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S U M M A R Y
The dispersion of interface waves is studied theoretically in a model consisting of a liquid layer
of finite thickness overlying a transversely isotropic solid layer which is itself underlain by a
transversely isotropic solid of dissimilar elastic properties. The method of potential functions
and Hankel transformation was utilized to solve the equations of motion. Two frequency
equations were developed: one for Love waves and the other for the remaining surface and
interface waves. Numerical group and phase velocity dispersion curves were computed for
four different classes of model, in which the substratum is stiffer or weaker than the overlying
layer, and for various thickness combinations of the layers. Dispersion curves are presented
for generalized Rayleigh, Scholte, Stoneley and Love waves, each of which are possible in all
proposed models. They show the dependence of the velocity on layer thicknesses and material
properties (elastic constants). Special cases involving zero thickness for the water layer or the
solid layer, and/or isotropic material properties for the solid exhibit interesting features and
agree favourably with previously published results for these simpler cases, thus validating the
new formulation.
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1 I N T RO D U C T I O N

The study of propagation of dispersive surface and interface waves arises in numerous fields, including seismology, earthquake engineering,
geophysics, materials testing and medical imaging. The problem has been tackled by many scientists from various points of view. Waves in
layered media involving solid–solid interfaces, liquid–solid interfaces or those of both kinds are important due to their multiple applications.
The layered solid half-space is often the background medium of interest in materials science, geophysical investigations, soil structure
interactions, where one may encounter generalized Rayleigh waves at the free surface, and Love waves and—under rather stringent conditions—
Stoneley waves at the interface of two solids. Stoneley (1924), Haskell (1953) and Ewing et al. (1957) were some of the first researchers who
dealt with this kind of problem. In many situations, such as oceanic modelling for seabed characterization, fluid–soil–structure interactions,
subsurface defect detection and elucidating the properties of a liquid layer one has to take account of solid and fluid media which are in contact.
At the interface between a liquid layer and a solid half-space (e.g. the ocean floor), the interacting Rayleigh and Scholte (Stoneley) waves
should be taken under consideration. Amongst the early researchers, Stoneley (1926), Biot (1952) and Tolstoy (1954) presented noteworthy
works about the effect of the liquid layer on wave propagation in such media.

To date, more complicated cases and several methods for analysing such waves and their applications in the aforementioned fields of
science and engineering have arisen. The subject has been investigated from an experimental, theoretical as well as numerical approach,
and appropriate solutions devised (Ostoja-Starzewski 1987; Kerner et al. 1989; Favretto-anres & Rabau 1997; Padilla et al. 1999; Zhou &
Greenhalgh, 2008; Zhou et al. 2009, 2012; Boxberger et al. 2011; Flores-Mendez et al. 2012; Nadri et al. 2012; Kiełczyński et al. 2014 and
many others). The medium complexities introduced in the literature since the early pioneering work have included a number of interacting
liquid and solid layers, material anisotropy, viscosity of the liquid, heterogeneity of the material and porosity of the solid. Transverse isotropy
with a vertical axis of symmetry (VTI medium) is a common assumption made in many solid–solid and liquid–solid models involving
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anisotropy, such as in a layered Earth and oceanic crustal models. There is ample field and laboratory evidence that certain minerals such
as beryl have an intrinsic microcrystalline anisotropy of this form (Crampin, 1981) or that a sequence of alternating isotropic layers behave
macroscopically as a pseudo-anisotropic unit which can be described as a VTI solid. This is sometimes referred to as structural anisotropy.
Consequently, such materials have been the subject of a wide range of investigations.

