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Abstract. In the first part of these notes, we deal with first order Hamil-
tonian systems in the form Ju'(t) = VH (u(t)) where the phase space
X may be infinite dimensional so as to accommodate some partial dif-
ferential equations. The Hamiltonian H € C*(X,R) is required to be
invariant with respect to the action of a group {e*4 : t € R} of isometries
where A € B(X, X) is skew-symmetric and JA = AJ. A standing wave
is a solution having the form u(t) = e**4¢ for some A € R and ¢ € X
such that AJAp = VH(p). Given a solution of this type, it is natural
to investigate its stability with respect to perturbations of the initial
condition. In this context, the appropriate notion of stability is orbital
stability in the usual sense for a dynamical system. We present some
of the important criteria for establishing orbital stability of standing
waves.

In the second part we consider the nonlinear Schrédinger equation
which provides an interesting example of this situation where standing
waves appear as time-harmonic solutions. We show how the general
theory applies to this case and review what is known about stability.
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1. Introduction

These notes are concerned with the orbital stability of certain special so-
lutions of a first order Hamiltonian system acting on a real Hilbert space,
X. The Hamiltonian is required to be invariant under the action of a group
{T'(0) : 0 € R} of isometries on X that preserves the symplectic form, in the
sense that w(T'(0)¢,T(0)n) = w(&,n) for all {,n € X and 0 € R. In other
words, the isometry T'(d) : X — X is also a symplectic map. We consider
special solutions of the form u(t) = T'(At)¢ for some A € R and { € X and
their stability with respect to perturbation of the initial condition u(0) = &.

To present rapidly this underlying structure, let X = R?" with the
usual scalar product (-,-) and consider the system

Ju'(t) = VH(u(t)) (1.1)

where J = —JT = —J lisareal 2N x 2N matrix and H € C?(X,R). Then

LH(ut)) = (VH(u(t)),d' (t)) = (Ju/'(t),u(t)) = 0, showing that H(u(t))

is independent of ¢ whenever u is a solution of (1.1). Let I' = {T'(f) : 6 € R}

be a group of isometries on R2Y with infinitesimal generator A = T7'(0)

so that T(0) = €4 and T'(0) = AT(6) for all §. Then AT = —A and

T =T(0)~! = T(—0). The invariance of H with respect to I' becomes
H(T(0)¢) = H(&) for all § € R and £ € R*Y

S(AE,VH(£)) =0 for all £ € RV,
For the symplectic form w defined by w(&,n) = (JE&,n), we have that

w(T(0), T(0)n) =w(&,n) forall §,n € X and § € R
eTO)1JT0) = J, (ie. T(9) is symplectic) for all § € R
& JT(9) = T()J for all § € R, since T(9)T =T(6)!
SJA=AJ.
The I'-invariance of H implies that VH is I'-equivariant:

VH(T(0)E) = T(0)VH(E) for all § € R and ¢ € R?Y.

For any fixed A € R, we set u(t) = T'(At)v(t) and, from the equivariance of
VH, it follows that u satisfies (1.1) if and only if v satisfies

JV' (t) = VH(v(t)) — A Av(t). (1.2)
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Since (JA)T = ATJT = AJ = JA, we see that (1.2) is a Hamiltonian
system with Hamiltonian

GA€) = H(E) ~ AQ(E) where Q(€) = 1 (JAL,€) = 3w(AE&).

If u(t) is a solution of (1.1), H(u(t)) and Gx(v(t)) are both independent of
t. But, by the invariance of H,

Ga(v(t)) = H(T(=At)u(t)) — AQ(v(t)) = H(u(t)) — AQ(v(t)),

from which we see that AQ(v(t)) is also independent of ¢. With this in mind,
we set B = JA(= AJ) so that Q(&) = %(Bg,g). Then B” = B and, for any
solution of (1.1),

%Q(u) = (Bu,u') = (JAu, J'VH(u)) = —(Au, VH(u)) = 0,
whereas, for any ¢ € R*V,

LQUTO)E) = (BTO)ET'(0)6) = (JAT(O)E, AT(0)E) =0,

showing that, like H, @ is also a ['-invariant conserved quantity for (1.1).
In fact, Q is also J-invariant since, for all £ € R*V,

QUIE) = 5BIE JE) = S(TAJE,JE) = 1 (BE€) = QL6).

We have shown that, for any A € R, the (canonical) change of variable
u(t) = T(At)v(t) transforms (1.1) into (1.2). If v(t) = £ is a stationary solu-
tion of (1.2) for some A € R, we obtain a special solution of the Hamiltonian
system (1.1) having the form

u(t) = T (At)€ for some X\ € R and € € X. (1.3)

Solutions of this kind will be referred to as standing waves since this is
the terminology that is commonly adopted in the context of the nonlinear
Schrodinger equation. For X = RV, they are either periodic or quasi-
periodic functions of ¢, but there may well be periodic or quasi-periodic
solutions that are not of the form (1.3). One finds that u(t) = T(\t)E
satisfies the Hamiltonian system (1.1) if and only of

VH (&) = AB¢ (1.4)

and solutions £ € X of the “stationary equation” (1.4) occur as critical
points of the functional G\ (u) = H(u)—AQ(u). We concentrate on standing
waves that are not stationary solutions of (1.1) and this requires AAE # 0.
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In this way two fundamental problems appear. Firstly to establish the
existence of standing waves and secondly to investigate their stability as
solutions of (1.1). Since (1.1) is autonomous and a standing wave is periodic
or quasi-periodic, the only type of stability that can be hoped for is orbital
stability. These lectures present some results concerning these issues.

In Section 2 we begin by posing the problem in a setting where X
can be an infinite dimensional real Hilbert space. In its most general form,
this would involve dealing with unbounded operators. By restricting to a
situation where X is part of a variational triple, we gain some simplifica-
tions while retaining sufficient generality to deal with problems from partial
differential equations.

Some basic results concerning the orbital stability of standing waves
are formulated in Section 3 and the proof of the main theorem is given in
Section 4 by the construction of a Lyapunov function. In Section 5 we deal
with a frequently occurring situation where the standing wave in question
is embedded in a one-parameter family of standing waves. This covers the
so-called Vakhitov-Kolokolov condition and the fundamental contributions
by M. Weinstein and Grillakis-Shatah-Strauss. We complete the discussion
of the abstract problem in Section 6 by reviewing a method of constrained
minimization for finding standing waves and a weaker notion of stability
which accompanies this approach.

In Section 7 we introduce the nonlinear Schréodinger equation and show
how it fits into the general structure presented earlier. Finally, in Section
8, we review what can be deduced about the existence and orbital stability
of standing waves in the case of a standard power-law nonlinearity. Trans-
lational invariance of the nonlinear Schrodinger equation with respect to
the spatial variables has to be excluded in order to obtain orbital stabil-
ity of standing waves in the strict sense of dynamical systems. There is a
rich literature dealing with weaker notions of orbital stability which can be
satisfied in cases where the Hamiltonian in invariant with respect to addi-
tional symmetries, see [15]. We do not explore this topic, but as is shown
in Section 8.5, the weaker notion of stabilty introduced in Section 6 does
give some information about spatially invariant Schrodinger equations.

We have refrained from any discussion of conditions implying instabil-
ity, but of course this forms an essential complement to the results collected
below. For this aspect of the theory we simply refer to [4], [6], [12], [16],
[17], [12], [25], [36] and the references therein. Similarly, we do not attempt
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to describe work on more detailed analysis of the asymptotic behaviour of
solutions near standing waves. See [28], [33] for a review of this.

At the beginning of this introduction we required the Hamiltonian H
to be invariant under the action of a group I' of isometries that preserves
the symplectic structure and we showed that, when X = RV this implies
the existence of a I'-invariant quadratic conserved quantity ) which is also
J-invariant. In fact, conversely, the existence of a quadratic function @,
which is conserved by (1.1) and is J-invariant, implies the invariance of H
under the action of a group of isometries which is determined by . To
see this, consider (1.1) with X = R?V and suppose that there is a second
conserved quantity @) that is quadratic in £ and J-invariant:

Q) = 5 (BEE) and QUE = QE) forall c€ X (1)

where, without loss of generality, we may suppose B is a real 2N x 2N
symmetric matrix. Noting that

Q(JE) = Q(&) for all £ € X < JB = BJ, (1.6)

we define a real 2N x 2N skew-symmetric matrix by A = —JB and, since
@ is conserved,

0= 2Qu(H) = (Bult), (1)
= — (Bu(t), JVH (u(t))) = — (Au(t), VH (u(t))) ,
for all solutions of (1.1). Consequently,
(VH(£),A&) =0 for all £ € X.
Since A is skew-symmetric, T(0) = €4 : X — X is an isometric isomor-
phism for all § € R and

2 H(T(0)¢) = (VH(T(0)€),T'(0)€) = (VH(T(0)€), AT(9)¢)

de
=0 for all £ € X,

showing that H is I-invariant, where I' = {T'() : § € R}. Furthermore,
the J-invariance of @) implies that JB = BJ, from which it follows that

JA = AJ and hence that I' preserves the symplectic structure induced by
J.
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2. Setting and problem

We begin by recalling the notion of variational triple that is often used in
dealing with partial differential equations. Then we define a Hamiltonian
system in a context which is broad enough to include some partial differen-
tial equation such as the nonlinear Schrodinger equation. Because of issues
concerning the regularity of solutions, it is not appropriate to simply use
(1.1) when dim X = oo. We consider Hamiltonian systems which are invari-
ant under a group action on X, extending to our context what was sketched
in the introduction when dim X < oo. Standing waves are special solutions
of this equation and they satisfy a generalization of (1.4). We then review
the notion of orbit and orbital stability. This necessitates a discussion of
the well-posedness of the initial value problem for Hamiltonian systems in
our setting.

We end this section by summarizing the basic hypotheses which will
be assumed to hold throughout the rest of the presentation without further
comment.

2.1. Variational triple

Let (H,(-,-),|I]) and (X,(-,-)x,[[|x) be real Hilbert spaces with dual
spaces H* and X*. They form a variational triple when, identifying H
with H* via their Riesz isomorphism, we have

XCcCH=H*cCcX*

where the inclusions are dense and the embeddings are continuous. The
duality between X™* and X will be denoted by

(fyu) = f(u) for all f € X* and u € X.

The Riesz (isometric) isomorphism between X and X* will be denoted by
R: X — X*

(Ru,v) = (u,v) 5 for all u,v € X.
Then (X*, (-,-),, ||l,) is a Hilbert space with (f, g), = (R™', R_lg>X for
all f,g € X*. For L € B(X,X), its dual operator is L* = RLTR™! ¢
B(X*, X*) where L is the adjoint of L in X. Thus

(Lu,v) y = <U,LTU>X and (L*f,v) = (f, Lv) for all u,v € X and fe X™.
Since

[(w, 0)| < lull Jo]] < Clullx [[ollx for all u,v € X,
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there is a natural injection J € B(X, X*) such that
(Ju,v) = (u,v) for all u,v € X.
The two scalar products on X are related by
(u,v) = (Ju,v) = (R Ju,v)x for all u,v € X.

Setting S = R™'J, we find that S € B(X,X),ST = S and (Su,u)x > 0
for all v € X\{0}.
Ezamples (1) If (X, (-,-)x) is a real, finite dimensional Hilbert space, we
obtain a variational triple with H =X and R=J=5=1.

(2) In the usual notation for Sobolev spaces, H'(RY) c L?*(RY) c
H~Y(RY) is a variational triple where R = —A + 1 and S = (A +1)7L.
This will be used later to treat the nonlinear Schrédinger equation.

2.2. Hamiltonian system

We define a Hamiltonian system on the real Hilbert space (X, (-,-) v, |-/l x)
in the following way. Given J and H satisfying

(H1) J € B(X,X) with J© = J7! = —J and H € C?(X,R),
we consider the initial value problem
d
pn (Ju) = J*H'(u) in X*, (IVP)
u(0) = ug
where H'(£) € X* denotes the Fréchet derivative of H at £ € X and ug € X.
A solution of (IVP) is a function defined on an interval [0, b) for some b > 0
such that
u € C([0,b), X) and Ju € C1((0,b), X*)
with ©(0) = ug € X and
4
dt
for all ¢ € (0,b). We shall return to the discussion of well-posedness of
(IVP) once we have introduced the invariance of H with respect to a group
action.
Noting that J* = RJT'R™!, we have that [J*]~! = R[JT]'R™! =
RJR™' = —J*, so the differential equation can also be written as

RJIR™4 (Ju(t)) = H'(u(t)). Using VH to denote the gradient of H in the
sense that

(Ju(t)) = J"H'(u(t)) (2.1)

(H'(v),w) = (VH(v),w) x for all v,w € X,
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we have that H'(v) = RVH (v) and the equation becomes
d
JR™! 2 Tu(t) = VH(u(t)) in X.

This reduces to (1.1) when (H,(-,-),[|) = (X,(,-)x,|[x) since then
R=37=1

Remark. We must acknowledge that our assumption that J € B(X,X)
restricts the range of applications that we can cover. For example [14],
the Korteweg-de Vries equation can be expressed as a Hamiltonian system
with J = d,, but then J is unbounded. In this way the pioneering work of
Benjamin and Bona concerning the stability of solitary waves for the KdV

equation can be rederived from a generalization of the results presented
below, [2], [3], [23], [36].

2.3. Invariance of the Hamiltonian

We introduce the invariance of H through an operator A having the fol-
lowing properties.

(H2) A € B(X, X) with AT = —A is such that
AJ =JA and (H'(v), Av) =0 for all v € X.

The skew-symmetric operator A generates a group of isometries,
I'={T(0) : 0 € R}, where

T :R — B(X, X) is defined by T() = 4.

Then,
T'0)=AT0) =T(O)A, TH)  =T() =T(-6) and T()J = JT(6)
for all 8 € R.
For any function F' € C1(X,R), we have that
d%F(T(H)v) — (F'(T(6)0), T'(0)0) = (F'(T(6)0), AT(8)o)

for all # € R and v € X.

Hence F(T(0)v) = F(T'(0)v) = F(v) for all § € R and v € X if and only if
(F'(w), Aw) = 0 for all w € X. In this case, F' is I'-invariant and we have
that

(F'(v),w) = (F'(T(0)v), T(0)w) = (T(8)*F'(T(#)v),w) for all v,w € X,
so F' is I'-equivariant in the sense that

T(—0)*F'(v) = F'(T(0)v) since [T(9)*]™* = T'(—6)* for all € R.
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The hypothesis (H2) ensures that ||||§( and H are I'-invariant since
(w, Aw) y =0 and (H'(w), Aw) =0 for all w € X. (2.2)
A symplectic form is defined on X by setting

wx (&,m) = (JEn)x for £, e X.

Then, for all § € R,
wx (T(0)§, T(0)n) = (JT(0)S, T(0)n)x = (T(0)JE T(0)n)x = (JE,m)x

showing that wx is preserved by I'.

Thus (H1) and (H2) ensure that H is invariant with respect to a group
I' of isometries on X and that I" preserves the symplectic form associated
with J.

In order to ensure that ||||2 is also a I'-invariant quantity, we suppose
that

(H3) (Av,w) = —(v, Aw) for all v,w € X.

Then
d
=5 | T@)l* =2 (T(0)v, T'(O)v) = 2(T(0)v, AT(6)v) = 0
for all 6 € R and v € X as required. It then follows that
(T(O)v,w) = (v, T(—0)w) for all € R and v,w € X

and so I' acts isometrically on X with respect to ||-||, as well as |||y .
Recalling that S = R™'J, it is easy to check that (H3) is equivalent to
ATS = —SA and hence, when A = —AT | to AS = SA.

