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1 Introduction

We study global dynamics of the critical wave equation (CW)

_ 2d
Cd-2 (1.1)
u(t,x):[x]Rd—>R, I CcR, d=3orb5,

i—Au= f'() = |u* 2u, 2*:

in the energy space!

(1) = (Zg;) e H:= H'(RY) x L2(RY). (1.2)

Henceforth, the arrow on a function #(¢) indicates the vector i(t) = (u(t), 1(t)) given
by a scalar function u(¢). We do not distinguish column and row vectors. The above
equation CW is in the Hamiltonian form

i = JE'Gi), J = (_01 (1)) (1.3)

and so the energy or the Hamiltonian

R li|? + |Vul? u|*
E@i(1)) :=/f—f(u)dx, fu) = 2 (1.4)
Rd

! The exclusion of d = 4 is by the same reason as in [14], namely to preclude type-II blow-up in the
scattering region by [6]. The argument in this paper or [14] is not sensitive to the dimension.
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Center-stable manifold for the critical wave equation 3

is conserved. Another important conserved quantity is the total momentum

P@u(t)) :=/L2Vudx. (1.5)
Rd
The Nehari functional
K= [ 19uP =l dx (16)
Rd

plays a crucial role in the variational argument. CW is invariant under translation, the
Lorentz transform, and the scaling

u(t, x) — u(t, x) = A>Ty, ), (1.7)

which also preserves the energy E (u;) = E (u), making (CW) special and critical. It
also gives rise to the ground state solutions in the explicit form

|x[?

dd—2)

1—-d/2
y1 md
} e H (RY), (1.8)

Wi (x) := A Twx), W) = [1 +
Vi >0, =AW+ f'(Wy) =0,
which has the minimal energy among all the stationary solutions. The scale and trans-
lation invariance of CW generates a family of ground states as a smooth manifold in
‘H with dimension 1 4 d:

Wic(x) =272 TWx —¢)) = —AWi e+ f/(Wie) =0,

= d (1.9)
Static(W) :={Wo e H|A >0, c e R*}.

Then the Lorentz invariance generates a family of solitons on a smooth manifold in
‘H with dimension 1 4 2d:

u(t,x) = Wiep(t,x) 1= Wy cyp(x + ((p) = Dplpl 2p-x) = (CW).
Sotiton(W) 1= {Wic,(0) e H |1 >0, c e RY, p e RY}. (1.10)

Other types of solutions are the scattering (to 0) solutions with the property
dp e H, ut) —U®¢ln — 0 (t — o0) (1.11)

where U (¢) denotes the free propagator, defined as the Fourier multiplier

o cost|V]) V|7 Lsin(t|V]) a
U@ = (—|V|sin(t|V|) cos(t|V)) ) IVIi=~v=4, (1.12)
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4 J. Krieger et al.

the norm blow-up (called type-I blow-up in [8])

lim sup [|u(1) |34 = oo,
i (1.13)

and the more subtle type-II blow-up, for which ||u(#)||7¢ is bounded but u(r) fails to
be strongly continuous in H beyond some ¢ < oo.
In [14], the authors gave a partial classification of dynamics of (CW) in the region

E(ii) < V(E(W) +£2)2 + | P(ii)|* (1.14)
for a small ¢ > 0, which is, by the Lorentz invariance, reduced to the region
E(i) < E(W) + &2, (1.15)

It was proved thatifu € C([0, T+); H) is a strong solution up to the maximal existence
time Ty € (0, oo], which does not stay close to the ground state solitons near t = T,
then u either blows up away from the ground state solitons, or it scatters (to 0) as
t — o00. We have the same for t < 0, and moreover, the 2 x 2 combinations of
scattering and blow-up in > 0 and in ¢ < 0 respectively are realized by initial-data
sets in ‘H which have non-empty interior. The key ingredient for proof is the existence
of a small neighborhood of the ground states such that any solution exiting from it can
never come back again, called the one-pass theorem.

A missing piece in the above result of [ 14] is the global dynamics around the ground
states, compared with the corresponding results for the subcritical Klein-Gordon equa-
tion [21] and for the Schrodinger equation in the radial symmetry [20], where we have
3 x 3 complete classification of (1.14) including the scattering to the ground states on
a center-stable manifold of codimension 1.

On the other hand, there have been many papers [1,3,4,9,10,16,17] for (CW) con-
structing various types of solutions around the ground states, including center-stable
manifolds in some stronger topology than the energy space, on which the solutions
scatter to the ground states, type-II blow-up at prescribed power law rate or with eternal
oscillations between such rates, type-II blow-up at time infinity. The latter phenomena
clearly distinguish (CW) from the dynamics of the subcritical equation.

In this paper, we construct a smooth center-stable manifold of codimension 1 in the
energy space, which embraces all the solutions scattering to, or staying close to the
ground state solitons. Indeed the last property is the defining characterization of the
manifold. Plugging it into the result in [14], we complete the 3 x 3 classification for
(CW) in the region (1.14), which is now described.

Denote H-distance to the ground states by

distw (¢) := inf{llii(t) — ¥llz | ¥ or — ¥ € Seaic(W)}, (1.16)

and the time inversion for any initial data ¢ € H and any initial data set A C H by

o = (o1, —p), AT:={p"|peA) (1.17)
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Center-stable manifold for the critical wave equation 5

Theorem 1.1 There exist positive constants ¢ < § < 1 < C, and an unbounded
connected C' manifold M C H with codimension 1 satisfying the following.
Static (W) C M is tangent to the center-stable subspace of the linearized equation
at each point of Sgatic(W). M is invariant by the flow, translation, rotation and the
H-invariant scaling. Let u be any solution with E(ii(0)) < E(W) + €%, and let
T € (0, o0] be its maximal existence time. Then we have only one of the following

(1)—(3).

(D) u(0) € =M, T = o0 and lim,_,  ||ii(t) — V(t)|lx = O for some free solution v.
(2) u(0) ¢ +M, T < oo and lim,_, ; disty (u()) > § > Ce.

(3) #(0) € £ M and lim,_ 7 distw (ii(1)) < C/E (i) — E(W).

Let Ay, Ay, A3 be the corresponding sets of the initial data 1i(0). Then A N AJ{ is
a non-empty open set. A1 N A;, A N AT and Ax N A; have non-empty interior. A1
and Ay have non-empty interior in =M in the relative topology. M N MT C H is
a connected C' manifold with codimension 2. M N —M =@ = MTn—M.

The above case (3) also contains blow-up solutions, but they are distinguished from (2)
by the asymptotic distance from the ground states. By the characterization of type-II
blow-up by Duyckaerts, Kenig and Merle [6, Theorem 1], in case (3) with T < oo,
there are a smooth (A, ¢) : [0, T) — (0, 00) X R? and ¢ € H such that

A1) — 00, [li(t) = Wagy.c) — @l — O (1.18)

ast /' T.The gap between Ce¢ and § is actually huge in the proof. The above theorem
except for the existence of M was essentially proved in [14].
Next we can exploit the Lorentz transform to include all the ground state solitons.

Theorem 1.2 There exist a small constant ¢ > 0, a connected C! manifold My C
‘H with codimension 1, and two open sets O1, Oy C H satisfying the following.
M U Setiton (W) C M. Seliton(W) C O1 C O1 C Os. My is invariant by the flow,
translation, H-invariant scaling and the Lorentz transform. Let u be any solution
with E(ii(0)) < V|E(W) + €212+ |P@(0))|2 and let T € (0, oo] be its maximal
existence time. Then we have only one of the following (1)—(3).

() #(0) & =My, T = 00 and lim,_,  ||ii(t) — 0(¢)|7¢y = O for some free solution
v.

() i(0) € £My, T < oo and ii(t) € +0; forall t near T.

(3) u(0) € =My and u(t) € £0; forall t near T.

The initial data sets and M, enjoy the same properties as in the previous theorem.

The manifolds M and M are center-stable manifolds of S¢.ic (W) and Sojiton (W)
respectively, but they contain solutions blowing up in finite time. The invariance by
the flow should be understood that the solutions starting on the manifold stay there as
long as they exist, and similarly for the Lorentz transform. Again by [6], in case (3)
with T < oo, we have a smooth (A, ¢), p € R4 and ¢ € Hsuchthat,ast /T,

A1) = o0, i) — Wiyt p — @l — O. (1.19)
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6 J. Krieger et al.

Our argument to construct the center-stable manifold is somehow similar to the
numerical bisection in [2,24], where the center-stable manifold was searched for as
the threshold between scattering and blowup. Indeed, our proof does not touch the del-
icate dynamics of those solutions on the manifold, but relies on the behavior of those
off the manifold. In particular, we do not need any dispersive estimate on the linearized
operator as in [1,16,20,21], which makes our proof much simpler. In this respect, it
is similar to [22] in the subcritical case. On the other hand, the criticality or the con-
centration phenomenon forces us to work in the space-time rescaled according to the
solution itself. For that part we employ the same argument as in the previous paper [14].

The next question is if we can remove the energy restriction (1.14). Concerning
it, Duyckaerts, Kenig and Merle [8] recently established an outstanding result of
asymptotic soliton resolution for d = 3: Every solution with radial symmetry is either
type-I blow-up, or decomposes into a sum of ground states with time-dependent scaling
and a free solution

N
IN >0, 3;(1), Ip € H, th/rr} i) — Z; Wi, .0 — UMe| =0, (1.20)
J= H

where T is the maximal existence time of u. Given this expansion, one might expect
that the dividing manifold of dynamics could be extended as the collection of all such
solutions with N > 0. However, it is very hard to prove such a statement even if we
know the above asymptotics, because of the instability of the ground state. Moreover,
one can easily observe that the above naive guess is not correct when 7 < oo and the
energy is larger, as one can construct such blow-up solutions in the deep interior of
blow-up solutions, by using finite speed of propagation (see Appendix A).

Instead of pursuing that approach, we extend our center-stable manifold globally
by adding large radiation, thereby including at least all solutions (1.20) with N = 1
and T = o0, as well as some of them with T < co. A simple procedure is proposed to
reduce the analysis to the previous case E < E (W) + &2 by detaching large radiation,
which relies on the asymptotic Huygens principle, valid for all 4 € N and without
radial symmetry. The extended manifold splits the energy space into the scattering and
blow-up regions locally around itself, although the entire dynamical picture is still far
beyond our analysis.

Theorem 1.3 There exist a connected C' manifold Mp C H with codimension 1
and two open sets O3, O4 C 'H satisfying the following. My C Mp. Soliton(W) C
03 C 73 C Og4. Mp is invariant by the flow, translation, H-invariant scaling and
the Lorentz transform. Let u be any solution with it(0) € O3z. Then we have only one
of the following (1)—(3).

(1) u(0) &€ =Mp, T =00 and lim;_, o ||ii (1) —0(t) |14 = O for some free solution v.
(2) i(0) € £Mp, T < 0o and ii(t) & +04 for t near T.

(3) u(0) € =Mp and u(t) € =03 for all t near T.

Ifu € C([0, 00); H) is a solution satisfying

lim (i (r) Wity pty — 5@ I3 = 0, (1.21)
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Center-stable manifold for the critical wave equation 7

forsome (A, c, p) : [0, 00) — (0, 00) x R1+2d and afree solution v, thenu(0) € Mp.

More detailed statements are given in the main body of paper.

This paper is organized as follows. In the rest of this section, we introduce some
notation and coordinates, together with a few basic facts and estimates, mostly over-
lapping with the previous paper [14].

In Part I starting with Sect. 2, we deal with the solutions with energy slightly above
the ground state. The center-stable manifold is constructed as a threshold between
scattering and blowup, which completes the 9-set classification of dynamics, in a
form similar to the subcritical case [21]. The main new ingredient is the ignition
Lemma 2.2, which roughly says that for any solution staying close to the ground
states, any arbitrarily small perturbation in the unstable direction eventually leads to
the ejection from a small neighborhood as in the ejection lemma of [14]. These are
extended by the Lorentz transform in the end of Sect. 3.

In Part II starting with Sect. 4, we extend the results in Part I to large energy by
adding out-going radiation. The extended manifold contains all the solutions scattering
to the ground state solitons, while itis still a dynamical threshold between the scattering
and the blowup. The main ingredient is the detaching Lemma 4.4, which allows one
to detach out-going radiation energy from a solution to produce another solution with
smaller energy but the same behavior. We also extend the one-pass theorem of [14]
by allowing out-going large radiation.