The notable effect of transverse isotropy of materials on elastic wave propagation was first studied by Stoneley (1949), and Synge
(1957); later Buchwald (1961) and Payton (1983) tackled the problem of elastodynamics of such a material. Rahimian et al. (2007) presented
the analytic solution for the response of a three dimensional transversely isotropic half-space to a general, time-harmonic surface loading.
Khojasteh et al. (2008a) extended the previous work to represent explicit expressions for the dynamic Green’s functions in a transversely
isotropic half-space and continued the work for full spaces comprised of two and three dissimilar materials, as well as two-layered and
multilayered half-spaces (Khojasteh et al. 2008b,c, 2011, 2013). A transversely isotropic bed in contact with a liquid layer was first
studied by Abubakar & Hudson (1961). Many years later, Sharma et al. (1990, 1991) deduced the frequency (dispersion) equation for
Rayleigh type surface waves on a model consisting of a liquid layer lying over a solid layer which itself is underlain by a solid half-
space. Sharma in a separate paper (1999) presented the wave dispersion characteristics in an ocean crust model incorporating the effect
of cracks. Unlike this study, the propagation described in (Sharma et al. 1990, 1991; Sharma 1999) is two-dimensional and also required
that one of the solid layers be isotropic. Numerical results were presented for just one specific model in each case, and Love waves were
not considered.

In this contribution, we examine the phase and group velocity dispersion characteristics of surface waves for a half-space consisting of
a liquid layer overlying a transversely isotropic solid layer which in turn overlies a transversely isotropic solid half-space of different material
properties. Rayleigh and Scholte waves interacting at the liquid–solid interface and Stoneley waves at the solid–solid interface are studied
where the latter, unlike a liquid–solid interface, arises only under rare conditions. Also, we investigate the Love wave dispersion associated
with a solid layer above a half space. Due to the inviscid liquid assumption, no distortional interaction is possible between the middle layer
and the liquid layer; and hence, the liquid layer has no effect on the Love wave.

Following the work of Rahimian et al. (2007) and Khojasteh et al. (2008a,b,c, 2011), the method of potential functions with an integral
transformation of the Hankel type has been adopted to deal with the equations of motions and to derive the frequency equations. The arrival
times of the waves depend on the elastic properties of the layers and so it is possible (although not specifically investigated here) to reverse
the reasoning and tackle the inverse problem of deducing the structure of the medium from the dispersion characteristics; this is of major
importance in marine seismology and geophysical investigations. The formulation can also be extended to derive Green’s functions of the
stress, displacement and fluid pressure fields for a source in the specified model. There is some inconsistency in the literature as to the
terminology for interface waves, and so to avoid confusion hereafter we use the names ‘Scholte waves’, which is the term suggested by
Cagniard (1962), and ‘Stoneley waves’ to denote the liquid–solid and solid–solid interface waves, respectively.

2 S TAT E M E N T O F T H E P RO B L E M A N D G OV E R N I N G E Q UAT I O N S

The model under consideration, shown in Fig. 1, comprises a compressible liquid layer overlying a homogeneous transversely isotropic solid
layer of finite thickness, which sits above a uniform half space of dissimilar transversely isotropic properties. The fluid layer is of thickness
h and that of the underlying solid layer is h′. In this section we give a brief analysis of the governing equations. The reader is referred to
(Rahimian et al. 2007) for a more complete and detailed treatment.

Figure 1. Model configuration.
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For the homogeneous transversely isotropic solid layers, the time-harmonic equations of motion for the vector displacement u in
cylindrical co-ordinates (r, θ , z) are:
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where ci j are the components of the elastic modulus tensor in Voigt recipe form, ρs is the solid density and the time factor exp (iωt) is
suppressed. Following Rahimian et al. (2007) and Khojasteh et al. (2008a,b,c) two potential functions, F and χ introduced by Eskandari-
Ghadi (2005), are applied to handle these equations. They are related to displacement components, ur , uθ and uz as follows:

ur (r, θ, z) = −α3
∂2 F(r, θ, z)

∂r∂z
− 1

r

∂χ (r, θ, z)

∂θ
,

uθ (r, θ, z) = −α3
1

r

∂2 F(r, θ, z)

∂θ∂z
+ ∂χ (r, θ, z)

∂r
,

uz(r, θ, z) =
[

(1 + α1)∇2
rθ + α2

∂2

∂z2
+ ρsω

2

c66

]
F(r, θ, z),

α1 = c12 + c66

c66
, α2 = c44

c66
, α3 = c13 + c44

c66
. (2)

Substituting these equations into eq. (1) and applying the Hankel transform of the mth order in the radial direction and the Fourier series
expansion in the angular direction, one may rewrite the partial differential equations for the potential functions in the Hankel domain as,
(Rahimian et al. 2007)(
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In the above,
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The unknown functions Am , Bm , Cm , Dm , Em and Fm can be determined from the boundary conditions. Quantities λ1, λ2, λ3 are
multi-valued functions and are made single-valued by specifying the branch cuts emanating from the branch points ξλ1 = ±ω

