢, v;a) = Pi(¢, v;a)/dg% and Py is a polynomial in the variables ¢, dy¢, .. .,
83"’14), V, 0V, ..., Bfk’lv and a. As I;(t) = I;(0) we obtain that

0o (1) of 2k |
( (D) )t: (=1 (d)x (t)lk(o)+Jk(¢(t),v(t),a))

for any r € (—2,2), hence upon integrating in ¢

o7k _ 90
(1) $ox

t
+ (-1 /0 (6272 ©1O + 146, v©:0))ds.  (3.16)

Proof of Proposition 3.1 By Lemma 3.3 we can apply the existence and unique-
ness theorem for ODE’s in Banach spaces (with parameter) to conclude that for any
0 < M < oo there exists aneighborhood Woi, 1 = Way 1.y of (18, 0) in D*+1 x f2k+1
such that for any initial data (¢o,vo) € Wokyo and any a € (—M, M) the ordinary
differential equation (3.3)—(3.4) has a unique solution W (f) = (¢ (¢), v(¢)) defined for
t € (=2,2).* Moreover, the solution ¥ () depends ! smoothly on the parameter
a € (—M, M) and the initial data (¢o, vo) € Wok1.

Define for [ > 2k +1 the neighborhood W; := Wy, 1N (D! x H') of the point (id,0)
in D! x H!. We will prove that for any initial data (¢o, vo) € W; and any a € (—M, M)
there exists a solution of (3.3)—(3.4) in D! x H' that is defined for ¢ € (—2,2) and
depends C 1 smoothly on the initial data (¢g, vo) € W; and the parametera € (—M, M).
To this end we use induction in / > 2k + 1: For [ = 2k + 1 the statement holds by
the construction of Wy, 1. Now, take a € (—M, M) and (¢o, vo) € Wok2. Denote by
W(t) = (¢(1),v(1)) the corresponding solution in D2*+1 x H2+1 As the right hand
side of (3.3)-(3.4) is a C'-smooth vector field on D?k*2 x H?k+2 there exists a unique
solution W (t) = W(t; ¢, vo,a) of (3.3)—(3.4) in D**2 x H?**2 defined on some max-
imal interval of existence t € (71, 7T2) with T} < 0 < T, possibly depending on a
and (¢, vp). We claim that T, > 2 and 77 < —2. As the two statements are proved
similarly we concentrate on 77 only. Arguing by contradiction suppose that 7> < 2.
Considered as a curve in D*+1 x HZk+1 the solution

(1) = ($(0),7(1)) (3.17)

solves (3.3)—(3.4) in D2kt x H2k+1 and therefore coincides with the solution W:
(=2,2) — D*+1 « H2k+1~ of (3.3)-(3.4) on the interval ¢t € (max{-2,T1},T>). For
t € (max{—2, Ty}, T») and ¢ defined by (3.17) equality (3.16) implies that

92k gy
ax ¢0

_ t
3Zkp(r) = dx () + (=)kepr (1) /0 (@23 () (0) + T (¢ (5), v(s); @))ds,
(3.18)

where Ji (¢, v;a) = Pi(¢, v;a)/qbf and Py is a polynomial in the variables ¢, 0,9, . . .,
Bfk_lqﬁ, v, 8xv,...,8§k_1v and a. As (¢o,v0) € Wyrip we get from (3.15) that

* Note that for any a € R, (14, 0) is a zero of the vector field defined by the r.h.s. of (3.3)-(3.4).
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I(0) € H?. Then equality (3.18) implies that 82X¢(r) € H?. Moreover, as T, < 2
by assumption one gets from (3.18) that the limit
li t
i 0¢()
exists in D212, As ¥ = ¢, and ¥; = Fi($, V;a) evolve both in H**2 for T} <t < T»
and as T, < 2 by assumption one concludes, by taking the ¢t-derivatives of both sides
of the identity (3.18), that the limit

lim V(¢
t—T,—0 ()

exists in H22, Hence, there exists a limit

zJiTTfo((b(t)’ V(1))

in D¥#+2 x H?%+2 This contradicts the fact that (Ty, T») is the maximal interval of exis-
tence of the solution W (¢). Hence, T» > 2. In the same way one proves that 77 < —2.
As the vector field F is C! on D12 x H*+2 x R the solution ¢ — W (£; ¢o, vo, a),
(=2,2) — D*+2 x H?)k+2 depends C'-smoothly on (¢, vo,a) € Worya X (—M, M).
The same arguments permit us to show that for any / > 2k + 1 and for any
(¢0,vo) € Wy and a € (—M, M) there exists a solution of (3.3)~(3.4) in D x H' which
is defined for t € (—2,2) and depends C! smoothly on the parameter a € (—M, M)
and the initial data (¢o,vo) € W;. Combining this with the formula (2.10) for ¢(¢) one

gets that
¢xx(7)
at)=a- t—f// (1) 3.19
O G & G.19)
Finally, by (3.19) and Lemma 3.5, o € Cl((=2,2) x W) x (=M, M), R). This completes
the proof of Proposition 3.1. O

It follows from Proposition 3.1 that for any given k > 2 one can define the mapping
Bkt Upepr = D xR, E(ug, ao) 1= (1)),

where Upiy1 € virpgsq is given as in Proposition 3.1 and @ () = (¢ (¢),a(¢)) is the
solution of (2.8)—(2.14). According to Proposition 3.1 for any / > 2k + 1 the restriction

Exlu: Uy — D xR

of Ex to U := Upyy1 Nviryis well-defined and Cl-smooth.

