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In this article we examine the competitive equilibria of a dynamic stochastic economy with complete
markets and collateral constraints. We show that, provided the sets of asset pay-offs and of collateral
levels are sufficiently rich, the equilibrium allocations with sequential trades and collateral constraints
are equivalent to those obtained in Arrow—Debreu markets subject to a series of limited pledgeability
constraints. We provide both necessary and sufficient conditions for equilibria to be Pareto efficient and
show that when collateral is scarce equilibria are not only Pareto inefficient but also often constrained
inefficient, in the sense that imposing tighter borrowing restrictions can make everybody in the economy
better off. We derive sufficient conditions for the existence of Markov equilibria and, for the case of two
agents, for the existence of equilibria that have finite support. These equilibria can be computed with
arbitrary accuracy and the model is very tractable.
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1. INTRODUCTION

We examine the competitive equilibria of an infinite-horizon exchange economy where the
only limit to risk sharing comes from the presence of a collateral constraint. Consumers face
a borrowing limit, determined by the fact that all loans must be collateralized, as e.g. in
|K1;&La_k1_an_d_Mde dlM) orﬁeanamplgd (llﬂﬂ) but otherwise financial markets are complete.
Only part of the consumers’ future endowment can be pledged as collateral, hence the borrowing
constraint may be binding and limit risk sharing opportunities in the economy. More specifically,
we consider an environment where consumers are unable to commit to repaying their debt
obligations and the seizure of the collateral by lenders is the only loss an agent faces for his
default. There is no additional punishment, for instance in the form of exclusion from trade
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in financial markets as in the model considered b Iﬁhgga_nd_]_mu_nd (]_LQ‘H |21)Q_]]). However,
like in that model, and in contrast to (l]__‘l%‘) and the literature which followed it the
borrowing (and collateral) constraint is endogenously determined in equilibrium by the agents’
limited commitment problem. The analysis is carried out in a heterogeneous agents version of

) asset pricing model. The part of a consumer’s endowment that can be pledged as
collateral can be naturally interpreted as the agent’s initial share of the Lucas tree—a long-lived
asset in positive supply that pays dividends at each date event.

We show in this article that this is a tractable model of dynamic economies under uncertainty,
analyse the welfare properties of competitive equilibria, and establish the existence of simple
dynamic equilibria. More specifically, we first show the equivalence between the competitive
equilibria when trade occurs in a complete set of contingent commodity markets at the initial
date, as in Arrow—Debreu, subject to a series of appropriate limited-pledgeability constraints, and
the equilibria when trade is sequential, in a sufficiently rich set of financial markets where short
positions must be backed by collateral. This allows us to clearly identify market structures, and
in particular the specification of asset pay-offs and of the associated collateral requirements, such
that the only financial friction is the limited commitment requiring all loans to be collateralized.
Secondly, we provide necessary and sufficient conditions for competitive equilibria to be fully
Pareto efficient—i.e., for the amount of available collateral to be sufficiently large that the
collateral constraint never binds. We then show that, whenever the constraint binds, competitive
equilibria in this model are not only Pareto inefficient but are also often constrained inefficient, in
the sense that introducing tighter restrictions on borrowing from some date ¢ > 0 makes all agents
better off. Thirdly, we derive sufficient conditions for the existence of a Markov equilibrium in this
model and show that Markov equilibria often have “finite support” in the sense that individuals’
consumption only takes finitely many values. A unique Markov equilibrium exists whenever each
agent’s coefficient of relative risk aversion is bounded above by one. Under the same assumption,
or alternatively when all agents have identical, constant relative risk aversion (CRRA) utility
functions, or when there is no aggregate uncertainty, equilibria have finite support if there are
only two types of agent.

Several papers (the quoted work of [Kiyotaki and Moord 1997), [Geanakoplod (1997), and
various others) have formalized the idea that borrowing on collateral might give rise to
cyclical fluctuations in real activity and enhance the volatility of prices. They typically assume
that financial markets are incomplete, and/or that the collateral requirements are exogenously
specified, so that it is not clear if the source of the inefficiency is the missing markets or the
limited ability of the agents to use the existing collateral for their borrowing needs. Furthermore,
dynamic models with collateral constraints and incomplete markets turn out to be very difficult
to analyse (see|KuhLeLan_d_S_thQddgtd (IZDIH) for a discussion), no conditions are known that
ensure the existence of recursive equilibria, and there are therefore few quantitative results about
welfare losses due to collateral.

We show here that considering an environment where financial markets are complete and
there are no restrictions on how the existing collateral can be used to back short positions allows
matters to be simplified considerably. In our model, equilibria can often be characterized as the
solution of a finite system of equations. We show that a numerical approximation of equilibria is
fairly simple and a rigorous error analysis is possible. Moreover, we can use the implicit function
theorem to conduct local comparative statics.

As mentioned above, there is also a large literature that assumes that agents can trade in
complete financial markets, default is punished with permanent exclusion from future trades,

1. SeelHeathcote, Storesletten, and Violantd €2009) for a survey.
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and loans are not collateralized. We refer for convenience in what follows to these models as
“limited enforcement models”. As shown in [Kehoe and Levind 2001)), IL]_ggn_e_La.LJ 2002), and
[Alvarez and Jermand 200d), these models are quite tractable since competitive equilibria can be
written as the solution to a planner’s problem subject to appropriate constraints. Even though this
is not true in the environment considered here—the limited commitment constraint has a different
nature and we show that competitive equilibria may be constrained inefficient—tractability is still
obtained.

thman_dluslid 01d) (alsoII_J.mid 200d) in an earlier, similar work) examine a version of
the model in this article with a continuum of agents and growth. The main focus of their analysis
is on a quantitative assessment of the asset pricing implications of the model and their similarities
with[Alvarez and Jermanr (]ZM). Their notion of recursive equilibrium also uses instantaneous
weights (Chien and Lustig call them “‘stochastic Pareto-Negishi weights”) as an endogenous
state variable and is essentially identical to ours. However, our results on the existence of such
recursive equilibria and of finite-support equilibria are rather different, as explained in more detail
in SectionE Also, they do not examine how the allocation can be decentralized in asset markets
with collateral constraints, nor they discuss the constrained inefficiency of competitive equilibria.

) considers an economy with production, no aggregate uncertainty, and a
continuum of ex ante identical agents and derives sufficient conditions for Pareto efficiency
that are similar to ours.

[Lorenzoni (2008), [Kilenthong and Townsend (2011), and [Gromb, and Vayanod 2002) also
show that collateral constraints can lead to constrained inefficient equilibrium allocations.
However, the analyses by Lorenzoni and by Kilenthong and Townsend are different as they
consider a production economy where capital accumulation links different periods and the
reallocation is induced by a change in the level of investment that modifies available resources. In
our pure exchange setup resources are fixed, only their distribution can vary, and the reallocation
is induced by tightening the borrowing constraints with respect to their level endogenously
determined in equilibrium. Gromb and Vayanos consider a model with segmented markets and
competitive arbitrageurs who need to collateralize separately their positions in each asset, giving
conditions under which reducing the arbitrageurs’ short positions in the initial period leads to
a Pareto improvement. They also consider a pure exchange economy but the segmentation of
markets is a key ingredient in their analysis.

dzggj, and, in a later version, 2009) are the first to formally introduce
collateral constraints and default into general equilibrium models. They consider a two-period
model with incomplete markets where a durable good needs to be used as collateral. They are the
first to point out that, even if markets are complete and the amount of collateral in the economy
is large, the Pareto-efficient Arrow—Debreu allocation may not be obtained unless one allows for
collateralized financial securities to be used as collateral in addition to the durable good (they
refer to this as “pyramiding”). Our equivalence result in Section [2f below makes crucial use of
this insight.

The remainder of this article is organized as follows. In SectionP] we describe the environment,
and define an Arrow—Debreu equilibrium with limited pledgeability and a financial markets
equilibrium with collateral constraints. We establish the equivalence of equilibrium allocations
in these two concepts when there are sufficiently many assets available for trade. In Section B}
we analyse the welfare properties of equilibria. We derive conditions on the level of collateral
under which equilibria are Pareto efficient and show that if these conditions are not satisfied they
may be constrained inefficient. In Section ] we study the existence of Markov equilibria and
derive conditions under which they can be described by a finite system of equations. Proofs are
collected in the Appendix.




1122 REVIEW OF ECONOMIC STUDIES

2. THE MODEL

In this section, we describe the physical economy, define a notion of Arrow—Debreu equilibrium
with limited pledgeability and of a financial markets equilibrium with collateral constraints, and
give conditions for these two concepts to be equivalent.

2.1.  The physical economy

We examine an infinite-horizon stochastic exchange economy with a single perishable
consumption good available at each date =0, 1,... We represent the resolution of uncertainty
by an event tree. At each period t=1,... one of S possible exogenous shocks se S={1,...,S}
occurs, with a fixed initial state sy €S. Each node of the tree is characterized by a history of
shocks o =s! = (s, ..., s¢). The exogenous shocks follow a Markov process with transition matrix
7, where 7 (s,s”) denotes the probability of shock s” given s. We assume that 7 (s,s”) > 0 for all
s,s" € S. With a slight abuse of notation we also write 77 (s*) to denote the unconditional probability
of node s”. We collect all nodes of the infinite tree in a set ¥ and we write ¢’ > ¢ if node o’ is
either the same as node o or a (not necessarily immediate) successor.

There are H infinitely lived agents which we collect in a set H. Agent & €7{ maximizes a
time-separable expected utility function

where (conditional) expectations are formed with respect to the Markov transition matrix &, and
the discount factor satisfies B €(0,1). We assume that the possibly state dependent Bernoulli
function uh(-,s):R++ — R is strictly monotone, C2, strictly concave, and satisfies the Inada-
ul(c,s)
ac

o0

Ute)=u"(co,50)+E (Zﬂfu’%cz,s,)

t=1

condition uh/(c, §)= —ooasc—0, forall seS.

Each agent /#’s endowment over his lifetime consists of two parts. The first part is given
by an amount of the consumption good that the agent receives at any date event, e/'(s") =e"(s)
where ¢/ : S — R ; is a time-invariant function of the shock. In addition, the agent is endowed at
period O with an exogenously given share 6"(s~1) >0 of a Lucas tree. The tree is an infinitely lived
physical asset that pays each period strictly positive dividends d : S — R, which depend solely
on the current shock realization s € S. The tree exists in unit net supply, Y ;.5 0"(s~1y=1, and
its shares can be traded at any node o for a unit price g(o). The total endowment of the consumer
is therefore & (sy)=e"(s))+6" (s~ 1d(sy).

2.2.  Arrow-Debreu equilibrium with limited pledgeability

We assume that ¢”(s;) cannot be sold in advance to finance consumption or savings at any
date before the endowment is received, it thus constitutes the non-pledgeable component of the
agent’s total endowments o/ (s;). To formalize the notion of an equilibrium with non-pledgeable
endowments, we define an Arrow—Debreu equilibrium with limited pledgeability as a collection
of prices (p(0))sex and a consumption allocation (ch(a))ﬁeeé'5 such that

Z(ch(a)—wh(cr))zO, forallo € © (1)
heH
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and for all agents &

(ch(a))geg € argma())( Uh(c) s.t. 2)
Y pe)c@)< ) po)w (o) <00 3)
o€y o€y

Z p(o)c(o)> Z ,o(a)eh(o) for all s”. (@)

The definition is the same as that of an Arrow—Debreu competitive equilibrium, where agents
are able to trade at the initial date =0 in a complete set of contingent commodity markets,
except for the additional constraints [@)). These constraints express precisely the condition that
¢"(0) is unalienable—that is to say this component of the endowment can only be used to finance
consumption in the node o in which it is received or in any successor node. Note that these
additional constraints are likely to be binding whenever the ¢”-part of the agent’s endowments is
large relative to the part given by the tree’s dividends—that is when there is only a small amount
of future endowments that can be traded at earlier nodes of the event tree.