1.1 Strichartz norms and strong solutions
For any I C R, we use the Strichartz norms for the wave equation with the following

exponents

Sty = L¥ (I BARY), Sty = L{n(I x RY), St = L (I Bqlfz(R")),

Sty = LA (g 2D/ED (R (4 <6),

2(d + 1) 2(d +1)
St(]) = Stb(l) ﬂStm ﬁStp(I), qs ‘= ﬁ, dm ‘= W,

(1.22)
where ¢’ := q/(q — 1) denotes the Holder conjugate. Slightly abusing the notation,
we often apply these norms to the first component of vector functions such as

(i, v2) lIstcry == llvillsecr- (1.23)

The small data theory using the Strichartz estimate implies that there is a small eg > 0
such that for any 7 > 0 and ¢ € H satisfying

(1) :=UMe = [vlisy,01) < és, (1.24)
there is a unique solution u of (CW) on [0, T') satisfying

i1(0) = @, llii — VllLoro.r) + lu = vliswo,ry S I @llseo.1)

22
S lulls, 0. lllst 0,7) < Nullsio,my ~ llso, 1) (1.25)
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8 J. Krieger et al.

which is scattering to 0 if 7 = co. The uniqueness holds in
{ e C(I0,T); H) | VS € (0, T), u € St(0, S)}, (1.26)

and a solution u in this space can be extended beyond T < oo if and only if
lullst, 0,7) < oc. For any interval I C R, we denote by

Solution(l) (127)

the set of all solutions u of (CW) on I such that u € C(J;H) N St(J) for any
compact J C I, and that u can not be extended beyond any open boundary of I
For example, il € Solution([0, T)) with T < oo means that u is a solution in (1.26)
with [[ul|s¢0,7) = 00, so that it can be extended to ¢ < 0 but not to t > T, whereas
i € Sopution ([0, T']) means that u is a solution in C([0, T']; H) N St(0, T'), which can
be extended both to t < 0 and to # > T. Hence, if / is an open interval, then / is the
maximal life for any u € Soution(1)-

1.2 Symmetry, solitons and linearization

The groups of space translation and scaling are denoted by

To(x) == (x —¢) (ceRY),

1.28
S (@1, 92) (x) 1= (72 Vg (e7x), 792 (e X)) (0 € R), (1:28)

and for any a € R, (§J¢)(x) := e"(d/2+“)(p(e"x). Their generators are 7' = —V,
§'=58",®S8)and S, =rd, +d/2+a.Forany ii € Solution(/) and (o, ¢) € R+,

T¢S%u(e’t) € Solution(e % 1). (1.29)
The linearization around the ground state W is written by the operator
Li=—A—f'(W), f'OV) =@ =D+ x/dd-2)72  (130)
as well as the nonlinear term
N@) = f'(W4v) = f(W) — f'(W)v = 0(v?). (1.31)

The matrix version of the linearization is given by J £ with

_(Ly O (0 1
5'—(0 1), J_(_1 o)' (1.32)
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Center-stable manifold for the critical wave equation 9

The generator of each invariant transform of (CW) gives rise to generalized null
vectors, namely with A = Sil or7T = -V,

AW 0 AW
e(\) =0 e ()= (). 0
It is well known that for the ground state W, there is no other generalized null vec-
tor. Note however that S’_1 W is not an eigenfunction but a threshold resonance,

ie. S\ W ¢ L? for d < 4. Besides L:LI(O) = {VW} and the absolutely continu-
ous spectrum [0, 00), L4 has only one negative eigenvalue and the ground state,

Lip=—kp, 0<peHR), k>0, |pla=1, (1.34)
for which the orthogonal subspace and projection are denoted by
Hi:={peH|(plp)=0€R*}, PL:=1-p(pl (1.35)

Henceforth, the L? inner product is denoted by

(@l¥) == Re / o) T @D dx € R, (1.36)

Rd
and for vector functions

((p1, ) |(Y1, ¥2)) = (@1l¥1) + (p2]¥2) € R,

(1.37)
(01, )W) == (@1 1), (92]¥) =t (V| (@1, ¢2)) € R?,

which may be applied to column vectors as well as higher dimensional vectors.
Throughout the paper, a pair with a comma (-, -) denotes a vector, but never an inner
product.

1.3 Coordinates around the ground states

We recall from [14] our dynamical coordinates for the solution # around the ground
states Static (W):

A(r) = (v(@)lp),
y () = PLo(),

(1.38)
where v(t) = (vi(t), v2(t)) € H does not generally satisfy v, () = v (¢) because of
the modulation (o (), ¢(¢)). The unstable and stable modes are denoted by A:

(1) = TOSTOW +v(1)), v(t) =A(t)p + y (1), {

AD = A +A A ~—\/%x :i:‘/l)» ! (1, +k) (1.39)
P = A+8+ -8—> + = 21 K 2, gi~—m , P, .
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10 J. Krieger et al.

for which we introduce linear functionals A1 : H — R by

1
At = —(o|(k, £1)p) = (Jg| )s 1.40
% NeT @ o Ol F gx (1.40)
so that we have
v=AL(v)gr +A_(V)g_ + PLv. (1.41)

If u(¢) is close to Siic (W), then we can uniquely choose (o (f), ¢(¢)) such that the
orthogonality condition holds?

R 5 (a(r), u(1)) == (w1 (OI(Sy, T)p) =0 (1.42)

by the implicit function theorem. Note that it is not preserved by the linearized equation,
since neither S{0 nor 7”p is an eigenfunction of L. The linearized energy norm E
is defined on the entire H by

V% = K2AT + 23+ (Lyly) + lal® + 1> ~ llvlF,
= k(i) * + [(W2lp) I* + (LPLvIY) + [(11Se0) 2 + 1T o)1
= kA2 + kIA—* + (LPLvIv) + [u1lSoe) 1F + (v T p)%. (1.43)

See [14, Lemma2.1] for a proof of the equivalence to H.

Note that all the above are static operations in H defined around Suic(W). More
precisely, we define the bi-continuous affine maps ®, . : R2 x H, — H and Wyt
H — 'H for each (o, ¢) € Rt by

Dy by ¥) = Vo c Ao+ 1), Woro(v) = TST(W + v). (1.44)

For any § > 0, define open neighborhoods of 0 and S (W) in ‘H, by

Bs :={veH]| vy <8} ./\/;s = U lIjrr,c(Bé) C H.

(0,c)eR!+d

(1.45)
Then {(We.(Bs), \D;l)}(gyc)eRIer is an atlas for the open set N5 C H. Here is a
precise statement on the orthogonality (1.42).

Lemma 1.4 There exist 8¢ € (0, 1) and a smooth map (5,¢) : ./\[,gq) — R such

that for any (o, ¢) € R and ¢ € Vs o (Bsy,), we have (\D;i(w)l [(Sy, T p) =0 if
and only if (o, ¢) = (6 (¢), c(¢)), and moreover

15 (p) — ol + 7 e(e) — el S IPLY, L@l g1 (1.46)

2 The sign of u is switched from [14] for better notational symmetry.
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Center-stable manifold for the critical wave equation 11

Proof Forany ¥ = Ap +y € Bs and (0, ¢) € R4, define (o, ) : R4 — RI*4
by

(e, (s, y) = (W (Yo (Y N11(Sp, Tp)
= (STUTC YW+ yn) = WI(S). Tp), (1.47)

where we used the identity 7¢S7 = S77¢"¢. Hence we have

(. (0, O] = [(11(Sh. THEN S il 6,
ds(at, 1) = (W + 9 [T 0798570 51(S), T p)
:(—bW,O)+0(8+|s—0|+e”|y—c|), (1.48)

where by 1= (S | W[Sjp) = k~2(2* — 1)(2* —2)(WZ 3(S",W)?|p) > O (see [14,
(2.26)] for the identity), and

e 70y (e, ) = (W + 4| T' T 098177 (S5, T')p)
~0,awD) + 0@ +ls —ol+ely—ch, (149

where ay = (—=AW|p)/d = (f'(W)|p)/d > 0 and I denotes the identity matrix
acting on R?. Then the implicit function theorem implies that there is a unique (s, y) €
R!*4 such that

(a, (s, ) =0, [s—ol+ely—clSlrilig <6, (1.50)

provided that § > 0 is small enough. Since (¢, i) is obviously smooth in 1, the
implicit function is also smooth in W, .(8B5). For the uniqueness on N, suppose that
W, (V) € Wy, (Bs) for some (s, y) € R+, then

8 2 [ We.e(0) — Wy y (Ol = |(TCS” = TS Wiy ~ |s — o] + |y — cl.

(1.51)

Hence the uniqueness on N follows from the implicit function theorem. O
For brevity, we define 7, : H — H for ¢ € N,,and & : N3, — R? by

Ty =TV %)= (T, (9) = Wlp). (1.52)

and similarly A+ : Nz, — R.

Remark 1.1 ®, . and ¥, . are not smooth in (o, ¢) for the y component, since the
derivative in (o, ¢) induces &’y and 7’y, which are not generally in . Indeed @,
is continuous for (o, ¢) at each fixed point on H, but not uniformly on any ball in
‘H. In [22] this was remedied by introducing a topology (“mobile distance”) in which
translations are also Lipschitz continuous. Instead of that, we will fix (o, ¢) withrespect
to perturbation of the initial data, even though we modulate it in time.
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12 J. Krieger et al.

Next we change the time variable from ¢ to T by

d
(0) =0, d—: =0, (1.53)

Then we get the equation of v as an evolution in 7:

dv=JLv+ N@) — Z(W +v),

P , (1.54)
N(p):=0,N), Z=(Z1,22) =05 +ec: T,
and differentiating the orthogonality condition (1.42) yields

0= dca = (3, v1|50) = (12|Spp) + €7 cc (01T Sop) — oclbw — (V1151 o),
0= = (0,01|T'p) = (12|T'p) — & cclaw ] — (v1|V?p)] + 00 (11517 p).

Hence, as long as vy is small,

( o0 ) _ (bw — (iIS|SHe)  —(WiIT'S}p) )1 ((VzIS(’),O))
e’cr — (81T p) awl — (v1|V?p) (1T p)

—1 /
= (1+ O(llvill 1) (s%gﬁﬁ;) (1.55)
w

This is linear in v (or y), because the orthogonality (1.42) is not preserved by the
linearized equation, a notable difference from the standard modulation analysis in the
subcritical case. In the original time ¢, it yields

(e7%a1,¢c) = (L + OUvill ) (v2l(Sop/bw, T p/aw)). (1.56)

For the eigenmode we have

o= (2 o) %~ (Z0lo) + Wip

_ (At o(a+ A1)+ e’crn
K211 + (N (1) — Z2y21p)

. A+ oA

= (k% N Q) - Zm|p>>’ (1.57)

where we used @ = 0 = p only in the last step, since we will consider the case
(o, ) # 0 as well. In the unstable/stable modes, the equation reads

k /1
ar)\i = ﬂ:k)hj: + \/;[O'I(Cl + )\1) + egcfﬂ] + ﬁ(N(Ul) — Z2y2|p) (158)

We also recall the distance function dyw : H — [0, oo) defined in [14], which satisfies
dw () ~ distwy (¢), and, for some constant §g > 0, if dw (¢) < §g then £¢ € /\/&D

and 2 25 2
dw () = E(¢) — E(W) + K71 (%¢) (1.59)

for either sign =.
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Center-stable manifold for the critical wave equation 13

Part I: Slightly above the ground state energy

In the first part of paper, we study the global dynamics in the region E(u) <
E(W) + ¢2, and its Lorentz extension, completing the picture in [14] with a center-
stable manifold and the dynamics around it.

2 Center-stable manifold around the ground states

First we construct a center-stable manifold around the ground states Siyic(W). This
will be later extended in three ways:

(1) By the backward flow, to the region £ < E(W) + &2,
(2) By the Lorentz transform, to the region E < /E(W)2 + &% + | P(i)|?
(3) By adding large radiation, which may have arbitrarily large energy.

In order to define the manifold as a graph of (A_, y) — A4, we define

Bf :={iy € R [Arg4ln <6}

Q2.1
By :={g-+y i eR yeHi, |hg-+yln <8}

then Bs;c C B;rg+ ® By C Bcs for some constant C > 1. The corresponding
neighborhood of S (W) is denoted by

Nooy = (Woc(igr +9) [ (0.0) e R 0y e Bl e Byl (22
Theorem 2.1 There exist constants 8,,,8x > 0 satisfying 6, < 6x <K 8¢ and
8m < €s, and a unique C' function m . : Bgm — B;:n with the following property.

Let by € B , ¢ € By, (0,¢) € R, T > 0and ii € Sowion([0, T)) with
u(0) = Wy o (Ayg+ + ¢). Then we have the trichotomy:

(1) If A+ > my (), then u blows up away from the ground states. More precisely

T . liminf dw (ii(1)) > &
< o0 1{r}1;1 wu(r)) > éx (2.3)

or liminf, »7 dist; 2 (u(t), Static(W)1) > dpr.
(2) If ay = my (@), then u is trapped by the ground states. More precisely, dy (ii(t))
is decreasing until it reaches

dw (i (1)) < 2(Ew) — E(W)) < 2dw (i (0)* < llell,, (2.4)

and stays there for the rest of t < T.
3) If A+ < my (@), then u scatters to 0. More precisely,

T =00, Jpoo €M, lim [lu(r) = UD¢eol = 0. (2.5)
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14 J. Krieger et al.

Moreover, in the cases (1) and (3), there exists Tx € (0, T) such that

0<t<Txy = dw@@)) <8x, Tx <t <T = dwu(@)) > 8y,

- . (2.6)
A4 (i (Tx)) ~ A1 (i(Tx)) ~ —K (u(Tx)) ~ £8x,
with the sign + for (1) and — for (3). In addition, m4(0) = m;(O) = 0and
Im4 (") —my @1 S @'l + 102110 Clle" — @21l 2.7)

Obviously, the three asymptotics in (1)—(3) are distinctive. From the preceding results
around the ground states, we know that the case (2) contains type-II blowup and global
solutions scattering to the ground states. Type-I blowup is contained in the case (1),
but it may also contain type-II blowup. (2.6) comes from the one-pass theorem proved
in [14].

Thus we obtain a manifold of codimension 1 in H:

Mo = (Yoo (mi () + ) | ¢ € B;, . (0.¢) e R}, (2.8)

which contains Sgyic (W) and is invariant by the forward flow within A, 5,,. It is also
invariant by 7 and S by definition.

Then (2.7) implies that it is tangent to the center-stable subspace of the linearized
evolution at each point on Seatic (W) = {W4,0(0)}4,c C Mo, and that M is transverse
to its time inversion Mg, since ¢ — @' exchanges A and A_. More explicitly

Mon M= | @oclhy) | ha.y) € By,. he =my(ggr + (1. £12)}
(0,0)
(2.9)
is a local center manifold of codimension 2, on which every solution u satisfies

Sm = dw (i (1)) > [A(ii(1))| (2.10)

all over its life, though it is not necessarily global. Obviously, M Z) isrelatively closed in
M, splitting it into two non-empty, relatively open sets where A_ > my (A g+ +y ")
or A_ < my(rygs +y"). The solutions starting from the first set blow up away from
the ground states in ¢ < 0, while those starting from the second set scatters to 0 as
t — —o0.

