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Abstract In this paper we propose a stabilized conforming finite volume element
method for the Stokes equations. On stating the convergence of the method, opti-
mal a priori error estimates in different norms are obtained by establishing the ade-
quate connection between the finite volume and stabilized finite element formulations.
A superconvergence resultis also derived by using a postprocessing projection method.
In particular, the stabilization of the continuous lowest equal order pair finite volume
element discretization is achieved by enriching the velocity space with local functions
that do not necessarily vanish on the element boundaries. Finally, some numerical
experiments that confirm the predicted behavior of the method are provided.

Mathematics Subject Classification (2000) 65N30 - 35Q30 - 65N12 - 65N15

1 Introduction

Finite volume element methods (FVEM) [9,21], also known as marker and cell meth-
ods [20,27,29], generalized difference methods [36], finite volume methods [35,44],
covolume methods [10,39], combined finite volume-finite element methods [3,5,22,
23,31] or box methods [4, 16], are approximation methods that could be placed some-
how in between classical finite volume schemes and standard finite element (FE)
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methods. Roughly speaking, the FVEM is able to keep the simplicity and local con-
servativity of finite volume methods, and at the same time permits a natural and sys-
tematic development of error analysis in the LZ-norm as in standard FE methods. This
is basically achieved by introducing a transfer map which allows to rewrite the FE for-
mulation as its classical finite-volume-like counterpart, i.e., using piecewise constant
test functions. In the FVEM approach, a complementary dual (or adjoint) mesh is also
constructed, and this is commonly done by connecting the barycenters of the triangles
in the FE mesh, with the midpoints of the associated edges (see [10,23,35]), or the
vertices of the triangles (see [14,44]). A usual difficulty in the analysis of classical
finite volume methods arises from trial and test functions to lie in different spaces and
to be associated with different meshes. In contrast, in the FVE approach, one of the
most appealing features is that using the transfer operator mentioned above, an equiv-
alent auxiliary problem can be formulated whose approximate solution is found in the
same subspace used in the construction of the FE method. In fact, FVE methods might
be regarded as a special class of Petrov—Galerkin methods where the trial function
spaces are connected with the test functions’ spaces associated with the dual partition
induced by the control volumes [33,35]. Furthermore, the method used herein (based
on the relation between finite volume and FE approximations) possesses the appealing
feature of preserving the local conservation property in each control volume.

As for the numerical approximation of Stokes equations, numerous methods have
been proposed, analyzed and tested (for an overview, the reader is referred to [28] and
the references therein). In the framework of finite volume methods, recent contribu-
tions include the work by Gallouét et al. [26] which treat the nonlinear case based on
Crouzeix-Raviart elements, Nicase and Djadel [38] prove different error estimates for
a finite volume scheme by using nonconforming elements, Eymard et al. [19] obtained
error estimates for a stabilized finite volume scheme based on the Brezzi-Pitkdranta
method. Regarding FVE approximations for the Stokes problem, in his early paper,
Chou [10] used nonconforming piecewise linear elements for velocity and piecewise
constant for pressure. In the contribution by Ye [43], the analysis is carried out for
both conforming and nonconforming elements on triangles and rectangles. We also
mention the recent work of Li and Chen [35] who advanced a FVE method based on
a stabilization method that uses the residual of two local Gauss integration formulae
on each finite element.

In this paper we will devote ourselves to the study of a particular stabilized FVE
method constructed on the basis of a conforming finite element formulation where the
velocity and pressure fields are approximated by piecewise linear polynomials. Since
the considered approximation of the Stokes equations is based on the pair P; — P that
does not satisfy the discrete inf—sup condition (see [28]), one of the most common
remedies consists in including a stabilization technique, i.e., to add a mesh dependent
term to the usual formulation. One of the motivations for keeping the unstable pair
of lowest equal order elements, is that they allow a more efficient implementation, by
achieving a reduction of the number of unknowns in the final systems. Among the wide
class of stabilized FE formulations available from the literature, such as Streamline-
Upwind/Petrov—Galerkin (SUPG), Galerkin-Least-Squares (GLS) and other methods
(see for instance [41, Sect. 9.4] and the references therein), in this paper we include a
stabilization technique similar to the one introduced by Franca et al. [25], in which a
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Finite volume element method for the Stokes problem 739

Petrov—Galerkin approach is used to enrich the trial space with bubble functions being
solutions to a local problem involving the residual of the momentum equation, which
can be solved analytically. As recently proposed by Araya et al. [2], by enriching the
velocity space using a multiscale approach combined with static condensation, the
resulting FE method includes the classical GLS additional terms at the element level
and a suitable jump term on the normal derivative of the velocity field at the element
boundaries. For the latter, the stabilization parameter is known exactly.

For our method, the essential point is to appropriately connect the FE and FVE for-
mulations. After establishing such relationship we deduce the corresponding optimal
a priori error estimates for the new stabilized FVE method using a usual approach
for classical FE methods. In contrast to classical finite volume schemes, the velocity
fluxes will not be discretized in a finite-difference fashion. This fact plays an important
role at the implementation stage as well, since all the information corresponding to
the dual partition, needed for the derivation of the FVE formulation can be retrieved
from the information on the edges of the primal mesh.

Another important novel ingredient of this paper is the superconvergence analysis
of the approximate solution. The main goal is to improve the current accuracy of the
approximation by applying a postprocessing technique constructed on the basis of
a projection method similar to those presented in [30,34,37,42]. Super-convergence
properties of FVE approximations in the nonconforming and conforming cases were
first studied in the recent works by Cui and Ye [14] and Wang and Ye [42]. The tech-
nique consists in projecting the FVE space to another approximation space (possibly
of higher order) related to a coarser mesh. A detailed study including the analysis of
a posteriori error estimates for FVE methods in the spirit of [7,17], and adaptivity
following [11] have been postponed for a forthcoming paper. Further efforts are also
being made to extend the analysis herein presented to the transient Navier—Stokes
equations, and coupled problems of multiphase flow [8].

The remainder of the paper is organized as follows. In the next section, a set up of
some preliminary results and notations concerning the spaces involved in the analysis is
followed by a detailed description of the model problem and the FE discretization used
as reference. Further, some auxiliary lemmas are also provided in that section. Next,
the stabilized finite volume formulation that we will employ and its corresponding
link with the reference finite element method are provided in Sect. 3. The main results
of the paper, namely the convergence analysis of the stabilized finite volume element
approximation, are proved in Sect. 4, and additional superconvergence estimates are
given in Sect. 5. Finally, Sect. 6 is devoted to the presentation of an illustrative numer-
ical test which confirms the expected rates of convergence and superconvergence.

