
Eur. Phys. J. D (2012) 66: 61
DOI: 10.1140/epjd/e2012-20401-6

Regular Article

THE EUROPEAN
PHYSICAL JOURNAL D

Theoretical analysis of aliasing noises in cold atom Mach-Zehnder
interferometers

A. Joyeta, G. Di Domenico, and P. Thomann

Laboratoire Temps-Fréquence (LTF), Université de Neuchâtel, 2000 Neuchâtel, Switzerland
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Abstract. We present a theoretical analysis of aliasing noises that might appear in cold atom Mach-Zehnder
interferometers used for the measurement of various physical quantities. We focus more specifically on single
cold atom gyroscopes. To evaluate the level of aliasing noises, we have developed a model based on the
power spectral densities of the different identified noise sources as input parameters and which makes use
of a servo-loop to realize a precise measurement of the rotation rate. The model allows one to take into
account different modes of operation, like a continuous as well as a pulsed or even a multi-ball operation.
For monokinetic atoms, we show that the intermodulation noise can be completely filtered out with a
continuous mode of operation and an optimum modulation scheme for any modulation frequency but also
with a pulsed operation however only for specific launching frequencies. In the case of a real continuous
atomic beam having a velocity distribution, it comes out that a high attenuation can be reached which
indicates clearly the potential stability improvement that can be expected from a continuous operation.

1 Introduction

Cold atom interferometers are highly sensitive instru-
ments that can be used to measure very precisely various
physical quantities related to inertial motion [1]. Exam-
ples of such instruments developed nowadays in several
laboratories are gyroscopes [2–5] for the measurement of
rotation rates and gravimeters [6,7] for the measurement
of the local acceleration of gravity g. Although based on
different atoms and geometries, they rely on the same prin-
ciple of operation which is very close to that of a cold atom
fountain clock [8,9] if we replace the microwave Ramsey in-
terrogation by a three-pulse Mach-Zehnder interrogation.

Due to their pulsed mode of operation, they may well
suffer from a degradation of their sensitivity similar to the
frequency stability degradation appearing in pulsed foun-
tain clocks. Indeed, it is well known that the frequency
stability of passive frequency standards operated in pulsed
mode, like cold atom fountains, is limited by the phase
noise of the oscillator generating the interrogation fre-
quency even with state-of-the-art quartz oscillators [10].
This effect is due to the presence of dead-times in the in-
terrogation and is known as the Dick effect [11,12]. It can
only be overcome by the use of very low noise oscillators
like cryogenic sapphire oscillators [13].

The present mode of operation of cold atom interfer-
ometers is very close to that of a pulsed fountain clock.
In this paper, we focus more specifically on Mach-Zehnder
gyroscopes. In order to estimate the level of aliasing noises
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that might appear in such interferometers and potentially
limit their sensitivity, we have developed a model that
uses the power spectral densities of the different noise
sources as input parameters and makes use of a servo-
loop to achieve the measurement of the rotation rate. We
compute the power spectral density of the rotation rate in
closed loop operation and finally the corresponding Allan
variance. The model should also make it possible the study
and comparison of interferometers’s performances for a
continuous and a pulsed, or even a multi-ball, mode of
operation.

We first describe, in Section 2, the main components of
the model for a gyroscope operated in a continuous way.
Then, the power spectral density of the fluctuations of the
local oscillator frequency used to control the interference
fringes is derived in detail in Section 3. In Section 4, the
Allan variance of the rotation rate is obtained which is the
basic result of our model. Finally in Section 5, we present
a discussion of the result obtained in Section 4 for different
conditions of operation of the gyroscope.

2 Description of the model

2.1 Idealized Mach-Zehnder interferometer

As a starting point, we consider the case of an ideal-
ized spatial-domain and continuous gyroscope, sketched in
Figure 1, which satisfy the following simplifying hypoth-
esis. There is one atom source that creates a continuous
monokinetic beam of slow and cold atoms in the state
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Fig. 1. Sketch of a cold atom Mach-Zehnder interferome-
ter used for the measurement of rotations. We assumes that
the three Raman laser beams are in the horizontal plane and
retroreflected by one large mirror. L is the distance between
two Raman laser beams and Ldet is the distance of the probe
beam from the last Raman beam. keff is the effective wave
vector of the Raman beams.

|g〉 = |g1, p〉 where the atoms are in the lower hyperfine
level of the ground state g1 with a momentum p. The
atoms follow an open parabolic trajectory with a hori-
zontal velocity component v and cross three horizontal
Raman laser beams perpendicular to p. The three Raman
beams are retroreflected by one large mirror and spatially
separated by a distance L.

To keep the model as simple as possible, we do not take
into account the dynamics of the Raman interactions [14].
The transverse dimension of the laser beams is thus sup-
posed to be negligible and the power is adjusted in or-
der to generate, during the crossing by the atoms, three
infinitesimally-short Raman pulses π/2 − π − π/2 corre-
sponding to a Mach-Zehnder type interferometer. How-
ever, we know that the finite duration of the Raman pulses
introduces a low-pass filtering of the noise components of
the Raman phase. Therefore, to keep a physical meaning
to this idealized modelization of the beam splitters, we
will include in the transfer function of the interferometer
an equivalent low-pass filter that simulates a finite inter-
action time.

At the output of the interferometer, the atoms are de-
tected in the excited state |e〉 = |g2, p + �keff〉 where the
atoms are in the higher hyperfine level of the ground state
g2 with a momentum p + �keff . The effective wave vector
of the Raman beams keff = kL1 − kL2 is assumed to be
identical for all the three beams, where kL1 and kL2 are
the wave vectors of the laser beams L1 and L2 respec-
tively, which are superimposed in each Raman interaction
(cf. Fig. 3). The frequency ω0 of the Raman transition
corresponds to ω0 = �

−1(Eg2 − Eg1) where Eg1 and Eg2

are the energy levels of the ground state g1 and g2 respec-
tively. For the atoms usually used in such interferometers,
this frequency ranges in the microwave domain.

Within theses approximations, the time-dependent
probability Pe(t) to find the atoms in the excitated state
|e〉 at the output of the interferometer is given by the sim-
ple expression

Pe(t) =
1
2

{
1 − C cos

(
Φ(t)

)}
(1)

where C represents the contrast of the interference fringes
and Φ(t) is the instantaneous apparent phase of the inter-
ferometer. This total phase results from the effect of the
laser fields and of the inertial forces acting on the atoms.
It can be written as a sum of three terms

Φ(t) = Φrot(t) + Φacc(t) + ΦL(t). (2)

The first term φrot(t) corresponds to the inertial atomic
phase due to a rotation Ω(t) of the interferometer. We
suppose that the rotation rate Ω(t) varies very slowly with
respect to the atomic motion, i.e. Ω̇(t)T � Ω(t) where
T = Lv−1 is the atom transit time between two successive
Raman beams and the dot stands for time derivative. If,
moreover, we suppose that there are no fluctuations of the
effective wave vector keff , the atom’s velocity v and the
distance L, the phase Φrot(t) can be written, at a first
order, by

Φrot(t) = + 2
L2

v2
keff · (Ω(t) × v) . (3)

The second term Φacc(t) represents the component of the
inertial atomic phase due to a net, slowly varying, acceler-
ation a(t) of the interferometer. Within the same approx-
imations, ȧ(t)T � a(t), it is given by

Φacc(t) = − L2

v2
keff · a(t). (4)

In this paper, we will focus on the use of a Mach-Zehnder
interferometer as a gyroscope. Therefore, we admit that
the interferometer is not subjected to any net acceleration
and that the phase Φacc(t) is always equal to zero.