2.3.  Financial markets with collateral constraints

We will show that the abstract equilibrium notion proposed above allows us to capture the
allocations attained as competitive equilibria in a standard setting where agents trade sequentially
in financial markets and short positions must be backed by collateral, provided markets are
“complete” in a sense made precise below.

We consider an environment where at each node s’ any agent /4 can trade the tree as well as J
financial assets (in zero net supply), collected in a set 7. These assets are one-period securities:
asset j traded at node s* promises a pay-off bj(st"'l):bj(stH)ZO at the S successor nodes
(s't1). The agent can hold any amount 6(s") >0 of shares of the tree, which trade at the price
g(s"). In addition, for each security j € J, with price p;(s"), the agent can hold any long position
o+ (s")>0 as well as a short position bj- (s")<0. The net position in security j is denoted by
(f)j(St )= bj+ (s") +¢;- (s"). We assume that all loans are non-recourse—i.e., consumers can default
atno cost on the prescribed payments. To ensure that some payments are made, each short position
in a security must be backed by an appropriate amount of the tree or of long positions in other
financial securities that are admissible as collateral. The specification of a financial security j € J
is then given not only by its promised pay-off b;(.) but also by its collateral requirement, described
by the vectoll K/ e Rf‘l. For each unit of security j sold short by a consumer, he is required to

hold k§ 1 units of the tree as well as k{ units of each security i € 7 as collateral.

Since all loans are non-recourse, the consumer will find it optimal to default on his promise
to deliver bj(s;41) per unit sold whenever b;(s,11) is higher than the value of the collateral
associated with the short position. In this case, the buyer of the financial security gets the collateral
associated with the promise. Hence, the actual pay-off of any security j € 7 at any node s’ is
endogenously determined by the agents’ incentives to default and the collateral requirements, as

in [Geanakoplos and Zamd (2002) and [Kubler and Schmedderd (2003). It is given by the values

2. In principle this collateral requirement could vary with the exogenous shock, but for our purposes it suffices to
assume that it is fixed.



1124 REVIEW OF ECONOMIC STUDIES

fj(s’H) satisfying the following system of equations, for all j € 7:

J
£ =mind bisiy1). Y KA THHE (g +d(si) ¢ )

i=1

For this equation to have a non-trivial solution, we assume that the tree is used as collateral for
each security j, either directly or indirectly. If the tree is not used as collateral for security j—i.e.,

K,

741 =0—it must be used as collateral for some other security, in turn used as collateral for
another security and so on until we reach one of the securities used as collateral for j. In this way,
the tree backs, indirectly, the claims of all securities along the chain. This construction will be
made precise in the proof of Theorem 1.

A collateral-constrained financial market equilibrium is defined as a collection of choices
(cM(0),0"(0), (9" (0), 9" (0)))sex for all agents heH, prices, (p(c),q(c))sex, and pay-offs
(£(0)) g5 satisfying (@) such that the following conditions hold.

(CC1) Market clearing:

> 0"o)=1and Y ¢ (0)+ ) ¢"(0)=0foralloex.
heH heH heH

(CC2) Individual optimization: for each agent h

©"(0).9"(0).9" (0).c"(0))5ex carg Uh(e) sit.

max
0>0,¢,>0,¢_<0,c>0
c(s")=€"(s)+ (s £ 05" D(g(s") +d () —0(s g(s) — (s -p(s"), Vs’

OGN+ Y K, (- () =0, Vs’
jed

¢ (s)+ Y _k(si-(s)=0, Vs, VjeJ.
ieJ

Condition (CC1) is the standard market clearing condition for the tree and the financial assets,
where long (¢4 ) and short (¢—) positions of securities are separated. Condition (CC2) requires
that each agent chooses asset holdings and consumption at each node to maximize utility subject
to a standard budget constraint and additional constraints requiring the agent to hold sufficient
amounts of the tree (the first inequality constraint) and of long positions in financial securities
(the second inequality constraint) so as to satisfy the collateral requirements for these assets. The
existence of a collateral—dczcz)rﬁrained financial markets equilibrium follows by the argument in
[Kubler and Schmedders (2003).

Although our assumptions on the rules governing collateral are obviously abstracting from
many important issues arising in practice, we try to model two key aspects of collateral contracts.
First, we assume that margins are asset specific in that an asset cannot be used for two different
short positions at the same time even if these two positions require payment in mutually exclusive
states. It is important to point out that in this case no information over all the trades carried out
by an agent is required to enforce these collateral constraints—it suffices to post the required
collateral for each short position; hence we can say that the financial contracts traded in the
markets are non-exclusive. This is in contrast to other limited commitment models, such as

[Kehoe and L evind (1993, 2001)) or|Alvarez and Jermand (2000) where observability of all trades
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in financial markets is assumed. It is also in contrast to |Ch_]gu_a.u_d_l_415_ué (IZQJﬂ) who assume

that margins are portfolio-specific. They analyse a model with collateral requirements where, in
addition to the tree, a complete set of S Arrow securities is available for trade at each node and
the tree must be used as collateral for short positions in these Arrow securities. Chien and Lustig
assume that each unit of the tree can be used to secure short positions in several Arrow securities
at the same time, i.e. the collateral constraint only has to hold for the whole portfolio of securities
held. These “portfolio margins” clearly allow economizing on the use of the tree as collateral
but they generally also require a stronger enforcement and coordination ability among lenders,
or the full observability of agents’ trades, not needed in the environment considered here. The
specification adopted here, based on asset specific margins, is closer to trading practices used in
financial markets (see, e.g., Appendix A in [Brunnermeier and Pedersen dzmQ) for details).

Secondly, the fact that margins are asset specific requires other channels to economize
on collateral. This is done via our assumption that not only the tree but also financial
securities can be used as collateral. [Geanakoplos and Zamd (2002) refer to this assumption as
“pyramiding”. In practice, financial securities are routinely used for collateralized borrowing
(e.g., in repo agreements, see [Bottazzi er al] (2012), but also in other transactions)—however,
as [Brunnermeier and Pedersen (@) point out, to take short positions in more complicated
securities such as derivatives brokers typically require cash-collateral.

Our assumption of pyramiding implies an implicit reuse of collateral that is somewhat similar
to “rehypothecation”, but there are some important differences. Rehypothecation refers to the
common practice in financial trades that allows a lender to use the collateral received on a loan as
collateral he pledges to enter a short position with a third party. In many collateralized trades, the
borrower remains the owner of the asset used as collateral but the lender gains broad rights to use
the collateral; in some trades the borrower loses ownership over the pledged asset altogether (see,
e.g., M) for a description of institutional details). We assume instead that a lender
can reuse only indirectly the collateral backing his loan, by using the long position in the loan as
collateral. Since agents can default on their debt obligations, at the cost only of losing the posted
collateral, it is clear that the tree is ultimately backing all financial claims, directly or indirectly.
But the lender can never profit from a situation where the value of the collateral exceeds that
of the borrower’s obligations, by not returning the collateral. One possible reason why in
practice one sees rehypothecation rather than pyramiding is that financial securities are only
good collateral if they are traded on liquid markets, which might make it difficult to build a large
pyramid of financial securities with possibly different pay-offs, backed by a single physical asset.

2.4. Egquivalence of Arrow—Debreu and financial market equilibrium

We will show that any Arrow—Debreu equilibrium allocation with limited pledgeability can also
be attained at a collateral-constrained financial market equilibrium, provided the financial markets
are complete. As we will see, in this environment the notion of “complete markets” is a little
subtler than usual, since it requires the presence of a sufficiently rich set of financial assets not only
in terms of the specification of their pay-off but also of their collateral requirement. To illustrate
what sufficiently rich means here, it is useful to first consider a simple two-period example.
Suppose there are three agents with identical preferences trading in period 1 to insure against
uncertainty in the second period. There are three equiprobable states in the second period (which
in a slight abuse of notation we refer to as s=1,2,3) and the tree pays 1 unit in each of these
states. Each agent has initial holdings of the tree equal to 4 unitd] while the non- pledgeable second

3. It simplifies the exposition to assume that there are 12 trees in the economy. Alternatively, we could take the
tree to be in unit supply and assume that it pays 12 units of dividends.
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period endowment of the three agents is
e! =(0,6,9), €*=(6,9,0) and > =(9,0,6).

In this environment, it is easy verify that the Arrow—Debreu equilibrium with limited pledgeability
features a constant level of consumption in the three states:

=c2=c*=(9,9,9).

This equilibrium is Pareto efficient and coincides with the standard Arrow—Debreu equilibrium.

It is also easy to see that a complete set of Arrow securities, each of them collateralized by the
tree, does not suffice to complete the market. To implement the above allocation, in fact agent
1 would need to hold his endowment of the tree, buy 5 units of the Arrow security for state 1,
and sell short, respectively, 1 and 4 units of the Arrow securities for states 2 and 3. However, this
violates his collateral constraint since he needs a total of 5 units of the tree as collateral while he
only holds 4 units.

More interestingly, if in addition to the Arrow securities there were also three assets paying
zero in one state and 1 unit in the two others, each agent could achieve his Arrow—Debreu
consumption level without violating his collateral constraints by selling 1 unit of the asset that
pays in the states where he has positive endowments (in addition to selling 3 units of the Arrow
security that pays in the state where his endowment is 9). However, no other agent would buy
this asset since any agent needs to buy only one Arrow security to achieve his Arrow-Debreu
consumption. Market clearing would not be possible. The same argument applies to all other
specifications of the asset pay—offsﬂ In this example it is, therefore, not possible to achieve the
Arrow—Debreu equilibrium outcome if all promises are only backed by the tree.

In contrast, once one allows for pyramiding—that is to say, for the presence of promises backed
by financial securities and not the tree, one can easily find asset trades that satisfy the collateral
constraints and implement the Arrow—Debreu consumption allocation with limited pledgeability.
Suppose there are two financial securities with promises by =(0, 1, 1), b, =(0,0, 1). One unit of
the tree needs to be used as collateral for each short position in security j =1, whereas (only) one
unit of financial security 1 is used as collateral for each short position in j =2. Consider, then,
the following portfolios. Agent 1 holds 9 units of the tree, 6! =9, shorts 9 units of security 1,
¢1‘, = —9 using his holdings of the tree as collateral, and, at the same time, buys 3 units of this
security back, ¢11+ =3. Finally, he shorts 3 units of security 2, ¢21, =—3, using the long position
in security 1 as collateral. Agent 2 holds 3 units of the tree, shorts 3 units of security 1 and buys 9
units of security 2, 02 =3, ¢p?_ =—3, qb%+ =9. Agent 3 holds no tree, buys 9 units of security 1 and
shorts 6 units of security 2, backed by his holdings of security 1, i.e. 63 =0, ¢f+ =9, ¢>§’, =—6.

Note that given the above specification of asset pay-offs and collateral requirements, it is
obviously crucial that agent 3 can use a long position in security 1 as collateral to back his short
sales of security 2. The need for agent 1 to go at the same time long and short in the same security
on the contrary is not essential and depends on our assumption that only security 1 can be used
as collateral for short positions in a security with pay-off (0,0, 1). Alternatively, we could have
assumed that there are two distinct securities with pay-off (0,0, 1), one of which is collateralized
by financial security j=1, as above, the other by the tree, in which case agent 1 could just short
6 units of security 1 and 3 units of the second security with pay-off (0,0, 1), both collateralized
by the tree.

4, m M) makes this point in a slightly different environment with capital.
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The previous example illustrates the basic intuition of how to construct a set of assets that
allows one to attain the Arrow—Debreu equilibrium allocations with limited pledgeability in a set-
up with sequential trading of financial securities and collateral constraints. Our main result in this
section generalizes this construction and the above argument to the infinite-horizon, stochastic
economy under consideration with any number of states and consumers. To prove the result, it
is convenient to introduce an alternative equilibrium notion with sequential trading, where each
period intermediaries purchase the tree from consumers and issue a complete set of one period,
state-contingent claims (options) on the tree, which are bought by consumers. This specification,
although slightly artificial, allows us to simplify the proof and turns out to be useful for analysing
the properties of collateral constrained equilibria when markets are complete.

