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Abstract A class of functions that satisfies intriguing explicit formulae of Ramanujan
and Titchmarsh involving the zeros of an L-function in the reduced Selberg class of
degree one and its associated Mobius function is studied. Moreover, a sufficient and
necessary condition for the truth of the Riemann hypothesis due to Riesz is generalized.
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1 Introduction and results
1.1 Motivation for studying the M&bius function

The Mobius function u is defined as
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1, if n=1,
umn) =10, if p?|n for some prime p, (1.1)
(—DK, if nis a product of k distinct primes.

If x denotes a positive real, then the Mertens function M is defined by

M(x) = Zu(n).

n<x

The interest in studying @ (n) and M (x) comes from their connection to the distribution
of the prime numbers. For instance (see Hardy and Littlewood [18, Sect. 1.1]), the
prime number theorem is equivalent to the following statements:

e¢]

M(x) = o(x), Z

n=1

pun)
=

0. (1.2)

Estimates on Mertens’s function date back to the 1880s when Mertens [15] falsely

conjectured that M (x) < +/x for all sufficiently large x. Later in 1885, Stieltjes [15]

claimed a proof of this conjecture. It was not until 100 years later that Odlyzko and te

Riele [37] disproved the Mertens’ conjecture. Specifically, they showed the following.
There are explicit constants C; > 1 and C, < —1 such that

M M
fimsup 2 > ¢y timing 1Y < ¢,

X—00 X X— 00 ﬁ

This means that each of the inequalities —v/x < M(x) and M(x) < ./x fails for
infinitely many x, or, equivalently, M(x) = Q+(./x). The proof of te Riele and
Odlyzko does not provide a specific value of x for which M (x) > ./x, but it is known
that there is such an x for x < 10", In [6] Best and Trudigan give an alternative
disproof of Mertens’ conjecture and they show that C| can be taken to be 1.6383 and
C, to be —1.6383. The best unconditional estimate on the Mertens’ function is (see
Ivié [21, Sect. 12])

3 1
M (x) < x exp (—cllogfx(log logx)_g) ,

for ¢c; > 0; and the bound on the assumption of the Riemann hypothesis is (see
Titchmarsh [48, Sect. 14.26])

1 cylogx
Mx) L x2exp{ ——— ),
loglog x

for ¢ > 0. The best unconditional 2 result for the Mertens function is
1
M(x) = Qx(x2),
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and if £ (s) has a zero of multiplicity m with m > 1 then

1
M(x) = Q4 (x7 (1ogx)m—1) .
On the other hand, if the Riemann hypothesis is false, then
M(x) = Qe ("),

where 6 = sup 0.2(0)=0 Re(p) and § is any positive constant (see Ingham [20]).

1.2 Explicit formulae

An explicit formula is an equation which encapsulates certain arithmetical information
and which involves the non-trivial zeros p of an L-function.

1.2.1 Ramanujan explicit formula

In 1918 Hardy and Littlewood (see [18, Sect. 2.5] and [48, Sect. 9.8]) published an
explicit formula suggested to them by Ramanujan. Under the benign assumption that
the non-trivial zeros p are all simple, their explicit formula can be stated as follows.

Let a and b be two positive real numbers such that ab = 7. Let ¢ and ¢ be a
pair of suitable cosine reciprocal functions.! Let Z; (s) and Z>(s) be the Mellin
transforms of ¢(s) and v (s), respectively. Then

— u(n) (a — u(n) (b Zi(1-p)
\/a}; n w(Z)_ﬂZ n W(Z) \/—Z TS

Z>(1 —
b —=, 1.3
Z ¢’ (p) (1)

provided the series involving p are convergent.

If we take p(x) = ¥ (x) = exp(—xz), then it is easily seen that these functions are
cosine reciprocal functions and that

Z1(s) = Zo(s) = %F (5) :

I Two functions f(x) and g(x) are cosine reciprocal if

%Ej'(x) = /g(u)cos(Zux)du, \/Tﬁg(x) = /f(u) cos(ux)du.
0

0
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In this case (1.3) becomes

) ot B e _ 1 e TR
“/E’; n \/Ezl n - B \/_Z {(P)
)

bl 1.4
zfz C(p) (14

provided, once again, that the series

1_
St
- ¢’ (p)

is convergent for « > 0. Hardy and Littlewood credit Ramanujan for first providing
(1.4) and later on for suggesting the generalization (1.3). They do not, however, state
the conditions that ¢ and ¥ must satisfy for (1.3) to hold. The arithmetical information
is contained in the Mdbius function on the left-hand side of (1.3) and (1.4) and the
analytic information is encoded in the sums involving the non-trivial zeros on either
of the right-hand sides.

In 2013 Dixit [12] gave a one-variable generalization of (1.4). He showed the
following result.

If we let a and b be positive reals such that ab = 1 and z € C, then

00 ) 00
\/56% Z /'L(n)e—naz/nz cos (ﬁaz) _ «/l;ef% Z [,L(I’l) €_7Tb2/”2 cosh (ﬁbZ)
' n n

n
n=1

T (52 l—p 1 22\ _,»
== > 1Fy N Lt (1.5)
— {'(p 2 24

provided the series involving p are convergent, and where | | denotes the con-
fluent hypergeometric function.

Clearly, if z = 0 then (1.5) becomes (1.4).

In [11], Dixit obtained a character analogue of (1.4). To state his result, we recall
the following notation of the theory of Dirichlet L-functions. Suppose that x is a
character mod ¢. The indicator § is defined by

(1.6)

b= 0 if xiseven,
|1 if s odd.

The Gauss sum 7 () is defined by

q
T(X) = D x(m)e* /.

m=1
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Explicit formulae of the Mdbius function 387

With this in mind, Dixit’s second result is as follows:

Let a and b be two positive reals such that ab = m and let x denote a primitive
Dirichlet character mod ¢ such that x (—1) = (— 1)". If the non-trivial zeros P
of L(s, x) are all simple then one has

h+1/2 T(x )Z x (m)(n) ,uz/(qn bh+1/2 )Z x(m)u(n) *bz/(qn

T Tlth

—1 L. L'(p. %)

(1.7

F(x Z( )" r(te) F(x Z( ) r(H2)
1/2 172

provided the series involving p are convergent.

Later in [13] one of the authors, Dixit and Zaharescu found the character analogue of
(1.5) and in [14] a generalization of (1.5) to Hecke forms.

The transformations in (1.3), (1.4), (1.5) and (1.7) exhibit a transformation of the
type x — 1/x, which is an analogue of the Poisson summation formula. These kinds
of transformation formulas have broad interest in different branches of mathematics. In
this article we establish a class of reciprocal functions, as well as a class of arithmetical
functions obtained from a reduced Selberg class, which satisfies the transformation
formula mentioned above. At the end of the introduction we provide examples where
we obtained the above transformations as special cases. Furthermore, we obtain some
new transformations that are not in the literature.

Let us suppose that A} > 0 and 7 > 0. We define the bracketing condition B on
a sum involving the zeros p = B +iy and p’ = B’ + iy’ of {(s) to be a summation
where the terms are bracketed in such a way that two terms for which

ly —¥'| < exp(—=Ailyl/logly|) +exp(—Aily|/log|y']) (1.8)

are included in the same bracket. When a sum over p satisfies the bracketing condition
B, we will write ZpEB f(p).

We define the bracketing condition B, on a sum involving the zeros p = B + iy
and p' = B’ +iy’ of L(s, x) to be a summation where the terms are bracketed in such
a way that two terms for which

ly = 7'l < exp(=Ailyl/logly| +3) +exp(—=Aily'|/logly'| +3) (1.9)

are included in the same bracket. Similarly, when a sum over p satisfies the bracketing
condition B,, we will write > peB, f(p). If we assume that the zeros of ¢ (s) satisfy
the bracketing condition B then one can drop the assumption of convergence of the
series in the right-hand sides of (1.3)—(1.5). Likewise, if we assume that the zeros
of L(s, x) satisfy the bracketing condition B, , then we can drop the assumption of
convergence in the right-hand side of (1.7).
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388 P. Kiihn et al.

