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Abstract. For an abelian group (G, +,0) we consider the functional equation

[:G—=G, o+ fly+ f2) =y+flz+fy) (Vzyed), (1)

together with the condition
1 =o. (0)
The main question is that of existence of solutions of (1) A (0), specifically in the case when

G is the direct sum Z%J) of copies of a finite or infinite cyclic group (Theorems 3.2 and 4.20).
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1. Introduction, notation and preliminaries

This paper is a continuation of [17]. For the convenience of the reader, we
repeat here some of the information on notation given in [17], section 1. The
results were presented in [14-16].

Throughout the paper, (G, +,0) or (G,+) or G denotes an abelian group.
The set S(G) of all solutions of (1) and

S0(G) :=A{f € S(G); f(0) =0} (2)
completely determine each other [17, p. 188/189, (B6')], so we may confine
ourselves to considering Sy(G).

14 denotes the identity mapping of the set A and a the constant mapping
with value a. For f: A — A and n € N (n € Z if f is bijective) we denote by
f™ the nth iterate of f.

For every abelian group G and every n € Z, the so-called canonical endo-
morphism w,, : G — G of G, defined by w,(z) := nz (Vx € G), is available. In
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order to keep the notation light, we refrain from using a second subscript like
in wy,g. It will be most times clear from the context to what G the respective
wy, belongs; if necessary, we write w,, : G — G.

For every z € G, let t, : G — G, t,(v) := ¢+ z (Vz € G) denote the
translation of G by z. For x € G, we let ord x stand for the order of x in G. We
use 2 as the symbol for groups (or rings) to be isomorphic. For every m € N,
G[m] := {x € G; ma = 0} (= Kerw,,), G[m]* := {z € G; ordx = m}. For a
ring K with 1, U(K) is the set of units of K.

For every n € N, we let Z,, stand for the cyclic group with n elements, most
times written as {0,...,n — 1}. Whenever we find it helpful, we shall use the
familiar ring structure on Z, or Z with 1 as its identity element; for Z; we
have 1 = 0. We put in addition Zg := Z (cf. Remark 4.1). Accordingly, 0 and
1 stand for the integers zero and one as well as for the zero and the identity
element of Z,, (n € N%). It will always be clear from the context what is meant.

For a list of fundamental properties of solutions of (1), stemming from M.
Balcerowski [2], cf. [17, p. 188, (B1),...,(B9)].

Lemma 1.1. (a) Every f € So(G) is bijective and satisfies
fPx)+z=f(x) (Vzeq). (3)
(b) Ifws : G — G is injective, then every f € So(G) is additive, i.e., So(G) C
End(G).
(ef [17, (B1), (B3), (BY)]).

Lemma 1.2. For f € So(G), x € G, ordz =n € NU {oo}, we have ord f(x) =
ordx. f shares this property with group isomorphisms, but here f need not be
additive ([17, p. 197-200, Example 3.14]).

Proof. Case 1: n = oco. Then kx (k € N) are pairwise distinct, so are f(kx)
(k € N) by Lemma 1.1(a), and finally, by [17, p. 190, Theorem 2.5], so are k f ()
(k € N). Therefore ord f(z) = co = n. Case 2: n € N, so nz = 0. For j € N, we
have Jjr = 0 <:[Leﬂwnal.l(a)]j f(].?f) =0 <:[17, Theorem 2.5]j .]f('r) = 0. Hence
ord f(z) = ord z. O

Lemma 1.3. If G; is an abelian group such that G = Gy x G1, then So(G) # 0,
no matter if So(G1) # 0.

Proof. Let

[:Gix G =G x G, f(&,6)=(-§,&+8&) (V(&,.§&)eGixGr). (4)
For z = (&1,&) € G1 xG1, y = (n1,m2) € G1 X G arbitrary, we have z+ f(y+
f(@) = (&1, &)+ f((n,m2)+ (=62, &1+&2)) = (&1, &) +Hf(m =&, m+&+&2) =
&)+ (m—&a - m—6+m+a+&)=FEm—6m+n+é+
§2) == f(y) + f(z). This expression is invariant under interchanging = and
y. Hence (1) holds, and so does (0). Le., So(G1 x G1) # (. By [17, Remark
1.1] So(G) # 0. O
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If J is a set and G an abelian group, then G(/) denotes the direct sum
of card J copies of G. For cardJ = 0, we have G(/) = {0} [3, p. 22]. For
cardJ =neN,GY) :=G":=G@--- &G (n direct summands).