More precisely, at each node s’ intermediaries purchase the tree from the consumers and issue
J =S “tree options”, where option j promises the delivery of one unit of the tree the subsequent
period if, and only if, shock s=j realizes. At each date event s’ households can trade the tree
and, in addition, can only take long positions 65(s")>0, s=1,...,S in these S tree options at the
prices gs(s’) >0, s=1,...,S. The intermediaries’ holdings of the tree ensure that all due dividend
payments can be made.

An equilibrium with intermediaries is defined as a collection of individual consumption
levels (ch(a))gegé, portfolios (95’(0))’16% and prices (¢(0),q5(0))sex ses, such that markets

- ; /o€, ses’
clear and agents maximize their utility—i.e.

(IE1) at all nodes s’,

> 6l(sh=1forall seS.
heH

(IE2) for all agents he H

(ch,Hh) €arg max Uh(c) S.t.
6,c>0

S
(s =eM(s1)+ 65, (") (q(s") +d(s0)) — Zes/ (s")qy (s") for all s,

s'=1

05(s")>0, forall s, s.
(IE3) at all nodes s,

S
q(s")=>_"gs(s").

s=1

Condition (IE3) ensures that intermediaries make zero profit in equilibrium, since the
intermediation technology, with zero costs, exhibits constant returns to scale.

As mentioned above, the concept of equilibrium with intermediaries is used to show under
which conditions Arrow—Debreu equilibria can be implemented as financial markets equilibria.
The following theorem formalizes this.

Theorem 1. For any Arrow—Debreu equilibrium with limited pledgeability there exists an
equilibrium with intermediaries with the same consumption allocation. Moreover, one can
construct the pay-offs and collateral requirements of S — 1 financial securities such that there exists
a collateral-constrained financial markets equilibrium with the same consumption allocation.
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It is relatively easy to show that any Arrow—Debreu equilibrium allocation with limited
pledgeability can also be attained as an equilibrium with intermediaries. To show that this
equilibrium can be attained as an equilibrium with collateral constraints, one needs to construct
arich enough asset structure that ensures that the pay-offs achieved with the tree options can be
replicated by trading in the asset market, subject to collateral constraints. The basic construction
is to set the pay-off of each security j=1,...,5—1, equal to zero in states s=1, ..., j and equal to 1
in states j+ 1, ..., S. One unit of security j must be used as collateral for each unit short position in
security j+ 1, forj=2,..,S — 1, while a unit of the tree is used as collateral for unit short positions
in security 1. This specification generalizes that of the simple example above. It suffices to verify
that we can always find portfolios that allow us to replicate the consumption allocation of the
equilibrium with intermediaries. The details of the proof are in the Appendix.

Note that the reverse implication of that stated in Theorem 1 also holds for collateral
constrained equilibria without bubblesH Given the equivalence established in the theorem above,
in most of the article we will consider the notion that turns out to be more convenient, depending
on the issue—that one of equilibrium with intermediaries or that of Arrow—Debreu equilibrium
with limited pledgeability.

Our collateral-constrained equilibrium concept with complete financial markets has some
interesting similarities to both [Kehoe and Levind (1993) and K}xﬂgmand_’[smns_ki (IZQQJ)ﬁ
[Kehoe and Levind (1993) differs from most of the other papers in the literature on limited
enforcement models by the fact that an environment with several physical commodities is
considered. In the event of default only part of the agents’ endowment can be seized and agents
also face the punishment of permanent exclusion from trade in financial markets, but their trades
in the spot commodity markets are not observable and cannot be prevented. In addition to the
inter-temporal budget constraint agents then face at each node a constraint on their continuation
utility level, which in this case depends on (spot market) prices. [Golosov and ]:s;m.ns.ki dZml')
consider an environment where insurance contracts are offered in the presence of moral hazard,
but hidden trades by the agents in some markets cannot be prevented and hence prices (together
with agents’ utilities) again enter the agents’ incentive constraints. Prices also enter the additional
constraint given by equation ) above, which has, however, the form of a budget constraint
(agents’ utilities do not appear), and reflects the fact that no exclusion from trade in any market is
possible. Agents’ incentives are captured by the specification of asset pay-offs in equation (@) and
trades at each node are always restricted by the collateral constraint. A possible interpretation of
this is that agents can always hide all their trades: as argued in the previous section, no information
on agents’ trades is needed to enforce the collateral constraints.

3. WELFARE PROPERTIES OF EQUILIBRIA

In this section we investigate the welfare properties of competitive equilibria with collateral
constraints. We first examine the case where there are Pareto-efficient competitive equilibria
since the amount of available collateral is “sufficiently large” to satisfy the collateral needs of
the economy and the collateral constraints never bind. We derive both necessary and sufficient
conditions for the existence of Pareto-efficient equilibria in general economies with no aggregate
uncertainty as well as those with aggregate uncertainty when consumers have identical CRRA
utility.

5. Since the existence proof inlKubler and Schmedderd M) shows that collateral-constrained financial markets
equilibria without bubbles exist, Theorem [] implies the existence also of Arrow—Debreu equilibria with limited
pledgeability.

6. We thank an anonymous referee for pointing out this connection to us.
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We then consider the case where collateral is scarce and no competitive equilibrium is Pareto
efficient. We study an example where there is an equilibrium that is inefficient and characterize
its properties. The main result of this section shows that in this case equilibria are not only
Pareto inefficient, but may also be constrained inefficient. That is, even by taking the borrowing
restrictions imposed by the collateral constraints into account, a welfare improvement can still
be obtained with respect to the competitive equilibrium.

3.1. When do Pareto-efficient equilibria exist?

It is useful to begin the analysis by examining the issue in the framework of the following simple
example, which will also be used in other parts of the article. There are two types of agents, two
possible realizations of the shocks each period, and no aggregate uncertainty. The shocks are i.i.d.
with probabilities 7 (1, 1) =7 (2,1)=n(1,2)=n(2,2)= % We assume the tree has a deterministic
dividend 0 and the endowments of agent 1 are el (1)=h,e!(2)=0, the endowments of agent 2
are 62(1) =0, 6‘2(2) =h, where 0 < b, and the agents’ Bernoulli utility function is state invariant,
uh(c,s)zuh(c) for h=1,2. Although we assumed above that endowments are strictly positive,
it is useful to consider the example with e! 2)= ez( 1)=0 since this simplifies computations
considerably. Our results carry over to an example where endowments are strictly positive.

Since there is no aggregate uncertainty, at a Pareto-efficient allocation agents’ consumption is
constant, i.e. ch (sH= c! forall s ,forh=1,2, and the same is true at an Arrow—Debreu equilibrium,
with supporting prices given by o(s")=(8/2)". For this allocation to be also an equilibrium
in the present environment, the collateral constraints, or equivalently the limited pledgeability
constraints @), must all be satisfied. The latter reduce to

Ch_[H_chi—hﬂzO, for h=1,2. (6)

1-8 "1-8

In addition, by feasibility we have ¢! +¢>=h+0. If the initial distribution of the tree among
agents is such that ¢! =¢? at the Arrow—Debreu equilibrium, it is easy to see that equation @) is
satisfied if, and only if,

0
mih @)

i.e., if the total discounted flow of dividends paid by the tree are larger than the variability of
agents’ non-pledgeable endowments.

To generalize the simple example, first note that in the stationary environment considered
in this article Pareto-efficient allocations are always such that agents’ consumption only
depends (at most) on the current realization of the shock (see, e.g., ludd er all (2003)).

. . . h . .
Consider a Pareto-efficient allocation {ch(s)}ég. For this allocation to be supported as an

Arrow-Debreu equilibrium with limited pledgeability the supporting prices, given by p(s")=
ul (M (sy), s) B (s") for all s' and any h, must be such that the limited pledgeability constraints
are satisfied for all agents 7 € H and all shocks s € S:

(" (s),$)(c" ()~ () +E (Zﬁfu’”(ch(st),st><ch<st>—eh(st)> S0=S> >0. (¥

t=1

Moreover, the initial distribution of the tree at t=0 (i.e., the initial conditions) must ensure
that the inter-temporal budget constraint (@) holds. In what follows we will say that Pareto-
efficient equilibria exist for an economy if there are initial distributions for which the competitive
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equilibrium is Pareto efficient. We discuss in Subsection below what happens if Pareto
efficient equilibria exist but initial conditions are such that collateral constraints bind initially. We
provide conditions that guarantee that in the long run the equilibrium allocation will converge to
that of a Pareto efficient equilibrium.

For general utility functions and endowments, there are no simple conditions on fundamentals
that ensure equation (8) holds since equilibrium allocations cannot be derived analytically.
However, for the case of no aggregate uncertainty and for the case of identical CRRA utility
equilibrium allocations can be determined easily.

3.1.1. No aggregate uncertainty. When there is no aggregate uncertainty—that is to
say Y ey @"(s) is equal to a constant o for all shock realizations s € S, and agents’ Bernoulli

functions are state independent, all Pareto-efficient allocations must satisfy ch(s) =" for all s, h.
Hence condition (§) simplifies to

1:16:4}%( |:eh(s)+E <Zl3t€h(st)

t=1

Ch
s0=s Sl—ﬁ forall he H )

and using the feasibility of the allocation we obtain the followiné]:

Theorem 2. A necessary and sufficient condition for the existence of a Pareto-efficient
equilibrium with no aggregate uncertainty is
so—s>i|§w. (10)

(1-B) Z max [e%) +E ( > B s
t=1

Recalling thatw—) eH eh(s) =d(s), condition (IQ) requires the amount of collateral in every

state, measured by d(s), to be sufficiently large relative to the variability of the present discounted

value of the agents’ non-pledgeable endowment, captured by the term on the left-hand side of

equation (I0).
If in addition shocks are i.i.d. and d(s)=d for all s, condition (IQ) simplifies tcﬁ
d
Zmaxeh(s)<w pe 1—+e, (11)
heH —h —h

where e=) ;o "(s) for any s.

3.1.2. Identical CRRA preferences. Consider next the case where all agents have
identical CRRA preferences with coefficient of relative risk aversion t. In this case, all Pareto-
efficient allocations satisfy the property that, for all A,s, ch(s)zkhw(s) for some A" >( and
Y ohen A=1, where w(s)= > ohen " (s). We can therefore write condition () as

_ t € (St)
L()(S)t 1 (Z’B ()t~ (e yi—1 S) (Z’B

t=1
7. Necessity is obvious given condition (@). Sufficiency follows from the observation that under condition (0 it

:s) forallseS,heH.

is always possible to find a Pareto-efficient allocation {ch} ™ that satisfies condition @.
8. This condition is a clear generalization of equation (Z) obtained for the example.
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As in the previous section, feasibility allows us to obtain from the above inequality the
following necessary and sufficient condition for the existence of an efficient equilibrium:

Z((Y;z +E ( Z[ 1 ﬁt 5)((;1)2 So= S)
> (12)
heH ses w(s) 1 +E <Z[ lﬂ a)(s,)‘ ——=T1 |50 _S)

When all agents have log-utility, i.e. t=1, condition (I2)) greatly simplifies and reduces to

1 l‘e (St)
mZhe?—{rsneag([w(s) (Zﬁ wisn) | ﬂ

analogous to condition (IQ).

Condition (I2)), though not very intuitive, can obviously be verified numerically for given
processes of individual endowments and dividends. It is obviously beyond the scope of this article
to take a stand on which values should be considered as realistic for the level of persistence and
the size of the idiosyncratic shocks as well as for the amount of available collateral. It might be
interesting, however, to consider an example of a calibrated economy from the applied literature.
[Heaton and Tucad (1996) calibrate a Lucas-style economy with two types of agents to match key
facts about the U.S. economy. They take the dividend share to be earnings to stock-market capital
and estimate this number to be around 15% of total income. They assume that aggregate growth
rates follow an eight-state Markov chain and calibrate their model using the PSID (Panel Study
of Income Dynamics) and NIPA (National Income and Product Accounts). We consider their
calibration for the “Cyclical Distribution Case” but de-trend the economy to ensure we remain in
our stationary environment. We find that for their specification of the economy the competitive
equilibrium is Pareto-efficient (i.e., condition (I]Z) holds). This shows that, if one considers the
specification of idiosyncratic risks in[Heaton and Lucad (1996) to be somewhat realistic, Pareto-
efficient equilibria exist (in the sense that there are initial conditions for which equilibria are
Pareto efficient) for all realistic levels of collateral.