The last term ΦL(t) is the instantaneous global phase
imprinted by the laser fields on the atoms at the end of the
Mach-Zehnder interrogation. It can be expressed from the
instantaneous individual effective phases φeff

1 (t), φeff
2 (t)

and φeff
3 (t) imprinted on the atoms during each Raman

interaction by the well known relation

ΦL(t) = φeff
1 (t − 2T − Tdet) − 2 φeff

2 (t − T − Tdet)

+ φeff
3 (t − Tdet) (5)

where Tdet = Ldetv
−1 is the detection time of flight be-

tween the last Raman beam and the probe beam. Each
individual effective phase φeff

i (t) for i = 1, 2 and 3 is the
difference φeff

i (t) = φL1,i(t) − φL2,i(t) of respectively the
phases φL1,i(t) and φL2,i(t) of the first (L1) and second
(L2) laser beam, taken at the position of the atomic wave
packet center, which are superimposed in the ith Raman
interaction (cf. Fig. 3).

2.2 Principle of the servo-loop

A means to accurately measure the rotation rate Ω(t) of
the gyroscope is to keep permanently the central fringe of
the interference pattern at the same position by compen-
sating for the inertial phase shift Φrot(t), due to rotation,
by a phase Φc(t) controlled by a servo-loop. In closed loop
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Fig. 2. Block-diagram of the servo-loop considered for the
measurement of the gyroscope’s rotation rate. The Raman fre-
quency ω0 and the compensation frequency ωc are generated
from the Raman local oscillator (RLO) and from the compen-
sation local oscillator (CLO). The Raman frequency ω0 lies in
the microwave domain and the compensation frequency ωc is
of the order of 10 Hz.

operation, the phase Φc(t) will be exactely equal to the
inertial phase shift Φrot(t) thus permitting a precise mea-
surement of Φrot(t), i.e. of Ω(t), by the measurement of
Φc(t) through the frequency used as the input parameter
of the servo-loop. In doing so, we replace the measure-
ment of the rotation rate Ω(t) by the measurement of a
frequency delivered by an oscillator which can be achieved
with high accuracy.

The block-diagram of the servo-loop considered for the
measurement of the gyroscope’s rotation rate is shown
in Figure 2. The phase Φc(t) is generated by applying a
frequency offset + ωc(t) on the Raman frequency ω0 in
the first π/2 pulse and a second one −ωc(t) in the last
π/2 pulse. In fact, this is equivalent to simulate a rota-
tion of the gyroscope opposed to that of the Earth and
thereby cancelling it. This way of doing has the advan-
tage of being symmetrical with respect to a velocity re-
versal of the atoms which could be useful in the case of a
dual gyroscope.

The corresponding instantaneous individual effective
phases due to the frequency offset can then be written for
the first (i = 1) and the third (i = 3) Raman pulses

φeff
i,c(t) =

∫ t

t0

ωc(t′) dt′ (6)

where t0 defines the time origin of the application of the
frequency offset ωc(t). It is composed of a constant value
ωc and a random component

ωc(t) = ωc + qcδωCLO(t) (7)

with δωCLO(t) representing the instantaneous angular fre-
quency fluctuations of the free runing compensation local
oscillator (CLO) used to generate ωc(t) and qc is the multi-
plying factor of the CLO frequency ωCLO. Putting (6) and
(7) into (5), we get a constant phase which is independent
of t0

ΦL,c = −2 ωcT (8)

Fig. 3. Sketch of the beam splitter of each three Raman inter-
actions. In the velocity-sensitive configuration, only the laser
beam L2 is retroreflected while the retroreflection of the laser
beam L1 is blocked with a polarizer (P). The two beams L1
and L2 are to be understood as being superimposed actually.

for the global phase due to the frequency offset and a
random part

δΦL,c(t) = −qc

∫ t−Tdet

t−2T−Tdet

δωCLO(t′) dt′. (9)

To get the error signal used by the servo-loop to adjust the
frequency ωc(t), we modulate the phase of the last Raman
pulse at a modulation frequency fm. This should be of
advantage for a real gyroscope with a non-monokinetic
atomic beam as discussed in Section 5.4. If this phase mod-
ulation is applied on the laser beam L1 for example, the
corresponding individual effective phase of the last Raman
beam reads

φeff
3,mod(t) = φm c(t) (10)

with φm being the phase modulation depth and c(t) the
modulation waveform with |c(t)| ≤ 1. For the modulation
waveforms generally used in such applications, c(t) is as-
sumed to be an odd and periodic function of period Tm

whose spectrum contains only odd harmonics of the mod-
ulation frequency fm = 1/Tm. Then, from (5), the global
phase due to the modulation becomes

ΦL,mod(t) = φm c(t − Tdet). (11)

Finally, the correction signal e(t) applied to the CLO os-
cillator generating the frequency ωc(t) is obtained by syn-
chronously demodulating the output signal Ie(t) of the
gyroscope and then by applying the output signal of the
synchronous detector s(t) to the servo-loop filter.

2.3 Correction signal of the CLO

In order to evaluate the specific contribution of the in-
termodulation noise to the rotation rate measurement in-
stability, we do not take into account the shot-noise of
the atomic beam and we also assume that the servo-loop
adds no excess noise. We consider only the main noise
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sources identified on this type of gyroscope. Namely, the
vibration (acceleration) noise of the retroreflecting mirror,
the phase noise of the free running Raman local oscilla-
tor (RLO) used to generate the microwave frequency ω0

of the Raman transition and the laser phase noise of the
Raman fields characterized by their power spectral den-
sities SM

a (f), SRLO
φ (f) and SL

φ(f) respectively. For com-
pleteness, we will also take into account the phase noise
of the free running CLO, as introduced in (7), which is
characterized by the power spectral density SCLO

φ (f).
We can write down the total phase of the gyroscope as

the sum of two terms

Φ(t) = Φrot(t) + ΦL(t) (12)

where the phase due to rotation reads for an assumed
perfect geometry of the interferometer

Φrot(t) = 2
L2

v
keff Ωz(t) (13)

Ωz(t) being the magnitude of the rotation vector compo-
nent perpendicular to the assumed horizontal interferom-
eter plane.

The global phase ΦL(t) due to the laser fields can be
expressed from (8), (9) and (11) as

ΦL(t) = ΦL,c + ΦL,mod(t) + δΦL,c(t) + δΦL(t). (14)

The constant Raman frequency ω0 gives rise to a nul con-
tribution to ΦL(t) and the frequency fluctuations δωRLO(t)
of the RLO oscillator are included in the random part
δΦL(t) grouping also together the phase fluctuations of
the laser fields due to the mirror vibrations and the laser
phase noises.

The time-dependent response of the gyroscope’s out-
put signal to the phase modulation, which is proportional
to the time-dependent probability (1), is given by the cur-
rent of a photodetector measuring the fluorescence light
at the detection and may now be written as

Ie(t) =
I0

2

{
1 − C cos

(
Φrot(t) + ΦL,c + ΦL,mod(t)

+δΦL,c(t) + δΦL(t)
)}

(15)

where I0/2 is the signal on the side of the interference
fringes and we have admitted, in order to keep the model
simple, that the photodetector is an ideal detector with
unlimited bandwidth.