√
ρs/c11,
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√
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(Rahimian et al. 2007). The positive sign of these branch points denotes the wavenumbers of the body waves, P, SV and SH, respectively.
The equations for the transformed stress and displacement components obtained by eq. (2) and Hankel transform identities, which will

be necessary in applying the boundary conditions pertaining to the normal and tangential components of stress and displacement at the
interfaces are:
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The formulations expressed above are valid for a general transversely isotropic solid having a vertical axis of symmetry. Hereafter, the
variables which are associated with the middle layer and the bottom half-space are indicated by superscripts II and III, respectively.

For the liquid layer, deemed to be a light one such as water, the governing equation of motion in a cylindrical coordinate system is given
by (Ewing et al. 1957):
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where cl = √
K/ρl is the velocity of the dilatational wave in the liquid and ϕ is the displacement potential. K and ρl are the bulk modulus

and density of the liquid, respectively. The displacement components and the pressure can be expressed in terms of ϕ as:
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where harmonic time dependence exp(iωt) is assumed (or equivalently we are dealing with the pressure and displacement spectra).
Applying the Fourier series expansion with respect to the angular coordinate and the mth order Hankel transform with respect to the

radial coordinate one may obtain the following equation for the liquid layer,
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where
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cl = √
K/ρl is the velocity of the dilatational wave in the liquid. The unknown functions Sm and Rmwill be determined through the boundary

conditions of continuity of normal components of stress and displacement, where according to sign selection, Rm and Sm are the transformed
amplitude functions of the transmitted and reflected waves.

The stress and displacement components in the Fourier domain for the transformed mode are written as
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3 B O U N DA RY C O N D I T I O N S A N D F R E Q U E N C Y E Q UAT I O N

The boundary conditions are imposed to obtain the frequency equation. According to the Sommerfeld radiation condition, the coefficients
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m vanish. The boundary conditions at the free surface and at the two interfaces will now be applied. The free-surface condition
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Thus, one of the unknown functions is suppressed. Note that Sm now differs from the previous definition by a constant multiplying factor.
At the liquid–solid interface (z = h) the boundary conditions include the normal stress and displacement continuity where according to the
inviscid liquid assumption, the shear stress components of the solid domain vanish at the interface. Hence, at z = h, one may write
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At the interface between the solid layer and the underlying solid half-space, z = H where H = h + h′, the continuity of all the
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Ten equations are obtained for the ten unknown functions which form a 10th-order system of equations. By utilizing eq. (11) one can
obtain the frequency equation of the surface waves by letting the determinant of the matrix go to zero. However, the matrix equation can be
divided into two separate sets of rows for two sets of unknown functions which are independent from each other. One expresses the frequency
equation for the Love wave and the other one is independently associated with the rest of the possible waves (Rayleigh, Scholte and Stoneley).
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Figure 3. Rayleigh and Stoneley (Scholte) wave phase and group velocity dispersion curves for a liquid layer overlying transversely isotropic half-space.

For the latter the equations can be expressed in the determinant form as follows:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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Eq. (22) is associated with the unknown function vector [Sm, AI I
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m ]T and includes terms of λ1, λ2 and λ4. For
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Eq. (23) is associated with the unknown function vector [E I I
m , F I I

m , F I I I
m ]T and includes terms of λ3.
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Table 1. Material properties, Poulos & Davis (1974) and Khojasteh et al. (2008c, 2013).

Material ρ (kg m−3) c44 (GPa) c11 (GPa) c12 (GPa) c13 (GPa) c33 (GPa)

1 2500 10 41.3 14.7 10.1 36.2
2 5000 50 553 280 250 250
3 900 9 47.9 15.9 11.2 23.9
4 2500 10 27.2 7.2 8.6 129.9

Table 2. Model properties.