The size and the distribution of such bracketings are unknown but their existence
is widely accepted. In fact, it is expected that the pairs of zeros {p, o'} that need to
be bracketed together in Ramanujan’s explicit formula will occur rarely. For results
on the correlation of zeros of L-functions, the reader is referred to Montgomery [32],
Rudnick and Sarnak [43], Katz and Sarnak [26,27], Murty and Perelli [34], and Murty
and Zaharescu [35].

1.2.2 Titchmarsh explicit formula

An explicit formula for the Mertens function was first published in 1951 by Titchmarsh
on the assumption of the Riemann hypothesis (see [48, Sect. 14.27]),i.e.let p = % +iy
with y € R. Specifically,

On RH and the simplicity of the non-trivial zeros, there exists a sequence 7,
v < T, < v+ 1, such that

e¢]

xP (="' /x)*"
P’ (p) 2. 2n)lng(2n +1)

-2 >
lyl<T,

(1.10)

n=1

if x is not an integer. If x is an integer, M (x) is to be replaced by

M(x) = 3u(x).

Note that, unlike RH, the assumption that the zeros are all simple is made for con-
venience. Indeed, this condition can be relaxed and zeros with higher multiplicity can
be accommodated at the cost of making the explicit formula much more complicated.
Since it is widely believed that all zeros of the Riemann zeta-function are simple we
shall operate under this assumption throughout.

In 1991 Bartz (see [3,4]) proved (1.10) unconditionally. A generalization to Cohen—
Ramanujan sums of Bartz’s results is established in [28] by the first two authors.

1.2.3 Weil explicit formula

The von Mangoldt function is defined by

log p, if n = p™ for some m € N and prime p,
An) =

0, otherwise.

In 1952 Weil (see [22, Sect. 5.5] and [50]) published an explicit formula for the
von Mangoldt function.

Suppose that f is C* and compactly supported. Moreover, denote by F its
Mellin transform. Then
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Explicit formulae of the Mdbius function 389

D F@+ Y F(=2m)=F)+ > A f®). (L11)
P n=1

n=1

In order to state the main theorems proved in this note, we first need to introduce
some further concepts.

1.3 Hankel transformations

Two functions ¢ (x) and 1 (x) are said to be reciprocal under the Hankel transformation
of order v if

go(x):/(ux)%Jv(ux)w(u)du and w(x)z/(ux)%Jv(ux)go(u)du, (1.12)
0 0

where J,, (x) is the Bessel function of the first kind of order v defined by

[e¢]

B (_1)}1 (x/z)v+2n
M= 2 G

The existence of such reciprocity was first shown by Titchmarsh, see [46,47]. In
particular he showed the following.

If ¢ (s) is integrable in the sense of Lebesgue and v > —% then

a

/ (ux)2 Jy (ux)@(u)du

0

converges in mean to a function v (x) of integrable square in (0, 00) as a — oo.

Hankel transformations reduce to Fourier’s cosine and sine transforms for v = —%

andv = %, respectively. The Mellin transforms of ¢ (x) and ¥ (x) are defined, as usual,
by

Zl(s)z/xS*lgo(x)dx, Zz(s)z/x*‘*lw(x)dx. (1.13)
0 0

Their inverse Mellin transforms are given by

| c+ioco | c+ioco
o(x) = — / Z1(s)x%ds, Y(x) = — / Z>r(s)x%ds. (1.14)
2mi 2mi
c—ioo c—ioo

The value of ¢ will depend on the nature of the functions ¢ and .
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390 P. Kiihn et al.

Definition 1.1 Let0 < w <7 and a < % If f(z) is such that

(i) f(z) is analytic of z = re'? regular in the angle defined by r > 0, |6| < w,
(i) f(z) satisfies the bounds

o — {0(|z|‘”) if |z| is small, 01s)

O (e 17l if |z|is large,

for every positive € and uniformly in any angle |6| < w,

then we say that f belongs to the class K and write f(z) € K (o, o).

1.4 The Selberg class

In [44], Selberg introduced a general class S of L-functions. Let F' be an L-function
in S then the completed L-function is defined by

d
As) = 0 [ ris + ) F(s) (1.16)

i=1

where Q > 0, o; > 0, r; € C with Re(r;) > 0. The degree dr and conductor g are
defined by

d
dp=2> a; and g = 2n)% Q? H -, (1.17)
Jj=1 j=1

respectively. It is conjectured that the degree dr and conductor ¢ are both integers.
For a non-negative integer n, the H-invariants are defined by

Hp(n) = 22 Bu (rf)

where B, (x) are the familiar n-th Bernoulli polynomials. The first few B, (x)’s are
given by

1 1
Bo(x) =1, Bl(X)=x—§, By(x) = x? —x+g

Hence we find that

Hp(0) =dp, Hp(l)=2> (r;—1/2)..... (1.18)

1.5 Main results

Equipped with these notions our first result is as follows:
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Theorem 1.1 Suppose that F is an element of the Selberg class with dp = 1. Let
v > —%ande(l) = —v—%.Let% <w<mouo< %andgo,ilf € K(w, a) be
reciprocal functions under the Hankel transformation of order v. Let Z1(s) and Z»(s)
defined as above and let x be a positive real. Then there exists a sequence {T;} of
positive numbers that satisfies the following.

1) Ifqr = 1 then

Zu(n)q)()—hm 3 Zl(mxu\@ZM(%)—ﬁ
k=

/ 2
Ty <Im(p)<T; ¢'(p) (kD=¢c(1 + k)
(1.19)

(i) If g :== qr = 2 then there exists a primitive Dirichlet character x mod q with
x (—=1) = =2v such that

~ n . Z1(p)
un)x(me (=) = lim ,—Xp
HZ:; (x) |—>o0 T1<§(:p)<T1 L'(p, x)
+i%wm% (=D Za(1+k) (g)—k Zi(s0) s,
() =5 (D2L(+k, X) L/(s0. 1)
(1.20)

on the assumption that the Riemann hypothesis for Dirichlet L-functions is true and
where sq denotes a hypothetical Landau—Siegel zero.

Equation (1.19) is reminiscent of the Weil explicit formula except that A () is replaced
by w(n). Similar formulae due to Berndt [5] and Ferrar (see [16,17], and [47, Sect.
2.9]) for the divisor function d (n) exist as well. Extensions of the Weil explicit formula
(1.11) to generalized von Mangoldt functions and other arithmetical functions such as
the Liouville A function can be found in another article by the last two authors [42].
The second result is as follows:

Theorem 1.2 Suppose that F is an element of the Selberg class with drp = 1. Let
v>——andHF(1) %.Let%<w§n,a<%and<p,weK(w,oz)be
reczprocal functions under the Hankel transformation of order v. Let Z1(s) and Z»(s)
defined as above. If a and b are two positive reals such that ab = 2m, then one has
the following.

(1) Ifqr = 1 then
oK) cay o) (b 21 =p)
P ;) “ZZ n 1p(n) IZ ()

Zr(1 —
b ——— 1.21
Z ¢’ (p) (12D

,oeB
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392 P. Kiihn et al.

(i1) If g :== qF > 2 then there exists a primitive Dirichlet character x mod q with
x (—=1) = =2v such that

q12n

oo oo - b
e S (L)~ T X F N ()

1/2¢r(x a \’ Zi(1-p) 1/2¢r(x b\’ Z2(1-p)
'S () o= = () T s

T4z 172

/ - 1/2 7 —.
peB, Lo, 0 b F, L'(p, X)
(1.22)
If one changes (1.15) to the following
O(Jz|7*€) if |z]is small,
f@)= e i 1 (1.23)
O(z| )y if |z]is large,

with @ = 0 and B > 1, then Theorem 1.2 would also hold for ¢ and v satisfying the
above growth conditions.

One can see the condition Hrp(1) = v — 5 is necessary. This condition naturally
leads us to make the following conjecture.

Conjecture 1.1 Let F be an element in the Selberg class withdp = 1. Let v > —1
% <w <mandy, ¥y € K(w, a) be reciprocal under Hankel transformation of order

v. Then (1.21) holds only when v = —1/2 and (1.22) holds only when v = £+1/2.

’

Remark 1.1 The following special cases are to be noted.

2
(1) Letp(x) = ¢ (x) = x1/2e=7 forv = £1/2. Clearly, ¢, ¥ € K (w, a) . Also

NG, 1/2
Z1(s) = Zo(s) = (2) 25T (#) .