3.2. Constrained inefficiency of equilibria

If the collateral in the economy is too scarce to support a Pareto-efficient allocation, it could
still be the case that the equilibrium allocation is constrained Pareto efficient in the sense that
no reallocation of the resources that is feasible and satisfies the collateral constraints can make
everybody better off. We show here that this may not be true by presenting a robust example
for which a welfare improvement can indeed be found subject to these constraints. We consider,
in particular, the reallocation obtained when agents are subject to constraints on trades that are
tighter than the collateral constraints.

3.2.1. Pareto-inefficient equilibria. Consider again the simple environment of the

example of Section3.Jl When
0
>— 13
b= (13)
as we showed, a Pareto-efficient competitive equilibrium does not exist, so the only possible
equilibrium is one where the collateral constraints bind (at least in some state). We show next
that when condition (I3)) holds, an inefficient equilibrium exists where agents’ consumption and

prices are time invariant functions of the shock s alone. We will refer to equilibria satisfying this
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property as steady-state equilibria. We will show below that this steady-state equilibrium might
be constrained inefficient.

It turns out to be simpler to carry out this analysis in terms of the notion of equilibrium with
intermediaries. Given the symmetry of the environment, it is natural to conjecture that the steady-
state equilibrium is symmetric with A ()=c%(2) and 0' =(0,1), 62=(1,0). In the following
we will verify this conjecture. Letting ¢1(s) and g,(s) denote the equilibrium prices of the tree
options (with the price of the tree satisfying the zero profit condition g(s)=q1(s)+g2(s) stated
above), the consumption values of agent 1 supported by the above portfolios readily obtain from
the budget constraints:

(1) = h—qa(),
') =0+ q12)+92(2) — 2(2) =0+4q1(2)

The values of the equilibrium prices must satisfy the first-order conditions of agent 1 for the
security paying in state 2 (since agent 1 is always unconstrained in his holdings of this asset)

1
(i (1) = /35(q1(2)+q2(2)+a)u/(c1(2)>

1
@' (c'(2) = /35(611(2)+612(2)+0)u’(c1(2))

and the corresponding conditions of agent 2 for the security paying in state 1. From the second
condition above we obtain:

B
©(2)= Py (q1(2)+0).
By symmetry we also have g1(1)=¢2(2) and g1 (2)=¢g(1).

To prove the existence of a steady state it suffices to show that the first-order conditions
have a solution in prices that support an allocation with cl(l) >cl (2), i.e. that satisfy h —go(1) >
0+qo(1).

To do so we can reduce the system to a single equation in g>(1) and obtain the following.

(D' (h—g2(1) = %(42(1)‘}'0)“/(0 +q2(1)

The existence of a positive solution g»(1)>0 follows directly from the intermediate value
theorem. To see that the solution must satisfy § —g2(1) > 0+¢g2(1), suppose to the contrary that
h—g2(1)<0+¢g>(1). By concavity of u(.) this must imply ga(1) < %(qz(lH—b) or 2¢>(1) <
B ﬁ But then we would obtain h <0+2¢g,(1) < %, which contradicts condition (I3) above.

We have thus shown that under condition (I3) a symmetric steady-state equilibrium exists. If
the initial conditions of the economy are such that so=1 and 0'(s_)=0, there is a competitive
equilibrium that is identical to this steady state at each date ¢. Since cl(l) >cl (2) the equilibrium
is clearly inefficient. In the rest of this section we will focus on this equilibrium[] When the
initial conditions are different from those stated above—similarly to what has already been stated
in Section B.I}—the analysis in Subsection shows that there always exists a competitive
equilibrium that converges to this steady state.

9. For the case of general preferences we cannot rule out the possibility that other equilibria exist. In the following
SubsectionZ23] we assume that all agents have log utility, in which case it follows from Theorem[Blin SectionHlthat the
equilibrium is unique (and hence our argument shows that all equilibria are constrained inefficient).
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3.2.2. Pareto-improving intervention. Suppose the economy is at a steady-state
equilibrium as described in the previous subsection, where ! =(0,1), 6> =(1,0) at each date
t, and consider the welfare effect of tightening the portfolio restriction to Qsh(s’ )>eg, for e>0
and all s€S. This tighter restriction is assumed to be introduced at =1 and to hold for all
t> 1. The intervention is announced at t =0 after all trades have taken place. In the light of the
equivalence established in Section2.4] this is equivalent to increasing the collateral requirements
in a collateral-constrained financial market equilibrium. We consider the equilibrium obtained
as a result of this intervention, where agents optimize subject to these tighter constraints and
markets clear, and evaluate agents’ welfare ex ante, at date 0, at the new equilibrium allocation.
This allocation clearly satisfies the collateral constraints. At the same time, since the tighter
constraints modify agents’ trades and hence securities’ prices, it may not be budget feasible at the
original prices. We show the intervention is Pareto improving, for an open set of the parameter
values describing the economy. Thus, inefficient steady-state equilibria (as characterized in the
previous subsection) are also constrained inefficient: making the collateral constraint tighter in
some date events improves welfare.

Given the nature of the intervention and the fact that the economy is initially in a steady state,
there is a transition phase of one period before the economy settles to a new steady state (at  =2):
the new equilibrium prices and consumption levels depend on time (whether itis t=1 or > 1),
and on the realization of the current shock. It is thus convenient to use the notation gy (s;?) to
indicate the price at time ¢ and state s of the tree option that pays in state s". The new equilibrium
portfolios are, atall dates £ > 1, 0! = (e,1—¢), 0% = (1 —¢,e)—i.e., the short-sale constraint always
binds. The consumption level of type 1 consumers at the date of the intervention, =1, is

cls1=1) = h—q1(1; De—ga(1; H(1 —¢)
cl(s1=2) = 04+¢1(2 1)+ ¢2(2: 1) —q1(2; De —g2(2; (1 —¢)
= 04+q1(2; (1 —&)+q2(2: e

and, at all subsequent dates ¢ > 1,

se=1) = hte(g1(D+q2(1)+0) —q1(De — g2 (1)(1 —&)
=h+ed—qga(1)(1—2¢)

M (sr=2) = @+q1 Q)+ 022 (1—8)—q1(2)e — q2(2)(1 — &)
=0(l—&)+q1(2)(1—-2¢)

where gy (s)=qy(s;t) forall t>1, s,5".

The above expressions allow us to gain some intuition for the effects of the intervention
considered. Consider first the direct effect, ignoring the price changes: we see that the intervention
unambiguously increases the variability of consumption across states, not only at all dates ¢ > 1
but also at r=1[ Next, turning our attention to the price changes, we show in what follows that
the equilibrium price of the tree options unambiguously increases, as a result of the intervention,
since their effective supply (the amount that can be traded in the market) decreases, from 1 to
1 —2¢. From the above expressions we see that an increase in prices reduces the variability of
consumption across states, since consumers are net buyers of assets when they are rich and net

10. This last property follows from the fact that the consumers’ optimality conditions imply that, at an initial
steady-state equilibrium, we have g2(1) > ¢;(1) and q1(2) > ¢2(2).
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sellers when they are poor. Hence, the price effect improves risk sharing, in contrast to the direct
effect. We also show that for an open set of parameter values the price effect prevails over the
direct effect.

We have eight new equilibrium prices to determine. By symmetry (of consumers’ preferences,
endowments, and shocks), however, these reduce to four, since g1(1;1)=¢2(2;1), g2(1; )=
q1(2;1), as well as q1(1)=¢2(2) and ¢2(1)=¢1(2) for all r=2,.... Using the above expressions
of the budget constraints, the equilibrium prices can be obtalned from the first-order conditions
for the consumers’ optimal choices. After some substitutions, we obtairl] the following equation
that can be solved for g2(1)=¢1(2):

Bq1(2)+0)
2-p

Itis useful to denote by g 9(2) the solution of this equation when ¢ =0 (that is, at the initial steady

state).

Differentiating equation (I4) with respect to ¢ and evaluating it at £ =0 yields the following
expression for the change in equilibrium prices in the new steady state:

q1(2u' (h+e2—q1(2)(1 —2¢))— w@(l—e)+q1(2)(1-2))=0.  (14)

- R o o424

= (15)
£=0 I/t;) 2}3ﬁ ) _ﬂ0+ql(2) "_ 0(2)

dq1(2)
de

where u =u'(h— q?(Z)) and uy =u'(d —i—q(])(Z)) with u;]’ and uj defined analogously. In the above

expresswn the numerator is clearly positive, and so is the denominator, since equation (I4)

_ . 2+47(2) B B . .
evaluated at =0 yields u h_ 5 (‘2) -8 uy > o ﬁ“a Turning our attention to the effect on

equilibrium consumption, from the above expressions of the budget constraints and the symmetry
of equilibrium prices we obtain

de'(s;=1 del(s;=2 dg1(2
(sr=1) _ (sr=2) =2q?(2)+0— q1(2) . (16)
de de de |.—o
e=0 e=0
From equation (I3) we immediately see that
dq(2
0< 712) <D+2q(1)(2),
€ le=0
1 —
so that % o > (. Hence, in the new steady state for all > 1, the equilibrium price of the
e=

tree options unambiguously increases, as claimed, as a result of the intervention, but the change
in prices is not enough to overturn the direct effect of the intervention, and so the variability in
consumption across states increases too.

We can similarly proceed to determine the effect on consumption at the transition date r=1:

ﬂ(q 2)+0)  dgp(1;1)
p ) de |,

del(s;=1)
de

del(s; =2)

0
=4°02)—
de q,(2)

e=0

e=0

’

where we used the fact that g1 (1; 1), evaluated at ¢ =0, is equal to g1 (1), which is in turn equal

0
. . 2
to the steady-state value before the intervention, %};a)

11. The details for this as well as the similar derivation of equation ([3) below can be found in the Appendix.
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The effect on the discounted expected utility of consumer 1 of an infinitesimal tightening of
the portfolio restriction—i.e., from ¢ =0 to de > 0— is given by

dUu
de

—l(u;j—u/a) dcl(s;=1)

u B ( ,)dcl(st=1)

0=\ T {17

e=0 2 =0

By symmetry, the expression for the change in consumer 2’s expected utility has the same value.
Hence the welfare effect of the intervention considered is determined by the sign of the expression
in equation (7).

Since u% <uj, our finding on the sign of equation (I€) implies that the effect of the intervention
considered on agents’ steady-state welfare, given by the second term in equation (7)), is always
negative. For the intervention to be welfare improving we therefore, need to have a welfare
improvement in the initial period that is sufficiently large to compensate for the negative effect

. . . . du
after that period. More precisely, from equation (I7) it follows that e

o > 0 if, and only if,

dcl(sl =1)
de

del(slzl)
1-8  de

’

e=0

e=0

or equivalently, substituting the expressions obtained above for the consumption changes and
rearranging terms,

dp(:D)|  _ 2\Q+ B dp()) (s)
de =g @Q-=B)A-p) 1-B de |
That is, for an improvement to obtain the price change in the first period, % , has to

be sufficiently large that ¢! (s; = 1) decreases, increasing risk sharing in this intermediate period,
and by a sufficiently large amount.

