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Abstract We establish a Pacard-type monotonicity formula and Morrey bounds up to the
boundary for smooth solutions of the Lane-Emden heat flow ut −�u = |u|p−2u on a general,
smoothly bounded domain � ⊂ R

n , n ≥ 3, for exponents p > 2∗ = 2n/(n − 2), extending
our previous work on the problem. As a consequence we obtain partially regular, self-similar
tangent maps at any first blow-up point of the flow, and partial regularity at the blow-up time
if the energy is uniformly bounded from below.

Mathematics Subject Classification 35K58 · 35K91

1 Introduction

Let � be a smoothly bounded domain in R
n , n ≥ 3. In [1] we derived a Pacard-type

monotonicity formula for the flow

ut − �u = |u|p−2u on � × [0, T [, u = 0 on ∂� × [0, T [, (1.1)

for any T > 0 in the “supercritical” case when p > 2∗ = 2n/(n − 2). For given initial data
u0 we showed that the solution u to (1.1) up to a constant preserves the L p,μ(�)-Morrey
norm of the data, where μ = 2p

p−2 < n, and we derived various consequences from this fact.
In the case of a convex domain our estimates extended up to the boundary and, in particular,
we were able to show that the initial value problem for (1.1) is well-posed for arbitrary T > 0
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2270 S. Blatt, M. Struwe

even for data u0 ∈ H1∩ L p,μ(�)with∇u0 ∈ L2,μ(�), provided that ‖u0‖L p,μ +‖∇u0‖L2,μ

is sufficiently small; see [1], Section 6.5.
Our aim in the present paper is to show that similar results also hold on a general domain.

Moreover, for a smooth solution of (1.1) blowing up at time T > 0 with uniformly bounded
energy, we establish partial regularity at blow-up time in the sense that the set of singular
points of the flow at time T has codimension μ − 1, which in particular rules out blow-up
away from the origin of any radially symmetric solution of (1.1) on a ball. Finally, if the
domain is convex we also are able to show that the set of singular points of the flow on the
boundary at time T has codimension μ − 1 within ∂�.

2 Background

2.1 Notation

Throughout the following a function u will be called a smooth solution of (1.1) if u ∈
C1(�̄ × [0, T [) solves (1.1) in the sense of distributions. Standard regularity theory then
shows that u also is of class C2 with respect to x and satisfies (1.1) classically. Higher
regularity (to the extent allowed by smoothness of the nonlinearity g(v) = |v|p−2v) then
follows from Schauder theory. The letter C will designate a generic constant, sometimes
numbered for clarity.

2.2 Energy identity and consequences

It is well-known that the flow (1.1) may be regarded as the L2-gradient flow for the energy

E(u) = 1

2

∫
�

|∇u|2dx − 1

p

∫
�

|u|pdx, u ∈ H1
0 ∩ L p(�).

In fact, multiplying (1.1) with ut and integrating by parts we obtain the energy identity

E(u(t)) +
∫ t

0

∫
�

|ut |2 dx ds = E(u0) (2.1)

for any smooth solution of (1.1) on � × [0, T ] with initial data u(0) = u0. In particular,
the energy function t 	→ E(u(t)) is non-increasing. Moreover, whenever for some constant
ET > −∞ and all t ∈ [0, T [ there holds E(u(t)) ≥ ET , we have ut ∈ L2(�×[0, T [) with

∫ T

0

∫
�

|ut |2 dx ds ≤ E(u0) − ET , (2.2)

and there exists a trace u(T ) = limt↑T u(t) ∈ L2(�) at the final time T . In addition, from
Hölder’s inequality we obtain the estimate

sup
0≤t≤T

∣∣‖u(t)‖L2 − ‖u0‖L2

∣∣ ≤
∫ T

0
‖ut (s)‖L2ds ≤ √

T (E(u0) − ET ). (2.3)

Moreover, multiplying (1.1) with u and integrating we find

1

2

d

dt
‖u(t)‖2L2 =

∫
�×{t}

utu dx = −
∫

�×{t}
(|∇u|2 − |u|p)dx

= −2E(u(t)) + p − 2

p
‖u(t)‖p

L p = −pE(u(t)) + p − 2

2
‖∇u(t)‖2L2 (2.4)
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Boundary regularity for the supercritical Lane-Emden heat flow 2271

for any 0 < t < T . Upon integrating this identity over the interval ]0, T [, we then obtain the
bound

(p − 2)
∫ T

0

∫
�

( |∇u|2
2

+ |u|p
p

)
dxdt

= (p + 2)
∫ T

0
E(u(t))dt + ‖u(T )‖2L2 − ‖u0‖2L2

≤ T (p + 2)E(u0) + ‖u0‖2L2 + 2T (E(u0) − ET ). (2.5)

for u in H1 ∩ L p(� × [0, T [) in terms of the data u0 ∈ H1 ∩ L p(�) and a lower bound for
the energy.

Finally, as we had shown in [1, Lemma 6.3], given any smooth solution u to (1.1), for any
0 < t1 < T a bound similar to (2.5) on the interval [0, t1[ may be derived even without a
uniform lower bound for the energy. Indeed, let t0 ≥ 0 be minimal such that E(u(t)) ≤ 0
for t ≥ t0. (If no such t0 exists, (2.5) already yields the desired bound on [0, T [.) Letting

g(t) =
∫ t

t0
‖u(s)‖p

L pds

then with a uniform constant c0 > 0 as in the proof of Lemma 6.3 in [1] we have

dg

dt
= ‖u(t)‖p

L p ≥ c0g
p/2 for t0 ≤ t < T .

Integration of this differential inequality from any t1 ∈ [t0, T [ up to time T gives the bound

∫ t1

t0

∫
�

|u|pdxdt = g(t1) ≤
(
c0

p − 2

2
(T − t1)

)− 2
p−2

.

