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1. Introduction

The notion of varifold solution was introduced by Plotnikov [9] for a two-dimensional flow of shear
thickening fluids. For a varifold solution the mean curvature appearing in the surface tension force is
interpreted as the first variation of a general varifold. In [2] the existence of varifold and weak measure
valued solutions for a large class of two-phase incompressible viscous flows is established. In this paper
we obtain the existence of a varifold solution to the two-phase incompressible viscous flow problem in R?
with surface tension on the interface between the two fluids using rather simple diffuse approximations.

Although the uniqueness of the solution is not known, one expects that if the initial velocities and
volumes occupied by the two fluids are axisymmetric with respect to the axis ez, then there should exist
an axisymmetric, with swirl, solution in all time intervals (0, T). In this paper we also prove the existence
of this axisymmetric, with swirl, solution as a varifold solution.

Many authors (cf. [1,3,4,8,12-14,17]) have worked on rather regular solutions of such free boundary
problems. In the case of initial value problems by these results one has the well-posedness locally in
time unless the initial state is close enough to equilibrium states. The approach by varifold solutions is a
phase-field formulation and allows one to obtain global in time solutions with arbitrary initial states.

1.1. Problem Setting

By I'(t) we denote the free boundary and by €;(¢) for ¢ = 0,1 respectively the volumes occupied by the
two phases. So we have R3 = Qq(t) UT(t) U Q4 (¢). By u and p we denote respectively the velocity field
and the pressure in both phases. The two-phase Newtonian incompressible flow with surface tension force
on the free interface is the following system of equations
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Ou + div(u ® u) = div(S(p, Du)) in R3\I'(¢) for 0 <t < T,

div(u) =0 in R3\I'(¢) for 0 <t < T,

[S(p, D)y nr = —krnr onI(t) for 0 <t <T,

u is continuous across I'(t), (1.1)
u(0) = ug in R3,

Velocity of T'(t) equals ugy,,

Q1(0) = Q0.

Here S(p, Du) = Du — pl is the stress tensor, 2Du = Vu + (Vu)7,

[S(p, Du)]p(s) = jump of S(p, Du) across I'(t)
= lim  S(Du,p)— lm  S(Du,p),

y—z, yE y—z, yEQo

nr is the outward with respect to €4 (¢) normal on I'(t), kr = divp(nr) is the scalar mean curvature of
the interface ' with respect to nr, ug is the initial velocity and Q1 o C R? is the initial volume occupied
by the fluid with index 1 such that the initial area of the free boundary is finite, i.e. [['(0)] = [0 0| < 0.

1.2. Weak Formulation Assuming Smoothness

To describe the notion of varifold solution let us first consider the weak formulation in the case of classical
solutions.

By multiplying the momentum equation in (1.1) by ¢ € (C°((—o0,T) x R?))? with div(¢) = 0 and
partial integrations we obtain

T T
_/ ug p(0)da — / / (UT@@ + (u®u) : Vo)dxdt —I—/ Du : Dpdzdt
R3 0 R3 0 R3

- /()T/F/gnpmsz(dx)dt, (1.2)

here H? denotes the two dimensional Hausdorff measure on R?, with the initial value u(0) = uq.

We denote by ¢ = (¢ - np)nr the normal component of ¢ on I' and by projp(¢) = ¢ — p* then
projection of ¢ on the tangent plane (at the point z € T') of T'. Because I" as a manifold has no boundary,
by the divergence theorem we have that

/ divr (projp(¢))H*(dz) = 0. (1.3)
r
Also it is known (cf. [11]) that denoting by Hr = —kpnr the vector valued mean curvature of I' we
have
divp(¢et) = —¢ - Hr. (1.4)

Using (1.3) and (1.4) we compute
/chpgo -nrH?(dx) = — /1“ ¢ - HrH?(dz) = /Fdivlﬂ(gpl)Hg(dx)
= / divr()H?(dz) = /(div(ap) —nr - anFLp)Hz(dx)
r r

= /r(I —nr ®nr) : VeH?(dz). (1.5)
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Thus by (1.2) and (1.5) we have
T
—/ ud (0)dx — / / (" Op + (u @) : V)dadt Jr/ Du : Dpdxdt
R3 0o Jrs

/ / —nr ®@nr) : VeH?(dz)dt. (1.6)

Let x = 1, (+)(z) then by the last two lines of (1.1), x satisfies

dx+u-Vx=0 in (0,7) x R?,
x(0) = xo

where xo = 1o, ,-

1.3. Varifold Solution

In the case of smooth I" we can write the integral on I' appearing on the right hand side of the Eq. (1.6)
as follows

[ 1= nr ) s Vertn) = [ 1= you): eV Oldey) (L7)
T'(t) R3 x§?
where V() € M(R? x §?) is defined by
V(£)(A x B) = / Supiny(ey(BYH2(dz) for A€ B(R®) and B € B(S?)
ANT(t)

here B(X) denotes the Borel o-algebra of X.

For each t the measure V(t) describes the surface I'(t) together with its normal in a weak measure
theoretic sense. For our purpose, by saying a general 2-varifold in R? we understand a bounded nonneg-
ative Radon measure on R3 x S2. Thus V/(¢) is the general 2-varifold associated with the smooth surface
I'(t). For the theory of general varifolds one may refer to [11].

We are not able to prove the existence of solutions with smooth enough interface, but we are able to
prove the existence of a time dependent 2-varifold V' (t) describing I'(t). We shall show that there exists

Ve L2 (0,T, M(R? x S?)) (1.8)

such that the term on the right hand side of (1.6) is replaced by the (time integral of the) right hand
side of (1.7). The space L% (0,7, M(R? x S?)) is defined in Sect. 2.

For a 2-varifold V € M(R3 x S?) the first variation functional §V is defined by
V.o = [Ty Ve@Videy) g e (CE) (19)
X
thus the right hand side of (1.7) is the first variation functional of V() at .

We will show that also we have Vy € L (0,7, (M(R3))3?) and the connection between the time
dependent 2-varifold V' and y is given by the equation

—/ <p~Vx(t)(dx)dt:/ oV (1)(d(z,1)), Vo€ (CXRY forae. te(0,T). (1.10)
R3 R3xS2
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1.4. Axisymmetry

For an angle § € R let us denote by J(f) the rotation matrix with the angle § in R? and by O() the
rotation matrix with the angle 6 around the axis e; in R?, i.e.

cos(f) —sin(6) J(0) 02
J(e)_[sm(o) cos(@)] and O(f) = [og 1]

here 0, is the 0 in R2.
We call h: R? — R axisymmetric if

h(z) = h(OT(0)x), VYo € R?®andhcR. (1.11)
We call w: R? — R? axisymmetric if
w(z) = O(0)w(OT (A)x), V€ R3 and f € R. (1.12)
We call V € M(R3 x §?) axisymmetric if
V(A x B) = V((OT(0)A) x (OT(0)B)), VA <€ B(R®), B B(S?*) and § € R (1.13)
and
V{(z,y) € R® x $?|y - (e3 x ) # 0}) = 0. (1.14)

1.5. Main Results

Let us define
E° = closure of {v € (C°(R?))3|div(v) =0} in (L*(R?))3
and
E' = closure of {v € (C°(R?))?|div(v) =0} in (H'(R?))>.
In the statement of the theorem below we will encounter the spaces L% (0,7, (M(R?))3) and

L2.(0, T, M(R3 x S?)). These are defined in Sect. 2.
The main results of this paper are the following two theorems.

Theorem 1.1. Let ug € E°, xo = 1o, , € BV(R?), where
BV (R®) = {n € L'(R’)|Vn € (M(R?))*}
denotes the space of functions with bounded variation in R3.
Then there exists a triple (u,x, V) such that
ue€ L0, T,E°) N L*0,T,E"),
x € L®(0,T, L (R {0,1})), Vx € Ly (0,T,(M(R?))?)
and
Ve L0, T, M(R? x S?))
with
HUH%OO(O,T,EO) + HU||%2(0,T,E1) + Xl 2o 07,21 (®2:{0,1}))
VXL, 0,7,Mm®3)2) + [V Lo, (0.7, M(R3 x52))
< C(lxollzv s + lluollgo)- (1.15)
X s the renormalized solution of
{atx+u-vxzo in (0,T) x R3,

x(0) = xo in R3. (1.16)



Vol. 17 (2015) On Varifold Solutions of Two-Phase 467

The connection between Vx and V is given by the Eq. (1.10).
For all p € (C2°((—00,T) x R?))3 with div(y) = 0, u satisfies

T T
_/ ug p(0)dx — / {u" 0o + (u@u): Vldadt +/ Du: Dpdxdt
R3 0 R3 0 R3

_ /T GV (), (1)) dt. (1.17)
0

The solution triple (u, x, V') is called a varifold solution. Fo the notion of renormalized solution of the
transport equation one may refer to [6].

Theorem 1.2. If in the Theorem 1.1 the initial values ug and xo are axisymmetric then there exists a
varifold solution (u,x, V) with each component being azisymmetric, i.e. for a.e. 0 <t < T, x(t) satisfies
(1.11), u(t) satisfies (1.12) and V (t) satisfies (1.13) and (1.14).

1.6. Organization of this Paper

This paper is organized as follows, in Sect. 2 we have collected some definitions and facts about Banach
space valued functions, in Sect. 3 we consider an approximate regularized problem and using the Leray—
Schauder principle (which is sometimes called Schaefer’s fixed point theorem) we prove the existence of
a regularized solution. In Sect. 4 we prove the existence of a varifold solution as the limit of regularized
solutions.

2. Some Facts About Banach Space Valued Functions

For the following definitions and facts a good reference is [5].

Let us denote by A the Lebesgue measure defined on the Borel subsets of R.