It follows from (2.8) to (2.14) that Ej(tug,tag) = ®(¢). In particular, one gets that
d(13,0)Bk = 1dviry,,; and by the inverse function theorem the neighborhood Uy
can be chosen so that

Erluystt Uzkr1 = Vorna
is a C'-diffeomorphism where V1 is a neighborhood of (id,0) in D**+1 x R.
Lemma 3.6 If (up,a0) € Upxy and 1 > 2k + 1, then

Eg(up,ao) € D! x R iff uge H'.
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Proof of Lemma 3.6 First we prove the “only if” part of the lemma. By the defini-
tion of Ujky1, the statement is true for / = 2k + 1. Assume that it is true for any
2k +1 <j < landlet Ex(up,ap) := (1) = (¢(1),x(1)) € H' x R. By Proposition 3.1
and the induction hypothesis we have that (¢ (f), v(?)) is in Cl((=2,2),D"1 x HI71).
According to (3.16) one has

(DK
o (1)

1 1
KOy [ 93w = S (800 - [ I o). (20)
0 0

By assumption

pM) ok / Y oks 1-2
cH , ¢ (s)ds e H™~,
¢x(1) 0 *
and
1 ! 12k
Ji(P(s),v(s);a)ds € H™".
(D) /0
Thus, one gets from (3.20) that Ao = I (0, ug, ap) € H'=%k Hence, ug € H'. The “if”
statement of the lemma follows from Proposition 3.1. O

Lemma 3.7 For any given (ug,ap) € U, I > 2k + 1,
(d(ug.a0)Ex) (W, a) € vir\vir,q
forany (u,a) € vir;\vir,.

Proof of Lemma 3.7 The lemma is proved by passing to the variations of (¢ (¢), v(¢))
in (3.16) and then arguing as in the proof of the previous lemma. O

Proof of Theorem 1.2 Note that conditions (a), (b), and (c¢) of Proposition 5.5 in
Sect. 5 hold in view of Lemma 3.6, Proposition 3.1, and Lemma 3.7, respectively.
Hence, Proposition 5.5 can be applied and Theorem 1.2 is proved. O

4 Exponential maps corresponding to KdV and CH

If kK = 0 the Euler equations (2.12) and (2.13) is the Korteweg—de Vries equation
(KdV) with parameter ag € R,

U + 3uiy — agliyy =0, 4.1)
Uli=0 = Uo 4.2)
and if k = 1 we get the following variant of the Camassa—Holm equation (CH)
- 8§)uz = —2u, (1 — Bf)u —u(l - Bg)ux + aglbyyy, (4.3)
uli=o = uo, (4.4)

with ap being again a real parameter. It is well known that both equations can be
viewed as integrable Hamiltonian systems and both are bi-Hamiltonian [5, 9, 16, 19].
Of all the Hamiltonian vector fields induced by the H* inner products (k > 0), only
the cases k = 0 and k = 1 are bi-Hamiltonian relative to the canonical Lie—Poisson
structure (cf. [12]).
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The KdV and the CH equations are closely related. In fact, there is a correspon-
dence between the so called KdV hierarchy and the one of (CH) —see [26,27]. On the
other hand, the two equations have quite different features with regard to (global)
well-posedness—see, e.g., [6, 8, 13, 20, 31].

Denote by vir; the space H! x R.

Lemma 4.1 There exist a neighborhood Us of the zero in virs and a time interval
(=T,7), T > 0, such that for any | > 3 and any initial data (ug,ap) € U; := U3 Nviry
Egs. (4.3) and (4.4) have a unique solution u € CO(=T,T),H) N C'(=T, T),H'"1)
which depends Cl-smoothly on the initial data (ug,ag) € U; in the sense that u €
CY(~T,T) x U, H ).

