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Anomalous Phase Sequences in Lyotropic Liquid Crystals
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We present a coarse-grained model in order to describe the unusual sequence of mesophases observed
in aqueous solutions of nonionic lipids, such as monoolein. The lipid molecules are modeled as a rigid
head and a flexible Gaussian tail, and water is treated explicitly. A key component of the model is
thermally reversible hydrogen bonding between the lipid head and water resulting in changes in both head
volume and the interactions of the hydrated head with its surroundings. Phase diagrams obtained from
unit-cell self-consistent field simulations capture the qualitative thermotropic and lyotropic phase
behavior of the monoolein-water system. The unusual phase sequences result from a competition between
hydrogen bond formation, changes in head volume and interactions, lipid tail entropy, and the hydro-
phobic effect.

PACS numbers: 61.30.Cz, 64.60.�i, 64.70.Md, 87.15.�v

The mesophases of lipid-water mixtures are of great
scientific and technological interest, having relevance to
cosmetic, food, and pharmaceutical formulations for the
delivery of flavors, drugs, and aromas [1–4]. Cubic bicon-
tinuous phases [5,6], e.g., Ia�3d and Pn�3m and the inverted
phases Ia�3dII and Pn�3mII, are especially useful because
they provide pathways for transporting small molecule
species such as flavors and nutrients in either aqueous or
hydrocarbon phases [3,4,7]. While cubic phases are desir-
able, there is very limited understanding of the relationship
between the molecular details of the lipid, its interactions
with water, and the presence and placement of cubic phases
within the temperature-composition plane. The problem is
particularly acute for aqueous solutions of nonionic lipids
with a small hydrophilic head, such as the monoolein-
water system [8,9]. This class of lipid-water mixtures
possesses both a normal phase sequence from inverted
hexagonal cylinders to inverted cubic gyroid (HII-Ia�3dII)
and a reverse phase sequence from lamellar to inverted
gyroid (L�-Ia�3dII) as the water volume fraction is in-
creased [see Fig. 2(a)]. There is currently no satisfactory
theoretical model that explains both the normal and reverse
lyotropic phase sequences as well as the changing topology
of the phase diagram with temperature. It is this challenge
that is addressed in the present Letter.

The concept of a critical packing parameter (CCP) [10],
defined as the ratio of the volume of a lipid tail to the
product of the cross-sectional area of a lipid head and the
length of a lipid molecule, is a useful tool for anticipating
membrane curvature and the stability of various lipid and
surfactant phases in solution. Nonetheless, the CCP ap-
proach predicts only the normal sequence of phases, re-
flecting a transition in which the water-lipid interfaces are
curved less towards the water domains as the concentration
of water is increased. The framework does not provide

insight into a reverse phase transition such as L� !
Ia�3dII, where the interfaces go from flat to curved towards
water upon increasing the amount of water.

A membrane elasticity model for lipid bilayers initiated
by Canham and Helfrich [11,12] invokes phenomenologi-
cal parameters such as spontaneous curvature, bending
rigidity and saddle splay modulus. The model does not
elucidate the dependence of these parameters on molecular
details of the lipid and solvent, but it can be used to antici-
pate certain trends in phase behavior [13]. At the other
extreme, fully atomistic simulations have been attempted
for the monoolein-water system using a classical force
field and explicit water [14]. While some promising initial
results have been obtained, the time scales of self-assembly
in such systems are orders of magnitude beyond those
accessible with state-of-the-art computational resources.

Self-consistent field theory (SCFT), which utilizes
coarse-grained chain and interaction models, provides a
computational strategy intermediate between continuum
and atomistic approaches [15,16]. It is a powerful and
flexible method that has been successfully applied to study
the phase behavior of a wide variety of inhomogeneous
polymer systems such as block copolymers and polymer
alloys [17,18]. Li and Schick [19] have also shown that
SCFT models of lipids with flexible Gaussian tails and
rigid polar head can predict certain trends in lyotropic be-
havior. A more detailed SCFT model proposed by Müller
and Schick uses the rotational isomeric state (RIS) model
to represent lipid tail conformations [20]. Although some
trends in experimental data were reproduced, the approach,
which did not allow for hydrogen bond formation, did not
predict the reverse lyotropic phase sequences that domi-
nate the monoolein-water phase diagram.