Together with the energy inequality (2.1) we hence find the estimate

∫ t1

t0

∫
�

(|∇u|2 + |u|p)dxdt ≤ 2(t1 − t0)E(u0) + C(T − t1)
− 2

p−2 ,

which may be coupled with (2.5) on [0, t0[ to give the bound

∫ t1

0

∫
�

(|∇u|2 + |u|p)dxdt ≤ CT E+(u0) + C‖u0‖2L2 + C(T − t1)
− 2

p−2 (2.6)

with a uniform constant C > 0 for any t1 < T , where E+(u0) = max{E(u0), 0}.
2.3 Morrey spaces

Recall that for any 1 ≤ p < ∞, 0 < λ < n + 2 a function f ∈ L p(E) on E ⊂ R
n × R

belongs to the parabolic Morrey space L p,λ(E) if

‖ f ‖p
L p,λ(E)

:= sup
z0=(x0,t0)∈Rn+1,r>0

rλ−(n+2)
∫
Pr (z0)∩E

| f |pdz < ∞,

where Pr (x, t) denotes the backwards parabolic cylinder Br (x)×]t − r2, t[. In what follows
the Morrey exponent λ = 2p

p−2 = μ, as defined above, will occur naturally.
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2272 S. Blatt, M. Struwe

2.4 The local monotonicity formula

We recall some basic notation from [1]. Fix a point x0 ∈ � and a time t0 > 0. Given a
solution u to (1.1) on � × [0, t0[, for R > 0 let

uR(x, t) = R2/(p−2)u(x0 + Rx, t0 + R2t) on �R × [− t0
R2 , 0[, (2.7)

where �R = {x; x0 + Rx ∈ �}. Also let

G(x, t) = 1

(4π |t |)n/2 e− |x |2
4|t | , x ∈ R

n, t < 0,

be the fundamental solution to the heat equation with singularity at (0, 0), and set

G(x0,t0)(x, t) = G(x − x0, t − t0), G∗(x) = G(x,−1) = (4π)−n/2e−|x |2/4

for brevity. We sometimes also write z = (x, t) for a generic point in space-time. Let
ϕ = ϕ(|x |) ∈ C∞(Rn) be a compactly supported cut-off function such that 0 ≤ ϕ ≤ 1, and
for any R > 0 set

ϕR(x) = ϕ(Rx).

Given x0, t0, R > 0 let uR be as in (2.7) above and define

Dϕ(R) = 1

2

∫
�R

|∇uR(x,−1)|2ϕ2
R(x)G∗(x) dx

= Rμ

2

∫
�×{t0−R2}

|∇u|2ϕ2(x − x0)G(x0,t0) dx .

For q ≥ 2 we also let

Fϕ
q (R) = 1

q

∫
�R

|uR(x,−1)|qϕ2
R(x)G∗(x) dx

= R
2q
p−2

q

∫
�×{t0−R2}

|u|qϕ2(x − x0)G(x0,t0) dx .

Then by [1], Proposition 3.1 for the function

Hϕ(R) = Hϕ

(x0,t0)
(R) := p − 2

p
Fϕ
p (R) + 1

2p

(
R

d

dR
Fϕ
2 (R) − Aϕ

2 (R)

)

with

Aϕ
2 (R) = Rμ−2

2

∫
�×{t0−R2}

|u|2x · ∇ϕ2G(x0,t0)dx

+ 2Rμ

∫
�×{t0−R2}

u∇u · ∇ϕ2G(x0,t0)dx (2.8)

there holds the following perturbed monotonicity formula.

Proposition 2.1 ([1], Propositions 3.1 and 3.18) Let u be a smooth solution of (1.1). Then
after translating x0 = 0, there holds

R
d

dR
Hϕ(R) ≥ Rμ

2p

∫
�×{t0−R2}

|x · ∇u + 2(t − t0)ut + au|2
|t0 − t | ϕ2G(x0,t0) dx

+ 2

p

(
Aϕ
0 + Bϕ

)
, (2.9)
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Boundary regularity for the supercritical Lane-Emden heat flow 2273

where a = 2
p−2 and where Aϕ

0 denotes the error term

Aϕ
0 (R) = Rμ

∫
�×{t0−R2}

(
|∇u|2 − 2

p
|u|p + R−2 |u|2

p − 2

)
ϕx · ∇ϕG(x0,t0) dx

−4Rμ+2
∫

�×{t0−R2}
|∇u|2|∇ϕ|2G(x0,t0) dx . (2.10)

Finally, Bϕ = Bϕ(R) is the boundary term

Bϕ(R) = Rμ

2

∫
∂�×{t0−R2}

ν · x |∇u|2ϕ2G(x0,t0) do, (2.11)

where ν is the outward unit normal.

Moreover, also using the Giga-Kohn [7] expression

Hϕ(R) = 2

p
Dϕ(R) − 2

p
Fϕ
p (R) + 2

p(p − 2)
Fϕ
2 (R) (2.12)

for Hϕ , we are able to express

Hϕ(R) = 2(p − 2)

p(p + 2)

(
Dϕ(R) + Fϕ

p (R)
)

+ 2

p(p + 2)

(
d

dR

(
RFϕ

2 (R)
) − Aϕ

2 (R)

)
. (2.13)

Remark 2.2 With the expression (2.12) for H and with weight ϕ ≡ 1, that is, without
localization, monotonicity of H was observed by Giga-Kohn [7] in the form of an energy
inequality for the function w(y, s) = (t0 − t)1/(p−2)u(x, t) obtained from writing u in self-
similar variables y = x/

√
t0 − t , s = log

(
1/(t0 − t)

)
. On the other hand, motivated by

monotonicity formulas for harmonic maps, in [13] the heat kernel G was introduced as a
weight and a natural monotonicity formula was derived formaps betweenmanifolds evolving
under the heat flow for the Dirichlet energy.When applied to Eq. (1.1), these techniques yield
the Giga-Kohn [7] monotonicity result without their assumption on the type of blow-up and
on any convex domain, and allow further conclusions. For instance, in [3] the techniques of
[13] were applied to prove partial regularity of borderline solutions of (1.1)

The key novel feature of Proposition 2.1 is that the difference of the two leading terms in
(2.12) when passing to the equivalent expression (2.13) magically is converted into their sum
(up to an error termof lower order). This possible conversionwas first observed byPacard [12]
in the time-independent case of (1.1) through clever manipulations of the standard approach.
In our paper [1] we showed that the techniques from [13] may be used to carry over Pacard’s
idea to the time-dependent setting.

