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The natural setting for the Lane-Emden equation —Au= |u/P~?u on a domain 2 C R",
n> 3, for supercritical exponents p > 2* =2n/(n— 2) is identified as the space of func-
tions ue Hy N LP(£2) with finite scale-invariant Morrey norms. We show that this Morrey
regularity is propagated by the heat flow associated with this equation, and we study

the blow-up profiles.

1 Introduction

Consider the Dirichlet problem for the Lane-Emden equation
—Au=|u/P?uon 2, u=0 onas, (1.1)

where £2 is a smoothly bounded domain in R", n> 3. A challenging question attributed
to Paul Rabinowitz is whether for domains 2 with nontrivial topology, in particular,

for domains sufficiently close to an annulus, there exists a solution u> 0 to (1.1) for
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any p> 2 (see [2, p. S19], and [35] for further background; see also [6-8, 13, 26, 29, 30] for

partial results). Formally, solutions to (1.1) correspond to critical points of the functional

1 1
Ey(w==| |[Vu?dx— = | |uPdx, ueH]NLP(R).
i 2)e pPlo 0

The purpose of the present paper is to identify a functional analytic framework
for dealing with problem (1.1) in the “supercritical” case when p> 2*:=2n/(n— 2) and

to discuss the corresponding heat flow
w—Au=|uP?uon22x[0, T, u=0 ond2 x[0,T[, T<oo, (1.2)

for given initial data up € H' N LP(£2) as a suitable gradient flow for E,,.

Much of our work has been inspired by Pacard’s [28], where he presents a
remarkable monotonicity formula and a partial regularity theory for “stationary” solu-
tions to (1.1), the notion of “stationary” solution being modeled on Evans’ [9] notion of a
stationary weakly harmonic map. In Proposition 5.1, moreover, we extend Pacard’s [28]
partial regularity result to the full range of exponents p > 2*.

Pacard’s work motivates the study of (1.1) in the Morrey space Hj N LP*(£2)
defined below, where u = %. By combining Pacard’s ideas with the arguments giving
monotonicity and partial regularity for the heat flow of harmonic maps developed in
[34], we obtain a monotonicity formula similar to Pacard’s for the flow (1.2) from which
we deduce Morrey estimates and partial regularity results. Our Proposition 6.2 shows
that—up to a constant—the Morrey LP/*-bounds of the data are preserved along the flow,
even when the solution to (1.2) blows up in finite time. In the latter case, the Morrey esti-
mates hold on domains whose size naturally decreases as we approach the blow-up time,
which is sufficient to recover partially regular blow-up profiles as “tangent cones” to the
flow by rescaling the solution suitably around blow-up points; see Theorem 6.9. The
Pacard-type monotonicity formula in Proposition 3.1 in Section 3 and the e-regularity
result for weak solutions of (1.2), Proposition 4.1 in Section 4, also may be of interest in
themselves.

A particular consequence of our estimates is that classical solutions of (1.2) on a
convex domain always either blow up in finite time or uniformly decay to 0 as t — oo, as
shown in Proposition 6.6, which agrees with results of Matano and Merle [22] for global

radially symmetric solutions of (1.2).
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For so-called “borderline solutions” u> 0 of (1.2) in the sense of [27] partial reg-
ularity results similar to ours previously were obtained by Chou et al. [5], however,

exploiting the additional global bounds available in that case.

2 Morrey Spaces

Recall that (in Adams’ [1] notation) a function f e LP(£2) on a domain §2 C R" belongs to
the Morrey space LP*(Q2) if

1= sup P jfPdx<c, 2.1
XpeR", r>0 B, (x0)N§2
where B,(Xy) denotes the Euclidean ball of radius r > 0 centered at xy.
Similarly, a function fe€ LP(E) on a subset E of the spacetime R™*"! belongs to

the parabolic Morrey space LP*(E) if

1AD s g = sup rA-(2) J | fIPdz < oo, (2.2)
Z=(x0,10)€R™1,r>0 Pr(2)NE
where P,(x, t) denotes the backward parabolic cylinder B,(x) x]t — 2, t[.

For either problem (1.1) or (1.2) the number u = % turns out to be the relevant
Morrey exponent. In fact, by work of Adams [1] for ue Hj (£2) satisfying Vue L*#(£2) we
have ue LP*(£2) with continuous embedding; similarly, for any ue W T N H} (£2) with
Aue L7 1"(R2) there holds Vue L2/(2) and | VUl pue) < Cll AUl

estimates in Section 5, which, in particular, imply a threshold result for weak solutions

—»_, . We revisit these
T ()

ue HO1 N LP#(82) of (1.1); see Proposition 5.7. As we shall see, similar local and global
threshold results hold true for blow-up of the heat flow (1.2).

3 The Heat Flow

Let £2 be a smoothly bounded domain in R", n> 3, and let up € C§°(£2). For given p> 2 we

consider the flow (1.2) with initial data
u=uy att=0. (3.1)

Given a smooth solution u to (1.2), (3.1), upon multiplying (1.2) by w and integrating by
parts, for any T > 0 we obtain the familiar energy identity

T

EWT)) +J

J lw)? dx dt = E(uo) (3.2)
0 JR
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for E = E,. In particular, the function ¢+~ E(u(t)) is nonincreasing; in fact, the flow (1.2),
(3.1) defines the L2-gradient flow for E.

For “small” data up € C1(£2) it is not hard to show that the solution to (1.2), (3.1)
exists for all time. On the other hand, if E(u) <0, the flow (1.2), (3.1) will blow up in
finite time T > 0 in the sense that ||u(t) | 1~2) — oo as t 1 T; see, for instance, Fujita [11] or
Kaplan [19]. Given 0 < up € C1(£2) \ {0}, thus the Cauchy problem for (1.2) with initial data
Aug will have a global classical solution v for small A > 0, and v* will blow up in finite
time when A > 0 is large. Letting A* = sup{A; u* is global}, one may hope that on a suitable
domain for suitable data uy the “borderline” solution v* = lim; ;- v introduced by Ni
et al. [27] will converge, as t — oo to a solution u,, > 0 of the time-independent problem
(1.1). However, A* might be smaller than the number where sup,.¢E(Aup) is achieved,

which sparks our interest also in solutions to (1.2) blowing up in finite time.

3.1 The Giga—Kohn analysis

In a seminal paper, Giga and Kohn [15] studied the asymptotic behavior of bounded
solutions to (1.2) on the space-time cylinder P; := B;(0)x] — 1, 0[C R" x R blowing up at

the origin of space-time. Note that a solution uto (1.2) on P; induces a family
ur(x, t) = R¥/P"Yy(Rx, R’t), R>0, (3.3)

of solutions to this equation on the scaled domains P; ;g = B;/r(0)x] — 1/R?,0[. In the

case when n> 3, p<2* and when
[t|Y/P=2|y(x, t)| <C uniformly on P;, (3.4)

Giga-Kohn were able to derive a precise characterization of the blow-up profile, improv-
ing previous results of Weissler [37] and Friedman and McLeod [10]. Their technique

relies on the introduction of self-similar variables
s=—log(—t), y=x/v—t, w(ys) =(bfux, t)=eue ™y, —e%), (3.5)
where 8 =1/(p — 2). The function w then satisfies the equation
ws—Aw+%y-Vw+ﬁw=|w|p’2w, (3.6)

and an energy-type inequality for solutions of (3.6) allows one to conclude that the

functions w(:, s) as s — oo converge to limits w* independent of s, corresponding to
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self-similar solutions u* = uﬁ for any R > 0 of (1.2) on R"x] — oo, O[, much in the same way
as blowing up a minimal surface around a singular point produces a tangent cone. The
paper [15] thus provides the first instance of a “monotonicity formula” being employed in
the analysis of a nonlinear flow problem. Later, analogous monotonicity formulas were
discovered also for the harmonic map heat flow by Struwe [34] and for the mean curva-
ture flow by Huisken [18]. Ultimately, monotonicity formulas for the Ricci flow played a
key role in Perelman'’s [31] proof of the Poincaré conjecture.

In the latter geometric applications, monotonicity formulas either involve the
Dirichlet energy, the area, or curvature; in contrast, the quantity in the Giga—Kohn mono-
tonicity formula is the difference of two non-negative terms related to energy and is

noncoercive.

3.2 Pacard-type monotonicity

Our first goal in this paper is to develop an improved monotonicity formula for the flow
(1.2), similar to the monotonicity formula found by Pacard [28] for the time-independent
problem. We achieve this through a combination of Pacard'’s ideas with the approach to
the heat flow of harmonic maps presented in [34].