Remark. Clearly, (H2) and (H3) are always satisfied by A = 0, but in this
case T'(f) = I for all # € R and the associated standing waves are stationary
solutions. We are interested Hamiltonians H for which there exists A # 0
satisfying (H2) and (H3). That is, H is invariant under the action of a non-
trivial group of isometries {T'(0) : & € R}, which preserves the symplectic
structure associated with J, and A is its infinitesimal generator.
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2.4. Standing waves

Under the assumptions (H1) and (H2), a standing wave is a solution of
(2.1) having the form

u(t) = T(At)¢ for all t € R, for some A € R and £ € X.

In this case, ¢ is the initial value. For u(t) = T'(At) we have that u €
CH(R, X) and so Ju € CY(R, X*) with

iju(t) = j%u(t) = JT' (MN)NE = NIT (L) AE.

Using (H3), we find that, for all v € X,

<%3u(t),v> = M (T(M)AE, v) = -\ (€, AT(=A)0)
M {T(= M) AYTE, v

so that £Ju(t) = —AT(—M)*A*J€. On the other hand, by the I'-equi-
variance of H’,

JH'(u(t)) = J*H'(T(M)E) = J*T(=Xt)"H'(§) = T(=At)"J"H'(€),
showing that, for u(t) = T'(At)E,
(2.1) <= —NATE = JYH'(€) & NJFA*TE = H'(€).
Setting
B=J"A"J € B(X,X"),
we have that u(t) = T'(At)¢ is a solution of (2.1) if and only if
H'() — AB(€) = 0. (23)

Now
(Bv,w) = (J*A*Jv,w) = (Jv, AdJw) = (v, AJw),

so to maintain the variational structure of the problem we suppose that
(H4) (Jv,w) = — (v, Jw) for all v,w € X.

Then (v, AJw) = (JAv,w) = (AJv,w) = (Bw,v). Thus B € B(X, X") is
now symmetric in the sense that

(Bv,w) = (Bw,v) for all v,w € X,
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and we also have that
(Bv,w) = (v, AJw) = (JAv,w) = (JJAv,w) so that
B=JA"3=3JA.
Defining Q : X — R by
Q) = % (Bv,v) for all v € X,

we have that Q' = B.
Hence u(t) = T'(At)€ is a standing wave if and only if (A, &) satisfies
the stationary equation (2.3) which can be expressed as

H'(§) = AQ'(§) = 0. (SP)
Defining an augmented Hamiltonian G : X — R by
Ga(v) = H(v) = AQ(v) (AH)

we see that, under the assumptions (H1) to (H4), standing waves are gen-
erated by critical points of Gj.
Noting that

(Q'(v), Av) = (J*A*Tv, Av) = (IJJ Av, Av) = (J Av, Av) = 0,

it follows that () and hence G, are I'-invariant. Thus, if £ € X is a critical
point of G, then so is T'(0)¢ for all § € R.

2.5. Orbits and orbital stability

For any v € X,
Ow) ={TO)v: 6 € R}

is the orbit of v under the action of the group I' = {T'(f) : § € R}. Of
course, ©(v) is a bounded subset of X, v € ©(v) and

O() ={v} & Av=0.

When T': R — B(X, X) is periodic, ©(v) is a compact subset of X, other-
wise T is injective and ©(v) may not be compact. When 7' is quasi-periodic,
©(v) may not even be a closed subset of X.

If £ € X is a critical point of G, then ©(§) is also the orbit of the
standing wave u(t) = T'(At)¢ in the sense of dynamical systems. This stand-
ing wave is orbitally stable if, for all € > 0, there exists 6 > 0 such that
for all initial conditions uy € X with ||§ — ugl|x < J, (IVP) has a unique
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maximal solution u(t), it is defined for all ¢ > 0 and d(u(t),0(§)) < e for
all t > 0 where

d(v,0(¢)) = inf{[lv = T(O)¢| x : 0 € R}.

Note that the standing wave is a stationary solution if and only if AA¢ = 0.
For any £ € X and p > 0, let

O(&), = {v e X : d(v,0(&)) < p}.

That is ©(£), = UserB(T(8)&, p) where B(w,p) = {v e X : |lv —w|yx <
p}-

Since
In—=T©O)|lx = IT(=0)n—&|x foralld € R and n € X,
it follows that B(T'(0)¢, p) = T(0)B(&, p). Hence

©(8), = UperT(9) B(&, p)
and
T(9)0(&), = 6(§), for all 6 € R.
In Section 4, we shall use the following property of orbits ©(&) # {¢}.
Lemma 2.1. Suppose that A§ # 0. Then there exists R(§) > 0 such that,

for any p € (0, R(§)) and for any v € O(E),, there exists 1 € R such that
v =T(61)¢llx <p and (v —T(61)¢, AT(61)¢) x = 0.

Remark. Clearly ||[v—T(01)¢||y > d(v,0(§)) but we do not claim that

lv =T (61)¢] x = d(v,0(&)). In fact, if ©(€) is not closed and v€ O(£)\O(§),
then [[v — T(0)¢]| x > 0=d(v,0(&)) for all 6 € R.

Proof. Since T'(0)§ = A& # 0, there exists ¢ > 0 such that T(¢)¢ #
T(0)¢ = € and T(—p)¢ # T(0)¢ = €. Let
1
R(€) = 5 min{[lg = T(¥)¢llx 1€ = T(=¥)Ellx}-

For p € (0,R(&)) and v € O(&),, there exists some 6y such that T'(0y)¢ €
B(v, p). Then we have that
lo =T (00 = 9)Ell x = [IT(60)§ — T (00 + )&l x — llv—T(Bo)S x
= (1€ =T(EY)El x = llv = T(0o)¢] x
> 2R(&) —p > p.



342 C.A. Stuart Vol. 76 (2008)

Let (p,q) be the maximal interval containing 6y such that T'(0)¢ € B(v, p)
for all @ € (p,q). Then 0y — ¢ < p <Oy < q<bp+ ¢ and ||[v —T(P){||x =
lv —T(q)&|lx = p. Setting f(8) = ||v —T(9)§H§(, there exists 61 € [p,q]
such that f(61) = min{f(0) : p < 0 < q} < f(0o) < p*. Thus 6; € (p,q)
and f'(01) = 0. Hence ||[v —T(61)&]|x < p and

0= (v—T(61)8, T (01)¢) = (v — T(61)§, AT (61)¢) - O

2.6. Well-posedness of IVP

The orbital stability of a standing wave requires that (IVP) to be globally
well-posed in a neighbourhood of this solution. Let us make a few comments
about this in our context.

Under the hypotheses (H1) to (H4), we consider that (IVP) is locally
well-posed when the following condition is satisfied.

(LWP) For every £ € X there exist by ,b_ > 0 and a unique function
u € C((=b_,by), X) with Ju € C*((=b_, b1 ), X*) such that u(0) = ¢ and
(2.1) is satisfied on (—b_, by ). Furthermore, we require that

H(u(t)) = H(up) and Q(u(t)) = Q(up) for all t € (—b_,b4).

Remark 1. When (LWP) holds, let (—b_(§),b4+(§)) denote the maximal
interval of existence for the solution with initial condition &.
Remark 2. If u € C'((—b_,b, ), X), as is the case when dim X < oo, then

4 (Ju) = Ju’ and so
* d ~ /
- (7 Son.0)

d
= — (T (¢t), Ju'(t)) = —(«'(t), Ju'(t)) = 0,

S H ) = (H(u(t). (1))

7 Q1) = (Q'(u(h), u'(t)) = (Bu(t),w/'(1)
(J*A*Tu(t), o/ (1)) = (Ju(t), AJu'(t))

= (u(t), AJu/(t)) = (JAu(t), (1))

(3 (t), JAu(t)) = (J"H'(u(t)), J Au(t))
(H'(u(t)), J2Au(t)> = — (H'(u(t)), Au(t))

showing that the conservation of H and @Q along trajectories is a conse-
quence of our assumptions of invariance in this case. In particular, when
dim X < oo, (LWP) follows from our hypotheses (H1) to (H4) and the



Vol. 76 (2008) Orbital Stability of Standing Waves 343

classical Picard Theorem for (1.1).

Remark 3. Since H and @ € C(X,R), it follows from Remark 2 that (LWP)
holds under the following three conditions.

(a) For every £ € X there exist by,b_ > 0 and a unique function u €
C((—=b_,by), X) with Ju € C'((—b_,by), X*) such that u(0) = ¢ and (2.1)
is satisfied on (—b_, b5 ).

(b) The solution u depends continuously on the initial condition &, in
the sense that, if §, — & in X and [p,q] is a compact sub-interval of
(_b— (5)7 b+(§))7 then [p7 Q] - (_b— (én)ﬂ b+(§n)) for all large n and un(t) -
u(t) in X as n — oo, for all ¢ € [p,q].

(c) There is a dense subset Y of X such that, for all £ € Y, the solution u
with initial condition ¢ is smooth, in the sense that u € C*((—=b_,b), X).

We consider that (IVP) is globally well-posed at £ € X when the
following condition is satisfied.

(GWP at &) The condition (LWP) is satisfied and there exists an open
neighbourhood 2 of € in X such that b4 (ug) = oo for all uy € €.

The conserved quantities can help to ensure that (IVP) is globally
well-posed. In this direction we shall use several variants of the following
compactness condition.

(CC)eq H' : X — X* is bounded on bounded subsets of X and there
exists £ > 0 such that, for any h € (c —e,c+¢) and g € (d —e,d + ¢),
{veX:HWw)=htn{ve X : QW) =q}

is a compact subset of X.

Remark. If dim X < oo, then (CC),q is satisfied provided that
{veX:HWw)=h}N{veX:Q)=q}is bounded for all h near ¢ and
all ¢ near d.

Proposition 2.2. Let (LWP) hold and suppose that & € X is such that
(CC)re),q(e) s satisfied. Then (GWP at &) holds.

Proof. Let ¢ > 0 be given by (CC)g(¢) qe)- Then there exists § > 0 such
that |[H(v) — H(§)| < e and |Q(v) — Q(&§)| < € for all v € B(§,d). We claim
that by (ug) = oo for all ug € B(E,9).

To prove this we consider uy € B(§,d) and a sequence {t,,} C (0, b4 (up))
such that t,, — by (ug). Since

H (u(tn)) = H(uo) and Q(u(ts)) = Q(uo)
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it follows from (CC)g(e) g(e) that there exist w € X and a subsequence
such that u(t,,) — w in X. From this it follows easily that {||u(t)||y : 0 <
t < by(up)} is bounded and hence so is

(A Ol 50 < ¢ < b)),
Let us suppose that by (up) < oo.
For 0 < s <t < by(up), we have that

Ju(t) — Ju(s) = / J*H (u(r))dr

S

and so .
Jw—7Ju(s) = lim / L H (u(r))dr
t"k —b4(uo) s
But .
‘ CTH@E)dr| < swp o [|H @), —
s X* 0§T<b+(u0)
and so

15w = Ju(s)llx- < sup ||H (u(r))]| [b+(uo) — s,
0<7<b4 (up)
showing that ||[Jw — Ju(s)|| y« — 0 as s — by (up).

In fact, we can deduce that ||w —wu(s)||y — 0 as s — by (ug). Oth-
erwise, there exist 7 > 0 and a sequence {sp,} C (0,b4(up)) such that
sp — by(up) and ||jw — u(sy)||y > n for all n € N. But then, as before,
(CC)H(e),q(e) implies that there exist 2 € X and a subsequence such that
u(Sy, ) — z in X. From which it follows that Ju(s,, ) — Jz in X*. However,
we also have that Ju(sy,) — Jw in X* and so z = w by the injectivity of
J:X — X*. Thus ||w — u(sy, )|y — 0 and we have a contradiction. Hence
Jw = u(s)llx — 0 as s — b (u):

Since (2.1) is autonomous, it follows from (LWP) that there is a unique
function z € C((—c_,cy), X) with Jz € C*((—c_, cy), X*) such that

d Jz = J*H'(2(t)) for t € (—c_,c4)

%J
2(by(ug)) = w
where c_ = —b_(w) + by (up) and ¢y = by (w) + by (up).

Now consider the function v : (—=b_(ugp),c+) — X defined by

o(t) = { u(t) for t € (—b_(ug),bs(up))
z(t) for t € [bi(up),bs(w) + by (up))
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We have already proved that v € C((—b_(ug), b+ (w) + by (up)), X) and

by (w)
Jw — Jv(s) = Jw — Ju(s) = / J*H' (u(7))dr
by (w)
= / J*H'(v(7))dr for —b_(ug) < s < by (uo),

Jw — Jv(s) = TJw — Tz(s) = — /bs J*H' (2(7))dr

+(w)
= —/ J*H'(v(7))dr for by (ug) < 8 < by (w) + by (ug).
by (w)
It follows that Jv € C1((—=b_(ug), b+ (w) + by (up)), X*) with

%’Jv(t) = J*H'(v(t)) for all t € (—b_(ug), by (w) + by (ug)).

This implies that —c_ < —b_(ug) and that z(t) = v(t) for all t €
(—=b_(ug), by (w)+bs(up)). Since by (w) > 0 this contradicts the maximality
of the interval
(—=b_(up), by (up)) for the solution u with initial condition u(0) = ug. Hence
bi (ug) = oo, justifying our claim. O
2.7. Summary

We introduced the basic hypotheses (H1) to (H4) progressively in order to
show their utility. Now, for future reference, we regroup them in a more
compact, equivalent form.

In a standard variational triple X C H = H* C X* with

(Ru,v) = (u,v) y and (Ju,v) = (u,v) for all u,v € X,

we introduce the following operators.
(H) (i) J € B(X, X) with J2 = —I and

(Jv,w)y = — (v, Jw) x and (Jv,w) = —(v, Jw) for all v,w € X.
(ii) A € B(X,X) with AJ = JA and
(Av,w) y = — (v, Aw) y and (Av,w) = —(v, Aw) for all v,w € X.
(iii) H € C*(X,R) and
(H'(v),Av) =0 for all v € X.

Remarks. Clearly (i) implies that J : X — X is an isomorphism and,
putting w = Jv, we see that

lJv||x = ||v||x and [[Jv|| = ||v| for all v € X.
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Recalling that S = R™'J € B(X, X) with ST = S and

(v,w) = (Sv,w)x for all v,w € X,
we see that (i) is equivalent to

(i) J € B(X,X) with J= —J 1 = —JT and JS = SJ.
It implies that J induces two symplectic forms on X:
wx (v, w) = (Jv,w)x and wy(v,w) = (Jv,w) for v,w € X.
In the same way, the condition (ii) is equivalent to
(ii') A € B(X,X) with A= —AT and AS = SA.

It implies that T(6) = €4 is an isometry both for || - ||x and || - |.
Taken together, (i) and (ii) imply that I' = {T'() : § € R} preserves both
symplectic forms:

wx (gv, gw) = wx (v, w) and wy(gv, gw) = wy (v, w) for all g € T'.

The condition (iii) implies that H is I-invariant. As we show below, a
consequence of this invariance is that (H'(0), Aw) = 0 for all w € X and
hence, if AX is dense in X, that H'(0) = 0.

Noting that (H) is equivalent to (H1) to (H4), we consider henceforth
the Hamiltonian system,

d
dt
under the tacit assumption that (H) holds.

When (H,(-,-), || - 1) = (X, 9)x, |l - ||x), it follows that the Hamil-
tonian H and the function Q(v) = 2wp(Av,v) are constant on solutions of
(IVP). These quantities are also conserved in more general situations, see
Remarks 2 and 3 in Section 2.6.

A standing wave is a special solution of the form

u(t) = eMA¢ where A € R and € € X.