3 Results

Fix a smooth cut-off function η such thatχB1(0) ≤ η ≤ χB2(0), |∇η| ≤ 4. For any 0 < ρ ≤ ∞
then let ϕ(x) = ϕρ(x) = η(x/ρ) and set

δ(ρ, R) =
⎧⎨
⎩R−ne− ρ2

4R2 , if R ≤ ρ,

ρ−n(1 + R2ρμ−2), else.
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2274 S. Blatt, M. Struwe

Our main goal in this note is to obtain the following result which extends our previous result
[1], Proposition 6.1, to the boundary.

In the following, for given u0 and T > 0 we denote as C0 a constant depending only on
E(u0), ‖u0‖L2 , and T .

Proposition 3.1 There are constants C = C(�), R0 = R0(�) > 0 such that for any smooth
solution u of (1.1) on � × [0, T [ with initial data u(0) = u0, any ρ > 0, any x1 ∈ �̄, any
0 < t1 < T , and any 0 < r < R ≤ min{R0,

√
2ρ,

√
t1} with ϕ = ϕρ there holds

Hϕ

(x1,t1)
(r) ≤ Hϕ

(x1,t1)
(R) + CR sup

x0∈�

Hϕ

(x0,t1)
(R) + C0δ(ρ, R). (3.1)

The constant R0 > 0 is determined in Lemma 4.3 where we also assume that R0 ≤ √
2r0

with r0 > 0 as in (4.1).
Just as in [1], Proposition 6.2, the previous proposition implies the following Morrey

bound.

Proposition 3.2 There are constants C = C(�), R0 = R0(�) > 0 such that for any smooth
solution u of (1.1) on � × [0, T [, any ρ > 0, any x0 ∈ �̄, and any 0 < 2r < R1 ≤
min{R0,

√
2ρ,

√
T/2} letting t0 = T − r2 with ϕ = ϕρ there holds

‖∇u‖2L2,μ(Qr (x0,t0))
+ ‖u‖p

L p,μ(Qr (x0,t0))

≤ C sup
x1∈�

Hϕ

(x1,T )(R1) + CR1 sup
x1∈�

Hϕ

(x1,T )(R1) + C0δ(ρ, R1),

where Qr (x0, t0) = Pr (x0, t0) ∩ � × [0, T [.
Remark 3.3 As in [1], Section 6.5, from Proposition 3.2 it follows that the initial value
problem for (1.1) is well-posed for initial data u0 ∈ H1 ∩ L p,μ(�) with ∇u0 ∈ L2,μ(�)

satisfying

sup
x0∈Rn , 0<r<r0

rμ−n
∫

�r (x0)

(|∇u0|2 + |u0|p
)
dx < ε

for sufficiently small ε > 0 and some number r0 = r0(ε) > 0. Here, �r (x0) = Br (x0) ∩ �.
Indeed, letting uk be the solutions to the Cauchy problem for (1.1) for suitable smooth data
u0k such that u0k → u0 in H1∩ L p(�) as k → ∞, from Proposition 3.2 and the ε-regularity
result [1], Proposition 4.1, we find the a-priori bound

‖uk(t)‖L∞(�) ≤ Ct−
1

p−2

on a uniform time interval 0 < t < T , and (uk) converges to a smooth solution u of (1.1) with
data u0. Moreover, given δ > 0, after replacing ε with a smaller number ε > 0, if necessary,
we can achieve that there holds ‖u(T )‖L∞(�) ≤ δ.

Provided also δ > 0 is sufficiently small, by standard results as given, for instance, in
[14], Theorem 3(b), and [8], the solution u then may be continued for all time and u(t) → 0
as t → ∞.

Propositions 3.1 and 3.2 together with the ε-regularity result [1], Proposition 4.1, give rise
to the following global analogue of [1], Proposition 6.8.

Proposition 3.4 Let � ⊂ R
n be smooth and bounded, and let ρ > 0. Given smooth data

u0, let u ∈ C1(�̄ × [0, T [) be the unique maximal smooth solution to (1.1) with initial data
u(0) = u0. Then for any x0 ∈ �̄, either
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Boundary regularity for the supercritical Lane-Emden heat flow 2275

(i) there is r > 0 such that u extends smoothly to the closure of Qr (x0, T ), or
(ii) there exists R1 > 0 independent of x0 such that for any 0 < R < R1 there holds

Hϕ

(x0,T )(R) ≥ ε0, where ϕ = ϕρ and where ε0 > 0 is a constant independent of x0 and
u.

Finally, we also have the following result, extending the results of [3] to the case of a finite
time interval.

Proposition 3.5 Consider a family of smooth solution uk of (1.1) on � × [0, T [, T < ∞,

k ∈ N, and assume that uk
w
⇁ u weakly in H1 ∩ L p(� × [0, T [) as k → ∞. Then u

weakly solves (1.1) on � × [0, T [ and for any compact set Q ⊂ �̄×]0, T ] there holds
Hn+2−μ(sing(u) ∩ Q) < ∞, where sing(u) is the set of points (x0, t0) ∈ �̄×]0, T ] such
that u cannot be extended smoothly to a neighborhood of (x0, t0) in �̄×]0, T ].
Remark 3.6 By (2.2) and (2.5) any sequence (uk) of smooth solutions of (1.1) with the
property that with constants −∞ < Et1 ≤ E0 < ∞, C > 0 for any 0 ≤ t1 < T there holds

‖uk(0)‖L2(�) ≤ C, Et1 ≤ E(uk(t)) ≤ E0 for all 0 ≤ t ≤ t1, k ∈ N, (3.2)

is bounded locally in H1 ∩ L p(�̄ × [0, T [) and hence has a locally weakly convergent
subsequence. In fact, by (2.6) and a standard measure theoretic argument (3.2) holds for any
sequence (uk) of smooth solutions of (1.1) on [0, T [ such that ‖uk(0)‖L2(�)+E(uk(0)) ≤ C ,
uniformly in k ∈ N.