Let 2 be a smoothly bounded domain in R”, n> 3. Fix a point x; € £2 and a time

to > 0. Given a solution uto (1.2), for R> 0 let
ur(x, t) = R¥ P2 y(xy + Rx, to + R*t) on g x [—%, 0[, (3.7)
similar to (3.3), where 2z = {x; xy + Rx< £2}. Also let

G(x,t)= —(4n|t|)”/2 e

be the fundamental solution to the heat equation with singularity at (0, 0), and set

~IxI2/4

GCxuX)=6Xx—-X,t—1), G.(x)=G6(x -1

~ (4m)n?

for brevity. We sometimes also write z= (x, t) for a generic point in space-time.
It will be useful to be able to work with localized quantities, in particular, when
the domain £2 is nonconvex. For this purpose, let ¢ = ¢(|x]) € C*°(R") be a compactly

supported cutoff function such that 0 <¢ <1, and, for R> 0, let

¢r(X) = ¢(RX).
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Define

D*(R) = J IVur(x, —1)0%(x) G, (%) dx
2R

N —

2p
2

R J VU202 (x — X0)G 1) A,
2 x{ty—R?}

N =

For g > 2 we also let

FYR =~ | untr ~Dith06. (o dx
q

2R

12 2
= —Rp2 U9 (x — X0) G (x.1,) AX.

q JAQX{RJRZ}

Observe the identities

d 2
ﬁRzluR(X’_1)=<X.Vu_2w+ _zu)(X()'FX,&)—l)
and
d
—_— dX:—J X — vf(x— do
iR R:leRf m( X) - vf(x — Xp)

for any f e C°(£2), where v is the exterior unit normal along 952.
Shift coordinates so that x;=0. Then, integrating by parts and using the

Equation (1.2), we compute

J \Y% v( d ) 2G.d
= UR ——UR | @ X
R=1 2rx{-1} dR B

1
+ —J |Vug|?x - Vo?(Rx) G, dx
2 Jopxi-1

iD‘p(R)

dR R=1

— B¢
R=1

1 2 ,
= —Au+ -x-Vu] [x-Vu—2u + U) ¢“G(xy1 dx+ I
2x(to—1) 2 p—2

1 2 z
== x-Vu—2u + u) 0% G (3.1 dx
2 J{Zx{ml} ( p—2 G-

u 2
+J <|u|p2u——> (X-Vu—ZumL u) 0%Gx 1) dx + I,
2x(to—1} p—2 p—2 Go-f0)

with I¥ = BY 4+ LY, where B? is the boundary term

BY = —J V- X|VU29? G (5.1, dO (3.8)
2 Jaoxit—1)
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and where LY, is the error term

LY :J IVul2px - VoG (x4 dx
2x{to—1}

2
_2J Vu- Vo <X-Vu—2u¢+ u) 9G (x,1) dx
2x{tg—1} 2

induced by localization. Similarly, for g > 2, we have

d d
—F%R) :J lugl9 %ug <—uR> %G, dx
dR 7" |pl Jerxen dR T e
1 2
+= lug|9x - Vo?(Rx)G, dx
q J2px{-1} R=1

=J |u|q2u(X~Vu—2ut+
2x(to—1)

where

1
LY = —J |ul9x - VgozG(XO,tO) dx.
2x{to—1}

4
1 q

In particular, we can now write

d D?(R) 1J- <X Vu-2u + 2 u)z e dx
5 =5 : - ¥ ,
dR R 2 Jexu-1) p-2 vo®)
d 1 d
—FYR)| - ———F/R A? + BY,
+dR 3 )R:I p—2dR 2 )R:1+ ot

where

1
A =LY — LY+ ——L%,

2
5 u> (sz(Xo,&)) dx + LZ,

(3.9

(3.10)

(3.11)

(3.12)

which is the identity corresponding to the monotonicity formula of Giga-Kohn [15,

Proposition 3].
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On the other hand, using (1.2), we find the equation

d 14
EFZ (R)

- 2 ¢
= ulx-Vu—2u + U ¢“G (x5 dx + L,
R=1 Jex{t-1) p—2

2
:J u(X-Vu—ZAu—2|u|p‘2u+ u) @G (3.1 dx + LY
2x(t-1) 2

= 2J IVU?0?G (x4, dx
2x{ty—1}

u
—ZJ- u<|u|p‘2u— —) PG (3.1 dx + AY
Q2x{to—1} p—2

4
=4D¥(1) — 2pFy(1) + m1«";”(1) + AY,

where

A =114 + 2J UVu- Vo2 G x.1) dx. (3.13)
2x{to—1)

This scales

RdF‘”R—4D<"R—2 F?(R) + 4 FY(R) + A%(R
d—Rz()— (R) pp()mz() 5 (R)

and may be combined with (3.11) to give

_29 pem- L4 (RS mrr - asm) +
1 PpdR 2pdR \" dR ? 4

d d
— FY(R [ ——
R p(p—2)dR

dR' P F R

1J (X Vu-—2u + 2 u)2 e dx + 2(B‘”~|—A(”)
= — . — ) i —
P Jaxit-1) p—2 Go-t) p P

+ giF‘”(R)
pdR ?

1 d d
— Z?ﬁ (REFQ”(R) — Aﬁ(R))
R=1

R=1

Collecting terms, we conclude the following result.

Proposition 3.1. Let u be a smooth solution of (1.2) and let ¢ be a cutoff function as
above. Then there holds

4d (p-2 L (rd op e
dR( > F;(R)+2p <RdRF2(R) AZ(R)>>

R=1

IJ ( 2 >2 ) 2
= x-Vu—2u + u) ¢°Gy.y) dx+ —(AY + BY), (3.14)
PlJaexit-1y p—2 G- p P

where A‘é’ is defined in (3.13), and with A‘f), BY as defined in (3.12), (3.8), respectively. [
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Remark 3.2. (i) For our later purposes it will be convenient to write the term

-2 1 d
HY(R) := pTFg(R) + 2 (Rd—RFZ“’(R) — Aﬁ(R))
-2 1 /d
= pTFg(R) + 27 (d—R (RFy(R)) — F§(R) — A‘§(R)>

appearing on the left of (3.14) in a somewhat different manner. Comparing (3.14) with

the Giga—Kohn formula (3.11), we also have

H?(R) = %D‘”(R) - %Fg(R) + FJ(R). (3.15)

2
p(p—2)
We can therefore eliminate F,(R) from the above expressions in a manner similar to
Pacard [28] to obtain

2(p—2)

H?(R) =
() p(p+2)

(D?(R) + F$(R) + (é (RFJ(R)) — Aﬁ(R)) (3.16)

p(p+2)
as an equivalent expression for H¥, which will be very useful later. We also use the
notation

HY(R)=H, . (R =H(R=H} . (R

whenever the solution u and/or the center (xy, tp) of scaling are not clear from the con-
text, and similarly for D?, etc.

(ii) For any smooth, bounded £ c R" we can find numbers Cg, > 0, pg > 0 such
that, for any 0 < p < po and any choice of origin x, = 0 € 22 with dist(xp, 32) > Cp?, there
holds x- v>0on B;,(0) N 352. We may take C, =0 if §2 is convex. Provided that our cutoff
function ¢ is supported in B;,(0), then also B > 0 in (3.14). Also estimating the second

term in L% via Young's inequality

2
5 u) #G (x,1) dx

BJ Vu~V<p(x-Vu—2ut+
2x{ty—1}

9 2
< J <X- Vu-—2u + u) 9*G (5.1 AX
2x{to—1} p—2
+ 16J VUV [2G 1) dx
2x{to—1}
from (3.14) we then obtain the bound

iH“’(R)
dR

> 1 J (X Vu-—2u + 2 u>2 ’G dX+2Ag (3.17)
> — . —_ (p R —_ . .
R=1 2p 2x{th—1} pb— 2 G- p
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with error term

A :J IVul2px - VoG (x4 dx
2x{to—1}

1
—4J IVul?|Vo|*G (.1 dx — LY + ——L%
2x{to—1} 0 P p-2 2

2 1
= IVu? — = |uP + |u|2) 90X - VoG (x4 dx
J.Qx{tz)l} < D p—2 .
- 4J IVU2|V[2G .4 dx.
2x{to—1}

(iii) Still with the choice xy =0, for general R > 0 formula (3.17) reads

" . _ 2
RiH“”(R)>R—J |x- Vu+2(t — ) u + au
2x{ty—R?) lto —

2
G dx+ = AY(R),
dR = 2p 07 G (x,1) AX + pAO( )

_ 2
where a= >3 and

2 ul?
A@(R)zR’*J (|Vu|2 - —|u|P+R‘2L) 9X - VoG (1) dX
2 x{to—R?} p -2
— 4R“+2J' VU V|2 G (x.1) AX.
2x{to—R?)
Moreover, we have
4 RM_Z 2 2
A (R) = [ul°x - Vo© G (x.4) dx
2x{ty—R?}
+ 2R J uVu- Vo2 G x.1) dx.
2x{to—R?}

(iv) Letting ¢ =1, from Proposition 3.1 we obtain the identity

d

P=2, m+ R m®R
d—R<Tp() 5—2())

dR

R=1

1J ( Vu— 2u 4 —2 )20 dx+ 2B
= — X-VU— 4l u (x0.t) AX — — D,
P Joxit-1} p—2 o p

where F),= Fll,, etc., and where B = B! is the boundary term

1
B' = —J V- X|VU?G (3.1, do.
2 Jooxin-1)

2351

(3.18)

(3.19)
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If our domain £2 is convex, for any choice of origin xy =0 € £2 we have x-v >0 on all of

082, and hence B! > 0 in this case. With the equivalent expression

HR=P"?%r (r)+ . dRFR Fy(R
( )_T p( )+5(ﬁ( 2(R)) — Fo( ))
—M(D(R)Hr (R))+—i(RF (R)) (3.20)
" p(p+2) P p(p+2)dR 277 '
for H = H! we then obtain
iH(R) >1J <X-Vu—2ut+ 2 u)zG dx>0 (3.21)
dR re1  Ploxiw-n p—2 Goo) T = ‘

for any such xy and .