In the present Letter, we introduce a novel type of SCFT
model that incorporates reversible hydrogen bonding and is
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the first to capture the essential thermotropic and lyotropic
physics of lipid-water mixtures in the monoolein class. As
shown in Fig. 1(a), monoolein has a monounsaturated lipid
tail and a head group that can hydrogen bond with up to ten
water molecules. In the coarse-grained description de-
picted in Fig. 1(b), we simplify the molecule to a flexible
Gaussian chain tail consisting of N segments, each of
volume vt, and a rigid head that can exist in two states:
state ‘‘0’’, which has no bound water and a small head
volume vh0, and state ‘‘1’’, which has bound water and a
larger head volume vh1. The thermally reversible binding
of water to the head is a key component of the model,
which also influences the head-water and the head-tail
interactions. Experimental results on monoolein [8,9] and
monolinolein [21] systems suggest that in the bound and
hydrated state, the larger state 1 head should interact less
favorably with free(unbound) water and lipid tails than a
head in the dry state 0.

Free water in the model is treated simply as a space-
filling pointlike species. Local incompressibility of the
solution is imposed and nonbonded interactions among
the various species are described by Flory-Huggins �
parameters. The energy change (in units of the thermal
energy kBT) associated with hydrogen bonding of the head
group is denoted by Fb. Subscripts h0, h1, w, and t will be
used throughout to denote unbound lipid heads, bound
lipid heads, free water, and lipid tails, respectively.

Recent work on supramolecular block copolymers [22]
has shown that reversible binding can be incorporated in
the SCFT framework by working in the grand canonical
ensemble where the constraints of chemical reaction equi-
libria can be imposed on the species activities. Following
the same approach here, and using Hubbard-Stratonovich
(HS) transforms to transform the grand partition function
� into a statistical field theory [16,17], leads to

��
Z

DW
Z

D�
Z

DPe�HG�W;�;P�; (1)

where � and W are four-component vector fields repre-
senting, respectively, the volume fractions and auxiliary
potentials (HS fields) of the h0, h1, w, and t species. P is a

pressure field that imposes the local incompressibility
constraint. The effective Hamiltonian appearing in the
above field theory can be expressed as

HG � �Qw � zh0Qh0 � zh0
e�Fb

N
Qh1

� 1

V

Z
drf�h0;tN�h0�t � �h1;tN�h1�t

� �h0;wN�h0�w � �h1;wN�h1�w � �t;wN�t�w

� �Wh0�h0 �Wh1�h1 �Wt�t �Ww�w	 � P��h0

��h1 ��t ��w � 1	g; (2)

where V is the system volume. Parameters zh0 and zh1
denote the activities of lipids in the unbound and bound
states, respectively, in units of 1=Nvw. Because of incom-
pressibility, only two activities are independent, so zw has
been arbitrarily set to 1. The condition of reaction equilib-
rium for our two-state model of hydrogen bonding corre-
sponds to [22] zh1=�zwzh0	 � exp��Fb	=N. Nonbonded
binary interactions among the relevant i, j species are cap-
tured by the Flory-Huggins parameters �i;j. Finally, the ob-
jects Qw, Qh0, and Qh1 are the partition functions of single
water molecules, state-0 lipids, and state-1 lipids experi-
encing fields that are linear combinations of W and P.