If we substitute the above values of ¢, ¥, Z1 and Z; in (1.22) then we obtain
(1.7).

(2) Letp(x) = ex=2)2 cosh(zx) and ¥ (x) = X+ cos(zx). One can see that
¢, ¥ € K(w,a) and that they are reciprocal under cosine transformations, i.e.
v = —1/2. Their Mellin transformations are given by

If we substitute the above values of ¢, ¥, Z; and Z; in (1.21) and (1.22) then we
obtain (1.5) and [13, Theorem 1.2, part i)], respectively.
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Explicit formulae of the Mdbius function 393

(3) Let p(x) = X2/ sinh(zx) and ¥ (x) = X2 sin(zx). One can see that
¢,V € K(w,a) and that they are reciprocal under sine transformations, i.e.
v = 1/2. Their Mellin transformations are given by

1 1 3 72
P(s) = —6_?F rs 1 F +s,—;z— ,
2 2 274

L+ l+s 3 22
Z 25T Fl— 2 -=).
2(s) = 6 ( > )1 1( X 4)

If we substitute the above values of ¢, ¥, ® and Z; in (1.22) then we obtain [13,
Theorem 1.2, part ii)].

The following corollaries are new transformations in the literature. It is not difficult to
find pairs of reciprocal functions and obtain new formulae from (1.21). For instance,
one could take the pair of cosine reciprocal functions

2 1
Jr 4+

which are in K, and which have Mellin transforms given by

px)y=e, Y=

Zi(s) =T(s). Zo(s) = */TE cse (%) ,

valid for Re(s) > 0 and 0 < Re(s) < 2, respectively, and obtain the following.

Corollary 1.2 One has
M(n) afn b < npn)
\/_Z / 2\/;Z n?+ b2
ra-— \/7 (71(1 — ,0))
P~ 7 = —= .
1/2 2 ¢ (,0) Z 75 ¢ o © 2

peB

However, the symmetry is more striking on the left-hand side when we take a pair of
self-reciprocal functions. For the coming corollaries a and b will denote two positive
real numbers satisfying ab = 27 and the non-trivial zeros of ¢ (s) and L(s, x) are all
assumed to be simple. Here x denotes the primitive Dirichlet character mod gq.

Corollary 1.3 Let x be odd. Then we have

X(n)ﬂ(”) 1 nl4q
at(x Z (ea«/Zn/qn -1 N ; g)

X 1
_mzx(n)nu(n)( on i)

ebVign — 1 b\ 27

n=1

@ Springer



394 P. Kiihn et al.

_ [atko Qm)2a\" T - p)c( — p)
2ma Z( 1/2) L'(p,x) (1.24)

Corollary 1.4 Let x be even. Then we have the following

o w(n) Ta o w(n) Ta
«/E’; " sech(\/;;)—\/gg " sech(\/;;)

1 31 PT(1— l—p, HYy—c1—=p,3
_ %Z(Z2n2a) (I = p)(( ;(;)) ¢ —=p,3) (125)

peB

as well as

— x(m)u(n) - (n)u(n)
S ([55) - E 1 ()

_ Jar0 (22n2a) F1—-p)El—p, 1 —¢l—p, %»’ 126
2ma 172 L'(p, x)

where ¢ (s, a) denotes the Hurwitz zeta-function.

Corollary 1.5 Let K, (x) be the modified Bessel function of second kind. Let y (—1) =
—2v. Then for Re(z) > 0 we have

1 1
o nn) (a* 5\ |, o nm) (b 5\ '8 |, P
ﬁ; ’ (p—i—z) KZ(Z 22+ — ) v\/l;%: ’ (E'H) K%<z z +n—2)

- >
o " ﬂF(Tp)K,%(%,p)(Z ) 127
~m2m) ——— (1.27)

peB

and forv = +1/2
L.
\/‘L’(X ZX(”)M(")( +_)4( v 1)K1 (Z l12+£)
qz‘z+”> i A qn? 204D qn?
1
el Tt
T ZX(H)M(n)(Z +—)4( U )Kl (z,/z2+b_2)
qz<z+”> iR qn’ 204D qn’

1 T pTG+av—3m)K 11 (@)
_M ‘”(X D 2070 (8
(2q)”2 L'(p, x)

peBy
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Let us recall that the Weber parabolic cylinder functions D, (x) are defined by (see
Mitra [31])

rhyse s
Dy(x) = ﬁlﬂ(_

1.
’27%)—’_

ST

for all reals n and x.

Corollary 1.6 Let x(—1) = —2v. Then for everym =0, 1,2, ... we have
o0 o0
wn(n) 2a u(n) 2b
E D — ) —-+b E D —
\/E n 4m ( " ) ‘/_HZI n 4m n

22" e a’T(1 - p) (1‘” 2L 1)
2 F i 5 ), 1.29
all? Z L Td@—dn—p)c'(p)  \ 5L 2 (-2

and for x (—1) = —2v we have

S~ X (W) x(n)u(n) 26
3D (ORI (5757)
35 /nqr(x) > ( ) rda-p
S5 a2 TG —v—dn—p)L'(p. X)
1—p 2-p 1
2Fl( 13- —4n>’2)’ (-0

where > F1 is the hypergeometric function.

Corollary 1.7 One has
M(”) a’ u(n) b b
AR e (55) 0 () - E e (55) v+ ()

L(l—plA+ —p)
_ 1/2 _\P 2 2
= 21/2a1/2 ;(2 @) ¢'(p) '

Ifv = :I:% then

a "2 xmum [ a “
(m) at(x )Z n3/2+v (46]112) D_3,_3 (qlTn)
b\t Fmum (0 b
B (m) br(x )Z 372+ (4qn2) D_3,3 (CIITH)
[ at(0) Z 2126\’ T —p+Prw+3+5
F(Z" +3)V 272 ( 12 ) L'(p. x) '
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396 P. Kiihn et al.

We remark that [36, p. 266]

1
D_1(2) = /Fed¥ Erfe2™ %2 (131)

where Erfc is the complementary error function

X
Erfe(x) = 1 —2n*1/2/e*f2dr.
0

Corollary 1.8 For x(—1) = —1 one has

— X (n)p(n) a — = X () (n)
\/ar()()z_: . Erfc(mn)—,/br(x)n; . Erfc(

n=1

(x) a '\’ Ta-%
AP () o

a gz:a V2q) (1 —=p)L'(p, x)

Straightforward computation shows that

i)

cosh (x 5 1
———— and (1.32)
cosh(x~/27) 1 + 2 cosh (2x\/§)
are self-reciprocal Hankel transformations of order v = —1/2 and
sinh (x 5 sinh (x %)
(1.33)

cosh(xv/27) 2 cosh (Zx %) 1

are self-reciprocal Hankel transformations of order v = 1/2. In a similar fashion to
the above corollaries one can obtain transformation formulas for the functions (1.32)
and (1.33). There exist many self-reciprocal Hankel transformations of order v = j:%
in the literature and a transformation formula can be obtained from each one of them.
The functions mentioned in the above Corollaries are well known in literature and
have many applications.

Finally, on inspiration coming from (1.4), Hardy and Littlewood [18] found an
equivalent condition for the validity of the Riemann hypothesis. This kind of result
was first published by Riesz in [41]. The analogues of the conditions for the Dirichlet
L-functions and Hecke forms were obtained in [13, 14], respectively. The motivation
for the coming theorem comes from the following heuristics. Let us suppose that ¢
and ¥ meet the conditions of the previous theorems and thatdr = gr = 1. Fory > 0,
let us define the functions
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Explicit formulae of the Mdbius function 397

P = 3P0 (D), py = 3y (1),

n
n=1 n=1

Now we perform a Maclaurin expansion of ¢ around y = 0 to obtain

k

— (1) ~ k<p<>(0) ¢<k>(0> M(n) e®©O)
Pw(y)=%‘, - Z() Z kz Z K c(+k)’

k=0 n=1

with a similar formula holding for Py (y). The interchange is justified by the fact that
@ isin K (w, ) so that ¢ can be written as a convergent Taylor series at 0. The explicit
formula (1.21) can be written as

1 1 _1Z5(1=p)
2P —b2Py(b b2 . 1.34
a2 Py(a) y (b) = Z o (1.34)

If we assume the Riemann hypothesis, p = % + iy with y € R, and the absolute
convergence of

ZWM, (1.35)
> ¢'(p)

then the right-hand side of (1.34) is of the form O (1) when b — oo. Thus, the left-hand
1
side of (1.34) is now —b2 Py (b) < 1, or, equivalently

= v ®©0) bk 1
ZO o m«b z, (1.36)

as b — oo. Seeing how the Riemann hypothesis and the convergence of (1.35) implies
the bound (1.36), we will now establish the following theorem which provides an
equivalence of the Riemann hypothesis.