Lemma 1.4. For any set J we have
card J > Ry or cardJ € 2N° = Sy(G)) £ 0, S(G)) # 0. (5)

Proof. So({0}) = {0} by [17, Lemma 2.1(a)], so the assertion holds for card J =
0. For card J € 2N or card J > Rg, G/) appears as the direct sum of copies
of G2 =G @ G (cf. [17, p. 195, Proof of Lemma 3.7]). By Lemma 1.3 and [17,
Lemma 2.3(a)], So(G)) # 0, so S(G)) # 0. O

Lemma 1.5. For f € So(G) and x € G, we obtain

(a) (i) f2(z) =2 & (ii) f(z) =2z &= (iii) 3z = 0.
() f2(z) =z & 22 =0.

Proof. (a): (i) « (ii) immediately follows from (3) in Lemma 1.1.—(ii) =
(iii): By [17, (B4)] f3(z) = —x, so ff?(x) = —x, hence by (i) f(z) = —=,
and by (ii) 2z = —=x, so (iii) holds.—(iii) # (i): Consider the function
fin (4) for G = Z3 x Z3 and x = (1,0). Then 3z = 0, but f?(1,0) =
£(0,1) = (—1,1) # (1,0), and by Lemma 1.3 f € So(Z3 X Z3).

(b) fPz) =2 <Ey= —z=1< 2z =0. O

Lemma 1.6. If f € So(G) and H is a subgroup of G such that f(H) C H, then
the restriction g : H — H of f is in So(H), and f(H) = H.

Proof. f(H) C H implies the existence of g and ¢g(0) = f(0) = 0. Let z,y € H
be arbitrary. Then z+ f(y), y+ f (), f(x+f(v)), f(y+f(z)) € H, and we have

z+g(y+g(@) =2+ fly+f(2) =0y=y+fl@+f(y) =y+g(x+g(y)). Since
x,y € H were arbitrary, we have g € So(H). By Lemma 1.1(a) g(H) = H, so
f(H) = H. O

2. Further general properties of solutions of (1)

Having Lemma 1.1(a) in mind, we first extend [17, p. 193, Lemma 3.2] to
arbitrary abelian groups G.

Lemma 2.1. Let f € So(G). Then:

(a) 3Z7iG7 fﬁziG-
(b) G is the disjoint union of Cy := {0} and, for G # {0}, of the C, (x €
G\ {0}) where C, is the range of the cycle

v f(£) ot f(@) o —w e —[() oz~ () x of [
(c) card C, € {1,2,3,6} (Vx € G), i.e., [ has only 1-,2-,5-, and/or G-cycles.
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(d) z,ye G,ye Cp = ordy =ordz.
(e) f has exactly one 1-cycle, namely {0}.
(f) 1-cycles of f3 only stem from 1- or 3-cycles of f.

2-cycles of f2 only stem from 2- or 6-cycles of f.
Proof. (a) follows from (B4). (b) On the basis of Lemma 1.1(a) we define

2,y € G=> [z ~yy:& Ik € Zsuch that y = fk(x)]
Then ~ is an equivalence relation on G, and the sets Cy (z € G) are the
~¢-classes. By the aid of (3) and part (a), f2(z) = —x + f(z), f3(z) = —=,
[ 2) = f(=2) =@y= —f(2), [°(2) = [*(~2) =@y= —[*(z) = = - f(2),
fé(x) = x. (For x = 0, C,, becomes {0}). (c¢) By f®(x) = z, the iterative order
of every x € GG is a positive divisor of 6, i.e., the possible lenghts of cycles of f
are 1,2, 3,6. (d) follows at once from Lemma 1.2. (e) is a consequence of [17,
Lemma 2.4] and (0). (f) By (a), f? is involutorial, so f2 has only 1- and/or
2-cycles. The rest follows, written in the usual cycle notation, from
(W) = (u), (wow)® = (u)(v)(w); (wv)’ = (uv), (Wwvwzyz)®
_ (6)
= (uz)(vy)(w2).
O

Lemma 2.2. Ifws : G — G is injective and [ € So(G), then f has no 3-cycles.

