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2 kagome lattice: Exact diagonalization calculations on small clusters
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We consider the effects of doping the S= 3
2 kagome lattice with static, nonmagnetic impurities. By exact-

diagonalization calculations on small clusters, we deduce the local spin correlations and magnetization distri-
bution around a vacancy. As in the S= 1

2 kagome lattice, in the vicinity of the impurity, we find an extended
region where the spin correlations are altered as a consequence of frustration relief and no indications for the
formation of local moments. We discuss the implications of our results for local-probe measurements on
S= 3

2 kagome materials.

I. INTRODUCTION

The kagome antiferromagnet �Fig. 1� is one of the most
highly frustrated geometries known in two-dimensional �2D�
systems with only nearest-neighbor interactions, for both
classical and quantum spins. A variety of materials display-
ing the kagome structure are known to exist, and their num-
ber continues to increase. Because of the long-standing ab-
sence of a true S= 1

2 kagome spin system, the majority of
experimental studies of quantum kagome antiferromagnets
has focused on compounds with higher spins. These include
the jarosites �H3O�Fe3�OH�6�SO4�2 �Ref. 1� and
KFe3�OH�6�SO4�2, both S= 5

2 , and KCr3�OH�6�SO4�2,2,3

which has S= 3
2 . In the magnetoplombite SrCr9pGa12−9pO19

�SCGO�,4 most of the S= 3
2 Cr3+ ions form kagome bilayer

units with frustrated interlayer coupling. The related com-
pound Ba2Sn2ZnCr7pGa10−7pO22 �BSZCGO�5 contains the
same units with a superior interbilayer separation and a
lower intrinsic impurity concentration. In both of the latter
materials, ideal stoichiometry �p=1� remains unachievable,
making the influence of static �and for Ga3+ spinless� impu-
rities an important factor determining the physical response.

The very recent synthesis of the S= 1
2 kagome compound

ZnCu3�OH�6Cl2 �Ref. 6� makes a detailed comparison of
these different systems indispensable. Among the local-probe
techniques which have been refined for specific studies of
impurities in spin systems, nuclear magnetic resonance7–10

�NMR� and muon spin resonance9,11 ��SR� experiments
have provided the most valuable information obtained to
date. Inelastic neutron scattering measurements offer addi-
tional insight into the excitations of the bulk system, suggest-
ing an exotic, gapless spin-liquid state for ZnCu3�OH�6Cl2
�S= 1

2
� �Ref. 12� and a rather conventional spin-wave spec-

trum with a quasiflat band for KFe3�OH�6�SO4�2 �S= 5
2

�,13

where Dzyaloshinskii-Moriya interactions have a significant
role.

On the theoretical level, studies of the classical kagome
antiferromagnet are complicated by the infinite ground-state

degeneracy. For quantum spin systems, the S= 1
2 kagome lat-

tice has been shown to have a spin-liquid ground state,14

with an exceptionally short spin-spin correlation length of
1.3 lattice constants.15,16 The excitation spectrum17 is domi-
nated by an exponentially large number of low-lying
singlets.18 Both ground and singlet excited states are found to
be very well described by a resonating-valence-bond �RVB�
framework based only on the manifold of nearest-neighbor
dimer coverings.19

By contrast, the situation for the S= 3
2 system has been the

subject of rather less attention. An early spin-wave analysis20

suggested that it may support long-ranged antiferromagnetic
order, but a large-N approach21 was found to favor a
quantum-disordered state with the same properties �including
a triplet gap and deconfined spinon excitations� as predicted
for the S= 1

2 system. Preliminary numerical results22 for the
S= 3

2 system are complex and difficult to interpret, making it
not yet possible to give an unambiguous statement on the
underlying physics of this system: there is no specific evi-
dence either for an ordered state or for a valence-bond de-
scription, and while the excitation spectrum shows certain
parallels to the S= 1

2 case, there are no indications for either
spin waves or spinons.

FIG. 1. The kagome lattice. The central site has been replaced
by a nonmagnetic impurity.