Again by differentiating the consumers’ first-order conditions with respect to ¢ we obtain the
following expression for the price effect at the intermediate date:

dgx(1;1) _
0 0 e le=0
0 5(111(2)‘*'3) 0 A“(‘Il(z)‘*'a) P 0 dqq(2) B dq1(2) 19
O ) L & e (R N R (19)
u;)—q(])(Z)ug

Substituting this expression into the condition obtained above for the intervention to be improving,
(I8, and rearranging terms we get:

@) (1=p)[Bo—2(1-B) gY@ ]uy — (1-) B¢ +0)u (9+241(2)
~ (240@)+28) (1)—a3(2)u) 0)

n [,g 2-B) (u;)_q?(z)ug) +B(1— By +(1 —ﬁ)ﬁ(q?(2)+a)u’a’] P70

Condition (20) is stated in terms of endogenous variables, which obviously raises the question if
there are economies for which the equilibrium values satisfy it. We have the following result.



1136 REVIEW OF ECONOMIC STUDIES

Theorem 3. There are specifications of economies in the environment under consideration that
are robust with respect to perturbations in (h,0,8), and to perturbations of preferences, for
which condition Q) holds and hence there exists a steady-state equilibrium that is constrained
inefficient.

To prove the theorem, we show (in the Appendix) that for sufficiently small 8 condition Q)
is satisfied if

W'®+4%2)  u'(h—4q2)
; 0 ; 0 <0
W@+4%2) W @+4Y2)

21

As shown in the previous Subsection B2l when h(1—8) >0 a Pareto-inefficient steady-
u(h—4}(2) ' (0+¢7(2)

state equilibrium exists with
q W (+402) W (0+40(2)

< 1. It then follows that the inequality —

/(0
(1 + Z,EZJF—Z(',E;ZD /0 is satisfied when the absolute risk-aversion is sufficiently high. Therefore,
1

condition Q) holds and the steady-state equilibrium is constrained inefficient whenever the
agents’ absolute risk aversion is uniformly above 2/0 and g is sufficiently small. It is clear that
this is true for an open set of parameters and utility functions.

3.2.3. Logarithmic preferences. Although Theorem [ above is all one can say in
general, it is useful to illustrate, for a given specification of the agents’ utility function, how
large the set of parameter values is for which one obtains constrained inefficient equilibria. We
consider here the case where u(c) =log(c). It can be verified that in this case an explicit solution
of equation (I4)) for the equilibrium price can be found, given by

0 b

2)=p-.
q 1( )=p )

Since the utility is homothetic it is without loss of generality to normalize 0=1. Direct
computations show that

dp(1:)| _ pU+H)(A+Bh)
de |e—o 2+Pb
and
dqi(2)|  _ B(=4b+p>H(2+30)+2B(1+h—2h%)
de |, 2(8-2)(2+Bh) '

According to equation (I8) an improvement is possible if

dgr(1)
de

dgp( D 2¢a(1)+08

e e

B

e=0

Substituting these expressions into equation (I8) we find that, in the case of logarithmic
preferences, the intervention considered is welfare improving if, and only if,

2—B(h—2)h+B%h? <0,
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FIGURE 1
Constrained inefficient region

Figure [0l shows, in the space b, B, the region of values of these parameters for which
competitive equilibria are constrained inefficient as well as the region where equilibria are Pareto
efficient. We see that the region where constrained inefficiency holds is quite large, whereas the
region where full Pareto efficiency cannot be attained but still the intervention considered is not
welfare improving is very small.

4. STATIONARITY PROPERTIES OF EQUILIBRIA

In this section, we give conditions for the existence of a (stationary) Markov equilibrium and,
for the case of two agents, we give conditions that ensure that this Markov equilibrium has finite
support.

The example in Section B2.J] demonstrates that even when the constraints bind there can
exist equilibria where consumption and prices only depend on the current realization of the
exogenous shock. Since the stochastic process of the exogenous variables has finite support,
these equilibria have finite support. While equilibria of this type generally exist for pure
exchange economies with Pareto-efficient equilibria, in models with incomplete markets, or
with overlapping generations, equilibrium prices and consumption levels typically take infinitely
many values along an equilibrium path. It is obviously an important question whether along the
equilibrium path the endogenous variables take finitely many or infinitely many values. If they
take finitely many values, the equilibrium can be characterized by a finite system of equations, it
can typically be computed easily and one can conduct local comparative statics using the implicit
function theorem. [Ligon er af] 2002) show that in limited enforcement models finite-support
equilibria always exist if there are two agents. However, in those models equilibrium allocations
are constrained efficient and can be obtained as the solution of a convex programming problem.
As we have demonstrated, competitive equilibrium in our model may be constrained inefficient
and it is not possible to derive equilibrium allocations as the solution to a planner’s problem—the
argument in[Ligon er a/] (2002) crucially depends on this property. In this respect, our model is
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closer to models with incomplete financial markets and in these models finite-support equilibria
typically do not exist.

Even if equilibria have infinite support, they might still be tractable if they are Markov for
some simple, endogenous state variable (as, e.g., is the case in the stochastic growth model). In
many models with heterogenous agents and market imperfections, however, it is an open problem
under which conditions Markov equilibria exist (see, e.g., [Kubler and Schmedderd (]ZDQZ) or

o0,

In this section we investigate the conditions under which there exist Markov equilibria, and
equilibria where individuals’ consumption follow a Markov process with finite support. As argued
above, the existence of equilibria with these properties is important, as such equilibria are simpler
to study and to compute. We begin by providing some sufficient conditions for the existence of
Markov equilibria. This analysis becomes simpler if we consider the Arrow—Debreu equilibrium
notion with limited pledgeability and use as endogenous state variable the instantaneous Negishi
weights, yielding current consumption levels (as in [Chien and Lustid (2010)), rather than the
beginning-of-period distribution of the tree. The intuition for why this simplifies the analysis
is that, as we will see below, if at some node an agent’s limited pledgeability constraint does
not bind, the agent’s instantaneous Negishi weight remains constant—hence one only needs to
analyse the evolution of the weight for nodes where the constraints are binding. In the remainder
of the section we show that, for economies with only two types of agents, finite-support equilibria
exist under more general conditions, and then conclude with a brief discussion of the existence
of finite-support equilibria with more than two agents.

4.1. Existence of Markov equilibria

We take the endogenous state at some node s’ to be the Negishi consumption weights A(s”) € Rﬁ T
where
(c'(s"),...,cH (s)) € arg max Z AsHul sy s.t. Z (" —a'(s,)=0.
eeRY 7y heH

m M) approach to proving the existence of a competitive equilibrium, instead of
solving for consumption values that clear markets, solves for weights that enforce budget balance
(see also[Dand d]_QQj)).lJ_udd_eLaL] (]2m3|) show how to use this approach to compute equilibria in
Lucas-style models with complete markets (and without collateral constraints). m
(M) (see alsolChien et al/ (IZQ]_]])) consider a Markov equilibrium notion that features individual
multipliers—interpretable as the inverse of our consumption weights—as the endogenous state
variable in a model analogous to ours, though for a slightly different economy with a continuum
of agents.

The state, then, consists of the current shock and all agents’ current Negishi weights, (s, ). To
define a competitive equilibrium satisfying the Markov property (in short, a Markov equilibrium),
we need to rewrite the equilibrium conditions in a recursive form, specifying a policy function that
determines how the endogenous variables depend on the state and a transition map that associates
to the current state a probability distribution over next period’s states. The consumption policy
function, C: S x Rli+ — Rf{ is obviously given by

C(s,\)=arg max Y ol sy s Y (M —ol(s)=0. (22)
ceRy heH heH

To understand how A evolves across time periods and shock realizations, consider an Arrow—
Debreu equilibrium with limited pledgeability, with prices (p(0))sex, and a consumption
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heH

ooy - If for an agent 2 and a node s' the limited pledgeability constraint does

Y p)(0)> ) plo)e (o),

o>st o>st
from the agent’s first-order conditions it follows that his marginal rate of substitution between
t
s'~! and s' must equal the price ratio, pfv(,{)l)

Ah(s’ _1). If, on the contrary, the constraint binds

Y o) (@)= p(0)e (o),

o>st o>st

allocation (ch (o))
not bind, i.e.

and, as we show formally below, we have kh(s’) =

t
his marginal rate of substitution must be higher than pfif,z) and we have A(s") > At (s'—1). A key
determinant for the transition of A is thus the value of an agent’s future lifetime consumption
in excess of his non-pledgeable endowments at any date event. We write this recursively as a
function of the state (s,A) denoting it agent 4’s “excess expenditure function” Vh(s, A), for each

h. In what follows, it is useful to write (in a slight abuse of notation)
W (s,0) =1l (Ch(s, »), s) .

A Markov equilibrium consists of a policy function C:S x Rﬁ L Rﬁ{ , together with a
transition function L : S x RIJZ L= R‘Z 1 and excess expenditure functions vh.8 x R‘Z L R for
all agents h € H, such that for all he H, all s€ S, and all L € Rz+ :

Vi) = (5,0 (5.0 = ') + Y (s, IV L 1) (23)
and for all s’ €S,
V(s L' A) = 0 (24)
L M)—X >0 (25)
V(s',L(s",1))- (L(s’,A)—1) = 0 (26)

Note that since consumption is homogenous of degree zero in the Negishi weights we could
normalize  to lie in the H — 1 dimensional unit simplex, A# =1 ={A eRH : 3°jT | Ah =1}. At this
point, it simplifies the exposition and the notation not to do so, since without this normalization
condition (23) implies that we always have L(s’,A) > A while the relative Negishi weight of an
agent actually decreases if he is unconstrained and some other agents are constrained.

With A normalized to lie in the simplex, the conditions defining a Markov equilibrium become
a little messier. Since in parts of the argument in Section it will turn out to be convenient
to adopt this normalization, it is useful to briefly illustrate here how the definition of a Markov
equilibrium changes with such a normalization. The functions C(.), V(.), and L(.) become maps
from S x Af~1 and we need to introduce an auxiliary function y:S x Af—1 Rf{. While the

definition of V" is as in equations @3) and @) is unchanged, equations Z3)—C8) become:
PUERVA YY)
YIL Gy A)

To show that a Markov equilibrium, as defined above, indeed satisfies all the properties of
an Arrow—Debreu equilibrium with limited pledgeability, we compare the first-order conditions

L' 2= and y"(s', MV(s',L(s’,1))=0for all he H (27)
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for the latter equilibrium with conditions 23)—(@8) above. To get some understanding of the
expression of the excess expenditure function in condition (23)), note that we proceeded as in the
Negishi approach, by taking an agent’s marginal utility to value his net consumption. Intuitively
this is possible because, as argued above, whenever the agent is unconstrained at some state s, his
marginal rate of substitution between s and the predecessor state s” equals the prices while, when
he is constrained, we have V/(s’, 1) =0 and it is irrelevant whether this term is multiplied by the
agents’ marginal rate of substitution between s and s’ or by actual market prices since the product
is always zero. With regard to the remaining conditions, note that the first-order conditions for
the optimality of consumption of agent / at some node s’ can be written as follows:

Bl (sH ("), sn—n"psH+ D 1Mo)p(sH=0

ost>o

W' Y plo)(c" (@)~ o) =0,

o>st

for multipliers n* >0 (associated with the inter-temporal budget constraint (@) and who)=0
(associated with the collateral constraint @) at node o). Taking Ah}g) =" — Yoo w' () for
all 1,0, we see that conditions @24)—@28) follow from the above first-order conditions and that
the evolution of (') is determined by that of the Lagrange multipliers (o).

Theorem 4. Given a Markov equilibrium (C,V,L) and any A eRI_;{_i_ with V(sg, o) > 0 for all

h, there exist initial tree-holdings (Oh(s_l))heq.t and an Arrow—Debreu equilibrium with limited
pledgeability with ch(st) = Ch(st, A(s")) and A(s") = L(.s,,l(s’_l))for all st, t>0.

Note that if there is a competitive equilibrium with A(s")=A* for all s’, this must be an
unconstrained Arrow—Debreu equilibrium. The fact that A(s”) does not change over time implies
that the additional constraint @) is never binding in equilibrium and the allocation is identical
to the unconstrained Arrow—Debreu equilibrium allocation and is Pareto efficient. Therefore, if
for a given Markov equilibrium a vector of weights A* exists with V(s,A*)>0for all s€ S and
all h e H, there exist initial conditions (corresponding to the weights A*) for which the Markov
equilibrium is identical to an unconstrained Arrow—Debreu equilibrium.