Let X be a Banach space and I C R a bounded interval. Let us consider f: I — X, then one may
consider the following three kinds of measurabilities of f.

f is called A\-measurable if there exists a sequence of simple functions s, : I — X such that s, (¢) — f(t)
in X for M-ae. tel.

f is called weakly-A-measurable if for any g € X* the function (as a function of t) (g, f(t)) y- yx is
measurable.

In the case X = Y™ for some Banach space Y, f is called weak*-A-measurable if for any y € Y, the
function (as a function of t) (f(t),y)y. y is measurable.

The function f is called A-essentially separably valued if there exists E C I such that A\(E) = 0 and
f(I\E) is a separable subset of X.

The Pettis measurability theorem states that f is A-measurable if and only if f is A-essentially sepa-
rably valued and f is weakly-A-measurable.

For 1 < p < oo by LP(0,7T, X) we denote the space of A-measurable functions f: (0,7') — X such
that || f(¢)||x as a function of ¢ is in LP(0,T).

When X = Y* for some Banach space Y, for 1 < p < oo by L?.(0,T,X) we denote the space of
w*-A-measurable functions f: (0,7) — X such that also ||f(¢)||x as a function of ¢ is measurable and is
in LP(0,T).

If X is a reflexive Banach space and 1 < p < oo then (LP(0,7T, X))* = L9(0,T, X*) where p~4¢~1=1.
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3. Approximate Regularized Problem

In Sect. 3.1 we define rotation operators. In Sect. 3.2 we define a regularisation operator of solenoidal
time dependent vector fields .. In the Sect. 3.3 we define the approximate regularised problem and in
Sect. 3.4 we prove the existence of a solution to the regularised problem.

3.1. Rotation Operators

For a function h: R3 — R and 6 € R we define the clockwise rotation around the axis e of the function
h by angle 6 as 79(h)(z) = h(OT(0)z) for x € R3. Tt is easy to see that for a smooth h for x € R? we have

V(reh)(z) = O(O)Vh(OT (0)x). (3.1)

For a function w: R® — R? and 6 € R we define the clockwise rotation around the axis es of the
function w by the angle 6 as follows Ty(w)(z) = O(0)w(OT (0)x) for z € R3. Tt is easy to see that for a
smooth w for € R? we have

V(Top)(x) = 0(0) V(0T (8)2)O0T (0). (3-2)
We fix a mollifier ¢ € C°(B3) such that fB? Y(z)dr =1 and is radial i.e. ¥(z) = ¢ (y) for |z| = |y|.
As usual notation for mollifiers ¢5(z) = 3¢ (3 ) for B> 0.

Proposition 3.1. The operators 1 * - and 79 commute. The operators g * - and Ty commute.

Proof. By direct computations. O

3.2. The Operator ¥,

In the rest of this paper, we always have 0 < € < 1, a(e) = %62 and ((e) = /e

In this subsection we define a regularizing and compact linear operator W, of solenoidal vector fields
which preserves axisymmetry. We will use this operator extensively in our regularized problem.
We define

U.: L0, T, (L*(R*)%) — L%(0, T, (L*(R?))?)
as follows
U, = PK.

where we define the compact operator K. below and P is the Helmholtz projection operator which
projects (L%(R?))? on divergence free vector fields in this space.

We fix a mollifier ¢ € C2°(0,1) such that f(o,l) d(t)dt =1 and ¢ > 0. As usual ¢, (t) = a tp(a1t)
for a > 0. It is very crucial that the support of ¢ is on the positive numbers because this makes the value
of the convolution in time (¢, * v)(t) for some function v to depend only on the vales of v in (—o0,0),
i.e. historic values.

@),
3

We define the cutoff function in space @g(x) = (¢ = 1327
We define the operator K.: L?(0,T, (L*(R3))3) — (C2*(R*))? as follows
(Kew)(t,2) = Y0 (@) (ba( V(o) * ©)(t @) (3-3)
where @ is equal to w for t € (0,7T") and equal to 0 on (0,T)°.
Proposition 3.2. The operator K. commutes with Ty. We have
Ke: L2(0, T, (L(R?))*) — (C(Qe))°

where Qe = (0,T + a(e)) x B For k € NU {0}, K. maps L*(0,T,(L*(R3))3) continuously into
(HE(Qe))*.

3
Ble)=t-
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Proof. One uses the commuting properties outlined in the Proposition 3.1 and the cutoff and mollification
structure of K. 0

In terms of the Fourier transform (cf. [16]) the Helmholtz projection operator P: (L?(R3?))® —
(L?(R3))? might be written as Pw = F1(MF(w)) where M(¢) = I — |¢|72¢¢T and F denotes the
Fourier transform for functions defined on R?. Also for a function v defined on R* we denote by P(u) the
function P(u)(t,z) = P(u(t))(x) for t € R and = € R3.

Proposition 3.3. The operator P commutes with Ty.

For all k € {0} UN we have [P(uw)](grmsys < [U]gremsyys for all w € (H¥(R®))® and similarly
||P(u)||(Hk(R4))3 § ||UH(H’€(]R4))3 fOT all u € (Hk(R4))3

Let w(x) = T1_, (1 + |x4])~2 for x € R® then P is a bounded linear operator mapping (L?(R3;w))? to
itself.

Proof. The commuting property of P with Ty follows from the fact that Fourier transform commutes
with Ty and M (OT(0)¢) = OT(9)M (¢)O(8).
We have

|IM(¢)]22 <1 forall ¢ € R? (3.4)

where | - |22 is the matrix norm when the Euclidean norm for vectors is considered.
Let k € {0} UN then from (3.4) it follows that

PO e = [ P IMOF @IS < (s ey

Similarly if we denote by F the Fourier transform of functions defined on R* then by the separation of
variable property of Fourier transform we have actually P(u) = F~Y(MF(u)) for u € (C°(R*))? hence
again by (3.4) we obtain || P(u)|(grmayys < [|ull (g may)s-

By the definition of P we have for j € {1,2,3}

(P(u)); = uj — <Z Ry, (ug ) (3.5)

where R; is the jth Riesz transform.
It is known that (cf. [15]) if n € Ay where

1 1
Ay = {neLloC R3 ‘77207 Sup{/ nda:/ dx} <oo}
? toc(R) 5 UIBI* /B B

here the supremum is over all balls B C R3, then R, is a bounded linear operator of L*(R3;7) to itself.
Now one may check that w € Ay thus by (3.5) we obtain that P is a bounded linear operator mapping
(L?(R3;w))3 to itself. O

Lemma 3.4. The operators V. and Ty commute.

For each u € L*(0,T, (L*(R?))?), supp(¥c(u)) C [0,T + afe)] x R3.

For each k € {0} UN, W, is a compact map of L*(0,T, (L*(R3))3) to (CF(R*))3.

U, is a bounded linear operator mapping L*(0,T, (LQ(R3 w))3) to itself and its corresponding norm is
uniformly bounded with respect to €.

Foru e L?(0,T, (L*(R3;w))?) we have ¥ (u) — P(u) in L*(0,T, (L*(R3;w))?) as ¢ — +0.

Forue L*(0,T, (H'(R?))3) we have ¥ (u) — P*(u) in (L*(0,T, (H'(R?))3))* as e — +0.

Proof. Because P and K. commute with Ty we obtain that ¥, commutes with Tp.

Fix k € {0} UN. Let m € N large enough such that by the Sobolev embedding theorem (H™(R%))3
continuously embedded in the space (Cf(R*))?. The function K. maps L?(0, T, (L*(R?))%) in HJ" " (Q.)
continuously. Thus by the compact embedding of H**'(Q.) in Hi*(Q.) we have that K, is a compact
operator mapping L?(0, 7T, (L?(R3))?) to H*(Q.). The operator P maps H™(R*) continuously in itself.
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Finally by the continuous embedding of this space in (C’f(R‘l))?’ we prove the compactness of the operator
¥, mapping L*(0,T, (L*(R?))?) to (CF(R"))>.
We have

Ue(u) = a(e) * (P(Pp()(Up(e) * 1)) (3.6)

Because w € Ay we have that 1g+ maps L?(R%w) to itself with a norm uniformly bounded with
respect to 0 < 3 < 1 (cf. [15]). The operator P is also bounded mapping (L?(R3;w))? to itself as stated in
Proposition 3.3. The rest of the operators in (3.6) have also uniformly bounded in € norms as operators
mapping (L2(R3;w))? to itself or L2(0, T, (L?(R3;w))?) to itself. And this proves the claimed boundedness
and uniform bound.

The last two claims of the lemma are easy to check. O

3.3. Approximate Regularized Problem

Let us define xo, = ¢ * Xo.
Proposition 3.5. We have
0<Xxo0e<1, (3.7)

Ix0.ellzr@®s) < lIxollr®s)s Ix0.ellzz®s) < lIxollz2@s),
IVX0,ell 21 ®2) < C|Vxo|(R?)

and if Qo is azisymmetric then xo, is arisymmetric.

Proof. Because o(z) € {0,1} for all z € R?, ¢ > 0 and fB% Y(x)dz = 1 we obtain (3.7). Using the Young
inequality for convolution one obtains the inequalities in (3.8) and (3.9).

If Q0 is axisymmetric then X is axisymmetric. Now because 1. commutes with 79, xo . is axisym-
metric. O

For x € H'(R3) we define 5! (x) € (H'(R?®))3)* by

_ Vy®V
<f§'t'(X)7<P> = /]RS (|V>z<|;®+€)2<)§: Vdz for o € (H(R?))3

and for xy € L?(0,T, H'(R?)) we define f5*(x) € (L?(0,T, (L*(R3))3))* for p € L*(0,T, (L*(R?))3) by
T ~
(et00e) = [ (0. el .
0
Let us denote by J the isomorphism between the spaces (L?(0,T,(L*(R?))3))* and L*(0,T,

(L2(®2))%)").