2 Preliminaries

The standard notation will be used for Lebesgue spaces L (2), 1 < p < oo, L%(Q) =
{veLz(Q): fQ v=0} and Sobolev functional spaces H" (£2), H& Q) ={ve H(Q):
v = 0 on 92}, where € is an open, bounded and connected subset of R* with polyg-
onal boundary 3. Further, let us denote H™ (©2) = H™ ()2, and in general M will
denote the corresponding vectorial counterpart of the scalar space M. For a subset
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R C Q, (-, ) denotes the LZ(R)-inner product. In addition, P, (R) will represent the
space of polynomial functions of degree s < r on R.

2.1 The boundary value problem

Let us consider the following steady state Stokes problem with Dirichlet boundary
conditions: Find u, p such that

—vAu+Vp=f inQ, 2.1
V-u=0 inQ, 2.2)
u=0 onodf2. 2.3)

This linear problem describes the steady motion of an incompressible viscous fluid. As
usual, the sought quantities are the vectorial velocity field u, the scalar pressure p, the
prescribed external force f and the constant fluid viscosity v > 0. Multiplying (2.1)
by a test function v, (2.2) by a test function ¢, integrating by parts both equations over
2 and summing the result, one obtains the weak formulation of problem (2.1)—(2.3):
Find (u, p) € H}(R2) x L3(S) such that

v (Vu, Vo)g — (p, V-0)g + (q. V-u)g = (f,v)a  Y(v,q) € H{(Q) x L§(Q).
(2.4)

This model problem is well-posed (see e.g. [28] for details on the analysis).
Throughout the paper, C > 0 will denote a constant depending only on the data
(v, 2, f) and not on the discretization parameters.

2.2 Finite element approximation

Let 75, be a triangulation of 2 constructed by closed triangle elements K with bound-
ary dK. We fix the numbering s;, j =1, ..., Nj, of all nodes or vertices of 7;. With
&n we denote the set of edges of 7, while Sllim will denote the edges of 7, that are
not part of d€2. In addition, kg denotes the diameter of the element K, and the mesh
parameter is given by 1 = maxg 7, {hk}. The partition 7}, is assumed to be regular,
that is, there exists C > 0 such that

h
K~ forallK €Ty, 2.5)
0K

where ok denotes the diameter of the largest ball contained in K. By V} and Q.
for1 <r <2,0 <t <1, we will denote the standard finite element spaces for the
approximation of velocity and pressure on the triangulation 7}, respectively. These
spaces are defined as

Vi ={ve H\(Q) NC'Q)w|k € P (K)* forall K € 7}
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Finite volume element method for the Stokes problem 741

provided with the basis {¢,};, and
0, =1{q € L3(Q) qlx € P,(K) forall K € T}.

It is well known that choosing for instance r = t = 1, the classic Galerkin formulation
of the problem: Find (u;, p;,) € V}l X Q}l such that

v (Vuy, Vou)g — (pns V-0i)g + (qn, Voun)g = (f, o) Y(vi, qn) € Vi x 0),

does not satisfy the discrete inf-sup condition. To overcome this difficulty, we include
a stabilization correction similar to that introduced in [2]. In that paper, and differently
than other stabilization techniques available, the stabilization parameter corresponding
to the jump terms is known. Moreover, the trial velocity space is enriched with a space
of functions that do not vanish on the element boundary, which is split into a bubble
part and an harmonic extension of the boundary condition. An essential point in our
analysis is based on one of the formulations presented in [2]. The main ingredients of
that idea are included here for sake of completeness.

Let H 1(7},) denote the space of functions whose restriction to K € 75, belongs
to H'(K), and Ej, C H'(T},) be a finite dimensional space, called multiscale space
such that E; NV}, = {0}, and consider the following Petrov—Galerkin formulation:
Find (), + u., p) € [V}, ® Ej;] x Q) such that

v (V@ +ue), Vop)g — (pr, V-vi)g + (qn, V- (up +ue))g = (f, vn)a,

for all (v, gn)e[V), ® Eg] X QZ, where Eg denotes the space of functions in HY(T)
whose restriction to K € 7j, belongs to H (IJ(K ). Notice that trial and test function
spaces do not coincide. The Petrov—Galerkin scheme above can be equivalently writ-
ten as: Find (uy, + u,, pp) € [V}, ® E;] x Q}, such that

v(V(up +ue), Vog)g — (pn, V-va)q + (gn, V- (up +ue))g = (f, va)a,
v(V(up +u.), Vop) g — (pn, V-vp) g = (f, vp)k, (2.6)

forallv, € V), qn € Q),, vy € H(l)(K), K € 7j,. Since forevery K € Ty, vplyx =0,
the second equation in (2.6) corresponds to the weak form of the following problem

—VvAu,+Vpp, = f+vAu, inK €7y,

2.7
u, =g, onF CIK, K €7, 2.7)

where g, is the solution of the following one-dimensional Poisson problem on é’}l‘“:

g = L va I Eint
Viss €, = hF[[v hwip +ppl-nllp on F € , 28)

g, =0 atthe endpoints of F.
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742 A. Quarteroni, R. Ruiz-Baier

Fig. 1 Two neighboring
elements K1, K> € 7;, (with
outer normals n1, np) sharing
the edge F € &M

Here s is the curvilinear abscissa of F, 9,, stands for the normal derivative operator,
and I is the identity matrix in R?*2. In addition, by [w]r we denote the jump of
w € H'(7;) across the edge F, thatis

[wlr = (wlg)IF -n1 + (Wlk,)|F - 02, 2.9

where K1, K> € 7}, are such that K| N Ky = F and n1, n; are the exterior normals to
K1, K respectively (see Fig. 1). If F lies on 0€2, then we take [w]lf = w - n. Note
that the conformity of the enriched space for the bubble-part of the velocity is achieved
via the non-homogeneous transmission condition on £ }Lm defined by (2.7)—(2.8). Now,
on each K € 7, set u,|x = uX + u?X. Therefore, from (2.7) we have the auxiliary
problems:

—vAuf = f+vAu, —Vp, inK eT,,
uk =0 ondkK €7,

and

—vAuZK =0 inK €7y,

ul® =g, ondK € 7.

These problems are well-posed, and this implies that the second equation in (2.6)
is satisfied. Then the enriched part of the solution is completely identified. A static
condensation procedure (see the detailed development in [2]) allows to derive the
following stabilized method: Find (uy,, ps) € V), x Qj, such that

v (Vup, Vop)g — (pr, V- vh)g
h2
+(@n, Veun)g + D g (—vAuy + Yy, vAY, + Ve

KeT, 8
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+Zh—F([[v8u + pul - nllp, V8 + qul - nllF)
=, 20 nUUp + Ph F, nVh T 4h F)F
€<y

h2
=(fooe+ D, K (f.vAvy+ Van)k . (2.10)
8v
KeTy,

for all (v, gn) € V), x Q).