A C! functional M, : N, 5, — Ris defined such that My = M;l (0), by putting

Mi(p) =ry —mi(h-g-+7v), ¢=P5p)ap* V). (2.11)

It is clearly non-degenerate in the direction Z,g+ by (2.7). Moreover, M, > 0,
M, = 0 and M, < O respectively give the trichotomy (1)—(3).

The proof of the above theorem goes as follows. First we observe that if ||¢|| <
24| < 1 then we can apply the ejection lemma and the one-pass theorem from [14],
and obtain (1) for A+ > |l¢|l and (3) for —A+ > | ¢|l. Moreover, the ejection
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Center-stable manifold for the critical wave equation 15

lemma implies that every solution ejected at # = Tx from a small neighborhood of
Static (W) is categorized either in (1) with Lr (u(Tx)) > 0, orin (3) with X+ w(Ty)) <
0. So each set of such initial data is open in H. Hence there is at least one Ay in
between, for which the solution is never ejected, i.e. the case (2). The uniqueness
of such A follows also from the instability of W, or the exponential growth of the
unstable component A for the difference of two solutions. The next section is devoted
to its estimate, which is essentially the only ingredient in addition to [14].
As in [22], we abbreviate the differences by the following notation:

X" =Xx'-Xx% aF(x*) = FX"H - FX9), (2.12)

for any symbol X and any function F.

2.1 Igniting the unstable mode

In this subsection, we prove the following: For any solution trapped by the ground
states, an arbitrarily small perturbation leads to the ejection from the small neighbor-
hood unless the perturbation is almost zero in the unstable direction. More precisely,

Lemma 2.2 (Ignition lemma) There exist constants 0 < 1 < 1 < C; < 0o with the
following property. Let T > 0 < 1 < 17, i® € Sotuion([0. T)), (5.y) € R+ and
@ € H satisfy i’ (0) € Wy ,(B,),

ldw @) 0,1y < 0. Crellely < [Avel, llely <O (2.13)
Then there existt; € (0,T), A+ € R, and il € Sowtion ([0, 17]) such that

i (0) = i%(0) + TSy,

-

1% — i\l oo 0.0pm) = 100Cr) — i ()l = & ~ Ay sign(Ayg),  (2.14)
12°(tr) — it (1) — Toapr+8+In S .

In particular, we have
dw @° (1) + dw @' (1)) ~ 2. (2.15)

This lemma is proved by exponential growth in the unstable direction of the difference
u® —u' in the rescaled coordinate for u°. It may take very long depending on the initial
size of the perturbation, but in the rescaled time 7, where the solution u® is (forward)
global in both the scattering and the blow-up cases. The difference is estimated mainly
by the energy argument, rather than dispersive estimates. The nonlinearity is too strong
to be controlled solely by Sobolev, for which we employ Strichartz norms which are
uniform on unit intervals of t.

Hence the main idea is similar to [22], but we do not use the mobile distance, but
instead the same modulation parameters (o (¢), c¢(¢)) for both uY and u', in order to

avoid destroying the energy structure for the difference. This is indeed much simpler,
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16 J. Krieger et al.

whereas the former idea seems hard to apply in the critical setting because of the
change of time variable.

The main difference from the ejection lemma in [14] is that there is no bound on the
time for the unstable mode to grow to some amount, and we estimate the difference of
two solutions rather than the difference from the ground state. In particular, the equation
for the difference naturally contains linear terms coming from the nonlinearity, which
prevents us from a crude Duhamel argument as in [14].

Before starting the proof, we see that the Strichartz norms can be uniformly bounded
on unit time intervals in the rescaled variables:

Lemma 2.3 (Locally uniform perturbation in St; ) There is a constant n; € (0, 1] with
the following property. Let T > 0 < 8§ < n;, U € Solution ([0, T)),

R dt
() = Wo(r),cnv(t(1)), E(”:em’ 7(0) =0,

(2.16)
@)l +1e Do’ )] + 1 ()] < 6,
or0 <t < T. Then we have ©(T) > n; and
e
lvlistnLeor.m) < 8- (2.17)

Moreover, if Sowtion([0, T") 5 @'(t) = Wo(.cyv' (r(t)) satisfies [i'(0) —
#(0) |1y < mi, then we have t(T') > n; and

10" = vliser<rom S 1@ 0) = #O)lr. (2.18)
Proof We obtain from the inequality on (¢’, ¢’) that

7D — 7O < 7D /4 < O 12 o (1) — 5 (0)] + e Ple(t) — c(0)] < 8
(2.19)
for0 <t < e 0 /4, Let WO .= T¢OSTOW and w(r) := ii(t) — WO. Then we
have
IWOllst(0.e-c01p) = IW listco.y S '/ (2.20)

for0 < n < 1, and w solves on (0, T)
02— Mw = (W' +w) — f/(WO. (2.21)
Hence by Strichartz we have for small > 0

llw — @F”StﬂLwH(O,e*“(O)n) < ”w”St(O,e*U(OH])
~ NwEllsoe-oom S 1D = VO3,
(2.22)
where wr = U(t)w(0) = U(t)v(0). In particular there is some 1; < 1/8 such that
the above estimates hold for n < 2#;, and so 7(T) > (2¢O n;) > n;. Under the
scaling property
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Center-stable manifold for the critical wave equation 17

1/p+d/g—s=d/2—1, (2.23)
we have, forany T’ € (0, T),

T/

P P Lo
. NI t
”vlllL?(O,r(T’);B;Yz) 0/||Ul(f( ))||B;,2€ d

T/
= / 1707 v (e @)}, dr
q,
0

_ et o)y P
= iy =T OSTOWITy 6 s (2.24)

and similarly for v and in L. Hence putting 7’ = ! (i7;) < 2¢Oy,

Ivllsinzoron) < IBlsinrero.r) + 1(T€S — TOSTOYW[sinr0m0.77,
(2.25)

and the last norm is bounded by

(T~ — NS W llsinzot0.7) + 187 7Q = DSTOW |Isinroorg0.77)
S llele = cO)] + lo — o O)ll0.7) S 8, (2.26)

which concludes the estimate on v.
For the difference, the same change of variable as in (2.24) yields for 77 € (0, T)

Iv! = vlisinzeoro, ey = li' — dllsizero,7)- (2.27)
Since [|ullsy0.c-1 (g + 14(0) — ii' (0)[|3¢ < 1, we have T! > 7! (5;) and

" — il sinzoor0.0-1 oy S N (0) — i (0) [ (2.28)

which leads to the estimate on v! — v. O

Proof of Lemma 2.2 Let (o, ¢) : [0, T) — R'*9 be the modulation for u° defined by
(@), c(t) = @@ (1), c@’ (1)), (2.29)
andlet 7 : [0, T) — (0, 00) be the rescaled time variable for u° defined by

dt o)
—_— = s O = O. 230
7= 7(0) (2.30)

Let ' € Soution([0, T')) be the solution with the initial data

i'0) = i°0) + T2 S%. (2.31)
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18 J. Krieger et al.

We use the same coordinates for ° and u! by putting for j = 0, 1 and at each ¢
W =W () = Do (M, ). (2.32)
For the initial perturbation, we have, using (1.46),

<A™ (0) — (plp)| = (S QT =) _ 1yg|p)|
S (s — o)) +€ly — cODlelx
SN ) @O lllellng < Ll<v”(0) 134, (2.33)

which, together with (2.13), implies
Crifl<v”™ (0|l < 2|<AZ(0)], (2.34)

if Cy is large and ¢; is small enough.
Since the modulation (o, ¢) was chosen for u°, we have

100l Lo, 7:00) ~ sup dw (@) =:8 <0’ (2.35)
O0<t<T

For the Strichartz norms, Lemma 2.3 implies

||UO||St(ro<r<ro+m) 5 8, ||<‘U>||St(ro<r<ro+771) S ||<‘UI>(TO)”H7 (2.36)

as long as ||<v” || remains small, while (1.55) implies

lo— 11l S8 = o (10) — o ()| + |7 ™ [e(r0) — c(rD]] S 8|70 — 71l
(2.37)
In particular, we have t(¢) /" coast /' T, since otherwise |o|is bounded ast /7 T,
and so, if T < oo then ||u0||5t(o,T) < oo contradicting the blowup at 7', and if T = oo
then the boundedness of ¢ = ¢? implies that T — oo.
In the following, we regard all the dynamical variables as functions of t rather than
t, unless explicitly specified. We have the equations for the difference

dp<r] = a5 +op (@l + ) +e¢p -l
dr<ry = k2<1)ﬁ + <N@Y) — Zays |p),

11 ol e (2.38)
(', ) = («y51(Sy, T p) — (Z 1< 1(Sy, T)p),
A<y’ = JL<y” + PL[<N(v]) — Z<™],
Also remember that (a©, %) = (v‘1)|(56, T")p) = 0 and so
(@', 1) = <@, 1) = («y51Sh, Tp). (2.39)
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Center-stable manifold for the critical wave equation 19

Hence the third equation follows from the fourth one in (2.38). By the assumption,
§ <3, v ()|l < 5. (2.40)
Suppose that for some 79 > 0 we have
1< | Lo, < £ 1A (10)] + (o) < |25 (o). (2.41)

where we put

() 1=/t uH2 +(Lyly). (2.42)

Choosing C; > 1 large enough, we have (2.41) at 7p = 0. We will prove that the
second condition of (2.41) is preserved until the first one is broken.
The linearized energy in (1.43) implies that at each time

l<ay™l 2 v 2 di<yTllg + <5z +det, whl. (2.43)
Lemma 2.3 implies that u! exists at least for T < 79 + n; and

0 3
v IstnL e H(zo,m0m) S 0 1<V st Mz, n0+n) S I<v™ (o)l < . (2.44)

Using (1.55) as well, we derive from the difference equations

13 Fh)an] < 8ll<v” Il + 8l whHl + v 13, < 2lar”| + v, (2.45)
19 (e, uh] < ayslle + 8ll<v” [l

To control <y”, we use the linearized energy identity

O (Lay”|ay™)/2 = (AN (v]) — Zw”|Lay”)
= (SN @WD)I<y5) + ¢ cc[(L1 VplayT)<r] + (VWI(ay$)?/2) + (Vpl<y5)<r5]
—0c[(Ly Sy play)<h] + (Sh_ g n Wy ) /2) + (Sopl<y5)<r5]l,  (2.46)

where W := f”(W). The terms on the right except for the first one are simply bounded
by §||<y” ||« ]l<v”||%. The nonlinear term can be bounded only via t-integral. For any
interval I = (19, 71) C [0, 00) with |I| < n;, we have,

/|(<1N(U'1>)|<‘J/5>|df S ||<1)/3||Lg<>(1;L})||<‘N(UT)||L§(1;L§)- (2.47)
1

Since

1
aN@f) = /[f”(W +09) — fTW)1av5dl, v = (1 — 000 + 00!, (2.48)
0
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20 J. Krieger et al.

we have?

<N @D iy S ()Sl;p1 ILF" (W + o) — F M1« lL12qr)
<<

0
S (v lise, oy + <vT lise, () 1<vf llse, o)
S 6+ l<v” (mo) 1) [<v” (zo) ¢,

where we used Lemma 2.3 in the last step. We thus obtain
Ly 19y S Cllay” g o ll<v” (@) 1
Combining this with the estimate on (!, uh yields

212 < wlll<y5 2 + 8ll<v” (o) 1] + ¢ ll<y™ | Lo l<v” (z0) 13

2 2 2 3 2
S Ui + 2l o )liz S tvlide + 212" 3.
Thus we obtain for 1o < 7 < 79 + 1,

v < (1+ Cov(to) + C/2 <A | Lo,
10 F k)<ar] < Slar”| + .

Suppose that || <A™ || e < M|<A”(70)|. Then using that (v (7o) < |<A% (T0)l,
@ F <AL S [OM + o1+ 22 M) 1< ()] S d<h” (o),
provided that 13> M <« 1. Hence by continuity in 7, we deduce that
|<A7| < <A (o),
for 1o < T < 19 + 11, and plugging this into (2.52),

v < (1+ Cov(to) + C2|1an” (o),

|an? — e G5 (19)| < Cil<r’(10)].
In particular, if 0 < ¢ < 1 then

(<A 120 > (e%=COM — 1)|an (z0)]

> 1<l (10)] 2 [P<r” (7)] + ]2

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

3 Here for simplicity we use the exponents available only ford < 6, but it is clear that we only need Holder

continuity of f 7 ie.2* > 2, and so it can be easily modified for all dimensions d > 3.
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Hence the last condition of (2.41) is transferred to T = tg + 1;. Therefore by iteration,
(2.41) and the above estimates hold with typ = nn; for integers 0 < n < N, where
either N =ocoor2 < N < o0 and ||U||Lg°(Nn,,(N+1)n,;H) > 3.
We can improve the above estimates as follows. First from the second estimate for
A4 in (2.55), we have forall0 <n < N,
e*=COM < 5 ((n+ D) /< (nmy) < 5T (2.57)

which precludes the case N = oo. Plugging this exponential growth in the same
estimate for A_, we obtain for0 <n < N

<7 ()| < e~ ETEM <7 ()] + Cul<d (). (2.58)
Using those two in the first estimate of (2.55), we obtain for0 <n < N
v(nmy) < €M (0) + CAP 1A (0)] + [<A% (nn)]]- (2.59)
Iterating once again, we obtain continuous versions for 0 < v < N

(k Cuyt < <])\-> (T)/<1)\. (O) < e(k-‘rCl)‘[
<A™ (7)] S e KT (0)] + <% (D), (2.60)
IVllzoe,2) S €T (0) + /2 [|<A” (0)] + <A (D]].