Now we are in the position to state our regularized system of a transport equation

OiXe + Ve(ue) - Vxe —eAxe =0 in (0,7) x R3,
X (ue) - Vx X (0,T) (3.10)
XE(O) = X0,¢
together with the momentum equation
Apue + div(Pe(ue) ® ue) — div(D(ue)) = J(f2" (xe)) in (0,T) x R, (3.11)
ue(0) = up. '

The precise sense in which the equations above should hold will be clear in the following.
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3.4. Existence of Solution to the Regularized Problem

In the following lemmas we prove boundedness and continuity properties of the transport equation, the
force term and the momentum equation with a prescribed transport term. These results will be used in
applying the Leray—-Schauder principle.
Let us denote
W = {w € (C°(R*))?| div(w) = 0}
where CgO(R4) = mke{O}UNCf(RLL)-
Lemma 3.6. Let w € W then the following equation
Ox+w-Vxy—eAx=0 in (0,T)x R3,
X(O) = XO,E m R?)
has a unique classical solution x € CZ([0,T) x R?). Let us define the nonlinear operator G¢(w) = x. We
have

(3.12)

0<x<1 (3.13)
and

X/l Loe (0,7, 2 m3)) + Vellxllz2o,m, 51 ®3)) < Clixoellz2@s)- (3.14)
Considering the supremum norm for the space W, the map
Ge: W — L*0,T, H' (R?))
is (Lipschitz) continuous.

If w and Q1 o are axisymmetric then so is x.

Proof. The inequalities (3.13) follow from maximum principle and (3.7).

By multiplying the Eq. (3.12) with Y, integrations by part and using that w € (Cy(R3))? with
div(w) = 0 we obtain (3.14).

Let w; € X for i = 1,2 and x; the corresponding solutions to (3.12). Taking the difference of the
equations satisfied by y; and denoting w = wy — wy and y = x2 — x1 we obtain

1 1
Orx + §(w1 +wz) - Vx —eAx = —Fw- Vixz + x1)

now this is an equation satisfied by x with the initial value x(0) = 0. By similar computations as
one does to obtain (3.14) and using the inequality (3.14) for x; and x2 one obtains the inequality
X122 0,7, 11 (R3)) < CellX0,ellL2(r3)||wl| ¢, (r4) Which proves the Lipschitz continuity of Ge.

If Q0 is axisymmetric then by Proposition 3.5, xo, is axisymmetric. If also w is axisymmetric it
is easy to see that for any 6 € R, the function 74(x) is also a solution to our equation and hence by
uniqueness we should have x = 79(x) for all # € R which proves that x is axisymmetic. (]

We call f € (L*(0,T, (L*(R?))3))* axisymmetric if T f = f for all 0 € R, i.e. (f,p) = (f, Tpyp) for all
o€ L2(0, T, (L*(R?))?) and 6 € R,

Lemma 3.7. The function f5t: L*(0,T, H}(R?)) — (L*(0,T,(L?(R?))3))* is continuous and if x is
azisymmetric then f5t(x) is avisymmetric.
Proof. Let p € L*(0,T, (L*(R?))3). Let x; € L?(0,T, H'(R?)) for i = 1,2 then

(forOx2) = f20a)s @)

/ / ( 0ix20jx2 __ Jix195x1 1>am(q/€(<p))jdxdt. (3.15)
R\ ([Vxe|* +€2)z  ([Vxi]* +¢€?)2

Let us denote for p,¢ € R and a > 0, A(p,q,a) = (a® + )" 2p

2pg then we have O A(D,q,a) =
(a? + ) 72q, DA(p,g,0) = (a® + ) ~2p and DuA(p, g,a) = —(a® + €275

pqa. So for |pl,|q| < a we have
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|0p,A(p,q,a)| < 1, |0,A(p,q,a)] <1 and [0,A(p,q,a)] < 1. Now let |pgl,|gr] < ai for k = 1,2 then for

0 <7 <1wehave |(1—7)p1 +7p2| < (1 —7)|p1| + 7|p2| < (1 —7)as + Taz and similarly for g, hence we

can estimate using the mean value theorem |A(pa, q2,a2) — A(p1, q1,a1)| < [p2 —p1l+ g2 — @] + a2 — ay .
Considering py = 0, Xk, @k = Oz, Xk and aj = |Vxi| we have

|A(6:ciX2yaij2a |VX2D - A(azcinaaijla |VX1D|
< {10z, x2 — Oz, x1| + |02, x2 — Oz, x1] + [|VX2| — [VX1]]} < 3|Vx2 — VX1l (3.16)

Now by (3.15), the definition of A, Eq. (3.16) and Lemma 3.4 we obtain

T
() = 10 ) | € [ [ 9n = T[99 dat

T - )
<C {/ / [Vxa2 — VX1|2dxdt} {/ / |v‘1’e(tp)|2dxdt} @7
0 R3 0 R3

Denoting v = VPz/;ﬁ(E)zbﬁ(e) * @ and using two times the Minkowski inequality, separately we estimate

T T
/ \V\PE(¢)|2dxdt:/ / |ba(e) * v|*dadt
0 R3 0 R3

T T
< /0 ||¢oc(e) * ’U”%LQ(R3))3X3dt < /0 (¢a(e) * ||v||(L2(]R3))3X3)2dt

T T 2
— A (/0 qﬁa(e)(S)HUH(Lz(Rs))sxa(t — s)ds) dt
T T
/0 Pa(e)() {/0 1011772 Rsyyaxs (= S)dt} ds
a(e) T—s )
= A (ba(e)(s) ls ||’U||(L2(]R3))3><3(Z)d2 ds
a(e) 2 or
{/0 ¢a(e)(5)ds} /0 HU”?Lz(RS))sw(Z)dZ

T
< [ Iolsoocs (=

=

IN

=

IA

T
= | [PYse¥s(e) * P)im msy)s (2)dz
0
T ~
< C'/O [V8(0)¥8(e) * Plar msys (2)dz

T
galnwmbwmagawﬁmmwmm (3.18)

and this together with (3.17) proves the continuity of f2t.
Let x € L*(0,T, H'(R3)) be axisymmetric, ¢ € L?(0,T, (L*(R?))3) and 6 € R then by Lemma 3.4,
Egs. (3.1) and (3.2)

T T
(& (), Top) = /0 VX“V(Ye(Top))

VX it
rs (VX2 +€2)2
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VXV (Ty(Te(9)))
(V2 +e2)2

/ VX ot
R3
[ OO OO0
R3
/

I
S~
~

(IVx|2 + €2)2
(0(0)Vx(t,0T(0)2))TV (. (@) (t,2)0(0)Vx(t, OT (0)x)
(IVx(t, OT (9)z)2 + €2)}

/ ! / (Vo) V)T
o Jre  ([V(ex)? +€2)>

dxdt

T VIV,
_/o re (V|2 +€e2)3 dadt = (f&(x),¢)

which proves that f5* is axisymmetric. O

Lemma 3.8. Letw € W and f € L?(0,T, (E")*) then there exists a unique u € C([0,T), E°)NL2(0,T, E*)
such that Oyu € L*(0,T, (EY)*) and

Opu + div(w @ u) — div(Du) = £ in (EY)*  for a.e. t € (0,T),
Let us denote u = A(w, f) then A: W x L?(0,T, (E')*) — L?(0,T, E') is continuous considering the

(Cp(R*))? norm for W.
If w and f are azisymmetric then uw = A(w, f) is azisymmetric.

Proof. We divide the proof in four steps. In the first step using the Galerkin method we prove the existence
of the solution, in the second step we prove the uniqueness of the solution, in the third step we prove the
continuous dependence of the solution on the data and finally in the fourth step we show that if w and
f are axisymmetric then so is u.

Step 1. Existence.

Let the set of the functions v, € (C°(R?))3 for k € N with div(vg) = 0 form a linearly independent
and complete subset of E°. As usual for the Galerkin method, for each n € N we first seek a solution
u,(t,z) = Y p_, d(t)vg(z) which satisfies the equation if the equation is tested only with the functions
v for k=1,... ,n and

(un(0),v¢) po = (ug,ve)po for £=1,... n. (3.19)

Using the fact that w € (Cy(R*))3, x € CZ([0,T) x R?) and f € L?(0,T,(E")*) we obtain a well
defined ordinary differential equation for d,, and obtain a unique solution d" € H'(0,T,R").

Now our aim is to obtain uniform in n estimates and then to obtain a convergent subsequence of w,,.
Testing the equation satisfied by wu,, by itself we obtain

d
a4 / funlPde + / Dy 2z = (f(2), un)
dt ]R3 ]RS

By integration in time and using the fact that f € L?(0,T, (E')*) we obtain sup,,>1{l|tunll Lo (0,1, B0) +
lunll£2(0,7,E1)} < 00. So there exists a subsequence n,, and

u € L=(0,T,E°) N L*(0,T, E") (3.20)
such that

Un,, Y% in L>*(0,T,E% and w,,k —u in L*(0,T,E").
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Fix ¢ € (C2°(R*))3 with div(¢) = 0. By appropriate approximation of ¢ and passing to the limit in
the equation satisfied by w,,, we obtain

T T T
7/ ug@(O)dxf/ / uTatgadxdtf/ / wi(u)jamiapjdxdtJr/ Du: Dodzdt
R3 0o JRrs 0 JRrs 0 JR3
T
- [ roran (3.21)
0

In particular considering (3.21) for ¢ € (C°((0,T) x R?))3 with div(p) = 0 we obtain that
dwu € L*(0,T, (EY)%). (3.22)

From (3.20) and (3.22) it follows that u € C,([0, 7], E°) (cf. [7]). Finally from this continuity and the
Eq. (3.21) we obtain u(0) = ug.

Step 2. Uniqueness.
If u; and usy are solutions then denoting u = us — vy we get
Opu + div(w ® u) — div(Du) =0 in (EY)* for ae. t € (0,7)

and 4(0) = 0. Then by similar estimates as done above to show the uniform boundedness of u,, we obtain
that v = 0.