It is well known that in models where the equilibrium may be constrained inefficient Markov
equilibria might not always exist. For the model with collateral constraints, when financial
markets are incomplete no sufficient conditions are known that ensure the existence of a Markov
equilibrium (see [Kubler and Schmedderd (2003)). In contrast, in the environment considered
here, with complete markets, as shown in the next theorem, the assumption that all agents’

references satisfy the gross substitute property implies that Markov equilibria always exist.
m ) shows that this assumption guarantees the uniqueness of Arrow—Debreu equilibria
in infinite horizon exchange economies without constraints. We show that her argument extends
to our model and guarantees the existence of a Markov equilibrium through the uniqueness of
the “continuation-equilibrium”. As pointed out bym ), in our context the assumption of

gross substitutes is equivalent to assuming that for all agents & and all shocks s, the term ¢ " (c, 5)
u'(c,s)
ul(c,s)
less than or equal to one. Although in applied work it is often assumed that relative risk aversion
is significantly above one it is also sometimes argued (see, e.g.,[Boldrin and Levind (2001)) that
a value below one might be the empirically more relevant case.

We have the following result.

is increasing in c; or equivalently, that the coefficient of relative risk aversion —c is always
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Theorem 5. Suppose that for all agents h and all shocks s, ¢ ul(c,s) is increasing in c for all
¢>0. Then a Markov equilibrium exists and it is unique.

To establish the result, we prove first that for each initial value of A a unique equilibrium
exists. The proof proceeds by contradiction and is similar to the standard proof of uniqueness
of equilibrium when demand functions exhibit the gross substitute property. Suppose two
equilibrium allocations existed, with two distinct processes for the associated Negishi weights.
Define a new process as the (pointwise) minimum of these two. At the allocation implied by
this process all agents violate their budget constraints, which must violate feasibility since in
our economy prices are summable. The uniqueness of the equilibrium for each A, then, directly
implies the existence—and uniqueness—of a Markov equilibrium.

4.2.  Markov equilibria with finite support

The main difficulty in determining whether Markov equilibria with finite support exist lies in
specifying the support. We show that for the case of two agent types, H =2, there is a natural
characterization of the support. These equilibria constitute a generalization of the steady-state
equilibrium obtained in the example considered in Section3Z.2.1] We also demonstrate how these
finite-support equilibria are always reached at an equilibrium when the economy starts with
arbitrary initial conditions.

Finally, we discuss briefly the case of more than two agents and show that in this case there
are examples of equilibria with finite support but there are also examples where all equilibria
have infinite support.

4.2.1. Finite-support Markov equilibria in economies with two types of agents.
When there are only two types of agents finite-support equilibria exist under rather general
conditions and are very easy to characterize. It is convenient here to normalize (1',1?) to
always lie in the unit interval. This allows us to denote by A= the value of the consumption
weight for agent 1 and to take this as a state variable. In a slight abuse of notation, we write
Ch(s,)=C"(s,(A,1=2)), VI(s,1)=V"(s,(x,1—=21)) etc.

To fix ideas, suppose that a Markov equilibrium exists and that, for all agents hi=1,2 and all s €
S, the excess expenditure function Vh(s .), has a unique zero. Denote by A*(s) the zero of vl (s,.)
and by v (s) > A*(s) the zero of Vz(s ). Figure Plillustrates a possible form of these functions
and their zeros in the simple case where there are two possible shocks, s=1,2. By equations
@4 and @D, for each (s,1) €S x (0,1) we must have L(s,A)=A or L(s A € {A*(s), A (s)}. To
see this, note that if V"(s,1)> 0 for h=1,2 then L(s, A)= 1, while if V1(s,1) <0 equatlon D
implies that A must “jump” to A*(s), and if V2(s, 1) <O it implies that A must jump to 2 (s). If
yh (s,A)=0 for some h=1,2 we must have A € {A*(s), . (s)} and since we assumed that there is a
unique zero of each yh (s,.) we have L(s,A)=A. Therefore, if each Vh(s, .) has a unique zero the
entire equilibrium transition can be described by the 25 numbers A*(l),x*(l), ...,A*(S),X*(S) :
either A stays constant or it jumps to one of these 25 values. In FigureD if we start with A =x"(1)
when the current state is s=1, the endogenous state has to move to A*(2) when state 2 occurs

and will alternate (as inII_J.an__Thmn.a.s_andMal] (IZM)) between the values X*(l) and A*(2).

12. The Inada condition on agents’ utility functions together with the fact that V"(s,.) must be bounded above
ensure that V!(s,1) <0 for A sufficiently small and V2(s,A) <0 for A sufficiently close to 1. Moreover, since d(s) >0,
?(s) must always be larger than A*(s).
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V ~_— Agent1

State 1
Lambda
_— Agent 1

State 2
Lambda

FIGURE 2

Finite support equilibrium

Unfortunately, it is not straightforward to identify conditions under which, when a Markov
equilibrium exists, each excess expenditure function V" (s, .) has a unique zero. Our main result
of this section gives sufficient conditions

Theorem 6. Suppose there are two types of agents. A finite-support Markov equilibrium exists
for all initial conditions if any one of the following three conditions is satisfied:

1. The coefficient of relative risk aversion satisfies —cuh”(c,s)/uh/(c, s)<l1 forallc,s,h.
2. All agents have identical, CRRA Bernoulli utility functions.
3. ul(c,s) is state independent for all h and there is no aggregate uncertainty.

To prove the result we adopt a constructive approach and conjecture that a competitive
equilibrium with finite support exists. We then derive a finite system of equations and inequalities
that characterize the competitive equilibrium in this case and find conditions under which this
system has a solution and one can construct monotone functions Vh(s,.) forall h=1,2.

As in the simple case of Figure 2l we want to prove that a Markov equilibrium exists where
at most 2S5 points are visited in the endogenous state space. To characterise these points as
the solution to a system of inequalities, we define for any A € (0, 1)5 and L e (0, 1)5 a function
L:5x[0,1]—[0,1] by

Ao ifAG) <SA<A(s)
L@’X)(s, A)= é(s) if A <é(s)
A(s) if A > A(s).

This function L()L X)(" .) describes a law of motion for A.

13. In an earlier working paper version of their published paper, Chien and Lustig also characterize equilibria with
finite support for the case of two shocks and two agents with identical CRRA utility. Our result holds for any number of
shocks under more general conditions.
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To characterize when the values (A, 1) induce the transition function of a finite-support Markov

equilibrium we define, for each h=1,2, 252 numbers Vi (s, A(5)), Vh(s,X(3)) for s,5€ S to be the
solution of the following linear system of 252 equations:

VIG5, 250 =1 (5,15 (€5, 25D = ")) +B Y75, WS Ly 3y 5 2G). (28)
VIG5, 7@ =" (5. 75) (€5, 26D — ") + B Y 7 (5.5 WS Ly (62D (29)

The values (A(s), A(s))ses induce an equilibrium, and are denoted as (&*(s),x*(s))ses if they
satisfy the following conditions:

Vs, A5 () =V3(s, 27 (s)) =0 forall s€ S, (30)

and, for all s, s’
Ly 546 25 (6)=1"(5)= V(s'.25(s)) =0 forh=1.2 31
L@*’X*)(s/,x*(s)) =27 (5)= V', X (s)) >0 forh=1,2 (32)

When the above conditions are satisfied, by construction, L X*)(') describes a transition function

@,
that ensures that Vh(s, L(s,1))>0forall A € {L*(s), X*(s), s=1,...,5)} so that conditions (24)) holds
and 7)) holds. This constitutes a competitive equilibrium for economies with initial conditions
in {&*(s),x*(s), s=1,...,5}. The advantage of this formulation is that the computation of an
equilibrium reduces to solving a non-linear system of equations and verifying finitely many
inequalities. In the above theorem, however, we claim a stronger result since we want the finite-
support equilibrium to exist for all initial conditions. The stated conditions on preferences and
endowments guarantee that each Vh(s, .) function has a unique zero.

In the proof we first show that there always exist S pairs (&*(s),x*(s)) such that the solutions
to conditions @8) and @) satisfy condition (3. This turns out to be always true under the
general conditions on endowments and preferences considered in this article and follows from a
standard, fixed-point argument. However, we need rather restrictive conditions as those stated in
the proposition to make sure that conditions (31) and (32) also hold. These conditions turn out to
ensure that the functions Vh(s, .) have unique zeros.

Note that in the above construction the intervals ([A* (s),fk ($)])ses uniquely define the values
(Vs A(5)), vhs, k(s)))feszs) and characterize the equilibrium. The equilibrium dynamics of
these equilibria are straightforward. If one starts at an initial condition that corresponds to a
welfare weight on the boundary of the interval [&*(s),x*(s)] for the initial state s=s(, only
finitely many different welfare weights are visited along the equilibrium. If the initial condition
corresponds to a different value, A stays constant unt11 we reach a state s’ where one of the
constraint binds in which case A jumps to A*(s) or . (s) and the dynamics proceeds as above.

[Ligon, Thomas and Worrall (2002) establish an analogous result for two-agent economies
with limited enforcement, where equilibria are solutions of a constrained planner’s problem.
In that model, because the planner’s problem can be formulated as a stationary programming
problem, Markov equilibria always exist and to establish the finite support result it suffices to
ensure the monotonicity of the agents’ indirect utility function. In our model the existence of a
Markov equilibrium is not guaranteed and even if Markov equilibria exist we need to ensure the

monotonicity of the expenditure function. Hence the conditions in [Ligon, Thomas and Worrall

) are much weaker than those in Theorem[@l
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4.2.2. An example. To illustrate the construction of Theorem it is useful to consider
again the example considered in Sections Bl and B2l In that example we showed that when
condition @) holds, a Pareto-efficient equilibrium exists with constant consumption for some
initial conditions. However, we did not discuss if and how that steady state could be reached for
arbitrary initial conditions. Applying the results of the previous section, we can show that there
always exists an equilibrium where the steady state is reached, but that it might take arbitrarily long
to reach it. This equilibrium is clearly Pareto inefficient since, along the transition to the steady
state, risk sharing is imperfect as the collateral constraints will frequently bind. Nevertheless, the
competitive equilibrium always has finite support. The endogenous state variable, A, never takes
more than three different values.

Suppose for simplicity that h = ﬁ, ul (©)=u(c)=lo g(c). Denote aggregate endowments by
w="h+0. It is easy to check that with log utility we have C'(s, 1) =Aw for both s=1,2. Also, it
is easy to see that under these parameter values there exists a unique efficient steady state where
each agent’s consumption is given by %E‘l As pointed out after Theorem [l a Pareto-efficient
Markov equilibrium exists if, for some 1*, we have Vh(s, A*)>0 for all & and all s. If we start
with this initial condition, the economy will be immediately at the efficient steady state.

In the environment considered here, since agent 1 has a high endowment in shock 1, we must
have A*(1)> A*(2) and, for an efficient steady state to exist, we must also have &*(I)SX*(Z).
In fact, we show now that for h= ID 5 we have )»*(1):?(2):% To do so, let us conjecture

this property holds, A*(1)=A *2)=1 5, and that L(s,A*(1))=21"(1) for s=1,2. With log utility,
equations (28) and @9) become

b

1 * 1
VILAT(D) =1 (Do

L(viarapsvieray)
and

vierray =145 (via.capeviestan).

To verify that our conjecture is correct we need to show that these two equations have a solution
for V1(1,A*(1)) and V1(2,A*(1)) that satisfies V!(1,A4*(1))=0and V'(2,1*(1)) > 0. It is easy to
see that if Vl( 1,0.5)=0 a solution of the second equation is given by V1(2,0.5) = 1—;/3/2’ which
is always positive. Substituting this value into the first equation yields

h B o—bh B(h+0)
V(105)_1—F+ V(205)_7+(2 o =0,

which holds whenever (2— 8)(0 —b)+ B(h+0)=0, equivalent to our assumption that h= %

By symmetry, ) =% solves the corresponding system for V2(s,27(2), s=1,2.