In the following, we restrict our analysis to the steady-
state regime of the gyroscope where the inertial phase is
controlled by the servo-loop. We assume that the time
scale of the variations of the rotation rate Ωz(t) is much
slower than the time constant of the servo-loop. In that
case the inertial phase Φrot(t) appears as being a constant
phase Φrot and the rotation rate a constant value Ωz to
the servo-loop which will keep the phase difference Φrot +
ΦL,c equal to zero permanently. Thus, we have a precise
relationship between the rotation rate Ωz and the angular

frequency ωc that can be deduced from (8) and (13) to be

Ωz =
ωc

keffL
. (16)

So, in closed loop operation, the remaining total effective
phase is only due to the phase modulation and to the small
time-dependent phase fluctuations of the laser fields due
to the vibrations of the mirror and the phase noise of the
oscillators. The standard deviations of δΦL,c(t) and δΦL(t)
are much smaller than φm which is usually of the order of
π/2 radian

δΦL,c(t), δΦL(t) � φm. (17)
Then, we can expand (15) up to the first order of the ratio
(δΦL,c(t) + δΦL(t))/φm to get

Ie(t) ∼= I0

2

{
1 − C cos

(
ΦL,mod(t)

)}
(18)

+
I0

2
C

(
δΦL,c(t) + δΦL(t)

)
sin

(
ΦL,mod(t)

)
.

This signal is then synchronously demodulated at the fre-
quency fm and lowpass filtered with a cut-off frequency
fs � fm. Since the spectrum of the periodic function c(t)
contains only odd harmonics of fm, it follows that the
spectrum of cos (ΦL,mod(t)) and of sin (ΦL,mod(t)) contains
only even and odd harmonics respectively. Therefore, only
the last term of (18) will provide the error signal.

If d(t) denotes the demodulation waveform of the syn-
chronous detector, the signal at its output is given by

s(t) =
I0

2
C

(
δΦL,c(t) + δΦL(t)

)
sin

(
ΦL,mod(t)

)

× d(t − Td) ∗ hs(t) (19)

where the symbol ∗ indicates the convolution product. Td

is the delay time of the demodulation waveform and hs(t)
is the impulse response of the lowpass filter of the syn-
chronous detector. The correction signal e(t) applied to
the CLO is obtained after passing through a loop filter

e(t) = s(t) ∗ hF (t) (20)

where hF (t) is the impulse response of a linear loop filter
F . Equations (19) and (20) are the basic relationships of
our model. They will be analyzed in Section 3 in order
to get the power spectral density of the CLO frequency
fluctuations in closed loop.

3 Power spectral density of the CLO
frequency fluctuations in closed loop

We are now interested to calculate the spectrum of the
correction signal e(t) defined by (20). The signal s(t) at
the output of the synchronous detector is composed of two
parts :

– a random part δΦL,c(t) + δΦL(t) depending on the
phase fluctuations δΦL,c(t) due to the CLO phase noise
and on the laser fields phase fluctuations δΦL(t). We
assume in the following that the random processes
δΦL,c(t) and δΦL(t) are stationary and of zero mean
value;
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– a deterministic part sin
(
ΦL,mod(t)

)
d(t−Td) which de-

pends on the modulation-demodulation process.

Let us start by calculating the two-sided power spectral
density S′

δΦL
(f) of the random part δΦL(t). For that, we

take into account, as shown in Figure 3, the time de-
lay Tdel = 2 l/c of the phase fluctuations δφL2(t) of the
retroreflected laser beam L2 together with the fluctuations
δl(t) of the mirror distance due to vibrations. l being the
distance between the mirror and the atom’s trajectory and
c denotes the speed of light. Since the three Raman beams
are coming from the same laser field and that we have only
one large retroreflecting mirror, the random parts δφeff

i (t)
for i = 1, 2 and 3 of each individual Raman interaction
can be written at the lowest order as

δφeff
i (t) = δφL1(t)−δφL2(t−Tdel)+2 k2 δl(t−Tdel/2) (21)

where δφL1(t) and δφL2(t) are the phase fluctuations of
the laser beams L1 and L2 respectively and k2 is the
wave number of the laser beam L2. Inserting (21) into (5),
δΦL(t) can be expressed by a sum of three terms

δΦL(t) = δΦRLO(t) + δΦL2(t) + δΦM(t) (22)

δΦRLO(t) is the instantaneous phase fluctuation due to the
RLO phase noise that can be written as

δΦRLO(t) = q δφRLO(t) ∗ hRLO(t) (23)

where δφRLO(t) is a random function representing the
RLO phase fluctuations and q is the multiplying factor
of the RLO frequency ωRLO. The time function hRLO(t)
is given by

hRLO(t) = δ(t−2T −Tdet)−2 δ(t−T −Tdet)+ δ(t−Tdet)
(24)

with δ(t) being the Dirac impulse function of time.
δΦL2(t) represents the instantaneous phase fluctuation

due to the retroreflected laser beam L2 and can be written
in the same way as

δΦL2(t) = δφL2(t) ∗ hL2(t) (25)

with

hL2(t) = δ(t − 2T − Tdet − Tdel/2)
− δ(t − 2T − Tdet + Tdel/2)
− 2 δ(t − T − Tdet − Tdel/2)
+ 2 δ(t − T − Tdet + Tdel/2)
+ δ(t − Tdet − Tdel/2) − δ(t − Tdet + Tdel/2)

(26)

δΦM(t) corresponds to the instantaneous phase fluctuation
due to the mirror vibrations. It can be written in a good
approximation as

δΦM(t) = keff δaM(t) ∗ hM(t) (27)

with δaM(t) being the fluctuations of the mirror accelera-
tion aM(t) and ḧM(t) = hRLO(t) where the dots stand for
time derivative.

Assuming that there are no correlations between the
mirror vibrations, the laser fields phase noise and the RLO
phase noise, the autocorrelation function RδΦL(τ) of (22)
is simply

RδΦL(τ) = RδΦRLO(τ) + RδΦL2(τ) + RδΦM(τ) (28)

with the individual autocorrelation functions RδΦβ
(τ) for

β = RLO, L2 or M of the form

RδΦβ
(τ) = k2

β Rδxβ
(τ) ∗ hβ(−τ) ∗ hβ(τ) (29)

where Rδxβ
(τ) is the autocorrelation function of the ran-

dom variable δxβ(t) and kβ is a constant. According to
the Wiener-Khintchine theorem [15], the two-sided power
spectral density of δΦL(t) is obtained by taking the Fourier
transform of RδΦL(τ). We get an expression of the follow-
ing form for the power spectral density of each term of the
type (29)

S′
δΦβ

(f) = k2
β |Hβ

φ (f)|2 S
′β
x (f) (30)

where Hβ
φ (f) is the Fourier transform of hβ(t) and S

′β
x (f)

is the two-sided power spectral density of the random vari-
able δxβ(t). Finally, we obtain for the two-sided power
spectral density of δΦL(t) the following expression

S′
δΦL

(f) = 16 q2 |HRLO
φ (f)|2 S

′RLO
φ (f) + 64 |HL

φ (f)|2

× S
′L
φ (f) + |HM

φ (f)|2 k2
eff T 4 S

′M
a (f) (31)

with the corresponding normalized and dimensionless
transfer functions

HRLO
φ (f) = − sin2 (πfT ) e−i2πf(T+Tdet)

HL
φ (f) = i sin (πfTdel) sin2 (πfT ) e−i2πf(T+Tdet)

HM
φ (f) = sinc2 (πfT ) e−i2πf(T+Tdet) (32)

where sinc(x) = sin(x)/x.
The fluctuation of the phase due to the frequency off-

set can readily be obtained, as a function of the phase
fluctuations δφCLO(t) of the free running CLO, from (9)
to be

δΦL,c(t) = qc δφCLO(t) ∗ hc(t) (33)

with hc(t) given by

hc(t) = δ(t − 2T − Tdet) − δ(t − Tdet). (34)

The two-sided power spectral density of δΦL,c(t) is then

S′
δΦL,c

(f) = 4 q2
c |HCLO

φ (f)|2 S
′CLO
φ (f) (35)

with the normalized transfer function

HCLO
φ (f) = −i sin (2πfT ) e−i2πf(T+Tdet). (36)