In particular, we have

<™ [l oo 0.1y S A llzoo0,0) + ¢ IVl Lo 0,0)

(2.61)
S+ e (0) 134
Since ||<v”(0)[|% < (5, the last term is bounded by ¢* for e¢'* < !, while
(k—Cu)/Ct
D% (1)] 2 [ec”] 2llav” O3 > 0CT " O)l3,  (2.62)

Cit > L_l

for e , choosing (; < k. Hence for some t; € (Nn;, (N + 1)n;) we have

= [l () 1y = 1190”0,y ) ~ <AL (TD] ~ <A (11 /2)],
A2 A o0, + Iv/ell Looo.2) (2.63)
> <A | Lo 0.0y 4+ <y e 0.y + 1@ty ) 10,29

T < ocomeansthatt; := t’l(n) € (0, T)andﬁ € Solumn([O t1]) For the last state-
ment of the lemma, suppose dy (ii’(17)) < 3. Then ||y (t7)|l1 <t —l—dw(uo(t[)) <
3 and via (1.46) we have |<o (U (t))| + e"(”)|<1c(z_i>(t1))| < ||y D) x K 3, and
o)

dw @' (1)) Z 19" tDllnt = Cl Fo oy W = Tn iy Wit 2 0 (2.64)
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Therefore dyw (i°(t7)) + dw (@' (7)) ~ ¢3 in any case (the upper bound is obvious).
O

2.2 Construction of the manifold

Now we are ready to prove Theorem 2.1. Let 0 < §' < 84 < 8¢, Ay € Bt, @ € B,
and i € Soltion ([0, T)) with #(0) = A, g4 + ¢. Choosing &, small enough ensures
that

Eu) < E(W) +¢2, 8 < 6s, (2.65)

where §, > ¢, > 0 are the small constants in the one-pass theorem [14, Theorem
5.1]. For each fixed ¢, we divide the set B;: for A according to the behavior of i.

Let A4 be the totality of A4 € Bg: for which there exists 79 € [0, T) such that

82 > dw(ii(t0))* > 2(E(u) — E(W)),

o ~ (2.66)
ddw (u(to)) > 0, £Ay(u(to)) > 0.

Then the ejection lemma [14, Lemma 3.2] followed by the one-pass theorem [14,
Theorem 5.1] implies the following. If A € AL then the solution # is exponentially
ejected out of the small neighborhood dy < dw (i(fy)) and never comes back again.
Moreover, if Ay € A4 then u blows up in > fg, and if A, € A_ then u scatters to
0. By the local wellposedness of (CW) in H, both A4 are open. To see that both are
non-empty, consider the case §+ ~ |[A| > |l¢|lx. Let

i(t) = TanW +A(0p +v0), y@®) Lp. (2.67)
Then (1.46) implies that
X1:0) = Ay | + A= O)] S llelly < Agl, (2.68)
and, by definition of dy, we have att = 0
dw (ii)* = E(u) — E(W) + K*[x %,
k2

e % dydw (i)* = 7(|K+|2 — A=)+ oy lnxal?, (2.69)

E(u) — E(W) = —kiyh + %wm) —o(IX1* + Iy 13-
Hence we deduce
|E@u) — EW)| < [A4]* ~ dw (@(0))* ~ e~ 8dw (ii(0))* > 0, (2.70)
and thus Ay € Agjgp ., for [A | ~ 6. In particular, both A are non-empty, which

implies that the remainder
Ao = B(;\(A+ UA_) (2.71)
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is also non-empty. Every solutionu for A, € Ag must violate (2.66) foreacht € [0, T),
to avoid the ejection. Hence at each ¢ € (0, T'), one of the following holds

(1) 8 dwu(t)) <0
(2) dw(i(1))* < 2(E(u) — E(W)) < 2dw (ii(0))?
(3) dw (ui(1)) = 8,

where the last condition in (2.66) is not considered, since it is implied by the others,
due to the ejection lemma. Since dy (i2(0)) < 84 <« 8y, either (1) or (2) holds for
small ¢ > 0. Since the ejection lemma can be applied with 9,;dw (1) = 0 as well,
we deduce that dy (1(¢)) is strictly decreasing in > 0 until (2) is satisfied, where u
spends its remaining life (hence never reaching (3)).

Choosing 64 < t? small enough, we can ensure that

dw (i(0)* + A4 ] < & (2.72)

for all (A4, ) € B5++ x Bj,. If there are more than one A € Ao for the same ¢,
say )& # )Jr, then we can apply Lemma 2.2 to the corresponding solutions with the
initial data i/ (0) = W+ Aig+ + ¢ and with ¢ € (0, ¢/] satisfying

dy (i (0))* + |an7 | < iO. (2.73)
Then its conclusion together with (2) leads to a contradiction
2~ dw @ (1) + dw (@' (1)) S dw (i@°(0) + dw (i@' (0)) < 0. (2.74)

Thus we can define the functional m by putting Ag = {my(¢)}, and then A} =
(m4(¢), 8+), A— = (=84, m4(p)). The same reasoning as above implies that we can
never apply Lemma 2.2 for different ¢°, ¢! € B}, withii/ (0) = W +m_.(¢/) g4 + ¢/
and d%, (ii/ (0)) + ||<¢”[l3; < (°. Therefore

max [Im @1+ 107l <10 < = Jami @O Sl @75)

which implies the Lipschitz continuity (2.7). Since m(0) = 0 is obvious, it also
implies that |m 4 (¢)| = o(]|¢]l%)- In particular, we may restrict both the domain and
the range of m to have the same radius §,, as in the statement of the theorem, though
there is no merit for that besides reducing the number of parameters.

The trichotomic dynamics readily follows from the ejection lemma and the one-pass
theorem in [14]. The estimate on the L2" distance in (1) is derived from the bound
K(u(t)) < —k(84) in the variational region [14, Lemma 4.1] as follows. Choose
Om < Kk(84). Let u be a solution in the case (1) and let ¢ be after the ejection, namely
dw (ii(t)) > 84. Letu(t) = ¥ + ¢ with ¢ = T°S%, W for some (o, ¢) € R!*4_ Then

K(8) < —K () = —K @) — | Voll7. + 2(A%|9) + 1V + oll 2 — ¥ 2

—IVel2, = 200 o) + 1 + @l or — W], (2.76)
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which implies « (85) < ll¢ll;2+ and so dist; 2+ (u(?), Static(W)1) 2 € (84) > 8. Thus
it only remains to prove that m is C'.

2.3 Smoothness of the manifold

Next we prove that the center-stable manifold obtained above is at least C! in H.
Let i° € Sopution ([0, 7)) be a solution on the manifold with the modulation and the
rescaled variables

(0,0) = (3, 0@ 1)), ‘jl—: =e"®D, 7(0)=0. (2.77)

We consider solutions ! close to #°, in the form

' (t) = i(t) + T hv(t. h), Ot h) =it hp+yt.h), ¥y Lp,

1 L0) iz 0 4 ho 2.78)
WL Og- 4710 =" +he'. (h—0),

for each ¢° € B; and ¢’ € B, Let i = ®q (A, yl), then (X, ) = <(A”, y™)/ h.
To put both i/ on the manifold, we need

25.00) =mi(9”), AL (0) =my @+ he). (2.79)
Let (&, it) := (y11(Sy, 7")p). From the equation (2.38) of <u”, we obtain
8r)vﬂ = XZ + 01(& + )v‘l) + e“c,;l,
dchy = K2k + (<N W)/ h = Zayalp),

3 (@, 1) = (y2 — Z1011(Sg, T p),
0y = JLy + P [<NQ])/h — ZV].

(2.80)

By Lemma 2.3, v is bounded in L>*H NSt as & — 0locally uniformly on0 < 7 < oo.
Moreover, the small Lipschitz property of m_ implies that

3t (0, )| < llg 19+ (2.81)

Hence there is a sequence 4 — 0 along which )VL+(O, h) converges to some 15° € R,
and the limit of ¥ = Ap 4+ — v/ = X'p + y/ satisfies the linearized equation

M) = Ay +0chy + (V{1 Z1p),
31 = K*A) + (N (W))v) — Zoysl ), (2.82)
3.y = JLy + PLIN' W] — Z0v'],

where N'(0)) := f"(W +v0) — f”(W), with the initial data '(0)p + y'(0) =
15°g++¢' . Regarding (1', y') as the unknown variables, this system is almost the same
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as (2.38) for <™, except for N’ (v?)v’l, which is the leading term of the nonlinearity in
the latter system. In particular, we can show, by the same ;’:urgument4 as for Lemma 2.2,
thatunless |, (0)| is much smaller than [A”_(0)[+[|’(0) ||, we have that 1/, (z) grows
exponentially and so becomes dominant over the other components. More precisely,

Lemma 2.4 There exists a constant 1 < Cp < oo with the following property. Let
i € Sotuiion (10, T)) satisfy” [ldw (@) || L@, < ©* < 7. Let

- IR d
(.0 = @@, =V, T =" 1(0)=0. (2.83)

Then equation (2.82) has a unique global solution (A (t), y'(t)) : [0, 00) — R2xH,|
for any initial data () (0), y'(0)) € R? x H. Moreover, if

CpUlA_(z0), ¥ () IRx# < 1M} (70)] (2.84)
at some tg > 0, then there exists 17 € (19, 00), such that for all T > t; we have
CplMy (0] > W (D] | GL(D), ' (O) lrxr/ 1. (2.85)
On the other hand, if (2.84) fails for all Ty > 0, then for all t > 0
V@ S AR @), Y @O)lrsr S eCTIALO0), ¥/ O) IRk (2.86)

Proof We only sketch the proof for (2.86), since the rest is essentially the same as
Lemma 2.2. In the same way as for (2.52), we obtain, forany 0 < 79 < © < 79 + 7y,

V(1) < (1 + Cov(to) + C2 1 (10)],

(2.87)
13z + A (D) < 31 (7o)| + Pv (o),

where v(1) 1= /2|, W)+ (Ly'ly’) and (&, 1) := (¥{I(S", T")p). Using that
A" | S (| + v, we deduce from the above estimate

v(T) + 2 (0] S eCT0) + 0], (2.88)

and so, using (1.43), we obtain (2.86). O

The above lemma implies that for each (A”_(0), y'(0)) € R x H_, there is a unique
M4 (A(0), ¥'(0)) € R such that if 1, (0) = m then (2.84) is not satisfied at any
79 > 0, and if £(1/ (0) —m2 1) > 0 then £/, (r) grows exponentially to co. To see
that A4 (0, h) — nry, we apply Lemma 2.2 to #° and &' Since &' (0) — #°(0) as
h — 0, the local wellposedness implies that #' — %° locally uniformly on [0, T),

4 Note that the proof of Lemma 2.2 did not use any particular structure of <N (v").

5 The constant t7 is chosen here to be the same as in Lemma 2.2, just for convenience. It does not mean
that the admissible range of ¢; is exactly the same for these two lemmas.
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and so does (5 (ii!), ¢@!)). Hence for any S < oo, for |h| small enough we could
apply Lemma 2.2 to #° and #! starting at any 7 € [0, S], if we had

2l (Dl < A5 ()], (2.89)

but its conclusion would contradict that both 7 are on M (specifically between (2.4)
and (2.15)). Hence for all = > 0, as & — 0 along the sequence,

> A4 (z, h)l N M (ol

iz - ; (2.90)
A_(t, )|+ @ Wiy PO+ Iy @lx

which implies A/, (0) = ri4., since otherwise the right hand side will grow in 7 at least
to O(1/ty).

Therefore X+(O, h) — m4 () _(0),y’(0)) as h — 0, without restricting & to a
sequence. In other words, m., is Géteaux differentiable at ¢°

0 N 0
100,y 0)) = Jim "EE IRV T (0 o)

The linearity of m/_ on ¢’ is clear from the definition of 72, while its boundedness
follows from the Lipschitz property of m .

To show the continuity of m/, for ¢°, take any sequence ¢ — ¢ in B; o let i be
the solution starting from &9 (0) = Wy (0).¢(0) (m+(90) g+ +¢2) and let 0¥ := \I/;l, @9).
The local wellposedness implies that 132 — %n L*HNSt, (0, S) forany S € (0, 00).
Let (2.82),, be the equation obtained by replacing v° with vg in (2.82).

For any small { > 0, Lemma 2.4 allows one to choose S >> 1 such that the solution
of (2.82) with 1/ (0) = 1 and (1”_(0), ¥'(0)) = 0 satisfies

Coul(v) > (A (), ¥ (O)llrxr + 72 /¢ (2.92)

for all © > §/2. On the other hand, for any ¢’ € Bj, the solution of (2.82) with
A (0) = mﬁr(gpo)w’ and \'_(0)g_ + v’ (0) = ¢’ satisfies

1O/ (D). Y () Resry S 1 €T (2.93)

for all T > 0. Since S >> 1 and k > (7, combining these two estimates yields that the
solution of (2.82) with [/ (0) — mﬁr(¢0)¢’| > ¢and A_(0)g_ +y'(0) = ¢’ satisfies

MO Z 1@, Y () IrRxH (2.94)
forall T > §/2.
The local uniform convergence of vS implies that the solution of (2.82), with the

same initial data also satisfies (2.94) around T = § for large n. Moreover, since
(o (ﬁg), E(ﬁg)) — (o, ¢) uniformly on [0, 25] as n — o0, we have the same estimate
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(2.94) around t = § also in the coordinate associated with the solution 129“ for large
n. Then it implies that

Im'y (0" —m', (*)¢'| < ¢, (2.95)

forall ¢’ € Bj. Hence m/, is continuous B(’Sm — (R x H_)*. This concludes the proof
of Theorem 2.1.