Step 3. Continuous dependence on the data.

Let u; and ug be solutions corresponding to the pairs (w1, f1) and (ws, f2), then denoting v = us — uy
and taking the difference of equations satisfied by u; and us we obtain

Oru +div <(w2;w1) ®u> — div(Du) = (f, — f1) — div ((w2 —w)® (“1 ;“2»

n (EY)* for a.e. 0 < t < T and u(0) = 0. By multiplying the equation above by u and proceeding as
above to get the uniform bounds on w,, we obtain

d 2 2
— D
dt /u@ [ dx+/]1§3| uldo

=((f2 = f1)t),u) +/ (wg — w1);i0x,u; <u1 ;W)jdx.

R3
Now by estimating the right hand side from above and integration in time we obtain

[ull oo 0,7, 20) + lull 20,00y < C (Il f2 = fillz2 o,y

+ (llurl 20,7, 80y + lluzll 20,1, 50)) |we — will(c, ®ay)2) -
And by the uniform bounds on us and wu; in L?(0,T, EY) we obtain the continuity of A.
Step 4. If w and f are axisymmetric then so is u.

Let w and f be axisymmetric and 6§ € R. One may see that Tpu is also a solution and thus by
uniqueness of the solution we have u = Thu. Because this holds for all 6 € R, u is axisymmetric. (]

Lemma 3.9. Let w € W and x = G.(w) then we have

/ _Vx®&Vx . dexg—i/ (VX2 + )} — )da.
ks (VX + )b it Jeo
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Proof. Differentiating the equation satisfied by x with respect the x;, multiplying by (|Vx|? + 62)_% s Xs
summing over 7 and integrating we obtain

R3
—eA@xiXaxix}ﬂVxF + 62)7%d$ =0

now separately we evaluate each term in this equation.

We have
8t61X61X d 2 2\ L
AT AN Z (W2 + €2)2 — ), 3.23
oty = w9 (3:23)
Op,w; 0. X0,
/ W;0a; X 11de:/ VXOVX . Gy (3.24)
R ([Vx]? +€%)2 e ([VX[* +€%)2
and
wjazleamIX / 2 2\1
— = dr = w;0z. (Vx| +€%)2)de =0 3.25
L st = [ e (9 + ) (3.25)

so it remains to evaluate the last term involving the laplacian.
We compute

7/ eA@zix%dx =€ Ouy; X O, <8IX1> dx
R (IVx|* +€2)2 R TAN(IVX? + )2
/ { Oy, X axiXakaarkr'X}
=€ a:z:imjx - T 3 dx
R (IVxPP+e2)z  ([VxP+¢2)2
-~ E/ {tr(VQXTVQX) B VTXVQXTVQXVX}dx
e L (|Vx[2+e2)2 (IVxI? +€2)3

v 2 2
= 6/ | X| - { € 5 tI"(VQXTVZX)
ren{vxz0} (VX2 +€2)z LIV

+ {tr(VQXTV2x) — (%)T vxTv2y (giﬁ) }} de. (3.26)

Let Vy # 0. Denoting A = V2xTV2y we know that A is a positive semi-definite matrix so we have

3
tr(A) =3 Ai(4) >0 (3.27)
i=1
where \;(A) for i = 1,2, 3 denote the eigenvalues of A. Also (‘gil)TA(lg—i‘) < max;=123A;(A) then
w) (=) =2
tr(A) — A > Ai(A) — max \;(A) > 0. 3.28
- () 4(25) = IRIEIERIRYE) (3.29)

Now from (3.26) to (3.28) it follows that

—/ Ny — X s, (3.29)
R? (IVx|* +€?)z

Finally by (3.23)—(3.25) and (3.29) the lemma is proved. O
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Lemma 3.10. Fizu € L?(0,T,E°) and let x = G.(V.(u)) then there exists C > 0 such that for 0 < s <T
and n > 0 we have

/0 T (0N (0, () de < — / (VX + )F — e)da + C|Vxol(RY)

R3
SHTONTE 7 3.30
+77 X072 R3) + nllullT o 0,7, £0)- (3.30)
Proof. One may observe that for a € R and € > 0 the following inequality holds
2
a 1
— < 2(a® 4+ )2 —e). 3.31
iy SA@ -9 (3.31)

Let 0 < s < T then we have

/OS <J(f§'t'(x))(t),U(t)>dt=/ (T 00)1), Lo, (H)ult)) dt

0

T
= (100100 0u0) = [ (FH 00 el (uC)O) e
= [ (o veno) a
min(s+a(e),T) , _
+f (72 00(1), (10,0 (Ju()) (1)) . (3:32)

To estimate the first term on the right hand side of (3.32) we compute using Lemma 3.9

(fr 000w wO)w) = [ EET v s
<o [ VP + ) — o) (3.33)
Ri}

Now using (3.33) and (3.9) we estimate the first term on the right hand side of (3.32) as follows
e s d 1
[ (e eomwuey@yar< - [T 4] 0P+ k- arba
0 o dt | Jrs
== [ TP+t = ade+ [ (Tl + ) - s
RS RS
<= [ TP+t - ado+ [ [Txodds
R3 R3
<= [ UTXGP + )} - oo+ CITxol(B). (339
R3
Now we estimate the second term on the right hand side of (3.32)

min(s+a(e),T) , _
/ (7000, (10,0 (Ju()) (1)) dt

min(s+a(e),T) VX® VX
- ——————: V(U (1(0.6)(-)u(-))(t))dzdt
/ [ A T (u)(0)

min(s+a(e),T)
= C/s /R VXUV (e (Lo,0) () (1)) |dacdlt

€ min(s+a(e),T)
gclf/ / |V x|?dxdt
nJs R3

€

min(s+a(e),T)
i / V(. (10,0 (Yu()) (1)) P (3.35)
s R3
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Separately by the Lemma 3.6 and (3.8) we estimate
min(s+a(e),T) 5 ) )
«/ [, 19xPdndt < 4ol esy < Aol ey (3.30
There exists a constant C' > 0 such that for v € (L?(R3))3 and 0 < e < 1
- 1
IV (s Y8 * MLz @sysxs < C(1+ ﬂT(G))H’Y||%L2(R3))3~ (3.37)

Denoting v = V(P@,(e)qu(e) * 1(0,5)(-)u(-)) and using (3.37) we estimate

1

min(s+a(e),T) )
</ [ V(100 () 1) P

1 min(s+af(e),T) )
< 7/ ||¢oc(6) * U||(L2(R3))3x3dt

€

1

min(s+af(e),T) )
= E/ (Pae) * [[vll(z2(@a))zxs) dt

1 2
< ~a(9)]|daco * 10l z2@2)2o | L (s mmingsao.m)
1 ~
< — (O V(PYs(eytpe) * W Foe ((s—a(e)) 5. (12 (®))3x3)

<

1 2
ole) <1 - 62(6)> HUHL°°((5*‘1(6))+’5’(L2(R3))3)
1
14+ —— 7 e . 3.38
@ (1+ 3375 ) Vil om0 (3.38)

Now by (3.35), (3.36) and (3.38) and the definitions of a(e) and 3(€) we obtain

<

alQ alQn

min(s+a(e),T) , . o) ) )
/ (7000, 110y (DOt < ol + Conlleooey: (339

S
Finally from (3.32), (3.34) and (3.39) we obtain (3.30). O
Let us consider the function S.: L?(0,T, E') — L?(0,T, E') for v € L?(0,T, E') defined by

Se(v) = A(w, J(f))
where
w=VY(v), x =G (w) and f= f"(y).

Let us note that as defined in (3.3) the operator K. both mollifies in space and time and localises
spatially. Thus it gives the necessary compactness. Then by the continuity of P we obtain that V. = PK,
is compact. Further by the continuity of G, f&*, J and A the mapping S, is compact.

Lemma 3.11. There exists a constant C' > 0 independent of € such that if for some 0 < ¢ < 1 and
u € L2(0,T, E') we have u = cSc(u) then

¢ sup /((|vx(s)|2+62)%—e)dx+ sup [ Ju(s)2dz
0<s<T JRR3 0<s<T JR3

T
+/ |Vu|*dzdt < C {||X0||BV(R3) —|—/ |u0|2dx} . (3.40)
o Jrs RS
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Proof. Let u € L*(0,T,E'), 0 < ¢ <1 and u = c¢Sc(u). Then testing the equation satisfied by
get

by u we

L[ s [ a5 )00

we then integrate in time on (0, s) for some 0 < s < T and by Lemma 3.10, the inequality ¢ < 1 and
small > 0 we obtain

1 1 [*
c/ (V)2 + ) —dz+ [ Ju(s)[2dz + f/ Vul2dwdt
R3 R3 2 Jo Jrs

: C
< [ luoldz -+ CIVx0l(R®) + T lxollaces) + e o1, 01
And from this by choosing 77 > 0 small enough it follows that

¢ sup /((|VX(S)‘2+€2)%—6)(1{L‘+ sup lu(s)|*da
0<s<T JR3 0<s<T JR3

T
+/ |Vul2dzdt < C, {/ luo|2dz + |Vxo|(R?) + ||XO%2(R3)}
0o Jm3 R3
which together with 0 < yo < 1 proves (3.40). O

Let us define

E;S' = axisymmetric functions in E'.

It is clear that E! , is a closed subspace of E*.
Theorem 3.12. There exists u. € L*(0,T, E') solution to the system of Egs. (3.10) and (3.11). If the

initial values ug and Qo are azisymmetric then there exists u. € L*(0,T, E} ) solution to the system
of Egs. (3.10) and (3.11).