Proof of Lemma 4.1 With the substitution
u(t,x) := v(t,x — 3aopt/2) + ap/2, 4.5)

Egs. (4.3)-(4.4) transforms into the standard form of the Camassa—Holm shallow
water equation (cf. [5, 7])

(1= 82y, = —2v(1 — 82y —v(1 — 82wy, (4.6)

V]i=0 = ug — ap/2 =: vo. 4.7)

Now, the statement of the lemma follows from the arguments used to prove Theorem

1.2. Indeed, according to [30] (see also [24]) the nonlinear equations (4.6) and (4.7)

is the Euler equation of the geodesic equations corresponding to the right-invari-

ant metric v on the diffeomorphism group D generated by the scalar product on
T:iaD = C*

1
(u,v)1 ::/ (uv + uyvy)dx, u,ve C®.
0

Using the same arguments as in the proof of Proposition 3.1, one shows that the
geodesic equation on 7D can be also considered as an ODE

W, W) = (W, G(Y, w)), (4.8)
(Y, W)li=0 = (Yo, vo) (4.9)

on the tangent bundle TD! of the Hilbert manifold D' (I > 3) where the vector field
(¥, w) > (w, G(,w)) is C'-smooth in a neighborhood of (1d,0) € TD' (cf. [10]).
The local smoothness ODE theorem in Banach spaces [25, Chapter IV] then implies
that there exist T = 7; > 0 and a neighborhood W; of (1d,0) in TD' such that
for any (¥, vo) € W; the nonlinear equations (4.8) and (4.9) has a unique solution
(Y (t: 90, vo), w(t; Yo, vo)) € TD fort € (=T, T) with w(-;-,-) € CL((=T,T) x W;, H)
and ¥ (-;-,-) € CY((=T,T) x W;, D). Then

v(t;vo) = w(t; id,vo) o ¥ (f;id, vp) ™! (4.10)
is the unique solution of (4.6)—(4.7) and has the property
v(;svo) € COU=T,T),HYn C'(~T.T),H'™).
As the maps

DD syt
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and
H' x D' — Hlfl, W, ¥) > wo
are C'-smooth we conclude from (4.10) that
ve Cl(~T,T) x V,H'™),

where V; = W; N T;4D. Then, arguing as in the proof of Proposition 3.1 one proves
that V; can be taken of the form

V[=V3ﬂHl

and 7; can be chosen to be T3 and, hence, is independent of / > 3. Using these prop-
erties of v, the properties of u stated in Lemma 4.1 follow from formula (4.5). O

The following remark will be of use in the proof of Theorem 1.3.

Remark 4.2 As the vector field (y,w) — (w,Gx(¥,w)) in (4.9) is of class C! in
a neighborhood of (id,0) € TD!, I > 3, the local smoothness theorem in [25,
Chapter I'V] implies that the partial derivatives D1 D3w(t; ¥, vo) and D1 D3 (t; Yo, vo)
of w(t; ¥o,vo) and ¥ (t; Yo, vo) exist and, from the variational equation satisfied by

D3w(t; Yo, v0),
D1 D3w(t; ¥0,v0) = D3D1w(t; 40, vo)
and
D1 D3y (t; ¥0,v0) = D3D1y (&; Y0, v0)."
In particular, the same is true for the solution
v(t;v0) = w(t; 1d, vo) o ¥ (15 1d, vp) ™!
of the Camassa—Holm equations (4.6) and (4.7) as well as for its parametrized version

(4.3)-(4.4).

Proof of Theorem 1.1 The case k = 1 follows from Lemma 4.1 and the existence of
solutions of the ordinary differential equations (2.8)—(2.11) (cf. Remark 4.3 below).
The case k = 0 follows for & = (ug, ap) with ag # 0 from the well-posedness results of
the KdV equation (cf., e.g., [3]) and for & with ap = 0 from the ones of the Burgers
equation (cf.,, e.g., [4], [21]). The case k > 2 follows from Proposition 3.1 proved in
Sect. 3. O

Proof of Theorem 1.3 As the statements for k = 0 and k = 1 are proved, similarly,
we concentrate on k = 1 only. Taking uy = ¢ = constant one obtains from (4.3)—
(4.4) that u(t,x;c,ap) = c. Solving (2.8)—(2.9) and (2.10)—(2.11) we then find that
¢(t,x;c,a0) = x + ct and «(t; c,ag) = apt. Hence,

expy ((c,a0)) = (¢, a0) € Vir,

where 7, denotes the translation x — x + c on T.

* Let 1 < j < n. We denote by D;f(x1,...,xp) the partial derivative of f with respect to the jth
variable at the point (xq,...,x).
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Our aim is to compute the Fréchet differential of the exponential map
(D expl)l(c,a()): vir — T(Tc’ao)Vir.