Proof. By Lemma 1.5(b), the 1-cycles (z) of f? are characterized by 2z = 0,
ie., by wa(z) = 0, i.e., due to the hypothesis, by x = 0. If (uvw) were a
3-cycle of f, then by (6) (uwvw)? = (u)(v)(w) with (see above) u =v =w =0,
a contradiction. So the assertion holds. O

Lemma 2.3. Ifws : G — G and w3 : G — G are injective and [ € So(G), then
cardC, = 6 (Vo € G\ {0}).

Proof. Let x € G\ {0} be arbitrary. By [17, Lemma 2.4] and (0), f(x) # =.
Injectivity of we and ws implies 22 # 0, 3z # 0, so by Lemma 1.5(a), (b)
P@) # o, (o) # 2. [4(z) = 2 would imply [2() = f2f(x) = [*(x) =
which is already excluded. If f5(x) = x, then f(z) = ff°(z) = f%(x) = z,
which is not true either. So

fre) #z (v=1,2,3,4,5). (7)
Assume that there are p,v € {0,1,2,3,4,5} with p < v, ft(z) = f“(x).
Then, since f* is bijective, z = f*~#(x), where v — u € {1,2,3,4,5}, which
is a contradiction to (7). Therefore z = fO(z), f(z),...,f?(x) are pairwise
distinct, i.e. card C, = 6. d

Corollary 2.4. If f € So(G), each of the following conditions is sufficient for
cardC, = 6 (Vo € G\{0}):
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(i) G is torsion-free.
(ii) In € N with 2fn, 3fn, and nG = {0}.

Proof. In Cases (i) and (ii), we and ws turn out to be injective, and the asser-
tion follows from Lemma 2.3. O

Bijectivity of all f € S(G) [17, (B1’)] is an invitation to the question as to
whether f~! must be in S(G).

Theorem 2.5.

(a) f€Su(Q)= fr=ig—fe€S(G).

(b) If So(G) C End (G) and f € S(G), then f~1 € S(G).
(¢) In (b), the condition Sy(G) C End (G) is essential.

Proof (a) By (B1), f is bijective. Let © € G be aurbitmry7 y = f1(x).
¥ () P +y = flu).so PI@) + 17 a) = [ @), e S(o) +
“Yx) = x. Since * € G was arbitrary, we have f + f~! = ig, ie.,

f L' = 4jo — f. For the second part of the assertion, let 2,y € G be
arbitrary. By (B1’) there are unique 2/,y’ € G with x = f(2'), y = f(v/),
and we have z + (i — f)(y + (ic — f)(2)) = f(2) + (ic — /)(f () + (ic —
NUED) = @)+ fY) +Gia = () = F(FW) + (ic = £)(f(2"))) =
f@) + f) + f@) = @) = F(fy) + f@') = f2( ) =@=f(a') +
) + 2 — W) +2) == 1) + F&) + ¥ — F(f@) + ). The
expressions on both sides of “=()=" are transformed into each other
by interchanging x’ and y’. The above calculation shows that the latter
expression is y + (i¢ — f)(x + (i — f)(y)). Since z,y € G were arbitrary,
we get (ig — f) € S(G). Since (ig — f)(0) =0, we have (ig — f) € So(G)
as asserted.

(b) Let f € S(G) be arbitrary. By [17, Remark 1.3] there exists z € G and
g € So(G) with f = got,, hence f~1 =t_,0g !. By (a), g~! € So(G), so
g~! € End (G) by hypothesis. For arbitrary z,y € G we have x + f~1(y +
F7H @) =2+g (y+9 (@) —2)—2 =pna = x+g~ (y)+9 2 (z)—g " (2)—
z=@3=9 "(z) + g *(y) — g~ '(2) — z. This last expression is invariant
under interchanging x and y, so f~! satisfies (1), i.e., f~! € S(G).

For (c) cf. Remark 2.8 below. O

(B6) [17, p. 188] ensures that the membership of f in S(G) is preserved
under composition from the right with translations. How about composition
from the left?

Theorem 2.6.