Theorem 1.3 Let us suppose that ¢ is in K (w, 0) and that it is analytic at 0. Consider
the function

0 (k) k

e(O0) y
Py(y) i= D
~ k(1 +k)

One has the following:

1
(i) The Riemann hypothesis implies Py(y) < y_7+8 asy — oo forall § > 0.
(1) If Z1(—s) has no zeros in the interval —% < Re(s) < 0, then the estimate

1
Py(y) < y_§+5 as y — oo for all § > 0 implies the Riemann hypothesis.
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Remark 1.2 1f Z1(—s) had zeros then all the zeros of ¢ (s) would still lie on the critical
line except for the zeros that coincide with the zeros of Z; (—s). In most of the examples
that we considered in the corollaries we see that Z{(—s) has at most finitely many
zeros in the region —% < Re(s) <0.

2 Preliminary lemmas

We will use the following lemmas to prove our main theorems.

Lemma 2.1 Let ¢,y € L*(0, 00) be two reciprocal Hankel transforms of order v.
Then

o0
) = — /2%’1“ L P A @.1)
= o 2 2 2))t ) ’ '
—0o0
o
w()—l/z%’l‘”+1+”\lf L i)ty 2.2)
Yo 2 22T ’ '
—0oQ

the integrals are mean square integral, Z%F@ + % + %)@(% +it) and Z%F(% + % +
Ly (L +it) belong to L*(—o0, 00), and

® (% - n) _ (% + it) . 2.3)

Proof Suppose that ¢ belongs to L>(0, o0). One can see that

/(pz(x)dx = /go2(ex)exdx.
0 —00

Hence F(x) := ¢(e“)e*/? € L*(—00, 00). Then from the theory of Fourier trans-
forms, see [47], it follows that

l o o
Zi (5 + it) = / F(x)e'™dx = / o )x~2H dx (2.4)
—00 0
exists as a mean square integral for almost all 7. Also Z; (% +it) € L*(—00, 00) and

[
1 1 . —ixt

Fx)=— [ Zi(=+it)e™ar. (2.5)
21 2
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The above integral is also a mean square integral. In other words, (2.5) can be written

as
o
1 1 ; — L
o(x) = — Zi | = +it)x 27"dt. (2.6)
21 2
Similarly, we obtain
o0
1 | B iy
Y(x) = — Zo\ = +it)x2dr. 2.7)
2 2
—0o0

Let us consider two functions ® and W such that

z(tri)=24r (2t Yo (lin 2.8)
N\ = 227 2 ! '

(lvi)=2ir (2l ol 2.9)
27T 27272 27" '
Replacing the above equalities in (2.6) and (2.7) we obtain (2.1) and (2.2). Now we
complete the proof by proving (2.3). Foralln > —1/2,y > 0 and x > 0 we have

1 by 2,2
yay 't Rl 2] ; —3F
L+ Iv+l

2V(v+3/2)T(v+ 1)

IS

and

S

(2.10)

y
/ Jux J,(ux)du =
0

The right-hand side of (2.10) belongs to L2(0, co) and the Mellin transform is given
by

| vy 2 2.2
ESDIAEITZY B ;-2 . .
oo y(Xy %_}_%71)_’_1 4 _l_H'td 2”)/%7”1—‘(%4-%4-%)
X 2 t = —.
2w +3/2T(v+ 1) (% —inl(y + % — i

0
@2.11)

We also have that ¢ € L?(0, oo) and its Mellin transform is given by (2.4). Hence by
an analogue of Plancherel’s theorem for Mellin transform (see [47, Theorem 72]) we

have
1 2+i P
W't F 2 4 ;_xy
00 y(xy) 12(%4_‘21’])_’_1 7
@(x)

2" +3/2)T (v + 1)

dx
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1
2

2”}’7_”1—‘(24‘ +zt)Z (
;=TG5 +5—7)

I y%""d
— it ‘)
( 3 +2) 2 ! I —it

in the ultimate step we have used (2.8). Now from (1.12) we have
a

— —it) dt (2.12)

1
2

N\N

2

I
I

Y(u) = alingo/MJU(ux)¢(x)dx,
0

where the limit converges in the sense of mean square. Therefore, forallx > 0,y > 0
and v > —1/2 we find that

y Yy a
/I/f(u)du = lirr;o//«/uva(ux)(p(x)dxdu (2.13)
a—
0 0
ry 3 2,2
o yoptnR( 273 -5
li (x) Ptavt ) dx
= lim X
asoo ) ? 2w+3/2)TWw+1)
0
v+ 2.2
00 y(xy)w-%le 29 4 =5
2—}— v4, v—l—l
= @(x) dx.

2Y(1+3/2)T(v+1)
0

The left-hand side of (2.13) is

y y oo
/W( ydu = 1//2%’1‘ P Yy (L i)t iana (2.14)
W= o 27272 R " :
0 0 —o0
y X y 0
(o //+1' // 4 (L L Yo (i) utrana
= —{ lim im -+ -+ = -
27 U x e ¥ oo 27277 T .
0 0 0
1

By (2.13) we see the right-hand sides of (2.12) and (2.14) are equal. Hence from [47,
Theorem 32] we conclude that
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and this ends the proof. O

Lemma 2.2 Let ¢ and  be reciprocal functions under Hankel transformation of
order v defined in (1.12). Let ¢, ¥ € K (w, o). Then there exist two regular functions
® and V such that

c+ioco
o) =5 / 25— ir(f E+1) ®(s)x " ds, (2.15)
274
c+ioco 1
v = / 25-ir ( +2+4)w(s>x— ds (2.16)

for ¢ > 0. Moreover, ® and WV satisfy the following:
(1) @(s) = w(l - s) foralls € C,
(2) W(s) = 0TI for every positive € and uniformly for o € R.

Remark 2.1 If ¢ and i satisfy (1.23), then conditions (1) and (2) in Lemma 2.2 hold
uniformly for ¢ < o < B.

Proof Since ¢, ¥ € K (w, «), theright-hand sides of (1.13) are absolutely convergent.
Then it follows that Z;(s) and Z;(s) are regular in ¢ < o. Let

Zy(s) = 2374T (% - g + %) D (s), (2.17)

and |
Zos) =240 (2 4+ 2 4 2 ) wes). (2.18)

27274

Hence by (2.8) and (2.9) of Lemma (2.1), we deduce that ®(s) and W (s) also regular
in this region. One can see ¢, ¥ € L2. Therefore, from (2.3) of Lemma (2.1), ¥ (s) =
®(1—ys) foro = 1/2. Thus, by analytic continuation W (s) = ®(1 —s) fora < o and
hence for all s € C. Also (2.15) and (2.16) hold for @ < ¢ = o. Let us consider the
line along any radius vector r and angle 6, where |#| < w. Then by Cauchy’s theorem
we can deform the integral (1.13) to

e¢]

Zi(o +it) = /ra+it71ei6(<7+it)(p(rei9)dr,
0

where 6, t > 0. Therefore,

o o0
|Zl(0"|‘lt)| — 870t /r(f‘h;I*leie((H'itfl)(p(reG)dr Se‘@l/ r0‘71|(p(r€9)|dr <<e*|9||f"
0 0

(2.19)
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since ¢ € K(w, ). By Stirling’s formula for I' (o +it) in the vertical strip p < o < ¢

we have 1
IT(s)| = V2|17~ 3T (1 40 (—)) , (2.20)

|1
as [t| — oo. Now combining (2.17), (2.19) and (2.20) we get

W(l —5) = B(s) « e TN  Gmormltl, 2.21)

for every positive 1. This proves the Lemma. O

Remark 2.2 For self-reciprocal Hankel transformation functions, similar results of
Lemma 2.1 and 2.2 were obtained in [19] for a vertical strip.