Such formulation depends on the assumption that f is piecewise constant on each
element K € 7. Nevertheless, as done in [2], error estimates with the same optimal
order of convergence can be derived for the more general case in which f € H' ().
Notice that in the case in which the jump terms across F € 5}1‘“ are neglected, method
(2.10) reduces to a Douglas—Wang stabilization method (see [15]).

The following section contains well known results that will play a key role in the
construction of the error estimates.

2.3 Some technical lemmas

We will make use of two well established trace inequalities (cf. [1, Theorem 3.10])

10125 = € (AR 10120, + ik 020 ) Yo € HU(K), @11

1000122, = € (" W31 ) + ik W) Vo € HAK),  (212)
for F C 9K, where C depends also on the minimum angle of K € 7.

Letl, : H (1)(9) NncoR)? - V,ll be the usual Lagrange interpolation operator,
I, : L2(Q) — Q;l the Lz-projection operator, and Jj, : HY(Q) — V}l the Clément
interpolation operator (see e.g. [13,18]). These operators satisfy some well known
approximation properties which we collect in the following lemma.

Lemma 2.1 (Interpolation operators) For allv € H*(Q),q € H'(Q) N L§(Q). K €
Tn, F € E;lm, the following estimates hold

v — Iolgmk) < Chy "vlge, m=0,1,2 (2.13)

”Ihv”Hl(Q) <C ”v”Hl(Q) ) (2.14)

v — Iivlgney < Chy " Plol g, m=0.1, (2.15)

v — Jpvlgmig) < Ch}{m|v|H1(Ig) m=0,1, (2.16)
lg — Mrgll;2@) < Chlglpi (@) (2.17)
MrgliL2@) = Cllgli2q) (2.18)

where K is the union of all elements L such that K N L # (.

Proof For (2.13), (2.14), and (2.16)—(2.18) see e.g. [18,40]. Relation (2.15) follows
from (2.13), the local mesh regularity condition (2.5) and (2.11).
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Finally, owing to the continuous inf—sup condition satisfied by the couple of the spaces
H(} (2) and L%(Q), itis known (cf. [28, Corollary 2.4 and Sect. 5.1]) that the following
result holds.

Lemma 2.2 Foreachr, € Qp C L%(Q), there exists w € H(l)(Q) such that

V-w=ryae inQ, and |w|H1(Q)§C||rh||L2(Q).

3 Finite volume element approximation

In this section, starting from the FE method (2.10), and a standard finite volume mesh,
we provide the main tools that stand behind our FVE formulation.

3.1 The finite volume mesh

Let § = {sj,j = 1,..., N;} be the set of nodes of T}, Before defining our FVE
method, let us introduce an adjoint mesh ’Z;l* in , whose elements K; are closed
polygons called control volumes. For constructing 7,*, a general scheme for a generic
triangle K € 7, will be presented. If we fix an interior point bk in every K € 7j, (we
will choose bk to be the barycenter of K € 7j), we can construct 7,* by associating
to each node s; € S, a control volume K, whose edges are obtained by connecting
bk with the midpoints of each edge of K, forming a so-called Donald diagram (see
e.g. [22,32,40]), as shown in Fig. 2. Furthermore, if 7}, is locally regular (see (2.5)
then so is ’Z;l*, that is, there exists C > 0 such that C~'h% < |K}‘| < Ch?, for all
K ; € 7,*. In our FVE scheme, the trial function space for the velocity field associated
with 7}, is V,ll, and the test function space associated with 7,* corresponds to the set
of all piecewise constants. Specifically,

- {v € L2(Q) : vlk; € Po(K))? forall K} € Ty, vl

= 0 if K; is a boundary volume} .

It holds that dim(V,l,) = dim(V}) = Nj. Analogously, Qj, 1 =0, 1, is the test space
for the pressure field (which is associated with 7, and not with the adjoint mesh 7,*).

The relation between the trial and test spaces is made precise by the lumping map
P : V}l — Vj (cf. [4]) which is defined as follows: For all v;, € V}V

Np Np
va(x) = D vals)$;(x) = Prop(x) = D wa(s)x;(x)  x€Q,
Jj=1 j=1

where x j is the characteristic function of the control volume K ;, that is,

1 xe€ K;,
0 otherwise.

Xj(x):[
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@V

Ty

Fig. 2 Schematic representation of elements in the primal mesh 7, and interior node-centered control
volumes of the dual mesh 7;* (in dashed lines)

Note that {x ;(1,0), x;(0, 1)} provides a basis of the finite volume space V;. Note

also that Py, is a one-to-one map from V,ll to V}. The lumping operator P, allows us
to recast the Petrov—Galerkin formulation as a standard Galerkin method. The follow-
ing lemma (cf. [14,32]) establishes a technical result involving the previously defined
transfer operator.

Lemma 3.1 Let K € 7j,, F C 0K. Then, the following relations hold
/(vh — Prvp) =0, (3.1
K

lvn — thh”LZ(K) = ChKl”h'Hl(K)v (3.2)

forall v, € V}l.

Now, let w € V}l and F € 5}:“. Using the jump definition (2.9), the regularity of the
mesh, and the trace inequality (2.12), we can deduce that

> b laawle g, <€ 3 hr [ Guwlp?

Fe&gim Fe&gim F
=C X (Wl + ik wlp) B3
KeT,

In the forthcoming analysis the following mesh-dependent norms will be used:

172

5 1/2
Wolly, = | vl + > LIRS WS lglly = { > B g2 :
H'(@) 12v ACON h gy ' 1H(K)

Fegim KeT)
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3.2 Construction of the stabilized FVE method

Let (vp, qn) €V }ll X QZ- In order to construct the underlying FVE method, we consider
the discrete problem associated to the variational formulation obtained by multiplying
(2.1) by Pyvp, and integrating by parts over each control volume K* € 7%, then by
multiplying (2.2) by g5 and integrating by parts over each element K € 7;,. We end
up with the following finite volume element method: Find (wj,, rj,) € V,lz X QZ such
that

a(wp, Phon) + b(rn, Prvn) + (qn, V-wi)e = (f Prvn)eVY(wh, qn) € V) x 04,
(3.4)

where the bilinear forms a(-, -), 15(-, -) are defined as follows:

Np Nj
a(wy, Ppop) = —th(sj') / vouwp, b(ry, Prop) szh(sj) / rpn,
j=1 j=1

* *
8Kj 8Kj

for wy, vy, € V},, qn,Th € Q;,. A stabilized version of (3.4) will be introduced later.
Notice that since the test functions are piecewise constant, the bilinear forms do not
involve area integral terms as usually happens in FE formulations of Stokes problems.