To this end denote by & := Dou(t; ug,ap)(w) the partial directional derivative of the
solution u(t; up, ag) with respect to the second variable u in the direction w € C*
at the point (t;ug,ap) (cf. Sect. 5), i.e. &€ = limgo(u(t;up + sw,ag) — u(t;ug,ap))/s.
Since the derivative Dou(t;ug,ag) is the restriction of the directional derivative of
u(t,-,ap): H' — H' to C*™ where [ > 3 we compute & by working in the Hilbert space
H'. As u(t; uo +sw, ap) satisfies (4.3) with initial data u|,—¢ = up + sw one obtains from
Remark 4.2 and a differentiation with respect to s that (¢, x) satisfies the linear PDE

Arg = 2u A€ — 26, Aju — uA 1y — EA Uy, + a0Exxx, (4.11)
Eli=0 = w. (4.12)

Taking ug = ¢ and using that u(t,x;c,a0) = ¢, we obtain from (4.11) to (4.12) that
& = &(t,x; c,ap,w) satisfies the linear PDE

Arg = —2c8y — cA1Ey + aobxx, (413)
Eli=o = w. (4.14)
If ap = 2c the equation above becomes A1 (& + 3c&,) = 0. As the operator A; =

1—92: C*® — C™ is a continuous bijection we obtain that & +3c&, = 0 and &|,—g = w.
Solving the latter equation one gets &(¢,x) = w(x — 3ct), i.e.

Dou(t;c,2¢)(w) = w(x — 3ct). (4.15)

Our next goal is to compute the directional derivatives D¢ (t;c,ap)
(w) and Dra(t;c,ap)(w). Proceeding as above we linearize equations (2.8)—(2.11)
at up = c and then find the directional derivatives by solving the corresponding linear
equations.

Remark 4.3 Note that for any / > 1 Egs. (2.8) and (2.9) can be regarded as a dynam-
ical system (ODE) in the Hilbert space H' depending on a parameter u from the
Banach space X := C!([-T,T], H'*!)

¢ = F(t.¢:u), (4.16)

Pli=0 = 14, (4.17)

where F(t, ¢;u) = u(t) o ¢. Since the composition H*! x H' — H!, (u,¢) — uo¢

is C!, it follows that F € C'([—T,T] x H! x X,H') and, hence, (4.16)—(4.17) has a

(unique) solution ¢ (t;u) in H' that belongs to the space C'([—T, T] x X, H") (cf. [15,
Sect. 3)).

Let u(t;ug,ap) be the solution of (4.3)-(4.4). It follows from Lemma 4.1 and
Remark 4.3 that the directional derivative n := D¢ (t; ug, ag)(w) satisfies the vari-
ational equation

N = Uy 0 ¢ - n + Dou(t; up,ap)(w) o ¢, (4.18)
77|t=0 = 09 (4'19)

where ¢ = ¢ (t;up,ap) is the solution of (2.8)-(2.9) with u = u(t;up,ap). Taking
uy = ¢ and ag = 2¢ we have u = ¢ and ¢(t;x) = x + ¢t and obtain from (4.15) that
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N = Nlug=c,ap=2c satisfies n; = w((x + ct) — 3ct) = w(x — 2ct). Hence,
t
n = Dp(t;c,2c)(w) = / w(x — 2ct)dr. (4.20)
0

As a(t;up, ag) = aopt — % fot fol uy(t,¢(t,x)) dlog ¢, (z,x)dr one concludes from u, = 0
and ¢, = 1 that

Dra(t;c,ap) =0. (4.21)

Taking ¢ sufficiently small so that (ug,a9) = (c,2c¢) is in the domain of definition of
exp; we obtain from (4.15), (4.20) and (4.21) that

1
(D exp)lc20w,0) = (/0 w(x — ZC‘L')d‘L',O). (4.22)

Finally, taking ¢ = ¢, := %, w(x) = wy(x) := sinnmrx and N > 0 sufficiently large one
obtains from the formula above that for anyn > N

1
(D expp)licy2¢,) Wn, 0) = (/0 Wy (x — 2cnr)dt,0) =0. (4.23)

As (¢p,2¢n) = (1/n,2/n) — (0,0) for n — 0 one then obtains from Remark 5.4 that
there is no neighborhood U of zero in vir so that exp; isa C}p-diffeomorphism from
U onto a neighborhood of the unital element e in Vir. O

5 Appendix A: Calculus on Fréchet spaces

In this appendix we collect some definitions and notions from the calculus in Fréchet
spaces. For more details we refer the reader to [17] (cf. also [24a]).

Fréchet spaces: Consider the pair (X, {|| - ||n}nez.,) Where X is a real vector space
and {|| - [|ln}nez., 1 a countable collection of seminorms. We define a topology on
X in the usual way using the collection of seminorms as follows: A basis of open
neighborhoods of 0 € X is given by the sets

Uckiyky = {x € X [Ix[lg; <€ VI <j <s}

where s,kq,...,ks € Z=p and € > 0. Then the topology on X is defined as the set of
open sets generated by the sets x + Uc ..k, Withx € X, s5,k1,... ks € Zzpand e > 0
arbitrary. In this way X becomes a topological vector space. Note that a sequence xj
converges to x in X iff for any n > 0, ||xx — x||, = Oas k — oo.

Let X be a topological vector space whose topology is induced from the countable
system of seminorms {|| - |14}nez.,. Then X is Hausdorff iff for any x € X, ||x], = 0
for any n € Z=( implies x = 0. A sequence (xi)ken is called Cauchy iff it is a Cauchy
sequence with respect to any of the seminorms || - ||,, # € Zx¢. By definition, X is
complete iff every Cauchy sequence converges in X.