(v) When (xp, to) = (0, 0), in the self-similar variables (3.5) we can express

2
(X' Vu+ 2ty + zu) (x,t) = —2ePwy(y, s). O

4 The e-Regularity Theorem

Given a smoothly bounded domain 2 CcR” for (x,%) e R*" xR, r>0 let Q,(xp, %) =
P.(xy, ) N (2 x R). Also recall that u = %.

Proposition 4.1. There are constants ¢ >0 and C < oo with the following property: Let

ue LP* be a weak solution to Equation (1.2) on Q,;(0, 0) and suppose that

lullzrica,0,0) < €.

Then

llullz(a1,40.0) + I VUllLe(a,50.0) < ClIWlzreca; ©0,0))- O

For fe L9(R™!) with compact support we set

t
Sf(X,t)::J J f(y,s)G(x—y,s—t)dyds

so that Sf solves
(SH:— ASHH=f onR"™.

By adapting the methods of Adams [1], we can show that S is well-behaved on Morrey

spaces.
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Lemma 4.2. For2<A=<n+2andany1l<gq <} letsbe given by é — 1 =2 Then the map
S:LY*R™!) — LY (R™)

is bounded. O

Proof. Similar to Adams [1, proof of Proposition 3.1], we first derive pointwise esti-

mates in terms of the fractional maximal functions

M, f(x, t) := supr®~ "2 ﬂ | f(y.s)|dyds, «>0.
Pr(x,t)

r>0

Note that, from Hélder’s inequality, we obtain
(Myjq N < M (11D < [ fII5 .- (4.1)
For f+# 0 we use the well-known heat kernel estimate
Gx. )] <C (x| + /5™

and, for § > 0 to be chosen later, we split
t 1
ISf(x. ) <C J J (Ix =yl + 1t — 515" (. 5)] dyds

| (Ix— ¥ + 1t — s f(y. )| dyds
k=1

Pyytt1 (X,8)— Py (X,1)

o]

+CZH (IX—YI+|t—S|%)7n|f(Y,S)|dde
k=0 Y Psokr1 (X.0)— Pk (x.1)
to obtain the bound

ISF(x, )] <C Y (827" (27 )™My f(x, 1)
k=1

[e ]
+C 2(82")’"(82"“)”+2_3M% fx. 1)
k=0

< C82My f(x, 1) + C6% 1 M. f(x, t).
q
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Choosing 6§ =8(x, t) = (M, q f(x, t)/ My f(x, )+, we find

|SF(x, D] < C(Ms g f(x, 1) (Mo f(x, )7
As the space-time R™"! equiped with the metric

Gpar (%, 1), (y. 8)) = max({|x — y| + [t — 5|'/?)

and the Lebesgue measure is a doubling measure space, the maximal function M, sat-
isfies an LP-estimate for 1 < p < oo; see [33, Theorem 1, Chapter 1]. Hélder's inequality

together with these L? estimates for our choice of s with 1 — 27‘1 = 1 then leads to

) 1-&
”Sf”LS(]R"“) = C”M)L/qfnfoc(]RnH)”f”Lq(]])énH)- (42)

Finally, for (xo, %) € R™' we decompose f= f + f’, where f' = fxp, x0.t)- BY
(4.1), (4.2) then there holds

nt+2—h

s ||f||quA .

% 1-2
IS L5 xot0)) < C NI Mg fll el flla ™ <Cr

Furthermore, for (x, t) € P.(Xp, {p) we have

o0

ISf"(x, )] sCJ p ! (J | f(y. S)Idyds) dp
r P,(x,1)

o0 N
<CMyofx, 0 J P14 dp < Cr2 4 | fllgar = Cr 3 [ filos

r

hence

nt+2—h

ISf s ooy <CT s N fllgar,

which concludes the proof. u

Remark 4.3. For a smoothly bounded domain §2 C R"® we let I" be the fundamental solu-
tion of the heat equation on £2. By the maximum principle we then have 0 < I" < G; the

analog of Lemma 4.2 therefore also holds on any domain. O

Proof of Proposition 4.1. We may assume ¢ < 1. First suppose that B;(0) C §2. Through-

out the following we will use the abbreviation P,:= P,(0,0) for r > 0. Decompose u=
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v + w, where

w = S(uP 2uxp,).

1

Note that |u/P~ 1 xp, € LoTH, Observing that p—;l - 5= ;% from Lemma 4.2 we conclude

—1 —1 —2
lwllzencen < CIP I, oy = ClElEat ) < CeP 2ullzoncey.

P
L%

Since

vy—Av=0 on P,

and

lvllzrey) < lUlLrey) + lwllLeey) < CllullLes e,
parabolic regularity leads to the bound
lvllzeepy ) < ClltdiLencp).- (4.3)
Using Hoélder's inequality, we hence derive
[vllzpscp,) < Co™PllullLenp,) (4.4)

forallo < 3.

Therefore, if we choose o, ¢ > 0 small enough, we obtain

IwWlzruce,) < llwllzeee,) + [Vlizeace,) < C (P72 4+ o™ P)||ullLenp,)
< 2llullLrucpy)- (4.5)
Applying this for (x. %) € P12 and 0 < R< % for the scaled solution ug(x,t) :=

R?/(P=2y(x, + Rx, ty + R*t) which solves (1.2) on P;, and using the invariance of || - ||z«

under this scaling, we find that

1
Ul zrep, 0.0 = 51Ul LP# (P (x0.10))

for all (xo, to) € Pyjz and r < 3.
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Tterating this inequality proves that, for 6 > 0 small enough, we have
lullzps-o(p,,,) < CllUlLrece,), (4.6)

where C and 6 do not depend on u. Clearly, we may assume that prl < “T_e, and we may
decrease 6 further, if necessary.

=

20 let s > 1 be given by

For any g > p with % <

Note that

with a constant y > 0, so that

s>q/(1 —qy)>q/(1— py).

LetO<r<R< % and assume that ue L%*~9(Pg) for some q > p with ||t Leus(py <
CllullLrn(p,) <C. Suppose that % < “T_g and let s=s(q) > 1 be given as above. As before,

we decompose u=v + w where now
w = S(ulP2u xp,).
Lemma 4.2 now gives the bound
il oo p < ClIUllTars py-
Again we may use parabolic regularity to see that
vl zse-o(py < Cllvlizep) < Cllullzan-opy

for some C > 0 independent of u. Thus, from (4.6) we obtain

-2
lullzsw-ocpy < C(1 + ”u”fq,u—e(pR))”u”Lq'“’g(PR)

< Cllullzar—opg < CllullLrucp,)-

Choosing go = p, Ry = 4 and letting g1 = s(qx), Rk= 5 + 272, re= Riy1 for ke No,

as long as % < %, we obtain ue L%1#~%(Pg, ) for each k=0, 1,... with a uniform
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bound

”u”quﬂvﬂ-f’(kaH) <C ”u”LP-“(Pl),

where C = Cg is independent of w.

For some number ky € N independent of uthen we have

1 L0 G
p—1 2 T p-1

Hence, by Holder's inequality, also using the fact that Pg, C P, for each k, for any gx,—1 <
q < g, we have
_ q, 962 _
ue L% " (Pg )CL" % (Pg ) CL%""(Pg,)
with

IIuIILq,u—e(kaﬂ) <Cllullzru(p)

for some constant C independent of u. Letting R:= Ry, and choosing a number g €

[Gx,—1- Gr, [ With
2 p—1 2 2

< + b
n—0 q uw—0 m+2)(p—1)

(n+2)(p—1)
2 ’

there results ue L5#~%(Py) for some s =s(q) > and

|l Ls-0(psy < C Ul Lpase(py)-
Parabolic regularity then gives
w:=S(|uP*uyp,) € L¥(Py)

with

lwllzer,) < Cllullpsu-opy < CllullLesp,),

and the asserted bound for |||z (p, ,) follows upon splitting u= v + w with v bounded as
in (4.3). The corresponding bound for |Vu| now is a consequence of parabolic regularity.

In the case when B;(0) \ §2 # ¢/ we argue similarly, using Remark 4.3. |
5 The Time-Independent Case

5.1 Partial regularity

By applying Proposition 4.1 to a time-independent weak solution ue H! N LP* of

Equation (1.1), we obtain the following result.
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For xp e R", r > 0 let £2,(x) = B, (x) N £2.