In the present Letter, we report only mean-field, or
SCFT, solutions of the field theory described in Eq. (1).
The mean-field equations result from demanding that HG
be stationary with respect to variations of the 9 field
components:

�h0 � �zh0
�Qh0

�Wh0
; (3)

�h1 � �zh0
e�Fb

N
�Qh1

�Wh1
; (4)

�t � �zh0
�Qh0

�Wt
� zh0

e�Fb

N
�Qh1

�Wt
; (5)

�w � � �Qw

�Ww
; (6)

0 � �h0 ��h1 ��t ��w � 1; (7)

Wh0 � �h0;tN�t � �h0;wN�w � P; (8)

Wh1 � �h1;tN�t � �h1;wN�w � P; (9)

Wt � �h0;tN�h0 � �h1;tN�h1 � �t;wN�w � P; (10)

Ww � �h0;wN�h0 � �h1;wN�h1 � �t;wN�t � P: (11)

The functional derivatives in the first four equations can be
made explicit through the formulas [16,18] �hk� zhk

vhk
Nvw



qhk�r;0	qyhk�r;1	, �t� vt

vw

R
1
0ds

P1
k�0 zhkqhk�r;s	qyhk�r;1�

s	, and �w � �1=N	e�Ww=N, where qhk and qyhk denote
FIG. 1. (a) Chemical structure of a monoolein molecule.
(b) Schematic diagram of a lipid-water model.
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forward/backward propagators for the tail conformations
of a lipid in state k � 0 or 1. The forward propagator
satisfies the diffusion equation

@qhk�r; s	
@s

� R2
gr2qhk�r; s	 � vt

vw
Wtqhk�r; s	 (12)

subject to the initial condition qhk�r; 0	 � e��vhk=Nvw	Whk ,
where Rg � b

���������
N=6

p
is the unperturbed radius of gyra-

tion of a lipid tail. The reverse propagator (from the free
lipid end) satisfies the same diffusion equation, but with
initial condition qyhk�r; 0	 � 1. The single-molecule par-
tition functions can be similarly expressed: Qhk �
1
V

R
dre��vhk=Nvw	Whkqyhk�r; 1	, Qw � 1

V

R
dre��Ww=N	.

The SCFT equations, Eqs. (3)–(11) are solved numeri-
cally. Initial field configurations are seeded in order to
produce a unit cell of a desired mesophase, and the diffu-
sion Eq. (12) is solved pseudospectrally with an operator
splitting scheme [23]. Using the calculated propagators,
the volume fractions and single-molecule partition func-
tions are evaluated. The W and P fields are subsequently
relaxed using various convergence schemes [16,24] in or-
der to satisfy the remaining SCFT equations, (7)–(11). Si-
multaneously, HG is minimized with regard to the size and
the shape of the unit cell [25]. Phase boundaries are deter-
mined by comparing the SCFT free energies among phases
at the same value of the activity of a 0-state lipid, zh0.

Figure 2(b) shows the mean-field phase diagram of our
model, where we have assumed a conventional temperature
dependance of the tail-water and hydrogen bond interac-
tions, �t;wN � A� B=T, �Fb � C=T, and fixed the
bonding to interaction energy ratio C=B � 0:5. In parame-
terizing Fb this way, we neglect the directionality of the
hydrogen bond, which makes an entropic contribution [26]
and effectively reduces the bond strength. A is fixed by the
choice of a reference set of interaction and bonding pa-
rameters, and the other �i;j are determined away from the
reference point by maintaining constant values of the ratio
�i;j=�t;w. The ordinate of Fig. 2(b), �1=Fb, can be viewed
as a dimensionless temperature, while the abscissa �w;tot is
the total volume fraction of water (bound and free). Key to
the choice of reference point � parameters is a large
unfavorable ‘‘hydrophobic’’ interaction between tail and
solvent �t;w, and a head-solvent interaction that is initially
small and becomes less favorable upon binding water,
�h0;w < �h1;w � �t;w.

The SCFT phase diagram 2(b) captures important quali-
tative features seen in the experimental diagram, Fig. 2(a).
For instance, it provides for a L� ! Ia�3dII ! HII phase
sequence upon increasing temperature. This sequence can
be understood by referring to Fig. 3(a), which shows how
the composition of the fluid mixture changes along a
thermotropic trajectory at �w;tot � 0:175. As the tempera-
ture increases, the volume fraction of bound lipids de-
creases, and the effective size of the lipid heads also
decreases. A smaller lipid head will stabilize mesophases

that curve towards water in order to maximize the con-
formational entropy of the lipid tails.