The following result is Theorem 3 from Kaczorowski and Perelli [23].

Lemma 2.3 Let F € S. Suppose that dp = 1 and Re(Hp (1)) is either O or 1.
If gp = 1 then F(s) = ¢(s). If qr > 2 then there exists a primitive Dirichlet
character x mod qr with x(—1) = —(2Re(Hp (1)) + 1) such that F(s) = L(s +
iIm(HFp (1)), x).

Remark 2.3 1t is worthwhile to mention pertinent observations which motivated the

authors to study the case dr = 1. The following results are due to Conrey and Ghosh
[8] and Kaczorowski and Perelli [23-25].

(1) One has dr = 0 precisely when F = 1.
(2) There is no function F € S with0 < df < 1.
(3) There is no function F € S with 1 < df < 2.

The following results due to Montgomery [33], Ramachandra and Balasubramanian
[2,39,40] will enable us to prove Theorem 1.1 with dr = gr = 1 without the
assumption of the Riemann hypothesis.

Lemma 2.4 For any given ¢ > 0 there exists a Ty = To(¢) such that if T > Ty then
the following holds: between T and 2T there exists a t for which

Ic(o i)™ < e1ff

for —1 < o < 2 with an absolute constant ¢1 > 0.

For the case where gr > 1, the analogues results are due to Soundararajan [45],
Lamzouri [29]. However, this latter depends on the truth of the Riemann hypothesis
for Dirichlet L-functions.

Lemma 2.5 Assume the Riemann hypothesis for Dirichlet L-functions. For any given
& > 0 and primitive Dirichlet character x mod q there exists a Ty = To(¢, q) such
that if T > Ty then the following holds: between T and 2T there exists a real number
t for which

Lo £it, 017" < (@i

for —1 < o < 2 with an absolute constant c(q) > O.
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An intermediate result we will be using is due to Ahlgren et al. [1].

Lemma 2.6 If x is a primitive character of conductor N and k is an integer > 2 such
that x(—1) = (—l)k then one has

(k —2)INF27(y)

vi /
i Lk=Lx)=LQ2-kx). (2.22)

3 Proof of Theorem (1.1)

(i) Let F be a Selberg L-function of degree dr = 1 and conductor gr = 1. Then
by Lemma (2.3) we see that F(s) = ¢(s), where ¢(s) is the Riemann zeta-function.
Therefore, there is only one gamma factor in the completed Selberg L-function of
F for which r; = 0 and A; = 1/2. From (1.18) we see that Hr(1) = —1 when
rj = 0 and hence v = 1/2. Therefore, ¢, ¥ € K(w, ) is a pair of reciprocal sine
transformations. Now

00 Atioco '
> e () = —Zu(n)k/ 2165) (2) ds
| Moo 00
= Zl(s)xs(zl M’E?))ds. 3.1
A—ioo =

By Lemma (2.2) Z{(s) < et for every positive . For 1 < A < 2 the sum
inside the above integral is absolutely convergent. Therefore, the far right-hand side
of above equalities is absolutely convergent, which justifies the interchange of the
summation and integration. Recall the Dirichlet series valid for Re(s) > 1 of the

Moébius function
o0
Z M(”) 1
nS

n=1

From (2.8) we find that the simple poles of Z; (s) areats = —2k+1fork =0, 1,2, ....
For1 < X <2and —1 < ¢ < 0 we consider the positively oriented closed contour
Q=[c—iT,c+iT, »+iT,rA —iT] where T > 0. Therefore, by residue theorem

1 Z1(s) 1(s) Zi(p)
— x*ds = Z hm (s - p) Z ——x"

2 Q £6) —T<Im(p)<T £(s ) —T<Im(p)<T ¢'(p)

(3.2)
The functional equation of ¢ (s) is given by
NG
(s)y=n""2 =61 — ). (3.3)
r(3)
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From Lemma (2.2) we have
r ( 1+S)

(-

Zy(s) =272 5

Z>(1 — ). 34

I\)Iv1

Hence by using (3.3), (3.4) and the duplication of the gamma function we find

c+iTZ ( ) c+iT F( ) 7 (1 )

1) _ S S 20l —s

/ (o) LB / 2n Ti—s cl—pn @ O
c—iT c—iT

Now we consider the positive-oriented contour Q" with sides [—N — % —iT,c—iT],
[c—iT,c+iTl,[c+iT,~N —%+iTland [~N — 1 +iT, =N — 1 —iT]. The poles
of the integrand of the right-hand side integral of (3.5) are atk = —1, =2, =3, ....
By the residue theorem we have

V2T [ x\s T(G) Zo(1—vs) N (1K Zo(1 4+ k) fox \—*
6 S R ()

27i I'(—s) c(1—s) (kN2 (1 + k)
(3.6)
Stirling’s formula in exact form reads (see [10, p. 47])
['(s) =2me s’ 2 exp(O(Is|™H)). (3.7)
Therefore, by Lemma (2.2) and Eq. (3.7) we have
—N—L+iT
s T Z>(1 —
/ (i) (s)  Zx( S)ds<<
2n/ T'(1—s) ¢(1—3s)
~N—-%—iT
. x \—N—1 Q2N+D=2(N+1D) log(+/1>+(N+1/2)?)
/ (E) Tt ar, (3-8)

which tends to zero as N — oo for any fixed 7. Combining (3.6) and (3.8) we find

c+iT

s T(s) Zo(l —s)
“/_/ 27r Fd—s) cd—s

c—iT
B (=D*Za(1 + k) —k
J_Z (k12¢(1 + k) (271)
c+iT

x S L's) Z>(1—y)
+¢_( / / ) ) Ta—n ca—p @ G

—oo—iT  —oo+iT
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Similarly, with (3.8) we have

i x\s T[(s) Zx(1-—s) [/ x \o el —20+Q0—D)logVT7+o?)
/ (=) ds < / (=) do
2/ T(1—s) ¢(1—5) 2 eT+o+n)T
—ooiT —00
1
< StarnT (3.10)
Now by Lemmas (2.2) and (2.4) we have
AT
V4
;(—is))st & TeeotnT (3.11)
cHiT

where T runs through a sequence {7;} with 7; > Ty(¢€). Here € and n are any positive
numbers. Now combine (3.1), (3.2), (3.5), (3.6), (3.8) and (3.11) to conclude

& oo Z1(p) o (DX Zo(1 k) f x \—*
Z“(”)‘p(Z):zliTo 2 g’/(p)xp_'_mg (kD21 + k) (Z) '

n=1 =Ty <Im(p)<T,;

This proves part (i) of Theorem 1.1.

(ii) In this case we consider that F is an L-function of degree dr = 1 and conductor
gr > 2. Using Lemma (2.3) we find F(s) = L(s, x) for some Dirichlet primitive
character mod ¢pr. Therefore, the completed L-function of F contains only one
gamma factor and hence r; = 0 or r; = 1/2. Since v is real then Im(Hp(1)) = 0
and hence Hp(1) = —1 or Hp(l) = 0. By Lemma (2.2) we know that ®(s) is
analytic on the whole complex plane. Therefore, the poles of Z; (s) are at the poles of
r (% + 5+ %) Ifv = —1/2thens = Oisapole Z;(s). For the sake of brevity we will
prove the case where x is a even character mod ¢Fr; thatis, when v = 1/2. The other
case is handled in a similar fashion. In this case Z(s) is analytic for Re(s) > —1.
Arguing as in part (i) we have

Atioco

> n 1 Zi(s)
nm)xme|—)=-— ———x%ds. (3.12)
;; (x) 2mi L(s, x)

A—ioco

Consider the positively oriented contour 2 mentioned in part (i). By the residue the-
orem one can find

! Zi6) o, Z10) 3 %x”, (3.13)
’X

—T<Im(p)<T

2mi Jo LG, x) L0, x)

where the ps denote the non-trivial zeros L(s, x ), assumed to be simple for notational
convenience. If there is a Landau—Siegel zero (see Sect. 14 of [9]) at s = 50 then we
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would have to add the extra term

Zi(s) Z1(s0)

— S0

res X' = X
s=0 L(s, x) L'(s0, x)

We note that this hypothetical zero is real and simple. Moreover, in [7] it was proved
that for a conductor g up to 200000 there are no Landau—Siegel zeros. Using the
functional equation of Lemma (2.2) and the relation in Lemma (2.6) we find that

Z0) _ V21 Z()

7 = —. (3.14)
L', x) =00 LA, x0)
Proceeding as in the proof of part (i) we have
c+iT
Z ! A2 r ZH(1 —
/ L) gy = Y2 / ) W s, (3.15)
L(s, x) T(x) 271 I'd—s)L(—s, %)
c—iT c—iT

V2 o (D24 k) gk
Ty Z, (kD2L(1 +k, ) (_)

o (49) ORI
r(x)( / / ) ) TA—9Lad-s5.0"

—oo—iT  —oo+iT

c—iT c+iT
Using Lemma (2.2) and Eq. (3.7) we obtain the bounds for [ " and [€17\,, o
the form (3.10). Using Lemmas (2.2) and (2.5) we obtain the bound for the horlzontal
integral of (3.13) which is of the form (3.11). Combining (3.12)—(3.15) we conclude

the proof.