As a consequence of Propositions 3.4 and 3.5 we obtain the existence of a non-trivial
self-similar tangent map at any first blow-up point (x0, T ), analogous to Theorem 6.9 in [1],
but now allowing also x0 ∈ ∂�.

Theorem 3.7 Let � ⊂ R
n be smooth and bounded. For given smooth data u0 let u ∈

C1(�̄ × [0, T [) be the unique maximal smooth solution to (1.1) with initial data u0, and let
(x0, T ) ∈ sing(u) ∩ �̄ × {T } be a first blow-up point as defined in Proposition 3.5. Shift
coordinates so that (x0, T ) = (0, 0). Then the following holds:

(i) There exists a sequence Rk → 0 and a self-similar “ancient” weak solution ū �= 0 on
R
n×] − ∞, 0[ or on the half-space Rn+×] − ∞, 0[ which is smooth away from a set sing(ū)

of locally finite (n + 2 − μ)-dimensional Hausdorff measure such that uk = uRk → ū as
k → ∞, smoothly locally away from sing(ū) and from t = 0.

Here for any R > 0 we let

uR(x, t) = R2/(p−2)u(Rx, R2t);
moreover, by definition ū is self-similar if ū ≡ ū R for all R > 0.

(ii) If (x0, T ) = (0, 0) is of Type I in the sense that there exist constants C, r0 > 0 such
that

lim sup
t↑0

(
|t |1/(p−2) sup

x∈�r0 (0)
|u(x, t)|

)
≤ C.

then ū is smooth and (uk) converges smoothly to ū, locally away from t = 0.
(iii) If (x0, T ) = (0, 0) is not of Type I, in addition to the above there exist sequences

Rk → 0, tk ↑ 0, � � xk → 0, and an “eternal” solution u �= 0 of (1.1) on R
n ×R or on the

half-space Rn+ × R with

‖u‖L∞ = |u(0, 0)| = 1
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2276 S. Blatt, M. Struwe

and such that

uk(x, t) = R
2

p−2
k u(xk + Rkx, tk + R2

k t) → u

smoothly locally as k → ∞.

The proof of Theorem 3.7 is almost identical with the proof of Theorem 6.9 in [1]. For
completeness, we indicate the few necessary modifications in the next section.

Under suitable additional assumptions we also can characterize the behavior of a solution
u to (1.1) blowing up at time T < ∞ up to its maximal time of existence. A natural condition
is to require the existence of

lim inf
t↑T E(u(t)) = ET > −∞, (3.3)

ensuring L2-convergence u(t) → u(T ) as t ↑ T , as we had seen in Sect. 2.2. Conversely,
it seems very likely that failure of (3.3) will be associated with complete blow-up of u. See
Remark 3.9 below for some results in this regard and further references.

Ideally, we would wish to show that whenever (3.3) holds we have u1 := u(T ) ∈ H1 ∩
L p(�) with u1 ∈ L p,μ, ∇u1 ∈ L2,μ, and that we can restart the flow with u1 as initial data.
In order to improve our estimates for u at time T we note that, similar to (2.5), from (2.4) by
Hölder’s inequality for any t < T we have∫

�×{t}
(|∇u|2 + |u|p)dx ≤ 2μE(u(t)) + C‖u(t)‖L2(�)‖ut (t)‖L2(�). (3.4)

Now (2.3) and (3.3) give a uniform bound sup0≤t<T ‖u(t)‖L2(�) ≤ CT , where we denote as

CT any constant depending only on E(u0), ‖u0‖L2 , T , and ET . Thus, given 0 < R <
√
T ,

upon integrating (3.4) over [T − R2, T [ and using (2.1) and again Hölder’s inequality we
obtain∫ T

T−R2

∫
�

(|∇u|2 + |u|p)dxdt ≤ CR2E+(u0) + CT R‖ut‖L2(�×[0,T [) ≤ CT R. (3.5)

More generally, we may require that for some constant κ > 0 there holds

lim inf
R↓0 R−κ

∫ T

T−R2

∫
�

(|∇u|2 + |u|p)dxdt < ∞. (3.6)

Observe that (3.6) with κ = 2 together with (2.1) implies (3.3) and weak convergence
u(t) → u(T ) in H1 ∩ L p(�). Conversely, (3.3) yields (3.6) with κ = 1. Thus, the interval
1 ≤ κ ≤ 2 is a natural range for κ .

Theorem 3.8 Let u be a smooth solution of (1.1) on � × [0, T [ for some T < ∞, and
assume that (3.6) holds for some 1 ≤ κ ≤ 2. Then Hn+2−κ−μ(sing(u) ∩ �̄ × {T }) < ∞,
where sing(u) is as in Proposition 3.5 above. In particular, if (3.3) holds we have
Hn+1−μ(sing(u) ∩ �̄ × {T }) < ∞.

Remark 3.9 In the special case when � is a ball and when u is a radially symmetric smooth
solution of (1.1) on �×[0, T [ blowing up at time T > 0, by Theorem 3.8 either E(u(t)) →
−∞ as t ↑ T , or u can only blow up at the origin, which rules out one of the possible blow-up
scenarios described in [9], Theorem 1.11, or [10], Theorem 1.2. Indeed, if (3.3) holds, by
Theorem 3.8 we have thatHn+1−μ(sing(u) ∩ � × {T }) = 0. Recalling that μ > 2, then we
see that sing(u) ∩ � × {T } cannot contain a sphere.
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Boundary regularity for the supercritical Lane-Emden heat flow 2277

On a convex domain, together with an observation by De Marchis et al. [4] our estimates
also give boundary regularity for solutions u > 0 of (1.1) up to a set of the same codimension
as in Theorem 3.8 for interior regularity.