(Ju) = J*H'(u) in X*

We consider the existence and orbital stability of non-stationary (i.e. AAE #
0) standing waves. They are generated by solutions of the stationary equa-
tion (H'() = AB(&) where B = J*A*J = JAJ) which can also be written
as D,G\ (&) = 0 where G\ = H — \Q € C%(X,R) is the augmented Hamil-
tonian and Q(v) = 1 (Bv,v) = (v, AJv) = twy(Av,v). The function Q is
I-invariant and hence so is G,.
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A particularly simple situation occurs when H € C?(X,R) and
(H'(v), Jv) = 0 for all v € X for some operator J satisfying (H)(i). Then
we can choose A = J (or A = —J) and we have that (H)(i)-(iii) holds with
H'(0) = 0. The nonlinear Schrodinger equation provides an example of this
case.

Consequences of the invariance
By the I'-invariance of Gy, for all v € X and 0 € R,

GA(T(0)v) = Ga(v),
(DyGA(T(0)v), T(0)w) = (Dy,Gx(v),w) for all w € X,
(DGAT(0)0). T (B)) = 0
(D2, GA\(T(0)0)T(0)2, T(0)w) = (D3,Gx(v)z,w) for all w,z € X,
(D2,G\(TO)0)T' (0)v, T(0)w) + (DuGA(T(0)v), T' (O)w) = 0

showmg that
D,GA(T(0)v) =T(—0)"D,Gxr(v), (DuGx(v),Av) =0,
D2,GA(T(O)0)T(6) = T(~0)* D2,G(v),
D2,G\(v)Av = —A* D, Gy (v)
for all v € X and 0 € R.
Observe that all of these identities remain true when G is replaced
by H
If DuG)\(f)\) = 0, then
DyGA(T(0)6x) = 0 and T(0)* D3, GA(T(0)6)T'(0)éx = 0
for all & € R. In particular,
DGy (£)) = 0 implies that D2, G\ (£x) A&y = 0, (2.4)

so &) is a degenerate critical point of G, whenever A&y # 0.

The stationary solution v = 0

If H'(0) = 0 we have that u(t) = 0 is a stationary solution of (2.1).
Recall that this always occurs when AX is dense in X. The linearization
of (2.1) at u=0is

d * 2
- (30)() = J H"(0)v(t) (2.5)

which is a linear autonomous Hamiltonian system. From the invariance
properties listed above, we see that H”(0)T(8) = T(—0)*H"(0) for all
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6 € R and so H"(0)A = —A*H"”(0). In the special case mentioned above
where A = +J, this means that J*H"”(0) is skew-symmetric and hence
the stability of the stationary solution u = 0 cannot be deduced from
the stability of the linearization (2.5). For example, in the case where
(H, ()5 1D = (X, () xs IFllx) and A = £J, we have that J* = JT
and

[(JTH"(0))" = H"(0)'J = H"(0)J = —J"H"(0),

showing that JTH”(0) : X — X is skew-symmetric and hence that its
spectrum is a subset of the imaginary axis.

A canonical form in finite dimensions

When (H, (,-), |Ill) = (X, {-,-) x, Il x) » the condition (H) reduces to

Jh=Jt=—J A=—-AT AJ=JA,
H € C?*(X,R) and (H'(v), Av) = 0 for all v € X.

Setting B = J A, we have that B = BT and BJ = JB. Suppose, in addition,
that dim X < oco. Then (LWP) is implied by (H). Furthermore, if 1 € R is
an eigenvalue of B with eigenvector ¢, then BJy = puJo and (Jo, ) = 0.
Hence all eigenvalues of B have even multiplicity and X has an orthonormal
basis of the form

{e1, Jo1, 02, Jp2, ..., on, Jon}
with By; = pjp; and BJy; = p;Je; for j=1,...,N.

Noting that AJ = JA, we see that {¢;, Jp;} is also an invariant subspace
for A with Ap; = —pu;Jo; and AJp; = pje; for j = 1,...,N. With
respect to this basis the operators have the following 2N x 2N-matrix
representations

o i 0 . 0 1 o 0 —puy
B—dzag[o Iuj],J—dzag[_l 0 , A =diag w0
. cos 10— sin ;0
and T'(0) = diag [ Sinj0  cos i, ]

showing that T is either periodic or quasi-periodic depending on whether
or not the eigenvalues of B are rationally dependent. In the first case, the
non-trivial orbits are closed curves whereas in the latter case, the closure
of the orbit in X contains a k-dimensional torus for some k € {2, N}.
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3. Sufficient conditions for the orbital stability of a
standing wave

We state immediately the main result giving sufficient conditions for the
orbital stability of a standing wave. Then we derive some useful alternative
formulations of it.

Theorem 3.1. Suppose that (A, €)) € R x X is such that
DUG)\(f)\) = 0 with )\Af)\ 7é 0 (31)

and (GWP at &) is satisfied. Then the standing wave uy(t) = T(A\t)Ey
generated by €y is orbitally stable provided that:
there exists § > 0 such that

(DZ,Gr(6))2,2) > 6 |12|% for all z € {A&\, R7'B&EY,  (SC)
where {A&y, RT'B&Y = {2z € X (2, A&y) x = <Z,R_1B£)\>X =0}.
The proof of this result will be given in the next section.
Remarks. First we recall that A€y is tangent to the orbit ©(,) at &, and

that D2,G(€)) A&, = 0. Hence D? G (£)) can never be positive definite
on X. If

(D2,Gr(6)2,2) > 6 |2]15 for all z € {A&\},

then (SC) holds. But (SC) allows D?,G)(£)) < 0 on a subspace of dimension
2. In fact, for any v € X,

(RT'B& )y = (Béx,v) = (61, AJv) = (JAE,v) .
Thus
(R'BE, TAG) = ITAG? = | 4&° > 0,
so R™'B¢y, # 0 and, in addition,
<R_1B£>\a AE)\>X = (JAE)\,Ag)\) = 0.

Thus the space {A¢y, R~ B&\}* has codimension 2 in X.
The orthogonality conditions in (SC) are

(z,A&)\) x = (7, R_IB@\)X = 0 where
<Z,R_1B£)\>X = <B£>\az> = (g)\aA‘]Z) = (Z,JA&)\)

The condition (SC) can be replaced by the following variant using only
orthogonality with respect to (-, -).
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Lemma 3.2. Suppose that there exists § > 0 such that

<D12WG)\(6)\)U,’U> >0 ||v||§( for all v € X with (v, A&)) = (v, JAE)) = 0.
(5C%)
Then the condition (SC) is satisfied.
Consequently the conditions (3.1), (GWP at &) and (SC*) imply that the
standing wave u(t) = T (At)Ey is orbitally stable.

Remark. In dealing with conditions (SC) and (SC*), it is sometimes con-
venient to set

Sy = R7ID5,GA(6)- (3:2)
Then Sy : X — X is a bounded self-adjoint operator and (SC) reads
(Sxz,2) x > 8 ||2|% for all z € {A&y, R71BEL}.
Recall that Sy A&y = 0.
Proof. Let ¢ = A&/ || A&\|| and 1 = Jp, so that

lell = ll¥l = 1 and (¢, %) = 0.
Now consider any z € {A&y, R~ B&y}+. That is
z€ X and (z,A6)x = (2, R7'B&,) = 0.
Setting
v=2z-(2,¢) ¢ —(29),
we have that (v,¢) = (v,%) = 0 and so, by (SC*),
(Syv,v)x = 8 Jol% -

But (z,9¢) = (2, JAE) [ [|A&x] = (2, RT'BEY)  / [|A&]| = 0 and Sxp = 0,
showing that
v=12z—(2,¢)p and Syv = S)z.

Hence

(Saz,2) x = (Sav, v + (2,0) @) x = (S\v,v)
and

HzH?X =(z,v+ (z,9¢) ¢) x = (2,0) x, since (z,¢)y = 0.
Thus |212 < Jl2llx lloll and we have that
(Sxz,2)x = (Sav,v)x > 6 [|vl% > 6 |1=II%

showing that (SC) holds. O
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Continuing further in the direction suggested by (SC*), we can formu-
late the stability condition using the unbounded self-adjoint operator acting
in H which is associated with the Hessian of the augmented Hamiltonian.
Suppose that it is coercive in the following sense:

(G) There exist €,C > 0 such that

(D2,Gy(&Ex)v,v) > & v]|% = C ||v||* for all v € X (G)
For elliptic operators, this is Garding’s inequality.

Lemma 3.3. Suppose that D2,Gy(£y) satisfies (G) and define a quadratic
form by : D(by) C H— R by

bA(v) = (D2,G\(E\)v,v) for allv € X = D(by).

Then by is a closed, densely defined, form on H that is bounded below.
Consequently, there is a self-adjoint operator Ly : D(Ly) C H — H defined

by
D(Ly) ={z € X : there exists w € H such that
<D12WG)\(£)\)Z,U> = (w,v) for allv e X},
Lyz =w for all z € D(Ly).

Remarks. L) is the only self-adjoint operator L acting in H that has the
properties

D(L) C X and <D12}UG>\(§>\)2,1)> = (Lz,v) for all z € L and v € X.

Furthermore, D(L)) is a core for by and so D(L)) is dense in the Hilbert
space (X, (+,")x) . Note that D2,Gx(£))z = TLyz for z € D(L)).

Proof. To show that by is closed in H, we consider a sequence {v,} in
D(by) = X such that [jv, —v| — 0 and by(vy, — vm) — 0 as n,m — oo,
for some v € H. The condition (G) then implies that |v, — vy — 0,
showing that {v,} is a Cauchy sequence in X. Hence there exists w € X
such that [|v, —w|y — 0. Since X is continuously embedded in H we
must have w = v. Then the continuity of D2,Gx(£\) : X — X* shows
that by (v, —v) — 0, proving that by is closed. It is bounded below since
br(v) > —C'|Jv||?* for all v € X, by (G).

The existence and uniqueness of Ly now follow from the First Repre-
sentation Theorem in Kato [21], Theorems 2.1 and 2.6 in Chapter VI. O
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Corollary 3.4. Suppose that (X, €)\) € R x X is such that (G) holds. Suppose
that for Ly as defined in Lemma 3.3, we have that there exists 6 > 0 such
that

(Lyv,v) > 6 ||v]|* for all v € D(Ly) with (v, A&y) = (v, JAE,) = 0.
(SC™)
Then the condition (SC*) is satisfied.
Consequently the conditions (3.1), (GWP at &y), (G) and (SC**) imply that
the standing wave u(t) = T (At)Ey is orbitally stable.

Proof. By (SC**) we have that
(Lyv,v) > & ||v||* for all v € D(Ly) with (v, A&y) = (v, JAE) = 0

and by (G)
(Lav,v) > ¢ |v]|3 — C [|v]|? for all v € X.

Hence

1+ g] (Lyv,v) > % [v]|% for all ve D(Ly) with (v, Afy) = (v, JAE,)=0.

Thus

§
(D2,GA(E)v, v) > C€—+6 [u]|% for all ve D(Ly) with (v, A&y) = (v, JAEy).
The density of D(Ly) in X for |||y now yields (SC*) and the rest follows
from Lemma 3.2. O

4. Proof of the main stability theorem

We fix a value of A for which (3.1) and (SC) are satisfied. Theorem 3.1 is
proved by constructing a I'-invariant Lyapunov function V for (IVP). This
line of attack has a long history. See [34] and [14]. For a useful heuristic
description, see [23].

Since Lyapunov functions are mostly used to prove the stability of sta-
tionary solutions, it is worth noting that we can make a change of variable
so that the standing wave u) becomes a stationary solution of a new I'-
invariant Hamiltonian system. Then ©(&)) becomes an orbit (in the sense
of the symmetry group) of stationary solutions of this new system and V'
is a Lyapunov function for this new problem too.
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4.1. Change of variable

Given a function u : [0,00) — X we set w(t) = T(—At)u(t) so that u(t) =
T(At)w(t). Clearly u € C(]0,00),X) <= w € C([0,00), X). Furthermore
for any v € X,

(Ju(t),v) = (u(t),v) = (T(A)w(t),v) = (w(t), T(=At)v)

so that
Ju(t) = T(—=At)*TJw(t) and Jw(t) = T(At)* Tu(t).
Recalling that A* € B(X*, X*), we have that T(f)* = ¢’4" for all § € R.
It now follows that Ju € C1((0,00), X*) <= Jw € C*((0,00), X*) and
d . d e
= = AT'(=Xt)* TJw(t) + T(—t)*
= AT (=At)* A" Jw(t) + T(—t)*

=T (=) {= A"Tw(t) + %Jw(t)}.
Furthermore,

H'(u(t)) = H(T(M)w(t)) = T(=At)"H'(w(t))
and J*H'(u(t)) = J*T(=Xt)"H'(w(t)) = T(=At)*J"H'(w(t)).
Thus we see that u(t) = T'(At)w(t) is a solution (2.1) if and only if
d * ry/ *r
EJw—J H'(w) + A Jw.
Recalling that B = J*A*J and that (J*)? = —I we see that

J*H'(w) + MA*Jw = J*{H'(w) — ABw} = J*D, G (w)

and (IVP) is equivalent to the new Hamiltonian system

%jw = J"D,G)(w) (NHS)
w(0) = ug

where, as before, Gy(w) = H(w) — AQ(w) with Q(w) = 1 (Bw,w).

Since D, GA(&x) = 0,wy(t) = &, is a stationary solution of (NHS).
Thus the change of variable reduces the standing wave u(t) = T'(At)€)y for
(2.1) to the stationary solution w(t) = &) for (NHS). Furthermore, (GWP
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at £))) implies that (NHS) is globally well-posed for initial conditions near
&\ and that H,  and G) are conserved quantities for (NHS). The orbit
© (&) consists of stationary solutions of (NHS).

Although we do not use (NHS) directly in what follows we hope that
this reduction clarifies the role and origin of the augmented Hamiltonian
G. Indeed, the same change of variable reduces the linearization of (IVP)
at u(t) = T'(At)€) to an autonomous form just as in the Floquet theory of
linear periodic systems. The linearization of (IVP) is

%v = J*D2 H(T(\t)¢))z (LIVP)

where D2, H(T(M)é\)z = T(—Mt)* D2, H ()T (—\t)z.
Setting w(t) = T'(—At)z(t) as above, we find that

d ~ _ * k)~ d ~
an =T(—\t)"{=2AA*TJw(t) + dth(t)

and hence that (LIVP) is equivalent to

d
—AATTw + —Tw = J*D2, (63w

which can be written as

d
7w = J{D2,H(£\) — AB}w.
Note that M = D2, H(£\) — AB = D?,G\(&)) € B(X, X*) and that M is

symmetric:
(M&,m) = (Mn,§) for all {,n € X,

and that (LIVP) has been reduced to the linear autonomous Hamiltonian
System

d ~ *

a.}w =J"Mw, (4.1)
similar to (2.5).

Remark. In the case where (H,(-.-),[|]) = (X, () x,[llx), the linear
system (4.1) reduces to

%w = J"Mw = —JMuw, (4.2)

and one might hope to establish the stability of the stationary solution
w(t) = &\ of (NHS) by showing that o(JM) C {2z € C : Rz > 0}, where
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o(JM) denotes the spectrum of JM on the complexification X¢ of X and
Rz is the real part of z. However, for any z € C we have that
JM — zI : X¢ — X is an isomorphism

aM—2J': Xe — Xc is an isomorphism

<M+ 2J 0 Xe — Xc is an isomorphism

eM? +zJT . X¢ — Xc is an isomorphism

<M —zJ : Xe — Xc is an isomorphism

aJM —zJ?% : Xe — Xc is an isomorphism

<JM 4 ZI : Xe — X is an isomorphism,
showing that z € o(JM) < —%z € o(JM). Hence we can never have
o(JM) C {z € C: Rz > 0}. In fact, since JM is real, its spectrum is
also symmetric with respect to the real axis. Combining these properties
we see that o(JM) is symmetric with respect to both the real and imag-

inary axes. Thus it is only in situations where o(JM) C iR that we can
hope the establish even the stability of the standing wave wu(t) = T'(At)&).