*Deceased.
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Studies of static vacancies in spin liquids and gapped

quantum magnets have been used in a number of systems to
obtain additional information concerning spin correlations
and occasionally to reveal novel phenomena. The only inves-
tigations performed to date for kagome antiferromagnets
have addressed the two limits, namely, the maximally quan-
tum and the purely classical. For the S= 1

2 system, it was
shown in Ref. 23 that nonmagnetic impurities do not gener-
ate free spin degrees of freedom in their vicinity, that they
lower the number of low-lying singlet states, induce inter-
dimer correlations over a significant range despite the very
short spin correlation length, and experience a highly uncon-
ventional mutual repulsion; much of this exotic behavior is
also contained within the RVB description. For the classical
system, it was shown in Ref. 24 that site disorder competes
with thermal selection to favor states where frustration relief
takes the form of noncoplanar spin configurations around the
impurity site. Similar ideas were also articulated in Ref. 25.

In this study, we investigate the effects of static impurities
in the S= 3

2 kagome lattice with a view to offering a sound
basis for the interpretation of experimental results. We will
show that, as in the S= 1

2 system, spin correlations are modi-
fied over a significant number of bonds at different distances
from the impurity site and that there is no evidence for free
local moments induced around these sites. We provide a brief
and qualitative motivation for these phenomena in terms of
changes in the spin correlations analogous to the local col-
linearity enhancement of classical spins due to the relief of
frustration at an impurity.

In Sec. II, we consider the spin-spin correlations on all
bonds in the presence of an impurity in a S= 3

2 kagome clus-
ter. Section III presents the local magnetization distribution
around an impurity site, which we compute for all spin sec-
tors. In Sec. IV, we discuss the extent to which our results
may assist in the interpretation of NMR, �SR, and other
measurements on the S= 3

2 kagome systems now under ex-
perimental investigation. Section V summarizes our conclu-
sions.

II. SPIN CORRELATIONS

A. Exact diagonalization

We perform exact-diagonalization �ED� calculations for
the Heisenberg Hamiltonian

H = J�
�ij�

Si · S j , �1�

where J is the antiferromagnetic superexchange interaction
and �ij� denotes nearest-neighbor sites, for small clusters of
S= 3

2 spins with periodic boundary conditions. Because of the
large Hilbert spaces required when dealing with spins S�

1
2 ,

the cluster size is restricted to a maximum of 15 sites with
one impurity. We compute the total energy, the bond spin-
spin correlation functions Cij = �Si ·S j� for all nearest-
neighbor pairs �ij�, and the induced magnetizations on each
site in every spin sector.

Specifically, we have studied standard kagome clusters of
12 and 15 sites in which one S= 3

2 spin is replaced by a

nonmagnetic impurity. In the 12-site clusters, all sites are
equivalent before dilution, whereas in the 15-site case, there
are two types of sites which are inequivalent under the sym-
metries of the cluster. We have verified that our conclusions
do not depend on the choice of the dilution site. We note here
that the ground state of the diluted 12-site system has total
spin S= 1

2 , while the diluted 15-site cluster has a singlet
ground state.

B. Spin-spin correlation function

The bond spin-spin correlation functions Cij around a
single impurity are shown in Fig. 2. It is clear that spin
correlations are strengthened on the bonds neighboring the
vacant site. For a quantitative measure of this effect, we re-
mind the reader that the spin correlation, or Heisenberg en-
ergy per bond E=JSi ·S j, takes the values E0=−15J /4 if the
two spins form a pure singlet, E1=−11J /4 for a triplet,
E2=−3J /4 for a quintet, and E3=9J /4 for a heptet state.
The pure-system results Eg�N=12�=−1.463J and Eg�N
=15�=−1.448J per bond are used to set the positive and
negative values shown in Fig. 2 and also represent the aver-
age extent to which the bonds are dissatisfied �frustrated� in
the S= 3

2 kagome antiferromagnet.
The strengthening of correlations is manifestly not as

strong as in the S= 1
2 case, and the system remains far from

perfect singlet formation on the nearest-neighbor bonds. For
S= 3

2 , the correlation on the strongest bond near the impurity
�1 in Fig. 2� represents 80% of the maximal �negative� pos-
sible value, and the next one �3 in Fig. 2� 47% for the 15-site