Definition 5.1 A pair (X, {|| - |ln}nez.,) consisting of a topological vector space X and
acountable system of seminorms {||-||,}nez., is called a Fréchet space* iff the topology
of X is the one induced by {|| - [|1}nez., and X is Hausdorff and complete.

* Unlike for the standard notion of a Fréchet space, in this definition the countable system of semi-
norms defining the topology of X is a part of the structure of the space.
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C}p—differentiability: Letf: U € X — Y be a map from an open set U of a Fréchet
space X to a Fréchet space Y.

Definition 5.2 The (directional) derivative of f at the point x € U in the direction
helXis

D,f(h) = lin}](f(x +e€h)—f(x)/ecY (5.1)
€—>
where the limit is taken with respect to the Fréchet topology of Y.

If the directional derivative D, f(h) exists then we say that f is differentiable at x in the
direction h.

Definition 5.3 If the directional derivative D f(h) exists foranyx € U and any h € X
and the map

(,h) > Dyf(h), Ux X — Y

is continuous with respect to the Fréchet topology on U x X and Y then f is called
continuously differentiable on U or C}-smooth. The space of all such maps is denoted
by C};(U, Y)* Amap f: U — V from an open set U € X onto anopenset V C Y
is called a C}p-diffeomorphism if f is a homeomorphism and f as well as f~! are
C}p-smooth.

Remark 5.4 Using the chain rule one easily obtains that for any x € U the directional
derivative Dyf: X — Y of a C};-diffeomorphism f: U — Vis alinear isomorphism.

We refer to [17] for the definitions of the higher derivatives (k > 2)

DEfUX X x- xX =Y, (0 hy,....h) — DXf(hy, .. )
k

and the definition of the space Cﬁ‘,(U , Y). We only remark that as in the classical calcu-
lusin Banach spaces, f € Clkp(U ,Y) implies that the kth derivative DXf: X x .. x X —
———— ——
k

Y is a symmetric, k-linear continuous map for any x € U.

In this paper we consider mainly the following spaces:

Fréchet space C*°. The space C*° = C*°(T, R) denotes the real vector space of real-
valued C*°-smooth, 1-periodic functions «: R — R. The topology on C* is induced by

. 172
the countable system of Sobolev norms: ||u||,, := (Z,r‘l:o fol u® (x)? dx) withn > 0.

Fréchet manifold D. By definition, D denotes the group of C*°-smooth positively
oriented diffeomorphisms of the torus T = R/Z. A Fréchet manifold structure on
D can be introduced as follows: Passing in domain and target to the universal cover
R — T, any element ¢ of D gives rise to a smooth diffeomorphism of R in C* (R, R),
again denoted by ¢, satisfying the normalization condition

—1/2 < $(0) < 1/2 (5.2)

* Note that even in the case where X and Y are Banach spaces this definition of continuous differ-
entiability is weaker than the usual one (cf. [17]). In order to distinguish it from the classical one we

write C} instead of C!. We refer to [17] for a discussion of the reasons to introduce the notion of
Cl-differentiability.
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or
0<p@) <1. (5.3)

The function f(x) := ¢(x) — x is 1-periodic and therefore lies in C*°. Moreover,
f'(x) > —1 for any x € R. The normalizations (5.2) and (5.3) give rise to two charts
Uy, U of Dwith Uy U U, =D

JiVi—> U,f— ¢:=1id+],
where

Vii={feC®||f(0)] <1/2andf > —1} € C,
Vyi={feC®|0<f(0)<landf > —1} C C™.

As V1, V, are both open sets in the Fréchet space C°, the construction above gives
an atlas of Fréchet charts of D. In this way, D is a Fréchet manifold modeled on C*°.

Hilbert manifold D° (s > 2). D* denotes the group of positively oriented bijective
transformations of T of class H®. By definition, a bijective transformation ¢ of T is of
class H* iff the lift ¢: R — R of ¢, determined by the normalization, 0 < $0) < 1,
and its inverse ¢! both lie in H;  (R,R). As for D one can introduce an atlas for D*
with two charts in H*, making D* a Hilbert manifold modeled on H*.

Hilbert approximations. Assume that for a given Fréchet space X there is a sequence
of Hilbert spaces {(Xy, || - |1n)}nez-, such that

Xo2X12X,2---D2X and X =nN,X,,

n=0

where {|| - [|ln}nez., 1S a sequence of norms inducing the topology on X so that [|x||g <
x|l < llx]l2 < --- Vx € X. Such a sequence of Hilbert spaces {(X, || - |1n)}nez- 18
called a Hilbert approximation of the Fréchet space X. For Fréchet spaces admitting
Hilbert approximations one can prove the following version of the inverse function
theorem.