4.2. T'-invariant Lyapunov functions

We suppose that, in addition to (H), the condition (LWP) is also satisfied.
Recall that, for £ € X and p > 0,

O(&), = {v e X : d(v,0(¢)) < p)

where d(v, ©(§)) = inf{|lv = T'(0){||x : @ € R} and that ©(&),, is I-invariant
in the sense that

T(9)0(&), = 6(§), for all 6 € R.

A T-invariant Lyapunov function for the orbit ©(&) is a function V :
©(£), — R having the following properties.
(a) There exists p > 0 such that V € C?*(6(¢),) and

V(n) =0 and V’'(n) = 0 for all n € O(¢).
(b) There exists ¢ > 0 such that
V(n) > cd(n, (9(@‘))2 for all n € ©(§),.

(c) (V'(n), An) =0 for all n € O(E),.
(d) V(u(t)) = V(ug) for all t € [0,b(up)) and all ug € O(£)), where
u is the maximal solution of (IVP) with initial condition ug.
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Remark 1. We have seen that
T(0)O(&x), = O(£)), for all @ € R
and the condition (c) implies that
V(T(0)n) = V(n) for all n € O(£x),,
showing that V is I'-invariant.

Proposition 4.1. Suppose that (3.1) and (GWP at £\) are satisfied and that
there exists a I'-invariant Lyapunov function, V : ©(£), — R, for the orbit
©(&x). Then the standing wave uy(t) = T(A\t)Ey is orbitally stable

Proof. Fix ¢ > 0. By the continuity of V' at &y, there exists § € (0, p) such
that V(n) = V(n) — V(&) < emin{(p/2)?,2} for all n € B(£), ). Hence
V(n) < emin{(p/2)2,£2} for all n € O(£))s by the I'-invariance of V. By
(GWP at &) we can choose 0 > 0 so that by (ug) = oo for all uy € B(&),9).
Let u denote the solution of (IVP) with initial condition up and set

W ={r>0:u(t) € ©(&), forallt €[0,7)}.

Since u € C(]0,00),X) and 0 < § < p, the set W is a non-empty interval
and inf W = 0. Let 7* = sup W. If 7% < oo, then for all t < 7%, u(t) € ©(£)),
and so, by (b),

cd(u(t), 0(€))* < V(u(t)) = V(uo) < c(p/2)*.

Thus d(u(t),0(&\)) < p/2 for all ¢ < 7% and, by continuity of wu,
d(u(1*),0(&))) < p/2. The continuity of u now implies that 7 # sup W, a
contradiction. Hence W = [0, 00) and so for all ¢ > 0, (b) now yields

cd(u(t), ©(&x))* < V(u(t)) = V(ug) < ce2.
Thus d(u(t),0(£))) < e for all ¢ > 0, proving orbital stability. O

The existence of a Lyapunov function means that (GWP at £) can
be deduced from (LWP) provided that the following weaker version of the
compactness condition is satisfied.

(BCC)¢q H' : X — X* is bounded on bounded subsets of X and there
exists € > 0 such that, for any h € (c—e,c+¢) and g € (d —¢,d + €), any
closed bounded subset of

{veX:Hw)=htn{ve X : QW) =q}

is a compact subset of X.
Remark. If dim X < oo then (BCC), 4 holds for all ¢,d € R.
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Proposition 4.2. Suppose that (3.1) and (LWP) are satisfied and that
there exists a T-invariant Lyapunov function for the orbit ©(&y). If
(BCO)r(ey),0(,) is satisfied, then (GWP at £\) holds and the standing

wave uy(t) = T(At)Ey is orbitally stable.

Proof. By Proposition 4.1 it is enough to show that (GWP at £)) holds.
Returning to the proof of Proposition 4.1, we redefine the set W as
W = {1 € (0,b4(ug)) : u(t) € ©(&\), for all t € [0,7)}.

The same argument now shows that 7 = supW = by (up) for all uy €
B(&y,9) and hence that d(u(t),©(£y)) < e for all t € [0,b4(up)). This im-
plies that {||u(t)||y : t € [0,b4(ug))} is bounded and we can now repeat the
proof of Proposition 2.2 with (CC) g (¢,),0(,) replaced by (BCC) g ¢,),q(¢)
to conclude that (GWP at &) holds. O

4.3. Existence of a I'-invariant Lyapunov function

Given a pair (A, &)) satisfying (3.1), we define a function V' : X — R as
follows. Let
g =Gx(&) and ¢ = Q(&))

and set

V(n) = Ga(n) — g+ K{Q(n) — q}” for n € X. (LF)
We shall show that for K large enough V' is a I'-invariant Lyapunov function
for ©(&)) provided that (SC) holds. For this we need the following lemma.
Recall that S\ = R™1D2 G, (£)) € B(X, X) is self-adjoint.

Lemma 4.3. Suppose that (SC) is satisfied. There exist 6 > 0 and K > 0
such that

(Sav,v) y + 2K <R_1B£)\,U>§( >0 Hv||§< for all v € {A&\},
where { A& = {v € X : (v, A&)) y = O}

Proof. We have already observed that <R_1B£ £y AE >\> + = 0. Hence for any
v € {AE\}, we have
V=qQw+z

where w = R™'B¢,/ HR‘lB@\HX ya= (v,w)y and z € {A&, RTIB&
Therefore

<S)\U>U>X = Oé2 <S)\waw>X +2a (Skwa Z>X + (S)\Z, z>X

> o (Syw, w) x + 20 (Sxw, ) x +]|z]% by (SC)

) 2
> o (Syw,w)x = {5 =113 + a’s ISxwll } + 6 1l=1I%
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by Young’s inequality. Setting 8 = HR‘lBQHX )

<R_1B§>\,v>X = (Bw,v) y = af
and so
(Syv,v) x + 2K (R™'B&v) 5
0 2
> ? (Syw,w) — {5 Il + S Sxwlli} + 6 a1 + 2Ka?
2 1)
= (S, w)x — 5 ISwwllk + 2687 + 5 1ol
0 2 02
> o+ 213} = 5 ollk
provided that we choose K > 0 such that
2 1)
(Sxw,w)x — 5 |Sawl|% + 2K 52 > 5 O

Theorem 4.4. Suppose that (3.1) and (SC) are satisfied. There exist K > 0
and p > 0 such that (LF) defines a T'-invariant Lyapunov function for

O(&x) on O(6r),-

Proof. First we observe that the function defined by (LF) has the properties
(c) and (d) because G and @ have these properties. In particular, V is I'-
invariant. Furthermore V € C?(X) and, for all n,v € X,

(V'(n),v) = (DuGx(n),v) + 2K{Q(n) — ¢} (Q'(n),v)
(V"(nyv,v) = (D, Gr(n)v,v) +2K{Q(n) — ¢} (Q"(n)v, v)
+ 2K (Q (), v)?.
Thus, for all v € X,
(V'(&\),v) =0,
(V"(&),v) = (D2,GA(E)v,0) + 2K (Q'(&1),v)
= (Syv,0) x + 2K (R7' By, 0)% -

Hence V(&,) =0 and V'(£)) = 0. It only remains to check property (b).
Since A&\ # 0, there is a constant R(£)) such that Lemma 2.1 holds.
By Lemma 4.3, there exists § > 0 such that

(V" (Ex)v,0) > & ||v||5 for all v € {A& ).
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Since V € C?(X), there exists p € (0, 3R(£))) such that
! 1 7z
Vin) =V(E)+ (V'(€r),n— &) + 3 (V" —&ln—&x) +r(n)

where [r(n)| < 18 |7 — &|% for all n € B(éy, p).
But V(&) = 0 and (V'(€)),n — &\) = 0 for all n € X. Hence,

1
Vin) = 3 (V") —&],n— &) +r(n)
1 1 1
> 50 In — &l — 20 In—&llx = YAl In — &llx
> 16d(n, 0(6)) (1.3)

provided that ||n — &y||y < p and (n — &y, A&y) x = 0.

Now consider any v € ©(&)),. By Lemma 2.1 there exists 6; € R
such that |[v —T'(01)&\||x < p and (v —T(61)éx, AT (61)Ex) x = 0. Setting
n = T(—01)v, this means that

In—&llx <pand (n—Ex, AL)x = 0.

Hence by (4.3), V(v) = V(n) > 14d(n,0(£2))? = 36d(v,0(£)))? for all
v € O(&)),, showing that V' has the property (b). O

4.4. Stability of the stationary solution v = 0

When H'(0) = 0, we have that u(t) = 0 is a solution of (2.1). Its orbit
is a single point, ©(0) = {0}, and orbital stability is just stability in the
usual sense. Under appropriate conditions this can also be established by
the construction of a Lyapunov function.

Theorem 4.5. Suppose that H'(0) = 0 and that (GWP at 0) is satisfied. If
there exist A € R and 6 > 0 such that

(D2,G(0)v,v) = (H"(0)v,v) — 2AQ(v) > 6|jv|[% for allv € X, (4.4)

then there exists p > 0 such that V(n) = Gx(n) — GA(0) is a I'-invariant
Lyapunov function for ©(0) = {0} on ©(0), = B(0,p) and, consequently,
u =0 is a stable solution of (IVP).

Proof. A simplified version of Proposition 4.1 shows that the existence of
a Lyapunov function implies the stability of u = 0. In checking that G —
G (0) is a Lyapunov function, the properties (a), (¢) and (d) are easily seen
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to hold since G(0) = 0 and D,G(0) = 0. Also G € C?(X,R), so there
exists p > 0 such that

Ga(n) = 5 (DGO, ) + (1)

where |r(n)| < 16||n||% for all n € B(0,p). Thus GA(n) > 16|n|/% for all
n € B(0, p), proving property (b). O

5. A branch of standing waves

Solutions of (3.1) are often embedded in smooth families parameterized
by . Provided that the Morse index of D2, G(£)) is 1 along this branch
(X, €)), the stability of the corresponding standing waves is determined by
the monotonicity of Q(§)) with respect to A. This is sometimes referred to
as the Vahkitov-Kolokolov criterion and it was thoroughly investigated by
Grillakis, Shatah and Strauss, [14]. To be more precise we formulate the
following conditions (A2) and (A3) which correspond to Assumptions 2 and
3 in [14].

(A2) (Emistence of a branch of standing waves) There exist an open
interval (a,b) C R\{0} and a function ¢ € C'((a,b), X) such that A&y # 0
and H'(£)) = AB(&)) for all A € (a,b) where £, = &(N).

Remark. If H'(0) = 0, it may be that there is a branch of solutions (X, u))
such that A&, # 0 but ||uy|][x — 0 as A — a. In this case, A = a is a
bifurcation point for the equation H'({) = ABE and the standing waves
T (At)E\ converge to the stationary solution u(t) = 0 of (2.1). Conversely,
it may be possible to use bifurcation theory to establish the existence of
such a branch of solutions of H'(§) = ABE, as in the classical Lyapunov
Centre Theorem in finite dimensions. See [1], for example. In Section 8,
we present several bifurcation results of this kind in the context of the
nonlinear Schrédinger equation. Of course, the bifurcation may occur at
A = b rather than at A = a.

Recalling that H”(v) — AB = D2 G, (v) where G = H — A\Q, we next
we consider the spectrum of the Hessian of the augmented Hamiltonian.
By (3.2),

Sy = R7ID2,G\(&\) = RTYH"(€)) — AB} for A € (a,b).
Using (A2), S € C((a,b), B(X, X)) and, for all v,w € X,
(Syv,w) x = ({H"(&\) — AB}v,w) = ({H"(&) — AB}w,v) = (v, Syw) x
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showing that S} is self-adjoint on (X, (-,-) y) . Let 0(Sy) and o.(Sy) denote
the spectrum and essential spectrum of S).

(A3) (Spectrum of the Hessian) For all A € (a,b),

(i) Sy has exactly one eigenvalue in (—o0,0) and it is simple.
(ii) ker Sy = span{ A&\ }.

(iii) There exists €) > 0 such that (0,£)) N o (Sy) = 0.

Remarks. Recalling (2.4), we see that (A2) implies that £ is a degenerate
critical point of Gy. The assumption (A3)(ii) means that ker D2, G(£)) =
span{ A&y}

Let M(S)) denote the Morse index of S) (i.e. the maximal dimen-
sion of subspaces on which S} is negative definite).The assumption (A3)(i)
means that M (S)) = 1. Thus &, is a saddle point of G. Given parts (i)
and (ii), part (iii) of (A3) asserts that inf o.(Sy) > 0 for all A € (a,b). In
particular, the Hessian D2,G)(£)) : X — X* is a Fredholm operator of
index zero.

As we now show, if (u,§,) satisfies (3.1) and if S, has the properties
(i), (ii) and (iii), then the conditions (A2) and (A3) are satisfied on an
open interval (a,b) containing p. To this end we introduce the following
hypothesis.

(B) There exist u € R\{0} and &, € X such that
AE/L 7& OaDuGu(gu) = 0)
info.(S,) >0, M(S,) =1 and kerS, = span{A&,}.
where S, = R71D2 G, (£,).

Theorem 5.1. If (B) holds there exists an open interval (a,b) containing u
on which (A2) and (A3) are satisfied.

Remark. According to (A3)(i), there exist vy > 0 and n) € X\{0} such
that

a(5x) N (=00,0) = {7} and ker{Sy + [} = span{n}.

Since ker Sy = {A&,} and Sy : X — X is self-adjoint, (A&x,nx) y = 0. Also
(A3)(ii) and (iii) imply that there exists § > 0 such that

(Sxz,2) x =0 |2|% for all z € {A&y, m}t. (5.1)

This means that S) is positive definite on a subspace of codimension 2,
but this alone does not guarantee that (SC) is satisfied since (SC) requires
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positive definiteness on {A¢y, R~ B&y}+. We return to this issue after the
proof of Theorem 5.1.

Proof. We use the implicit function theorem. Let
A,
=T 0
ALl
g\, v) = R7'D,G\(v) for (\,v) € R x X.
Then define F': R x X — R x Y by
F(Aa U) = ((Ua A£#>X ag(/\a U) - <g(>\a U)a 90>X 90)
Then F € C*(R x X,R x V) with F(u,&,) = (0,0) and
DuF(:UJa E#)w = (<w> A£M>X aS,uw - <S,uwa 90>X (10))
= ((w, A&,) v , Syw) since (S, w, @)y = (w, Sup) x = 0.
The condition (B) implies that D, F(u,§,) : X — RxY is an isomorphism.

Hence there exist an open interval (a,b) containing p and a function £ €
C((a,b), X) such that

&(n) =&, and F(A,E(N)) =0 for all A € (a,b).

Y=¢pr={veX:(v,p)y =0} and

In particular,

But

{9\ E(N), AE(N)) x = (DuGA(E(N)), AE(N))
= (H'(£(V) = AQ'(6(N)), AE(N)) = 0
for all A € (a,b) by the I'-invariance of G. Hence

(g(X,E(N) ) x (@, AE(A)) x = 0.
But
(0, AE(N)) x = (0, AL(1)) x = IA&(W)l[x # 0 as A — p.
It follows that (g(X,&(N)), )y = 0 for all X near p and so, by reducing
(a,b) if necessary, we have that g(\,&(\)) = 0 for all A € (a,b). Thus (A2)
holds.

Since S\ € B(X, X) is self-adjoint and Sy — S, as A — u, we may
suppose that inf o.(Sy) > 5 inf 0.(S,) > 0 for all A € (a,b). Since M (S,) =
1 and there exists € > 0 such that € ¢ 0(S,) and M (S, —el) = 2, we have
that for A\ near p, M(S) —el) = 2 and M(S)) > 1. But we know that
A&y € ker Sy so we must have M(S)) = 1 and ker Sy = span{A&,}. Thus
(A3) also holds. O
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5.1. The Vahkitov-Kolokolov criterion

Under the hypotheses of Theorem 5.1, the following condition (VK) ensures
that (SC) can be deduced from (5.1) and hence that there is orbital stability
of the corresponding standing waves.