Concerning these bilinear forms, the following result will be useful to carry out the
error analysis in a finite-element-fashion (see e.g. [43]).

Lemma 3.2 For the bilinear forms a(-, -), b(-, -) there holds:

a(wp, Ppop) = v(Vwy, Vop)g  Ywy, vy € Vi, (3.5)
bqn, Phow) = —(gn, V-v)e Vi, qn) € V), x Q. (3.6)
Proof First, let g be a continuous function in the interior of a quadrilateral Q; (as

shown in Fig. 3) such that fF g = 0 for every edge F of Q;. With the help of Fig. 3
it is not hard to see that the following relation holds

Np, 3
S[e=23 [ s 6
leaK;. KeTn i=ly,  bgm;

where m;1bgm; stands for the union of the segments m;1bx and bxm;. In the case
that the index is out of bound, we take m; ;| = m;.

Next, any v, € V} is linear on each ab C F € EI™. Then, in particular Jap o0 =
1/2(a — b)(vy(a) + v, (b)) which implies that

/vhz/vh(sj)—i- / Uy (Sj+1)s (3-8)

SijJr] sjmj mjxjﬂ
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Fig.3 A givenelement K of the
primal mesh 7j,. The m;’s are
the midpoints of the edges, bk is
the barycenter of K and the Q;’s
are the quadrilaterals formed by
the paths bgm;s;ym;1bg

where s; is a node of 7, and m; is the midpoint on the edge joining s; and s/
(if j = 3, then we take 541 = s1).

Now, for obtaining (3.5) we use the definition of a(-,-), (3.7), the fact that
Prvrlg; = vi(si), and integration by parts twice to get

3
a(wy, Prop) = —v > > wlsi) / On W

KeT, i=1

mi+1(b1<mi
3
=v > > vils) / dpwn —v D > (Awpy, va(s)o,
KeTy i=1 M Si1Mit] KeT) Qi

3
=v Z th(si) / (v (si) — vp) - pwy +v(Vwy, Vop)e

KeT) i=1

MiSi1Mmi+1
3
=v > > vils) /vh(s,-)+ / i (i) — / v |+ v(Vws, Vop)e.
KeTy i=1 sim; Simig ] SiSitl

Noticing that 9, v, is constant on the edges of K, and after applying (3.8), we get (3.5).
For proving (3.6), we use the definition of Py, integration by parts and (3.1) to obtain

Np
b(qn, Phon) =th(Sj) / qnn

=1 P
J K
Np 3
= [Pwva =3 3 [Pova
J 1
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748 A. Quarteroni, R. Ruiz-Baier

> /(thh — )V + /UhV‘Ih => /vhv%

KeTy i KeT, x KeTy g

= —(qn, V-vp)q.

Corollary 3.1 The bilinear form a(-, -) is symmetric, continuous and coercive in V,ll.

We point out that a similar analysis can be carried out if instead of considering dual
meshes of Donald-type, we use the so-called Voronoi-type (see e.g. [40]) dual meshes.

With our choice for the finite dimensional spaces V}l X Q;l (i.e,alPi —Pjora
Py — Py pair) the finite volume scheme (3.4) does not satisfy the discrete inf-sup con-
dition. Therefore we incorporate the same stabilization terms showing up in the finite
element formulation (2.10). This implies that the proposed stabilized FVE method
reads: Find (&, pp) € V,ll x Qj, such that

. h3
a(@n, Prvw) + b(pn, Puvw) + (qn, V-iin)g + 3 o5 (—vAGy + VP, Van) g
KeT,

hp - .
+ > 1oy Wnity + pl-nle, [duvn + il nlp)p = (f, Pavne
Fegim v
h

I
7V b
+ 2 5 U Vank
KeT,

for all (vy, qn) € V}l X Q;l. In the light of Lemma 3.2, it can be recast as: Find
(@tn, pn) € V}, x Q) such that

Ch (@n, pn)s (Vs qn)) = Fr(n, qn)  VY(vn,qn) € V) x O, (3.9)

where for all (wy, pr), (vn,qn) € V}l X Qz, the forms C;, and Fj, are defined as
follows

Cn ((wp, pr), (Wi, qr)) == v(Vwy, Vop)g — (pr, V-vp)o + (gr, V- wp)o

n2
+ E K (—vAw;, + Vi, Van)
8v
KeT),

+Zh—F([[v8w + puI - nllg, [vouvs + il - nllF)
= 120 nWh Ph F, nVh qh F)F>
&S

h2
Fnn, qn) = (f, Pavn)a + KZ; 8—’5 (f. Vank. (3.10)
€lp

Obviously, one observes that since u,, v, € V,lw the terms Avj, appearing in (2.10)

and also Auy, vanish. However, the residual-related term —vAuy, + V py, is used in
the subsequent analysis, and hence —v Ay, remains in the formulation (3.9).
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4 Convergence analysis

The goal of this section is to derive the error analysis for (3.9). We will proceed by
obtaining optimal error estimates in the 4-norms, and in the L?-norm.

Remark 4.1 In the whole section, we will consider that the solution (u, p) of (2.4)
belongs to [H*(2) N H}(2)] x [H'(2) N L3(2)]. Such regularity holds either if Q is
convex, or d€2 is Lipschitz-continuous, and if f fulfils certain orthogonality relations
given e.g. in [6, Th. II.1].
For ¢ € LZ(Q), consider the problem: Find (z, s) € H(l)(Q) X L%(Q) such that
—VAz+ Vs =¢ inQ,
V-z=0 in 2,
z=0 ondQ,

which in its weak form reads

V(Vz, Vo) + (5, V-0)o — (¢, V-2)a = (v, 9o Y(v,q) € H)(Q) x L§(S),
4.1

and let us recall the following regularity result (see [28]).

Lemma 4.1 Ifo € L*(Q) fulfils the conditions given in [6, Th.11.1], then the solution
of (4.1) satisfies (z,s) € H?*(Q) x H'(Q) and moreover

Izl g2y + Isliiey < C el 2 - 4.2)

Lemma 4.2 (Consistency) Let the pair (u, p) be the solution of (2.4) and let
(un, pn) € V,lz X Q}l be its approximation defined by the FVE method (3.9). Then, if
[ is piecewise constant with respect to the primal triangulation Ty, there holds that

Co (@ = itp, p = pr), @h.qn) =0 Y(vp, qn) € V), x O},
that is, the FVE method (3.9) is fully consistent.