Model number Liquid layer (I) VTI solid layer (II) VTI solid half-space (III)

1 Water Material 1 Material 2
2 Water Material 2 Material 3
3 Water Material 4 Material 2
4 Water Material 1 Material 4

In the above equations, we have made the following abbreviations:
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2
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)
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There is no appearance of the liquid layer in the Love wave equation, that is, the inviscid liquid layer has no effect here. Hence, this
equation is the same as that for the case a transversely isotropic solid overlying a transversely isotropic half-space as is given in (Khojasteh et al.
2008c). Nevertheless, we are still interested in presenting dispersion curves for Love waves, because there is no illustration and interpretation
of these curves in the references for such a model.

Figure 4. (a) Rayleigh and Stoneley (Scholte) wave phase velocity dispersion curves for six values of the layer thickness ratios in Model 1. (b) Zoomed-in
version of Rayleigh and Stoneley (Scholte) wave phase velocity curves at low dimensionless wavenumbers in Model 1.
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Figure 5. (a) Rayleigh and Stoneley (Scholte) wave group velocity dispersion of curves for six values of layer thickness ratios in Model 1. (b) Zoomed-in
version of Rayleigh and Stoneley (Scholte) wave group velocity of dispersion at low dimensionless wavenumbers in Model 1.

Solving the frequency eq. (22)—made up of potential functions F̃ I I
m , F̃ I I I

m and ϕ̃m—and (23)—made up of potential functions χ̃ I I
m and

χ̃ I I I
m —provides us with the dispersion curves of waves of different types. Eq. (22) is used to derive the generalized Rayleigh and Scholte waves

at the liquid–solid interface and also the Stoneley waves at the solid–solid interface. The appearance of a Stoneley wave for the solid–solid
interface requires stringent conditions including specific elastic properties of the two solids and the depths of the layers. In general, when the
velocities of the SV waves of two solids are close to each other (Ewing et al. 1957) and the depth of the overlying layer increases, there is a
higher probability of appearance for this kind of interface wave. A discussion about the conditions required for occurrence of such waves is
given by Barnett (2000) and Kuznetsov (2006) and the reader is referred to these papers for a thorough analysis. The largest values of the roots
of eqs (22) and (23) denote the wavenumber associated with the first or fundamental mode and the Love wavenumber, respectively. Smaller
roots for a given frequency ω may arise as the value of ξh increases and are associated with the higher modes of generalized Rayleigh and
Love waves propagating with a higher phase velocity than that of the first mode. However, in the Rayleigh wave frequency equation only the
first modes include the Stoneley or Scholte branch. In the sequence of the frequency root values, the root with respect to the Scholte wave
falls immediately before the frequency of the compressional wave in the liquid.

The general shape of the Rayleigh wave dispersion curves may differ according to the body wave velocities and densities of the two
materials. More discussion on this topic is given in Section 5.

4 S P E C I A L C A S E S

Several special cases can be considered and simpler problems can be extracted from the more general results.
Case 1. The Scholte (or also referred to as the Stoneley) wave frequency equation can be obtained by letting ξh and ξ H values tend to

infinity in eq. (22), that is, the liquid and the middle layer thicknesses take on large values in comparison to the wavelength (proportional to
1/ξ ). The root of the frequency equation is pertinent to the wavenumber of the interface wave associated with the Scholte wave for a liquid
layer overlying a half-space, which consists of the middle layer material, regardless of the lowermost layer. For the Scholte wave the frequency
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Figure 6. (a) Rayleigh and Stoneley (Scholte) wave phase velocity dispersion curves for six values of layer thickness ratios in Model 2. (b) Zoomed-in version
of Rayleigh and Stoneley (Scholte) wave phase velocity curves at low dimensionless wavenumbers in Model 2.

equation reduces to the following which is the same equation obtained by Abubakar & Hudson (1961) for a model of a liquid layer overlying
a transversely isotropic half-space:

ρlω
2
(
η I I

2 ϑ I I
1 − η I I

1 ϑ I I
2

) + λ4

(
η I I

2 ν I I
1 − η I I

1 ν I I
2

) = 0. (25)

Moreover, the wavenumber of the Stoneley wave, if it exists, at the solid–solid interface arises as another root. It is given by:

α I I I
3

[
cI I I
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This is the equation derived by Khojasteh et al. (2008b)
Case 2. At the long wavelength limit, that is ξ H tending to zero, the first frequency eq. (22) reduces to that of a Rayleigh wave for a

transversely isotropic solid half-space, that is ηI I I
1 ν I I I

2 − η I I I
2 ν I I I

1 = 0. By substituting the elastic constants of an isotropic solid, that is setting
c11 = c33 = λ + 2μ, c12 = c13 = λ, c44 = c66 = μ, the well-known Rayleigh wave cubic equation for an isotropic elastic half-space can also
be obtained.