3 Extension of the manifold and the 9-set dynamics
3.1 Extension by the backward flow

By the maximal evolution, we can extend M to an invariant manifold:
My = U{ﬁ(l) | 1(0) € Mo, U € Solution(I)} D M. 3.1

M also inherits from M the invariance for 7 and S. By the property of M, those
solutions are eventually trapped by the ground state, namely

lim sup dyy (1)) < 2(E@) — E(W)) < 6, (32)
t /Ty

where T is the maximal existence time of u.

Conversely, if a solution u satisfies the above condition and E (i) — E(W) <« 5,%,,
then its orbit is included in M. This is because every solution getting close enough
to the ground states is classified by the trichotomy of Theorem 2.1, whereas those
solutions which never approach the ground states have been classified into the four
sets of scattering to O and blowup away from the ground states in [14]. One may
wonder what happens if a solution stays around dy (1) ~ §,,, but such behavior is
precluded by the ejection lemma [14, Lemma 3.2] (applied in both time directions)
under the energy constraint £ (u) — E(W) < 6,2".

For each point ¢ € M, there is a small neighborhood O > ¢ and T > 0 such
that the nonlinear flow Uy (T') maps O into a small neighborhood of a point on My,
where the trichotomy holds. Then O N M is mapped onto Uy (T)(O) N M. Since
Uy (T) is smooth on O, it implies that M| is alsoa C ! manifold of codimension 1.

The one-pass theorem in [14] implies that every solution on M| N MJ{ satisfies
dw (1 (1)) < 8, all over its life, and so it is essentially the same as the center manifold
Mon Mg, and in particular with codimension 2. The rest of M is split into two parts,
scattering to O or blowup away from the ground states, in the negative time direction.
Each set is non-empty and relatively open in M.

Therefore, we have all 3 x 3 combinations of dynamics in # > 0 and in ¢t < 0: (1)
blowup away from the ground states, (2) trapping by the ground states (or by M for
t > 0 and by M(T) for t+ < 0), and (3) scattering to 0. It was already shown in [14]
that the combinations of (1) and (3) have non-empty interior. Moreover, those 9 sets
exhaust all possible dynamics in the region E(u) — E(W) < min(§,,, &4)%. Thus we
obtain Theorem 1.1.

@ Springer



28 J. Krieger et al.

Before going to the next step using the Lorentz transform, it is convenient to consider
the space-time maximal extension of each solution of CW.

3.2 Space-time extension and restriction
To solve the equation locally in and out of light cones, and in more general space-time

sets, we introduce restricted energy semi-norms. Let %, be the totality of Borel sets
in RY. For any B € %, and any a > 0, we define two sets B+, € %, by

Bia:={xeR!|3yeB, |x—y <a),

(3.3)
B,={xeR!||lx—y|<a = yeB)
It is clear that for any a, b, t > 0, we have
(B+a)+b = Bi@+b), (B-a)—b = B—(a+b)s
(B-a)+a © B C (Bra)—ar (Bra)® = (BO) . oy
Forany I/ C Rand any F : R — R, we define BLr(I) € HB1+q by
Birp(l) :={(t,x) € I xRY | x € Bir(). (3.5)
For any B € %,, let V(B) C H be the closed subspace defined by
V(B) :={p e H| ¢(x) =0a.e.x € B}, (3.6)
and then define the restriction of H onto B by
H|B:=H/V(B)~ V(B (3.7
where ~ means the isometry, with the quotient norm
lell#)p == mf{{[¥l+ | ¥ =¢@on B} (p€H). (3-8)
Henceforth, we denote for brevity
g=vonB & g —y e V(B). (3.9)
We also use the more explicit semi-norms for ¢ € H:
lelizy gy = / [Vurl? +ualPldx, llolg g, = lellns) + el 2 p)-
B
(3.10)
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All of these three semi-norms are increasing for B and invariant for 7, S, namely
lellx) < lellxBusy. 1T°Sellx3) = l¢lxeoBte): (3.11)
for X =H, 7'7, and H |. We have, uniformly for B,

lellrxe) < lelrs,  lelge S lelns- (3.12)

We may have the reverse inequalities when B is smooth. In particular, we have

”‘p”HL{leckR} ~ ”90||7'~((\x7c\<R)’ (3.13)
”(p”HL{lech} ~ ||§0”7T((\xfc\>R) ~ el H(x—cl>R) >

uniformly for ¢ and R, where the open region can be replaced with the closure. The

extension operator Xp : H — V(B)™ C H is nothing but the orthogonal projection
to V(B)*, such that we have

Xzl = ll@llr|p. XBe =¢onB. (3.14)

Restriction of energy-type functionals is denoted as follows

2 2%
H@”H(B) _ llpy ||LZ*(B) (3.15)

Ep(p) = — o KB @) = 10l — 10172
The finite propagation speed implies that if a solution u of CW satisfies
u(0)=v € H|B on B, (3.16)

then u is uniquely determined on B_;| by ¥. More precisely, if i, ul e C([0, T, H)
satisfy 1#°(0) = u'(0) on B, then

0<Vt<T, a.ex € B_y, uo(t,x) =u;(t,x). (3.17)

By the Strichartz estimate, there is C > 0 such that if C ||/ ||| p < &s then there is a
free solution v satisfying (0) = v on B and lvllstr) < €s,and sois u € Sojution (R)
satisfying i(0) = ¥ on B and [u||syr) S €s, which is unique on B_j;|(R).

Now we introduce the space-time maximal extension of a solution of (CW). For
any ¢ € H,c € R4 and R > 0, consider the local solution in the light cone K¢ g :=
{lx —c|+t < R,t > 0} with the initial data #(0) = ¢ on |x — c¢| < R. Let
t+ (@, ¢) be the supremum of such R that there is a unique solution u in K, r satisfying
lull Lam (. x) < ©0. The uniqueness in cones implies that we have a unique solution
u in the space-time region

((t,x) e R 10 <t <10(p, X)), (3.18)
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as well as the Lipschitz continuity

t(p, x) =14 (p, )| < [x = yl. (3.19)
We also write for any strong solution u (either before or after the above space-time

maximal extension),
ti(u, x) :=ty (u(0), x). (3.20)

The maximal existence time is then given by
Ty (u) := inf 1 (u,x).
y(u) nf, +(u, x) (3.21)

The small data theory in interior and exterior cones implies that for any ¢ € H, there
are a(p), b(p) > 0 such that

11(¢, x) = max(a(e), |x| — b(@)). (3.22)

The definition of 74 implies that

Nl Lam (11 ) = R/lzlf(lu,c) lull Lam (1. 5) = 00, (3.23)

and so the small data theory implies
tl/l'rtll(ll?f) ”u(t)||7-((|x—c|<t+(u,c)—t) 2 €s. (3.24)
In particular, the number of first blow-up points is bounded in the case of type-II

#HeeRY | ti(u,0) =Ty} S liminf /(1) 12¢/es. (3.25)
+

Similarly we can define 7_ (¢, ¢) < 0 to be the maximal extension in the negative
direction, and thus a unique solution # in the maximal space-time domain

D(u) = D(p) :={(t,x) e R | 1_(p,x) <1 < ty(p, 1)}, (3.26)
satisfying for some a(¢), b(¢) > 0 and forall x, y € R4,

+r1(p, x) = max(a(p), [x| —b(@), |t£(p,x) —1x(p, y)| <|x —y|. (3.27)

Since the Lorentz transforms preserve light cones as well as the measure and the
topology of R!*?, the property (3.23) of 7, is also preserved. Hence, each strong
solution u defined on its maximal space-time domain Z(u) is transformed by any
Lorentz transform into another solution defined on the maximal domain. This process
can produce a solution with no Cauchy time slice, namely inf t™ < sup~, but we
ignore such solutions, in order to keep the dynamical viewpoint in terms of the Cauchy
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problem or the flow in H. In other words, the Lorentz transforms should be restricted
to the range where inf ¢ < sup?~ is kept.
For the blow-up solutions on the center-stable manifold, we have

Lemma 3.1 Let 0 < T < 0o and i € Solugion ([0, T)) satisfy
u(0) € Mo, |ldw@)|lr0,7) <8 < Sm- (3.28)
Then there exists cx € R and ¢ > 0 such that

e—?’jﬁ(m + [2Gi) — cul S 81t =7l (3.29)
t@0),x) =T +|x —cyl, -0),x) <T —|x —cy| —&.

Proof Let (o(t), c(t)) := (o (ii(t)), c(i(t)). First we show o (t) — coast — T —O0.

If not, there exist a sequence #, /T with sup, o (t,) < oo and R > 0 such that

sup sup ||ﬁ(tn)||7iz(|x_c|<R) SERSE:S (3.30)
n ceRd

which ensures solvability in the cone |[x —c| + |t — 1, < Rforallc € R? and all ,,
thereby extending the solution u beyond T, a contradiction. Hence o (t) — oo. Then
the modulation equation (1.56) implies convergence c(f) — 3¢, € R? as well as the
first estimate of (3.29). Since ||u(t) — 7¢S° W||H ~ dw (u(t)) < 8, that behavior of
(o, ¢) implies that for any R > 0,

lim sup | (1) |3 (jx—c,>8) S 8 K &5,
m s (x—ce|>R) (3.31)

which ensures solvability in the exterior cone |[x — ci| + |t — T’| > Rforall T" < T
closeto T,and so t, (#1(0)) > T' + |x —cs| — Rand t_(u(0)) < T’ — |x — c4| + R.
Letting R \(Oand 7’ 7~ T, we obtain

i+ >T+ |x —col, t— <T —|x —cyl- (3.32)

It can not be better for 71 as u blows up at (7, cx), so we obtain the identity in (3.29).
The finite propagation implies ||z (¢) I H(x—col>R+T—)) S 6, so that we can solve in
a slightly larger exterior cone starting from r = T’ € (0, T'). Thus we obtain the last
estimate in (3.29). m]

3.3 Extension by the Lorentz transform

Next we use the Lorentz transforms to extend the manifold, so that it can include all
the ground state solitons Syjiton (W).

Letit € Somution ([0, T)),4(0) € Mpand T < oo. The estimate (3.29) on the blowup
surface implies existence of T’ € (0, T) such that {|x — cx| > |t — T'|} C D(u).
Then for any Lorentz transform centered at (7", c), the solution u is transformed into
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another solution on the maximal domain containing the time slice { = T'}. In the
case where 1#(0) € M yields it € Sopuion ([0, 00)), Lorentz transformed solutions are
also defined for all large 7, because of (3.27).

Let u be any solution with iZ(0) € M defined on Z(u), and let w be any Lorentz
transform of u. The above argument implies that w is defined on some time slice. Let
M, be the totality of the maximal orbit of all such solutions w. Then it is invariant by
the flow, 7 and S, satisfying

MZ D) Ml U Soliton(W)- (3~33)

Every solution on M3 is Lorentz transformed to another solution on Mj. M is
Lorentz invariant in the following sense: Let u be a solution on M>, extended to
2 (u). Then any Lorentz transform of u# has non-trivial maximal existence interval, on
which the transformed solution belongs to M.

To see that M, is locally C I diffeo to M, it suffices to see that the Lorentz
transform gives a local C 1 mapping around any solution. Let u € Sojuton([—7, T'])
for some T > 0, then the local wellposedness yields a neighborhood O > %(0) and
R > 0 such that for any ¢ € O we have

P(p) D X :={(t,x) € R | |t] < max(T/2, |x| — R)}. (3.34)

Then there is a neighborhood U > 1 in the Lorentz group such that every transform in
U maps the region X to a set containing [—7'/4, T /4] x R?. Since the space rotation
plays no role, we may restrict to those transforms defined on (¢, x1) € R2, which can
be parametrized as

ue(t, v,z) = u(ct +sy,cy +st,z), c:=cosh#, s:=sinh6, 6 eR, (3.35)

where x = (y, z) € R! x R4~1. Then there is ® > 0 such that for any #(0) € O and
forany 6 € (—©, ©), we have 2(u’) D [~T/4, T /4] x R?. This defines a mapping

Sy 0 2i0) — i) eH (3.36)

foreach 6 € (—®, ®). The continuity of .#j can be seen by the linear energy identity.
For any smooth function u defined on X, we have by the divergence theorem

EF@%0)) = cEF (i (0)) + s P, (i1(0)) + / (i — Au)%(cu, + suy)dxdt,

sy

P1@@%(0)) = sET (i(0)) + ¢ Py ((0)) + / (i — Au)%(su, + cuy)dxdt,

(3.37)

@ Springer



Center-stable manifold for the critical wave equation 33

where Ef (¢) := ||<p||%{ /2 denotes the free energy. Applying this to the difference of
two solutions u, w starting from O yields

17°(0) — &’ )3 < 114(0) — B(O) 13,
+ ||f/(”) - f/(w)||L}L§(s)*/(ct)<l)”ﬁ - J)||L,°OHX(S)’/(CI)<1)a
(3.38)
where the implicit constants depend on ®. The standard perturbation argument implies
that the last term is also bounded by || (0) — w0 (0) ||%{ <« 1. The existence and continuity
of the derivative of .%) is shown similarly by applying the energy estimate to the
linearized equation
(8,2 —Mu' = f(wu', u'(0)eH. (3.39)

Since (%)~ ! = .7_p is obvious, we thus conclude that .% is a local C! diffeo on
0. Therefore M3 is also a C! manifold with codimension 1 in H. It is clear from the
construction that all these manifolds My C M| C M, are connected.