Proposition 5.1. There are constants ¢ >0 and C < oo with the following property: If

ue H' N LP* is a weak solution to the Equation (1.1) on £2(0) satisfying

lullzri (2,00 < &,

then wis smooth in £2,,4(0) and

1wl oo (21,0000 + IVUllL*(2) 500 < CllUllLre(e,0))- O

For exponents p> 2" = % Proposition 5.1 can serve as a substitute for Pac-
ard’s [28, Proposition 1], which relies on [28, Lemma 5], where the bound p <27 is
imposed, and thus allows one to extend the results of Pacard [28] to the full range of
exponents p > 2*. Note that in Proposition 5.1, in contrast to Pacard, we need not assume
that uis stationary; it suffices to assume that uis small in the natural Morrey norm.

Adams’ [1] potential theoretic methods also offer a direct approach to the proof
of Proposition 5.1. Without going into details, we quickly sketch the main ideas. For

f € LYR™ with compact support set
So f(x):= JR" f(Go(x—y)dy,
where Go(x) = c(n)|x|> " is the Green's function for the Laplacian on R", so that
—A(Sf)=f onR™

Then, similar to Adams [1, Theorem 3.1] or Lemma 4.2, we have the following result. (The

details of the proof can be carried over almost literally.)

Lemma 5.2. For2<i<nandany1<gq<5Iletsbegivenby  — 1 =2, Then the map

1

q
So: L¥*(R™ — L>*(R")

is bounded. O

Remark 5.3. By the maximum principle, we have 0 < I'y < G for the Green's function Iy
of the Laplacian on a domain §2 C R"™. Hence the analog of Lemma 5.2 also holds on any

domain. O
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The proof of Proposition 5.1 then can be completed in the same way as the proof

of Proposition 4.1.

5.2 Morrey space embedding

As a second side remark we note the following results similar to (a special case of)
Adams’ [1, Theorem 3.2].

Proposition 5.4. For 1 <A <nand any 1 <q < let s be given by é — % = ;. There is a
constant C < oo with the following properties: If ue Wé’q(.Q) satisfies Vue L9*(£2), then
ue LS’A(.Q) and ”uHLs.A(Q) <C ||vu||Lq.A(_Q). (Il

Proof. Extend u=0 outside £2. Using the representation
w0 = | VupvGoc- ) dy.
2

and observing that |VGo(x — y)| < C|x — y|' 7", similar to [1, proof of Proposition 3.1] or

the proof of Lemma 4.2 for any x € £2 we can bound
[wX)| < C (M| V(%)) (Mo| Vi (x)) 7.

From Holder's inequality and the L%-estimate for the maximal function in view of the

identity 1 — 2 = %, then we obtain
2 1-4
ullzsc2) = ClIMy gl VUlll zoo (o) I VUl La o)

For any x, € R" and any r > 0 upon decomposing f:=|Vul= f + f’, where f' = fxp,.x):

and letting u=u + u’ from the above estimate then we obtain

2 1-4 n-i
1 1125 B o) < CUMyq Nzl F W ey iy < CT 5 IVUlILa ).

Furthermore, for x € B, (xy) we have

W' ()] < CJ p" <J IVu(y)l dY) dp
r B, (x0)

i _i i
ECMA/q|Vu|(X)J p i dp <Cr'”a||Vullpare) = Cr = | Vull gar ()

r
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and hence

W' lLs B0y < CT 5 I VUllLar (@),

which concludes the proof. |

Similarly, we obtain derivative estimates. Again let Iy be the Green's function
on £2. Note the following simple consequence of the maximum principle. A proof can be
found in [12, Theorem 4.7, p. 105].

Lemma 5.5. There is C > 0 such that, for any x, y € 2, we have
IVIo(x, pl<Clx—p' ™ O
We can use this bound to obtain the following result.
1

Proposition 5.6. For1 <) <nandany 1 <q < A let s be given by é — 1 =1 Thereisacon-

stant C < oo with the following properties: If ue W4 n Wol’q(.Q) satisfies Aue L9*(£2),
then Vue L$*(£2) and

IVUllzsr 2y < Cll AUl Lar(2)- g

Proof. Extend Au=0 on R"\ £2. Using the representations
wx) = — L) Auy)Ih(x, y)dy, Vux) =-— JQ Aw(y)VIy(x, y) dy,
in view of Lemma 5.5 we can bound
Vueo| <C | =y Maup) dy.
Again, following [1, proof of Proposition 3.1] then we find the estimate
IVUx)| < C (M 1q| AUl () (Mo| Au ()7

Holder's inequality together with the L?-estimate for the maximal function and the iden-
tity 1 — £ = % then lead to the bound

g 1-4
”vu”LS(Q) = C ||MA/q|Au| ||[);00(_Q) ||Au||Lq(b)' (5-1)
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Given xp € R®, we decompose f:=Au= f + f” where f = fxp, ) and let u=u +u’,

where

U(x) =J fiv(x, y)dy,
2
and similarly for v’. By (5.1) then we have
. sl -
IVUlLs (2,000 < ClIlMasql £zl ooy oy S CT 5 1AUILa0)-

Furthermore, for x € B, (xp) there holds

(o]

V()] < CJ o (j |Auy)| dy) dp
r B,(x0)

o0
_
fCMA/qlAuKX)J- p adp
r
<Cr' e[| Aullparg) = Cr™ s [| Aullas (o)

and hence

i
IVU llzs (2,000 SCT 5 AU a2 (02)-

The proof is complete. |

We conclude that there is a threshold for the scaled energy of nontrivial entire

solutions to (1.1) on any bounded domain 2 c R".

Proposition 5.7. There is a constant ¢ >0 with the following property: Let ue H' N

LPH($2) weakly solve (1.1). Then either u= 0, or we have ||u||zpx (o) > €. a

Proof. Combining the results of Propositions 5.4 and 5.6, recalling that § = p;pl — ﬁ we
find the chain of estimates
—1 —1
IVullzzn(@) = Cllﬂullerl.u(m = C”u”fp.u((g) <C ”VUHEZM(Q)-
The claim follows. [ |

The above results naturally lead to the question if, analogous to the case
of Sobolev’s embedding H!(R" < L? (R"), the best constant for the Morrey estimate

lullzpmny < ClIVUllL20@n given by Proposition 5.4 is attained at a function v > 0, and if
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the corresponding v induces a solution of (1.1), which then might be called a “ground

state”.

6 Applications

We now apply the results of the preceding sections to the flow (1.2), (3.1). Given smooth
initial data ug, there is a smooth solution ue C*®(£2 x [0, T[) of (1.2), (3.1), defined on a
maximal time interval [0, T[ for some T > 0. Our aim is to show that Proposition 3.1 can
be exploited to obtain bounds for uin the natural Morrey spaces so that the results from
Section 4 may be applied. We start by deriving estimates for the functions H and/or H?

both at the initial time and close to any fixed point (xy, %) € 2 x [0, T[.

6.1 Upper bounds for H and H? at t=0

Fix any xp € £2, { > 0, and let 0 < R< Ry = /o > 0. We shift coordinates so that xy =0, as

usual. The expression (3.15) is the most suitable for bounding

1 p—2 1 d
HE) = B, (R = £ 2y () + R Fa®)
— 2(D(R) = Fp(R) + —>—F3(R) 6.1)
P 7 p(p—2)"" '

from above. By Holder’s inequality and in view of the fact that G, defines a probability

measure on R"?, we can bound

F,(R) < Ff/P(R) (6.2)
and from (6.1) we obtain the bound
H(R)<E D—-F +LF2/P (R) (6.3)
~p Plp-2" ' '

The functions involved behave well with respect to the Morrey norms considered

above. Letting Ry = 2¥Ry, k€ N, upon bounding

_lx=x 12

Guo(x.0)=CR;"e *% <CR;"e """ onBg\Bg (%), keN,
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for any initial data (3.1) we find

2D(Ry) = R{;J VUG 1) dx

2x{0}
o0
k— —
<C ) kw2 ge ”J |Vu|? dx
k=1 Br \Br,_, (X)

<C sup R“‘”J' V> dx < C|[Vp %2,
R>Ry Br(xo)

Similarly, we can estimate

2F;(Ro) = Ré)“zj

U G (1) dX
2x{0)

<C sup RH’"J lw|® dx < Cllwli?., 2.
R>Ry Br(xy)

Using the fact that 24/ p= 1 — 2 and again using also Holder's inequality

2/p
R“‘Z‘"J lwl*dx<C (RM‘"J |uo|de) :
Br(x0) Br(xp)

we can also bound

2 2
[UollZzu2 = Clluollzpn

to obtain
H(Ro) <C|Vwll?.,. + Cllwll?2,.—2 < ClIVUgll32, + Clluoll?p

Of course, we can also estimate

H(Ry) = CD(Ro) + CF2(Ro)

V|2 G (.10 dx + CRg_ZJ
2x{0

§CR‘;J |Uo|* G (xp.1) Ax
2 }

x {0}

< CRY|IVwl2« + CoRy w2,

or simply bound
H(Ro) < CRy IVol|2, + CoRy > "lwol|?..