(a) IfSO( ) CEnd (G), f € S(G), andw € G, then t,, o f € S(G).

(b ) n (a), the condition So(G) C End (G) is essential, even for f € So(G).

(c) If So(G) C End (G) and f € S(G), then there exists a unique xo € G with
f(xo) =0, and for g := foty, we have g € So(G) and ty,o f = foly—1(w
for allw € G.
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Proof. (a) Let f € S(G), w € G be arbitrary. By Theorem 2.5(b) f~! € S(G).
By (B6) f~lot_,, € S(G), and again by Theorem 2.5(b) (f~tot_, )"t € S(G),
ie., ty o f € S(G). (b) See Remark 2.7 below. (c¢) Existence and uniqueness
of zg follow from (B1’). By (B6) g € S(G), and since ¢(0) = f(zo) = 0, we
even have g € Sy(G), so by hypothesis g € End (G). Theorem 2.5(a) implies
gt =ig—g,soforall z,w e G we get (foty—1()(x) = flz+w—g(w) =
Fo+w+g(-w) = (o +w+ F(—w+30)) 2y — 20 +2 +w+ f(—w+
o+ fz+w)), (foty-—10w))(7) =w—zo+z+w+ f(—w+z0+ f(2+w)) for all
z,w € G. Now the last term is g(—w+ f(z+w)) =gna = g(—w)+g(f(z+w)) =
fl=w+x0) + f(zo + f(z +w)), so

(Foty-s)@) = Wzt fowran) o Slow)) e <)

Next we put in (1) x + w, z¢ in place of x,y, respectively, and get x + w
flwo+ f(ztw)) = zo+ f(a+w+ f(zo)) = zo+ f(x+w), so f(xo+ flz+w))
—x —w+xo + f(z +w), and (8) becomes

(fotg-1w)(w) =w+ f(-w+zo) + fz+w) (Vo,weG).  (9)

Finally, f(—w+zo)+f(z+w) = f(—w+xo)+f(z+w—zo+a0) = g(—w)+g(z+
W—20) =gnd = g(—w)+g(w)+g(x—x0) = f(7),50 by (9) (foty—1(w)(r) = w+
f(z). Since z € G was arbitrary, we obtain fot,-1(,) =tyof (VweG). O

I+

Remark 2.7. Let fo € So(Z$)\ End (Z$) be the specific function in [17, p. 197
200, Example 3.14] and {ey, ..., es} the basis used there, and let g := fo + e;.
From the definition of fy [17, (32),(34),...,(54)] we obtain g(e;) = fo(e1)
e1 = ez +e1, gles) = foles) +e1 = es + e1. Then e; + g(es + g(er))
e1 +gles +ex+e1) = er + foler +ea +e3) + e1 =p7,a0)= €2 + €3 + e,
es+g(ertg(es)) = es+g(er+ester) =es+gles) = es+foles)+er =17, (35)]=
estesteste; =ej+eys # eatesz+eg, so g violates the functional equation (1),
ie., te, o fo =g ¢ S(Z3), and Theorem 2.6(b) is proved.

I+

Remark 2.8. Let fy and {ey,..., e} be as in Remark 2.7 and let h := f(;lotel.
By Theorem 2.5(a) fy ' € So(ZS), so by (B6) h € S(ZS). Then h™ = (fy ' o
te,) P =t o fo =te, o fo ¢ S(Z5) by Remark 2.7. Therefore we have proved
Theorem 2.5(c).

Next we come to a variant of (B8) [17, p. 188].
Lemma 2.9. If wy : G — G is surjective, then Sy(G) C End (G).

Proof. Let f € So(G). By (B7) 2f(z +vy) = 2f(x) + 2f(y) (Vz,y € G), so
by [17, p. 190, Theorem 2.5] f(2(z +y)) = f(2z) + f(2y) (Vz,y € G). For
arbitrary u,v € G, the surjectivity of wy ensures the existence of z,y € G
such that v = 2z, v = 2y, so u +v = 2z + 2y = 2(x + y), and we have
flu+v) = f(u)+ f(v). As u,v € G were arbitrary, f € End (G) holds. O



Vol. 89 (2015)  On the functional equation z + f(y + f(x))=y+ f(x + f(y)), II 175

Lemma 2.3 in [17, p. 189] is a tool for building solutions of (1) on [[,.; G:
or @,.; G from those on G;’s. Our Lemma 2.10 proceeds in the opposite
direction where appropriate care is necessary: So(Z3) # 0, but So(Z2) = 0
([17, p. 194, Example 3.4(b), (c)]). Hypothesis (3) below takes care.