Since endowments in the low state are zero, it is easy to verify that I (2,A)>0and V2(1 ,A)>0
for all A €(0,1). Therefore, in this example the values &”‘(l)j>k (2) completely characterize the
Markov equilibrium. If the initial conditions are such that the initial Negishi weight A(sg)=1/2,
the Markov equilibrium coincides with the efficient steady state. On the contrary, i
A(sg) < %, the state variable remains unchanged at the initial value A(sg) as long as only shock
2 occurs, since Vh(2,k(so)) >( for both h=1,2. Agent 1 will consume an amount less than 1/2.

14. When h < 1% there is a continuum of efficient steady states. The same logic of the argument applies in that
case though calculations are a little more complex.
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When shock 1 occurs, we have Vl(l,k(so)) <0 since A(sg) <A*(1) and Vl(l, .) is increasing.
Therefore, A must jump to A*(1) where it will stay from there on. Hence, the steady state will be
reached after each shock has realized at least once.

The same argument can also be used to analyse the case where the steady state is inefficient.
It is easy to see that when h > ﬁ we have A*(1) >X*(2). There is no efficient steady state and
along the equilibrium path, after an initial transition similar to the one above, the instantaneous
Negishi weight A oscillates between the two values » (2) and A*(1).

4.2.3. Existence and non-existence of finite-support equilibria when H >2. Unfortu-
nately, for the general case with more than two agent types we do not know of general conditions
that ensure the existence of finite-support Markov equilibria. The problem is that the dynamics
of the Negishi weights, which as we saw have a simple pattern when H =2, can be much more
complex when H > 2. In fact, even for limited enforcement models no existence results of finite-
support equilibria are available when H > 2. Nevertheless, it is useful to show by example that
finite-support equilibria might exist and to give an example where finite-support equilibria do not
exist.

Suppose there are three types of agents and three equiprobable i.i.d. shocks. Assume again the
agents have identical log-utility functions, u”(c)=log(c) for all &, endowments are e! =(0,, ),
el = (h,0,b), and 3= (h,h,0) for some h > 0, while the tree pays constant dividends 9 > 0. The
aggregate endowment is deterministic and equal to @ =2h+0. As in the case of two agents, we
again normalize instantaneous Negishi weights to lie in the unit simplex—that is to say, we have
A3=1—A2—1! This allows us to write C"(s,A)=A"w for all & and s.

Using symmetry, we show in what follows that under the condition

be O
-8

there exists a finite-support equilibrium where agents 2 and 3 are constrained in state 1, agents
1 and 3 in state 2, and agents 1 and 2 in state 3. Denoting by A(s, /) the value of the Negishi
weights in state s where only type % is unconstrained, we need to find the values of the vectors
A(1,1), A(2,2), and A(3,3) constituting the support of the equilibrium. By symmetry, the weights
of all agents when constrained are identical across all states, i.e. AI(Z, 2) =A1(3, 3) :Az(l, 1=
22(3,3)=23(1,1)=23(2,2) =1y, for some Ay. Similarly, A'(1,1)=12(2,2)=233,3)=1 =1 —
2)p. In this situation, the transition function must therefore satisfy the following property

L(s,A)=A(s,s) whenever A € {A(1,1),X(2,2),A(3,3)}.

Given this property of the transition function and the above specification of the states where
each agent is constrained, proceeding analogously to the previous section we obtain

Vl(l Al 1))—‘1+—V1(1 Al )=——+
9 9 3 9 9 3{;

VI(S A(s,s)=0=1———"F"—4=V 1(1 A(l,1)), s=2,3
b b l(s, ) 3 9 9 k b

where the equality V1(s,A(s,5))=0 holds in the states where agent 1 is constrained. Hence, we
must have b 5
+

o35

’
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or

NCEY)!
"= 30+2p)

and 1> Ap >1/3> A given the assumption h > ﬁ . A finite-support equilibrium exists if we start
with initial conditions so=1 and A(sg) =A(1, 1)—along the equilibrium path the instantaneous
Negishi weights will only take values in {A(1, 1),A(2,2),A(3,3)}.

To illustrate why it is difficult to find general conditions that ensure the existence of a finite-
support equilibrium when H > 2, consider the following small modification of the example above.
Instead of assuming that each agent’s individual endowments are high in two out of the three
states, suppose they are high only in one out of the three states. That is el = (H,0,0), el = 0,h,0),
and e3 = (0,0, ) for some b > 0. Under the maintained assumption of logarithmic utility, Theorem
Blensures the existence of a unique Markov equilibrium. However, we will show that under the
following assumption on fundamentals the unique Markov equilibrium has infinite support (and
hence there exists no finite-support equilibrium).

p<>. o0

4’ 3—48 (33)

To do so, note that whenever agents have zero endowments they must be unconstrained. We
conjecture that in equilibrium each agent 4 is always constrained in state s =/ and denotes his
relative instantaneous Negishi weight in this case by Ay. We conjecture that in any equilibrium

we have

_h3-28
w3
that the instantaneous Negishi weights A lie in the set

A

’

Ac={reR}: Y A'=1,,"<xy forall h=1,2,3},
h

and that the transition L(s, .) takes the following form for any s €S and any A € A,

Lis. M) =1 (31532 5% H'=dy ifj=s
(s,0)= ( AT )'}J’:M% otherwise.
h+#s

To verify this conjecture and confirm that this transition describes a competitive equilibrium,
by symmetry, it suffices to verify equations @4) and @7)) only for agent 1. In state s =1, for any
A€ A¢ with A=(Ap,22,A3) we obtain

b

o

3
13 ! /
via,n=0=1- +3 § V(s L(s', 1)),

§'=2
whereas in the other two states for any A € A we have

3
1 _ é 1,/ /
vieay =1+ 3 SE/:2V (s, L(s', 1)),

3
B Sy
vi@g.a) = 1+§S§/=2v1(s L(s',0)).
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From the last two equations we see that vl 2,0)= vl 3,A)= 2ﬁ for all A € A¢. By substituting

this value into the first equation we obtain that V1(1,1)=0 is equlvalent to the following.

b 28 h3-2p
The (328 VML T

Under assumption (B33) we have 1>2ip> % and therefore equation @7) is satisfied. In
equilibrium, for all admissible initial conditions, we have A(s") € A, for all s’

To illustrate the construction suppose initial conditions are s = 1 and 62(s_1)=03(s_1)=1 /2.
The initial value of the welfare weights is given by A(sg)=(%y, 1_2&, 1_%). Since Vh(s, A)>0
whenever s#h and, by construction, for all A(s") along the equilibrium path Vh(h,k(s’))zo,
the constructed transition function describes a Markov equilibrium. It is easy to check that this
equilibrium does not have finite support. To see this, consider for instance a sequence of shocks
for rt=1,2,... with s;=1 if ¢ is odd and s; =2 if 7 is even. It is easy to see that we must have

)\,3(St+1) )L3(St) 1—=Ap

prsIeD! and hence

1 N YO
AT T—Ay o 1—Ap A3(s7)’

which always diverges since Ay > . In the process, as A3 — 0 it takes infinitely many values.

The economic reason for the non existence of finite-support equilibria in this example is as
follows. Consider a sequence of shocks where shocks 1 and 2 alternate but shock 3 never occurs.
Agent 3 has positive endowments only in shock 3 but he will obviously have savings. However,
along that sequence of shocks agent 3’s consumption will converge asymptotically to zero. Since
in each period a new “rich” agent is present, the returns to savings will be so low that agent
3 cannot guarantee a non-decreasing consumption stream. Along this sequence, his individual
consumption will take infinitely many values. Note that the fact that shocks alternate is crucial
for this argument. Instantaneous Negishi weights remain constant along a path where shock 2 is
occurs every period.

APPENDIX
A. PROOFS
A.1.  Proof of Theorem[ll

We first show that each Arrow—Debreu equilibrium allocation with limited pledgeability is also an equilibrium allocation
with intermediaries. Given the equilibrium Arrow—Debreu prices (0(0))scx, set the prices of the tree equal to g(s') =
ﬁ > 4sst P(0)d(0) and the prices of the tree options as

1y (q(st+l)+d(sr+l ) A

sy (8= ( 5

for every s',s,+1. It is then easy to see that the set of budget-feasible consumption levels is the same for the budget set in
(IE2) and for the budget set defined by equations @) and @). For any 4 € H, given an arbitrary consumption sequence
(c(0))sesx that satisfies (IE2), using equation &I} we get

p()

p(s05, (s )g(s) +d(s) = p(s el — " () +p(s") D 9g,+,<s> (g™ +d(s141))

Si41€S
for each s” with £ > 1. Substituting recursively for the second term on the right-hand side we obtain

p(sH05, (s N g(sH+d(s)) = p(o)e(a)—€"(0)) =0,

o>st
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that is, condition @) holds. At the root node sy we have
0" (s-)(g(s0)+d(s0))= Y _ p(o)(c(0)—e" (o)),
oS50
which is equivalent to condition @). The reverse implication can be similarly shown.

We show next that an equilibrium allocation with intermediaries is a collateral-constrained financial markets
equilibrium allocation for a sufficiently rich asset structure 7, constructed as follows. In addition to the tree, at each node
there are S — 1 financial securities. Security j=1,..,§ — 1 promises a zero payment in all states s=1,...,j and a payment
equal to 1 in the other states j+1,...,S.

Given any equilibrium with intermediaries, with consumption allocation (¢(s))"€*, prices g;(s"), and portfolios
(G_Sh(s’))hEH of the tree options, for all s,s’, let

k=sup(}_gs(s)+d(s1)) < oo

Consider the following specification of the collateral requirements of the /=S —1 financial securities:

—

k}H:;, ki =0forallj=1,....J

K_y=1, K=0forallizj—1, forallj=2,...J
It suffices to show that a collateral-constrained financial markets equilibrium exists with the same consumption
allocation (¢"(s"))"€* and tree prices g(s') = > 4@s(s"). At this equilibrium, the pay-offs of the financial securities are:

slex

q(s")+d(sp) - ;

fsh=1"r . if 5;>j

: 0 otherwise.

and the securities’ prices
S
1 _ :
pH=% D0 4l j=1iuS =1
s=j+1

Consider then the following portfolio holdings for each agent &, and each node s : set (s = é{'(s’ ), ¢{’, (s = 712§1h (s"),
ol (s =k0J(s"), pl_| . (s")=k0l(s") and for all other j=2,....J —1

Ol =), @l (=Rl ().
It is easy to verify that these portfolio holdings, together with the above prices of the tree and the securities, satisfy the

collateral constraints, yield the consumption allocation (¢ (s' ))i’,eg; and are so the consumers’ optimal choices. O

A.2. Proof of Theorem 4
To construct equilibrium prices, set p(sp)=1 and
hr t
_ u? (s, A(s")
sH=p(s' B (s;1,5,)max — 2
p(s)=p(s)Bm(si—1,5)max G D)
Agent h’s first-order conditions for optimal consumption at some node s’ can be written as follows:

Bl (s (" (s),s0—n"p(s)+ D w(0)p(sH=0

o:st>o

1" Y p()(e (o)~ e (o)) =0,
o>st
for multipliers 5" >0 (associated with the inter-temporal budget constraint @) and 1/(c)>0 (associated with the
collateral constraint @) at node o). It is standard to show that for summable and positive prices these conditions, together
with the budget inequalities (8) and @, are necessary and sufficient for a maximum (see, e. g.,m @)). But then
at each s’ and for all agents h=2, ..., H we have

ul/(cl (St); St) _ '7' - Za:s’za 'u’l (o)

ul'(ch(sh),s0) =g e 1(0)]
which is equivalent to the first-order conditions of @2} if 1 /A"(a) = 17" — Z”,ia wh(o) forall h, o . It remains to be shown
that the budget inequalities @) as well as the market-clearing conditions are satisfied. The latter is obvious, given condition
[@2). Regarding the budget inequalities we need to show that V#(s*, A(s")) =0 if, and only if, D onst p(@)(c(o)—e(o)=

PG _ (511 A6
oG T Ul (se,a(sh)

0. Since for any agent h€ H, whenever V(s 41, A(s"1)) £0, this follows from the definition of

vh. O
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A3. Proof of Theorem[d

To prove the result we need the following lemma.