Proposition 5.2. Suppose that (B) holds and consider the branch of criti-
cal points A — &\ given by Theorem 5.1. The condition (SC) is satisfied
provided that

d

JQ(Q) < 0. (VK)
Consequently, if (GWP at &), (B) and (VK) are satisfied, the standing
wave uy(t) = T(At)Ey is orbitally stable.

Remark. The condition (VK) seems to have been introduced as a criterion
for orbital stability by Vakhitov and Kolokolov (1973)[32], see also Zakharov
and Shabat, [35]. A thorough examination of this condition was undertaken
by Grillakis, Shatah and Strauss, [14]. Setting d(A\) = GA(&)\) = H(&)) —
AQ(&)) and &, = &), we have

d'(A) = (DuGA(6)),&\) — Q&) = —Q(&)),

d
d// )\ - __
=20
and so the condition (VK) can be expressed as d”(\) > 0. See [14].
To show that (VK) implies (SC) we use the following lemma.

Lemma 5.3. Let S : X — X be any bounded self-adjoint operator such that
info.(S) >0, M(S)=1 and dimker S = 1.

Let x be any element of X such that (Sx, x)x < 0. Then there exists 6 > 0
such that (Sz,z)y > 5||z||§< forall z € {o,Sx}F ={z € X : (z,p)x =
(z,5%) x = 0} where ker S = span{p}.

Proof. From the hypotheses, we have that there exist v > 0 and ¢ > 0 such
that, for some ¢ € X\{0},

S"L/} = _fﬂp and U(S) N (_0075) = {_770}
Thus (Sv,v)yx > el|jv||% for all v € {p,%}+ and we can suppose that
lelly = Il x =1 and (p, )y = 0. Since S is positive definite and sym-

metric on the S-invariant subspace {¢,¢}+, we have the Cauchy-Schwartz
inequality:

|(Sv,w) x| < (Sv,vﬁgz (Sw,w>§</2 for all v,w € {¢,}*.
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We can write the element x as
X = pY +qp +vo
where p = (x, %) v ,¢ = (X, ) x and vg € {cp,zp}l. Then

0> (Sx, X)x = (—py + Svo, p¥ + qp + vo) x
= —p*y + (v0, pSY + Svo) x = —p*y + (vo, —p1¥ + Svo) x
= _p2’Y + <'l)0, SUO>X )

showing that

(SU0>U0>X :p27+ <SXaX>X and

p*y > (Svg,vo) x > € HUO‘@(’

In particular, p # 0.
Now consider any z € {p, Sx}*. We can also write z as

z=r+sp+v
where 7 = (2,9) y , 5 = (2,¢) x = 0 and v € {p,¥}+. Thus z = r¢) + v and

(5%, 2) = (=7 + 5o, 19+ w)x = —ry + (Sv, 79+ v)
= —r?y + (Sv,0)x since (Sv,r9)x = (v, ~yi)x = 0.
Furthermore,
2% = r? + [lv]|%

and

0= (z,5X)x = (rY +v, —py¥ + Svo) x = —rpy + (v, Svo) x -

Hence

(v, Sv)
by

T =

and then
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(vo, Sv)
P>y
N + (SU, U>X

(Sz,2) y = —1*y + (Sv,v)x = —

~ {v, 5v) x (v, Svo)
P>y
v, Sv 2 S,
_ >X{pp72;r( XX>X}_|_<S,U,U>X
(0.50)y (Sxax)x
P>y
>{ <SX’ >X}€‘

+ <S’U¢ U>X

|v]|3 since (Sx,x)x < O.

But

(v, Svo) x

2 2 2
2l =r* +llvllx =1 12+ lollx

HSvon

<{ + 1} Jloll%

SO

SX, x
(s2,2)x 2 (25050 ol

(Sx, X>X} {IISvon
P>y
_ = xIxte
ISwol% + p*+?
Finally, Svg = S{x — p¥ — q¢} = Sx + py¥ and hence
1Svoll % = I1SxII% +P*7* +2(Sx, Pye) x
= ISxI% +1°7* — 2 (. 7Y
= [|SxI% — p*?* since (x,¥) x =p.

> {- + 1} =0k

I=11% -

Therefore,

{—(Sx.X)x e
Sz, z
(52,21x 2 1Svoll% + 22

2% = S0 Xxhe s
15x 1%

Setting
=S, x)x e

ISxI%
we have (Sz,2)x > 0]z]|% for all z € {p, Sx}*. O

9
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Proof of Proposition 5.2. We claim that the hypotheses of Lemma 5.3 are
satisfied by Sy with ¢ = A&\ and x = &) where &} = %Q. Indeed, since
D,Gx(&x) =0 for all A € (a,b), we have that

D2,GA(6)€) + DAD,GA(€)) =0,

that is
D}, GA(60)E) — Q'(6)) = 0. (5.2)
Hence
(360 6)x = (DAGHENEE) = (@6, 6) = 76 <0.

as required for Lemma 5.3 which now implies that there exists § > 0 such
that (Syz,2)y > 8 2]|% for all z € {A&y, Sx&4}*.
Finally we note that, by (5.2),
S\ = R™'D,GA(60)E\ = RT'Q'(&) = R™'B(&)) (5.3)
completing the proof. O
When the Hessian of G, has the property (G), the condition (B) can

be reformulated using the operator L, defined in Lemma 3.3. We begin by
relating some properties of L, to those of S,,.

Lemma 5.4. Suppose that for some &, € X, the Hessian D2,G,(£,) has the
property (G) and that inf o.(L,) > 0. Then

info.(S,) >0, M(S,) = M(L,) and ker S, =ker L,,.

Proof. Using the definition of L, it is easy to see that ker S,,=ker D% G ,,(¢,,)
C D(L,) and hence that ker L, = ker S,,.

Since info.(L,) > 0, M(L,) < oo and d = dimker L, < oo. Also
there exists I' > 0 such that (0,I]No(L,) = 0. Let P € B(H, H) denote
the orthogonal projection onto the span of all the eigenvectors of L, cor-
responding the eigenvalues in (—o00,0]. and let Q = I — P. We have that
P(H) c D(L,) and that Q(u) € D(L,) if and only if uw € D(L,).Then

dim P(H) = d+M(L,) and (L,Q(z),Q(2)) >T [|Q(2)||* for all z€ D(L,).
Thus, for any z € D(L,),
(Suz,2)y = (D2,G(&4)2,2) = (Lyz,2) = (QLy2, 2) + (PLyuz, 2)
= (LuQz,Q2) + (PLyz,2) > T|Qz|* + (PL,z, 2)
=T [|2|* =T |Pz|* + (LuPz,2) = T ||2]* + ([L. — T1]Pz, 2)
=T [|2]* + (Kz,2)x
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where K = R™1J[L, — TI]P : X — X has rank d + M(L). Also, for all
z,w € X,
(Kz,w)y = ([L, —TI|Pz,w) = (P[L, —T'I]z,w)
= (2, [Ly = TI[Pw) = (z, Kw) x

This shows that K is self-adjoint for the Hilbert space (X, (-,-)y) and so
also K € B(X, X). Hence K : X — X is compact. Since D(L,,) is dense in
X, the continuity of S,, and K implies that

([Sy — Klz,2)y 2T | 2] for all z € X,
whereas (G) implies that

(Suz,2)x > ezl — Cllz|)? for all 2 € X.

Hence
T r
<(1 + E)SMZ - KZ7Z> > % HzH%( for all z € X, that is
X
el 2 C
(Suz — K12,2) > e 2[5 where K; = 1“+—CK'

Thus, for any A < 2(F +C) we now have that

el
2T +C)
Since S, — M — K7 : X — X is self-adjoint, this means that that S, — A\l —
K, : X — X is an isomorphism. But K; : X — X has rank d+M(L,) and
so S, — Al : X — X is a Fredholm operator for all A <
that inf o.(S,) > m > 0.
Furthermore, Q(X) C X since P(X) C P(H) C D(L,) C X. But

([Sp— M —Ki]z,2) > 5 2|5 for all z € X.

2(F +C) This proves

Kiz=0if Pz =0, so we see that for \; = ﬁ,
([Sy — Mil]z, 2) >LH2:H2 for all z € Q(X)
po ARSI =g o) I

where Q(X) has codimension d + M (L) in X. Thus M(S, — M) < d +
M(L,). Since Ay > 0 we have that M(S,) + dimker S, < M (S, — A\iI).
But we already know that ker S, = ker L, so dimker S, = d and hence
M(S,) < M(L,). On the other hand,

(Suz,2z)y = (Luz,2) <0 for all z € V\{0}
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where V' is the span of all the eigenvectors of L, associated with its negative
eigenvalues. It follows that M(S,) > dimV = M(L,). Thus M(S,) =
M(L,). O

Corollary 5.5. Suppose that there exist p € R\{0} and {, € X such that

AE, # 0, DuGu(fu) =0

and that D2,G,(€,) has the property (G). Then A&, € D(L,) and the
condition (B) is satisfied provided that

info.(L,) >0, M(L,) =1 and dimker L, = 1.

This follows immediately from Lemma 5.4 since we have D2, G ,(£,) A, =0
by (2.4) and so A¢,, € ker{S,}.

6. Constrained minimization and stability
To find standing waves we must solve the equation (3.1):
H'(&) = 2\Q'(¢€) =0 for A € R and £ € X\{0}.

One approach is to consider A as a Lagrange multiplier for the problem

m(c) = inf{H(v):v € S(c)} (6.1)
where ¢ # 0 is fixed and S(c) = {v € X : Q(v) = ¢} # 0. Note that
(Q'(v),v) =2Q(v) = 2¢ # 0 for all v € S(c). This ensures that, if v, € S(c)
is such that H(v.) = m(c), then there exists A, € R such that

H'(ve) = AeQ'(ve) = 0.

Since ¢ = Q(ve) = 3 (Bue, ve) = 3(ve, JAv.), we have that Av, # 0. Also,

<H/('Uc)avc> = A <Q/('Uc)avc> = 2)\CQ(UC) = 26>\ca

so that A, # 0 if (H'(v.),v.) # 0 and in this case (A, v.) generates a
(non-stationary) standing wave.

However, under the hypothesis (H), it may be that S(c) # 0 but the
infimum in (6.1) is not attained. To address this problem we introduce the
following condition.

(M), S(c) # 0 and any sequence {v,} C X having the properties
H(v,) — m(c) and Q(v,) — ¢

contains a subsequence converging in X.



Vol. 76 (2008) Orbital Stability of Standing Waves 369

In the context of the nonlinear Schrédinger equation, Section 8.5 deals
with situations where (M), is satisfied for at least some ¢ # 0.

Proposition 6.1. Let ¢ # 0 be such that (M), is satisfied. Then there exists
ve € S(¢) such that H(v.) = m(c). Furthermore, there exists A\, € R such
that D,Gy,(ve) = 0 and

<D12,UGAC (ve)w,w) >0 for all w € X such that (Buv.,w) = 0. (6.2)

Remark. Since D2, G, (v.)Ave = 0 and (Bv.,w) = <R‘1Bvc,w>x, it
follows from (6.2) that

<D3UG)\C (ve)z,2) > 0 for all z € {Av,, R™'Buv.}t.

Setting A = A\. and &\ = v., we see that the stability criterion (SC)
holds if and only if A¢y is the only degenerate direction for D2 G (£y)
in {R~!Buv.}*. That is, for a minimizer v. of (6.1), the condition (SC) is
satisfied if and only if
ker D2, G, (ve) = span{ A&y}

The geometrical significance of {R™'Bwv.}* will emerge from the proof.
Proof. There exists a sequence {v,} C S(c) such that H(v,) — m(c). By
(M), there exist v, € X and a subsequence {vy, } such that v, — v, in
X. From the continuity of H and @, it follows that v, € S(c) such that
H(v.) = mf(c).

Next we observe that since (Q'(v),v) = 2¢ # 0 for v € S(c¢), S(c) is a
smooth co-dimension 1 manifold and the tangent space at v is

T, ={we X : (Q(v),w) = 0}.
Given v € S(c) and w € T, we define 7 : (—=6,9) — R by

B Q(v) Y2
rit) = {Q(v) T t2cz<w>}

where § > 0 is chosen so that Q(v) + t?Q(w) = ¢ + t?Q(w) # 0 for all
t € (—6,9). Then we define ¢ : (—=0,d) — X by

o(t) = r(t){v + tw}.
Now Q(¢(t)) = 3 (Be(t), ¢(t)) and so
Qp(t) = r()*{Q(v) + t*Q(w)} since (Bv,w) =(Q'(v),w)=0 for weT,.
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Hence Q(¢(t)) = Q(v) = ¢, showing that ¢(t) € S(c) for all t € (—4,0). We
also have that

©(0) = v, ¢'(0) =w and ©"(0) =7"(0)v = —

Qw) |

Q(v)

By the minimality of v, this implies that %H (¢(t)) |t=0> 0 if we choose
v=uv, and w € T,,,. But

2
%H(SD(??)) lt=0= (H" (¢(0))¢'(0),¢'(0)) + (H'(2(0)), ¥" (0))
= ”vww—M "(0e), ve) = ”vww—Q(w) "(ve), v
- <H ( C) ’ > Q('Uc) <H( 0)7 C> <H ( c) ) > Q(UC))\C<Q( 0)7 c>
= (H" (vo)w,w) — A (Bw,w) = (D3,Gy, (ve)w,w).
This proves that
<D3UG)\C (ve)w,w) >0 for all w € X such that (Bv,,w) = 0. O

Remark. We note that T,, = {R'B& }* and that A&y € T,,. Thus (SC)
is satisfied by a minimizer of (6.1) if and only if

T,, Nker D2,G. (ve) = span{A&y}.

6.1. A weaker notion of stability

In fact, even if (SC) does not hold the standing wave generated by a con-
strained minimizer can still be stable in a certain sense. For ¢ # 0 such that
S(c) # 0, let
M(c) ={v e S(c): H(v) =m(c)},

and, for v € M(c), let A\, denote the associated Lagrange multiplier such
that H'(v) = M\Q'(v). We say that the standing wave ¢(t) = T(\t)v
generated by v € M (c) is weakly stable when it has the following property.

(WS) The condition (GWP at v) holds and, for any € > 0, there exists
d > 0 such that, for all ug € B(v,J),

d(u(t), M((c)) = inf{||u(t) —v||x : v € M(c)} < e forallt >0,

where u is the solution of (IVP) with u(0) = wy.

Since the orbit ©(v) is a subset of M(c), ¢(t) € M (c) for all t € R and
it is clear that (WS) is a weaker property than true orbital stability. In some
special cases (see [30]), one can show that ©(v) = M(c) and then (WS) is
equivalent to orbital stability. More generally, if d(©(v), M(c)\©O(v)) > 0
then orbital stability of ¢(t) follows from (WS).
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Theorem 6.2. Let ¢ # 0 be such that (M), is satisfied. Then M(c) #
and, for any v € M(c) there exists \, € R such that H'(v) = X\, Q' (v). The
associated standing wave o(t) = T(Ayt)v has the property (WS) provided
that (GWP at v) holds.

Proof. By Proposition 6.1 we have that M(c) # (). Let v € M(c). If (GWP
at v) holds and (WS) is not satisfied, there exist ¢ > 0 and sequences
{w,} C X and {t,} C (0,00) such that

lwn —v||x — 0 and d(u(t,), M(c)) > ¢

for all n € N, where u,, is the solution of (IVP) with initial condition w,.
But

H{(u(ty)) = H(wn) — H(v) and Q(u(tn)) = Q(wn) — Q(v)
so it follows from (M), that there exist z € X and a subsequence such
that u(t,,) — z in X. Then H(z) = H(v) = m(c) and Q(z) = Q(v) = ¢,
showing that z € M (c). Hence

d(u(tn, ), M(c)) < [Jultn,) — 2llx
and, for k large enough, |u(ty,,) — 2|y < €/2, contradicting the choice of ¢

and the sequences {w,} and {t,}. O

Let us mention one useful variant of this simple argument when H
and @ are invariant with respect to an additional group of isometries. Let
O(X) denote the group (with respect to composition) of all isometric iso-
morphisms of X.