1
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(a) N = 12

1
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2

3

4
4

5

(b) N = 15

FIG. 2. �Color online� Bond spin-spin correlations for a single
impurity in 12- and 15-site clusters, obtained by ED. Bar width
represents the strength of correlation functions on each bond, mea-
sured as a deviation from the pure-system values C0�12�
=Eg�12� /J=−1.463 and C0�15�=Eg�15� /J=−1.448, on a linear
scale where the strongest correlation function is �Si ·S j�=−2.994.
Blue �red� lines denote bonds on which the deviation is negative
�positive�. The black lines denote the boundaries of the cluster.
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cluster, to be compared with 92% and 70% for the S= 1
2 case

�taken from Ref. 23 for 27 sites�.
The most straightforward interpretation of the strengthen-

ing of correlations is that the two spins on each bond attain a
more antiferromagnetic state as a consequence of the relief
of frustration in their triangle26 caused by the removal of the
apical site; this effect was represented as an enhancement of
collinearity for classical spins in Ref. 24. A corollary of this
enhancement is the weakening of spin correlations on next-
nearest-neighbor bonds. A certain oscillatory behavior of the
spin correlations is discernible in the values Cij as the sepa-
ration of the bond from the impurity is increased, as shown
in Fig. 3. Although this appears neither as strong nor as
long-ranged as in the S= 1

2 case, the effect clearly extends
well beyond the nearest-neighbor sites. Unlike the S= 1

2 case,
these spin correlations do not illustrate directly the absence
of local moments, which we demonstrate in Sec. III. While
the size of the cluster sets an obvious limit on the strength of
these statements, we may conclude that impurity doping
causes a disruption of the pure-system spin configuration,
which is not entirely local, and induces at least short-ranged
dimer correlations with a characteristic length of several lat-
tice constants.

C. Bond spin correlations

Further insight into the nature of the spin correlations and
their alteration in the presence of impurities may be gleaned
from the weights of the four possible spin states present on a
given bond, which are shown in Figs. 4�a�–4�d�. For a bond
far from an impurity site �Fig. 4�a��, one observes that this
weight distribution is approximately symmetrical, with the
majority of bonds in states of total spin 1 or 2, while the
probability for a bond to be a perfect singlet or fully spin
polarized is small. Figure 4�b� shows the situation for a bond
next to an impurity site, where there is a very significant shift

of weight away from high-spin states, particularly S=2, to
the net singlet state. This result quantifies the quantum ana-
log of the classical collinearity enhancement, although as
noted in the previous section, this is by no means as over-
whelmingly strong as in the S= 1

2 system. In Fig. 4�c�, the
same distribution is presented for the central bond of the
six-site cluster shown in the inset, which has �Si ·S j�
=−2.821. From the similarity to Fig. 4�b�, one may conclude
that the physical processes contributing to the spin correla-
tions on the bond with relieved frustration are largely local in
nature.

For further comparison, in Fig. 4�d�, we show the same
distribution calculated for a square lattice of spins S= 3

2 with
no impurities. If this distribution is considered to be repre-
sentative of the situation in an unfrustrated, collinear 2D sys-
tem, a comparison with Fig. 4�a�, where the highest weight is
found for bonds of spin 2, shows the effects of the frustrated
kagome geometry in driving the system away from a satis-
fied antiferromagnetic state. From the bond spin distributions
�Fig. 4�, one may also comment on the suitability of a de-
scription for the S= 3

2 kagome system based on local singlet
formation. While this type of framework was used with con-
siderable success in the S= 1

2 case, it is clear immediately
from Fig. 4�a�, where over 80% of the bonds in the pure
system have spin states S=1 and 2, that a basis of local bond
singlets would not be expected to capture the dominant phys-
ics in this case.

III. INDUCED MAGNETIZATION

The local magnetization pattern induced in the vicinity of
a doped nonmagnetic impurity is computed in the ED tech-
nique by considering, for example, the sector of total spin
�S ,Sz�= �1,1� and is shown for a 15-site cluster in Fig. 5. The
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FIG. 3. �Color online� Bond spin-spin correlation functions
C�dM�= �Si ·S j� on nearest-neighbor bonds as a function of their
Manhattan distance dM from a single impurity, for clusters of 12
and 15 sites. The site-bond separation dM corresponds to the site
labels shown in Fig. 2. The dotted and dashed lines show the value
of �Si ·S j� for impurity-free systems of sizes N=12 and N=15 and
are almost indistinguishable.
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FIG. 4. �Color online� Distribution of bond spin states obtained
from ED calculations on the S= 3

2 kagome antiferromagnet for �a� a
bond far from an impurity, computed for an undoped 12-site cluster,
�b� a bond next to an impurity, obtained from a 15-site cluster, and
�c� the central bond of the six-site cluster shown in the inset. In
panel �d�, shown is the analogous bond distribution for an undoped
S= 3

2 square lattice.