2363

(6.4)

(6.5)

(6.6)

The previous estimates rely on global bounds for the data. For bounding H? with

a compactly supported cutoff function ¢, only local estimates are needed and we have

bounds similar to the ones above.
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6.2 Lower bounds for H and Morrey estimates

For the derivation of Morrey estimates we now use the equivalent expressions (3.20) and
(3.16) of H and H?.

First consider the case when the domain £ is convex, and let ue C®(£2 x [0, T)
be a solution to (1.2), (3.1). Fix some point x; =0 and let 0 < T/2 < t, < T. Observe that,
for the choice (x1, ;) as the center of scaling, letting ug(x, t) = R¥P~?u(x; + Rx, t, + R%t),
there holds rF,(r) — 0 as r | 0. Thus, for 0 < R < R, = /T, by (3.20), (3.21), for H = Hy, 4,

we have

_ R
2(p=2) p J (D + Fp)(r) dr.
0

R
-1
H(R >R Jo H(r)dr> —p(p+2)

Note that, for any such &, < T, R < R, = /f; with an absolute constant ¢, > 0 there holds
Gty =GR ™>0 on Pgpya(x,t; — R?/4).

Extending uby u=0 outside 2 and substituting t =, — r?, we thus obtain the estimate

R
R"‘"‘ZJ' (IVu®* + [uP)dxdt <CR™? J (D(r) + Fp(r))rdr
Prya(x1,tz—R?/4) R/2

<CH(R) < CH(Rp) = CHpx 1, (Wt).

But at time t =0, for any 0 < t;, < T we can bound

|lx—x1 2

G (%00 =Ct,"e” " < (T/5)"*Gx 1)(x,0). 6.7)
Hence, for any 0 < R? < T/2 < t, < T with a uniform constant C > 0 there holds

R“_n_zj (VU + [uP) dxdt < C Hp, 1y (VT), (6.8)
Prya(x1.t,—R?/4)

where the right-hand side is now independent of t,.

Fixing X € 2 and any time t e]%T, TI, we let ro=+/T — . For any (x;,4) €
P, (%o, 1)) and any 0 < R < 2ry we set t, =t + R?/4. Since R? <4rZ =4(T — t) < T/2, we
may then use (6.8) and (6.6) to obtain the bound

IVullLzcpy 0.0 + 1Ullzpcey 0.000)

<C sup Hun(VT)<CT'T (IVwl% + T wll?), 6.9)

|x1—x0| <10
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or we may use (6.8) and (6.4) to find

IV Ul L2 (py (300 + U2 By 0,10 < C UV U122 + U017 50 (6.10)

that is, up to a uniform constant C > 0 the flow (1.2) preserves the Morrey bounds of the

data, however, on domains that naturally shrink as we approach the blow-up time.

6.3 Lower bounds for H?

For an arbitrary smoothly bounded domain 2, we choose pg > 0, Co > 0 as in Remark 3.2
such that, for any 0 < p < pg, we have (x — xp) - v >0 on 952 N By, (Xp) whenever x; € 27,

where

Q°:={xeR; dist(x, 32) > Cop?}.

Recall that if £2 is convex, we may let C, =0 so that 27 = 2 for any 0 < p < po. With no

loss of generality, we may assume that pg < 1. Also set

2
R e i if R<p,
3(p, R)=
p ™M1+ R?p*?) else.

Fix a smooth cutoff function n such that xz ) <71 < x5,0, |Vn| <4 and, for any
number 0 < p < po, let ¢(x) = ¢”(x) =n(x/p). For the function H?" then we have the fol-

lowing perturbed monotonicity result.

Proposition 6.1. For any smooth solution u of (1.2) on £ x [0, T[, any 0 < p < pg, any
x3€2”,andany0 < R<R; < VT there holds

HY, 7)(R) < HY, 1 (R)+Cd(p, Ry). (6.11)

Moreover, the following analog of (6.9) holds. Recall that £2,(x) = 2 N B.(x).

Proposition 6.2. Let u be a smooth solution of (1.2) on £ x [0, T[ and let xy € 2. Then,
for any 0 < p < po, any Ry, ro > 0 such that 2rg < p, £2,,(X) C 27, 8r2 < R? < T, letting to =

T — rZ, we have

p
IVUZ2ia, o + Ul nie, oon SC SUP  H ) (R) + Co(p, Ry). O

|x1—Xo| <10
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For the proof of these results we fix 0 < p < pp and again write ¢ instead of ¢” for
brevity.

For any choice of origin 0 =x; € £2° and any 0 < T/2 < t, < T, with (x, ;) as the
center of scaling as before we have rFy (r) - 0 as r | 0. Proposition 3.1, (3.16), and (3.18)
then yield

R

R
lJ (D‘/’(r)—i—F“’(r))drggJ (H?(r) + |A5(r)|) dr
R Jo R o

R R
§CH‘/’(R)+%J |A;’(r)|dr+CJ | A8 (r)|rt dr (6.12)
0 0
and
Ry
HV’(R)gH“’(Rl)+CJ |AS(r)|r~ ! dr (6.13)
R

forany 0 < R< Ry < ./t,.

In view of the exponential decay of Gy, 1) we can easily bound the error terms
given by Af and A) by means of the following estimate. Observe that this bound agrees
with the blow-up rate vP(t) ~ (T — t)fﬁ of a solution v =v(¢) > 0 to the ordinary differ-

ential equation v; = vP~! blowing up at time T > 0.

Lemma 6.3. Let ue C*(£2 x [0, T[) be a smooth solution to (1.2) for smooth initial data
Up. There exist a uniform constant C; > 0 and a constant C > 0 depending only on E(up)
such that, for any 0 < t; < T, letting t, = (T + t;)/2 we have the bound

B )
J J (IVu? + |uP)dxdt<Ci(T—t)) 72 +C(A+T —t). 0
th J2

Proof. Multiplying (1.2) by uand integrating by parts, for any 0 <t < T we obtain

1d

— 2 2 _ P —
2 ds <J9|wt)l dX) +Lxm(|Vu| |u?) dx=0.

Comparing with the expression for E(u(t)) and recalling the energy identity (3.2), we find

the equation

(J |u(t)|2dx)=p;2J' |u|de—2E(u(t)zp—_2J P dx — 2 (up).
Q P Je p Je

N —
& e
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Hence, by Hélder's inequality for any 0 < ¢, <t < T we obtain the bound

Clu)Znq = Iu®Ilz g,

p—2
o IS g, — E<u0)> ds. (6.14)

t
> ) 2 0, + 4 (
4

Forti <t<T set

t p_ 2
g=g(t) = Ll (z—pllu(s)llfp(m - E(UO)) ds.

Then, from (6.14) with a uniform constant ¢y > 0 we find that

d -2
9="2 o 1O o) — Bltw) 2 20097 — E(wo) (6.15)

and the latter is larger than cyg?/? for all t, <t < T, where t, € [t;, T[ is minimal with the
property that cog?/?(ty) > E(up) = max{E (up), 0}. (We let to = T if cogP?’?(t) < E(up) for all
te[t;, T[.) Recalling that = %, in the case where t, = (T + t;)/2 < ty we have

173
ul J 1) 1Py, ds = gt + (1 — 1) E (o)

t

< (E4(u0)/c0)*P + (T — &) E ().

On the other hand, if , > t;, upon integrating (6.15) from t, to T, we obtain

-2 = —2 =
g(vz)s(cOpT@—tz)) =<cOp4 (T—m) ,

which gives

I 2
w! J U 1 21y ds < C1(T — 1) 72 + (T — ) E(wo).

t

The corresponding bound for |[Vu(t)lzz,) follows from combining the bound for

lu(®)||Lr2) and the uniform energy bound. [ |

Lemma 6.4. For any 0 < R <./t, there holds

R

R
%J |A§(r)|dr+J |AS(r)|r~tdr <C3(p, R). O
0 0
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Proof. Let A=A,(x;):=82 N(Bz,(x1)\ By(x1)). With the help of Young's inequality

r*=2|u? <r*|u/P + C we can easily bound

2 1
) =J (r"IVuI2 - Er“lulp + V“zmhﬂz) PX - VoG (.1 dx

2x{tp—r?}

_4J (rﬂ+2|vu|2|v¢|2G(X1»tz) dx
2x{t,—r?}

<Ccr*(1 +T'2,072)J (|Vu|2 + |u|p)G(X1~t2) dx
Ax{t—r?}

+ CJ G(XLTQ) dx.
Ax{tz—1%}
Similarly, we have

AS(r) = J 2 (" lux - Vo +4r'*uvu- Ve)g Gy 1) dx
2x{tp—r?}

=C J 2 |uf? + r VU2 Vel Gy dx
Ax{t,—r?}

<cri(1 +r2,o’2)J (IVu® + [UP) Gy, 1) dx
Ax{t—r2)

+C J G(Xl.tz) dx
Ax{t,—r?}

for all r < R;. Since we can bound
-n . 2
G <Cr"e a2 on A x {t; —r?},

for 0 < R< /t, we have

R

1 R
EJ' |Ag(7‘)| dr +J

0 0

R
AL dr sJ (AP + | AL dr
0

R r 2 2
< CJ r’“'HJ' 1+ (—) (IVu? + |ulP)e” 2 dxdr + C1, (6.16)
0 Ax{t;—r?} P
where
R R no _
I=J J Gx.op dxr™! drfcj (ﬁ) e wzr-ldr<cC (ﬁ) e i
0 JAx{t,—r?} o \r R

if R<p,and I <C, else.
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If R<p <1, letting r, =20-P/2R, ke N, and substituting t =, — r?, we have