For the trichotomy around M3, it is obvious from the energy estimate that every
scattering (to 0 as t — 00) solution is transformed into another such solution by any
Lorentz transform. The solutions in the other part of the neighborhood blow up away
from a (much) bigger neighborhood, which is generated from the éx neighborhood of
Staiic (W) by the above extensions. Thus we obtain the 9-set dynamics classification
in the region

E@) < V(EW) + 22 + [P(u)[%. (3.40)

Reduction of this region to E(u) < E(W) + 2 is done as in [14] by the Lorentz
transform and the identities for (CW)

E@®) = cE@) 4+ sPi(), P1i?) = sE@) + cP(id). (3.41)

Indeed, if E(#) < |P(u)| then we can transform it (in some space-time region) to
another solution with negative energy, which has to blow up in both time directions by
the classical argument of Levine [18], or more precisely by [11]. Hence the solution
before the transform should also blow up in both directions.

If E(u) = |P(u)| and it is global for ¢t > 0, then there is a sequence of solu-
tions #" € Soluion ([0, 00)) given by Lorentz transforms such that E(u,) — 0. Then
the classical argument of Payne-Sattinger [23] implies that K (u,) > 0 as soon as
E(u,) < E(W), and so E(u,) ~ ||it, ”%?"H — 0. The small data scattering implies
that [|un | Lom R1+4) < E(u,)'/? — 0, but since the Lorentz transform is measure
preserving on R!*¢ it implies that ||| ; g, ®1+dy = 0. In short, all the solutions with
E(u) < |P(u)| blow up in both time directions except for the trivial solution 0.

If E(u) > |P(u)|, then we can transform it to another solution & with P (&) = 0
and E (1) < E(W) + €2, and so & should either scatter to 0 as f — 00, blow up away
from the ground state in the positive time direction, or live on M. Each of those
properties is transferred back to the original solution u. Note that if 2(u) contains no
time slice then the original solution # must blow up in both time directions. Thus we
complete the 9-set dynamics classification slightly above the ground states, and the

proof of Theorem 1.2.
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Part II: Large radiation

The goal in the rest of paper is to extend the center-stable manifold to the entire
energy space H, together with the dynamics around it, by a simple argument which
allows one to reduce the problem to My in the region E(u) < E(W) + &2, using the
asymptotic Huygens principle together with the finite speed of propagation.

4 Detaching the radiation

For any B € %, and any T € (0, oo], we define a semi-norm %’g in H by

||§0||g;£ = mf{lU@OV | Lz, 1:H B, )nswo,7) | ¥ =@ on BB}- 4.1)

Smallness in %g will imply that we can detach the exterior component using the wave
starting from ¥ which is out-going dispersive in the sense of the energy on the interior
cone B4, and also the Strichartz norm on RY bothfor0 <t <T.

The lower semi-continuity of the norms implies that the infimum in defining %’g

is achieved by some ¥ € H such that = ¢ on BC and

lellgr = 1U@OVlleo.r:11B.00s00.7) S NPl ~ N@llggpe- (4.2)

U, while < follows from

For the last equivalence, > is by definition of H | B
1l < 1 l01s + 1 gy s < 10lr + 10l 50 S I0llpgpe- @3)

The following laws of order are trivial by definition

120 = lelgr < lgllgre, 1U@¢llgr— <lllgr, (4.4)
+7
as is the invariance || 7¢S° ¢|| & = @l peor , but it is not invariant under the time
“e¢9 B+c

inversion ¢ — ¢'. The space-time continuity of the norms implies

li y =0.
R,Tlgl+0 ”(p'|g\§—rl<R (4.5)

Also note the trivial identity ||¢|| #T, = 0.
R

The following “asymptotic Huygens principle” plays a crucial role in using the
dispersive property of (CW) in the above function space.

Lemma 4.1 For any free solution v € C(R; H) and bounded B € %4 we have

lim sup |[9(T + )|, = 0. (4.6)

T—00 ¢~
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Proof Since B is included in some ball, it suffices to prove
A Sup 0Oz <t—1) = 0- @7

Since the statement is obviously stable in the energy norm, we may restrict the initial
data to a dense set, say Cgo(Rd ). Multiplying the equation with (12 + r2)0 4 2trv, +
(d — 1)tv, we obtain conservation of the conformal energy

/ ltv; 4+ ror + (d — D> + |rvg + tor)? + (d — D> + % + 2|V dx,

Rd
4.8)
where V4v := Vv — xv, denotes the derivative in the angular directions. Since in the

region |x| <t —T
tv; +rv,
rv; + tv,

ve\| _ 1 t —r\ (tv, +rv, <l
v )| T 2 =2 \=r ¢ rop+tv ]| T T
the L2 norm of the left tends to 0 uniformly as 7 — oo, as well as those of v/(t — T)
and V-+v, while ||v]| L2*(Rd) — 0 by the free dispersive decay. O

, 4.9)

The asymptotic Huygens principle implies the following decay of Z3°: For any
¢ € H and any bounded B € %,

Jim |U@¢llzy = 0. (4.10)

In other words, every free solution in  will eventually gets into any small ball of 23
around 0, as well as every scattering solution of CW in H. Also, when the solution is
around the ground states with large dispersive remainder, we can take the semi-norm
2% small by the following.

Lemma 4.2 _There isep > 0 with the following property. Let i € Solution(I), (0, ) :
[ - R F(t) = U(@)F(0) € C(R; H) and R € C(I; H) satisfy

I35V, i(t) = TOSTOW + F(t) + R(t),

(4.11)
I Flistry + IRl (1) := ¢ < €D,
for some interval 1. Then for any ty, t1 € I we have
|e77 0 — =7 4 Je(to) — e()| < s It — 1| + 7). (4.12)
If 1 =[0,T), then there are ty € (0, T) and B : [ty, T) — PBy such that
sup [ T°OSTOW 1) g + ||ﬁ<t)||%;(;; < gl @.13)

to<t<T

Furthermore, if T < oo, then o (t) — 0o and c(t) — dcy € Riast — T —0.
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Proof Let y(t) := T°OS OW () := U(t)(F(0) + R(0)), and b(t) := ii(t) —
¥ (0). Then we have

Ow = f'@10) + w) — f'(¥1(0), w(0) = v(0), (4.14)

hence by Strichartz

L 22
lw — vl Lernsio.s) S lwllse 0,5 U (O lIst, ©,5) + lwllsy, ©,s))

. (4.15)
< Nwllse0,5) (1 @S|V 4 lwlls, 0.5)% 2

and [|llsi0.5) < 1 Fllsto.5) + IR(O) I3 < g, for any S € (0, T). Choosing ep < 1,
we deduce that as long as 0 < e D5 < ¢

lw — V|l Lomnsio,s) <K Vlswo,5) < s- (4.16)

Since w(t) — v(t) = ¥ (t) — ¥ (0) + R(t) — U(¢t)R(0), it implies that for 0 < ¢ <
e_U(O)ED,

s 2w — (@Ol + 1ROl + IRO) 1%
2 Y@ — v )l ~ lo@) —a )] +e”Qler) —c(0)].  (4.17)

Now define a time sequence inductively by 7o = O and t; | = t; + e ?Uep. Then
applying the above argument from #; yields

lo(t) — o ()| +e”Dlet) —ctp S g (4.18)

fort; <t <tj +e °"ep, and induction on j yields the desired estimate (4.12).
If I = [0, 00), let B(t) := {|x — c(0)] < e ?© 4+ ¢/2}. Lemma 4.1 implies

IFE Nz S NFILe(s,00:H|B(s)+r) + 11 F llst(s.00) = 0 (4.19)

B(s) ™~

as s — 00, while [Y/()llgy ¢ < ¢4/271 for large s, by (4.12) together with the
explicit form of W. Thus we obtain (4.13).

IfI =[0,T)and T < oo, theno(t) — oo ast /' T, since otherwise there is a
sequence t, /' T with sup, o (#,) < oo and 6 > O such that

sup sup [l (tn) | 571 e <s) S S- (4.20)

n ceRd

Choosing ¢p <K ¢€g, this ensures solvability in the cone |[x —c| + |t — t,| < §
for all ¢ € R? and all t,, thereby extending the solution beyond 7', a contradiction.
Hence o(t) — oo. Then (4.12) implies the convergence c(f) — dcy € R?. Let
B :={|x —c«| < R}. Thenass / T we have
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IElgr—s < 1F e, rs018r-0 + 1 Fllssry = IFD s, @21)
and ||1//(s)||HLBn — 0. Choosing R small enough yields (4.13). m]

The following Sobolev-type inequality implies that Z3° controls L%, which is a
notable difference from %g with T < oo.

Lemma 4.3 (Time-Sobolev for the Strichartz norms) Let N > d > 2, Z 3 k > 0 and
2 < q <r < o0. Then for any free solution v we have

1801 oo 0, 00s 704y S 1011 190,00157,)- (4.22)

In particular, ifd > 3, 1/qg +d/r —o0 =d/2 —1and o > 1/q, then
k
llo; ”||L,°°(0,oo;|V|kL2*) < ”U”L;’(o,oo;é;{z)' (4.23)

The last inequality applies to any Strichartz norm of the H' scaling with the condition

/

1/0 < q <r,in particular to Sty = L% B_'",. Hence we have

HBHL,OO(O,OO;(I@\VDLZ*) S ||T)||Stx(0,oo)~ (4.24)

Proof Letv = > jez Vj be a standard Littlewood-Paley decomposition in x € R4

with supp Fv; C {2771 < |€] < 27*1}. The wave equation and the property of the
L-P decomposition imply

. 2i
0670y 20 = 1AV}l o ~ 22 wjll g . (4.25)

on (0, 00) x R?. Then by the elementary interpolation inequalities

. 1/2 e 1/2 1 Ll
il za.00) S el it oo I oo o0y Nl zoo0.00) S M1l g ooy 122 i -

we obtain

‘ 1-1/2q) 1/(2q) J .
lollegege S Mo N30 e ~ 270l

(4.27)
. 1/2-1/29) ,1/2+1/(2q)N i(1/g+1D) ), .
(PP T s Tt s 270D o
Using Minkowski and Littlewood-Paley yields
10l e povia < 1277V D0jller rage S U270l e < W0lpogy - (428)

The estimate on the time derivatives follows in the same way. (4.23) follows from the

standard Sobolev embedding for the Besov space, B Ve BU Ya -2,
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Finally, (4.26) can be proved as follows. By the density argument, we may assume
that v is nonzero, real analytic, and exponentially decaying. Then v has at most count-

able number of zeros 0 < z; < z2 < --- with no accumulation. For each z; < zx+1
we have, denoting [v]? := |v|7" v,
-1 _ q q—1 q q
v =|v —v <2 v —[v
191,y = 100 = 0 (reDI? = 297 0EOI = (i)

Tk+1
-1 —1,- -1 —1 .
<21 /q|v|q lBldt < 297 gl g o 109 i)

Zk

(4.29)
and similarly,
Zk+1
. g—17 .og—1 o
1519z, o,y < Re / Lol =" Bdr < qo1foe, o Iliocea . (430)
2k

The same argument yields the second inequality of (4.26). Interpolating the above two
estimates by Holder

—1)/q? -/q> -1/ +A=1/9)% | 0 (g—1)/q?
2(q 1/q ql/q”v”(‘] )/q ||U|| /q°+( i ”U”(q )/q (431)

¥ <
”v“Lq(Zk’ZkH) - L9 (zk,2k+1) L9 (zk,2k+1) L9 (zk,zk+1)°

and 50 [[0]l a0y < 126" Y400l L0 gz 191129 (g 2y /- Taking the £4 sum
over k, we obtain the first inequality of (4.26). O

Remark 4.1 1t is obvious from the homogeneous nature that the above lemma fails on
any bounded set in R for any ¢ < oo. If such an inequality would hold, then it must
be uniform for the rescaling u(t, x) +— wu(rt, Ax), but the LY (1) norm decays as I
shrinks to a point 7y € R, while the L?°() norm converges to the value at 7.

The following lemma allows us to detach exterior radiation which is small in %’IE
from any solution of CW.

Lemma 4.4 (Detaching lemma) Let B € Ay, T>T>0andu e Solution ([0, T]) U
Solution ([0, T')) satisfy ||ﬁ(0)||%,g =g < ¢s. Then

(I) There are a free solution v, and two strong solutions u™ and ul of (CW), defined
on [0, T) and on [0, T) respectively, satisfying

- - C - ~ ~
v(0) = u(0) on B®, [Vl 1000, 7: 4| B1)ns10.7) < S
uX(t) = u(r) on (B+t)ca flu* — 17||(Lc>c7{mst)(oj) < 5'2*_1, (4.32)

—»d - - _'d -
u®(t) = u(t) on Byy, |u—u® — |l (zoHnsyo0,7) S S

and |[V(0) |1y < ”ﬁ(O)HHLBC' More precisely, there is w € C([0, T); 'H) such
thatii = w4+ wfor0 <t < T and |w — Ul (Loornsn 0.7 S S- IfT = oo, then

1wl oo 0.00: 1@ L2* @y T+ 1 Lo 0,00: (1019 L2 REY) S S (4.33)
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(Il) There exists {u }0<9<1 in Somution ([0, T']) or Sotution ([0, T)) which is C in 6,

such that u® = u, u' = u9, u’ = u on B1;(0,T), ||u? (O)I|g]f < ¢, and il?

satisfies (1) for the fixed u® and some 0-dependent u* and v for all 6 € [0, 1].
(II1) Although such u® and u* in (I) are not unique, we can define a C' map A :
1(0) — 1u4(0) € H locally around each 1i(0) and fixed B. Moreover, it satisfies

1A% — A(e") = (@° = "l S 119” = @'l o (4.34)

Note that no energy bound is required on u, while the condition in %’g can be sat-
isfied either by localization as in (4.5) or by dispersion as in (4.10), which is useful
respectively for concentrating blow-up and for scattering solutions.