Now, we turn to the deterministic part of (19). Let a(t)
be the deterministic part of the output signal of the syn-
chronous detection

a(t) = sin
(
ΦL,mod(t)

)
d(t − Td). (37)
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As the spectrum of the demodulation waveform d(t) is
assumed to contain only odd harmonics of the modula-
tion frequency fm, the spectrum of a(t) will contain even
harmonics only. Let us also define the Fourier series de-
velopment of a(t)

a(t) = c0 +
+∞∑

k=1

c2k ei4kπfmt + c∗2k e−i4kπfmt (38)

where the star denotes the complex conjugate. The coeffi-
cients c2k are calculable from the knowledge of the modu-
lation and demodulation waveforms. Expressions for these
coefficients are given in Appendix A for a square wave
phase modulation and a square demodulation waveform.
Its autocorrelation function Ra(τ) is then the following

Ra(τ) = c2
0 +

+∞∑

k=1

|c2k|2
(
ei4kπfmτ + e−i4kπfmτ

)
. (39)

The two-sided power spectral density follows immediately

S′
a(f) = c2

0 δ(f) +
+∞∑

k=1

|c2k|2 {δ(f − 2kfm) + δ(f + 2kfm)}

(40)

with δ(f) being the Dirac impulse function of frequency.
From (19), the autocorrelation function of the signal

s(t) at the output of the synchronous detector is given by

Rs(τ) =
I2
0 C2

4
(
RδΦL,c(τ) + RδΦL(τ)

)

×Ra(τ) ∗ hs(−τ) ∗ hs(τ) (41)

since δΦL,c(t), δΦL(t) and a(t) are independent vari-
ables [16]. The two-sided power spectral density of s(t)
is then readily obtained as

S′
s(f) =

I2
0 C2

4
|Hs(f)|2(S′

δΦL,c
(f)+S′

δΦL
(f)

)∗S′
a(f) (42)

where Hs(f) is the Fourier transform of the lowpass filter
impulse response hs(t) of the synchronous detector. From
(20), the two-sided power spectral density of the correction
signal e(t) may be written

S′
e(f) = |G(f)|2(S′

δΦL,c
(f) + S′

δΦL
(f)

) ∗ S′
a(f) (43)

where we have put

|G(f)|2 =
I2
0 C2

4
|HF (f)|2 |Hs(f)|2 (44)

with HF (f) being the Fourier transform of the impulse
response hF (t) of the loop filter F . Inserting (31), (35)

and (40) into (43), we obtain the following expression

S′
e(f) = |G(f)|2 c2

0

{
16 q2|HRLO

φ (f)|2S′RLO
φ (f)

+ 64 |HL
φ (f)|2 S

′L
φ (f) + |HM

φ (f)|2 k2
eff T 4 S

′M
a (f)

+4 q2
c |HCLO

φ (f)|2 S
′CLO
φ (f)

}
+ |G(f)|2

+∞∑

k=1

|c2k|2

×
{
16 q2 |HRLO

φ (f − 2kfm)|2 S
′RLO
φ (f − 2kfm)

+ 64 |HL
φ (f − 2kfm)|2 S

′L
φ (f − 2kfm)

+ |HM
φ (f − 2kfm)|2 k2

eff T 4 S
′M
a (f − 2kfm)

+ 4 q2
c |HCLO

φ (f − 2kfm)|2 S
′CLO
φ (f − 2kfm)

+ terms with f − 2kfm → f + 2kfm

}
. (45)

The spectral density of the correction signal e(t) is com-
posed of two parts. The first one which contains only
the Fourier frequency f corresponds to the fluctuations
coming from the different noise sources filtered through
the gyroscope and the servo-loop. The second one, which
contains all the even multiples of fm, corresponds to a
spurious fluctuation generated by downconversion, during
the demodulation process, of all the noise components at
higher harmonics of the modulation frequency. This is the
aliased part of the spectrum due in this case to the inter-
modulation effect.

The frequency fluctuations of the locked compensation
local oscillator (LCLO) used to generate the frequency
offset ωc can be deduced from the loop equation in time
domain

δωLCLO(t) = δωCLO(t) + KCLO e(t) (46)

where KCLO is a characteristic constant of the quartz os-
cillator. To solve easily for the CLO frequency spectrum in
closed loop, we assume that the lowpass filter of the syn-
chronuous detector is an ideal lowpass filter whose transfer
function is

|Hs(f)| =

{
1 |f | < fs

0 |f | ≥ fs

(47)

with a cut-off frequency fs � fm, which is usually the
case in synchronous detection, and that fs � fi where
fi = 1/2T is the interrogation frequency of the Mach-
Zehnder interrogation. We are, in this analysis, only inter-
ested by the intermodulation part of the spectrum (45).
Then, the corresponding power spectral density of the
LCLO frequency fluctuations is given, in the limit of a high
loop filter gain |HF (f)| 	 1 and introducing one-sided
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power spectral densities, by

SLCLO
ω (f) ∼= 2

+∞∑

k=1

|c2k|2
c2
0

×
{

4 q2

q2
c T 2

|HRLO
φ (2kfm)|2
|HCLO

ω (0)|2 SRLO
φ (2kfm)

+
16

q2
c T 2

|HL
φ (2kfm)|2

|HCLO
ω (0)|2 SL

φ (2kfm)

+
1

T 2

|HCLO
φ (2kfm)|2
|HCLO

ω (0)|2 SCLO
φ (2kfm)

+
1

4 q2
c

k2
eff T 2

|HM
φ (2kfm)|2

|HCLO
ω (0)|2 SM

a (2kfm)

}

(48)

for f < fs and with the normalized and dimensionless
CLO transfer function for frequency

HCLO
ω (f) = − sinc (2πfT ) e−i2πf(T+Tdet). (49)

4 Result: Allan variance of the rotation rate

Now, we can compute the Allan variance of the rotation
rate fluctuations, due to the intermodulation noises, for
the gyroscope in closed loop. As the resulting intermod-
ulation noise is a white frequency noise in the bandpass
of the servo-loop, the asymptotic Allan variance of ωc is
readily obtained, for a measurement time τ , by the simple
expression

σ2
ωc

(τ) ∼= τ−1

2
q2
c SLCLO

ω (0). (50)

Finally, with the relation (16), we get for the Allan vari-
ance of Ωz the following expression

σ2
Ωz

(τ, fm)∼= τ−1

L2

+∞∑

k=1

|c2k|2
c2
0

{
1

k2
effT 2

[
4ω2

0

ω2
RLO

sin4 (2kπfmT )

× SRLO
φ (2kfm) + 16 sin2 (2kπfmTdel) sin4 (2kπfmT )

× SL
φ (2kfm) +

ω2
c

ω2
CLO

sin2 (4kπfmT ) SCLO
φ (2kfm)

]

+
1
4

T 2 sinc4 (2kπfmT ) SM
a (2kfm)

}

(51)

where we have stressed that the modulation frequency is
a free parameter. This formula is the basic result that we
will use to analyze the intermodulation noises in a Mach-
Zehnder gyroscope.

We observe that the Allan deviation is inversely pro-
portional to the distance L between two successive Raman
beams which is the only global scaling factor that appears
for a spatial-domain continuous gyroscope. The formula
(51) is a sum of four terms, each term corresponding to a

different source of noise and is composed of three multiply-
ing factors if one excepts the constant factors. The first
factor, which contain the Fourier coefficients c2k, repre-
sents the effect of the modulation-demodulation process
used to generate the correction signal e(t). It depends on
the type of the waveforms used for the modulation and
demodulation and generally on the modulation frequency.
Thus, the model allows us to compare the effect of differ-
ent modulation-demodulation schemes on the sensitivity
of the gyroscope. The second factor, containing the trans-
fer functions, describes the filtering effect of the gyroscope
for the corresponding noise and the last factor, the power
spectral densities, characterizes the different sources of
noise as said before.