Lemma 2.10. Hypotheses:

(1) T#0, (Gy)ier is a family of abelian groups.

(2) For every i € I there is n; € N such that n;G; = {0}.

(3) ged(ni,nj) =1 foralli,j € I withi#j.

(4) G5 :=A{(zi)icr € [Lie; Gi; zi =0 (Vie I\{j}} (j€I).

(5) xj : Gj — G is the canonical bijection (Vj € I).

Then:

(a) [ €80 B, Gi) = [(G)) C G}, [IG) € So(GY), and f; = x5 o (f|G))o
X; € So(G;) forall j € I.

€ S0 . i) 15 additive, so are - and f; (Vg € I), and we have

(b) If f € So(Bic; Gi) is add fIG; and f; (Vj € I), and we h

f=(®jer i) : (x5)jer — (fi@)))jer  (V(zj)jer € Djer Gi)-

Proof. (a) Let j € I, x = (2i)ic1 € G; be arbitrary, say 2; =0 (Vi € I\ {j}),
zj =t x; € Gj. Since y; : G = G’ we get ordz = ord z;, so by Hypothesis (2)
ordz |n;, and by Lemma 1.2

ord f(x) | nj. (10)

Let (y:)icr := f(z) and assume that y; # 0 for ¢ € I\ {j}. y; € G; and Hypoth-
esis 2) imply 1 # ordy;|n;. Because ordy;|ord f(x) and by (10) ord y;|n;, so
1 # ordy;| ged(n,, nj) where ¢ # j, in contradiction to Hypothesis (3). There-
fore y; = 0 (Vi € I\{j}), i.e., f(x) = (yi)ier € G;. Since j € [ and x € G’} were
arbitrary, we have the first part of assertion (a), namely f(G}) C G (Vj € ).
So for every j € I, f|G) exists and is in So(G’;) by Lemma 1.6. Finally,
fi € So(Gj) (Vj € I) by [17, Remark 1.1(a)].

(b) As a composite of additive mappings, f; is additive for every j € I. For
the inclusion map v; : G — @,;c; Gi (j € I), we have

Yio(fIGS) = fotp; (Vjel). (11)

Let © = (24)ier € @,;c;Gs and j € I be arbitrary. Then z; = prjz € Gy,
X;Pr ;T € G’j, Yix;prjr € @,c; Gi, and since x has finite support, we get

Z(/ijjprjx:Z(O,...,xj,...,O)zaz (V:EéEBGi). (12)
jel jel icl
Therefore f(z) =pa= (X ervixiprjz) = Xier f(Wixipr;z) =an=
Y et Ci(FIG)XGPr jo =35 ixa X (FIGXPY & =)= 51 ViXs fiPr 52
=2 ier ¥ixifi(@;) =22,e70, o fi(z5), ..., 0) = (fi(@)))jer = (Bje;r f5) ()

Since x € ®jel G; was arbitrary, we have f = @jeI fi- O
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3. Solutions of (1) for G = Z,

A few contributions to the subject of this section can be found in [17, pp. 191—
192]. For n € N, the fact that wy, 4k : Z, — Z, is identical with wy, : Z,, — Z,
[17, Remark 2.10] makes it natural to write w, : Z, — Z, for wy when
k € a € Z,,. We are going to extend first those results towards a criterion
for the existence of solutions of (1) (Theorem 3.2). Because of the agreement
Zo = Z, the symbol Z, is available for all n € N°. We begin by a number-
theoretic remark:

Remark 3.1. (a) For an odd integer n > 1, the following are equivalent:
(i) n has a positive divisor d =g 5.
(ii) n has a prime divisor =¢ 5.
(b) Every n € N has a divisor =¢ 5, namely —1, but 3 has no prime divisor
=6 5. So “positive” is essential in (i).