Lemma 1. Suppose that for all s,h, u"(c,s) satisfies the property that cu'(c,s) is (weakly) increasing in c. For any
AlL,Ao GRE_,_, letﬂ‘:min[)\’f,kg], h=1,...,H; if A#X\| and A # X2, we have for all agents h that

u(s. D(C" (5. 1) " () > @A2)
min [ (5, )(C 5, k) = ¢ (5), 4 (5, A2)(C" (5. A2)—€"(5)) .

and
A (5,20 < min A (5,0 1 (5,12) (A3)

Proof. Assume without loss of generality that Al :)\ﬁ' §A’2’. Since A <A; we must have C"(s,A) > C"(s,11) and so
equation (B2) follows from the assumption made on 1/(.). Concavity of uh(.)~impl~ies that A"’ (s, LN)-< )L}l{ u"(s,11). To
prove Ehat M uf”(s,p = }Lguj”(x, i) and therftfore equation @3) holds, define A by A" =A" < Ag and A/ :~}J2 for a~ll i#h.
Since A"u (s, A)=A"u" (s, X), we must have A" (s,X) < Aguh’(s, A2). Furthermore, we have A" (s, L) < A'u! (s, 1). Also
one of the last two inequalities must hold strictly, so that (&3) follows. O

Proof of the theorem. Given an Arrow—Debreu equilibrium with limited pledgeability we can describe the equilibrium
consumption allocation by the associated instantaneous weights A(s"), which are uniquely determined if we normalize
the initial weights ZheH)Lh (s0)=1 and for all 1> 0, all s*, require that A(s") >A(s"~!) and A"(s")=A"(s'""") for at least
one agent he H.

It is a standard argumenm to show that for each / € Rﬁ o I" =1 there exists an Arrow—Debreu equilibrium with
limited pledgeability with A(so) =1 and some transfers at  =0. To prove the existence of a Markov equilibrium it suffices
to show that the equilibrium associated with any given, initial A(so) is unique. Suppose, to the contrary, that there exist
two equilibria with instantaneous weights A1, A2 with A1 (sg) =A2(so) but A;(s") #A(s") for some s’. Define for each s
and all heH, A'(s") =min(A!(s"),12(s")). Since both A (s") and A,(s") describe equilibria we must have A(s") #X1(s")
and A(s") # A2 (s") for some s’. Define recursively

V(s ) =0 (50, W(CP s, W) — (M) +BY (s, s WHs™ ).

s

By Lemmal[Ilwe have, for each s,

W (51, A N(C" (51, A5 =€ (50)) 2
min [ . 1 ) 61 () =€ ), 1. Ao (N 51 Ao D =€ 51) |

and therefore v/(sp)>0. By the first-order conditions of the Negishi maximization problem the terms A"u" (s, 1) are
identical across all agents A, for all s and A, hence the Arrow—Debreu prices in the two equilibria are given by p;(s')=
ﬂ’rr(s’))\il (s"u"(s;,1i(s")) for i=1,2. Since the price of the tree is finite, prices are summable, each (ﬁ’r[(s’))»f’(s’)) is
also summable and so is (8" (s")A"(s")). Define p(s") = B (sHA! (s")u" (s¢, A(s")) for all s'.

Lemma[Talso implies A" (s")u" (A(s"), 5,) < min [)Jf (Ul (s¢,A1(s")), )Lg (s"ul (57, Ao (st ))] forall s’, with the inequality
holding strict for some s’. Therefore the allocation c(s") = C(s;,A(s")) would have to satisfy

> oG (Z@(s'>—eh<s,))—d<s,>) >0.

st heH

Since p is summable this contradicts feasibility and the equilibrium must be unique. O

A.4.  Proof of Theorem[dl

To prove existence we first show first show that there always exist S pairs (A*(s), . (5)) such that the solution to conditions

@8) and @I satisfy conditions GTD.

15. [Kubler and Schmedderd M) show existence for all initial levels of tree-holdings, the same technique can
then be applied to all initial Negishi-weights.
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Lemma 2. There always exists A*(1), ..., A (S) € (0, 1)® solving conditons @), @, and GD.

To prove the lemma we need the following version of Brouwer’s fixed-point theorem (see e.g. m m),
Proposition 2.8).

Lemma 3. Letf:R"— R" be a continuous function such that
n
inf Xifi(x)>0, for some r> 0.
1

llxli=r<
i=

Then f has at least one zero, i.e. there is a x with ||x|| <r and f(x)=0.

Proof of Lemma [l To show the existence of a solution of @X)—@, we can substitute out all V'(s,A(5)) and
V2(s,A(3)) as well as all V!(s,A(5)) and V2(s,A(3)) for s5. We obtain a function f:(0,1)?5 — R?S, where each f;,
i=1,...,5 is the weighted sum of terms of the form

W (5,360 (€16 76N — e () and ! (5,26) (€' (526D — ' (). (A4)

where the weights on the terms involving A(s) are positive (bounded away from zero) if, and only if, there is an s" with
A(s") > A(s) (recall that 7 (s,s”) > O for all 5, s’). Similarly each f; with i=S+1,...,2S is a weighted sum of terms

W (5, 7(3)) (Cz(s, AG)— ez(s)) and 1 (5, A(3)) (c2 (5, 1)) — e%)) , (A.5)

where the weights on the terms involving A(s) are positive if, and only if, there is an s with A(s") < A(s). We obtain that
FOUD),A(1),...,A(5), A(5)) =0 precisely when there exists a solution to conditions and with

Vs, M) =V2(s,A(5))=0 for all s€ S.

To prove the lemma, it therefore suffices to show that for sufficiently small € >0, there exist x€[e, 1 _E]zs with
f(x)=0. This result follows directly by applying Lemma [ above to a slight modification of the function f(.). For
xele,1—€], set gi(x)=fi(x)fori=1,...,5 and g;(x)=—f;(x) fori=S+1,...,2S and extend the function g to the whole
domain R%S by setting it to a constant outside of [e, 1 —e]zs which is chosen to ensure continuity. All one needs to prove
is the appropriate boundary behaviour. Clearly, as some A(s) is sufficiently large or some A(s) is sufficiently small, we
have that ), x;g;(x) <0 since each f;(x) is bounded above. The key is to show that if A(s) is sufficiently small, or if A(s)
is sufficiently large, we also have that some |g;(x)| becomes arbitrarily large. To show this, note that in equation
the terms involving A(s) have positive (and bounded away from zero) weight whenever there is an s’ with A(s) <A(s).
If this is the case, clearly some f;(x), i=1,...,S can be made arbitrarily small; if it is not the case, some A(s") becomes
arbitrarily close to 1 and we are in the case above. The argument for A(s) is analogous. O

Proof of the theorem. To prove the theorem it suffices to show that given 2*, " we can construct functions V/ (s, .)
that have a unique zero.

If all agents’ relative risk aversion is < 1, the utility satisfies the gross substitute property and the result follows from
the proof of Theorem[] since we showed uniqueness of Markov equilibria. To prove the sufficiency of conditions 2. and
3., it is useful to define the following functions Vh(s,1)= ——V"(s,1) for h=1,2. Clearly, V" (s,.) has a unique zero

~ ul(s,1)
if, and only if, Vh(s,.) does. We have

170
~ 1 ol 1 ’M” /
Vi) = Cls,)—e )+ Zf* T sy Y
sTAE[AF(s). A (s)]
Ve 7500
8 Y w5y (A.6)

— ul’(s,1)
s'ASA(s))

u2/(s/‘)h) B

Vs, = Cos,)—)+B Y n(s,s’)mvz(s’,x)

SAEAF ()R ()]

u”(s', 1% (s"))

oy 66 A7)

+B Z 7(s,s")

s A<A*(s")

for all s with A € [A*(s"), A (s")].
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Assume that agents have identical CRRA preferences. Then the term u’'(s’,A)/u’’(s,1) is independent of A.

Therefore A only enters V‘(s,)\) through the term C'(s,)\), which is clearly increasing in A, and through the term
1o 7%V ~ —

n(s,s’)wvl(s’,)\*(s’)), which is also increasing in A since uV(s, 1) is decreasing in A. Therefore the function

V! must be monotonically increasing and has a unique zero. Finally, if there is no aggregate uncertainty, the term
w (s’ 1) /u (s, 1) is simply equal to 1 and the same argument as for identical CRRA preferences shows the monotonicity
of V(s,.). O

B. FURTHER DETAILS ON SECTION 3.3
B.1. Derivation of equation ({[4).

At each date #>2 in state 1 the price g»(1) of the tree option paying in state 2 is determined by agent 1’s first-order
condition, since agent 2 is constrained in that state in his holdings of that asset. On the contrary, in state 2 the consumption
of both agents is the same as in the subsequent date in state 2, hence both agents are not constrained in their holdings of
the tree options paying in state 2 and its price is determined by the first-order conditions of any of them. We obtain

gD’ (h+e0—gr(1)(1-2¢)) = 2(41(2)+f12(2)+0)u/(0(1 —&)+q1(2)(1-2¢)) (A8)

a2(2u' @1 —)+q1(2)(1-2¢)) = g(‘ll )+q2(2)+0)' (1 —&)+q1(2)(1—2¢)) (A9)

From equation (A.9) we obtain for # > 1 that

2)+0
q1(H)=g>(2)= % (A.10)
-B
and therefore A1 @423)
q1(2>+q2(2>+o=q;7.

Substituting this expression into equation (A.8) we obtain equation (I4).

B.2. Derivation of equation ({I9).

At t=1 agent 1’s first-order conditions with respect to the tree option paying in state 2 still determine its
price in state 1 since agent 2 is constrained in that state

(1 D' (h—q1(1; De—go(1: 1)(1—¢)) = g(q1(2)+q2(2)+0)u'(0(1 -9+ (2)(1-2)). (Al

The expression for the price change in equation ([9) is obtained by differentiating equation (AII) with
respect to g, evaluated at ¢ =0, when ¢>(1;1), ¢1(2), and g1(1;1),g2(2) are at their steady-state values

B+

before the intervention, given respectively by q(l)(2) for the first two and by —5— B for the last two.

Noting that %8 =0, since the price g(1;1) also changes with € but the expression is evaluated

at =0, we get equation ([9).

B.3. Derivation of condition [21).

From equation (I4) we find that q(l)(Z) can be written in terms of u;] and uj,
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Substituting this expression and equation (I3} into condition (20) we obtain that this condition is equivalent
to % >0, where

’ " / " / / 2 4
4% [1 +a“—?+"—‘,’] ~28 [2+(4+3a“?)"? +2("—5’> +a“‘2} +
Uy W iy~ Uy Uy iy

"

A= . u! u u 2 ”7(/1
B —?+(3+2a—?)—?+<—?) +o-—
uy uy ity u

;N\ 2
° %
“
/ 2 / / 2 ! / 2 /
Y Y ) il “j 2 uyy "y
) [ 2(%) +ﬁ(ug+<u;) +°u;)}[4<u;> +BAA+ 2+

/

! 2 a / 2 1
“y .y _ ug \ My “y “y
+<u5) +or) Zﬂ((2+°ué)tté+2<u$> +o)]

u//
+(3+0-2)
iy

and

It can then be easily seen that, since all marginal utilities are evaluated at positive numbers, which remain
bounded away from zero as 8 — 0, for sufficiently small 8 we have % >0if

W'@+4%2)  u'(h—q2(2)) B
WE+40Q2) W @+4)2)
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