5 Discussion

We will now discuss in more details the result (51) for
both a pulsed and a continuous mode of operation. After
that, we will also extend the result to the case of a real
continuous atomic beam having a velocity distribution.

5.1 Pulsed operation of the gyroscope

With our model, we can also easily take into account a
pulsed mode of operation of the gyroscope. The periodic
availability of the correction signal e(t) can be taken into
account by a periodic sampling, with the launching period
TL, of the assumed constant intensity I0 of the signal e(t)
corresponding to a constant atomic beam density. We can
then replace I0 in (15) by its pulsed counterpart

I0p = I0

+∞∑

k=−∞
δ(t − k TL) (52)

assuming infinitesimally-short pulses of atom density. Do-
ing again the spectral analysis of the so-defined output
signal, we find for the Allan variance

σ2
Ωz

(τ, fL) ∼= τ−1

L2

+∞∑

k=1

{
1

k2
effT 2

[
4ω2

0

ω2
RLO

sin4 (kπfLT )

× SRLO
φ (kfL) + 16 sin2 (kπfLTdel) sin4 (kπfLT ) SL

φ (kfL)

+
ω2

c

ω2
CLO

sin2 (2kπfLT ) SCLO
φ (kfL)

]

+
1
4

T 2 sinc4 (kπfLT ) SM
a (kfL)

}

(53)

where fL = 1/TL is the launching frequency which is con-
sidered as a free parameter that can be varied in a given
range. The resulting aliasing noise no longer depends on
the detail of the modulation-demodulation process but
the corresponding equivalent modulation frequency for a
pulsed operation is now linked to the launching frequency
by fm = fL/2.
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The above formula is completely similar to the result
already obtained, within the sensitivity function formal-
ism, for the Allan variance of the interferometer phase
fluctuations due to the Dick effect [17], thereby confirming
the validity of our approach. The concept of the sensitiv-
ity function is well adapted to a pulsed mode of operation
but attempts to apply it to a continuous mode of oper-
ation have shown difficulties [18,19] which are by-passed
with our approach.

5.2 Cancellation of aliasing noises

5.2.1 Continuous operation of the gyroscope

The main consequence of the result (51) is that for spe-
cific modulation frequencies all the intermodulation noises
can be filtered out, leading to a total cancellation of the
Allan deviation due to the filtering properties of the Mach-
Zehnder interrogation. Indeed, this is the case if all the
even harmonics of the modulation frequency correspond
to the common zeros of the transfer functions (32) and
(36) or, in other words, if fm is an integer multiple of fi

leading to the optimum modulation frequencies

f (k)
m = kfi (54)

where k ≥ 1 is an integer. Another remarkable feature
is that this property is independent from the type of
modulation-demodulation process used to get the correc-
tion signal. Therefore, it is possible, in addition, to choose
the optimum scheme that will result in the lowest inter-
modulation noise level.

As shown in Appendix A, the function a(t) in (37)
remains always a constant and its Fourier coefficients
c2k in (38) are all equal to zero, except c0, if we use
a square wave phase modulation and a square wave de-
modulation in phase with the output signal. For the ide-
alized continuous gyroscope considered here, this choice
of modulation-demodulation scheme will even lead to a
further cancellation of the overall intermodulation noise,
through the vanishing of the Fourier coefficients c2k, in-
dependent from the cancellation due to the filtering effect
of the Mach-Zehnder interrogation. Moreover, this is true
for any modulation frequency for a monokinetic beam and
for a modulation applied to one Raman beam only. We
are then expecting a suppression of the intermodulation
noises, i.e. a cancellation of the Allan deviation (51), for
any modulation frequency for a continous mode of opera-
tion with this optimum scheme.

Actually, for a real gyroscope with a non-monokinetic
atomic beam for example, these two cancellations will not
be complete. However, the level of the residual intermod-
ulation noises should remain very low but should be de-
pendent on the modulation frequency. In particular, we
expect in that case a stronger cancellation around the first
optimum modulation frequency f

(1)
m = fi.

We can also note that the use of a square wave phase
modulation on the last Raman beam is advantageous as it
should not induce phase transients in the response of the
interferometer.

5.2.2 Pulsed operation of the gyroscope

In the case of a pulsed mode of operation, the overall alias-
ing noise due to the Dick effect can also be cancelled for
specific launching frequencies. From the relation (53) we
can see that this is effectively the case for launching fre-
quencies fL that are an even multiple of fi, leading to the
optimum launching frequencies

f
(k)
L = 2kfi (55)

where k ≥ 1 is an integer. As the rotation rate mea-
surement instability does not depend on the modulation-
demodulation scheme for a pulsed operation, we are ex-
pecting a strong cancellation only around these specific
frequencies for a real gyroscope.

In the particular situation corresponding to the first
launching frequency f

(1)
L = 2fi, pulses of atoms are always

present in the interferometer as when a pulse leaves the
Raman beams 2 or 3, the next pulse enters the previous
Raman beams 1 or 2. In fact, this mode of operation is
equivalent to simulate a continuous beam from the point of
view of aliasing. For launching frequencies fL < f

(1)
L , the

level of aliasing noise should be higher than for a continous
mode of operation where atoms are permanently present
in the interferometer.

5.3 Analytical results for pulsed operation

For a pulsed operation, it is possible to get analytical ex-
pressions for the Allan deviation of the rotation rate for
some noise processes modelled by a power law.

5.3.1 Contributions of RLO, CLO and L terms

Let us first consider the important case of white phase
noise. A look at the result (53) shows that for a white
phase noise, the sums in each of the three first terms
RLO, L and CLO does not converge leading to an infinite
aliasing noise or Allan deviation. This is a consequence
of the idealized modelization of the gyroscope considered
here and, in particular, of infinitely short Raman inter-
actions. As we have mentioned in Section 2, the finite
interaction time of real Raman interactions introduces a
lowpass filtering of the laser beams noise. To take into ac-
count, approximatively, the finite duration of the Raman
interactions, we can simply lowpass-filter the phase fluc-
tuations in the relation (5) by replacing the phases φeff

i (t)
for i = 1, 2 or 3 by

φeff
i,τR

(t) = φeff
i (t) ∗ hτR(t) (56)

where hτR(t) is the impulse response of the lowpass filter
that simulates a Raman interaction of duration τR. This
approximation is valid if we have τR/T � 1 which is usu-
ally the case in cold atom gyroscopes and is equivalent to
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Table 1. Values of bβ
0 and fβ

0 (n̄) for white phase noise.

β bβ
0 fβ

0 (n̄)

RLO 0.82 ω0
ωRLO

(
hRLO

0
T
τR

)1/2

η(n̄) n̄−1/2

CLO 0.48 ωc
ωCLO

(
hCLO

0
T
τR

)1/2

ξ0(n̄) n̄−1/2

replacing the module of the transfer functions |Hβ
φ (f)| for

β = RLO, L or CLO by a new one

|Hβ
φ,τR

(f)| = |Hβ
φ (f)| |HτR(f)| (57)

with |HτR(f)| being the module of the transfer function
of a first-order lowpass filter given by

|HτR(f)|2 =
1

1 + (f/fτR)2
(58)

with an effective cutoff frequency fτR =
√

3/12 τR accord-
ing to [17].