Proof Remark 4.1 implies that [vd,u]]r vanishes on every internal edge F of the
primal mesh. Then, using (3.10) and (3.1), the result follows.

If f is not piecewise constant, then we only obtain asymptotic consistency (see
e.g. [18]). Moreover, the consistency error C, ((u — uy,, p — pp), (v, gn)) induced
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750 A. Quarteroni, R. Ruiz-Baier

by considering f being piecewise constant is of O(h?). In fact,

Ch ((w—up, p— pn), (n, qn) = Ch ((u, p), Wi, qn)) — Fn(p, qn)
= (f.vn)a — (f, Pron)a

hF
i Z o ([vonullr, [vovallF)p
Fe&n

= > (f.vn—Pavn)g

KeT,

=, f—L Sovn = Prop

K
el K1)

< Ch? || fll 2 190 g1 g -

forallvy € V flw by virtue of Cauchy—Schwarz inequality and Lemma 3.1.
Note that from the definition of Cy,, V}, and that of the #-norms, the following result
holds, which implies the well-posedness of (3.9).

Lemma 4.3 (Continuity and coercivity in the h-norms) Let (wp, rp) € V}, X Q;l.
Then

Cn ((wp, 1), (i, gr)) < (lwplly + Nrall) sl + llgnlly),
Cn (s qn)s Wny gn)) = llonllz + lignll3 (4.3)

forall (vy,, qp) € V,l7 x Q).

Since the Clément interpolate J,q of ¢ € H'(2) N L%(Q), does not necessar-
ily belong to L%(Q), we will introduce the operator L, defined by L,q = Jrg —
Q! fQ Jrq. This operator possesses the same interpolation properties (e.g. (2.16)
as Jj,.

Theorem 4.1 (An optimal-order error estimate in the A-norms) Let (uy,, pp) € V}, X
Q;l be the unique solution of (3.9) and (u, p) the unique solution of (2.4). Then, under
the assumption of f being piecewise constant, there exists C > 0 such that

lw = @slly + 1p = Bal < Ch (Il ooy + 1Pl ).

Proof Let e = Inu —u,n = Lyp — p be the individual errors between the exact

solution and the projected solution, and let &, = Iyu — uy, n, = Lpp — pj, denote

the error between the FVE approximation and the projection of the exact solution.
First, using (3.3) and (2.13) we have

hp 2 2 2 2
Z E”ﬂvan(”—lhv)]]F”Lz(F) <C Z (|v_1h”|H1(K)+hK|”_1hv|H2(K))
Feg™ KeT,
< Ch* ol g - 4.4
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and using the definition of the #-norm and Lemma 2.1, gives

2
Furthermore, (2.16) and the definition of the #-norm also implies that
Mg = Lugl7a g + la = Laglly < Cv= 'R gl g (4.6)

Next, applying (4.3), Lemma 4.2 and integration by parts we get

lenlls + llnnlly = Ch ((en. na). (n. 1))
=Cn ((u—1up, p— pn), n,qn)) +Ch ((&, 1), (€r, 11))
=v(Ve, Vep)g—m, V-ep)a — (e, Vip)a

2
+ ) —( vAe + Vi, Vi) g
KeT,
+ > —([[vane]]F [vonenllF) - (4.7)
Fegmt

Now, (4.7), Cauchy—Schwarz inequality, the definition of 4-norms, a repeated appli-
cation of (4.5), and (2.13), (2.15), (2.16), enable us to write

2 2
llenlly, +

hr
< C [ lelff g + el g + Mg + 20 15 IvOaelFlga

Fegin
1/2
+ > [ lel2 g, + (||n||L2(K)+|Ae||L2(K)>D
KeT),
172
K
x | lenli g, + Z =l ) + Z o S [ CZN P T
Fes‘“‘
1/2
2 /
C | el +llellF2 g+ D ||€||L2<K> KnAsan(K) + Il + 10172,
KeTy

/2
s (heal? + 1nal)

12

12

<c (hzuli,z(m+h2|p|i,l(m+ > v + vk lul?, (K)> (ewliy + Iml2)
KeT),

which implies the following:
1/2
enlln + Il < Ch (10 gy + 1P g)
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Finally, in order to get the desired result, it is sufficient to apply triangular inequality
and (4.5), (4.6).

Theorem 4.2 (An optimal-order L>-error estimate for the pressure field) Assume that
(un, pn) € V}l X Q}l and (u, p) are the unique solutions of (3.9) and (2.4), respectively.
Then, there exists a positive constant C > 0 such that

lp — pPrllp2) < Ch (|”|H2(Q) + |P|H1(Q))‘

Proof Letbe w € H(l)(Q) such that V- w = p — py, as stated in Lemma 2.2. Further,
selecting (vj, gn) = (Jhw,0) € V,ll X Q,ll in Lemma 4.2 we have

0=v(V(u- fth) VIyw)e — (p — pr, V- Jpw)g
+ > —([[van<u — an)lF. [V JnwlF)p.

FeS’“‘

Using this relation and integration by parts we obtain

||P Ph”Lz(Q) (P Ph, W)Q
=(p—pn V- (w—=Jpw)o+ (p— pr V- Jhw)g
— D (w—Jyw, V((p = pr)k + v(V (@ — @), VIyw)g
KeT,

+ Z [[van<u — ap)lF, [V JywlF)F.
FES"“

Then, by Cauchy—Schwarz inequality, (2.16), Lemma 2.2, (2.11), definition of
h-norms, and Theorem 4.1 we can infer that

lp = Pull7aq

= Z lw— Jhw||L2(K) lp— ﬁthl(K) +vlu— ﬂthl(Q) |Jhw|Hl(Q)
KeT),

h
+ 2 3o Wn@ — @)l vda Jywlr)

Fegn
1/2
<> - Il ey v 1wl + 0 5 UII[[va I wlE I
KeT), K FEE"“

1/2
2

5 ) i hp i
| 20 gy P = Pl =l )+ D0 T MOn e = @)D e
KeT,, FegM
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) 2 1/2 R -2 1/2
< C (10l + v nwlpg)) " (I =@l + 1p = 7l

= Chllp = Bl ey (18l + 1Pl o)),
and dividing by ||p — ps IILZ(Q), the result follows.

Theorem 4.3 (L>-error estimate for the velocity field) Suppose that (u, p) is the solu-
tion of (2.4), and (up, pp) € V}l X Q}l is the approximation defined by the FVE method
(3.9). Then the following a priori error estimate holds

I = inll 2 = CH* (1l g2 + 1Pl ey ).