Case 3. When h′ tends to zero, or the elastic constants and density of the middle layer are put equal to those of the lowermost material,
we obtain from the general result the dispersion of surface waves for a liquid layer overlying a half-space consisting of the bottom material.
The frequency equation in this case leads to the following which is identical to the equation obtained by Abubakar & Hudson (1961):

cI I I
33 λ4

(
η I I I

2 ν I I I
1 − η I I I

1 ν I I I
2

)
Cosh(λ4h) + ρlω

2
(
η I I I

2 ϑ I I I
1 − η I I I

1 ϑ I I I
2

)
Sinh(λ4h) = 0. (27)

Case 4. If h vanishes (i.e. the liquid layer is removed), the equations yield those of a transversely isotropic layer overlying a half-space
which is made up of a contrasting transversely isotropic material (Ewing et al. 1957).
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Figure 7. (a) Rayleigh and Stoneley (Scholte) wave group velocity curves for six values of layer thicknesses ratios in Model 2. (b) Zoomed-in version of
Rayleigh and Stoneley (Scholte) wave group velocity dispersion for low dimensionless wavenumbers in Model 2.

Case 5. If the solid materials are considered to be isotropic, the wavenumbers associated with the body waves in the solid become
ξp = ω

√
ρs/(2μ + λ) and ξSH = ξSV = ω

√
ρs/μ, and the two frequency equations reduce to the Rayleigh and Love wave equations developed

by Ewing et al. (1957) for a half-space made up of a liquid layer above a finite thickness isotropic solid overlying dissimilar isotropic solid
basement. Also, in some cases a transversely isotropic material overlying an isotropic basement can be encountered and this case can be
analysed by setting the appropriate elastic constants.

Case 6. If the thickness of the liquid layer is set to zero and the material properties of the two layers are made isotropic then one can
obtain the results developed by Ewing et al. (1957) and Abubakar & Hudson (1961) for an isotropic solid layer overlying an isotropic solid
half-space.

5 N U M E R I C A L R E S U LT S

The implicit relationship between the wavenumber ξ of the surface/interface waves and the frequency of the waves ω, that is the dispersion
relation, will now be examined numerically for certain models. Curves of the dimensionless phase (c = ω/ξ ) and group (U = dω/dξ ) velocity

of each type of wave can be obtained with the aid of these equations. In these figures, β I I =
√

cI I
44
/
ρ I I

s
.

As confirmation of two special cases, a two layered solid half-space made up of two isotropic materials, studied by Haskell (1953) is
first considered by appropriate choice of the elastic constants. The materials properties of the two layers yield the following density and
velocity ratios: ρ I I I

s /ρ I I
s = 1.11, β I I I /β I I = 1.37, α I I I /β I I = 2.44, α I I /β I I = 1.81, where α and β are the velocities of the dilatational and

distortional transverse body waves in an isotropic solid, respectively. Phase velocity curves are presented in Fig. 2 which show good agreement
with those presented by Haskell (1953). Fig. 3 shows the agreement of the results with those presented by Abubakar & Hudson (1961), for
another special case when h′ = 0, where the elastic properties of the liquid and the lower VTI half-space are such that ρS/ρl = 2, cSV /cl =√

2,
cP/cSV = 2.032.