Proof. By Lemma 3.4 the map W.: L?(0,7, E') — W is compact [we consider the (Cy(R3))? norm for
W], by Lemma 3.6 the map G.: W — L2(0,T, H*(R?)) is continuous, by Lemma 3.7 the force term
fU L0, 7, HY(RY)) — (L2(0, T, (L2 (R%))%))*
is continuous, we know that
J: (L*(0, T, (L*(R))%))* — L*(0,T, ((L*(R%))*)")
is continuous and by Lemma 3.8 the map A: W x L2(0,T, ((L*(R3))®)*) — L?(0,T, E') is continuous.
Thus the map S, is compact and in particular continuous. By the previous lemma we have that the set
X, ={v e L*0,T, E")|v = ¢S.(v) for some 0 < ¢ < 1}

is bounded and hence we might apply Leray—Schauder principle (cf. Schaefer’s fixed point theorem in [7])
to obtain a fixed point u. € L?(0,T, E'), u. = Sc(u.) which proves the existence of a solution.

Now let us consider the case when the initial values ug and 4 o are axisymmetric. For v € L*(0,T, E} | )
by the commuting properties of ¥, as discussed in the Lemma 3.4 we have that w = ¥.(v) is axisym-
metric, by the Lemma 3.6 we have that y is axisymmetric, by Lemma 3.7 the force term f = f5%(y) is
axisymmetric, it is easy to see that J(f) is axisymmetric and finally by Lemma 3.8 we have that S.(v) is
axisymmetric. Thus we have S.: L?(0,T, E} ) — L*(0,T,E} . ). Now because

Xeas ={veL*0,T,E} ,)|v=cS.(v) for some 0 < c <1} C X,

the set X 4.5 is bounded and we might apply Leray-Schauder principle to obtain a fixed point u. €
L?(0,T,E! ), uc = Sc(ue) which proves the existence of an axisymmetric solution. O



Vol. 17 (2015) On Varifold Solutions of Two-Phase 479

4. Existence of Varifold Solution

In the following for each 0 < € < 1 we consider the pair u. € L?(0,T, E') and x. € L*(0,T, H'(R?)) a
solution to the system of Eqs. (3.10) and (3.11). The existence of these is proved in the Theorem 3.12.

4.1. Uniform Bounds on time Derivatives

Lemma 4.1. We have supg_.q [|9exell 220,711 (r3)) < 0.
Proof. We have
Oixe = —Ve(ue) - Vxe + €Axe (4.1)
in H=1(R3) for a.e. t > 0.
For the first term on the right hand side of (4.1) we compute for ¢ € H(R?) by (3.7)

(—Vc(ue) - Vxe, ) = — /]RS e (ue) - Vxepdr = /]R‘S Ve(ue) - Vioxedz

< [ 10l Vplde < 19 2o el e

thus we have
T

T
| = We(ue) - VX6‘|%2(O,T,H*1(R3)) < /0 ||\Il€(u6)||%L2(R3))3dt < C/o ||UGH%L2(]R3))3dt' (4.2)

For the second term on the right hand side of (4.1) we have for p € H'(R?)

1
2
(eAXe, p) = e/ Axepdr = —6/ Vxe - Vedz < 6{/ Vxezddf} o]l 2 (o)
R3 R3 R3

thus by Lemma 3.6 and (3.8) we have

T
letsxeltsorraon <& [ [ | 1VxdPdodt < ol (43)
Now by (4.1)—(4.3) and Lemma 3.11 the lemma is proved. O
Let
E? = closure of {v € (C°(R?))3|div(v) =0} in (H*(R?))>.
Lemma 4.2. We have supg.; [|0¢uc| p10,7,(E3)+) < 00.

Proof. By the equation satisfied by u. we have
Ayue = — div(We(ue) @ ue) + div(D(ue)) + T (£ (xe)) (4.4)

in (E1)* fora.e. 0 <t <T.
By Sobolev inequality in R?, for u € H'(R?) we have ||u||zsrs) < C[|Vul|(12(rz))= from here it follows
that ||u]| pars) < C1l|ull g (rsy. Now for the first term on the right hand side of (4.4) we have for ¢ € E?

(= div(Pe(ue) ® ue), 0) (prys g1 = /}R3(\I/6(ue))i(ue)j8wig0jdx
< / . () [u || Viplda
RS

e {/R |\Ile(u€)4da:}i {/R u6|4dx}i {/R |w|2dg;}é

< Col|We(ue) [ msy)s vl ar msyys ol -
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One may check that there exists a constant C' > 0 such that for v € L?(0, T, (H'(R?))?) we have

T T
| 1wyt < € [ ol oy

thus

T T
|| — div(\IlE(ue) ® ue)HLl(O,T,(E3)*) < Cg {/O ||\I/€(7.L€)H?H1(R3))3dt +/0 ||u€||%H1(R3))3dt}

T
S Cg/o ||u€||?H1(R3))sdt

By the Sobolev inequality there exists a constant C' > 0 such that

||’UHCb1(]R3) < CHU||H3(1R3) for all v € Hg(R3).
For the second term on the right hand side of (4.4) we have for ¢ € E?

1
2
(div(D(ue)), @) g1y ;1 = _/ Du.: Dodz < c{/ |Vu52dx} ol
R3 R3

thus

1
T 1 T 3
|| le(DuE)”Ll(()’T’(Es)*) < C/(; {/RB |Vu€|2d$} dt < CT% {/0 ||U6||%H1(R3))3dt} . (47)

For the third term on the right hand side of (4.4) we have for ¢ € (C°(R%))3

T T
A<ﬂﬁ%%mm@m:UTu4@:/ ﬁW%@MM@ﬁt
V&®VM _ .
|VX€|2 "
< 01/0 /}R o ey Vel

T
< Cy / / (Vxe? + €)F — )|V, () |dudt
0 R3

T
< 02{ sup / ((|Vx€|2 + 62)% - E)d$} ||V\I/€(<p)||(c(R3))3x3dt.
0<t<T JR3 0

denoting v = VP((LB(e)’(/)B(e) * @) using the Minkowski inequality once and then the Sobolev inequality
(4.6), separately we estimate

T T
/ [VPe(o)ll(c®sy)exadt < / Da(e) * [0l (c(re))sxadt
0 0

T T
< [ Wollcwysdt <€ [ IPGaobae = o)lrssd:
0 0

T
S@/H%w%wﬂ@mwﬁ§®MWMMWW)
0

so we have

T
/ <J(f§‘t'(xe))(t),so>dt§0{ sup / <<|V><e|2+e2>%e)dz}||so|L1<o,T,Es).
0 0<t<T JRR3
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As mentioned in Sect. 2, because (E')* is a Hilbert space it is in particular a reflexive Banach space
and hence L>(0,T, (E®)*) = (L'(0,T, E3))* so we have
15 (XD lpro,,23)) < TN (FEY (el 0,1,(53)%)
< ClTHJ(fes't'(Xe))H(Ll(o,T,E?’))*

< T sup / (VX2 + )} — )da. (4.8)
0<t<T Jrs
Now by (4.4), (4.5), (4.7), (4.8) and Lemma 3.11 the lemma is proved. O

4.2. w* Compactness for Measure Valued Functions

Lemma 4.3. Let for some A > 0

||l/k||Lac (0,7, M(R4)) < A vk S N (49)
then there exists a subsequence k,, and v € L. (0, T, M(R?)) such that
/ / v, (t)(dz)dt — / / (t,x)v(t)(dx)dt, Vo € L'0,T,Co(R%)) (4.10)
R? R

and

1Vl ez, 0. meray) < Hminf [[vg [ Lo, 0,7 M(ra))-

Proof. Step 1. If m € N such that m > 5 4 then it follows from Sobolev embedding theorem that we have
the continuous, dense and injective ernbeddlng

H™(R?) — Cy(R?) (4.11)
and by the Ritz representation theorem it follows the continuous, dense and injective embedding
M(R?) = (Co(RY))* — H-™(RY). (4.12)

Step 2. In this step our aim is to show the continuous embedding
L0, T, M(RY)) — L. (0, T, H-™(R)) (4.13)

holds.
Let v € L2 (0, T, M(R%)). By (4.12) we have that ~: (0,7) — H~3(R%).
To show that v with values in H3(R%) is w* A-measurable let ¢ € H™(R?) then

{(v(t), ¢>H—m(Rd),Hm(Rd) = (v(1), ¢>M(Rd),CO(Rd) (4.14)

and because v with values in M(R?) is w* A-measurable the function on the right hand side of (4.14) is
measurable and hence so is the function on the left hand side, which proves the desired property.

Now from the separability of H™(R?) it follows that [|v(t)|| z7-m ey as a function of ¢ is measurable.

Finally by (4.12) we have that for a.e. 0 <t < T we have

YO z-m ey < CllYE) | mrey < CllVl Lo, (0.7,.Mm(RA))
which shows that ||V e, (0.7,z-m®a)) < Cll7V[ L2, (0.7, m(®e)) and this proves (4.13).
Step 3. In this step our aim is to show that
L0, T, H-™(R%) = L>(0, T, H™(R%)). (4.15)

It is obvious that by the identity map L>(0,T, H=™(R%)) — L. (0,T, H~™(R%)) continuously as
A-measurability is stronger than w* A-measurability. So it remains to show that by the identity map we
have the continuous embedding

L(0,T, H-™(R%)) — L>(0,T, H ™(R%)). (4.16)
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Now let v € L2%(0,T, H~™(R%)) and we should show that v is A-measurable. Because H~™(R)
is separable we have that v is A\-essentially separably valued. Because H™(R?) is a Hilbert space in
particular it is a reflexive space and hence by w* A-measurability of v, v is weakly A-measurable. Hence
by Pettis measurability theorem ~ is A-measurable and this proves (4.16) which in turn proves (4.15).

Step 4. In this step our aim is to obtain a w* convergent subsequence of vy in L>(0,T, H~™(R%)).
There exists a subsequence &, such that the limit lim,, oo ||k, || L, (0,7,Mm(r4)) €xists and

lim ||vg, L2, (0,T,M(R4))- (4.17)
n—oo

Lzz. (0.7, M(E)) = Hminf {[v| o
In the following for ease of notation let us denote
A/ = th_l)gf HI/k”L?Uo* (O,T,M(Rd))'
Because H~™(R?) is a Hilbert space we have
L>(0,T, H-™(R%)) = (L*(0,T, H™(R%)))*

(see Sect. 2).