Proof First consider the dual problem (4.1) with ¢ = u — uy. Moreover, let us
choose in (2.4) and (3.9), (vp, gn) = (Ipz, [s) € V}l X Q}l, and subtract the result-
ing expressions. We then subtract again the result to (4.1) with the particular choice
(v,q) = (u — uy, p — pn), (and again ¢ = u — uy,). Next we apply Lemma 4.2 to
obtain

. hr .
lu—anlgog = 2 150 Wvdn(@ = anle, [vda@ = h2)lr = [vouzlp)r
Fe&in
+o(V — i), Viz — hi)a + (s — s, V- (u — @)
—(p = pn. V- (= Ip2)e
h3 .
+ 2 o (VAU Y (p = ), —VTThs)g.
Vv
KeT,

We now proceed to combine Cauchy—Schwarz inequality, the definition of #-norms,
(3.2), Theorems 4.1 and 4.2, (4.4), (4.5), (2.13), (2.17), (2.18), and (4.2) to deduce
that

-2
= 12

= C (vl = @nlip g + 1V @ = @l32g) + 10 = Prllta,
172
h%( ~ 2 hp ~ 2
+ 2 g VAV = Pl + D0 1o v — @nlela

< 12v
KeT), FES},"‘

h2
x (v Iz = Izl g + lIs = sl gy + 0 2 IVTasIa ) + 1V 2 = D)7 g,
KeTj
1/2

hE 2 2
+ 2 5 100G = B0 )+ 100zl |
Feg™
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_ o0 S 201 . 172
< € (b= @l + 11— pull} + b e g+ 1 — Pl

1/2
<||z—1hz|||h+||v—nhsan(Q)MZz|,,z(m+h2|lhz,,z(m Z \nh |H1(K)>

2 2 2 12
< 2 (Il gy + 1Pl ) (12120 + 1531 + 513

= (ul gy + Pl ) I = Bl 2

and the proof is complete after dividing by the last term in the RHS.

It is easily seen that by using the local trace inequality (2.11) and Céa’s lemma,
it is possible to modify the regularity hypothesis of Theorems 4.2 and 4.3, setting
(u, p) € [H”‘S(Q) NH| 0(82)] x [H}(Q) N L2 0(&)], 1/2 < § < 1, in order to obtain
the estimate

lw — @nll 2y + 2 Ilp — prll 2y < CA'P (|u|H1+5(Q> + Iplm(sz))-

Remark 4.2 1f we now consider ¢t = 0 and so the pressure field is approximated
by piecewise constant functions, then the FVE method would simply read: Find
(@ty, pn) € V,ll X Qg such that
v(Vay, Vvh)sz — (P, V-vp)o + (qn, V-p)e
+ > —([[vanuh+ph1 nlr. [vuvn + qnl - nllF) g = (f. Prvn)a.
Feglﬂl
(Wh. gn) € V), x Qj.
In such case, an analysis similar to that performed in this section could be carried
out. For instance, in the proof of Theorem 4.1, it will suffice to use the projection

I, : L2(Q) — Q2 instead of the normalized Clément operator Lj, and the analysis
is done using the mesh-dependent norm

1/2

h

o 2 F 2

10y = [ Vol g+ > T Mvoue +qLnlel
Feg™

As in the error analysis given in this section, the obtained rates of convergence

are of order h for ||(u —up, p — pp)ll, and [|p — pull;2(q), and of order h? for
lw — uy ”1}(9)-

5 Superconvergence analysis

As briefly mentioned in Sect. 1, the present approach for establishing superconver-
gence estimates basically consists in projecting the FVE approximation (uj, py) €
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(V,ll X Q}l) into a different finite dimensional space (V; X Q;), r,t > 0, which cor-

responds to the (possibly of higher order) counterpart of (V,ll X Q}l) associated to a
coarser mesh 7, of size p = h%, with o € (0, 1). More precisely,

V) =1{v, € C°(Q) : vplx € Pr(K)* forall K € T,},
and

0" =1{g, € C°(Q) : q,lx € Pi(K) forall K € 7,}.
In addition, we will assume that the mesh 7, satisfies the so-called inverse assump-
tion [12]: there exists C > 0 such that p < Cpg, for all K € 7,, and we will use the

following inverse inequality (see e.g. [30])

< Cog" |

lvo | g iy < v eV, KeT,. 5.1)

| Vp ” L%(K)

We continue by defining the operators nv, n/? as the L2-projections onto V; and
Qfo respectively. Therefore, in particular it holds that

lo =Y vll o) < Co'lolms@)  O<s<r+1, (5.2)
nv ‘ <cC , 5.3
H oV L@ = ”v”LZ(Q) (5.3)
la-n24|,, o =CO Ml O=s=idL (5.4)

Let us also denote by I, the Lagrange interpolator into V', and note that by (2.13),
(5.2) and (5.1) it follows that

‘v—nvv‘ < |v—1pv‘H1(Q)+‘Ipv—H},}v‘

HY Q) — H'(Q)

Lz(sz))

< o las@) = Ch* Vlgsg)  0<s<r+1. (55

<cC (ps—1|v|H.s(Q) 4! H v -1

When considering particularly simple domains, it is also possible to handle a differ-
ent choice for (V; X Q;), such as B-splines or trigonometric functions as mentioned
in [30]. In that case, (5.2)—(5.4) should be properly rewritten.

Theorem 5.1 (Superconvergence for the velocity) Let (u, p) € [H*(Q2)NH (])(Q)] X
[HY(Q) N L%(Q)] and (uy, pp) € V}l X Q,ll be the solutions of (2.4) and (3.9),
respectively. Then there exists a positive constant C such that

|- 1Y)

@ < Ch**|ulgsq) + Ch? (|u|H2(Q) + |p|H‘(Q))’ (5.6)

‘u _ n}jﬁh‘m(m < CHSDlu sy + ChE (|u|Hz(Q) + |p|H1(Q)), (5.7)
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forO<s<r+1,r>1

Proof By triangular inequality, (5.2) and definition of H}f and p, it follows that

v
P

L%(Q) = Hu -

< Ch*lulg=(o + | ) (@ = @n)

u—Hﬁ‘ u‘ Hl’[vu—li ‘
H ph L2(Q)+ o " LY(Q)

(5.8)

L@’

The task now consists in estimating the second term in the RHS of (5.8). First, note
that since 1'[); is a L2-projection, it satisfies

(n‘,f(u — i), w)Q = (u — G, 1'1}jw)Q Vw € L2(Q).