Proposition 5.5 Let X and Y be Fréchet spaces admitting the Hilbert approximations
{(Xns 1l - ) Inezeg and {(Yn, | - |n)}nez., respectively. Assume that f: Uy — Vy is a
C-diffeomorphism between the open sets Uy € Xo and Vo C Y of the Hilbert spaces
Xo and Yy respectively. Define the sets U, := Uy N X, and V,, := Vo N'Y,, and assume
that the following properties are satisfied for any n > 0:

(a) ifxe Upthenf(x) e V,iffx e Xy
(b) the restriction f|y,: Uy, — Yy is Cl-smooth;
(c) foranyx € Uy, dif (Xn \ Xyg1) € Y \ Vg1

Then U := UpNX and V := VoNY are open setsin X and Y respectively with f(U) C V
and the mapping foo := flu: U — Visa C},-diffeomorphism.

Remark 5.6 The same results hold for approximations of X and Y by Banach spaces
instead of Hilbert spaces.

Proof of Proposition 5.5 Note first that for any n > 0, the set U, is open in X,, and
the set V), is open in Y,,. As f: Uy — V) is bijective, (a) implies that f|y,: U, — V,, is
well defined and bijective as well. Indeed, the injectivity of f|, follows from the injec-
tivity of f. As f is bijective, for any y € V,, C V) there exists a unique element x € Uy
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such that f(x) = y € V,,. Then according to (a), x € X,, hence x € U, = Uy N X,,.
Thus for any n > 0, f|y,: U, — Vj, and therefore fo: U — V, are bijective.

For any n € Z>o, let f;, := f|y,. According to (b), f,: Uy, — Vj, is then a Cl-smooth
bijective map. In order to prove that f;': V,, — U, is C'-smooth as well we will
use the inverse function theorem in Hilbert spaces. Take x € U, and consider the
differential d,f,;: X,, — Y,. As

(dxfO) |X,, = xfn

and fy: Uy — Vpis a Cl-diffeomorphism one concludes that d,f, is injective. We
prove by induction that d,f,: X, — Y, is onto for any x € U,. For n = 0 the
statement is true by assumption. Assume that it holds for any k < n — 1. As for any
x € Uy, dyf,,—1 is onto, it follows that for any n € Y,, C Y,,_1 there exists £ € X,
such that d,f,(§) = n € Y,. Then (c¢) implies that £ € X,,. Hence, we have shown
that d.f,,: X, — Y, is bijective for any x € U,. By the inverse function theorem for
Hilbert spaces, f,: U, — V,, is a C!-diffeomorphism. In particular, for any n > 0 the
maps

Un x Xpn = Yy, (x,§) = dyfu(§) (54)
and
Vi x Yo = X, (vu0) = dy(fH () (5.5)
are continuous. As for anyx € U and n > 0,
Difoe = (dxfn)lx,
one gets from (5.4)—(5.5) that
UxX =Y, (5,6) > Dyf(€) and V xY — X, (1) > Dy(fH(m)
are continuous. In particular one concludes that
for U=V

isa C}D-diffeomorphism. O

6 Appendix B: Euler equation on vir

In this appendix we derive the Euler-Lagrange equations of geodesics of the right-
invariant weak Riemannian metrics u® (cf. (2.5)) on the Virasoro group Vir given
by the action principle. The cases k = 0,1 were considered in [22, 24, 30] in a some-
what formal way using a purely algebraic approach (cf. [1, 15, 18, 28]). At the end of
the appendix we derive for any k > 0 a conservation law for the geodesic flow of the
metric u®.

Let y(s,t) = (¢(s,1),a(s,t)) € Vir be a C%-smooth variation (—e < s < €,0 <
t<T)

y: (—€,e) x [0, T] - Vir (6.1)
of the C%-smooth curve y(f) = y(0,1): [0, T] — Vir such that forany —e < s < €

y(,0)=¢ and y(s,T) = y(T) (6.2)
@ Springer
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where e denotes the unital element in Vir, e = (id,0). It follows from the multipli-
cation (2.2) on the Virasoro group Vir that the derivative d.R( o) of the
right-translation R q): Vir — Vir, (¥, B) = (¥, B) o (¢,a) at (¥, B) = e, deRp a):
TeVvir — T(gqVir, is given by

1 /1
deRga00) = (wo g0~ 5 [ us@)dloga ().
0

where (¢,«) € Vir and (u,a) € vir(ZT,Vir). In particular,

¢tx(5 t)
2 Jo ¢x(s,0)

where y (s,1) = ‘)V(A D 8 =9/dt and 9, = 9/dx. Hence, for k > 0

ey i)™ (75,00 = (5.0 0 $ .07 6.0 + 3 dlog¢x(s.1)).

k 1 .
W (6.0, 7(5.0) = > /0 (¢ (s,0) 0 p (s, 1))? dx
j=0

! pu(s,0)
2 Jo ¢x(s,0)