Theorem 3.10 Suppose that� is convex and that u is a smooth solution of (1.1) on�×[0, T [
for some T < ∞ with initial data 0 ≤ u0 ∈ C1(�̄) and assume that (3.6) holds for some
1 ≤ κ ≤ 2. Then we have Hn+1−κ−μ(sing(u) ∩ ∂� × {T }) < ∞. In particular, if (3.3)
holds, we have Hn−μ(sing(u) ∩ ∂� × {T }) < ∞; moreover, if we assume that (3.6) holds
for some κ > n + 1 − μ, the function u extends smoothly to a neighborhood of ∂� × {T }.
Remark 3.11 Note that for 2∗ < p < 2+ = 2(n−1)

n−3 we have n − 1 < μ < n; hence if (3.6)
holds for κ = 2 and if � is convex, we have full boundary regularity in this case.

4 Proofs of Propositions 3.1–3.5 and of Theorems 3.7 and 3.8

For any smooth, bounded � ⊂ R
n we can find a number C� ≥ 0 such that for any choice of

origin x1 = 0 ∈ � with r1 = dist (x1, ∂�) > 0 there holds

x · ν(x) ≥ r1 − C�|x |2 for all x ∈ ∂�. (4.1)

Indeed, choosing coordinates x = (x ′, xn) for Rn so that x0 := (0, r1) ∈ ∂� there are
neighborhoods W of x0 in R

n , U = Bs(0;Rn−1) and a smooth map h : U → R with
h(0) = r1, dh(0) = 0 such that

∂� ∩ W = G(h) = {(x ′, h(x ′)); x ′ ∈ U }
and

ν(x) = (−∇h(x ′), 1)/
√
1 + |∇h(x ′)|2 = (

O(|x ′|), 1 + O(|x ′|2)

for x = (x ′, h(x ′)) ∈ ∂� ∩W ; hence x · ν(x) = r1 + O(|x ′|2) ≥ r1 −C |x |2 with a constant
C > 0 that may be chosen uniformly with respect to x1 ∈ �.

Moreover, there is r� > 0 such that for any x0 ∈ ∂� there is a ball Br�(x) ⊂ � touching
∂� at x0. We then set r0 = min{r�, 1/(8C�)}, if C� > 0, and otherwise let r0 = r�.

Note that for a convex domain � and any x ∈ ∂� we have

r1ν(x) ∈ Br1(0) ⊂ � ⊂ {y ∈ R
n; y · ν(x) ≤ x · ν(x)},

where 0 = x1 ∈ �, r1 = dist (x1, ∂�) > 0 as above. Hence we may take C� = 0 in this
case.

Given any number ρ > 0, let ϕ = ϕρ as above, and let u be a smooth solution of (1.1) on
� × [0, T [. For any choice of origin x1 = 0 ∈ � and any 0 < t1 < T , with (x1, t1) as center
of scaling we have r Fϕ

2 (r) → 0 as r ↓ 0. Thus, for any 0 < R ≤ R1 ≤ √
t1 by (2.13) we

obtain

1

R

∫ R

0

(
Dϕ(r) + Fϕ

p (r)
)
dr ≤ C

R

∫ R

0
Hϕ(r) dr + C

R

∫ R

0
|Aϕ

2 (r)| dr. (4.2)

On the other hand, from Proposition 2.1 for 0 < r < R ≤ R1 we obtain

Hϕ(r) + 2

p

∫ R

r
Bϕ(s)

ds

s
≤ Hϕ(R) + 2

p

∫ R

r
|Aϕ

0 (s)|ds
s

. (4.3)
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Letting Bϕ
± denote the contributions to the boundary term Bϕ from points x ∈ ∂� where

±x · ν(x) ≥ 0, we thus have

Hϕ(r) + 2

p

∫ R

r
Bϕ

+(s)
ds

s
≤ Hϕ(R) + 2

p

∫ R

r

(|Aϕ
0 (s)| + |Bϕ

−(s)|)ds
s

.

Together with (4.2) the bound (4.4) yields the inequality

1

R

∫ R

0

(
Dϕ(r) + Fϕ

p (r)
)
dr

≤ CHϕ(R) + C

R

∫ R

0

(
|Aϕ

2 (r)| +
∫ R

r

(|Aϕ
0 (s)| + |Bϕ

−(s)|)ds
s

)
dr. (4.4)

After using (4.4) again, from (4.4) for any 0 < R ≤ R1 ≤ √
t1 we find

1

R

∫ R

0

(
Dϕ(r) + Fϕ

p (r)
)
dr

≤ CHϕ(R1) + C

R

∫ R

0
|Aϕ

2 (r)|dr + C
∫ R1

0

(
|Aϕ

0 (r)| + |Bϕ
−(r)|

)dr
r

. (4.5)

With the help of [1], Lemma 6.3, or (2.6) above, the bound

1

R

∫ R

0
|Aϕ

2 (r)|dr +
∫ R1

0
|Aϕ

0 (r)|dr
r

≤ C0δ(ρ, R1) (4.6)

may be shown exactly as in [1], Lemma 6.4, where C0 > 0 again is a constant depending
only on E(u0), ‖u0‖L2 , and T . From (4.5) for any 0 < R ≤ R1 ≤ √

t1 we then obtain the
bound

1

R

∫ R

0

(
Dϕ(r) + Fϕ

p (r)
)
dr ≤ CHϕ(R1) + C

∫ R1

0
|Bϕ

−(r)|dr
r

+ C0δ(ρ, R1). (4.7)

For 0 < r ≤ √
t1/2 define

βt1(r) := rμ−(n+1) sup
x0∈�

∫
∂Qr (x0,t1−r2)

|∇u|2dodt

where ∂Qr (x, t) = Pr (x, t) ∩ (∂� × [0, T [). Given x1 ∈ �, for any r > 0 we also set

∂�r = ∂�r (x1) = Br (x1) ∩ ∂�, ∂Ar = ∂Ar (x1) = ∂�2r\∂�r

for brevity.

Lemma 4.1 There is a constant C = C(�) such that for any R1 ≤ √
t1 there holds

∫ R1

0
|Bϕ

−(r)|dr
r

≤ CR1 sup
0<r<R1/

√
2

βt1(r).