(E) There is a subgroup Y of O(X) such that

H(~yv) = H(v) and Q(yv) = Q(v) for all v € X and v € T.
Under this assumption the sets S(c) and M(c) are Y-invariant. In this
context we can use a weaker form of (M)..
(EM). S(c) # 0 and, for any sequence {v,,} C X having the properties
H(v,) — m(c) and Q(v,) — ¢

we can extract a subsequence {v,, } and find elements v,, € T such that
{Vn, (v, )} converges in X.

Corollary 6.3. In addition to the usual hypothesis (H), suppose that (E)
holds. Let ¢ # 0 be such that (EM). is satisfied. Then M(c) # 0. Further-
more, for any v € M(c) there exists A\, € R such that H'(v) = A, Q' (v).
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If (GWP at v) holds, the associated standing wave p(t) = T (Ayt)v has
the property (WS).

Proof. Let {v,} C S(c) be such that H(v,) — m(c). By (EM). there exist
v € X, a subsequence {v,, } and v,, € T such that v, (v,,) — v in X. But

Hv) = klim H (v, (vn,)) = klim H(vp, ) = m(c) and
Qv) = kh—>n;o Q(’Yﬂk (vnk)) = kh—>n;o Q(vnk) =c

sov e M(c).
If (GWP at v) holds but not (WS), there exist ¢ > 0 and sequences
{wp} € X and {t,} C (0,00) such that

lwn —v||x — 0 and d(u(t,), M(c)) > ¢

for all n € N where u,, is the solution of (IVP) with initial condition w,,.
Since

H(un(tn)) = H(wy) — H(v) and Q(uy(tn)) = Q(wn) — Q(v)
so it follows from (EM), that there exist z € X, a subsequence {uy, (tn,)}
and elements ~,, € Y such that v, u,, (tn,) — 2z in X. Then H(z) =
H(v) = m(c) and Q(z) = Q(v) = ¢, showing that z € M(c). Hence, for all
k, vtz € M(c) and
d(u'ﬂk (tnk)7 M(C)) < Hu'ﬂk (tnk) - 77;k1zHX = H%?ku'ﬂk (tnk) - ZHX .

For k large enough, ||Vp, tn, (tn,) — 2|l x < €/2, contradicting the choice of
and the sequences {w, } and {t,}. Thus property (WS) must hold if (GWP
at v) is satisfied. O

7. The nonlinear Schrodinger equation

We consider the nonlinear Schrodinger equation in the following form
idyw(x, t) + Aw(z, t) + f(z, |Jw(z, t)|Hw(z,t) =0 (CNLS)

where w : RY x [0,00) — C and f : RY x [0,00) — R.

Letw:cp—kz'wH(i).Then

10w (x,t) = =0 + 10y — < —a?;1/1 ) - [ (1) _01 } < gzz ) '
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Also
2 2
Aute, ) + o e Pulen) - (37T H02 000
o (CNLS) is

[0 —1}<6t<p>__<A<p+f(x,<p2+¢2)w>
1 0 o )~ AY+ fz,o* +92)p )7

F(x,s) /fa:cr

and consider formally (at this point) the Hamiltonian defined by

¥ _1 2 2 _ e o2 2\ i
(5 )1=5 [ 9P + V0P~ Flag? + vae. (1)

H/(< v >) _ < —Ap — fz,9* +¥%)p )
(8 A — f(z,* + 9% )
o (CNLS) becomes

()= 5 o3 )

The equation (CNLS) arises in many contexts. One example is in the
study of guided waves propagating through a non-linear optical material.
In this context, a derivation of (CNLS) from first principles and an inter-
pretation of standing waves and their orbital stability is given in [31]. See
equation (7.9) of [31] for (CNLS) and then Section 7.2 of the same paper
for a situation leading to the hypotheses introduced in Section 8.3 of these
notes.

Let

Then

We observe also that any nonlinearity that is equivariant with respect
to rotations about the origin in C can be expressed in the form f(x, |w|?)w
appearing in (CNLS). Indeed, if h : RN x C — C is such that

h(zx,ez) = e®h(x,z) for all @ € R and z € C,
then clearly h(xz,0) = 0 and, setting

_ h(z,\/5)
f(.’L’,S) - \/g

for x € RY and s > 0,

we find that
h(z,z) = h(z, |z|e' &%) = ' *8 %z, |2|) = f(x, |2|*)z for all z € C\{0}.
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As a result of this equivariance, w(z,t) = 0 is always a stationary solution
of (CNLS).

In this context, we observe that the requirement that f : RV x [0,00) —
R in (CNLS) corresponds to the property h(z,s) € R for all x € RY and
s € [0, 00).

7.1. Expressing (CNLS) in the form (2.1)

We now reformulate (CNLS) as a special case of (2.1) in the appropriate
function spaces.

X = H'RY) x HYRY),
H = L*RY) x LHRYM),
X* = HYRY) x H-YRYN),

with the usual scalar products:

(5 (5 = [ 7o ves 90Vt et umds

<< z>,<f]>)=/RN<p£+¢ndw-

It is easily verified that, in this case, the operator S = R™'J: X — X is
given by S = (—A +1)7%
Define J: X - X and A: X — X by

e\ [ —v _ s 0 I
J<¢>—<¢>andA— J—[_IO]
where I : X — X is the identity. Then

T(H):eeA:e_eJ:[ cos 01 sin@I]'

—sinfl cosf1
Let F': RY x [0,00) — R be such that

O(u) = / F(z,u*)dx
RN
defines a functional ® € C2(H'(RY),R) with

(®'(u),v) =2 f(z,u*)uvdz and
RN

(9" (u)z,v) = Z/RN{Zasf(x,u2)u2 + f(2,u*)}zvd.
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(See the beginning of Section 8 for an example of a function F' having
these properties.) For H : X — R defined by (7.1) we then have that
H € C?*(X,R) with

/ @ v

() (0))

:/ Vo Vo4 V- Vz— f(z, 02 +¢H)ev — fz,o* + ?)zdr.
RN

For ¢, € C'(‘)X’(RN),

(2 )(1))

=— /RN [Ap + f(z, 0> + ) glv + [AY + f(x,0° + ¢ )]zda

——(CGiarrfnatin ) ()

so that we can write

i e\~ Ae+ fl@,o?+9?)e
H(<¢>)__J<M)+f(w,<p2+¢2)w>

when convenient by interpreting the right hand side as a continuous exten-
sion from C§°(RY) x C$°(RY) to X with values in X*. Noting that

(2 palE))=(m (0 (%))
= [ Ve VU=V Vo fla P + 0w + Fad? + e

=0,

we see that our hypothesis (H) is satisfied and

d( e\ _ pprf ®
(o) () s
can be taken as a weak form of (CNLS). Indeed, for a solution u = < :Z ) :

(=b_,by) — X of (NLS), we have that v € C((—b_,by),X),
Ju € CY((—b_,by), X*) and for any < Z ) € CP(RY) x C°(RY) and
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te (=b_,by),

(@ (5)os (1))

_ %<3< 2/0) ) (t),J< ! >> _ %/RN — o)z + (t)vde
whereas

(g s (1)) = {2 por(2))

== [ Vo0 Vot VD) - V2 - [z, lw(t)]*)p(t)

— fla, Jw(t)|*)e(t)2da.

where w = p+itp € C((—b_, by ), HY(RYN,C))NC((—=b_,by), HH(RN,C)).
It follows that, for all v,z € C§°(R™) and t € (—b_,b,),

a
dt RN

. Veplt) - Vo + Vi(t) - Vz = f(a, [w(t)*)p(t)o = fla, [w(t)*)i(t)zde.

o (t)z — Y(t)vde =

From this identity we deduce that

d

P /RN iw(t)sdr = . Vuw(t) - Vs — f(z, ‘w(t)\Q)w(t)gdx

for all ¢ € C°(RY,C) which is a weak form of (CNLS).
Returning to (NLS), a standing wave has the form

w0\ @ cos At + ¢ sin At
T(A1) < ) > - < —@sin At 4 1) cos At where

< :Z ) € X = H'RY) x H'(RM).

It is a time periodic (in fact time harmonic) solution of (NLS). In complex
notation, it corresponds to a solution of (CNLS) the form

e () +iv(a)}.
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7.2. Solutions of the stationary equation
Since JA = —J? = I, we have that B = J and

a7 )=30(2)-(2)-:((2) (7))

1

1
:_/ cp2+1/12d3::—/ \w|2dazwherew:cp+i1/1.
2 RN 2 RN

The stationary equation is

!/ SO R e 4 SO
H(<¢>)_/\J<¢>’ (SNLS)
which we can write as

3<A<p+f(x,<p2+¢2)s0+>\s0>_<0>
AY + flz,@* + )+ )\ 0 )

The augmented Hamiltonian (G) = H — \Q) is

Gx<< i )> = %/RN IVol? + [V = F(xz, ¢ + 92) — A + ¢?)da.

Hence

DUGA(< z >) _ _3< Ap+ fz, 0> +9%)p + Ap ) and

AY + flz,0* + P2 + M
Dfmw( ; )) ( ! )

_ < Av + f(z, ©* + ) + 20, f (z, * + ¥?)[pv + Yz]o + Iv )
B Az + f(z,0* + )z 4 20, f (z, 0* + ) [pv + 2l + Az )

Suppose that &) is a “real” solution of the (SNLS):
&= ( (’%’\ > € X with 3{Apy + f(x, 3)ex + Apat = 0.
For such a solution, ¢, € H'(RY) and
2 PA v

_ 5 Av+ f(z,03)v + 205 f (z,03)p30 + Av
B Az + f(z,93)2 + Az
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and we can write

D?LuGA(< SDOA >)

_ 3[ ~A = £, ¢3) = 20,0 (0, )k — A 0 }
= 0 A= flagd) -2 ]
In particular,
0 o~ —A—f(:L’,O)—)\ 0
DguG,\(< 0))—J[ 0 —A—f(x,O)—)\} (7.2)

The structure of the Hessian is even clearer if we set g(z,s) = f(z, s%)s for
s € R. The stationary equation for a real solution becomes

ox € HY(RY) and 3{Apy + g(z,0x) + Apa} = 0 (RSNLS)
and the Hessian of the augmented Hamiltonian becomes
| —A = 0sg(x,00) — A 0
J O _A_ g(:l?,go)\) _)\ :
©A

Thus, for v,z € H'(RY),

e (1) (1))

= / [Vo|? = 85g(z, o )v? — Avldx + / V2|2 — Mz2 — \2dz.
RN RN P

Note that < Z > € ker D2,G(£,) if and only if for v,z € H'(RY) and

g(, px)

J(Av + Osg(z, ox)v + Av) = T(Az + »
A

z4+Az) =0.

7.3. The stability conditions

Turning to the stability condition (SC) for a real solution &, = < Px )»

we note that

{4y, R7IBE

(=)o) () e () o
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Thus (SC) becomes: there exists 6 > 0 such that
/ Vo2 — 85g(x, o )v* — Mida > 6 IVol? + vlda
RN RN

for all v € HY(RY) with / vprdr =0, and
RN

/ |Vz)? — Mz) — \22dx > 6 V2| + 22dx
RN (DN RN

for all z € HY(RY) with Vz -V + zprdx = 0.
RN

In this setting, the condition (G) is satisfied if and only if there exist ¢, C' >
0 such that, for all v € H'(RY),

/ IVo|? — dsg(z, px)v2de > 5/ \Vo|? + v2de — C v2dr,
RN RN RN

/ |Vo|* — Mv2d:p > 5/ \Vo|? +v2de — C v2dz.
RN P RN RN

When (G) is satisfied there are domains D(L}) and D(L3) in H*(R") such
that

Liv = —Av — dsg(x, px)v — \v for v € D(L3) and

Liv=—Av— %v — v for v € D(L3)
A

define self-adjoint operators in L2(RY). The self-adjoint operator Ly :
D(L)) C H — H associated with the Hessian DZUGA(< (’%A >) is then
given by D(Ly) = D(L}) x D(L3) and

v _ ([ Liv
nw(2)=(2)
Thus the stability condition (SC**) reduces to: there exists § > 0 such that
/ Vo2 — 85g(z, o )0* — Mida > 6 v2dx
RN

RN

for all v € H*(RY) with / vpadx =0, and
RN
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/ V2| — sz —\Pdx > 6 22dx
RN P RN

for all z € HY(RY) with /N zpadx = 0.
R
In other words, L%\ and Li are positive definite on the L2-orthogonal com-
plement of the stationary solution @y.
Let us now consider the special situation covered by condition (B).
Note that Ly : D(Ly) ¢ L?*(RN) x L2(RY) — L2(RM) x L2(RV) is a
self-adjoint operator with

o(Ly) = o(LY) Ua(L3), 0c(Ly) = 0o(L}) Uoe(L3) and
M(Ly) = M(L}) + M(L3).
In particular,
inf o, (Ly) > 0 <= info.(LY) > 0 and inf o (L3) > 0.
Finally, let us suppose that the real solution ¢, has the properties:
©x >0 and info.(L3) > 0.

(This is often the case for so-called ground-states.) Since L%\@\ = 0, this
implies that 0 is an eigenvalue of Li having a positive eigenfunction ¢j.

Hence inf o(L3) < 0 < inf o.(L3). But, under mild hypotheses on %,

(see [29], for example, if % € L>®(RY)) this ensures that inf o(L3) is

a simple eigenvalue of Li having a positive eigenfunction. Since eigenfunc-
tions associated with different eigenvalues of Li are L2-orthogonal, we must
have

0 = info(L3) and ker L3 = span{py}.
Then M(L,) = M(L}) and, using Corollary 5.5, we see that the condition
(B) holds provided that

inf oo (L}) > 0, M(L}) =1 and ker L} = {0}.

When this is the case, stability is implied by the (VK) criterion which

becomes simply
d

a RN
Remark 1. It should be emphasized that the condition (B) is never satisfied
by an autonomous equation where ¢ is independent of x : g(x,s) = g(s).
This is because, from the stationary equation

p2dr < 0.

—Apx — g(pr) = A,
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it follows that any partial derivative 0, satisfies
{=A = 0sg9(px) — A}jeor =0

and so, if djp\ € HY(RY), 0 is also an eigenvalue of {—A — d5g(y) — A}.
Hence {A&y, 9;6,} C ker D%, G (£)). Even in the case where @) is a ground
state obtained by constrained minimization as in Section 6, it is known that
the associated standing wave is not orbitally stable, see Remark 8.3.3 in [4].
This phenomenon occurs because the equation is now invariant under the
action of the group of translations on R as well as the group 7(6). The
results in Section 6 can be used to show that the standing wave associated
with a ground state has the weaker stability property (WS). This was first
established in [5]. See Theorem 8.6 (II) below for a generalization of this.
Remark 2. Standing waves of (CNLS) are non-stationary solutions of the
form T'(A\t)€. They are generated by solutions of (SNLS) with A¢ # 0. Of
course, the equivariance of the nonlinearity implies that & = (¢, 1) = (0,0)
satisfies (SNLS) for all A € R, but this generates the stationary solution
w(x,t) = 0. Recalling (7.2), the condition (4.4) for the stability of the
solution w = 0 becomes: there exist A € R and > 0 such that

/ IVz|? — f(z,0)22 — A22de > 6 |Vz|? + 2%da (7.3)

RN RN

for all z € H'(RY). Note that this condition is clearly satisfied if f(-,0) €
L>®(RY).
7.4. Summary
Here is a list of the main points to be considered when trying to establish
the orbital stability of standing waves of (CNLS).