(a0 + 2 dloggus.0)

and the action functional is given by

k

ELw(r(s,) = D" Ej(y(s,) + Ay (s,), (6.3)
j=0

where for0) <j <k

1 T 1 .
Ej(y(s,)) = 5 /0 /0 (B (¢e(s,0) 0 p (s, 1))? dxdr

and
1T L (s, 1) 2
Ay (s,) = E/0 (oz(s b+ 2 oo log¢x(s,t)) dr.
Denoting u(f) := ¢,(t) o ¢~ (t) where ¢ (t) = ¢(0,1) we obtain

() = u(r) o P (1). (6.4)

Introduce the variations 8 E;(y) = & |Y 0Ej(y(s,-), 8¢ = & |Y 00 (s, 1), and S :=
a|s:0a(s7t)-

Remark 6.1 As y € C%(( —€,€) x [-T,T],vir) it follows from the definition of the
space C2 #((—€,€) x [-T,T],vir) that o = a(s,?) lies in C%((—e€,€) x [-T,T]) and
d(s,t) = ¢>(s t,x) considered as a R-valued function of s, ¢ and x is continuous and for
any j > 0 the partial derivatives d,d.¢ (s, £,x), 3,8.¢ (s, 1, %), 3201 (5, 1,x), 02ep (s, 1,x)
and 858,8,]c¢(s t,x) are continuous. Moreover, in the expressions above all the partial
derivative operators d;, 9;, and 9, commute.
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Using (6.4), ¢(s,1) o ¢'(s,t) = id and the change of variables y = ¢ (1)~ (x) one
obtains

T
SEj(y) = /0 /o R - a)’c((&b)t 0p —duog 8¢71)dth

T r1 -1
— (—1y 2% ol Puod” ol
= [ ol (o9 = 20 g 04

T 1 .
— -1y / / 0%u) 0 ¢ - - (59); drdt
0 0

T 1 .
+ 1yt /0 /0 021y 0 - - 56 drdr

T r1 .
— (_1)j+1/ / LE] - 8¢ dxdt, (6.5)
o Jo 8¢

where

SE: . .
5—(}; = (07 1) 0 d - )i + (1) 0 ¢ - Prx
= u)od-pe +207u1) 0 ¢ - i
+@07u) 0 i - by

- ((¢x 0™V 0%u, + 2,07 u + ud? ux)) 0. (6.6)

Here we have used that ¢y = u o ¢ and thus u, o ¢p = %fxx Analogously, one has

r. 1 [ pu L[ ¢u
5A(y)=/0 (a(r)+§/0 Edlog@)-(((ﬁa),—l—ié/o adloggbx)dr

T 1 [ ¢
=—/0 (oc(t)—i—i A Edlog¢x)l~8a det (6.7)
1Ty 1 [ i ! i
+3 /0 (a(t)+E i adlogqsx)((s i Edlogqu)dt. (6.8)

It follows from (6.3), (6.5), and (6.7) that for 8¢ = 0 and S« arbitrary

1 1
a(h) + = P dlog ¢y = a = const, (6.9)
2 0 x

where a = &(0). In particular,

. 1w
at) =a— 3 o dlog ¢y - (6.10)
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Provided (6.10) is satisfied

3A(y)

T rl
a ¢tx
78/ — dlog ¢, dt
2 0 0 b« &

a T 1
=5 / / (log ¢x):(log gy)y dx dr
0 0

_a (Tt )

—5/0 /0 () a0z 00 dxat
a [Tt (8¢)x
+§/O /ang«bx)[( - ). drar

T 1
~ (3¢
= —a/o /0 (10g¢x)tx( o )dxdt.

Asuyo¢p = % = (log ¢x); we get that uy, o ¢ - ¢ = (log ¢x)s and hence

T /1
SA(y) = —a/ / Uy 0 @ - (§¢)y dxdt
0o Jo

T /1
= a/ / Uyxx © P - Py - ¢ dx dt. (6.11)
0o Jo

Finally, (6.3), (6.5) and (6.11) show that §E(y) = 0iff y: [T, T] — Vir satisfies the
equations:

@i (1) = u(t) o ¢(0), (6.12)
Y(t) = a L[t on dlog ¢ (6.13)
o =4a—-z - ) .

2 0 ¢x &
Aputy = =2 At — UA Uy + Allyyy, (6.14)

where Ay := 3% ((~1)/3¢ and a = ¢(0). The system (6.12)~(6.14) can be divided into
two parts: the Euler equation part which is the equation for the curve (u(¢),a(t)) :=
(deR),(,))_1 (y(?)) in the Lie algebra vir,

Aruy = —2u A — UA Uy + Ay,
a=0 (6.15)

and the translation part

&) = u(®) 0o g (1), (6.16)
éz(t)—a—1 1%dlo 1) (6.17)
B 2 0 b« & '

coming from the right-translation d.R, ) (u(?),a(t)) = y(t). Hence we have derived
the system of Egs. (2.8)—(2.13) stated in Sect. 2.