Proof Letting Rk = 2
1−k
2 R1, k ∈ N, decompose

∫ R1

0
|Bϕ

−(r)|dr
r

=
∞∑
k=1

∫ Rk

Rk+1

|Bϕ
−(r)|dr

r
. (4.8)
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For each k ≥ 2 estimate (4.1) gives
∫ Rk−1

Rk

|Bϕ
−(r)|dr

r
≤ C

∫ Rk−1

Rk

rμ−n−1
∫

∂�×{t1−r2}
|x |2|∇u|2ϕ2e− |x |2

4r2 do dr

≤ C
∫ Rk−1

Rk

rμ−n−1
∫

∂�Rk ×{t1−r2}
|x |2|∇u|2e− |x |2

4r2 do dr

+C
∑
m∈N0

∫ Rk−1

Rk

rμ−n−1
∫

∂A2m Rk
×{t1−r2}

|x |2|∇u|2e− |x |2
4r2 do dr

≤ CRμ−n
k

∫
∂QRk (x1,t1−R2

k )

|∇u|2 do dt

+C
∑
m∈N0

Rμ−n
k 22me−22m−3

∫ t1−R2
k

t1−2R2
k

∫
∂A2m Rk

×{t}
|∇u|2 do dt.

Since we can cover ∂A2m Rk by a set of at most C2m(n−1) balls of radius Rk centered on ∂�

we can estimate this further to obtain∫ Rk−1

Rk

|Bϕ
−(r)|dr

r
≤ CRk

∑
m∈N0

2m(1+n)e−22m−3
βt1(Rk) ≤ CRk · βt1(Rk)

for each k ≥ 2. With (4.8) this gives∫ R1

0
|Bϕ

−(r)|dr
r

≤ CR1

∞∑
k=2

2−k/2βt1(Rk) ≤ CR1 sup
0<r<R1/

√
2

βt1(r),

as claimed. ��
Conversely, we have the following result.

Lemma 4.2 With a constant C = C(�) for any R1 ≤ min{√2r0,
√
2ρ,

√
t1} we have

sup
0<r<R1/

√
2

βt1(r) ≤ C sup
x0∈�

∫ R1

0
Bϕ

(x0,t1)
(r)

dr

r
+ CR1 sup

0<r<R1/
√
2

βt1(r). (4.9)

Proof For any x0 ∈ � let Bϕ
± denote the contributions to the boundary term Bϕ

(x0,t1)
from points x ∈ ∂� where ±x · ν(x) ≥ 0. Then by (4.1) for any number 0 < R <

min{r0, ρ,
√
t1/2} we have

βt1(R) ≤ C sup
x0∈�, dist (x0,∂�)=R

∫ √
2R

R
Bϕ

+(r)
dr

r
.

Hence from Lemma 4.1 for any R1 ≤ min{√2r0,
√
2ρ,

√
t1} it follows that

sup
0<r<R1/

√
2

βt1(r) ≤ C sup
x0∈�

∫ R1

0
Bϕ

+(r)
dr

r

≤ C sup
x0∈�

∫ R1

0
Bϕ

(x0,t1)
(r)

dr

r
+ CR1 sup

0<r<R1/
√
2

βt1(r),

as desired. ��
Together with (4.4) the previous result gives the following estimate.

123



2280 S. Blatt, M. Struwe

Lemma 4.3 There are constants C = C(�), R0 = R0(�) > 0, such that for any 0 < R <

min{R0,
√
2ρ,

√
t1} there holds

sup
0<r<R/

√
2

βt1(r) ≤ C sup
x0∈�

Hϕ

(x0,t1)
(R) + C0δ(ρ, R).

Proof For sufficiently small 0 < R0 = R0(�) ≤ √
2r0 and 0 < R = R1 <

min{R0,
√
2ρ,

√
t1} we can absorb the second term on the right of (4.9) in Lemma 4.2

on the left to obtain

sup
0<r<R/

√
2

βt1(r) ≤ C sup
x0∈�

∫ R

0
Bϕ

(x0,t1)
(r)

dr

r
.

But letting r ↓ 0 in (4.4) and using (4.6), for any x0 ∈ �, noting that (2.12) gives
Hϕ

(x0,t1)
(r) → 0 as r ↓ 0, we find

∫ R

0
Bϕ

(x0,t1)
(r)

dr

r
≤ CHϕ

(x0,t1)
(R) + C0δ(ρ, R),

thus proving the claim. ��
Proof of Proposition 3.1 The claim follows from (4.4), (4.6), and Lemmas 4.1 and 4.3. ��
Proof of Proposition 3.2 For any 0 < R < 2r < R1 ≤ min{R0,

√
2ρ,

√
T/2}, any x0 ∈ �̄,

and any (x1, t1) ∈ Qr (x0, t0), where t0 = T −r2, we let t2 = t1+ R2/4 > t0−r2 = T −2r2

and choose (x1, t2) as center of scaling. Then from (4.7), Lemma 4.1, and Lemma 4.3 letting
R2
2 = t2 − T + R2

1 > R2
1 − 2r2 > R2

1/2 > R2/2 we have

Rμ−n−2
∫
QR/2(x1,t2−R2/4)

(|∇u|2 + |u|p)dxdt ≤ C

R

∫ R/
√
2

R/2

(
Dϕ(r) + Fϕ(r)

)
dr

≤ CHϕ

(x1,t2)
(R2) + CR2 sup

x2∈�

Hϕ

(x2,t2)
(R2) + C0δ(ρ, R2).