For a more insightful assessment of dispersion characteristics, and to appreciate how the shape of the curves may differ depending on
the pattern of body wave velocities and mass densities of the layers, four different configurations are selected for consideration. Four kinds
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Figure 8. (a) Rayleigh and Stoneley (Scholte) wave phase velocity dispersion curves for six values of layer thicknesses ratios in Model 3. (b) Zoomed-in
version of Rayleigh and Stoneley (Scholte) wave phase velocity dispersion for low dimensionless wavenumber in Model 3.

of transversely isotropic solid materials are selected following the materials used by Poulos & Davis (1974) and Khojasteh et al. (2008c,
2013). The elastic properties are given in Table 1. Recall that for this kind of material, c12 = c11 − 2c66. The liquid is assumed to be water
with ρl = 1000 kg m–3 and K = 2.2 × 109 (GPa). The four models obtained by different combinations of the four introduced materials are
listed in Table 2. Model numbers 1, 3 and 4 do not meet the necessary conditions for Stoneley wave existence, whereas model No. 2 does,
for which in the dispersion of the Stoneley wave at the solid–solid interface is computed. Curves for the fundamental mode are plotted for
different values of the ratio of water layer thickness to solid layer thickness h/h′ in all cases. Note that the normalized values of the Rayleigh
wave velocity for a half-space consisting of the middle solid layer material of each model, the compressional wave velocity in the liquid layer
and the limiting value of the Stoneley wave velocity are indicated in the figures by means of the dashed lines. The solution of the frequency
equations was handled by means of a computer program in Mathematica. Special care must be taken in order not to misplace the dispersion
curves when dealing with the frequency equations, since for a specific dimensionless wavenumber ξ several roots may be encountered which
are associated with the fundamental and higher modes. The solver should be given a suitable point in the vicinity of the desired root. To
determine the fundamental mode, which is presented in the figures, the two benchmarks provided by the two extreme cases can be helpful.
One can start drawing the fundamental mode by inputting a zero or adequately low value for frequency/wavenumber to find a single root
which is associated with the fundamental mode. By steadily increasing the frequency/wavenumber, the fundamental mode can be drawn to
large values of horizontal axis variable to yield to the Scholte branch which necessarily belongs to the fundamental mode as the second
benchmark.

Figs 4–11 represent the phase and group velocity dispersion curves for surface waves in the four models. Each curve is given at two
different resolutions, indicated with ‘a’ and ‘b’, respectively, to illustrate the results more clearly for the entire frequency range and for the low
frequency range. In the figures, various values of h/h′ are assumed (0, 0.1, 0.5, 1) along with the case h′ = 0 (h/h′ = ∞) and the dispersion
characteristics are plotted for each situation. This includes both cases where the liquid layer thickness is greater or less than the thickness of
the middle anisotropic solid layer. Also, two specific cases are considered where the middle layer thickness h′ is decreased to zero, and where
the water layer thickness is set to zero, that is, there is no liquid layer overlying the solid layer. Except in the case where h = 0, the phase
velocity curve separates into two branches, at a critical value of phase velocity c = cl . In the excluded case the extreme value of the velocities
are those for the Rayleigh wave in a transversely isotropic half-space, made up of the middle layer material, regardless of the bottom-most
material. For the rest of the curves, the velocity values greater than cl are associated with the normal mode branch, and the lower values
represent the Stoneley (Scholte) branch in a three layered media. In all these curves, the normal mode reaches the asymptotic value of the
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Figure 9. (a) Rayleigh and Stoneley (Scholte) wave group velocity dispersion curves for six values of layer thickness ratio in Model 3. (b) Zoomed-in version
of Rayleigh and Stoneley (Scholte) wave group velocity dispersion for low dimensionless wavenumbers in Model 3.

Scholte wave in a model where the liquid layer overlies a half-space, as ξh tends to large values, except in the obvious case when h′ = 0.
All the curves in the long wave limit meet the value of the Rayleigh wave velocity at the free surface of a half-space comprising the basal
material. It can be observed that the greater the value of h/h′ the more rapid the trend towards the Scholte wave. Also, in the four models it
is observed that as the thickness of the middle layer increases, the curves remain in the normal mode branch of propagation for a larger range
of ξh values. As a consequence, a thicker liquid layer causes the Scholte branch to arise at a lower frequency. Group velocity curves are also
given and show one or more maxima and/or minima.