(1) The nonlinearity g(z,s) = f(x,s%)s should be such that ® €
C?(H'(RY)) where
O(u) = F(z,u(z)?)dz and F(z,s) = / flx,7)dr.
RN 0
(2) In most cases one deals with standing waves T'(At)¢y where &, is a
“real” solution of the stationary equation , that is

0

cos At
TN = < —@gg)\ sin At )

£\ = ( £ > where ¢ €{0} and — Apy — g(x,px) =Ap) for some A70,

and, in complex notation, the standing wave is then e‘“‘tgo)\ ().
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See Corollary 2.3 of [30] and Proposition 5.2 of [31] for a discussion of the
place of real solutions with respect to other solutions of (SNLS).

(3) The hypotheses on the nonlinearity should ensure that (GWP at
¢,) holds and that there exist £, C' > 0 such that, for all v € H'(RY),

/ |Vo|* — dsg(z, o )v?da > E/ |Vo|* dz — C vdr,
RN RN RN

/ IVo)? — Mv2daj > 5/ |Vo|* dz — C v2d.
RN P RN RN
Then condition (G) is satisfied and we can consider the self-adjoint opera-
tors that are uniquely defined by
LY D(LY) ¢ L*(RY) — LARY) where D(LY) ¢ HY(RY) and
Liv = —Av — dsg(x, pr)v — \v for v € D(LY),
L3 : D(L3) ¢ LA*(RY) — L*(RY) where D(L3) ¢ HY(RY)
Liv=—Av— %v — v for v € D(L3).
A

(4) A sufficient condition for stability is given by (SC**): there exists
& > 0 such that

/ |Vo|? — 8g(x, x)v? — Mlde > § v2dx
RN RN

for all v € HY(RY) with / vprdr =0, and
RN

/ V22 — MZQ — \22dx > 6 22dx
RN P RN

for all z € HY(RY) with / zprdx = 0.
RN
Alternatively, one can try the approach based on the condition (VK).
(5) For this the hypotheses on f (equivalently, g) should ensure that

inf oo (LY) > 0, M(L}) = 1 and ker L} = {0},

inf 0. (L3) > 0, 0 = info(L3) and ker L3 = span{py}.
Then the condition (B) is satisfied and ¢, is embedded in a C'-curve of
stationary solutions. The standing wave is orbitally stable provided that

d

2
— d .
iy RNcp)\ xz <0
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8. NLS with a power-law nonlinearity

In the previous section we discussed the procedure for analyzing orbital
stability of standing waves in the context of (CNLS). Now we exhibit some
of the results that have been obtained by implementing this approach in
the most common case where the nonlinearity is a power of the amplitude.
We consider (CNLS) with

fla, Jwl®) = P(x) + V() [wf~!

where

(C1)1<p<2*—1and P,V € L®(RY,R) where 2* = oo for N = 1
and 2 and 2* = 2N/(N —2) for N > 3. Thus, 1 < p < oo for N = 1,2 and
1<p<1+ﬁforN23.

In general, V' can change sign but when V' > 0 the nonlinearity is said
to be self-focusing whereas when V' < 0 it is defocusing.

Under these assumptions, we have that, for z € RY and s > 0,

fla.5) = Pla) + V(x)s"7,
F(z,s) = /0 f(z,7)dr = P(x)s + va_ixl)spTl
and ®(u) = /]RN F(z,u(z)?)ds = /RN P(x)u(z)? + iv_ixl)u(x)pﬂd‘r'

Since P,V € L®(RM) and 2 < p+ 1 < 2* it is well-known that
® € C?2(HY(RN),R) with

' (u)v = . f(z,u(x))u(z)v(z)de for all u,v € HYRN).
R

Furthermore, the expression Lu = —Au— Pu defines a self-adjoint operator
L: H*RY) c L>(RY) — L*(RY) which is bounded below.

Remark. By Corollary 6.1.5 of [4], the condition (C1) ensures that (GWP
at 0) holds. Since f(-,0) = P € L®(RY), it follows from (7.3) and The-
orem 4.5 that the stationary solution w = 0 is stable. Theorems 8.1 and
8.5 below establish the existence of a branch A — oy € H'(RV)\{0} of
solutions of (RSNLS) and conditions are given ensuring the orbital stabil-
ity of the associated standing waves wy(z,t) = ey (x). In both cases,
the stable solutions bifurcate from the stationary solution w = 0 in a way
that is reminiscent of the Lyapunov Centre Theorem, [1]. In Theorem 8.1,
lleallgr — 0 as the frequency A — A where A is a simple eigenvalue of the
linear operator L. = —A + P. In Theorem 8.5, P is constant and L has no
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eigenvalues. In that case, ||px|| g1 — 0 as the frequency A — P from below
and we have bifurcation from the bottom of the essential spectrum of L.

8.1. Bifurcation from an eigenvalue

First we deal with the case where the potential P is such that
(C2) A < info.(L) where A = info(L).

Under the assumptions (C1) and (C2), A is a simple eigenvalue of L with a
strictly positive eigenfunction ¢ € H2(RY) N CY(RY) which we normalize
so that
H*dx = 1.
RN

(See Theorem 3.20 in [29], for example.) The condition (C2) implies that
P is not constant on RY. It is easy to formulate explicit properties of P
that imply (C2).

Various conditions ensuring that (CNLS) is globally well-posed are
established in Section 6.1 of [4] and from them we obtain the following
information. Under the hypothesis (C1), the property (GWP at &) holds
for all ¢ € H'(RY) x H'(RY) provided that 1 < p < 1+ &. Furthermore,
for 1+ % <p<l+ ﬁ, there exists a constant C' > 0 such that (GWP
at £) holds for all ¢ € HY(RY) x HY(RY) with [|£]| ;. < C. If, in addition to
(C1), V <0 on RY then (GWP at ¢) holds for all £ € HY(RY) x HY(RY)
forl<p<1+ ﬁ.

Theorem 8.1. Suppose that (C1) and (C2) are satisfied.
@) If [pn VoPtlde > 0, there exist § > 0 and p € C1((A—6,A), H2(RY))
having the following properties for all X € (A — 9, A),
p(A\) = pr € CRY)NLERY), 91 >0,
there exists n(\) > 0 such that lim e*MN®lp, (2) =0,

|z|—0
,\IE}}\ |’SD/\”H2(RN) = }E“@A“LW(RN) =0,
Apx(x) + f(, ox(2)?)pa(z) + Apa(z) = 0 for all w € RY.
(1) If Jon VPt ldz < 0, there exist § > 0 and ¢ € C*((A, A+6), H*(RY))
having the same properties for all A € (A, A+ 9).
In both cases, we have the expansion
A=A

o = [m]l/(p_l){ﬁb +v(A)}
]RN
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where ¢ is normalized so that [pn ¢*dz =1 and |[v(N)|| g2 — 0 as A — A.

In case (1) the standing wave associated with @y is orbitally stable if
1<p<2—1.IfV<0onRY and V < 0 on a set of positive measure,
the solutions in case (II) are also orbitally stable if 1 <p < 2* — 1.

Remark 1. The situation where V' = 1 and lim,_,o, P(7) = 0 was dealt
with in [27]. Theorem 8.1 is a local result and it should be understood in the
sense that, by choosing a sufficiently small value of § > 0 all the conclusions
are valid. However the factors influencing the choice of § are not the same
in all cases. To obtain a branch of stable solutions in case (I), it must be
small enough so that (i) a smooth branch exists for § € (A — §,A), (i)
%HQ@)\HLQ < 0on (A—0,A) and (iii) ||¢x||z2 is sufficiently small that there
is global existence of the initial value problem for (CNLS) for all initial
conditions sufficiently close to ¢,. In the defocusing case where V' < 0 on
RY, only point (i) needs to be ensured since there is global existence for
all initial conditions and stability is not derived from the VK-condition.
This difference is of importance when considering global extensions of the
branch.

Remark 2. The first part of the following proof establishes the existence
of a branch A — ¢, through bifurcation from a simple eigenvalue at A.
The bifurcation is to the left if fIR{N V¢Ptlde > 0 and to the right if
fRN V¢PTldx < 0. In the first case, ¢y turns out to be a saddle point
of the augmented Hamiltonian G, whereas in the second case it is a lo-
cal minimum. This difference influences the proof of orbital stability. For
(CNLS) the condition (VK) is % Jgn P3dz < 0 and this occurs only in
case (I) where the condition (B) is also satisfied. Hence in this case stabil-
ity follows from Proposition 5.2. In case (II), % Jpy 3dz < 0 and (B) is
not satisfied. However, in this case it is easy to check (SC**) directly and
so stability follows from Corollary 3.4.

Proof. Bifurcation Let 2** = oo for N < 4 and 2** = 2N/(N — 4) for
N > 5. Then H%(RY) is continuously embedded in LI(RY) for 2 < ¢ < 2**
and so (C1) ensures that v — f(z,u?)u maps H?(R") continuously into
L?(RM). Indeed, the hypothesis (C1) ensures that we can define a function
R e CL (R x H2(RN), L2(RN)) by

R(\u) = Au+ f(z,u?)u+ Iu
= Au+ Pu+ V() |uf " u+ Au.
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Furthermore, D, R(\,0) = A + P+ X : H*(RY) — L?(R") is a Fredholm
operator of index zero for all A < inf o.(L). Also

ker D, R(A,0) = span{¢} and rgeD, R(A,0) =W

where W = {u € L*(RY) : [on u¢dz = 0}. Since D\D,R(A,0)¢ = ¢, it
follows that

L3(RN) = rgeDyR(A,0) ® span{DyD,R(A,0)¢}

and then, by the fundamental theorem of Crandall and Rabinowitz on bi-
furcation from a simple eigenvalue, Theorem 1.7 in [7], there exist § > 0,
p € C((=6,6),R) and z € C((—6,6), H*>(RN)) such that

1(0) = A, 2(0) = 0, R(u(s), s[¢ + z(s)]) = 0 and
z(s) GZ:{u6H2(RN):/ updr =0} = W N HX(RY)
RN

for all s € (—6,0). Furthermore, there is an open neighbourhood V' of (A, 0)
in R x H2(RY) such that if (\,u) € V and R(\,u) = 0 then either u = 0 or
(A, u) = (u(s), s[¢ + z(s)]) for some s € (—6,0). Noting that R(\,u) is an
odd function of u, we have that R(u(s),—s[¢ + z(s)]) = 0 for s near zero
and so there exists s’ € (—4,0) such that

(u(s), =sl + 2(s)]) = (u(s"), s'[6 + 2(s)]).

By the orthogonality of ¢ and z(s) and ¢ and z(s’), this implies that s’ = —s
and then pu(—s) = p(s) and z(—s) = z(s). Henceforth we only need to
discuss s € (0,0).

Setting us = s[¢ + z(s)], standard regularity theory (see for example,
Theorem 2.17 of [29]) shows that us € C(RN)NL>®(RN), limy, o us(z) =0
and that ||us|[;c — 0 as s — 0. It follows that

P+ V |us|P~" € L=(RV).
Then defining Ls by
Li=—A—P—V]|u’™",

we have that Ls : H?(RN) c L*2RY) — L% RY) is self-adjoint and
Ly — Lo = L in B(H*(RN), L2(R")). Since lim,| ., V(2) |us(z)]"" = 0,
inf o.(Ls) = inf o.(L) for all s € (—6,9). Furthermore Lsus = u(s)us and
u(s) = A =info(L) < info.(L). It follows that, for 6 > 0 small enough,
u(s) = info(Lg) < info.(Ls) and consequently we have that us does not
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change sign on RY and decays exponentially to zero as |z| — co. See The-
orem 3.20 in [29], for example. Since s > 0 and ¢ > 0, this implies that
us > 0 on RY.

From the fact that P,V and u, € L*®(RY), it follows immediately
from point (3) in the summary at the end of Section 7 that condition (G)
is satisfied.

We now show p € C1((0,6),R) and z € C1((0,6), H?(RY)). The equa-
tion R(A,u) =0 can be written as

Lu—Au—M(u) =0

where M (u) =V |ulP"'wand L — A : Z — W is an isomorphism.
Consider " : (0,8) x R x Z — L?*(RY) defined by

D(s,p,2) = L(¢ + 2) = s"" M (6 + 2) — (6 + 2).

The hypothesis (C1) ensures that I' € C1((0,6) x R x Z, L(R")) and, for
all s € (0,0),
Dy

w)L (8, A, 0) (v, w) = —vp + Lw — sPIM (¢)w — Aw

We know that S(v,w) = —v¢ + Lw — Aw is an isomorphism from R x Z
onto L2(RY). Since Dy, \I'(s, uu(s), 2(s)) — S as s — 0, it follows that

D\ D(s, u(s), 2(s)) : R x Z — L*(RY) is also an isomorphism provided
that ¢ > 0 is made small enough. But I'(s, u(s), z(s)) = 0 and so the implicit
function theorem implies that u € C1((0,6),R) and 2z € C1((0,4), Z) with

0= d%l“(s,u(s), 2(s)) = L2'(s) = (p — 1)s" 2 M (¢ + 2(s))

— P TIM (¢ + 2(s))2' () — ' (5)(6 + 2(5)) — p(5)2'(s)

Hence

W (s) = =72 ((p = DM(6 + 2(5)) + M'(¢ + 2(5))52'(5), 9)

where in a slight abuse of notation, we are now using (-,-) to denote the
usual scalar product on L2(RY). Since z € C((—4,5), H*(RY))and

M € CY(H?(RY), L?(RY)), this implies that there are constants A and B
such that

s|i'(s)] < AsP™' + Bs Hsz'(s)HH2 .
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But
(L~ A)(s)
= (p = 1)s" 2 M(¢ + 2) + 5" M'(p +2)2/(s) + 1 (5)(¢ + 2)
+ [u(s) — AJZ/(s)
so there are constants C, D, E/ such that
(2= 2)s2'(0)]
< sPTIC + sPTID |[52/(s) || o + B |1 (5)| + [1(s) — Al |52/ (s)]) 1
<Pl +sP7ID Hsz'(s)HH2 + E{As""! 4+ Bs Hsz'(s)HHg}
T lals) — Al [[s#'()]] o
Since L — A : Z — W is an isomorphism, there exists € > 0 such that
(L —A)z||;2 > el|z] g2 forall z € Z.
Hence
€ Hsz'(s)HH2 < P10 4+ {sP 71Dy + E; 5} Hsz'(s)HH2 +u(s) — Al Hsz'(s)HH2
from which it follows that
Hsz/(s)HH2 — 0 as s — 0, since p(s) — A.

We now have that
B) — (o= )Mo+ 2(5)) + M'(6 + ()57 (5),0)
— —(p—1)(M(¢),¢) as s — 0.

If (M(¢),$) # 0 we can chose § > 0 so that y/(s) # 0 for all s € (0,9) and
then set p(\) = s[¢+ 2(s)] where A = u(s). Now ¢ € C(J, H?(RY)) where
J is the interval {u(s) : 0 < s < ¢}.

To complete the discussion of the asymptotic behaviour of the branch
as A = u(s) — A, we note that

A —p(s)
———~=— >0 for all s € (0,4) and
((6),0) (©.9)
p)-A s S
lim = — = lli% ke (M(¢), ), by L'Hospital’s rule.
Hence
_ A — u(s) } 1 _ s
lim =1andso lim ——— =1,
=0 { (M(9),9) J 5P~ :

p—1 s—»O{ A—p(s) }p,l
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showing that

= A;N(S) Z)%l S wnere S) — as § —

Thus )
A—p(s) |77
o) =500+ = { G b (o u)

where w(s) = z(s) + p(s){¢ + 2z(s)} — 0 in H2(RY) as s — 0.