R r 2 02
J pron-l J 1+ <—) (IVu? + |u/P)e” 2 dxdr
0 Ax{ty—r?) 1Y

<2

X ek 2
J J rt 2 e (IVu? + |WP) dxrdr
k=1 Tkt JAx{tz—1r?}

02

o0
<cC Z rf e v J (IVu? + |uP) dxdt. (6.17)
k=1 Ax[ty—rZ tp—12,,]

But by Lemma 6.3 with t; =, — r, T =t,, for all r, <1, there holds

r;;*zj (IVu? + [yP)dxdt<C. (6.18)
Axlty—rE . tp—1E,]
Hence, if R<p <1, we have

R R o0 0 n _Lzz P\ 2
— |A‘”(r)|dr+J A (M |rtdr<Cp™ (—) e Yk +C<—) e i’
RJO 2 0 AO kXI: T R

[P\ 22 n P
<C+p )<§> e i <CR e i

For the case R> p we can argue in a similar fashion to bound the remaining integral,
also using the fact that, by Lemma 6.3, for any p <ry < R there holds

J (Vu® + |uP)dxdt < C(1 + p>** + R?)
Axlty—rE t—rf,,]

to obtain

R 2 2
r
J r“*’HJ 1+ (—) (Vu? + |yP) e+ dxdr
P Ax{t,—1r?} 14

ko 2
<Cp?Y r e %J (Vw2 + |wP) dx dt
k=1 Axtp=1{ o —1F,]

ko 2
<Cc(+ pZ—;L + RZ)p—Z Zr]lcl«fne arf < C(pZ—V. + Rz)pu—n—Z’
k=1

where ky € N is chosen such that ry,; < p <r,, as claimed.
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Proof of Proposition 6.1. Coupling (6.13) and Lemma 6.4, for any fixed x; € 2?, any t; €
[T/2, T[, and any 0 < R < R < ./f;, we find

HY (R < HY . (R)+C5(p, Ry).

Passing to the limit #, 1 T, we conclude the proof of Proposition 6.1. |

Proof of Proposition 6.2. Fix any point x, € 22 and suppose that £2,,(x) C 2° and 8rZ <
RE<T.Setto=T —rZ>7T/8.

For any (xi, t1) € Qn, (X0, t)) andany0 < R<2rg<pwelet, =t + R? /4>ty — 1Z =
T — 2r§. With (x1, &) as the center of scaling and observing that ¢ = ¢” =1 on By, (x1), for
any r > 0 with R/2 <r < R/+/2 we can bound

R’“”J (IVu? 4+ |uP)dx < C(D*(r) + F(r)).
27 (x1) x{tp—1?}

Integrating in R/2 <r < R/+/2, substituting t=1, —r?, and dividing by R?, from (6.12)
and Lemma 6.4 we then obtain the bound

R/V2
J (D*(r) + F*(r)) dr

R“—HJ (VU2 + [uP) dxdt < <
Qpj2(x1,5,—R2/4) R Jo

<CH{, , (R/N2)+C8(p. R/V2)

<CHY”

¢ (R2) +C8(p, Re)

for any R < 2ry < R, <+/T, where 0 < R, < R, is such that t, — R? = T — R?; in particular,
R:=R{ — (T —t,) > R} — 2r3 > 2r¢ > R*/2.
Here we also used the bound
(e =e(n) e
for 0 < R/+/2 < R,. An estimate similar to (6.7) then gives

andj (IVu? + [ulP) dxdtfH[‘,’g r(B1) +C8(p, R)
QRry2(x1,4) ’
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for any (x1, &) € Qy, (X0, %)) and any 0 < R < 2ry. Thus, we conclude that

0
IVUlL2s (0, 0.0 + I1UlLPs 0 0,60 < SUP  Hy 7 (R1) + C8(p, R)

|x1—Xo| <10

analogous to (6.9), as claimed. [ |

6.4 Characterization of blow-up and tangent cones

The estimates in the preceding section allow one to characterize blow-up, as follows.
First note the following lower bound on the blow-up time of solutions in terms of the

L*°-norm of the data.

Proposition 6.5. For given smooth data uy let ue C*(£2 x [0, T[) be the unique maximal
smooth solution of (1.2), (3.1) as above. Then T > ||u0||i;p/(p— 2). O

Proof. (i) Letting
m(t) := sgp [u(®)l,

by (1.2) we have that m(t) is locally Lipschitz and increases at most at the rate
dm(t)/dt < m@®)P;

that is,
m* P(t) > m* P(0) — t(p — 2), (6.19)

and our claim follows. |

As usual, in the definition of the functions Hy, ), H, ,, below we choose the

(%0.%)
origin so that xy =0, and, for given 0 < p < pg, we let ¢ = ¢”.

Proposition 6.6. Let £2 be convex. For given smooth data uy let ue C*(£2 x [0, T[) be the

unique maximal smooth solution of (1.2), (3.1).

(i) There is &9 > 0 such that, whenever T < oo, for any 0 < p < pg we have

sup H,.1)(¥T) > lim inf sup H{, 1,(R) > ¢o.
X0 RI0  ye@ ’

(ii) If T = oo, there holds ||w(t)||ginL~2) — 0 as t — oc. O
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Proof. (i) By Proposition 4.1 for any § > 0 there exists ¢ =&(§) > 0 such that whenever

for some xp € 2 and 0 < R? < ty < T there holds ||u||fp,“ < g, then we have

(Qr(x0.%))

IUll L@y (0,000 < SR/ P72, (6.20)

For a suitable number § > 0, to be determined below, we now fix the associated number

¢ > 0. Suppose that there holds

lim sup sup [|lull?,, (6.21)

o <E.
"0 xef (Qr(x0,T—1?))

In view of (6.20) then there is 1y > 0 such that, for any t=T — r¢>T— rg, we obtain the
bound

m(t) = sup |u(t)| < sr~ /P2
2

that is, we have

m@t) <8§(T—t)/P 2 forany T —ri <t <T.
But then, for any sufficiently large & < T from (6.19), after shifting time by %, we obtain
m)? P> 84 P(T —ty) — (t—t))(p—2) forall ty <t < T,

and the latter is strictly positive at time t =T if 0 < § < (p — 2)"V/(P=2? is fixed sufficiently

small, contradicting the maximality of T. Thus, we must have

>¢e>0.

. p
lim sup sup ”u"Lp,u(a,(xo,Tfrz)) -
2

rl0 Xp€
Since £2 is convex, for any fixed 0 < p < po we have 2° = 2. Thus, we may invoke Propo-

sition 6.2 to obtain the bound

0 < ¢ < lim sup sup ||u||fp_ﬂ(ar(x‘).T_r2)) <Climinfsup H}, ; (R).
rl0 XpE2 10 XpES

Moreover, clearly H&T)(R) < Hi 1 (R) for any R> 0 and any x € 2. Monotonicity (3.21)
then yields the claim. Note that the number ¢y :=¢ > 0 may be chosen independent of u
and T.
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(ii) If we assume that T = oo, by (6.6) for any ¢ > 0 we may choose T; > 0 such that,

for t > T,, we have

sup Hy,.n(v/1) <Ct'7 <e.
Xp€ES2

Our claim then follows from (6.9) (with ry = 1) and Proposition 4.1. |

In fact, we can characterize the blow-up more precisely.

Lemma 6.7. Let £2 be convex. Given smooth data uy, let ue C*(£2 x [0, T[) be the unique
maximal smooth solution to (1.2), (3.1). Then there exists a point xp € 2 such that
H&),T)(R) > g9/2 for any sufficiently small R €]0, +/T], where &, > 0 is as defined in Propo-
sition 6.6. O

Proof. By Proposition 6.6, for any fixed 0 < p < pg and any sufficiently small R > 0 there
exists x=x(R) € 2 such that H&T)(R) > g9, where ¢ = ¢”. For a suitable sequence Ry | 0
then we may assume that xx = x(Ry) — Xp.

We claim that x; has the desired property. Since £2 is convex and hence 2° = £2,

from Proposition 6.1 for suitably small R; > 0 we obtain the uniform bound
H&,T) (r) < H((f(,T)(R) +&0/2

for all 0 <r < R< Ry, uniformly for all x € £2. Suppose by contradiction that H&,,T)(R) <
£9/2 for some 0 < R < R;. Fix ky € N such that Ry < R for k> kq. Then, for k> ky we have

H{, (R0 < H 1)(R) + £0/2 — Hi 1)(R) +£0/2 <9 (k— 00),

contradicting our choice of (xx) for large ke N. [ |

With the help of Lemma 6.3 we can show the analog of Lemma 6.7 on an arbitrary

smooth, bounded domain.

