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The fermionic energy spectrum on the surface of the multilayer honeycomb lattice with rhombohedral stack-
ing has topologically protected flat bands. It is shown that topological phase transition occurs in the aniso-
tropic multilayer graphene-like structure with strongly anisotropic intra-layer coupling, at which two flat
bands with opposite chirality merge into one and split, opening up a gap in the energy spectrum, depending
on the anisotropy of the intralayer hopping. The dispersion of the flat bands of the multilayer is anisotropic
and the density of states is more singular near the transition.
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1. INTRODUCTION

It is well known that topological surface states can
exist in the absence of the gap in the bulk of the struc-
ture. The energy spectrum in the bulk of the three
dimensional topological semimetal might host a nodal
line formed by zeroes in momentum space. Projection
of this nodal line on the surface Brillouin zone (BZ) of
the semimetal forms the flat band for electrons in the
vicinity to the surface. The stability of the flat band to
the interactions and disorder is protected by the topo-
logical invariant corresponding to the nodal line, the
so-called bulk-edge correspondence [1—3].

There is a number of theoretically proposed nodal
systems that might host flat band in the energy spec-
trum on the surface such as topological insulator mul-
tilayers [4, 5], multilayer graphene-like structures [6—
8], nodal superconductors [9—12]. Due to very singu-
lar density of states of the flat band, graphene-like lay-
ered systems were proposed to give rise to the high-
temperature surface superconductivity [11, 12]. Many
more examples of gapless topological systems that
support nontrivial surface states (Fermi arcs in three-
dimensional Weyl semimetals [13—16], flat bands at
the zigzag edge of graphene [17]) can be found in the
review [3].

Here we consider the tight binding model of elec-
trons on the multilayer honeycomb lattice with the
rhombohedral stacking of layers, taking into account
the anisotropic hopping between the nearest-neighbor
sites in each layer, see Fig. 1a.
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We start our discussion from noting that a single
layer honeycomb lattice undergoes a quantum phase
transition, driven by the anisotropy of the hopping ele-

(a) (b)

A>0

(©) (d)

A<O

Fig. 1. (Color online) (a) Honeycomb lattice with aniso-
tropic hopping elements. (b) k;, = 0 section of the surface
band dispersion of the multilayer honeycomb lattice, plot-
ted at different values of the hopping element anisotropy
A = 2¢ —f. Band structure for A > 0. Two flat bands are
separated along the x direction. (c) Critical point A = 0,
where two flat bands merge into one. (d) Band structure in
the gapped phase A < 0.
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ments between nearest neighbor sites, from an insulat-
ing to a semimetallic state [18—22]. Electrons on the
honeycomb lattice have Dirac spectrum at two
inequivalent corners of the Brillouin zone. Each Dirac
point can be characterized by a topological invariant:
the winding number around any surface in momen-
tum space, enclosing the point [1, 2, 23]. Strong
anisotropy of the hopping elements breaks the twofold
valley degeneracy corresponding to the two Dirac
points. The pair of Dirac points can be annihilated by
merging these points together at special values of the
hopping elements. The detailed review of the proper-
ties of the anisotropic graphene-like systems can be
found in [17, 24].

The multilayer with rhombohedral stacking of
honeycomb lattice layers possesses interesting elec-
tronic properties. The energy spectrum of electrons on
the outer surfaces of such multilayer has a form of the
flat band, while the bulk energy spectrum possesses
spiral nodal lines [5, 8, 17]. Projection of two nodal
spiral on the outer edges of the multilayer defines the
boundaries of the flat bands at two inequivalent cor-
ners of the BZ of honeycomb lattice. The opposite
winding of two nodal lines in momentum space
reflects in the opposite chiralities of the corresponding
flat bands on the surface.

We show that the in-plane anisotropic hopping at
fixed interlayer hopping transforms two nodal spirals
into a single nodal loop. Strong in-plane anisotropy
squeezes the nodal loop into a single point and then
gaps out the spectrum. We show that due to the bulk-
surface correspondence there occurs a quantum phase
transition on the surface of the anisotropic honey-
comb multilayer structure, at which two flat bands
merge into one and then split opening up a gap in the
surface spectrum, Fig. 1.

2. SINGLE LAYER

Here for the readers convenience we first review
the details of the band structure and describe the
phase transition in the single anisotropic layer and
then make generalization to the multilayered struc-
ture.

The tight binding approximation for the electrons
on the honeycomb lattice is taken within the minimal
model of the nearest-neighbor hopping between the
sites. The nearest-neighbor hopping element along y
axis is defined by 7 and assumed different from two
other nearest-neighbor matrix elements, which are
defined by ¢, see Fig. la. Parameters ¢ and ' are
assumed real and positive constants.