A combination of this relation with norm properties gives

‘(u —uy, Hyw)
= sup

a
_ . (5.9
LZ(Q) weLz(Q)\{O} ” w ”LZ(Q)

Hn}j(u —ah)‘

We now proceed to use (4.1) with the particular choices ¢ = I'I);w for some fixed
w e L%(Q), and (v, q) = (u —uy, p — py). Thus, estimates (4.2) and (5.3) imply
that

|Z|H2(Q) + |S|H1(Q) <C ”w”LZ(Q)’ (5.10)

where (z, s) is the solution of (4.1). Therefore, using Lemma 4.2 with the particular
choice (vy, gn) = (Inz, Iys) € V, x O}, gives

(u —uy, l'[/‘fw)ﬂ
=v(V@ —up), V@ — L))o+ (s —Ts,V-(uw—up))o — (p— pr. V- 2 — h2))a

h3 3 h N
— > K (vAu+ V(= ). VI g — D (v — @) F. [voazllF) £
8v < 12v
KeT, Fegjm

Then, from Cauchy inequality, (2.13), (2.18), (2.11), Theorems 4.1, 4.2, and estimates
(5.10), (5.3) we obtain

(u —uy, l'IXw)Q

<vlu-— ﬁh|1—11(g) |z — Ihz‘Hl(Q) + IIs — l_Ih5||L2(g‘z) | — ﬁh‘yl(g)
By 2 N
= Blla |2 = nzlge) 42 g I=vAu + V(= )l 1V Tnsll 2k
KeTy,

hr ~
+Fzg;m e Ivon (u — @) Fll 2p) vouzliFll L2 py
€S
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2
< <2uu—ah|i,](9)+ % lp = Bull20) + 2 %" 1Auls 4
KeT,
1/2
h% I 3 . 2
+ 2 e = Bl + 20 1o Mvone —@nlFlga

KeTy, FeE,i,“‘

1 hp
x| 2vle = Izl g, + = s = Masla gy + D 55 Mvoalnzlelia

Fegint

1/2
Ik 2
+ 2 o IVTasia
KEY;;

~ ~ 1 ~ 1/2
<C (mu —dnlly + Ip — Bully + ~lp = Prll7aq + Vi |u\§,2m))
2, 2 201D 2
X ((V + 1)h |z|H2(Q) + h f |S|H1(Q))
=< cn? (|u|H2(Q) + |P|H1(Q)) ”w”LZ(Q) .
Finally, by applying (5.8) and (5.9) the proof of (5.6) is completed. For the second

estimate, it suffices to use triangular inequality, the inverse inequality (5.1), estimate
(5.5), and (5.6) to arrive at

V-~ % v ~
u—l'Iu‘ <‘u—1’[ u‘ ‘1’[ u—u ‘
) pth HY(Q) — P H1(9)+ ol " HY(Q)
< Ch*S= Dy s W u—11Vu
< lulps @) + 2 e
o lu—1Va ‘
+ pUnh 2@

< Ch* Vlu|gs ) + Ch*™ (|u|H2(Q) + |P|H1(sz))-

Combining (2.11), (5.1), (5.5) and the definition of the ~-norm, we can also con-
clude that the next result holds.

Corollary 5.1 Under the hypotheses of Theorem 5.1, we have the following estimate

H‘u - n}fﬂhmz < CHOS™D(h 4 h® + Dlul gy + CRAB™ + 1™ + 1)
x (1812 + 1Pl )
forO<s <r+1.
Remark 5.1 We stress that Theorem 5.1 does not provide an improvement of the con-

vergence rate for the velocity field in the L?-norm in the studied case of I’ elements.
This holds even if in the postprocessing stage we use a different space for the velocity
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such as P,, r > 2. However the superconvergence is achieved in the H'-seminorm
for P, r > 2 and for ¢ > 1/2. The following result (which may be proved in much
the same way as Theorem 5.1, by using a duality argument) yields superconvergence
for the pressure field as well, even in the case t = 1.

Theorem 5.2 (Superconvergence for the pressure) Assume that (u, p) € [H*(2) N
H()] x [H'(Q) N L3(Q)] and @y, pr) € V), x Q) are the solutions of (2.4) and
(3.9) respectively. Then there exists a positive constant C such that

Hp - Hgﬁh‘ e = Ch®|pls(@) + Ch*~* (|”|H2(sz) + |p|H1(Q))’

a>1/2,0<s<t+1,t>1.

Remark 5.2 As briefly mentioned at the end of Sect. 2.2, the derivation of (2.10)
requires f to be piecewise constant. Notice however, that if f € H' (), the relevant
term appearing in the deduction of the error analysis for (3.9) (take for instance the
proof of Theorem 4.3, and recall that we have taken ¢ = u —u,) is readily estimated as

(fsInz = Prlnz)g = (f = f, Inz — Prlnz)g

= ”f - th”LZ(Q) |1z — Phll’lz“LZ(Q)
=< Ch2 ”f”H](Q) |Ihz|H1(Q)
<

CI |1 f L ) N0l 12

CR* 1 fll g e — @l 2

where we have applied Lemma 3.1, properties of Iy, [1j, and (4.2). Then, performing
an analogous analysis to that presented in [2, Appendix B], it is possible to recast the
estimate of Theorem 4.3 as

lw — a2 () < Ch* (|u|H2(Q) tlrlne + “f”Hl(f?))'

Analogously, it is not difficult to extend all our convergence and superconvergence
results to cover the general case f € LZ(Q). In such case, the estimates are of the
same order than those presented in the paper.

6 A numerical test

We present an example illustrating the performance of the proposed FVE scheme on a
set of triangulations of the domain 2 = (0, 12 (see Fig.4).Inthe following, by e(u) :=
lu = dill 2 - €(p) = lp — Pull 2y and E, p) == llu —dinlly + Ip — pall,
we will denote errors, and r(u), r(p) and R(u, p) will denote the experimental rates
of convergence given by

_ log(E(u, p)/Eu, p))
log(h/h)

_ log(e(w)/e(w)) P _ log(e(p)/e(p))

r log(h/h) log(h/h)

, R(u, p)
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Fig. 4 Example of primal and 1
dual meshes 7y, 7;1* on
Q= (0, 1)2 (17 interior nodes)

0.8

0.6

SN
0.4+
0.2f
0 n n n n
0 0.2 0.4 0.6 0.8 1

Table 1 Degrees of freedom Ny, computed errors and observed convergence rates for methods (3.9) and
6.1

Nj e(u) r(u) e(p) r(p) E(u, p) R(u, p)

Finite volume element method (3.9)