We end this section by deriving for any k > 0 a conservation law for the geodesic
flow of the metric 1®) on Vir. This conservation law corresponds to the Noether sym-
metries of the right-invariant metric £ on Vir corresponding to the left-invariant
vector fields on Vir and can be formally obtained as follows: Given any geodesic
y0: [0, T] — Vir and any element & € vir, consider the 1-parameter family of curves
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y: (—€,6) x [0, T] x R - Vir (¢ > 0)

y(s,8) = yo(t) o n(s)

where n(s) := exler(sg) denotes the Lie group exponential map on Vir (cf. Sect. 7).

Note that y (s, t) = % 2700 = dyy Ry 70 (@) As n® is a right invariant metric it
follows that

MV(S,)(V(S n,y(s,10) = I‘LRH(:)VO([)(dyo(t)Rn(s)VO(t) dyo(t)Rn(s)VO(t))
= 1 G, 0@

Hence the action functional

T
E (v (s, ) = /O WS (7 (5.0). 7 (s, 0)dr

is independent of s. In particular,

d
P ls=0E k0 (¥ (5,-))

for any choice of £ = (u,a) € vir. Computing the above variation explicitly as above
but with varying endpoints (i.e. without assuming (6.2)) one formally obtains the
function (6.18) defined below.

Lemma 6.2 Ify: [-T,T] — Vir, y(t) = (¢ (¥),a(?)) is a geodesic of the right-invariant
Riemannian metric u® on the Virasoro group Vir (cf Definition 2.4) then

I (0) = (@0 - (Agu(©) 0 $(0)) = aS(@(©) (6.18)

is independent of t where u(t) := ¢;(t) o o1, a = &) and S (1)) denotes the
Schwarzian derivative (¢ (t)pxrx(t) — 3¢£x(t)/2)/¢§ (0.

Proof Using Eq. (6.14) and the identity ¢;(f) = u(f) o ¢ (f) one obtains

e () = 2¢x - bux - (Att) 0 ¢+ ¢2 - (Agtu) 0 b
+¢2 - (Aglty) 0 ¢ - ¢ — aS(¢);
=202 Uy o ¢ - (Ag) 0 + ¢2 - (—2urAglt — UAgUy + Alixxy) © ¢
+ 62 (k) op -uo ¢ —aS@),

= alitrex 0 ¢ - $5 — S@)) - (6.19)
As ¢, = uo ¢ one has uy o p = €% = (log ¢y); . Hence,
o e = (55) (620)
and
o 693+ 09+ b= (52 . (621)
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Finally, (6.21) and (6.20) give
waoo-6t = (), - G (5),

bx Ox \ Py
_ ¢XX 1 ¢X}C 2
= ((50).=3(50)),
= S(¢) (6.22)
which together with (6.19) implies that (I (y (£))); = 0. O

7 Appendix C: Lie group exponential map for vir

In this appendix we prove that the Lie group exponential map of Vir,

Vir,

€Xpris: Vir — Vir,

is not locally onto near the unital element e of Vir, i.e. there are elements in Vir
arbitrarily close to e which are not in the image of exp/iZ. The value of exp)iZ at
(u,a) € vir is defined as the time 1-map of the flow # — (¢ (¢), () corresponding to
the right invariant vector field induced by (u,a) € vir,

(@1, 1) = deRg o) (1, a)

1 1
= (uO(paa_i/ ux°¢d10g¢x)a (7'1)
2 Jo

(¢.)li—0 = (1d,0). (7.2)

Using the Hilbert approximation (vir;);>1 of vir and the fact that D is the diffeo-
morphism group of the compact manifold T one concludes that there exists a unique
solution of the above initial value problem and that it is defined globally in time.
Hence, exp; ;% is well defined and it turns out to be C%°-smooth. Kopell [23] (see also
[17] or [29]) proved that the Lie group exponential map exp? _ of the diffeomorphism
group is not locally onto near the unital element of D. This result can be used to prove
a similar result for exp)iZ.
Proposition 7.1 The map exp)il: vir — Vir is not locally onto near the unital
element of Vir, i.e. there are elements arbitrarily close to e which are not in the image
of expyiL.

Proof The Lie group exponential map exp?; _: TiaD — D for the diffeomorphism
group D is defined to be the time 1-map of the flow given by (1 € T:4D = C™)

¢r =digRpu =uog,
@li=0 = id,

where here, Rg: D — D denotes the right translation on D. It then follows that

eXPLic = 7 0 eXPIL ITiaDx(0) (7.3)
and
To exp\ﬁg(vir) = expLDie(TidD), (7.4)
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where 7: Vir = D x R — D is the projection onto the first component. By [23] (see
also [17, p. 123] or [29, p. 1018]) exp?, _ is not locally onto near the unital element of
D. We then conclude from (7.4) that exp‘ﬁiier is not locally onto near the unital element

of Vir as well. O
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