The triangular lattice with two atoms per unit cell is
defined by lattice vectors, which can be written as a, =

a(\3e, +3e,)/2 and a, = a(—/3e, + 3e,)/2, where ais
the distance between the nearest-neighbor sites and e;,

i = x, y, z are the basis vectors. The three vectors that
connect nearest-neighbor sites on the lattice are
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defined as &, = a(v3e,, +e,)/2, 8, = a(—/3e,, +e,)/2,
and &; = —ae, The Hamiltonian of the monolayer

honeycomb lattice with anisotropic hopping is given
by:

% = ‘éZ‘PLk[YI‘Im +10-Wo, M)
o,k

where W, = (ag, bc’k)T , agy and by are the annihila-
tion operators of electron with spin projection o = T, l
on two sublattices of the honeycomb lattice;
0, =0, tic,, where 0, j = (x, y, 2), is the Pauli
matrix acting on the sublattice pseudospin degree of
freedom. Taking into account only nearest-neighbor
hopping, one obtains:

Yo = £/t +2cos(Vak, /2 e ()
Diagonalizing the Hamiltonian (1), one obtains
energy spectrum of the monolayer:

E\ =%ty 3)

The anisotropy of tunneling matrix elements shifts the
positions of two Dirac points from the corners of the

BZ, defined by (iﬂ,z—n). The positions of two

3v3a 3a

shifted Dirac points can be found by solving equation
Y =0:

= +i (t_') = 2_71:
K D+ * % arccos > kyp 0’ “)
where * sign corresponds to two inequivalent Dirac
points. As long as 7 < 2¢, two Dirac points are sepa-
rated in momentum space. At critical value of hopping
parameters ' = 2¢, two Dirac points merge into one
point at position:

Ky =2E. (%)
3a

The further increase in the anisotropy opens up a gap
in the energy spectrum. To see this explicitly [24], the

energy spectrum can be expanded (k, — k =k + k,,
k, — k, =k, + k,) near the point (k,, k)

kxM = 0,

oY

E; = L—x - A] +c’k,, (6)
2m

where m = 2/3ta? is the effective mass, ¢ = 3ta is the

Fermi velocity along the y direction, and A = 2¢ — 7.

Note that for A > 0 the energy spectrum of the mono-

layer has two Dirac points at k., = *V2mA, k, = 0,
while for A < 0 the spectrum is gapped. The quantum
phase transition from semimetal to insulator state of
the lattice takes place when A = 0 [18—20, 24]. Near
the transition point on the semimetal side, the band
dispersion is anisotropic. It is quadratic along the x
direction, but remains linear in the y direction.
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3. MULTILAYERED STRUCTURE

Multilayer structure build from two-dimensional
atomic layers with Dirac points in the band spectrum
of each layer might host a topological flat band on its
surface [7, 8].

Let us show how these flat bands are realized by
considering the N-layer rhombohedrally stacked hon-
eycomb lattice with anisotropic hopping within each
layer. We take into account only nearest-neighbor
hopping between different layers. The low energy fer-
mionic spectrum on the surface of the N-layer isotro-
pic honeycomb lattice has the form of E? « |k[*Y, which
approaches a flat band as the number of layers
increases, N — oo, see review [17]. The Hamiltonian
of the rhombohedrally stacked N-layer honeycomb
lattice can be written as

N
1
How =522 Fows [(tvi&-,j +89,1,)0,
iy (7)

+ (Y0, ; + g8i+1,j)6—:| h

Here g defines the nearest-neighbor hopping matrix
element between the layers, the indices i, j label dis-

tinct honeycomb layers, and ¥, ; = (ac’k,,-,b(,,k,i)T is
the electron annihilation operator on ith lattice.
Diagonalizing Eq. (7) in the limit of infinite
number of layers, N — oo, the effective Hamiltonian
in momentum space is given by ¥, =

1
ch,k,k Wl HK k)W oy, Where

Hk k) = =17y + ge Yo, — (1, + ge"“)a_, (8)
and d is the distance between the layers. One has the
following band dispersion of the bulk system:

E,ikz =[t'cos(ak,) + 2tcos(«/§akx/2)cos(aky/2)
+ |g|cos(kzd)]2 +[-#"sin(ak,) )]
+ 2tcos(\/_3akx/2)sin(aky /2)+ |g| sin(kzd)]z.

The energy spectrum of the bulk system has nodal spi-
rals or loops depending on hopping parameters. Pro-
jection of these bulk nodal structures on the constant
surface k, = const defines the region of the flat band
on the surface in momentum space [8]:

1"+ 41’ cos(V3ak, /2) cos(3ak , /2)
+ 4t” cos(3ak,/2)” < g’

Each nodal spiral can be characterized by a topologi-
cal invariant: the winding number around any surface
in momentum space enclosing the nodal line [8, 22,
25, 26]. The winding numbers are equal to unity by
magnitude and have opposite signs for the two nodal
spirals.

(10)
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Fig. 2. (Color online) Filled areas are projection of the nodal
spirals to the k, = 0 plane for parameters # = fand g = 0.5¢.
Projections form flat bands on the surface of the multilayer.