Proof of (a). (ii) = (i) is trivial. (i) = (ii): Let d € N, d|n, d =¢ 5. There exist
r € N; p1,...,p. € P (not necessarily pairwise distinct) with d = py - ... p,.
Oddness of n enforces p, € {3} U (6N + 1) U (6N° +5) (v = 1,...,7). As
d =¢ 5, we have 3)d. If p1,...,p, were in 6N + 1, then d € 6N + 1, which is a
contradiction to the definition of d. So at least one p, is in 6N° + 5, and this
is a prime divisor of n, i.e., (ii) holds. O

Theorem 3.2. Forn € N° and

M := {m € N; m odd, m has no positive divisor =¢ 5, and 13
m contains the prime factor 3 at most once}, (13)

the following statements are equivalent:
(i) So(Zn) # 0,
(ii) n e M,
(iii) There exists o € Z,, such that a* —a+ 1= 0.

Proof. For n =0, (i) is false [17, Example 2.7], (ii) is false by (13), and (iii) is
false since a? — a + 1 is odd (Yo € Zg = Z). So the assertion holds for n = 0.
In the following, let n € N.

(1)=(ii). Let So(Z,) # 0. By [17, Corollary 2.6] So(Z,) C End (Z,). By [17,
Remark 2.10] End (Z,,) = {wo, ..., wn—1}. If n were even, then by [17, Corol-
lary 2.11] So(Z,,) = 0, contradicting (i). Therefore

n is odd. (14)

Assume that there exist d € N with d|n, d =¢ 5. Then ged(d,2) = 1 and
ged(d,3) =1, so wo : Zg — Zg and ws : Zy — Zg are injective.

Assume that f € Sy(Z4). By Lemma 2.3, every cycle C, (x € Zq\{0}) of f
has cardinality 6. By Lemma 2.1(b), Z, is the disjoint union of one 1-cycle and
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some 6-cycles, therefore d = card Z,; =¢ 1, contradicting d =¢ 5. So f cannot
exist, i.e., So(Zq) = 0.

Now by (i) So(Zy,) # 0, say, by [17, (14)] wg € So(Zy,) for a suitable k € Z,
where n|my. Since d|n, we get d|my, so again by [17, (14)] (wg : Zqg — Zq4) €
So0(Z4), a contradiction to So(Zg) = 0. This means that d cannot exist, i.e.,

n has no positive divisor =g 5. (15)

By inspection we find that 9fmy, (k € {0,...,8}), so by [17, (14)] So(Zy) = 0.
Let us realize (i) again by the assumption wy € Sy(Z,), so again as above
n|my. If 9n, then 9my, so by [17, (14)] (wi : Zg — Zg) € So(Zg), which is
impossible. Therefore 9fn, so

3°In onlyif s=0 or s=1. (16)

By (14), (15), (16) n € M, i.e., (ii) holds.

(ii)=(i). Let n € M. Then there exist s € {0,1}, n’ € N such that n = 3*n’,
ged(3,n') = 1. n € M implies n’ € M.

Case 1: n' = 1. So n € {1,3}, and since So(Z1) = {wo}, So(Z3) = {wa} [17,
Example 2.12], (i) holds. — Case 2: n’ > 1. (This means in fact that n’ > 7).
Since 3fn/, all prime divisors of n’ are in 6N + 1. Therefore —3 is a quadratic
residue modulo all prime divisors of n’ [4, p. 75, Theorem 96]; Gauss’s Lemma
is involved here. It follows from [10, p. 63, Theorem 5-1] that

— 3 is a quadratic residue modulo n'. (17)

Zy is a commutative ring with 1 # 0. Oddness of n’ guarantees that ged(n’, 4)
=1,s04 € U(Zy), and for any = € Z, we have

P —r+1=0c40? 4 +4=0s (20— 1)> = 3. (18)
By (17), (2x — 1)? = =3 is solvable in Z,, and so is 2% —z + 1 = 0, i.e., there
exists a € Z, such that o> —a+1=0. If 7 : Z — Z, is the canonical ring
epimorphism, then there exists k € Z with 7(k) = a. Then w(k* —k + 1) =
a? —a+1=0 whence n'|(k* — k + 1), so by [17, (14)]
wE € SQ(Z”/), ie., So(Zn/) 75 0. (19)
Case 2a: s = 0. Then n = n’, so by (19) So(Z,) # 0. Case 2b: s = 1. Then
Zy =2 Z3 X Ly, and from So(Zs3) # 0, (19), and [17, Lemma 2.3(a)] we get
again Sy(Z,) # 0. So (i) holds in both cases.
(i)« (iii). For the canonical ring epimorphism 7 : Z — Z,, (remember 7(0) = 0,