By (4.9) and (4.13) we have that vy, is uniformly bounded in L% (0,7, H~™(R%)). By the previous
step we obtain that v, is uniformly bounded in L>(0, 7, H~™(R%)). Now by Anaoglu theorem there exists
av € L>®(0,T, H ™(R%)) and a subsequence k,,, such that Vk,, w* converges to v in L>°(0, T, H-™(RY)),
ie.

T T
1), B(t dt 1), (1)) 17— imay dt 4.18
L 0 ®:000) e @ | 0060 gy s (115)
for all ¢ € L*(0,T, H™(R?)) as £ — oo.
Step 5. In this step our aim is to show that v € L2 (0, T, M(R%)) with

[Vl e, 0,7 m(mayy < A (4.19)

Let ¢ € LY(0,7, H™(R%)) then by the uniform bound (4.9) we have that

T T
t t dt = t t dt
|00t = [, @.00)

< |k, 2o, 0,7, 0 @) 18]l L1 0,7,00 (RAY)

w

by (4.17) and (4.18) passing to the limit in the inequality above we obtain

T
/O (), 8(t)) fr-m (may,prm (may A < A NSl L1 (0,7,00(RY))

and by Lebesgue differentiation theorem we obtain that
V1), @) gr—m ®ay, mmra) < Al¢llcyray for ae. t € (0,T) and ¢ € H™(R?). (4.20)

From (4.20) and the density of the embedding (4.11) it follows that v(t) € M(R?) for a.e. t € (0,T)
and

() | pagsy < A for ace. t € (0,7T). (4.21)

Now let us show that v with a.e. values in M(R?) is w* A-measurable. Let ¢ € Co(RY) and ¢, €
H™(R4) such that ¢, — ¢ in Cp(R?). Then we have

<V(t)u <'D>M(Rd),CO(]Rd) = lim <V(t), QOn>H—m(Rd)’Hm(]Rd)

n—oo

and because v € L>(0,T, H~™(R?)) and ¢, € H™(R?) each of the functions (as function of ¢) on the
right hand side is measurable and thus left hand side as the limit of a sequence is measurable.
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From separability of Co(R?) it follows that [|[v(t)|| p(re) as a function of ¢ is measurable. These mea-
surability results together with (4.21) prove (4.19).

Step 6. In this step our aim is to prove the continuous and dense embedding
LY0,T, H™(RY)) — L'(0,T, Co(R%)). (4.22)

Let ¢ € L'(0,7, H™(R%)) then by the embedding (4.11) we have that ¢: (0,7) — Co(R?). By the
A-measurability of ¢ with values in H™(R?) there exists a sequence of simple functions s,, with values in
H™(R?) such that |[s,(t) = (t)[| grm (ra) — 0 for a.e. t € (0,T) hence by (4.11), also ||s,, (£) — d(t)[| oy (r2) —
0 for a.e. t € (0,7). Thus ¢ is also A-measurable with values in Cy(R?).

By the embedding (4.11) it is easy to see that the embedding (4.22) is continuous.

Now let us show the density of the embedding (4.22).

Let ¢ € L(0,T, Co(R%)). Let us show that there exists a sequence of simple functions s, € L*(0,7, H™
(R9)) such that s, — ¢ in L(0,T, Co(R?)).

By the separability of H™(R?) and its density by (4.11) in Cy(R?) there exists a countable sequence
gn € H™(RY) which is dense in Cp(R?).

Let us define for k,n € N

Ein = {t € (0, Dlle(t) = gnllcy@ey < &'}
By the A measurability of ¢ we have that ||¢(t) — gn /¢, (re) as a function of ¢ is measurable, thus Ej ,
is Borel measurable. By the density of the sequence g, in Co(R?) we have (0,T) = UpenEkn. Let us

define Gy,1 = Ej1 and for n € N\{1}, Gk, = Ejn\ (U} Ek ). Then for n € N, Gy, are disjoint and
cover (0,T). Let us define the simple function py , = lel g, ,g9i- We have the estimate
T
6= penllssomcnmn < 5 + [ 19(6) ey . (4.23)
(0,T)\U_, G i
Let Apn = (0,7)\ Uy Gi, then Apnp1 C Agyp and 0 = NpenAp,. Because [¢(t)]|cyray €
L'(0,T) by the absolute continuity of Lebesgue integral we have lim, oo [, [[¢(t)llcy@adt = 0. From

this convergence and (4.23), taking for each k the n = ny sufficiently large we obtain py ., — ¢ in
LY0,T, Co(R?)).

Step 7. In this step our aim is to prove (4.10). Let ¢ € L'(0,T, Co(R?)) then by the previous step there
exists a sequence ¢, € L'(0,T, H™(R?)) such that ¢, — ¢ in L*(0,T, Co(R%)). By (4.9) we have

/OT g PV, )(dx)dt —/ / PqVk.,, t)(dx)dt

from which it follows that the left hand side converges to 0 as ¢ — oo uniformly with respect to ¢. We

write
T T
/ / o) (@), (£)(dr)dt — / o(8) (@) (t) (da)dt
0 R4 0 Rd
T T
- / bu.,, () (da)dt — / bqvi, () ()t
0 Rd

0 R4

< All¢ = dqllLr0,7,00RAY)

T T
+ / G, (1))t~ / pgl0)(da)it

/ Rd% )(dz)dt — / quﬁu (d)dt

using the uniform convergence described above first by choosing ¢ large enough we can make the first
and third terms on the right hand side small then fixing ¢ and choosing ¢ large enough using (4.18) we
make the second term small. (]
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Lemma 4.4. Let there exists A > 0 and for each r € N, A, > 0 such that
Ay
ell e, omm@y < 5 A VhEN (4.24)

then there exists a subsequence k,, and v € L (0, T, M(R?)) such that for all compact K C R?

T T
| [ onana— [ [ stapoani, voe L'o.1.0.5) (4.25)
0 R4 0 Rd

and |[v|| L=, 0,7 Mm(ra)) < A
If for an open set U C R and each k € N we have vy, (t)(U) = 0 for a.e. t € (0,T) then v(t)(U) =0
for a.e. t € (0,T).

Proof. Step 1. Defining (3.
Let for k € N, r, € N be a non-decreasing sequence such that r, — oo and
Ay,
k
Let us define £ : (0,7) — M(R?) by

<A; and I:“HO as k — oo.

Br = l/k\ﬁ

Step 2. 3, € L(0, T, M(R?)) and uniformly bounded.
Let us show that 8 is w* A-measurable. Let ¢ € Co(R?) then ¢ € C(B,,) and because v, €
L. (0,7, M(B,,)) we have

(B(),9) = ()l o))

is A-measurable. Thus By is w* A-measurable. Now from the separability of Cy(R?) it follows that
| Bk () ]| Am(ra) is measurable.
Because of the bound (4.24) we have

A,
1Bkl o<, (0,7, M) < kk +A<A+A (4.26)

Step 3. Apply the previous lemma to the sequence [y.
By the uniform bound (4.26) and the previous lemma there exists a subsequence k,, and v € L% (0, T,
M(R?)) such that

T T
/ O, (t)(dz)dt — / ov(t)(dz)dt, Yé € L*(0,T,Co(R?)) (4.27)
0 R4 0 R4
and
[Vl L=, (0.1 M(RaY) < hkﬂig.}f 1Bkl L=, (0.7 MYy < A
Step 4. Proving (4.25).

Let K C R? be a compact set and ¢ € L*(0,T,Cc(K)) then for n large enough such that K C B,,
by (4.27) we have

T T T
/ v, (£)(da)dt = / 68e. () (dz)dt — / v (t)(dz)dt
0 R4 0 R4 0 R4

Step 5. Proof of the last claim.
Let K a compact subset of U. For ¢ € L*(0, T, C.(K)) we have for each k€N, fOT Ja OV, (t)(dx)dt=0

hence by (4.25) we have fo Jga ov(t)(dx)dt = 0.
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Thus for all compact subsets K C U we have
T
/ ov(t)(dx)dt =0 for all ¢ € L*(0,T, C.(K)).
0 JRrd

Let the sequence 1, € C.(U) be dense in Cy(U). Choosing ¢ = 17(t)1),, () for some interval I C (0,T)
we have [} [0 Ynv(t)(dz)dt = 0. Now because this holds for all intervals I C (0,7") we obtain that there
exists E,, € B((0,T)) with A(E,,) = 0 such that

n(z)v(t)(dx) =0 fort € (0,T)\E,.
R4
Let E = UpenE, then A(E) = 0 and
Y (x)v(t)(dz) =0 forte (0,T)\FE and n € N
R4

hence for ¢t € (0,T)\E we have v(t)(U) = 0. O

4.3. Existence

In the proof of Theorem 1.1 we will need the compactness result of Aubin. For ease of reading we bring
here the statement of this result as it is in [10] for the special cases that we will need.

Theorem 4.5 (Aubin’s compactness result). Let X1, Xo and X3 be normed linear spaces and T > 0. Let
f: X1 — X5 be linear and compact and g: Xo — X3 be linear, bounded and injective. If for n € N,
vn € L2(0,T, X1) and v € L*(0,T, X1) such that v, — v weakly in L*(0,T, X;) and

%g(f(vn)) uniformly bounded in L'(0,T, X3)

then we have f(v,) — f(v) in L*(0,T, X2).