Proposition 6.8. Let 2 C R"™ be smooth and bounded. Given smooth data uy, let ue
C*(£2 x [0, T[) be the unique maximal smooth solution to (1.2), (3.1). Then, for any
0 < p < po, any xp € 27 either

(i) thereis r > 0 such that u extends smoothly to the closure of Q,(xy, T), or
(ii) for any sufficiently small R > 0, there holds H&),T)(R) > g9, where ¢ = ¢” and

where ¢ > 0 is an absolute constant. O
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Proof. Fix 0 < p < pg and let xy € £2°. Suppose that, for a sufficiently small number ¢ > 0

to be determined and any sufficiently small R; > 0, there holds

sup H, (R <e. (6.22)

|x1—Xo|<Rip; x1€82°

By Proposition 6.1, for given 0 < p < pp and suitably small R; > 0 we again have the uni-

form bound

H&T)(r) = H&,T)(R) +¢/2 (6.23)

for all 0 <r < R < Ry, uniformly for all x € £27. In particular, in view of our assumption

about xy we have

sup H{ (R <2, O0<R<R.

[x1—Xo|<Ry: x1 €827

By Proposition 6.2 then, for any 0 < R < R;, we have

p
sup Ul L@y 7 B2 /2y < CE-

|x1—Xo|<Ry; x1 €827
After scaling for sufficiently small ¢ > 0, Proposition 4.1 implies the bound

(T — t)p/(piz) [l w(?) ||§°°(9R1/2(Xo)) <Ce. (6.24)

We claim that, for sufficiently small ¢ > 0, this bound implies conclusion (i) in the
statement of the Lemma. To see this, fix a smooth cutoff function n such that xz, ) <

1 < XBg, 2(x)- The function v =wv(x, t) = (T — t)*uy then satisfies the equation
vi— Av=v([uP 2 —a(T -t - f

with
F=2(T — ©“VuVy + (T — )*uAn.

Multiplying by 2v, then we have
(3 — A)* + 2|Vu2 =2]v]*(JuP? — (T — ) ") — 2 fv,

where

fo=2(T — *uVunVn + (T — )**u’nAn
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in view of the estimate

IVuln < (T — )| Vol + [u|Vn]|

can be bounded

12 fu@)] < |Vv|* + C(T — ™ WP (nAn + [Vn|?).

Thus, we find
(3 — D+ Vo2 =2 (uP? —a(T -t +g,

where now

__2
gDz~ (2n, 2000 < C(T = O WO w2,y < C (T — 0> 772

For sufficiently large 0 <« <1/(p—2) then we see that [|g(®)||z=(x, »(0) € L([ty, TI) for
some fy < T, while (6.24) for sufficiently small ¢ > 0 implies that |u/?2 <a(T —t)"! on
g, /2(X0) x [to, T[. The maximum principle then gives a uniform bound for v on [t, TI;

hence

_ P p
(T = O PN L~ (2, wion =€ forty<t<T.
By iteration, in finitely many steps we can achieve the bound
_pnl/2 p
(T—-1 ||u(t)||Lm(QRI/B(XO)) <C forty<t<T.

Repeating the above argument with o =0, we see that ue L*(Qg, 9(x, T)). By parabolic
regularity then u smoothly extends to the closure of Qg /10(x0, T)).

Negating (6.22), for any sufficiently small R> 0 we can find x=x(R) € £2” such
that |x — x| < R and H&T)(R) > ¢. We may then proceed as in the proof of Lemma 6.7.
For a suitable sequence Ry | 0 we let xx = x(Ry) — Xp. It is now easy to show that xp
has the desired property. Indeed, suppose by contradiction that H&,,T)(R) <¢g/2=:¢9 for
some 0 < R < R;. Arguing as above, we may assume that R; > 0 is chosen such that (6.23)
holds. Fix ky € N such that Ry < R for k> ky. Then, for k> ky by (6.23) we have

H(‘ik_T)(Rk) < H(‘ik’T)(R) +e/2— H&)_T)(R) +e/2<e (k— 00),

contradicting our choice of (xx) for large ke N. |

Theorem 6.9. Let 2 C R" be smooth and bounded. For given smooth data uy let ue
C*(£2 x [0, T]) be the unique maximal smooth solution to (1.2), (3.1). Let (xp, T) be a first
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blow-up point in the sense of Lemma 6.8(ii), where x5 € 2. (If 2 is convex, we also allow
Xp € 052.) Shift coordinates so that (xp, T) = (0, 0). Then the following holds:

(i)

(ii)

There exists a sequence Ry — 0 and a self-similar “ancient” weak solution
@ for all R>0 on R"x] —o00,0[ (or on the half-space R” x] — oo, 0]) which
is smooth away from a set sing(i) of locally finite (n+ 2 — u)-dimensional
Hausdorff measure such that w = ug, — 4 as k— oo, smoothly locally away
from sing(w) and from ¢ = 0. (Recall that &is self-similar if 4= ug for all R> 0,
where, for any R > 0, we let ug(x, t) = R¥P-2y(Rx, R%t).)

If (x9, T) = (0, 0) is of Type I in the sense that there exist constants
C,ro > 0 such that

limsup [ [tYP? sup |wx, t)|]<C, (6.25)
10 X€827,(0)

then 240, 2is smooth, and (u) converges smoothly to @, locally away from
t=0.

If (x0,T)=1(0,0) is not of Type I in addition to the above, there exist
sequences Ry — 0, t 1 0, £2 > xx — 0, and an “eternal” solution @t# 0 of 1.2 on

R™ x R (or possibly on the half-space R} x R if §2 is convex and x, € 92) with
[t~ =1u0,0)|=1

and such that
2

w(x, t) = RP > w(x, + Rix, t + Ret) — @

smoothly locally as k— oo. O

Proof. Let xy € £2 with H&),T)(R) > ¢ > 0 for any sufficiently small R > 0 and some uni-

form number ¢ > 0. Shift (xy, T) = (0, 0). Since £2 is open, there exists 0 < p < pg such that

Xo € 27. (Recall that, for any convex domain, we have £2” = £2 for any 0 < p < po.)

i) If (xp, T) = (0, 0) satisfies (6.25), we may assume that p <ry/4. Moreover, by

assumption (6.25) there is t > 0 such that, for any R > 0, the rescaled solution ug is

uniformly locally bounded on the domain Qg := §2,,,8(0)x] — 7/ R?,0[ with

sup 1t17% [ua(x, )] < oo, (6.26)
—1/R2<t<0, |x|<ry/R
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and ug solves (1.2) on Qg. By parabolic regularity then, after scaling, for any sufficiently

small R > 0 we also have the bound

sup t|72 |[Vug(x, )2 < C. (6.27)
gz <t<0. Ix|= 3%
Therefore, a subsequence ux = ug, converges smoothly locally on R"x] — 00, 0[ to a C!-
solution u of (1.2) on R"x] — oo, O[. (Similarly, if £2 is convex and xy € 92, a subsequence
w, = ug, converges smoothly locally on a half-space R x] — oo, O[.)
Moreover, from (3.18), (3.19), Lemma 6.4, and (6.12), upon integrating in R and
substituting t = — R?, for any Ry > 0 with ¢ = ¢” we obtain

o R g
H‘”(Ro)ZH“’(Ro)—hgl_)lélfH“’(R)=J'o ﬁHw(R)dR

Ro pu—4
EJ J |x- Vu+ 2tw + aul*¢*G dx RAR + I
0o 2D Joxi-ry

1 0
=—J J 1t1%7 | x - Vu+ 2ty + aul?¢®G dxdt + I,
4pJ-rle

where a = ﬁ and where in view of Lemma 6.4 we have

Ro
Iy = %J R'AJ(RIAR<C5(p,Ro) >0 (R | 0).
0

Therefore, we find

0
J J 1t x - Vi+ 2t + atl)®>G dx dt
—00 n

—1/L?
= limJ J 1t|% Y x - Vii+ 2ty + ail)®>G dx dt
B1(0)

L—o0 _I2

—%  R—0 —L2

—-1/L2
ngim limsupJ J [t|*'x - Vug + 2tug, + aug|?G dxdt
B, (0)

(R/L)?
= lim limsupJ J [t Y x - Vu+ 2tu; + aul?¢*G dxdt =0,
L—oo  Rs0 J-12R? JBLR(0)

and we conclude that & =0, so that @u= g for any R > 0. Similarly, from (6.26), (6.27) it

drR —
follows that
0 <e <liminf H{(R) < H{(Ro) = Hy¥ (1) — Hy(1) as k— oo;

URy,

hence ©# 0, as claimed.
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If (xp, T) = (0, 0) is not of Type I, we can still show existence and partial regular-
ity of @, as follows. For any compact Q C R"x] — oo, O[ we can find finitely many parabolic
cylinders P, (y;, s;) such that Q C U; P, (3, s;) and s; + ri2 =0. For any fixed R; > 0 and suf-

ficiently small R > 0 with 2 max; Rr; < Ry, by Proposition 6.2 we have

2 p _ 2
IVURIZ2 1.5y F NURILonp, (.50) = IV U T20 (B Ry RS

p
+ ”u”Lp‘”(PriR(RYiasti)) S C(Rl) < 00.