The surface states of the multilayer graphene in the
absence of the in-plane deformation ¢ = ¢ were studied
in [8]. Similar surface states appear in the Shokley
model of the three dimensional topological insulator
on the diamond lattice [5]. In particular, it was shown
[5] that special value of parameters |g| = ¢ marks the
transition point between the nodal spiral phase |g| < ¢
and nodal loop phase 3¢ > |g| > ¢ of the multilayer. Spi-
ral phase has even number of nodal lines in the bulk
spectrum. Nodal spirals are periodic in momentum &,
and wind around the points, given by expression (4).
The spirals at two inequivalent points (4) in the BZ
have opposite winding numbers. In the limit of strong
interlayer tunneling, spirals intersect with each other
forming odd number of nodal loops in the momentum
space [5].

Here we consider the anisotropy of the intralayer
hopping elements in the limit of weak interlayer cou-
pling, when ¢ > |g| and ¢ > |g|, keeping the interlayer
hopping element to be fixed.

Near the merging point (5), we obtain the bulk
energy spectrum in the form:

2
k2
El. =|=%—A+]|glcos(k.d
kk, |:2m |g| ( z ):| (11)
+[ck, —|g|sin(k.d)]’.
The zeroes of the spectrum are defined by equations:
2
=* = A—|g|cos(k.d),
2m
ck, = |g| sin(k.d).

(12)
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Fig. 3. (Color online) Filled areas are projection of the
nodal spirals to the k, = 0 plane for parameters # = 1.5¢ and
g = 0.51¢. Flat bands start to overlap in momentum space
with increase in the in-plane anisotropy.

The region of the surface states given by Eq. (10), near
the point (5), is defined by the inequality:

kL + (ke 2m—A) < gl (13)

At A > |g| two flat bands with opposite chirality do not
overlap with each other in momentum space (Figs. 1b
and 2). This is the nodal spiral phase in which spirals
in momentum space do not intersect each other.

One observes a phase transition at A = |g| when two
flat bands touch at one point with coordinates &, = 0,
k, = 0 (Fig. 3). At this transition, two nodal spirals
touch each other at two points with coordinates k£, = 0,
k,= 0, k,= (0, 27t), forming a nodal loop.

With the further increase in the in-plane anisot-
ropy |g| > A > 0, the areas of two flat bands partially
overlap reaching the full overlap at A = 0. At this point
flat band are doubly degenerate (Fig. 1c¢).

Energy gap opens up in the spectrum of the surface
states when A becomes negative (Fig. 1d). The bound-
ary of the surface states as well as the nodal loop
squeezes into a single point k, = 0, k, = 0, k, = 7 as
A — —|g|. For —|g| > A Eq. (10) has no solutions.

The low energy band dispersion of the surface
states of the N-layer honeycomb lattice in the limit
lg| > |y, takes the form

N
Eye = g (il /le]) ™ (14)
Again, expanding the energy spectrum in the vicinity
of merging point given by expression (5) one results
with

Ew = tlg| V(2 2m— A + VP (15)

Two flat bands merge into one and open a gap as
anisotropy parameter A changes sign to negative. Near
the phase transition, the energy spectrum of the flat
band is anisotropic. It has power law 2N dependence
in the x direction and power law N dependence in the
y direction.

Now we consider the density of states for the limit
when two flat bands are separated in momentum space
and for the insulating case. The density of states per
spin is given as

2
V() = I ;’n’)‘z - E,.). (16)

(

It is instructive to define a dimensionless parameter

20 = (gl/®)"" A/lgl (17)

If this parameter satisfies the inequality |z,| < 1, then
the density of states in the insulating state A < 0 as well
as in the gapless state A > 0 has the following form

(g

where K (z) is the complete Elliptic integral of the first

kind and v, =./2m|g|/2n’c. The density of states van-
ishes (v(w) = 0) in the insulating state for energies
inside the gap at 7, < —1, while for A>0and z, > 1 one

has
2V0 % \/5 (@j1—3/2N |
Nl+2, (Jl + zmj ® -

The density of states diverges logarithmically at z, = 1
and exhibits jump at z, = —1. At large number of layers
(N> 1) the density of states is inversely proportional
to the energy and the number of layers v(w)  |g|/Nw.
The density of states on the surface of the multilayer
becomes very singular as the number of layers
increases. To compare, the density of states on the sur-
face of the multilayer honeycomb lattice with isotropic
intralayer hopping is less singular than in the anisotro-
pic case and proportional v(w) ~ (|g|/w)! — 7.

(18)

V(o) =

V(o) =

4. CONCLUSIONS

To conclude, we have studied the energy spectrum
of the surface states of multilayer honeycomb lattice
with rhombohedral stacking of layers as a function of
anisotropy of the intralayer hopping elements. We
have shown that the surface flat bands undergo a phase
transition at critical value of the anisotropy, at which
two flat bands with opposite chirality merge into one
and then split opening the energy gap in the spectrum
of the surface states, see Fig. 1 for details.

A promising system for the experimental feasibility

of proposed surface states is the optical lattice [27—
29]. Creating, moving and merging Dirac points was
JETP LETTERS  Vol. 102
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already experimentally demonstrated in a tunable
honeycomb optical lattice [29].

It is theoretically established the flat band might
give rise to high temperature surface superconductiv-
ity, [11, 12]. We note that the deformation strongly
enhances the singularity of the flat band DOS which
might increase the transition temperature of the sur-
face superconductivity.
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