4 Proof of Theorem (1.2) and corollaries

(i) By repeating a similar argument as in the previous proof we deduce that if dp =
= 1 then F(s) = ¢(s). This case is already sketched in [18] and the missing
ingredient comes from the definition of the K class which allows us to get rid of the
far left and horizontal integrals in the path of integration.
(ii) In this case we consider F' to be a Selberg L-function of degree dr = 1 and
conductor g > 2. Using Lemma (2.3) we find F(s) = L(s, x) for some Dirichlet
primitive character mod ¢ . Therefore, the completed L-function of F contains only
one gamma factor and hence r; = 0 or 1/2. Since v is real we have Im(HFp (1)) =0
and hence Hrp(1) = —1 or Hr(1) = 0.
Suppose Hr = —1, then v = —1/2 and x is an even primitive Dirichlet character
mod ¢gr. Therefore, ¢, ¥ € K(w,«) is a pair of cosine reciprocal functions. For
1 <A <1448and —1 < ¢ < 0 we consider the positively oriented closed contour
Q=[A—iT,A+iT,c+iT,c—iT]where T > 0. Recall that the functions Z; and
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Z» both have a simple pole at s = 0. Hence from (2.17) and (2.18) we find that ® and
W are analytic at s = 0. Furthermore, by the residue theorem

1
—— P x5 Z1(s)ds = res x " Z (s) = 234D (0),
2mi s=0

and 1
—.%x*zz(s)ds = res x " Zo(s) = 23/4Ww(0).
27 5s=0

By the use of the bound in Lemma (2.2) and Stirling’s formula for I (s) the integrals
along the horizontal lines of the contour €2 tend to zero as 7 — oo. Since (2.15) and
(2.16) hold for A > 1 we have the following cases

c+ioco

1 '
i / x‘Zk(s)ds=[

c—ioo

px) =234p0) if k=1 @D
Yix) —234w(©0) if k=2. '

Let gr := g. If x is an even primitive character of modulus g then L(s, x) satisfies
the functional equation

1 (%) (2)1/H rss

Ld—s.x) ¢ rG) Les 0)

for all complex values s. If we use the fact that ab = 27 and couple this equation with
(2.17), (2.18) and the functional equation of & and W in Lemma (2.2), then we obtain

1 % a \°  Zi(s) s — 1 7(x) (b SZg(l—s)d
2mi (W) L—-s,0" " 2ni ) @0 W) L0
Q Q

“4.2)
By absolute convergence, with ¢ = Re(s) < 0, we may write
c+ioo s c+ioo _s 00
i a Zi) o1 @Y S KO 5
2mi q'?) L —s,%) 2mi q'/?
c—ioco c—ioco n=1
i 00
Soxmum) 1 a \
:Z — ) Zi(s)ds
n 2w q'/%n
n=1 c—ioco
B i x(n)M(n) a 23/49(0)
- q'Pn) LX)

n=1
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where we have used the case k = 1 of (4.1). Similarly, with A = Re(s) > 1, we have

Atioco
1 7(X) b \' Zx(1 — S)d
2 eoi2\¢g2) L O
A—ioo
r+ioo _ o -
1 T(X)b* X (m)pu(n)
= — Z>(1 — s)ds
2mi 2m)1/2gs/2 ns
A—ico n=1
1-A+ioco
__w(ob i Xmpm) 1 / b\ Zwdw
@m)12g12 n 2mi q'/%n 2
n=1 1—n—ico

__Tob ii(ﬂ)u(n) ( b )_ (b 2*w(0)
- (27-[)1/2q1/2 —~ n q1/2n (zﬂ)l/qu/Z L(l,)_() ?

by making the change w = 1 — s and using the case k = 2 of (4.1). Now, we may use
either side of (4.2) to evaluate the residues:

e for the non-trivial zeros p of L(s, x) which we assume are all simple, we have
S oo LD (b Y 25t b\ Za(l—p).
o s=p @m)2 \q'?)  L(s, %) 2m)1/2 > q'?) Lp,3)°

e at s = 1 we have a simple pole coming from the Z>(1 — s) function

(%) (L) Z(l-s) w0 b 2w
S1en 2 \g7) Lo T e g2 LA x)

e ats = 0 we have a trivial and simple zero of L(s, x) and we know that Z>(1 — s)
is analytic and non-zero, so

) (b Y Zal—s) () Za()  2YM0(0)
20 2m)12 (W) Le.%) @0 20070 Ly

where we have used Lemma (2.6) with N = ¢ and k = 2 in the last equality.
Consequently, by the residue theorem we have

()b~ () b — x(m)p(n) a
g 2 () - 2 ()

_ @ (LY Zo(1 = p)
e e \g'?) T

@ Springer



Explicit formulae of the Mdbius function 409

Multiplying both sides by —/a+/T(x) and using the fact that ¢'/? = /T ()t () we
have the desired result for even characters

o o0 — b
\/c‘zw/rooz X(”L"(’”w (qu‘zn) BNV X(")n“(”)w <q1/2n)

n=1

o _
1/zvf(x Z( 1/2) Zy(1 = p) 43)

bl/2 L'(p. %)

We note that if we had used the other side of (4.2) instead, then the result would have
been

oo oo - b
VT 2 A ()~ VD S ()

n=1

1/2VT(X r Z1(1—p)
412 Z( 1/2) Lo x) (4.4)

We denote by p = B + iy anon-trivial zero of L(s, x) and we choose T > 0 to tend
to infinity through values such that |7 — y| > exp(—Ai|y|/log|y]| + 3) for every
ordinate y of a zero of L(s, x). Using

log|L(s, )l = D loglt —y|+ O(log(gt))
lt—yI<I1

yields

log|L(o +iT, )l > — D Aiy/logy + O(ogqT) > —A,T, (4.5
IT—yI<I1

where A, < wif A; is small enough, and T > Tj. Since the main technique behind
the proofs of explicit formulae is contour integration, this will enable us to make
unwanted horizontal integrals tend to zero as T — oo through the above values. To
prove that indeed these horizontal integrals tend to zero as T — oo for the chosen
values we note that from (4.5) we obtain

— < exp(A,T)
L1 —s, ) P

where A, < . Then by Lemma (2.2) and Stirling’s formula for I"(s) one gets
c—iT

1 a \° Zi(s)
i | () Tt <op(@s ot on) o
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for each € > 0. This could alternatively be proved by using Remark 2.1. The other
horizontal integral is dealt with similarly.