But with (6.7) from [1], and observing that t2 > T − 2r2 > 2r2 also gives t2 > T/2, as in
the proof of Proposition 6.2 in [1] for any x ∈ � we can bound Hϕ

(x,t2)
(R2) ≤ CHϕ

(x,T )(R1)

as well as δ(ρ, R2) ≤ Cδ(ρ, R1), and the claim follows. ��
Proof of Proposition 3.4 Given ρ > 0, by Proposition 3.1 and (2.6) with a constant C0 =
C0(E(u0), ‖u0‖L2 , T ) > 0 for all 0 < R ≤ min{R0,

√
2ρ,

√
T/2} there holds

sup
x0∈�

Hϕ

(x0,T )(R) ≤ C0. (4.10)

We now may argue as in the proof of Proposition 6.8 in [1]. Fix x0 ∈ �̄ and suppose that
for a sufficiently small number ε > 0 to be determined and some number 0 < R2 ≤ R1 ≤
min{R0,

√
2ρ,

√
T/2} there holds

sup
|x1−x0|<2R2; x1∈�

Hϕ

(x1,T )(R2) ≤ ε, (4.11)

where R1 = R1(ε) > 0 also is so small that our Proposition 3.1 together with (4.10) gives
the bound

Hϕ

(x,T )(r) ≤ Hϕ

(x,T )(R) + ε/2 for all x ∈ �̄, 0 < r < R < R1, (4.12)
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and so that Proposition 3.2 together with (4.10) and (4.11) yields the estimate

sup
|x1−x0|<R2; x1∈�

‖u‖p
L p,μ(QR/2(x1,T−R2/4))

< Cε (4.13)

for all 0 < R < R2.
By the ε-regularity theorem, Proposition 4.1 in [1], for sufficiently small ε > 0 we can

then extend u smoothly to the closure of QR2/10(x0, T ). The details are exactly as in the
proof of Proposition 6.8 in [1].

On the other hand, if (4.11) fails for every 0 < R2 < R1, then as in the proof of Proposition
6.8 in [1] from (4.12) we find that Hϕ

(x0,T )(R) ≥ ε/2 =: ε0 for all 0 < R < R1. ��

Proof of Proposition 3.5 By Rellich’s compactness theorem, we may assume that uk → u
strongly in L p−1(�×]0, T [), which suffices to show that u solves (1.1) on � × [0, T [ in the
sense of distributions. Moreover, boundedness of (uk) in H1 ∩ L p(� × [0, T [) ensures that
for every τ > 0 there exists a constant C = C(τ ) with

sup
2τ≤t0<T

sup
x0∈�

Hϕ

uk ,(x0,t0)
(R) ≤ C, uniformly in 0 < R <

√
τ . (4.14)

The remainder of the proof is similar to the proof of partial regularity of the tangent map ū
in [1], Theorem 6.9. Indeed, given any compact set Q ⊂ �×]0, T ] with a suitable number
ε > 0 we have sing(u) ∩ Q ⊂ S, where

S = {z0 = (x0, t0) ∈ Q; lim inf
r↓0 rμ−n−2 lim inf

k→∞

∫
Pr (z0)

(|∇uk |2 + |uk |p)dz > ε},

and a standard covering argument yields that Hn+2−μ(S) < ∞. ��

Proof of Theorem 3.7 The only necessarymodification concerns the bound for the error term
I ϕ
0 in the proof of Theorem 6.9 in [1], which now reads

I ϕ
0 = 2

p

∫ R0

0

(|Aϕ
0 (r)| + |Bϕ

−(r)|)dr
r

≤ C0δ(ρ, R0) + CR0 → 0 (R0 ↓ 0)

on account of Proposition 2.1 and Lemmas 4.1 and 4.3. ��

Proof of Theorem 3.8 Recall that by Proposition 3.4 for any given ρ > 0 we have sing(u)∩
� × {T } ⊂ ST , where

ST = {z0 = (x0, T ) ∈ �̄ × {T }; Hϕ

(x0,T )(R) ≥ ε0 for all 0 < R < R1},
with ϕ = ϕρ and with R1, ε0 > 0 as defined in Proposition 3.4. But via an estimate
similar to (6.3) in [1] and Young’s inequality, letting D = Dϕ

(x0,T )(R), etc., with a constant
C1 = C1(ε0) > 0 we can bound

Hϕ

(x0,T )(R) ≤ 2

p

(
D − Fp + 1

p − 2
F2/p
p

)
≤ C1

(
D + Fp

) + ε0/2 (4.15)

for all x0 ∈ �̄ and all 0 < R < R1. For each x0 ∈ ST and any 0 < R < R1 we then find
that

ε0/2 ≤ C1
(
D(R) + Fp(R)

) ≤ C1R
μ

∫
�×{T−R2}

(|∇u|2 + |u|p)G(x0,T )dx . (4.16)
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Following the argument of [2], given 0 < R < R1 by Vitali’s theorem we can choose
a collection (BR(x j ))1≤ j≤J of balls with centers x j ∈ ST for each j such that ST ⊂
∪1≤ j≤J BR(x j ) and with

|x j − xk | ≥ R for 1 ≤ j < k ≤ J.

Setting z j = (x j , T ) for each j , by [2], Lemma 1,with a uniform constantC > 0 independent
of R there holds∑

1≤ j≤J

Gz j (x, t) ≤ CR−n uniformly in (x, t) ∈ � × [T − 4R2, T − R2[.

From (4.16) for 0 < R < R1/2 we then find that

J Rn+2−κ−με0 ≤ 2C1R
n−κ

∑
1≤ j≤J

∫ T−R2

T−4R2

∫
�

(|∇u|2 + |u|p)Gz j dxdt

≤ CR−κ

∫ T

T−4R2

∫
�

(|∇u|2 + |u|p)dxdt.

In view of (3.6) the right hand side in the previous expression is uniformly bounded for a
sequence of numbers R = Rk ↓ 0, and the claim follows. ��

5 Proof of Theorem 3.10

5.1 Boundary monotonicity

Suppose that � is convex and let 0 ≤ u0 ∈ H1
0 ∩ C1(�̄). By standard parabolic theory

there exists t0 > 0 such that the initial value problem for (1.1) with initial data u|t=0 = u0
admits a smooth solution u on � × [0, t0], which may be extended to a classical solution on
a maximal time interval [0, tmax [ for some tmax ≤ ∞. Clearly we may assume that u0 �= 0;
hence u(t) > 0 for t > 0 by the strong maximum principle. Moreover, by the Hopf boundary
maximum principle there is δ > 0 such that for every x0 ∈ ∂� at the time t0 there holds

ν(x0) · ∇u(x, t0) < 0 for all x ∈ � ∩ Bδ(x0). (5.1)

Following a suggestion of DeMarchis-Malchiodi-Martinazzi [4], we now use the Alexandrov
reflection principle (also called the technique of moving planes), as pioneered by Gidas-Ni-
Nirenberg [6], to show monotonicity of u near the boundary for all t ≥ t0.