Figure 2(b) also qualitatively shows the ‘‘reverse’’ lyo-
tropic behavior present in the monoolein-water system. In
particular, the L� ! Ia�3dII phase transition occurs with
increasing water volume fraction. As shown in Fig. 3(b),
the L� phase is stable when the bound lipids are saturated
and the free water fraction is low, consistent with experi-
mental observations [9,21]. However, as more free water is
present, the strong hydrophobic interaction between lipid
tail and free water increases, which drives a morphological
transition to Ia�3dII wherein the interfacial area between
hydrophilic and hydrophobic domains is reduced. The
transition is further assisted by an increase in tail entropy
[27]. A comparison of the predicted and experimental
mesophase lattice constants provides additional support
for the model. For example, dIa�3dII =dL�

� 3:0 (experiment
at 40 �C [9,21]) and �2:8 (simulation at �Fb � 4:2).

We note that the Pn�3mII (inverted double diamond
cubic) phase is always metastable for our parameters,
although it most closely competes with Ia�3dII to the right
of the gyroid phase in the mean-field diagram, which is the
same sequence as found experimentally. Simulations have
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FIG. 2. (a) Experimental phase diagram of the monoolein-
water system reprinted from Ref. [9] with permission from
Elsevier. (b) Mean-field phase diagram with vh0=vw � 1:8,
vt=vw � 1:0, N � 5, and C=B � 0:5. The reference point is
�Fb � 4:5, �h0;t � 1:0, �h1;t � 1:45, �h0;w � 0:1, �h1;w � 0:5
and �t;w � 4:2. The ratio, �i;j=�t;w, is maintained constant over
all values of �Fb. Labeled phases are FI (lipid-rich homoge-
nous phase), HII (inverted hexagonal phase), L� (lamellar
phase), Ia�3dII (inverted gyroid phase), and 2 phase (region of
coexistence with nearly pure water).
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also been conducted in which hydrogen bonding was
turned off in the model. These studies, which produced
only the ‘‘normal’’ phase sequence, verify that head vol-
ume changes in response to hydrogen bonding are key to
reproducing the lyotropic and thermotropic phase sequen-
ces in the monoolein class of systems.

We have conducted some preliminary investigations of
the sensitivity of the SCFT phase diagram to the choice of
parameters. As N is increased at fixed vt=vw � 1:0, which
corresponds to a smaller water molecule relative to the
lipid volume of Nvt � vh0, the window of mesophases
widens. This is due to an increase in water translational
entropy, which favors mesophase swelling. Another im-
portant parameter is the ratio of the volume of an unbound
lipid head to the volume of a water molecule, vh0=vw. If
the value of vh0=vw is too low, such as vh0=vw � 1:4 with
N � 6, the lyotropic FI to L� phase transition disappears,
leaving only a FI to HII transition. The nonbonded hydro-
phobic interaction parameter between the lipid tail and
water, �t;w, is also key. A large value of �t;w gives more
stability to the Ia�3dII phase since it increases hydropho-
bicity, although it also shifts the mesophases to lower water
content. Conversely, if we decrease the value of �t;w by
more than 6% at �Fb � 4:2, the Ia�3dII phase is destabi-
lized relative to L� at all water concentrations. Finally, the
hydrated lipid head-water interaction is important to cubic
phase stability. When �h1;w is high, the hydrophobic inter-
action between lipid tail and water is reduced by the bound
lipid heads, which favors the L� phase and less swelling.
For example, if we increase the value of �h1;w by 20% at
�Fb � 4:2, only the L� phase is stable.

In summary, we have developed a model of nonionic
lipid-water mixtures that qualitatively captures the unusual
lyotropic and thermotropic phase sequences observed in
experiments. Our simulations also represent the first appli-
cation of self-consistent field theory to inhomogeneous
solutions of hydrogen bonding lipids or polymers.
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FIG. 3. (a) Species volume fractions
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