Let us now consider Hr = 0, then v = 1/2 and x is an odd primitive Dirichlet
character mod ¢p. Therefore, ¢, ¥ € K(w, 0, —§) is a pair of sine reciprocal func-
tions. Note Z; and Z are both analytic ats = 1 hence ® and W both analyticats = 1.
Then by the functional equation in (2.2) we see ® and W are both analytic at s = 0.
Therefore, both Z; and Z, are analytic at s = 0. Similarly, as (4.1) we find

c+ioco
| - e if k=1,
27l / ! Z"(S)ds_{w(x) it k=2 (4-6)

c—ioo

Let g := gF. If x is an odd, primitive and non-principal character of mod ¢ then
L(s, x) satisfies the functional equation

1 _ 0 (61)1/2 sTd—-3 1
L —s,x) iq? T Lo

for all complex values s. If we use the fact that ab = 2w and couple this equation with
(2.8), (2.9) and the functional equation of ® and W in Lemma (2.2), then we obtain

1 a \~° Z(s) 1 ) b\ Z(—s)
b — ——ds = — — | /= ———ds
2mi q'/? L =5, %) 2mi J iQm)l/2 \ g!/2 L(s, x)

Q Q

By absolute convergence with Re(s) = ¢ we can change summation and integration
to obtain

c+ioo c+ioco

1 a \7"' Zis) 1 a \'5 (n)u()
gl (-7) Tisds =5 ' (7). Z i Al
00 c+ioo .
_ZML/ (L) Z1(s)ds
- n=1 " Zﬂic_ioo 611/2” 1
o x(mpum) [ a
= Z ¢ (ql/Qn)’ 4.7

3
Il
—_
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where in ultimate step we have used (4.6) with k = 1. Moreover, also by absolute
convergence with Re(s) = A, we have

Atioo
1 (%) (L)Szz(l—wds
2mi ) i2m)1/2\q'2 ) L(s. %)
A+ioo 00
_ o 1 ‘Z X(n)u(n) .
T Q)2 27 1/2 1 e
A—ioco n=
@ b ()()1 T N
T(x n)un
~ien”? _/Z i / (ql/zn) Awidw
n=l 1—r—ioo
X)) b — xmmn) b
T ien”? _/Z‘ ( Wn)’

where we have made the change w = 1 — s. A similar reasoning as the one we used
for even primitive characters shows that the contribution from the horizontal integrals
of this contour will tend to zero as well. Next, we compute the residues

e for the non-trivial zeros p one has
S e L0 (D) Zlos) w0 b\’ Za(1 - p)
~s=p iQm)'2 \q'? ) L(s.x) i@m)!'2S=\q'? ) L'(p.%)
By the residue theorem one has
(%) iiﬂ")“(’”w b _ix(n)u(n)(p a
i(27t)1/2q1/2 i n q'/2n ~ n q'/2n
_ ) Z P Zy(1 - p)
i(2m)12 1/2 L'(p, %)

Multiplying by —+/a+/7 (x) and using the fact that /7 (x)7 () = iq'/? one has

oo oo - b
VaT0 3 KO () - a3 Oy ()
n=1 n=1

R b \" T(1-p)
?W”(")g(m) T 2T o

and this proves the theorem.
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Proof of Corollary 1.3 By taking v = 1 so that x (—1) = =24 = —1, and choosing

1 1
eV2rx _ a \/an’

p(x) =

we have

o0

Wv(x) =/(ux)%Jv(ux)<p(u)du =\/§/sin(ux)(p(u)du
0

0
1 1 1 th( | ) 1 1 )
= —— CO —X | = - = X).
2 Vmx 2 eV2nx 1 2mx v

We note that ¢, ¥ € K. The Mellin transform is given (see Sect. 9.12 of [47] and Eq.
(2.7.1) of [48])

o0

1 1 1
Zis) = [ 5! _ — m) () ),
©) O/x (eﬁm_1 mx)dx 1) T (5)¢(s)

for 0 < Re(s) < 1 andi = 1, 2. We note that

Zi(1 = p) = @) 20P0(1 = p)e(l = p).

By plugging these into (1.22) we obtain

— X (n)u(n) 1 n [q
\/ar(X)Z . (e“ T 1 a Z)
X(n)u(n) 1 n [q
e 3 O (e - )
_ [atk0 Z ((2n>1/2a)pr<1 — p)¢(1 = p)
2ra ql/? L'(p,x)

as it was to be shown. |

Proof of Corollary 1.4 Firsttake x tobeeven,i.e.1 = x(—1) = —2vsothatv = —%.
Choose ¢(x) = sech(%ﬁx). We verify that this is cosine reciprocal by noting that

Y(x) = / (ux)%J 1 (ux)pu)du = ,/%/cos(ux)go(u)du
2
0 0
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= \/g/cos(ux) sech(\%ﬁu)du = sech(%\/ﬁx) = o),
0

and that ¢, ¥ € K. The Mellin transform is given (see entry 6.1 of [36]) by

L al3s % 1 3
Zi(s) =2 277 20(s)(&(s, 7) — ¢(s, 7))

for Re(s) > O and i = 1, 2. Plugging this into (1.22) we obtain

x(n )M(n) T a — X (n)p(n)
R H e ([5) i A ()
_ Jat0 (22n2a) FA—p) & —p, ) —¢1—p, 1)
2ra q'/? L'(p, x) '
Next, take the same choice of ¢ and plug it into (1.21) so that
«/—ZM() ch(\/iz)—«/_oo p(n) sech(\/zc—l
2n — n 2n

/ 2(22 L)/ TA=PG=p.5) =2 =p.3)
¢'(p)

peB

and this ends the proof. O

Proof of Corollary 1.4 In [38] it is shown that for Re(a) > 0 one has

1
TG 4 )3 VK1 (avVx2+a?)

5 (u+1)

is Hankel reciprocal with respect to o and that the Mellin transform is given by

o0
1 _1
@u(s) =/xs+u—§(x2+a2) 7(AD g Lo Jrl)(a\/x + a?)dx
G
0

1.1 3
2B B bk DR 1 @)

If we take u = —%, i.e. if we deal with cosine reciprocity, then
1
(x> +a>)78 K1 (ava®+x?)
1
is cosine reciprocal and ¢, ¥ € K. Thus,
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La=p-1p,1
20 =p =9 11-p =220 - oK.

Plugging these back into (1.21) gives us

1 1
R 2 -3 -3 2
AR ER(52) (e )RR (R e) T (e )

n=1

rc=eyg 2
(=5) _%(%_p)(z)

P AC

peB

and (1.22) gives us

1
-8 2
g () o )
_ Z X(”)M(n)( ) (z l2 4 ﬁ)
n % qn?

p

/qr(x Z pTCEFDK ) ) B "
1/22]/2 L’(,O, X) :

If we take o = 1 then the same procedure on ¢ gives

Oov—

1
20 =p =g =p =2 2TU= 30K 11 ).

G-

N[ —

Therefore, (1.22) yields

3
- 2

miﬂw(az e Py (e
at(x —|— *z 3|z 25+ —
et n2 gn? 3 gn?

ool

_ L2
bt(x )ZX(n)M(n)(qnz-l-Zz) K% b4 Zz—l-q?

r(a-1ipk 2
_ [t Z 4 o I'(1—5p) _%(%_p)(z)
a 21724172 L'(p, x) '

peBy

Combining both cases yields the Corollary. O
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Proof of Corollary 1.6 For Re(s) > 0 the Mellin transform of the Weber parabolic
cylinder function is given by entry 13.48 of [36]

7;1D(x)dx—22\/—¢}7 s, L B
F( (I —n+ys)) %(l—l’l—l-s)’z ,

0

where 7 F] is the hypergeometric function. Form = 0, 1, 2, ... itis shown in [49] that
Dy (2x) = @(x) is cosine reciprocal and ¢, ¥ € K. Thus, (1.21) yields

o p(n) 2a &, ) 2b
iyt D (%) = VB3 sy (%)

n=1
Pl o A(EE )
= 201\ N B
all? LT GQ—dn—p)¢' () \3Q—dn—p) 2

and for even characters (1.22) yields

> 2 % 2b
mz X(")M(”) Dum ( 1/az ) . mz X(”)nl/«(") Dim (ql/2n)
n=1

22}1—1\/W Z ( ) r'd—p) A IEP’Z—TP l
q'2) v @—4n—vp)L'(p, 0 N\ L—anspy

Moreover, it is also shown in [49] that Dg,41(2x) is sine reciprocal for m =
0, 1,2, .... Thus, for odd characters (1.22) yields

5 o0 - 2b
at(x) z x(n)u(n) —— Damn1 ( l/a2 ) VT 2, wl)‘tmﬂ (f]l/z”)

n=1
o2 /nqroo Z ( ) I - p) P %%ﬂ 1)
V2] T3 = p —4m)L'(p, x) 2(1—p—4n)
Putting these two results together yield the statement of the corollary. O