Given x0 ∈ ∂�wemay translate the origin and also rotate the axes of our coordinate system
to achieve that x0 = 0 with exterior normal ν(x0) = (−1, 0, . . . , 0). Writing x = (x1, x ′)
for x ∈ R

n , for τ > 0 let

Tτ := {x ∈ �̄; x1 = τ }
and denote as

xτ := (2τ − x1, x
′)

the image of the point x = (x1, x ′) after reflection in Tτ . Also set

�(τ) := {x ∈ �; x1 < τ }, �′(τ ) := {xτ ; x ∈ �(τ)},
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Boundary regularity for the supercritical Lane-Emden heat flow 2283

and let

τ0 := sup{τ ; �′(τ ) ⊂ � and ν1(x) < 0 for x ∈ ∂�(τ)\Tτ ⊂ ∂�}.
Note that τ0 > 0 in view of smoothness of ∂�. Finally, for 0 < τ < τ0 let

ũ(x, t) := u(xτ , t), x ∈ �(τ).

Observe that ũ again is a solution to the equation (1.1). Also note that since u(t) > 0 in
� for any t > 0, we have

u �≡ ũ on �(τ) × [t0, t1] (5.2)

for all 0 < τ < τ0 and all t1 ∈ [t0, tmax [. Replacing τ0 > 0 with a smaller number, if
necessary, by (5.1) we finally may assume that at time t = t0 we have

inf
x∈�(τ)

ux1(x, t) > 0, u(x, t) < ũ(x, t) for all x ∈ �(τ), 0 < τ ≤ τ0. (5.3)

Proposition 5.1 The strict inequalities (5.3) hold for every t ∈ [t0, tmax [.
Proof Since (5.3) holds at time t = t0 there is t1 > t0 such that (5.3) holds for t0 ≤ t ≤ t1.
Assume by contradiction that (5.3) fails to hold for some minimal t2 ∈]t0, tmax [.

Setting w = ũ − u we have that w ≥ 0, w �≡ 0 on �(τ0) × [t0, t2] with w = 0 on
T (τ0) × [t0, t2]. Moreover, in view of (1.1) there holds

wt − �w = cw on �(τ0) × [t0, t2], (5.4)

where

c(x, t) = (p − 1)
∫ 1

0
|(1 − s)u(x, t) + sũ(x, t)|p−2ds

is smooth and bounded. From the strong maximum principle then it follows that w > 0, that
is,

u(x, t) < ũ(x, t) for all (x, t) ∈ �(τ0) × [t0, t2];
in addition, thereby using the boundary maximum principle for the equation (5.4) at points
x ∈ � ∩ T (τ0) and for the original flow equation (1.1) at points x ∈ ∂� ∩ �(τ0), together
with the fact that ν1(x) < 0 for any such point, we find that

ux1(x, t) > 0, for all (x, t) ∈ ∂�(τ0) × [t0, t2].
But w̃ := ux1 ≥ 0 also is a solution of (5.4) with c̃ = (p − 1)|u|p−2 in place of c. Since
ux1 > 0 on ∂�(τ0)×[t0, t2], from the maximum principle it follows that (5.3) also holds for
all x ∈ �(τ0) at time t = t2, contrary to our assumption about t2. ��

By compactness of ∂� there exists a number δ0 > 0 such that τ0 ≥ δ0 for all x0 ∈ ∂�,
and by Proposition 5.1 for every x0 ∈ ∂� and for every t ∈ [t0, tmax [ there holds

ν(x0) · ∇u(x0 − sν(x0), t) < 0 for all 0 ≤ s ≤ δ0, (5.5)

as we see from (5.3) after shifting x0 = 0 and rotating coordinates suitably as before; that is,
u(t) is monotonically decreasing in outward normal direction in a uniform neighborhood of
∂� for every t ∈ [t0, tmax [. Clearly we may assume in addition that δ0 is less than half the
focal distance from ∂�.

As an immediate corollary to Proposition 5.1 we obtain the following result.
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Proposition 5.2 Let δ0 > 0 be as in (5.5) and suppose that x0 ∈ ∂�with (x0, T ) ∈ sing(u).
Then for every 0 ≤ s ≤ δ0 we have (x0 − sν(x0), T ) ∈ sing(u).

Proof If we suppose that zs := (x0 − sν(x0), T ) /∈ sing(u) for some 0 ≤ s ≤ δ0, by
definition of sing(u) there exist r > 0, M > 0 such that |u| < M in Qr (zs). By (5.5) then
with a constant γ = γ (�) > 0 depending only on a bound for the principal curvatures of
∂� we have |u| < M in Qγ r (x0, T ), and (x0, T ) /∈ sing(u) by parabolic regularity. ��
5.2 Proof of Theorem 3.10

Letting

ST := sing(u) ∩ � × {T }, ∂ST := sing(u) ∩ ∂� × {T },
by Proposition 5.2 we have

XT := {(x0 − sν(x0), T ); (x0, T ) ∈ ∂ST , 0 ≤ s ≤ δ0} ⊂ ST .

But for our choice of δ0 the set XT is homeomorphic to ∂ST × [0, δ0] via a uniformly
bi-Lipschitz map. Thus, by Theorem 3.6 of [5] for any 0 < α ≤ n − 1 we have

δ0Hα(∂ST ) ≤ CHα+1(XT ) ≤ CHα+1(ST ).

(We are indebted to AndreaMondino for providing reference [5].) Theorem 3.10 thus follows
from Theorem 3.8. The proof is complete. ��

The references given below by far do not exhaust the topic. See our paper [1] for a more
extensive list of results on the Lane-Emden equation and its background.
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