Proof of Theorem 1.1. Step 1. Passing to the limit in the transport equation and obtaining (1.16).
By (3.14) and (3.8) we have

IXellL2(0,7,22®2)) < ClixollL2re)- (4.28)
Now by (4.28) and Lemma 3.11 there exists a sequence €, and
x € L*(0, T, L*(R?)), u € L>(0,T, E®) N L?(0, T, E')

such that
|7 (0.7, m0) + 1ullZ20.7,81) < CllIxollBv@s) + lluollEo), (4.29)
Xep — X weakly in L?(0,T, L*(R?)) (4.30)
and
U, — u weakly in L?(0,T, E'). (4.31)

Let ¢ € CY(R3), ¢ > 0 and ((z) — 0 as |z| — oo.
Let f: L*(R%* () — H~'(R?) be defined for x € L*(R*;¢) by (f(X), ) g-1(re),m1(ze) = (X 9)L2(R3:0)
for p € HY(R3).
We claim that
fXer) = £(x) in L*(0, T, H™'(R?)). (4.32)
To apply Aubin’s theorem let us choose X; = L?(R3;(), Xy = X3 = H 1(R?).
It is easy to see that

f=fioft
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where fo: (L?(R3;())* — L?(R?;() is the Riesz representation function which has a continuous inverse
and f1: HY(R3) — L?(R3;() is the natural embedding function. It is easy to see that H!(IR?) is compactly
embedded in L%(R3;(), i.e. fi is compact and thus f; is compact. Therefore f is a compact operator.
Also because Xo = X3, X5 is injectively embedded by the identity map in X3.
By (4.28), X, is uniformly bounded in L?(0,7T,L?(R?;()) and by Lemma 4.1, d;x. is uniformly
bounded in L%(0,7, H '(R3)) and therefore in L'(0,7, H~'(R?)). Thus by the Aubin theorem there
exists a subsequence of ¢, which we again denote by €, and v € L?(0,7, H~1(R?)) such that

f(Xer) = in L2(0,T, H 1 (R?)). (4.33)
Now we have for p € L?(0,T, H*(R?))
T
(V) = khjgo (f(Xer), ot )>(H1(R3)) * H1(R3) dt

:klim/ /XstO )Cdxdt

:/0 /Rs xso(t)c‘d:cdt:/o () () g1 oy ()

hence v = f(x) and (4.32) follows from (4.33).
We claim that

U, (ue,) — u weakly in L2(0, T, (H'(R?))%). (4.34)
To prove (4.34) let v € L*(0, T, (H*(R?))3) then
(v, We (e ) L2(0,7,(m2 (R2))2) = (Ve (V) Uey ) L2(0,7, (112 (R2))%)

now as mentioned in Lemma 3.4 because W7, (v) converges strongly in (L*(0, T, (H*(R?))*))* to P*v we
obtain

(e, (0); ue, ) r2(0,7 (1 (R3))2) — (PTo,u) 20,7 (11 (R3))2)
= (U,Pu)Lz(OvTV(Hl(Rey))s.) = ('l),u)Lz(O’T’(Hl(RS))S)

which proves (4.34).
By (3.12) for ¢ € C°((—00,T) x R?) we have

—/ X0,ep(0, x)dx — / / XeOypdrdt
R? o Jrs
—/ / XePe(ue) - Vpdadt + e/ Vxe - Vdzdt = 0. (4.35)
0 R3 0 R3

Our aim is now for the sequence ¢ to pass to the limit in (4.35). We pass to the limit in the first term
in (4.35) using the convergence xo., — Yo in L*(R3). In the second term in (4.35) we pass to the limit
using the weak convergence (4.30). To pass to the limit in the third term in (4.35), by (4.32) and (4.34)

we have
T T
/ / Xékqlék (uék) : Vgada:dt = / / Xekqjek (ufk) : (C_lv‘p)cdxdt
0 Jrs 0o JRrs
T
- / <f(X€k) We, (ue,) - (<_1v§0)>H—1(R3),H1(R3) dt

- / 1V80)>H17(R3)7H1(R3)dt

T
/ / xu - (V) Cdadt :/ / xu - Vdzdt.
R3 0 R3
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For the fourth term in (4.35) by (3.14) and (3.8) we have

T
6/ Vxe - Vpdzdt
0 Jm3

T T 3
S\/E{E/ / IVXGIdedt} {/ / |V<p|2d:cdt}
0 R3 0 R3
T 3
< CVelxo.ellL2 w2 {/ / |Vg0|2dxdt}
0o Jr3
T 3
scﬁ||xO||L2<R3){ / / |V<,02datdt} -0
o Jrs

Thus by passing to the limit for € = ¢, in (4.35) we obtain for all ¢ € C2°((—o0,T) x R?)

T T
—/ X0¢(07$)d$—/ / XatSdedt_/ / xu - Vdrdt =0
R3 0 R3 0 R3

thus x is the renormalized solution of (1.16).

Step 2. Obtaining the terms on the left hand side of (1.17).
Because u, satisfies (3.11) we have for all ¢ € (C°((—o00,T) x R?))? with div(p) =0

T
—/ uOTgo(O)dx—/ / ul Oppdrdt
R3 0o Jr3

T T
—/ / (Te(ue) ® ue): Vpdadt —I—/ Du.: Dodxdt
R3 0 R3

/ / VX OVXe Gy ()t (4.36)
ke (|Vxel? +€2)2

For the second term on the left hand side of (4.36) by the weak convergence (4.31) we have

T T
/ / uz;atgodxdte/ / uT 0, pddt.
o Jms 0 Jr3

To pass to the limit in the third term on the left hand side of (4.36) let us notice that by Lemma 3.11
we have supg_ . ||tc||z2(0,7,p1) < 00 and also by Lemma 4.2 we have supg_ .y [|Oste|| 11 (0,7, (53)) < 0.
Let w be as in Proposition 3.3. Let us define

EY = closure of {v € (C=°(R?))3|div(v) =0} in (L*(R3;w))>.

To apply the Aubin theorem let us choose X; = E', Xy = E? and X3 = (E?)*.

It is easy to check that the natural embedding of E* in E? is compact, let f be this compact embedding.

We have that E? is densely and continuously embedded in E® and in turn this is densely and continu-
ously embedded in EY. Finally E° as a Hilbert space is isometrically isomorphic to its dual (E®)*. Hence
E3 is densely and continuously embedded in (E9)*. Now it follows that EY is injectively and continuously
embedded in (E?)* and let g be this embedding.

Hence we may apply the theorem of Aubin to obtain that for a subsequence that we denote again by
€y U, — w in L2(0,T, E2).

By Lemma 3.4 we compute

1We, (we,) = ull 20,7, (L2 R310))3) < 1We, (e, — w)|lL20,7,(L2(R330))3) + | Wey (W) — ullL200,7, (22 (R350))%)

< Ollue, — ullL2(0,7,(L2®350))3) T | Wer (w) = ul| £2(0,7, (L2 (R310))?)
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thus
W, (ue,) —u in L*(0,T,EY). (4.37)
Finally using the fact that ¢ has compact support from (4.31) and (4.37) we obtain

/ / e (Uep,) @ e, ) Vpdzdt — — / / u®u): Vedzdt.
RS RS

For the fourth term on the left hand side of (4.36) by (4.31) we have

T
/ Duy, : Dodxdt — / Du: Dedzdt.
0 JRr3 o Jms

Step 3. Existence of the varifold and obtaining the term on the right hand side of (1.17).
Let r € N. We compute for 0 < ¢ < T

/ |Vx€|da:§/ (|VX€|2+62)%CZJ}§€|BT|—|—/ {UVx +€) %—e}dx
B,

r B

1

§e|BT|+/ (VX + @)} — ebde
RS

hence by Lemma 3.11 there exists A > 0 such that

IVXellLo o121 (B,))3) < €| Br| +A. (4.38)
By the embedding L'(B,) — M(B,) we have
IVXellLoo (0,7, Mm(Br)2) < €lBr| + A (4.39)

Then by Lemma 4.4 there exists a subsequence of €5, which we again denote by € and p € L% (0,7,
(M(R?))3) such that

/ /Ra‘p Ve dedt = / /]R )(dx)dt, Vi € (Ce(RY))? (4.40)

|6l zes, (0,1, (M(®2))2) < CA. (4.41)

and

Also for ¢ € (Ccl (R4))3

T T T
/ / ¢ Ve, dodt = —/ / div(p)xe, dzdt — —/ / div(y)xdadt (4.42)
0o Jrs 0o Jrs 0o Jrs
as k — oo.

Thus by (4.40) and (4.42) we have for ¢ € (CL(R*))3

/ /Rs dx)dt = _/0 /RS div(p)xdzdt

w(t) =Vx(t,:) forae 0<t<T. (4.43)
Let us define for 0 <t < T and 0 < € < 1 the linear functional V,(¢) on C.(R®) by

v = [ w(w, Ve )|V><e|dx for ¢ € Co(RO).
R3{Vx.£0} VXl

As a positive linear functional on C.(R®) by Riesz representation theorem V,(t) corresponds to a
unique Radon measure on R® which we again denote by V().
For a.e. 0 <t < T and r € N we have by (4.38)

Vel aaamy < Vel yqazxrey < NVXOllLr(m2) < el BY| + A (4.44)

hence as distributions
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Now let us show that V,(t) with values in M(BS) is w* A-measureable. Let ¢ € C(BS) then by the
dominated convergence theorem we have

Vx
V; t ) B6 B6) — ) v € 1 - p d
(Ve(t) 90>M(B§),C(B§) ~/R3H{VXE7AO}SO (CE IV €|> IV Xl (z,— 9% )BT

: VXe )
= lim @ (x, ————— | |Vx.|1 _dz
(—c0 Jps VXl + 7 O

hence the right hand side as the limit of measurable functions is measurable.
By the separability of C'(B9) it follows that ||V.(¢)]| M(B0) 1s measurable.