3



ht
tp

://
do

c.
re

ro
.c

h

site magnetizations are to some extent anticorrelated with the
deviation of Cij from C0 shown in Figs. 2 and 3. The most
obvious feature is the absence of local moments induced on
the sites directly neighboring the impurity, a feature in com-
mon with the S= 1

2 system but in contrast to the majority of
gapped quantum magnets considered in this context. The in-
duced moments are strongest on the sites most distant from
the impurity, also suggesting, as in the S= 1

2 case, a phenom-
enon of longer range where the moments would be found
further from the impurity on a larger cluster. Such an ex-
tended magnetization profile is suggested by NMR and �SR
measurements performed on SCGO and BSZCGO7,8,11 �Sec.
IV�.

The magnetization induced on each site by a nonmagnetic
impurity is shown in Fig. 6 for all of the spin sectors obtain-
able on a 15-site cluster. The spin sector may be considered
to reflect the state of the system under an applied magnetic
field which changes the magnetization from zero �Sz=0� to
saturation �Sz=21�. Unlike the S= 1

2 case, there is no apparent
“protection” of the nearest-neighbor sites �filled circles in
Fig. 6�, reflecting the fact that these are not bound into per-
fect dimers. The immediate polarization of the moment on
these sites with the effective field is to be expected from the

fact that the bond spin state is primarily a superposition of
singlets and triplets �Fig. 4�b��. The magnetization at these
sites increases linearly to a local saturation at rather less than
2
3 of the total saturation, as a consequence of their lower
connectivity. The more distant sites show a complex and
nonmonotonic evolution of their local moments, which sug-
gests a rearrangement of the induced magnetization with ap-
plied field and, presumably, strong effects of the finite cluster
size in the calculation.

IV. DISCUSSION

NMR and �SR are the techniques of choice for measuring
in real space the effects of doped impurities on magnetiza-
tions and spin correlations. In NMR, it is the shifts, linewidth
alteration, and, on occasion, relaxation times which yield in-
formation concerning these quantities. In �SR, it is the tem-
perature, field, and doping dependences of the muon relax-
ation time, the last being the most instructive with regard to
the spatial extent of the spin excitations responsible for re-
laxation. The diluted S= 3

2 kagome bilayer systems SCGO
and BSZCGO have been the subject of an extensive program
of investigation. It goes back to an early investigation of
SCGO with �SR27 which opened the way to more recent
�SR investigations.28 The most recent detailed results in-
cluding both NMR and �SR are contained in Refs. 7, 8, and
11 and are summarized in Refs. 29 and 30. Both materials
have intrinsic doping of Cr3+ sites by nonmagnetic Ga3+ ions
in the kagome bilayers, in quantities exceeding 5% and 3%,
respectively, although in BSZCGO, there is evidence for a
second type of defect state possibly related to Zn impurities.
NMR studies including nuclear quadrupole resonance mea-
surements were performed on 71Ga sites in SCGO and
BSZCGO, accompanied by �SR experiments on both mate-
rials.

We abstract the primary features observed in experiment
and compare these to the results of the calculations presented
in Secs. II and III. We focus only on qualitative behavior, as
a quantitative determination of any physical properties
�shifts, linewidths, and relaxation rates� would require a spe-
cific Hamiltonian for local and hyperfine interactions. We
also caution the reader that our calculations do not include
the possibility of additional interactions breaking SU�2� spin
symmetry on each bond; in particular, the Dzyaloshinskii-
Moriya interactions, which may be present in these low-
symmetry crystal structures, are known to have a very sig-
nificant effect on local magnetizations �Sec. III�.31