Proof of Corollary 1.6 In [49] it is shown that

oo
2D ) (x) :/(xy)%Ju(xY)yv+1/2ey2/4D72u73()’)dy
0
for Re(v) > —1, and that
° , T()T(—4n — Ls)
fls) = /xs_lex FD, (x)dx = 2n/2+s/2+21r(—2n) ’
0
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for0 < Re(s) < Re(—n). Next, take v = —% so that we have ¢(x) = ex2/4D_2(x) =
Y(x) € K, and

L)1 = 39) T =pI(5+35p)
2s/2r(2) - 2= 0 = i)

Z1(s) = fals) =

Replace it in (1.21) to get

FEER ()05 e (5)0-(0)

I'd—p)I'(s + 5
_ 21/2 . 2(21/2a)p (1—-pT(5+ 2/0).
a peB

¢'(p)

Replacing the above in (1.22) gives us

— X (n) () a? a
w03 M e () 02 ()
Xy b2 b
ORI e () 2 (37
n=1

4qn

_ [atX0) > 2'2a\ T (3 = p)T(5 + 3p)
oV g2 Lo

peBy

Finally, taking instead v = % so that p(x) = xex2/4D_4(x) =Y (x) € K as well as

T+ DrE—1s—1
2- 1/2+s/21“(4)

r2—pT(1+3p)

Z](S)=f74(s+1)— 2_p/2F(4)

Zi(1-p)=

Replacing this in (1.22) yields

a o x(n)u(n) a? a

1_/2“”()‘)2_% nZ eXp(4qn2)D‘4(qlTn)
b = X (p(n) b? b

VD 2 I e (10 ) 0 (57,

_ 1w s (2‘/2a)pr<2—p)r<1+%p>
oV g2 Voo

peBy

and this ends the proof. O
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Proof of Corollary 1.8 From [49] we know that

1 0 S
Doy (x) = / (02 dy(ey)y" " 2e" 1 Dy (1)dy.
0

1
Taking v = % we see that e_sz D_(x) is sine reciprocal. So we set ¢(x) = ¢ (x) =

1
e_zxzD_l(x) € K. Recalling from (1.31) that

1 1
D_i(x) = \/ge?t"z Erfc(22x)

and using entry 13.5 of [36], which says that

o0

22 1 11 .58
/xs_leb  Erfc(ax)dx =7 25 'a™ T =+ =s oA | 2 21 ;o
2 2 1+ §S a

0

for b < a and Re(s) > 0, we see that the Mellin transform is given by

Zi(s) =/xs_l(p(x)dx =/ D_i(x)dx _\f/ S=1 Brfe(2~ 2x)dx
0

s lis 2s/2-12p(d 48
—[n 25~ 1(22 )F( —S)zFl(f’_'_% ;0): (2 2)'
7S s

Replacing this in (1.22) yields

— X () (n) a’ a
v “““;Texp (_4qn2) D (m)

— = X (M (n) b? b
R e () o ()

n=1

1/2 /T(x) ( )P (- /2_7) 1
- 2124172

a7 L—p L'p,x)’

as it was to be shown. O

5 Proof of Theorem (1.3)

A similar argument as in the beginning of the proof of Theorem 1.1 yields F(s)
¢(s) and v = —1/2. Therefore, Z;(s) is meromorphic with simple poles at s =
0,—2,—4,.... Thus, for 0 < ¢ < 1 we define
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c+ioo

Zi(—s)
—X
2mi (1 +s)

c—ioo

N

W(x) =

By using the fact that ¢ > 0 we can write

e ) oy 1 s
W(x) = —CLZI( S)ZM ds ; T H/oo Zl(—s)(;) ds.
The change of variable w = —s yields
0 1 —ctioco —w oo o
v =3Oz =3 () - e (2) ]

=S () -] = 2 () = heo

where in the second line we have used the fact that —1 < —c < 0 and the prime
number theorem on the fourth line. By the theory of Mellin transforms we obtain

@]

e Zi(—s)
Y(s) = [ Pp(x)x*ldx = ——2. 5.1
(s) / o (X) A+ (5.1
0
Therefore, multiplying both sides by s we have that
sC(1+8)Y(s) =5Z1(—s), (5.2)

for 0 < Re(s) < 1. Now we will study (5.1) for —% < Re(s) < 0. To do this, we split

1
the integral representation of Y'(s) at x =1 and apply the bound P, (x) « x 721 for
any 6 > 0 as x — 00 so that

o0

1 00 |
T(s):/ P(p(x)x_s_ldx—l—/ Py(x)x = ldx = 0(1)+0(/x_7v+8x_‘7—1dx):0(1).
0 1 1

Thus, one can now see that the application of the bound Py (x) « x_%J”S makes the
integral analytic on the interval —% < Re(s) < 0. We reason as follows. Since the
simple pole of ¢(1 + s) and Z;(—s) is annihilated by the zero of s at s = 0 we see
that the left-hand side of (5.2) is analytic. Since (5.2) holds for 0 < Re(s) < 1, by
the theory of analytic continuation, it also holds on —% < Re(s) <0.If Z;(—s) does

not have any zeros in the interval —% < Re(s) < 0, then the left-hand side of (5.2) is
non-zero in —% < Re(s) < 0. However, since Y (s) has been shown to be analytic in
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Explicit formulae of the Mdbius function 419

this interval when the bound on P, (x) is applied, this implies that ¢ (1 + s) does not
have zeros in —% < Re(s) < 0. This implies the Riemann hypothesis.

If Z1(—s) actually had zeros then all the zeros of the Riemann zeta-function would
still lie on the critical line except for the zeros that coincide with the zeros of Z;(—s).

1
Let us now prove that the Riemann hypothesis implies the bound P, (y) <« y_TL‘S
asy — ooforall § > 0. We recall a formulation of the Riemann hypothesis involving
Mertens’s function due to Littlewood [30] which says that

1
M(x) < x271¢,

An application of partial summation allows us to transform this into

M(v,n) = Z % <L v*%“ (5.3)

uniformly in n. Recalling the definition of P, we have

0o v—1 oo
N0 s vy p@m) yy
P = B0 (2) = (Z +Z) 0 (2) = Poa () + Poay.
n=1 n=1 n=v
where v = | y!~¢|. We handle each sum separately. For the first sum
S am vy e
P@,l(y)=zl . w(;) <<Zl —,
n= n=

since ¢ € K (w, 0) and where we have used the asymptotic of ¢ for large y. Therefore,

Pyi(y) K ye . (5.4)

For the second sum, we have

& u(n) <
Pw,z<y>=;“n” 16 =,§M(“’”)[9"(%) _“’(nil)]
:%M(V,n)[—i—%fp/(%)],
S SNy
<LV 2+5(Z +Z) )\—zw/()\_)’
n=v n=p n "

=: Py 3(y) + Ppa(y) (5.5
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where in the last line we have used the mean value theorem witha = n < A,(=¢) <

n + 1 = b and where
l(p/ L L(p/ L
)\% An )\3 An

with g = [y!*¢]. We start with Py 4(y) first. By the definition of the class K and by
Cauchy’s integral formula we see that

4 l —y/An
)=

B
1
Pya(y) < v 270"

n=v

l o
. Ppa(y) vz
n=p

for A,, > B. Thus,

1 - 1 Lo
< v—2+ee—y//3’3—1+(8+a)y 2 : )L]Jrs Ly 5+e )
n=p "1

y _y/)‘n
—26

n

l oo
Pya(y) < v 27>
n=p

(5.6)

For the sum P, 3 we reason as follows. First, ¢ is analytic, thus ¢’ is continuous in
a compact interval containing I (g, y) = (y~¢, y®) C [0, y]. Therefore, there exists a
point ¢ € I (g, y) such that

"(¢) = max ¢’ (x).
@ (c) [O,y]qo()

The value of ¢ is independent of y. To see this, note that ¢’ (x) <« e~ when x — oo.
Then we can find a positive real number C independent of y such that ¢’(c) > ¢'(y)
for all y > C. Therefore,

p—1
1 1
_ 4 y _ 1 "
Pos(y) v 0l0) DTy 5.7
n=v
Putting together (5.4)—(5.7) we see that the Riemann hypothesis implies the bound
1
P,(y) K y 2 as y — oo forall § > 0.
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