One can examine the importance of the basal half-space by comparing results for Models No. 1 and No. 4. The liquid layer and the
middle layer materials are the same in each case; the only difference is half-space elasticity and density. The effect of the middle layer can
be examined comparing Models No. 1 and No. 3, which share the same water layer and half-space materials. Although the liquid layer has
an effect on dispersion properties in all of the models, it seems to be more significant in Models No. 2 and No. 4. For Model No. 4, in the
special case h = 0 (i.e. in absence of the liquid layer), one can recognize a maximum point close to ξ H = 0.75 (Figs 10a,b and 11a,b). But
if the liquid layer is thick enough relative to the middle layer thickness, then the maximum disappears. This occurs in similar fashion for the
minimum point which arises in the dispersion curve of Model No. 2 as depicted in Figs 6a,b and 7a,b. For Model No. 2, due to the specific
properties of the materials, maxima and minima appear in the phase velocity dispersion curves for some values of h/h′. For this model, these
extremal points disappear as the layer thickness becomes large enough.

In Model No. 2 one can also observe another branch occurring as the ξh value reaches large values; this is associated with the Stoneley
wave branch and represents a wave propagating at the interface of the two solids. Given the fact that this kind of wave appearance usually
requires a large value of thickness of the solid layer above the half space, the existence of the liquid layer does not have a significant effect
on its velocity. The upper limit of the Stoneley wave velocity is the SV wave velocity of the layer, which is equal to

√
c44/ρs . The difference

between the velocities of SH and SV waves in a transversely isotropic material, unlike the isotropic case, results in a difference in the upper
limit of the Stoneley and Love wave phase velocities. The upper limit of the Love wave phase velocity for the solid–solid configuration is the
value of the SH wave velocity of the bottom material, whereas this limit is the SV wave velocity for the Stoneley wave branch. The Stoneley
wave branch reaches its asymptotic value very rapidly as the value of ξh increases.
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Figure 10. (a) Rayleigh and Stoneley (Scholte) wave phase velocity dispersion curves for six values of layer thickness ratios in Model 4. (b) Zoomed-in version
of Rayleigh and Stoneley (Scholte) wave phase velocity dispersion for low dimensionless wavenumbers in Model 4.

Love wave dispersion curves for Model No. 1 and No. 3 are presented in Figs 12 and 13. However, in the case of Models No. 2 and
No. 4, the shear wave velocity of the lower medium is not greater than that of the upper medium, and so these models do not meet the
necessary conditions for the existence of Love waves. The phase velocity curves lie between the SH wave velocities of the two materials,

that is
√

cI I I
66

/
ρ I I I

s and
√

cI I
66

/
ρ I I

s and smoothly decrease with increasing wavenumber (or frequency). The group velocity dispersion curve
exhibits a well-defined minimum or Airy phase.

To examine the effect of anisotropy of the bottom half-space we can start with the E, E′, ν and ν ′ values called the engineering constants-
where E and E′ are the Young’s moduli with respect to directions lying in the plane of isotropy and perpendicular to it; ν is the Poison’s
ratio which characterizes the effect of horizontal strain on the complementary vertical strain; ν ′ is the Poisson’s ratio which characterizes the
effect of vertical strain on the horizontal one. For the VTI half-space in Model 1 (Material 2) with the elastic properties listed in Table 1,
these constants are E = 300 GPa, E′ = 100 GPa, ν = 0.1 and ν ′ = 0.3. The anisotropy parameter (percentage) ε is defined as follows:
(Ben-Menahem & Sena 1990)

ε = c11 − c33

2c33
× 100. (28)

For Material 2, ε = 60.6 per cent. Now we can examine the anisotropy effect by equalizing the engineering constants in the vertical and
horizontal directions to: (1) a mean value to construct a similar artificial isotropic material; that is, E = E′ = 200 GPa, ν = ν ′ = 0.2 and (2)
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Figure 11. (a) Rayleigh and Stoneley (Scholte) wave group velocity dispersion curves for six values of layer thickness ratios in Model 4. (b) Zoomed-in
version of Rayleigh and Stoneley (Scholte) wave group velocity dispersion for low dimensionless wavenumbers in Model 4.
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Figure 12. Phase and group velocity dispersion curves for Love wave in Model 1.