Proof The definition of .@g yields a free solution v such that v(0) = #(0) on BC and
IIﬁ(O)II%g‘ = 10l oo 0, 7.7 B,y nse0,7) S N09O) 19 ~ 1@(0) 134 g (4.35)
Since ¢ < &g, there is a unique u* € Soytion ([0, T]) such that
i*(0) = B(0),  [d* = Bll gepnso. ) S G0 =7 (4.36)
which, together with the above estimate on v, implies that
16Nl oo 0,741 Byynst0,F) ™ S- (4.37)
In addition, if T = oo then combining the above with (4.24) yields (4.33) for u*. The

propagation speed of CW implies that u* = u on (BH)U = (BY_,. If T < oo, then
let w be the solution of

0 — Mw = /@) — f'@* —w), (4.38)
with J)(f) =(- XBJj)u"(f), where XBJj is the extension operator for B, 7. Then
() = 5(T) I < 1@85(T) = 5Dl + 1Xp, 5Dl S . (4.39)

and so ||U(t — T)ﬁ)(f) Ise0.7) < ¢ by the Strichartz estimate. Also we have

I — U@ —Tyi(Dllse < 10wlse < Nwllse(llu*lse + lwlls)® >

251
S sllwlise + llwllg, ™

(4.40)

thereby we obtain w € C([0, T1;'H) satisfying ||w — 1_5||LOC(O’T;H) + lwllso.7) <g¢
as well as w = 0 on B4,([0, T)) by the finite propagation speed. Let u® := u — w €
C([0,T); H). Then we have, forO <t < T, ud =i on B4, and
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[ = f'ud) on By

£l —w) = f'@d) on (Bt
(4.41)

since w = 0 on By, and i = i on (B4,)C. i — i + U = U — W has been already

estimated above.

To define «? in (ID), let w? be the solution of (4.38) with w?(T) = Qﬁ)(f) and
let u’ := u — w?. Then obviously w® = 0, w! = w, w = 0 on B, (0, T), and
so Cu? = = f' (%) in the same way as (4.41). The same estimate as above yields
||w — 9w||L°°HmSt(o 7S < ¢, and hence ||u9(0) —(1=6)u0) — Oﬁd(O)HH < ¢,and

127 (0) — @ (0) + 6v(0) I < g, which implies that

T= 1w = f1) + f W -

WG (0)”(@;‘ = ||1_4'(0)||E%>[§ + 9||5||L[°0(0,T;HLB+,)QSt(o,T) +Cs Ss. (4.42)

Hence ii? satisfies (I) with the above constructed u4, the free solution 3% (r) := v(z) +
U ()[u? (0) — u(O)] and the associated nonlinear solut10n u* (dependent on 9)

In the case T = 0o, we define a sequence w, € C([0,n]; H) with T = nas
above. Then the uniform bound allows us to take a weak limit along a subsequence to
w € C([0, 00); H) NSt(0, 00) solving (4.38), the estimates and w = 0 on B, (0, 00).
For (II), let w? be the solution of the integral equation

t

= / Ut —t)0, f'u*+w) — f@)dt (4.43)

o0

obtained by the iteration starting from Aw. Then u? := u — w? satisfies the desired
properties, which is seen by the same argument as above.
To define the map A : 4 (0) #9(0) in (I1D), we perturb i (0) around some fixed
u°(0) e H satisfying the assumption. Let v be the free solution chosen as above for
1. For i1(0) € H close to #°(0), we have

17O 57 < 1)l pr + CllEO) = &°O)llz¢ < es. (4.44)
We choose the free solution ¥ for ii as a perturbation from 1, putting
5(0) := 0°(0) + X pe (1 (0) — i°(0)). (4.45)

Then in the same way as above, if T < 00, let #* € Sqjuion ([0, T1) with #*(0) = 7(0),
let w be the solution of (4.38), and let #% = i — w. By the Strichartz estimate, we see
that the maps #(0) > v(0) = u*(0) > #*(T) > w(T) > w(0) > u9(0) are C!,
where #* and w are Lipschitz with respect to #(0) € H | B B, leading to (4.34).

In the case T = 00, we also fix w° ¢ C ([0, o0); 'H) for 1%, and then let w be the
solution of (4.43) obtained by the iteration starting from wY. Then w € C([0, 00); H)
solves Ow = f'w* +w) — f'w*)ont > 0, w = 0 on By, and

I — B0 Lorinst(0.00) S I15(0) — B°(0) 124 (4.46)
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Moreover, the maps i(0) — #*(0) — w(0) — u49(0) are C', where &* and w are
Lipschitz with respect to #(0) € H | B C, leading to (4.34). O

The following lemma is crucial to show that the ground state component is small
in the region where the solution is dispersive.

Lemma 4.5 (Reverse Sobolev for the ground state) For any d > 3, there exists C =
C(d) > 0 such that for any B € %y,

Wl + 18£ll57p) = ClIWIl 25y, llg£linp = ClIWIiH|5- (4.47)

Remark 4.2 This lemma obviously fails for any other stationary solutions, since they
have indefinite sign. To see that, concentrate B at any zero point.

Proof For the first estimate, we may assume that || W/|| ; 2« B) < 1, since the left hand
side is uniformly bounded. Let R := ||W|| —2/d=2) | Since W ~ (x)2=4 and

LY (B)
[IVW| ~ |x|{(x)~¢, we have

VW72 < / VW [dx + / VW |%dx

BN{|x|<R} |x|>R
< / RAW| dx + R>? ~ >4 = ||W||§2*(B). (4.48)
B

The estimate on g+ follows from that p/ W € LN WH4(RY). Indeed, let x := p/W
and let ¢ = W on B. Then we have g+ = (2k)~'/2(1, £k)x¢; on B, and

1L £ xerlln < IxlzeIVerllz + AV xiize + xallzolenl 2 S el
(4.49)

Hence [|g+ /75 < IWll7¢5- The estimate in H(B) is similar. o

5 Center-stable manifold with large radiation

Now we can extend the center-stable manifold by adding large radiation. Fix ¢, > 0
such that ¢, < §,,. Let M3 be the totality of #(0) € H such that for the solution u
we can apply the detaching Lemma 4.4 with

T=o0, i0)e Mo, ¢+ 1T Wl e < Sm- (5.1)

Then My C M3 by using the trivial case B = R? and 9 = u. The invariance of
M3 for 7, S is inherited from M, which is also clear from the definition.

For each point ¢ € M3, Lemma 4.4 gives a neighborhood O > ¢ and a C! map
A: O 3 u(0) — u9(0) € H such that A(p) € M. Reducing O if necessary, we
may assume that A(Q) is within the domain of M defined in (2.11), and that the last
condition of (5.1) holds all over O.
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Then we have M3 N O = (M4 o A)~!(0). Indeed D is clear from the definition of
Ms and M. If M (A(y)) > 0, then the solution ud starting from A(y) blows up
in some finite 7 > 0, so does the solution u starting from v, because of (4.32),

dist, 2+ (1), Static(W)1) > dist, 2+ (1), Static(W)1) — u(t) — u® ()|l 2+
> 8 — O(5) ~ 6, (5.2)

for ¢ close to 7. On the other hand, if #(0) € M3 with it € Sojuion ([0, T)), then

dist; 2+ (u(t), Static(W)1) < dist o+ @9(t), Static(W)1) + llu(e) — ud (@) 12*
Sm+ 6~ bm (5.3)

for ¢ close to T. Hence M (A(y)) > 0 implies that v ¢ Ms3. If ML (A(¥)) < O,
then (4.32) with Strichartz implies that the solution u starting from  also scatters to
0, contradicting (5.3), and so ¥ ¢ M3.

In order to conclude that M3 isa C ! manifold of codimension 1, it now suffices to
show that the C'! functional M, o A does not degenerate on its zero set M3. Indeed,
if My (A(¥)) = 0 then 9, M (A(Y + hTaw)8&+)) ~ 1, because by the Lipschitz
property of A (4.34) and m 4 (2.7), and the last condition of (5.1) together with (4.47),
we have

AW +hTa)8+) = AW) + hlTaw) 8+ + O(sm; H)I,

M (AW +hTaq)g+)) =h + O(hgp).

By Lemma 4.4(I), we can connect each ¢ € M3 with some ¥ € Mg by a C!
curve, which is included in an enlarged M 3 for which the last bound in (5.1) is replaced
with C ¢, for some constant C > 1 including those curves connecting M3 to My, we
obtain a slightly bigger manifold M3, which is C! and connected with codimension
1.

Let M, be the maximal evolution of Mv3 (in the same way as we define M from
My). Then My is a connected C* ma,r\lifold of codimension 1, which is invariant by
the flow, 7 and S, and My D M U M3. Every solution i € Sopution ([0, T)) on My
satisfies

5.4)

lim sup dist 2+ (1t (1), Static(W)) < 8.
s (@)L atic m (5.5)
Around each point on My, there is a small open ball which is split into two open sets
by M4, such that all the solutions starting from one of them blow up in finite time,
near which time
dist; o+ (u(1), Static(W)1) > 8, (5.6)

and all those starting from the other scatter to 0 as t — oo.
On the other hand, if # € Soution ([0, 00)) scatters to Sgic (W), namely

JpeH, dw(®)—U@®)p) — 0 (t = 00), 5.7
then i (0) € My. This is because Lemma 4.2 implies that we can detach the free

radiation U ()¢ at some large t = T, so that u9(r) = TawyW + O0(¢) in H for all
t > T with ¢ < ¢ < 8. The last condition of (5.1) is ensured by (4.13).
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Finally, let M be the Lorentz extension of My, defined in the same way as for M,
from M . Note that all the solutions on M4 have the space-time maximal regions as in
(3.29) in the case of blow-up, since the remainder u* is globally small in the Strichartz
norms. Thus we obtain a connected C! manifold M5 O Sqjiton(W) U M4 U M5 with
codimension 1 in H, which is invariant by the flow, 7, S and the Lorentz transform.
If %4 € Sopution ([0, 00)) satisfies (1.21), then the scaling invariance and dispersion of
the free wave v implies that

P(@) = lim P(Wo0,p() + P(8) = lim pOEW) +P@).  (58)

Hence p(t) converges to some p, € R?, and then W;L(t),c(,),p(,) — WA(,),C(,)’[,* — 0
in H. Take a Lorentz transform which maps Wo,o, py O W, and apply it to ii. Then we
obtain another global solution satisfying (1.21) with p(¢#) = 0, namely scattering to
Static (W), and so belonging to M4. Hence u is on M.

Since each Lorentz transform defines a local C! diffeo around each solution, there is
aneighborhood of M5 transformed from a neighborhood of M, such that all solutions
starting off the manifold within the neighborhood either scatter to 0 as t — oo or blow
up in ¢ > 0 away from a bigger neighborhood. Thus we obtain Theorem 1.3.

6 One-pass theorem with large radiation

In this section, we derive one-pass theorems which allow arbitrarily large radiation.
For ¢ € 'H, we define the “radiative distance” d4 to the ground states for any ¢ € H by

dyp(p) = le = Wllas + Iglay + 1Vl (61)

inf
BeABy, yet Suic(W)

Obviously dg : H — [0, 00) is Lipschitz continuous, and d(7°S° ¢) = dg(p). It
is not invariant for the time inversion ¢ — ¢'. Taking B = R? yields

dz(p) < distw (¢) ~ dw(p). (6.2)
The embeddings (4.24) and H C (1 & V)L imply
diSt(l®|V|)L2* ((07 :l: Static(W)) SJ d%(‘/’) (63)

By Lemma 4.2, we immediately obtain

Lemma 6.1 Under the same assumption as in Lemma 4.2 with I = [0, 00),
lim dyp (i) S ¢/ + ¢ (6.4)
11— 00

In particular, if i € Solution ([0, 00)) scatters to the ground states (5.7), then

dg i) 4+t~ (e 7@ O L E@@))) - 0 (¢ — o0). (6.5)
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Proof Combine (4.13) with dy(ii(1)) < || F (1) | g

B(1)

IV Ol s + 1ROl
O

Smallness of the radiative distance enables the detaching.

Lemma 6.2 Let ii € Sopion([0, T)) satisfy d((0)) = ¢ < es. Then there exist
B € By, a free solution v, i* € Soution ([0, 00)) and % € Soiution ([0, T)), satisfying
5(0) = i(0) on BC, #* = ii on (B.)C, i = ii on By, and

- - —»d -
101 22 0,00; 7 | B4 1)NSt(0,00) + 11 — U = V|l LeHnseo.1) < S

I = Bllmnsiooe S 6% 18O o 7018, S 5 ©0
Moreover, for 0 <t < T we have
dp (D) S s +dw @ 0)). 6.7)
Proof By definition of dg, there exist B € B, and ¥ € * Siaiic (W) such that
s 2 u©0) — ¥lleyp + 1Ol + 1V llgg 5o < &5 (6.8)

Applying Lemma 4.4 with T = yields v, «*, ud and (6.6), where the last inequality
follows from the others

178l g8, = 17 (1) = 5@ llyq po + 170 = @) + 5@l S 5. (6.9)
Let ¥ (7) : [0, T) = = Staic(W) such that dy (i4(r)) ~ ||i%(t) — ¥ (¢)|1%. Then

li(s) = ¥l ., < 6% (s) = Wllpg ~ dw @ (s)),
1l 00 < 189 = Wl + 118l 5,08 S dw @) + s,

. x (6.10)
||M(S)||<%,_?.,,<jH S NU @ — s)u™ ()11 260 (5,00 H | B4 )NSt(s.00)
S B 250 (5,00:H | Ban)NSt(s,00) T 10(5) = ¥ (8) [l < s
Gathering these three estimates, we obtain (6.7). O

We are now ready to prove the first one-pass theorem in the radiative distance.