Now we can compute the Allan deviation (53). It can
be expressed as a function of the mean number of atom
pulses being interrogated n̄ = fL/fi by

σβ
Ωz ,α(n̄, τ) =

bβ
α

keff L T
fβ

α (n̄) τ−1/2 (59)

where β = RLO, L or CLO and α describes the type of
power law frequency dependence of the phase noise given
by Sβ

φ,α(f) = hβ
αfα.

For a white phase noise α = 0, we give in Table 1
an approximate value of the coefficients bβ

0 for the terms
β = RLO and CLO together with the corresponding func-
tions fβ

0 (n̄). We have omitted the term β = L as the spec-
trum of the lasers SL

φ (f) is assumed to contain mainly
white frequency noise. The functions η(n̄) and ξ0(n̄) are
given in good approximation for n̄ > 0 by

η(n̄) =
{

1 n̄ �= 2k
0 n̄ = 2k

(60)

and

ξ0(n̄) =
{

1 n̄ �= k
0 n̄ = k

(61)

where k ≥ 1 is an integer. In fact, the cancellation of the
functions η(n̄) and ξ0(n̄), around n̄ = 2k or k respectively,
is very sharp but not infinitesimally narrow. The width of
the cancellation depends on the cutoff frequency fτR of
the lowpass filter, i.e. on the Raman pulse duration τR.
We give below the full width at half hight Δn̄k of the
kth cancellation’s dip of the functions η(n̄) and ξ0(n̄) for
τR � T

Δn̄k
∼=

{
4.6 k τR/T for η(n̄)
0.86 k τR/T for ξ0(n̄). (62)

Table 2. Values of pγ(x).

γ pγ(x)

1/2 1

3/2 1 − 3
4

x

2 1 − 7
5

x + 1
2
x2

Table 3. Values of bβ
−2 and fβ

−2(n̄) for white frequency noise.

β bβ
−2 fβ

−2(n̄)

RLO π ω0
ωRLO

(
2hRLO

−2

)1/2
T ζ1/2(n̄) n̄−1/2

L 5.2
(

hL
−2

T
τR

)1/2

Tdel fRLO
0 (n̄)

CLO π ωc
ωCLO

(
2hCLO

−2

)1/2
T ξ−2(n̄) n̄−1/2

For usual Raman pulses this width is very narrow as it can
be seen in the zooms, around n̄ = 2, in Figures 4 and 5
obtained for τR = 5 μs and T = 23ms corresponding to
typical values for a cold atom gyroscope. For other val-
ues of n̄, we can see in Table 1 that the level of aliasing
noise depends also on τR. To minimize it, one should in-
crease the pulses’s duration in order to reduce the cutoff
frequency of the equivalent lowpass filter. But, for a real
gyroscope, it will decrease the contrast of the interference
fringes since the Raman transitions are very selective with
respect to the transverse velocity of the atom’s motion. In
practice, the choice of the pulses’s length will result in
a trade-off between fringe contrast and level of aliasing
noise.

We turn now to the case of a white frequency noise
α = −2. We give results only up to the first optimum
launching frequency, i.e. n̄ = 2. Let ζγ(n̄) be the following
function

ζγ(n̄) =

⎧
⎪⎨

⎪⎩

p
1/2
γ (n̄) 0 < n̄ ≤ 1(
2−n̄

n̄

)γ
p
1/2
γ (2 − n̄) 1 ≤ n̄ ≤ 2(

n̄−2
n̄

)γ
p
1/2
γ (n̄ − 2) 2 ≤ n̄ ≤ 3

(63)

for γ = 1/2, 3/2 and 2 where pγ(x) is a polynomia given
in Table 2. The value of the coefficients bβ

−2 and the func-
tions fβ

−2(n̄) are summarized in Table 3 where the function
ξ−2(n̄) is defined by

ξ−2(n̄) =

⎧
⎪⎨

⎪⎩

(1 − n̄)1/2 0 < n̄ ≤ 1
(

2−n̄
n̄

)1/2 (n̄ − 1)1/2 1 ≤ n̄ ≤ 2
(

3−n̄
n̄

)1/2 (n̄ − 2)1/2 2 ≤ n̄ ≤ 3.

(64)

As the sum in (53) converges rapidly, the corresponding
aliasing noise does not depend on the pulse length for
usual values. Figures 4 and 5 show a plot of the functions
fβ
0 (n̄) and fβ

−2(n̄) for β = RLO and CLO. It illustrates
the filtering effect around the first optimum launching fre-
quency (n̄ = 2) which cancels both white phase and fre-
quency noises. As said previously, for a white phase noise
this filtering is very sharp as it can be clearly seen in the
zooms in the graphs.

http://www.epj.org


Page 10 of 14 Eur. Phys. J. D (2012) 66: 61

f0
RLO�n�

f�2
RLO�n�

1.000.50 2.000.30 3.001.500.70
0.01

0.05

0.10

0.50

1.00

5.00

10.00

n ���

f 0R
L

O
�n
�,

f �
2R
L

O
�n
�

1.996 1.998 2.000 2.002 2.004
0.0
0.2
0.4
0.6
0.8
1.0

n ���

f 0R
L

O
�n
�

Fig. 4. Illustration of the filtering effect for a pulsed Mach-
Zehnder interrogation for white phase and frequency noises of
the local oscillator generating the Raman frequency ω0. The
graph represents a plot of the functions fRLO

0 (n̄) and fRLO
−2 (n̄)

as a function of n̄. It clearly shows the cancellation of the
aliasing noises around the first optimum launching frequency
n̄ = 2 and the zoom shows the sharpness of this cancellation
for white phase noise.
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Fig. 5. Illustration of the filtering effect for a pulsed Mach-
Zehnder interrogation for white phase and frequency noises
of the local oscillator generating the offset frequency ωc. The
graph represents a plot of the functions fCLO

0 (n̄) and fCLO
−2 (n̄)

as a function of n̄ showing, in particular, the cancellation of the
aliasing noises around the first optimum launching frequency
n̄ = 2. This cancellation is very sharp as the zoom shows it.

5.3.2 Contribution of the M term

Concerning the vibration noise of the mirror, the corre-
sponding Allan deviation can be expressed in a same way
by

σM
Ωz ,α(n̄, τ) =

bM
α

L
fM

α (n̄) τ−1/2 (65)

where α describes the type of power law frequency depen-
dence of the mirror acceleration noise SM

a,α(f) = hM
α fα.

For the following three cases, α = 0 (white acceleration
noise), α = −2 (random walk noise of acceleration) and
α = 2, the values of the coefficients bM

α and the functions
fM

α (n̄) are given in Table 4.
Due to the strong filtering of vibrations by the Mach-

Zehnder interrogation, here also the corresponding alias-
ing noises do not depend on the pulse length. The

f�2
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Fig. 6. Illustration of the filtering effect for a pulsed Mach-
Zehnder interrogation for the different mirror vibration noise
types considered. The graph represents a plot of the functions
fM
−2(n̄), fM

0 (n̄) and fM
2 (n̄) as a function of n̄. It shows the strong

cancellation of the aliasing noises due to vibrations around the
first optimum launching frequency n̄ = 2.

Table 4. Values of bM
α and fM

α (n̄) for α = −2, 0, 2.

α bM
α fM

α (n̄)

−2 π
(

1
6
hM
−2

)1/2
T 2 ζ2(n̄) n̄−1

0
(

1
6
hM

0

)1/2
T ζ3/2(n̄) n̄−1/2

2 1
2π

(
1
2
hM

2

)1/2
fRLO
−2 (n̄)

behaviour of the functions fM
α (n̄) is showed around the

first optimum launching frequency in Figure 6.