to values E = E′ = 100 GPa and ν = ν ′ = 0.1. These values give the respective isotropic elastic constants for the first isotropic case (1) as
c11 = c33 = 222 GPa, c12 = c13 = 55.6 GPa, c33 = c44 = 83.3 GPa and for the second one (2) as c11 = c33 = 134.6 GPa, c12 = c13 = 57.7
GPa, c33 = c44 = 38.5 GPa. For three values of layer thicknesses, the respective normalized velocity dispersion curves of Rayleigh waves are
presented in Figs 14–16, respectively for thickness ratios of h/h′ = 1, 2 and h′ = 0. Fig. 17 provides the comparison of Love wave dispersion
in the two described models. From the figures, it can be generally appreciated that transverse isotropy plays a considerable role in the phase
and group velocity dispersion of surface waves. This can be observed whether a solid middle layer exists or not and for both Rayleigh-Scholte
and Love wave dispersion. In the current case, the anisotropy has resulted in a lesser value of group velocity occurring in a greater value
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Figure 14. Comparison of Rayleigh wave velocity dispersion curves for isotropic and anisotropic materials as the bottom half-space for h = h′.

Figure 15. Comparison of Rayleigh wave velocity dispersion curves for isotropic and anisotropic materials as the bottom half-space for h = h′/2.
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Figure 16. Comparison of Rayleigh wave velocity dispersion curves for isotropic and anisotropic materials as the bottom half-space for h′ = 0.

Figure 17. Comparison of Love wave velocity dispersion curves for isotropic and anisotropic materials as the bottom half-space (normalized relative to cI I
SH ).

of dimensionless wavenumber. The effect of anisotropy is most apparent where the layer thickness H is somewhat small compared to the
wavelength; that is in smaller dimensionless wavenumbers and frequencies. Moreover, the figures show that as the normalized phase velocity
of the Rayleigh wave approaches unity (surface wave velocity gets close to the value of the SV wave in the middle layer), the curves converge
to each other rapidly and the effect of this change in the bed material decreases. For the normalized phase velocity values less than unity, the
difference between the two cases almost disappears. This suggests that in this part of the curves, it is the upper layers that mainly control
the surface wave velocity. For the group velocity curves, this does not occur at the normalized group velocity close to unity, but occurs
approximately in the same dimensionless wavenumber as for which normalized phase velocity is close to unity.

6 C O N C LU S I O N

In this paper, we have studied the phase- and group velocity dispersion of elastic waves in a model comprising a homogeneous finite liquid
layer lying over a transversely isotropic solid layer which is underlain by a dissimilar transversely isotropic half-space. The Hankel transform
in the radial direction and a Fourier series expansion in the azimuthal direction, combined with the aid of potential functions, were used
to solve the partial differential equations for the particle displacement. The dispersive characteristics of different types of interface waves
are obtained by deriving two frequency equations, one for the Love wave phase velocity and the other for the remaining waves (Rayleigh,
Scholte and, Stoneley). Numerical examples are investigated to illustrate the group and phase velocity behaviour for different combinations
of material properties and layer thicknesses. The results for various special cases are compared with previously published solutions to confirm
the validity of our approach.
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The general shape of the dispersion curves depend on the materials properties constituting the models: layer thicknesses, Rayleigh wave
velocity of the half-space, P, SH, SV wave velocities of the solids and the P-wave velocity of the liquid layer. The shape can be quite different
for various combinations of materials as is apparent from the results presented for several numerical examples. The important effect of even a
thin liquid layer with respect to the wavelength, as well as the underlying material properties on the dispersion characteristics can be observed
from the diagrams presented for various materials. The ratio of the thicknesses of the liquid to that of the VTI solid is clearly important,
especially for not too large ξh values. The results are also very sensitive to the existence of a transversely isotropic solid layer lying between
the liquid and the substratum. Phase velocity dispersion curves may have more than one extremal point, depending on the thickness of the
liquid layer and material properties. The group velocity dispersion curves may indicate several local maxima and minima, which also depend
on the aforementioned parameters. For the studied models, the absolute minimum value of the group velocity occurs at lower dimensionless
wavenumbers, when the liquid layer is present.

The sensitivity of results to the anisotropy of the solid layer material is examined for three thickness ratios of the liquid and middle VTI
layer. The curves show the importance of the anisotropy, especially when the velocity of the surface wave is greater that the value of the SH
wave in the middle layer.

The dispersion curves can be used in an inverse sense to reconstruct the material properties although that is not pursued here. Furthermore,
the formulation can be extended to calculate the elastodynamic response of the system subjected to dynamic excitations. Research on this
topic is currently underway.
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