Theorem 6.3 There exist constants C,, > 1 > ¢, > 0 such that ifii € Souion ([0, T'])
satisfies
max(dg (i (0)), dg (U(T))) =: ¢ < ¢x K s, (6.11)

then there is B € 9B, such that the conclusion of Lemma 4.4(1) holds and
lda @)l Lo 0,7y + IIdW(ﬁd)llL?O(o,T) < Css. (6.12)
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On the other hand, if i € Solution ([0, T)) satisfies
dypu(0)) =: ¢ < ¢, dgp(i(t9)) > Csg (6.13)
at some ty € (0, T), then there is t| € [tg, T) such that
dop(u(t))) = | g{rd%(ﬁ(m > max(s, 6x/Cy). (6.14)
Moreover, ifKBMl (u(t1)) < O0then T < o0 and
ligr}i}]f dist; 2+ (u(1), Static(W)1) 2 8, (6.15)

otherwise T = oo and u scatters to 0 as t — oc.

Proof We will reduce it to [14] by the detaching Lemma 4.4. Choose ¢« < &g and
let B, v, u* and u9 be as in the above lemma, with ¥ € £ Staiic (W) satisfying (6.8).
Combining it with (6.6) yields

17%0) — ¥ llz¢ < 10) — W llaecm) + 1V lyyepey + 10O lpype) S0 (6.16)

which implies Eu9) = E(W) + O(gz) since E/ = 0 on any static solution.
The same argument at ¢ = T yields B e P, and I/f € =+ Siatic (W) such that

1&(T) = P llgg 5 + 14 (Tl + ||1/f||H go + (D2 5oy S s (6.17)
Let B := B 7. Using the reverse Sobolev (4.47), we obtain
IV 238y S Il gy S 10— 8(Dllgg 5 + a2+ g0, S s (6.18)
and, combining it with (6.6) and (6.8),

19T = ¥l s, < N84T = ¥ llggag + 18 Dllggs + 1566

. (6.19)
ST = Fllgg 5 + 184D gy e + 6 S s
Expanding the energy for ¢ := u9(T) — 1; yields
1
E@T)) = EW) + S[Lgeilen + o231+ ollenll3.), (6.20)
where L := —A — f"(¥1). Since [u (T 2= go, g, + V11l 2 geype, S ¢ and
(6.19), we have [lo1l 2% gy S < ¢ and so
R 1
EW) + 0(c%) = E@T) = EW) + 5 llgll3 +o(s). (6.21)
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Thus we obtain N
dw @(T)) < 1% — ¥lln S s (6.22)

Choose ¢, < &4 of [14, Theorem 5.1], so that we can apply that one-pass theorem to
u9, both from ¢ = 0 forward in time, and from ¢ = T backward in time. Specifically,
there are ¢, § > 0 such that

c~e~§, &<ey, «/§5<8§8*,

(6.23)
E@) < EW) + ¢, max(dw @%(0)), dw @(T))) < 8
so that we can deduce from the theorem that maxo<;<r dw (ud (1)) < §, and then, by
the above lemma, dgp (i) <8~ ¢ for0 <t < T.

Next, if dgp(i(ty)) > Csc at some fy, with C, > 1 large enough, then the above
lemma implies that dy (ﬁd (to)) > & and so, by the classification of the dynamics after
ejection in [14], we conclude that dw @4(1)) = 8, after some t| € (fp, T), and then
ud either blows up in finite time, or scatters to 0, so does u by (6.6). The blow up
occurs away from the ground states in the sense of (5.2). Moreover, this dichotomy
is determined by sign(K w(m)). Choosing ¢, smaller if necessary, and using (6.6),
we have

£8, ~ K @l(1)) = Kp,, () + 0(s), (6.24)

which implies sign K., (u(t1)) = sign K wd(n)). o
In particular, we can characterize the manifold with large radiation, constructed in
the previous section, by using the radiative distance.

Corollary 6.4 Let ii € Sojution ([0, T)). If u(0) € M3 then supy_, 1 dop(ii (1)) < S
Conversely, if supy_, . do(i(t)) < min(Gy, 6x/Cs) then ii(0) € Ms.

Proof Let u(0) € M3, then we can apply the detaching Lemma 4.4 with (5.1), so

dgp(i(0)) < d0) — ¥ lip s + 1Ol gz + 1V Ml 50 < Sm + Sm S S,
(6.25)
where ¥ = T4, W. Since 14(0) € Mo, using (6.7) we obtain dyp(i(r)) <
dW(ﬁd(t)) + (Sm 5 8m~
If supy ., .7 dop(u(t)) < min(cy, ¢u/Cx), then the above theorem implies that

d#U(0)) + sup dw(ﬁd(t)) < Gm K 0. (6.26)
O<t<T
Hence #49(0) € My and the definition of dy implies that i£(0) € M3. O

We can choose those distance parameters such as ¢, = 6,/ C and ¢, = ¢,/ C with
some large absolute constant C > 1, provided that §,, is chosen much smaller than
the energy parameter &, > 0 of the one-pass theorem in [14].

The above one-pass theorem does not preclude oscillation between ¢ < dyp < Cyg.
In the case of dy in [14], it was possible to exclude such oscillations completely thanks
to the convexity in time of d%, near Sgic (W), which is not inherited by dg. However,
we can make an exact version of the above one-pass theorem by the flow.
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Theorem 6.5 (One-pass theorem with large radiation) There exist constants C, >
1 > ¢4 > 0, and an open set X(¢) C H for each ¢ € (0, g.] satisfying:

(1) X(g) isincreasing, i.e. 1 < ¢2 = X(g1) C X(52).
(2) Its boundary isin ¢ < dgp < Cyg, namely

dz(p) < = ¢ € X(5) = dz(p) < Css. (6.27)
(3) No solution can return to it, namely for any i € Solution ([0, T))

i(0) € X(5), 3o € (0, 7), ulty) € X(5) = Vi €lto, T), u(t) € X(s).
(6.28)

Moreover, such u either blows up in finite time or scatters to 0 int > 1.

Proof Let ¢, > 0 and C, > 1 be as in the previous theorem, though we will modify
them at the end of proof. For 0 < ¢ < ¢,/ Cf, let X (¢) be the totality of the initial
data #(0) of any solution i € Sojuton (7T, T)) with T_ < 0 < T satisfying

T,thgod%(u(t)) <, 0§1zn<fr+ dgpu(t)) < Cys. (6.29)

Since dg is continuous in H, the local wellposedness implies that X (¢) is open. Since
the left quantity is non-increasing while the right quantity is non-decreasing along the
flow, the no-return property (3) is obvious. At the exit time #o we have

dp(@() = inf dp@(D) = Ces, (6.30)

and the previous theorem implies that such a solution u either scatters to 0 or blows
up in ¢t > tg. It also implies that d (1 (0)) < C,%g. By definition we have d¢ > ¢ on
X (g)c. Hence replacing ¢, with ¢,/ Cﬁ and then C, with Cf, we obtain the desired
properties of X (¢). O

Appendix A: Concentration blowup in the interior of blowup region

Here we observe that type-II blow-up is not always on the dynamical boundary between
the scattering to 0 and blow-up. More precisely, we have

Proposition 6.1 Let 0 < T < o0, 10 € Sopution ([0, T)) N L°([0, T); H). Then for
any 8 > 0, there is 1" € Sojution ([0, T)) with the following property: u'(t) — u°(t)
has a strong limitast /' T, and for any t € [0, T) and any ¥ € H with |||y < 6,
the solution starting from ii' (t) + ¥ blows up in positive finite time.

In other words, for any blow-up with bounded energy norm, there is another solution

with the same blow-up profile, whose orbit is in the interior of the blow-up set of initial
data, with arbitrarily large distance from the exterior.
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Proof Fix R > 1 + T such that [|#°(0)|l3¢(xj>r) < 1. Let u? be the solution for
the initial data 12(0) = I'(x/R)u°(0), where I is a smooth radial function on R?
satisfying I'(x) = 1 for |x| < 3 and I'(x) = O for |x| > 4. Then the finite speed of
propagation implies that for 0 < r < T and as long as u? exists,

(1) #%(r) = u°@) on |x| < 3R —1t,
@) 12O r(x)>re0 L 1,
(3) suppi®(t) C {|x| < 4R +1}.

Since the regions for (1) and for (2) cover [0, T) x R4, we deduce that u? extends

beyond t < T. Moreover, both u° and u? extend to |x| > R + ¢ for all r > 0 by the

smallness in the exterior cone. Hence #2(¢) — #°(¢) has a strong limitin Has¢t 7 T.
Now fix 8 > 0. Since u? is bounded in H for0 < ¢ < T,

M = sup{Ey|<sr@*(1) + ) | 1 € [0, T), ¥l < 8) (7.1)

is finite. Then we can find a strong radial solution > such that

(1) suppu(r) C {|x| > 6R —1}.
(2) sup{E|x)>sr(@ () + %) |t €[0,T), |¥lly <8} <—M — 1.

Indeed, it is easy to satisfy (1) and (2) at + = O by using a very flat radial smooth
function, since for any ¢, v € Handany 0 < ¢ < 1,

Epssr(@+ ) < (1 +8)Epasr(@) + Co(1¥ 17, + 191130 (1.2)

(1) is preserved for ¢ > 0 by the finite speed of propagation. For such initial data, the
solution may blow up in finite time, but we can delay the blow-up time as much as we
like by the rescaling S° with ¢ — —o0o, which makes both (1) and (2) easier. This
yields 13 € Soution ([0, 2T]) with the above properties.

Now let u! be the strong solution for the initial data

1'(0) = 4%(0) + i3 (0). (7.3)

Then the finite propagation property together with the disjoint supports of x> and u3
implies that ' = &> for |x| < 6R — 1, u' = u> for |x| > 4R +t,s0i' = u* + >
forO0 <7 < T,and ! (r) — %) has a strong limitin H as ¢t /' T. Moreover, for any
t € [0, T) and any ¢ € 'H satisfying ||| < & we have

E@ (1) + ) = Epy<sr @ (1) + ) + Ep=sr@ @0 +9) < =1, (7.4

hence the solution starting from i () 4+ 1 has to blow up in finite time because of the
negative energy, see [11,18]. O
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Appendix B: Table of notation

Ba

(CW)

H,H
Solution (/)

E (i), P(u)
Ep(9p), Kp(p)
U()
T¢,8°,87
St, St:v%me
W, Static (W)
Soliton (W)
disty, dw
Ly, L
N(), N(v)
p.k, Py
8+, A+
VALY, At
(er, )
.2), Ty, %
Z=(2y,2y)
T

lellg, v(T)
Bs, By, B}
-/\/;3, N(S],(SZ
cDO‘,Ca \I’U,c
Mo ~ Ms
my, My
aw, bw

£s

5<1>v Sm

Lty

ni

Sm>» Gx

Ex, O

K (3)

B+a7 B4
H | B, H(B)
Xp

D), t+(p. x)
@}

ud X

dgp(¢)

=x!-x0

= (u, u) vector in the phase space

= (¢1, —¢p) time inversion

L2 inner product

Borel sets in R?

The critical wave equation

Energy space, its subspace

Solutions of (CW) on [

Total energy and momentum
Restricted energy functionals

Free propagator

Invariant translation and scaling
Strichartz norms and exponents
Ground states

Ground solitons

Distances to the ground states
Linearized operators around W
Higher order terms

Ground state of L4

(un)stable modes of J L

Components of u around W
Parameters to define the orthogonality
Local coordinates by the orthogonality
Modulation operator in the equation
Rescaled time variable

Linearized energy norms

Small balls for different components
Neighborhoods of Syic (W)

Local coordinates around Sagic (W)
Local manifold and its extensions
Functions defining the local manifold
Positive constants

Small Strichartz norm for scattering
Small distances from Syic (W)
Smallness in the ignition lemma
7-length for uniform Strichartz bound
Smallness in radiative distance
Smallness in the one-pass theorem
Variational bound on K

Fattened and thinned sets by radius a
Restrictions of H to B

Extension operator from B to R4
Maximal space-time domain of solution
Seminorm measuring radiation
Detached interior and exterior solutions
Radiative distance to the ground states

(2.12)
(1.2)

(1.17)
(1.36)

(1.1)

(1.2),(1.35)

(1.27)

(1.4),(1.5)

(3.15)

(1.12)

(1.28)

(1.22)

(1.8),(1.9)

(1.10)
(1.16),(1.59)
(1.30),(1.32)
(1.31),(1.54)
(1.34)
(1.39),(1.40)
(1.38),(1.39)
(1.42)

(1.52), Lemma 1.4
(1.54)

(1.53)
(1.43),(2.42)
(1.45), (3.3)
(1.45),(2.2)

(1.44)
(2.8),(3.1),(3.33),(5.1)
Theorem 2.1,(2.11)
(1.48),(1.49)
(1.24)

Lemma 1.4, Theorem 2.1
Lemma 2.2
Lemma 2.3

(5.1), Theorems 6.3,6.5
[14, Theorem 5.1]
[14, Lemma 4.1]
(3.3).(3.5)
(3.7),(3.10)

(3.14)

(3.26)

“4.1)

Lemma 4.4

(6.1)
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