5.3.3 Particular cases of operation

We observe that the Allan deviation diverges as ∝ n̄−1/2

for a quasi-static pulsed operation (n̄ � 1) for all noise
types considered here except for a random walk noise of vi-
bration (α = −2) where the divergence behaves as ∝ n̄−1.
Thus, for very slow pulsed operation, this type of noise is
expected to provide the bigger contribution to the overall
aliasing noise. On the contrary, if the gyroscope is oper-
ated near the first optimum launching frequency (n̄ ∼= 2),
all the noise components are efficiently filtered out except
for the RLO white phase noise where the filtering effect
is strongly dependent on the launching frequency around
n̄ = 2. Only if the launching frequency corresponds ex-
actly to the optimum frequency, will the cancellation of
the white phase noise take place.

It means that for a real gyroscope, having a velocity
distribution around the mean velocity of the atoms for
example, this complete cancellation could not be realized
for all the atoms leading to a residual aliasing noise that
could be not negligible. The operation of a gyroscope at
this particular launching frequency corresponds in fact to
have always one pulse of atoms between two consecutive
laser beams with each pulse spatially spaced from each
other by the distance L. We can remark also that in the
limit of a continuous beam, when n̄ goes to infinity, all
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the functions fβ
α (n̄) go to zero finding again that for a

continuous operation the overall aliasing noise is totally
cancelled.

5.4 Continuous operation with a non-monokinetic
atomic beam

A direct comparison of the aliasing noise level of a pulsed
gyroscope with the results obtained for a gyroscope in a
continous mode of operation is not immediately possible.
This is because we have considered an idealized gyroscope
(monokinetic atomic beam among other things) where, in
a continuous mode, the overall intermodulation noise is
always zero for any modulation frequency as discussed in
paragraph 5.2.1. To make possible a comparison, we now
take into account a horizontal velocity distribution of the
continuous atomic beam in order to estimate the residual
intermodulation noise level. We assume a gaussian velocity
distribution, of mean velocity v̄, with a standard deviation
σv related to the longitudinal beam temperature Tl by

σv =
(

kB Tl

mat

)1/2

(66)

where kB is the Boltzmann constant and mat is the mass
of the atoms. Doing again the derivation of the Allan vari-
ance, we find

σ2
Ωz

(τ, fm) ∼= τ−1

L2

+∞∑

k=1

{
1

k2
eff T

2

[
4 ω2

0

ω2
RLO

|CRLO
2k (2kfm)|2

C2
0

× SRLO
φ (2kfm) + 16

|CL
2k(2kfm)|2

C2
0

SL
φ (2kfm)

+
ω2

c

ω2
CLO

|CCLO
2k (2kfm)|2

C2
0

SCLO
φ (2kfm)

]

+
1
4

T
2 |CM

2k(2kfm)|2
C2

0

SM
a (2kfm)

}

(67)

where T = Lv̄−1 is the mean transit time. The expression
of the coefficients C0, Cβ

2k(f) for β = RLO, L or CLO and
CM

2k(f) is given in Appendix B for a square wave phase
modulation. They depend on the longitudinal temperature
of the beam and on the modulation frequency.

As they are expressed by relatively complicated ex-
pressions, we have derived an approximate relation, valid
for slow modulation frequencies (fm < fi/2 or n̄ < 1),
which links together the Allan deviation of the rotation
rate for a pulsed and a continuous mode of operation. It
is given as a function of n̄ and at the lowest order in σv/v̄
by

σcont
Ωz

(fm = n̄fi/2, τ) ≈ 2

√
2
π

Ldet

L
n̄

σv

v̄
σpuls

Ωz
(n̄, τ). (68)

This expression shows that the residual intermodulation
noise is proportional to the square root of the longitudinal

temperature of the beam for very low temperatures and to
the distance Ldet between the last Raman beam and the
detection. For a monokinetic beam (Tl = 0), we find again
that the intermodulation noise is zero for any modulation
frequency.

We remark also that, on the contrary to the pulsed
case, for a quasi-static modulation (fm � fi/2 or n̄ � 1),
the intermodulation noise is suppressed for all noise types
considered in this paper except for a random walk noise
of mirror vibrations (α = −2) for which the level of in-
termodulation noise becomes a constant. This is due to
the fact that for longer periods of modulation, the effect
of the velocity distribution on the output signal of the
gyroscope becomes relatively less important. In fact, the
deterministic part a(t) of the error signal approaches from
a constant as it becomes more and more a product of two
perfect square waveforms when the period of modulation
increases. As a result, the module of the Fourier coeffi-
cients |c2k| of the Fourier development of a(t) are going
to zero as ∝ n̄ with increasing modulation period leading
to a cancellation of the intermodulation noise except for a
vibration noise of the type hM

−2f
−2 for which the Allan de-

viation diverges as ∝ n̄−1. In that case the corresponding
Allan deviation reads

σcont
Ωz

(fm → 0, τ) ≈ 2
√

π

3
hM
−2 Ldet

σv

v̄3
τ−1/2 (69)

for a continuous operation in the limit of a quasi-static
modulation.

Let us now estimate the gain in stability that can be
expected from the decrease of the intermodulation noise
level thanks to a continuous operation of the gyroscope.
To get realistic values, we use the data corresponding to
the gyroscope described in [4] and we assume a longi-
tudinal temperature of the atomic beam of Tl = 50 μK,
corresponding to a width of the velocity distribution of
σv

∼= 7 cm/s for rubidium atoms. Taking Ldet = 3 cm,
L = 6.5 cm and v̄ = 2.8m/s leads to a transit time
T ∼= 23ms and an interrogation frequency of fi

∼= 22Hz.
For comparison, we assume a pulsed operation of the gy-
roscope with a typical launching period of TL

∼= 1 s, which
corresponds to n̄ ∼= 0.045. From (68), we find that the
Allan deviation for a continuous mode of operation, at
the modulation frequency of fm = 0.5Hz, is less than 10−3

that for a pulsed ones. That is, the intermodulation noise
level should be reduced by about three orders of mag-
nitude. This high noise attenuation should even become
more important if one chooses to modulate the phase of
the Raman beam at the first optimum modulation fre-
quency f

(1)
m = fi since in a continous mode of operation

the modulation frequency is a free parameter. This general
result highlights clearly the potential stability improve-
ment in the measurement of the rotation rate that can be
expected from a continuous operation.

In this paper, we have restricted our analysis to a sin-
gle gyroscope with one atom source. Actually, cold atom
gyroscopes are generally dual interferometers with two op-
posite atom sources designed to be operated in a differ-
ential mode to reject common mode noise. In principle,
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our model can also be extended to take into account dual
gyroscopes by making the analysis on the sum or the dif-
ference of the individual signal from each interferometer
and by adapting the compensation scheme that cancels
the inertial phase shift.

6 Conclusion

We have evaluated the behavior of aliasing noises that
might appear in cold atom interferometers like gyroscopes.
The model used to do this analysis takes into account
a Mach-Zehnder interrogation and assumes the use of a
servo-loop for the measurement of the rotation rate, mak-
ing it a useful tool to investigate the performances associ-
ated to different modes of operation.

Theoretical results, valid for an idealized spatial-
domain gyroscope with monokinetic atoms, show that
in the case of a continuous mode of operation the over-
all intermodulation noise can be completely suppressed
with a square wave phase modulation of the last Raman
beam and a square demodulation for any modulation fre-
quency. For a pulsed gyroscope, it is also possible to en-
tirely suppress the aliasing noises, due to the Dick ef-
fect, if the launching frequency is equal to one of the
optimum launching frequencies f

(k)
L = 2kfi where fi =

1/2T is the interrogation frequency of the Mach-Zehnder
interrogation.