Hence we obtain that

IVugllzza) + llurllLr@) < C(Q) < o0,

uniformly for sufficiently small R > 0, and we may assume that, for a sequence Ry — 0,
the rescaled functions w = ug, — u locally weakly in L? on R"x] — oo, O[ as k— co with
Vu, — Vilocally weakly in L2, where @ solves (1.2).

For a suitable number ¢ >0 to be determined and any given compact set Q C
R™x] — 00, O[ define

S= {z: (y,s) € Q; limui)nf liminfr"_"_ZJ (IVugl? + |w|P) dZ > 8} ,
r 5-(2)

k— o0

where for any z, = (xg, tp) in our new coordinates and any r > 0 now
Si(z0) ={z=(x.1); |x—x0| <7, [t — to| <7%}

is a centered parabolic cylinder.
Let rqo > 0 such that 267‘f2 +t<O0forall z= (x, t) € Q. For any given 0 <y <rg and

each zp = (xp, tp) € S there is 0 < r=r(z) < ro such that
r“—"—zj (IVwl® + [wlP) dz > &
Sr(20)

for all sufficiently large k€ N.
The family (S; (2)).es covers S. By Vitali's covering lemma (see Caffarelli et al. [4,
Lemma 6.1, p. 806], for a parabolic version) there exists a collection z = (y;,s;) € S, i €N,

such that the cylinders S; = S, (z) are disjoint while S C U;cn S}, where r; =r(z;) and where
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Sf = Ssr,(%),1 € N. Since z; € SC Q, we have S} C Us;,(Q) := U Ss5r,(2), and by assumption
ra > 0 is so small that the closure Qg of Us,,(Q) is contained in R"x] — oo, O[. Hence we

can estimate

Szrf”*“sj (|Vuk|2+|uk|1’)dzsj (IVug|* + |wlP) dz

ieN Usen Si Usen S

sj IVl + P dz < € < oo
Qo

with a uniform constant independent of ry. Hence H"**2~#(S) < C. In particular, we note
that the (n+ 1)-dimensional measure of the cover U;enS; of S converges to 0 as rp — 0.
Thus, in fact, H*2 *(S) =0.

To complete the proof in case (i) observe that, for any zy = (x5, ) € Q \ S and any
0 <19 < po, with a number L € N to be determined below by Proposition 6.1, (6.3), Fubini's
theorem, and the definition of S, there exists 0 <r <ry/3 such that, with ¢ =¢" for a

sequence k — oo, there holds

¢
sup ch,(xl Jto+2r2/L2) (@r/L)

|x1—Xo|<r

<C inf s“f"J (IVwl? + |wl?) dx + C5(r, 2r/L)
r/L<s<2r/L Bay (%0) x {tg—252)

< CL™MEHppne2 J (IVug|* + |wl?) dz+ C8(p, 2r/L)
Sar(20)

<CL™? Mg 4+ C8(r,2r/L).

Setting Ry = 2r/L =2ry, T =ty + 2r?/L? in Proposition 6.2, upon fixing L € N sufficiently
large to guarantee that §(r, 2r/L) < L™? "¢, we find ||txl|rx(p,, z) < CL™* "¢. Choosing
¢ > 0 sufficiently small, from Proposition 4.1 we then deduce a uniform bound for (u) in
a neighborhood of z.

Exhausting the domain R"x] — oo, O[ by compact regions Q = Qy as above and
passing to a suitable diagonal subsequence (), we obtain the claim.

ii) If (after shifting time by T) (xp, T) = (0, 0) is not of Type I, for all r > 0 we have

. 1
lim sup |t|>2? sup |w(x, )| =oo.
t10 xe$2;(0)
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Following Hamilton [16], for k€ N and any r > 0 we let (xx, t) € 2, x [T, —%] such that

1

1 P2 2
M, = sup |u(x, t)| <_E — t) (r —|x|)»=

1
(x,0)€2-x[-T,— ]

1

1 p-2 2
= | (X, t)| <—£ - tk) (r—|x) 72,

where 2, = £2,(0) for brevity.

Since for any (x, t) we have

1
p

1 = 1
Lim Ju(x, t)| <_E - t) = |u(x, O[] P2,

from our assumption we deduce that My — oo and t 1 0 as k— oo.

Set Ry := |u(xx, tk)|2%p > 0 and scale

WX + ReX, t + Rit)
[ (X, t)| '

2
U(x, t) = RY * (X + Rex, t + Ret) =

Note that as k— oo, we have

1

1 p—2
1 p-2 2
R (—1 —t)(r — |x)? = <|u(ka t)| <—% - tk) (r— IXkI)P‘Z> — 00

and hence

R (-1 — %, R —|xl) — oc. (6.28)

For (x,t) €e R" x R and any sufficiently large k< N so that R,;l(r — |x|) > |x| and
te[—R*(T + ), Ry*(—1 — tol in view of (6.28) as k— oo, we then find

|w(xk + Rix, t + R21)|
[u( Xy, B

lup(x, t)| =

) 2
< - % p2< r— X )”
“\-t—-%— Rk r — | Xk + RiX|

_1 2
( BiCi—w N\ (_RIe—Ixd) \TT
T\RA— -t -t R (r = Ixel) — x|

uniformly on compact subsets of R” x R.
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For sequences ry, | 0, Ly, — oo by the argument above we can then find a sequence
of points (X, tn) € 25, X [—%, 0) and radii 0 < Ry, < L, — 0 such that the rescaled solu-

tions
2
=5 WXm + RmX, tn + R21)
Um (X, ©) = RE 2 w(xy + RyX, ty, + R2 1) =
e W Fom B i o)

solve (1.2) on By, (0) X [—Ly,, L] with |u,(0,0)| =1 and such that

1
ltmllz=By,, O xI-Lm.Luh <1+ ol

Hence, (u;,) converges smoothly locally to an “eternal” solution @ of (1.2) on R" x R as

k — oo, which satisfies

[z~ =1=w0, 0)]. [ |

Remark 6.10. In certain situations the possible blow-up profiles @ arising in
Theorem 6.9 have been classified completely. Giga and Kohn [15] showed that a Type
I blow-up, as defined in Theorem 6.9, in the subcritical and critical cases p < 2* always
is associated with a spatially constant profile. Moreover, Merle and Zaag [23, 24] estab-
lished that in the subcritical case non-negative solutions u of (1.2) on a convex domain
can only have blow-up of Type I and that ancient solutions uon R"x] — oo, T] necessarily
are of ode-type (spatially constant). For p > 2*, however, examples of self-similar Type I
blow-up with spatially nonconstant profile were obtained by Troy [36], and Herrero and
Velazquez [17] demonstrated that, for sufficiently large n and p, also a Type II blow-up
may occur. Matano and Merle [20-22] and Mizoguchi [25] characterize the different pos-
sible blow-up regimes in the radially symmetric case. (See [22] for a more exhaustive list
of references.)

If we assume that 4= t(x) > 0 is a time-independent, self-similar solution of (1.1)
on R”, that is, satisfying = uig for all R > 0, and if we suppose that in case n> 3 we have
p < 22=1, the critical Sobolev exponent in n— 1 dimensions, a result of Gidas and Spruck
[14], implies that t(x) = c,|x|™%, where ¢, = (a(n— 2 — a))ﬁ; see [38] or [32] for details.

(Any exponent p > 2* is admissible when n=3.) O

6.5 Well-posedness in the Morrey space

The estimates in the preceding section allow one to considerably relax the regularity
assumptions on the data. For instance, Proposition 6.5 shows that the Cauchy problem
(1.2), (3.1) is locally well-posed for initial data uy € L*>°(£2).
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Moreover, if the domain is convex, and if up € H' N LP#(2) with Vuy € L>*(£2) for

sufficiently small ¢ > 0 satisfies the condition

sup r**"J (IVul? + |uplP) dx < & (6.29)
2 (x0)NS2

XpeR", O<r<ny

for some number ry =ry(¢) > 0, then (6.9) and Proposition 4.1 give the a priori L*°-bound
_ 2
lug(®) |lLo) < Ct »2

on a uniform time interval O < t < T for the solutions u of (1.2) for suitable smooth data
Ugr — Up in H' N LP(2) (k— oo) satisfying the bound (6.29). Thus, we can extend our
results to data ug in this class.

The latter reasoning fails, however, when the domain is nonconvex, and it is
not clear if the Cauchy problem (1.2), (3.1) is locally well-posed on an arbitrary smooth
domain for small data in this class. More generally, we may ask if the Cauchy problem
is locally well-posed even for arbitrarily large initial data up € H! N LP*(£2) with Vug €
L%"(£2). See [3] for a related study.

Concerning the time-independent problem, it seems an interesting question if
any (not necessarily stationary) weak solution ue H! N LP#(£2) of (1.1) with Vue L?#(£2)
is partially regular in the sense of Pacard. Likewise, we may ask if Pacard’s partial reg-
ularity result [28, Proposition 1] and our improvement of this result in Proposition 5.1

extend up to the boundary of the domain when the domain is nonconvex.
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