By these measurabilities and (4.44) we obtain V, € L2 (0, T, M(BS)) with
IVell o, 0.0 (@)) < €lB7]+ A

By Lemma 4.4 there exists a subsequence of €, which we denote again by € and V' € L2 (0, T, M(R? x
S?)) such that

/ / Ve, () (d(x,y))dt —>/ / z,y))dt, Yo € C.(R") (4.45)
]R3><S2 R3xS2

and

%, (0,T,M(R3x52)) < A. (4.46)

Let us prove that

//R J(dw)dt = //Rgxgﬂ yV () (d(z,y)dt, Yo e (Ce(RY)). (4.47)

Let ¢ € (C.(R*))3. For (t,z) € R* and y € S? let us define ¢(¢,x,y) = ¢(t,x) -y, then one may extend
@ to a function in C.(R”) and by (4.45) we obtain

T T
—/ / - p(t)(dz)dt = — lim / / © - Ve, dadt
o Jrs k=00 R3
lim / / (t x,— Ve ) IV Xe, |dzdt
k—oo R3N{Vx., £0} Ve
im [ Va0 )
k—oo Jo  Jm3xs?
T
[ steavue
0 JR3xS?
T
— [ [ v
0 JR3xS?

thus we have proved (4.47). Now (1.10) follows from (4.47).
Let us prove that

/OT /RS eV (t)(d(x,y))dt

T
: Ve, | 7
= hm/ / 7 b V., () (d(z,y))dt, Ve e C.(R"). 4.48
tm ] P e ) (&) (1.48)
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Let ¢ € C.(R7). We compute

|V Xer |
d(z,y) dt—/ / ————V, (t)(d(x,y))dt
R3 xS? R3 xS2 |Vx€k| +€2)2 (0)(dlz.9))

T
[ v [ [ v o

IVXe, |
/ /]Rsxs2 i ( (|VX6,€\2 + Ek) ) Ve, (1) (d(z, y))dt. (4.49)

By (4.45) the first term on the right hand side of (4.49) converges to 0.
To show that the second term on the right hand side of (4.49) also converges to 0 we estimate

1
(IVxe >+ )7 — IVxek||Vx | = % IVXe,|
T €rl = T I
(VX |2+ €7)2 (VX >+ €)2 (Vx| +€2)2 + Ve,

€2
<—Hk
(IVXei? + €7)®

and using the fact that ¢ has compact support and is bounded we compute

T
|VX5}¢‘
ol 11— ——F—— | Ve, () (d(z,y))dt
L |< oy ) VOt
T
0 JRIN{Vx., £0} |V xXe| (IVXe |2+ €2)2

T
\%
Sek/ / S0<t71'7 e )
0 JR3N{Vx., #0} Ve, |

Now we proved that both terms on the right hand side of (4.49) converge to 0 hence the left hand
side converges to 0 and this proves (4.48).
Let us prove that for all ¢ € (C2°(R*))? with div(y) =0

T
/ / VX OVXek . 7y, () ddt = / OV (1), (1)) dt. (4.50)
k:4>oo R3 |VXFk‘2+ek) 0

< €k

drdt < Ce, — 0 as k — oo.

Let ¢ € (C°(R*))? with div(¢) = 0. We write

/ / VX O VX Gy (o) dudt = / / VX O VX (G, () - Vip)dadt
R (|VXe, |2+ €2)3 & (|Vxe, > +€2)2

/ / VXa OVXe G ogagr, (4.51)
z (| Ve |? +€2)2

For the first term on the right hand side of the equation above because VU, (¢) converges in
(C(R*))3*3 to V¢ we obtain that

VXEk ® VX6k
B (|VXe? +¢2)2

<c / / (VX 2 + €)% — )V, (9) — Vipldrdt
0 R3

S (VU (p) — Vo)dxdt
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< OT{ oo [ (9 ) - ek>dx} 1190 () - Velloyozeas
o<t<T JR3
< OV [Ve, () — Vel orpess) — 0 (4.52)

in the last inequality we used Lemma 3.11.
For the second term on the right hand side of the equation above using (4.48) we have

/ / I G C
R3 |VX5k‘2 + ek)
2

:/ / (— Ve, > ® (— VXey ) : V(p—'vxek| rdxdt

o Jrs \ |VXel IVXe| (IVxer|>+€2)2

T
Vxe) ( Vxe.) [V Xer|
- I—(- Pl e | - L) Vo B [V Xe, [dzdt
/0 \/]R3 < |VX6k| ‘Vxﬁkl (‘VXek|2+6k) | k|

IV Xer|
/ /]R3><SZI y®y): Vo (|VXek| e )%Vek(t)(d(x,y))dt

o /o /R - (I —y®y): Vo(t,z)V(t)(d(z,y))dt
= —/OT 8V (1), (1)) dt. .

Now by (4.51)—(4.53) we prove (4.50).

Step 4. The inequality (1.15).

For the first two term on the left hand side of (1.15) this inequality follows from (4.29). Because x is
the renormalized solution of (1.16) and xo € L'(R3;{0,1}) we obtain that y € L>(0,T, L'(R3;{0,1}))
and the bound for the third term on the left hand side of (1.15). For the fourth term on the left hand
side of (1.15) this inequality follows from (4.41) and (4.43). For the fifth term on the left hand side of
(1.15) this inequality follows from (4.46).

And this completes the proof of the theorem. O

Proof of Theorem 1.2. In the case of axisymmetric initial values and boundary condition by the Theorem
3.12 for each 0 < e < 1 there exists ue € L?(0,T, E! ) and axisymmetric x. € L?(0,T, H'(R?3)), such
that together these are a solution to the system of Egs. (3.10) and (3.11).

In the following when writing u. or x. we mean these axisymmetric solutions.

We proceed as in the proof of Theorem 3.4 and prove the existence of a Varifold solution triple (u, x, V')
to our equations. As described in the proof of Theorem 3.4 these are appropriate limits of the regularized
solutions corresponding to a sequence ey,.

In the following using the axisymmetry of the regularized solutions we prove the axisymmetry prop-
erties of the varifold solution triple.

For § € R by the axisymmetry of x., we have 7gXc, = Xc,. Thus for ¢ € C.(R*) by the weak
convergence (4.30) we have

/ / ToXxpdxdt 7/ / XT—gpdxdt = hm/ / Xep T—opdxdt
R3 R3
= lim / / ToXe, Pdzdt = hm / / Xe,pdxdt = / / xpdadt
k—o0 0 R3 R3

and from here by the arbitrariness of ¢ we obtain 79y = x for a.e. 0 < t < T and a.e. x € R? which
proves the axisymmetry of .
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For § € R by the axisymmetry of u., we have Tpu., = u.,. Thus for p € (C.(R?))? by the weak
convergence (4.31) we have

T T
/ /(Tgu)Tgodxdt:/ /uT(T,ggo)dxdt
0 JR3 0o JRs
T T
= lim / / ul (T_pp)dzdt = lim / / (Tyue, )T pdadt
k—oo Jo R3 k—oo Jo R3

T T
lim / / ui@dmdt: / / ul pdxdt
k=00 Jo JR3 0o Jre

and from here by the arbitrariness of ¢ we obtain Tyu = u for a.e. 0 < t < T and a.e. x € R? which
proves the axisymmetry of u.

Now let us prove the axisymmetry properties of V. Let § € R and ¢ € C.(R") then using (3.1) we
compute

T
/ / ot 2, y)(V(t) 0 OT (0))(d(x y) )t
0 R3xS2
T
- / / (1, 0(8)z, OO)y)V () (d(x y))dt
0 R3xS2

T
=dm [ el 00). 00 Ve (0w )

k—oo

T
~ lim / / o(t,0(0)z, 0(0) (- Ve, ) Ve, (2)|dadt
k=00 Jo Jr3n{|Vx., |#0} VX |

T
= 1im/ /
k=oo Jo  JR3N{z€R?||Vxe, (t,07 (8)x)|#0}

Vxe, (07 (0)2)
2t OO (0T (8))]

NIV xe, (OF (0)z)|daxdt

T
. VXe (x)
~ lim / / plt, 7, — B ) [V xe, () derdt
k=00 Jo JR3N{z€R3||Vx., (t.x)|70} [VXe, ()] g

~ fim / /R PV () ()

k—oo

- / / (12, y)V (1) (d(x, )t
0 R3 xS2

and by the arbitrariness of ¢ we obtain that for a.e. 0 <t < T, V (¢) satisfies (1.13).
It is easy to compute and see that

d T
—0(0) =0 (0+ 5) I
where
I, 0q
U=1or 0] ’

here I5 is the 2 x 2 identity matrix.
By the axisymmetry of x. we can compute

_i _i T _ T T m
0= Zxe(t.2) = Zxe(t, 0T (B)2) = Ve(t, 0T (6)2)7O (6 4 T ) Iz
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and in particular for € = 0 we obtain
0= Vx.(t,z)TO (g) Mz for0<t<T and z € R®. (4.54)

Let us define
Q= {(x,y) € RS ’ yTo (g) Iz = 0}

then @ is closed and is not equal to RS.
Let ¢ € C.(R x Q°) then

© = h(t,z,y)yT O (g) Iz

where

Now we may compute using (4.54)

T T
/ / OV (t)(d(z,n))dt = lim/ / OV, (t)(d(z,n))dt
0 JR3xs2 k—oo Jo Jrsxs2
T
= lim / / @ (Ll’,— VXer > [VXe, |dzdt
k=00 Jo JR3N{|Vx.,|#0} IVXer |

T T
lim / / h (t,x,— VXer ) (— VXer ) 0 (E) x|V xe, |dzdt
k=00 Jo  Jren{|vx., |£0} IV Xer | IVXerl 2

T
VXe
= — lim / / h (t,x, _ Y Xe ) sz;O (E) Ixdxdt = 0. (4.55)
k=00 Jo Jr3n(|Vxe, 20} [VXer| 2
Now by (4.55) and the arbitrariness of ¢ € C.(R x Q°) we obtain that for a.e. 0 <t < T, V() satisfies
(1.14). O
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