For a real gyroscope with non-monokinetic atoms and
a continuous mode of operation, the complete suppres-
sion of the intermodulation noises for any modulation fre-
quency holds of course no more. But the Allan deviation of
the residual overall intermodulation noise should remain
well below the value corresponding to a pulsed operation
for any modulation frequency. An estimate for typical pa-
rameters of a cold atom gyroscope yields a decrease of the
Allan deviation of three orders of magnitude with respect
to the value corresponding to a usual pulsed mode of op-
eration. This very low residual aliasing noise level should
even be further decreased if the modulation frequency is
chosen equal to the first optimum modulation frequency
f

(1)
L = fi showing clearly the potential stability improve-

ment expected for a cold atom gyroscope operated in a
continuous mode.

This work was supported by funding from the European Sci-
ence Foundation within the EuroQUASAR program.

Appendix A: Fourier coefficients c2k

For the calculation of the Fourier coefficients c2k in (38),
we consider that the modulation waveform c(t) is an odd
periodic function of time of frequency fm with |c(t)| ≤ 1.
The demodulation function d(t) is supposed to be a square
waveform of frequency fm with |d(t)| = 1 and also an odd
function of time. Under these conditions, the spectrum of
the deterministic function

a(t) = u(t − Tdet) d(t − Td) (A.1)

will contain only even harmonics of the modulation fre-
quency fm with the function u(t) given by

u(t) = sin
(
φm c(t)

)
(A.2)

for a phase modulation of depth φm of the last Raman
beam only. The complex coefficients c2k of its Fourier se-
ries development can be calculated by

c2k =
2

Tm

∫ Tm/4

−Tm/4

a(t) e−i4kπfmt dt (A.3)

where Tm is the modulation period. Let u2p+1 be the com-
plex coefficients of the Fourier series development of the
function u(t) that contains only odd harmonics of the
modulation frequency. Then, it comes

c2k = − 4
π

e−i4kπfmTd

+∞∑

p=0

u2p+1

(2p + 1)2 − (2k)2

×
{
2k sin

(
(2p + 1)2πfm(Td − Tdet)

)

−i(2p + 1) cos
(
(2p + 1)2πfm(Td − Tdet)

)}
(A.4)

where Td and Tdet are respectively the delay time of the de-
modulation waveform and the detection time. Usually, the
demodulation of the output signal is performed in phase
with the modulation waveform which means, for a monoki-
netic beam, that Td = Tdet for Tdet < Tm. Thus, we obtain
finally for the Fourier coefficients c2k the following result

c2k =
4i

π
e−i4kπfmTdet

+∞∑

p=0

(2p + 1)u2p+1

(2p + 1)2 − (2k)2
. (A.5)

Let us examine in more details the particular case when
the modulation waveform c(t) is a square waveform with
|c(t)| = 1. In that case, the coefficients u2p+1 are given by

u2p+1 = −2i

π
sin(φm)

1
2p + 1

(A.6)

and we get

c2k =
8
π2

sin(φm) e−i4kπfmTdet

+∞∑

p=0

1
(2p + 1)2 − (2k)2

.

(A.7)
We can already note that the module |c2k| of these co-
efficients, which appears in the Allan variance (51), does
not depend on the modulation frequency. Let us now show
the particular property of the sum appearing in the above
formula. By making use of the following relation [20]

+∞∑

p=1
p�=m

1
p2 − m2

=
3

4m2
(A.8)
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where m ≥ 1 is an integer, we can write

+∞∑

p=1
p�=2k

1
p2 − (2k)2

=
+∞∑

p=1

1
(2p + 1)2 − (2k)2

+
+∞∑

p=1
p�=k

1
(2p)2 − (2k)2

=
3

4(2k)2
. (A.9)

The last sum can be rewritten as

+∞∑

p=1
p�=k

1
(2p)2 − (2k)2

=
1
4

+∞∑

p=1
p�=k

1
p2 − k2

=
1
4

3
4k2

(A.10)

and we can then deduce from (A.9) that

+∞∑

p=1

1
(2p + 1)2 − (2k)2

= 0 (A.11)

for any integer k ≥ 1. The consequence is that all the
Fourier coefficients c2k = 0 for k ≥ 1, except c0 given by

c0 =
8
π2

sin(φm)
+∞∑

p=0

1
(2p + 1)2

= sin(φm) (A.12)

which gives c0 = 1 for the optimum phase modulation
depth of φm = π/2. Note that this result is not surpris-
ing since, in the monokinetic case, the function a(t) is
the result of a product, in phase, of two perfect square
waveforms of the same period and amplitude which gives
a constant equals to one whatever the time is. Hence, all
the Fourier coefficients c2k = 0 and c0 = 1. Moreover, this
is true for any modulation frequency.

However, this property is only valid in the case of an
ideal detector with unlimited bandwidth and for a square
wave phase modulation of one Raman beam, and in partic-
ular of the last Raman beam as assumed here. In general,
the cutoff frequency in the high of a real detector will in-
troduce a deformation of the modulated output signal of
the interferometer leading to non-vanishing Fourier coef-
ficients c2k since a(t) will no longer be a product of two
perfect square waveforms.

Other types of modulation waveforms or a modulation
(inclusive a square wave phase modulation) of two or of
the three Raman beams would result in Fourier coefficients
c2k that will depend on the modulation frequency even for
a monokinetic beam and with a demodulation in phase. It
means that these Fourier coefficients will always be differ-
ent from zero except for specific modulation frequencies
for which they will cancel.

Appendix B: Coefficients C0, Cβ
2k(f)

and CM
2k(f)

In the case of a real continuous non-monokinetic atomic
beam, the coefficients C0, Cβ

2k(f) for β = RLO, L or CLO
and CM

2k(f), appearing in the Allan variance (67), are ob-
tained by an averaging over the atomic velocity distribu-
tion ρ(v) of the product of the Fourier coefficients (A.4)
with the corresponding transfer functions. They are cal-
culated by the following relations

C0 =
∫ +∞

0

ρ(v)
v̄

v
c0(fm, v) dv

Cβ
2k(f) =

∫ +∞

0

ρ(v) c∗2k(fm, v)Hβ
φ (f, v) dv

CM
2k(f) =

∫ +∞

0

ρ(v)
v̄2

v2
c∗2k(fm, v)HM

φ (f, v) dv (B.1)

where v̄ is the mean atomic velocity and the star denotes
the complex conjugate. c0(fm, v) and c2k(fm, v) are the
Fourier coefficients determined in Appendix A that de-
pend now on the modulation frequency and the velocity.
Hβ

φ (f, v) and HM
φ (f, v) are the normalized and dimen-

sionless transfer functions, defined in (32) and (36), in
which the velocity dependence is obtained by replacing
the constant transit time T and detection time Tdet by
their dependence on the atomic velocity T (v) = Lv−1 and
Tdet(v) = Ldetv

−1.
For the specific case of a square wave phase modulation

with the optimum modulation depth and a demodulation
of the output signal in phase with the modulation wave-
form, i.e. Td = T det for T det < Tm with T det = Ldetv̄

−1

being the mean detection time, the Fourier coefficients are
given from (A.4) by the expressions

c0(fm, v) =
8
π2

+∞∑

p=0

1
(2p + 1)2

×cos
(
(2p + 1) 2πfm (T det − Ldetv

−1)
)

(B.2)

and

c2k(fm, v) =
8
π2

+∞∑

p=0

1
(2p + 1)2 − (2k)2

×
{

cos
(
(2p + 1) 2πfm (T det − Ldetv

−1)
)

+ i
2k

2p + 1
sin

(
(2p + 1) 2πfm (T det − Ldetv

−1)
)}

(B.3)

with the constant phase term droped.
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