121 12694 x 1073 - 39136 x 1073 — 53820 x 1072 —

449 34187 x 1074 1.8926  2.0103 x 1073 0.9964  2.7126 x 1073 0.9899
1,729 8.7094 x 107> 19728  9.8203 x 107*  0.9983  1.4032x 1073 1.0027
6,785 21872 x 1075 19935  4.8360 x 1074 1.0219  6.6752 x 10~*  1.0201

26,881 55209 x 1070 19861 24118 x 107%  1.0036  3.2989 x 10~*  1.0168
107,009 13667 x 107°  2.0142  1.1963 x 104  1.0116  1.6196 x 10~%  1.0175

Finite volume element method (6.1)

121 1.9446 x 1073 - 57385 x 1073 — 7.0973 x 1073 -

449 48838 x 1074 1.9920  2.6121 x 1073 1.1051  3.5083 x 1073 1.0208
1729 12265 x 1074 1.9981  1.3041 x 1073 1.0740  1.6941 x 1073 1.0457
6785 3.0518 x 1075 2.0015  6.1270 x 1074 1.0409  8.4207 x 10~%  1.0114

26,881 75632 x 1070 20109 29861 x 1074 1.0372  4.1615x 1074 1.0221
107,009  1.8847 x 1070 2.0117  1.4684 x 1074  1.0212  2.1062 x 1074  1.0093

where ¢ and é (E and E respectively) stand for the corresponding errors com-
puted for two consecutive meshes of sizes & and /4. In the implementation we have
used a standard Uzawa algorithm (see e.g. [24]) in which the stopping criterion is

~r _ ~r+l -6
P Ph ‘LZ(Q)SIO '

For comparative purposes, we formulate another FVE method obtained by discard-
ing the jump terms (that is, the FVE-counterpart of a Douglas—Wang method):

@ Springer



760 A. Quarteroni, R. Ruiz-Baier

10
107
1072}
-3
w 107} n
3 3
5 2107
[£3 It m
107}
107}
1070k : : . 107 b : : .
10° 10° 10 10° 10° 10° 10* 10°
Nh N}L

Fig. 5 Convergence histories for the FVE methods (6.1) and (3.9). The displayed quantities correspond
to e() = llu—iuplj2q) . ep) = Ip—pull 2 and Ew, p) := llu—aplly + Ilp = prllp- The
superscripts a and b in the legends correspond to the method (6.1) and (3.9), respectively

h2
v(Vwy, Vong = (o, V- ode + (an, V- wne + D - (—vAwy + Vo, Vank
KeTy,

= Fn(on.qn) Y. qn) € V) x Q. (6.1)

where Fj, is defined in (3.10).

We set v = 1 and the forcing term f chosen in such a way that the exact
solution of (2.1)-(2.3) is u = ((x} — 2x} + x?)(4x3 — 635 + 2x2), —(4x7 —
6x7 + 2x1)(xy — 2x3 + 307, p(x) = x} + x3 — 1/3. Notice that p satis-
fies fQ p = 0 and (u, p) has a regular behaviour in the whole domain 2 (and
then the regularity assumptions of Sect. 4 are satisfied). A comparison was per-
formed between the numerical results obtained using the methods (3.9) and (6.1).
In Table 1 and Fig. 5 we depict the convergence history of this example for the
approximations given by both FVE methods. In both cases, the dominant error
is E(u, p). More precisely, in E(u, p) the term ||p — ppll;, is dominating, fol-
lowed by |u — | g1 q). It is clearly seen that the rates of convergence O(h) and
O(h?) anticipated by Theorem 4.1, Theorem 4.2 and Theorem 4.3 for the formu-
lation (3.9) are confirmed by the numerical results using (6.1) as well. In addi-
tion, we see that (3.9) shows a quantitatively better accuracy than (6.1), while
the qualitative behavior given by the error slopes, is essentially the same for both
formulations.

Finally, we apply a postprocessing technique by considering a coarser mesh of size
p = h?/3. Table 2 and Fig. 6 show the superconvergence behavior of the approxi-
mate solution when a postprocessing algorithm with Taylor-Hood (P, — P1) elements
is applied. It is observed that as i decreases, the convergence rate for the veloc-
ity approaches asymptotically #*3. This is in well accordance with the theoretical

@ Springer



Finite volume element method for the Stokes problem 761

Table 2 Degrees of freedom Ny, computed errors and observed superconvergence rates for methods (3.9)
and (6.1)

(O Ve
N ”p—l’Ip thLZ(Q) Rate ‘u—l’Ip uh‘yl(g) Rate

Finite volume element method (3.9)

121 2.5271 x 1073 - 6.4310 x 1073 -

449 1.3038 x 1073 0.9548 3.6215 x 1073 0.8285
1,729 5.9180 x 10~4 1.1395 1.9142 x 1073 0.9230
6,785 2.7442 x 10~4 1.1870 9.0612 x 10~4 1.0796
26,881 1.0329 x 1074 1.5097 3.5732 x 1074 1.3436
107,009 2.9706 x 1073 1.4928 1.4604 x 10~% 1.2916

Finite volume element method (6.1)

121 3.1154 x 1073 - 6.2179 x 1073 -

449 1.9147 x 1073 0.9011 3.1254 x 1073 1.0168
1,729 7.8238 x 1074 1.0815 1.6411 x 1073 0.9705
6,785 3.2394 x 1074 1.2755 7.4130 x 10~% 1.0788
26,881 1.1455 x 10~4 1.5124 2.9608 x 10~% 1.3261
107,009 3.9812 x 107 1.5076 1.1837 x 10~4 1.3279

Postprocessing with Taylor-Hood elements and with the choice p = w23

estimate predicted by Theorem 5.1 with the setting » = 2, = 1 and o« = 2/3. The
observed superconvergence rate for the pressure approaches #°/2, which is slightly
higher than the rate predicted by Theorem 5.2. A similar behavior has been also noticed
ine.g. [37].

7 Conclusion

In this paper we have developed a FVE method for the Stokes problem. The dis-
cretization scheme is associated to a FE method in which an enhancement of the
approximation space for the velocity field is applied following [25]. We have exploited
some of the potential advantages of FVE discretizations with respect to classical finite
volume methods, such as the flexibility in handling unstructured triangulations of
complex geometries and that the discretization is constructed on the basis of the vari-
ational background of FE methods, therefore being more suitable to perform L2-error
analysis. This error analysis was performed for the case of piecewise linear contin-
uous interpolation spaces only, nevertheless the same idea could be extended to a
more general framework. A superconvergence analysis based on L2-projections was
also proposed, and the numerical experiments provided in this paper confirmed our
theoretical findings. Finally we mention that extensions of this approach to other rel-
evant problems, such as the generalized and transient Stokes problems, high-order
approximation methods, and a posteriori error analysis are part of current and future
work.
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