Both experimental techniques find no evidence for a
singlet-triplet gap at temperatures down to 30 mK, which is
consistent with the presence of all types of states at low
energies on a finite cluster. The line shape observed in NMR
shift measurements indicates the presence of many inequiva-
lent sites, consistent with the large spatial extent of the re-
gion affected by a single impurity. The extended nature of
the perturbation is also reflected in symmetric line shapes.
The density of very low-energy spin excitations is mani-
fested in �SR experiments as the observation of “quantum
dynamics” persisting as T→0. The spatial extent of these
collective �as opposed to local� spin fluctuations is reflected

a b c
d e

FIG. 5. Site magnetization profile of the lowest triplet state in-
duced by a single impurity in a 15-site cluster. Circle radius repre-
sents the magnitude of the local moment on a linear scale, where
the largest circle corresponds to a moment of 0.722�B �0.5�B is the
moment of a spin 1/2�, and the dark gray circles represent sites with
induced moments opposite to the effective field direction. The black
lines denote the boundary of the cluster.
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FIG. 6. �Color online� Induced magnetization per site �i as a
function of the spin sector Sz for all inequivalent sites neighboring
an impurity, computed by ED for a 15-site cluster. The site labels
correspond to those shown in Fig. 5.
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both in the doping dependence of the relaxation rate and
directly in the relaxation of muons at sites far from any im-
purities.

The important qualitative features of both the experiments
and the numerical calculations are the absence of a single
spin degree of freedom anywhere in the vicinity of the im-
purity and the rather large extent of the area of affected sites
in spite of the very short spin correlation lengths. We stress
that these features, which are common to both S= 1

2 �Ref. 23�
and S= 3

2 , are common because of the highly frustrated
kagome geometry: as noted in Secs. I–III, there is currently
little evidence for a common description of the two systems.
For the S= 3

2 Heisenberg model on the kagome lattice, a very
small or vanishing spin gap and the near degeneracy of con-
siderable numbers of basis states are sufficient to yield the
results we have obtained. There is as yet no framework pro-
viding an unambiguous understanding of the nature of the
pure system, by which is meant providing ground and ex-
cited states satisfying these criteria, and it has been possible
only to exclude some candidate descriptions, such as a dis-
cernible magnetic order or an origin in formation of local
singlets. To date, there is also no evidence for the possibility
of deconfined, spinonlike excitations of the type sometimes
invoked in the discussion of the S= 1

2 system.
We reiterate that, as already shown for the S= 1

2 case,
kagome systems do not form part of the paradigm obeyed by
many unfrustrated low-dimensional spin systems in which a
local moment is formed near a doped vacancy. Instead, an
extended envelope of weak magnetization is induced over a
considerable range and is maximal some distance from the
impurity site. Despite the antiferromagnetic spin correla-
tions, in kagome systems, there is no sense in which the
induced magnetization, or spin polarization, can be said to be
staggered; this result is also common to the S= 1

2 case23 and
is a consequence of the strongly frustrated geometry. An al-
ternation is, however, found in the bond spin correlation
functions, corresponding to an induced dimer-dimer correla-
tion with a range of several lattice constants.

V. SUMMARY

We have investigated the effects of static, spinless impu-
rities doped into the S= 3

2 antiferromagnetic Heisenberg
model on the kagome lattice. By analysis of spin-spin corre-
lation functions and of the induced local magnetization, we
find that nonmagnetic impurities in the kagome lattice have
the important property that they do not generate localized
spins at the vacant site and do have an extended range of
influence on the correlated spin background. Unlike the S
= 1

2 case, where the development of dimer correlations over
significant distances could be considered as due to a hole-
induced freezing of singlet resonances,23 here it appears
more appropriate to consider the phenomenon more gener-
ally as the result of enhanced local collinearity due to frus-
tration relief.

Our results are in excellent agreement with all of the
qualitative features observed in local-probe experiments.
This constitutes an important contribution to the definition of
a set of generic properties of the doped kagome system. It
also indicates that the materials SCGO and BSZCGO, de-
spite their bilayer geometry, do share these kagome hall-
marks. Because these systems do not have complete filling of
the kagome lattice sites by S= 3

2 ions, the study of impurity
effects is a significant component of their characterization.

We close by reminding the reader that the results we have
presented are obtained for very small systems, and thus
while indicative, they cannot be considered as definitive.
They should be regarded as provisional also in the sense that
the ground state of and nature of spin correlations in the S
= 3

2 kagome antiferromagnet remain poorly characterized.
However, they are sufficient to illustrate the general features
which lie at the origin of the observed behavior in this sys-
tem.
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