At this point we have proved the statements (I) and (II).
Orbital stability Turning to the stability of the standing wave generated by
©x, we know from point (5) of the summary at the end of Section 7 that
the condition (VK) amounts to showing that % Jan @3dz < 0. But from

the asymptotic behaviour of the branch, we have that

d d d
S lealis =2 (on 00 ) G5 =28 (64 20600+ 29) +52(5)

where
(¢ +2(s), ¢+ 2(s) + s2'(s)) = (¢, ¢) as s — 0.
Then, for all s € (0,0) with ¢ small enough, we have the
d
Y lloall 2 has the same sign as — (M(¢), ¢) .

By choosing 6 > 0 small enough, it follows from Corollary 6.1.5 of [4]
that we can assume that (GWP at £ = (px,0)) holds for all A near A. To
discuss the stability of the standing wave T(At)&y ~ ey, we need to
consider the Hessian D2,G\(£)) and this involves the following self-adjoint
operators.

LY - D(L}) ¢ LA(RY) — L2(RY) where D(LY) ¢ HY(RY)
Liv = —Av — dsg(, px)v — M for v € D(L})
=—Av— Pv— pVgof\_lv — Av, and
L3 : D(L3) ¢ L*(RY) — L*(RY) where D(L3) ¢ HY(RY)

L3v=—Av— %v — v for v € D(L3)
A

= —Av— Pv— Vgpf\_lv — \v.
We have A = pu(s) and ¢y = us for some s € (0,d) and so, in the earlier

notation L2 = Ly — p(s). Furthermore, since P,V and ¢, € L®(RY),
D(LY) = D(L3) = H*(RY) We have already shown that u(s) = inf o(Ls)
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and so inf o(L3) = 0 with ker L3 = ker[Ls — u(s)] = span{us} = span{e,}.
Also inf o (L3) = infoc(Ls) — u(s) = infoe(L) — p(s) > 0 since p(s) —
A < inf o.(L). Thus we have that

(Liv,v) > 6 (v,v) for all v € HY(RY) with (v, @y) = 0. (8.1)

Asfor L3,inf o.(L}) > 0 for A near A. However, as we now show, M (L})) =
1 in case (I) and M(L})) = 0 in case (II).
(I) Case (M(9),¢) > 0.

Concerning the spectrum of Li we have that

0= (L3iporn r) = (Lipa, 0r) + (0 — 1) (M(02), ¢2)
so that

(Lxpaoa) < —(p=1) (M(pr), 02) = —(p— 1) (M(¢ + 2(s)), & + 2(5))
where
(M(¢+ 2(s)), ¢ + 2(s)) = (M(¢),¢) > 0.

Hence info(L}) < (Liox,¢1) / (#a, 0x) < 0. But there exists € > 0 such
that (L) N (—oo, A + &) = {A} and A is a simple eigenvalue of L. Since
LY — L—Ain B(HXRY), L2(RY)) as A — A, this implies that for A near
A, (=00, £) contains exactly one eigenvalue of L} and it is simple. Thus
M(LY) =1 and ker L} = {0}.

Thus we see that the properties required in condition (5) of the sum-
mary at the end of Section 7 is satisfied and hence orbital stability now
follows from Proposition 5.2.

(IT) Case V <0 and V < 0 on a set of positive measure.
For all v € H2(R)\{0}, we have that

(Lyv,v) = (L3v,v) — (p — 1)/ VoPt de > (L3v,v) >info(L3) =0
RN

and so inf o(L}) > 0. If inf o (L}) = 0, 0 must be an eigenvalue of L} with
a positive eigenfunction ¢ > 0. (See Theorem 3.20 in [29], for example.)
But then 0 = L1y = L3 — (p — 1)VyP~! and so

0= (L3, or) = (L3, on) — (0= 1) (VP on) = —=(p— 1) (VP 1, 03)

since L%\@A = (. From the properties of ¢y, and V we have that
(Vzpp—l, %) A) <0, contradicting the preceding conclusion. Hence inf O'(L%\) >
0.

Recalling (8.1), this establishes the property (4) in the summary at
the end of Section 7. Orbital stability now follows from Corollary 3.4. [
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Remark. We observe that in the defocusing case (II), we have shown that
the Hessian D2,G(€)) of the augmented Hamiltonian is actually positive
definite on

{< ! ) e H'(RY) x H'RV) : /RN zpxdz = 0} where &, = < - >

8.2. Global branch in the defocusing case

Theorem 8.1 deals with bifurcation from a simple eigenvalue and yields a
local branch of standing waves with frequencies near A. In the defocusing
case, the branch has been extended globally under the following assump-
tions.

In addition to the assumptions (C1) and (C2) we suppose that

(C3) P,V e CHRY) with V() <0 for all z € RY and lim P(z) = 0.

|z|—o0
Furthermore, we suppose that there exists C' > 0 such that
P(z) < C|V(z)| for all z € RN and lim sup |z|* P(z) < 0.
|z]—o00

If N <2, we suppose also that there exist b € [0,2) and L € (0,00) such
that lim|g) o 2|’ |V ()] = L.

It follows from the assumption lim|,_,o, P(z) = 0 that 0 = inf o (-=A—
P) and hence from (C2) that A < 0.

The existence of a global branch of real stationary solution was estab-
lished in [10] and it turns out that the corresponding standing waves are
all orbitally stable.

Theorem 8.2. Let the conditions (C1), (C2) and (C3) be satisfied. There
exists a function ¢ € C((A,0), H*(RN)) having the following properties

o) = @y € CHRM)NL®RY), ¢\ >0 on RY, (8.2)
there exists p(A) > 0 such that ‘xl‘igloo Nzl () = 0, (8.3)
/\IE}}\ |’SD/\”H2(RN) = }T}X“(PA“LW(RN) =0, (8.4)

ou(x) > pa(x) >0 forallz € RN and A < X< <0,
Ay + Py + V@h + Aoy =0 on RY. (8.5)

Furthermore, for each X € (A,0), @y is the unique positive solution of (8.5)
and so (X, py) is an extension of the branch given by case (1) of Theorem
8.1. If A ¢ [A, 0], then (8.5) has no positive solution.
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For all X € (A,0) the standing wave generated by vy is orbitally stable.

The existence and properties of the global branch parametrized by
(A, 0) are proved in Theorem 10 of [10] for a broader class of nonlinearities.
In [10] there is also a detailed study of the behaviour of the branch as
A — 0.

Concerning the stability of the corresponding standing waves, we note
that, by Corollary 6.1.2 of [4], assumptions (C1) and (C3) ensure that
(GWP at €) holds for all ¢ € HY(RY) x HY(RY). For all A € (A,0), the
discussion of the operators L} and L3 for any A € (A,0) is the same as for
Case (II) of Theorem 8.1. Thus the condition (SC**) is satisfied and orbital
stability follows from Corollary 3.4.

8.3. Global branch in the self-focusing case

In the self-focusing case, a global branch of stable standing waves has only
been established when NV = 1 and under much more restrictive hypotheses
on P and V.

(J)y N=1,p>1and P,V € C}(R,R) satisfy

P(z) = P(—z), P'(z) <0 for all z > 0 and P(0) > lim P(z) =0
V(z) =V (-x), V/(z) <0forall z >0 and lim V(z) > 0.
In this context the operator Lu = —u” — Pu introduced earlier has the

properties that
A=info(L) <0 =info.(L)
and the eigenfunction ¢ is such that
d(x) = p(—x) > 0 and ¢'(z) < 0 for all z > 0.1
In particular, (J) implies (C1) and (C2).

Theorem 8.3. Under the assumption (J) there is a function
@0 € CY((—o0,A), H*(R)) having the following properties.
,\IE}}\ ol g2 ry = 0 and )\EIPOO H%\HH%R) = 0.
d
oa(x) = pr(—z) > 0, %cpx(x) <0 for allx >0,

there exists () > 0 such that lim e*M?lp, (z) =0, (8.6)

|z|—o0

O\ + Pox + Vel +Apy =0 for all z € R. (8.7)
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Furthermore, all positive solutions (\,u) € R x H*(R) of (8.7) lie on this
curve. Thus the solutions (X, ) form a global extension of the branch
found in Theorem 8.1(I).

These conclusions are proved for a class of equations including (8.7)
in [19].
Unlike the defocusing situation, it is not the case that all standing waves
generated by this global branch are orbitally. For large frequencies |A| they
may be unstable when p is large. However, for p < 5 we do have orbital
stability on the whole branch.

Theorem 8.4. Suppose that (J) is satisfied and that 1 < p < 5. Consider
the branch ¢ € C'((—o0,A), H?(R)) given by Theorem 8.3. For all \ €
(—o0,A), the standing wave generated by vy is orbitally stable.

The stability is established by using the criterion (5) in the summary
at the end of Section 7. In [24] it is proved that, if 1 < p <5,

d
o leall22 < 0 for all A < A

and so the condition (VK) is satisfied. In the present context
Liz=Lz— Pz —pVygh 'z — Az with D(L}) = H*(R) and
L3z =1Lz~ Pz— Vg 'z — Az with D(L}) = H3(R).

Standard results show that all eigenvalues of Li and Li are simple, Li < Li
and

inf oo (L}) = info.(L3) = =X > —A > 0 for all A < A,

since lim|g oo P(z) = limjg_o gpf\_l(a?) = 0. Furthermore, 0 = inf o(L3)
by the positivity of ), as before. It is proved in Lemma 3.4 of ([30]) that,
for all A < A,

0 ¢ o(L}) and L} has exactly one negative eigenvalue.

Thus the spectral conditions required in criterion (5) of the summary in
Section 7 are satisfied. By Corollary 6.1.2 of [4], the condition (GWP at
€) holds for all ¢ € HY(R) when 1 < p < 5. Now we can conclude from
Proposition 5.2 that the associated standing waves are all orbitally stable.
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8.4. The case where P is constant
As pointed out before, (C2) cannot hold when P is constant. In that case,
by a change of variable, we can suppose that P = 0 and so
2 -1
f@,|w”) = V() [w"",
where we now assume

(K) N >3,V e CL{RM\{0}) and there exists b € (0,2) such that

lim |z|°V(z) =1 and lim sup |z|°|V(z)| < co. Also

|| —o0 |z|—0
| 1|im z|° W (z) = 0 and lim sup |z|”|W (z)| < oo
z|—00 |z|—0

where W(z) =z - VV(z) + bV (x).

This implies that V' > 0 for |z| large but V may change sign. Note also
that we are no longer requiring that V' € L>®(R").

It is known (see [13], for example) that, for b € (0,2) and 1 < p <
1+ %2, there is a unique positive function ¢y € H'(RV)NC(RY) satisfying

A=+ o] " yP =0.
This function is radially symmetric and radially non-increasing.

Theorem 8.5. Let the V' satisfy the condition (K).

(i) Ifl<p<1l+ 4_—23, there exist 6 > 0 and a function

@0 € CY((=6,0), H' (RN)) having the following properties.
ox = o(\) € C(RY) N L®(RY) and @y (x) > 0 for = # 0,
there exists u(\) > 0 such that lim eV, () = 0,

|z|—o00
@y is a weak solution of Apy +Vh +Xpy =0 on RV,

2—b

() = [A[20-0 {i(|AZ 2) + vr(2)} where [[ol|n — 0 as A — 0.

(i) If1<p<1+ %, then the standing wave generated by ) is orbitally
stable.

In this case, for 1 < p < 1+ 4_T2b, the solutions @) bifurcate from
the bottom of the essential spectrum and not from an eigenvalue of the
linearization as in Theorem 8.1. After an appropriate rescaling of the vari-
ables, this result is proved in [13] using Proposition 5.2. Earlier related
results were proved using the condition (SC*), [9], [20].
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8.5. Conditions ensuring weak stability

The weaker stability property (WS) that is established in Theorem 6.2 is

easier to prove and hence can be obtained under weaker hypotheses on the

coefficients P and V, at least for 1 < p < l—l—%. Note however that Theorem

8.1 allows 1 < p < 2* — 1(= 1+ 55 when N > 3). On the other hand,

the hypotheses of Theorem 8.6 below do not imply that (C2) holds and so

Theorem 8.1 may not be applicable under the assumptions of this section.
Recalling that for (CNLS),

X = HYRY) x HY(RY),

1
(5 )= [ 106l +1V0f - Fag? + v,

(=g [, ¢+

we see that in this context, for ¢ > 0,

S = A € X+ [ o+ vPde =20} and

M(c) = {(p,¥) € S(c) - H(p, ) = m(c)}
where m(c) = inf{H (¢, ) : (p,¢) € S(c)}.

Returning to the complex notation w = ¢ + i, we we can write

S(c):{wEHI(RN,(C:/ |w|? dz = 2¢} and
RN
M(c) ={w € S(c) : Hw) =m(c)}

_1 w|? — F(x, |w]?)dx
whereH(w)—Z/RN|V |“ — F(x, |w|")d
and m(c) = inf{H(w) : w € S(c)}.

Theorem 8.6. Consider 1 <p <1+ % and P,V € L®(RN) with V > 0 on
RN and V > 0 on a set of positive measure.

(I) (compact case) If limy o V(x) = 0, there exists co > 0 such that,
for all ¢ > ¢o, M(c) # 0 and, for any v. € M(c), the standing wave
generated by v. has the weak stability property (WS).

In general, cg > 0, but cg = 0 provided that
(i) sup{|z|* [P(z) — limsupjg|0o P(@)]- : = € RN} < oo, where
[a]— = max{0, —a},
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(ii) there exist z € RY and constants B > 0,b € (0,2) such that

4—2b
and

l<p<1l+
V(z)>Blz|™ forallz e Q={sy:s>1and |y—z| <1}.

(IT) (non-compact cases) Suppose that there exist P*, V> € L>(RY) hav-
ing the following properties

P®(x + 2) = P®(x) and V®(z 4 2) = V() > 0 for all zteRY, ze 7",
P(x) > P®(z) and V(z) > V®(z) for all z € RY | (8.8)
P(x) — P*(x) = 0 and V(z) — V>=(x) — 0 as |z| — 0.

Then, for all ¢ > 0, M(c) # 0 and, for any v. € M(c), the standing
wave generated by v. has the property (WS).

Remark. Case (II) deals with the situation where P and V are asymptoti-
cally periodic, possibly asymptotically constant.

Note that, when there is equality in (8.8) for all x € RY the coefficients
P and V are periodic with the same period cell. For further work on this
situation see [8] and [26].

Proof. Since 1 <p <1+ % and P,V € L®(RY), it follows from Corollary
6.1.2 of [4] that (GWP at &) holds for all ¢ € X. By Theorem 6.2, it is
enough so show that (M), is satisfied for the relevant values of c. In case (I)
this follows from Proposition 5.1 of [18]. In case (II) we use Proposition 5.3
of [18] if at least one of the inequalities in (8.8) is strict on a set of positive
measure. If this is not the case, then P = P*° and V = V' and we are in
the context of assumption (E) of Section 6 with T = {7, : z € ZV} where
v2(v) = v(-+2) for all v € X. Proposition 5.2 of [18] shows that (EM), and
(WS) follows from Corollary 6.3. O

Remark. To understand properly the content of the property (WS) one
needs to investigate further the set M(c). For P =0 and V =1 a complete
characterization of M (c) has been achieved, but even in this case, it is a
difficult problem, see [4], Chapter 8. The conclusion is that

M(c) = {epe(- +2) : 0 € R and z € RV}

where (A, 7.) € R x HY(RY) is the unique radially symmetric positive
solution of the stationary equation

A+ P 4+ \p = 0 on RY with V2dz = 2c.
RN
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In the more general context of Theorem 8.6, it is shown in Theorem 4.1 of
[18] that

M(c) = {e“): 0 € R and ¢ € W(c)}
where

W(c)={¢ € HHRY)NnC*RY)N S(c) : ¢ > 0 and H(¢) = m(c).

However a complete description of W(c) is still lacking.
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