7(1) = 1 by our notational agreement) we have (i)<=17, (14))= 3k € {0,...,n—
1} with n|(k*—k+1) < 3k € {0,...,n—1} with 7(k*—k+1) = 0 < surjective="
Ja € Z,, with o — a + 1 =0 (iii). O

Remark 3.3. The last part of the proof above shows that for the canonical
epimorphism 7 : Z — Z,,, we have

So(Z) = {wi; k€{0,...,n—1}, (n(k))> —7w(k) +1=0} (¥n€N). (20)
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Theorem 3.2 characterizes those n € N° for which So(Z,) # 0 by n € M.
So for all n. € N\ M, card So(Z,,) = 0. What is card So(Z,,) for n € M?

It becomes visible from (13) that the prime number 3 plays a singular role in
the present characterization problem. This will be observed many more times
in what follows.

Lemma 3.4. If n € M, 3fn, and if n has o distinct prime divisors, then
card So(Z,,) = 2°.

Proof. For n = 1 we have So(Z,,) = {wo} and o = 0, so the assertion holds.
Let n > 1. Then by (13) we have that n is odd and n > 7, so ged(4,n) = 1, and
4 is a unit of the ring Z,,. For any a € Z,, we get (cf. (18)) (i) o’ —a+1=0 <
(ii) (2 —1)? = —3. Since n is odd and ged(n, —3) = 1, (ii) has 27 solutions in
Zyn ([10, p. 65, Theorem 5-2]). As a — 2 — 1 is bijective from Z,, into itself,
(i) has 27 solutions, too, so by (20) card Sy(Z,) = 2°. O

Theorem 3.5. If n € M and 3/n, then 3n € M and there exists ¢ € N° with
n = 6q+ 1, furthermore

S0(Z3n) = {w(6g+1)-243-(4g+1)t; Wt € So(Zn)}, (21)
card So(Zsy,) = card So(Zy,). (22)

Proof. For n = 1 we have Sy(Z,,) = {wo}, So(Zsn) = {w2}, ¢ = 0,1t =0, so
(6g+1)-2+3(4g+ 1)t = 2, i.e., (21) and (22) hold. Let in the following n > 1.
Then by (13) 3n € M, n is odd and n > 7, and all prime divisors of n are
=g 1. So there exists ¢ € N with n = 6¢ + 1. Since ged(3,n) = 1, we have a
ring isomorphism ¢ : Zs3,, = Z3 X Ly,

@:3nZ+L— 3Z+L,nZ+1) (VeZ). (23)

If wy € So(Zy,), then by [17, Lemma 2.3(a)] we Xw; € So(Z3 X Z,,). The elements
3nZ + 1, 3Z + 1, nZ + 1 are generators of Zs,,, Zs, Zy, respectively.

-1
(%] wa Xw ®
ZBn B ZS X Zn 25 ZB X Zn B ZBn

Z+1+— BZ+1,nZ+1) — BZ+2,nZ+1t)— 3nZ+s

In this diagram, s is to be determined. ¢ ~(3Z + 2,nZ +t) = 3nZ + s implies
©(3nZ +s) = (3Z+2,nZ +t), so by (23) (3Z+ s,nZ+s) = (3Z+ 2,nZ + 1),
ie,3Z+s=3Z+2,nZ+s=nZ+t sos =3 2and s =, t. From the
Chinese remainder theorem we obtain s = (6 + 1) - 2 + 3(4¢q 4 1)t. Therefore,
o to(wy xw)op= W(6g+1)-24+3(4q+1)¢> 50 (21) holds. (22) follows from [17,
Lemma 2.3(a)] and card So(Zs) = 1 or from (21) and

t=,t' < (6g+1)-2+3(4g+ 1)t =3, (6g+1)-2+3(4g+1)t' (Vt,t' €Z). O

Example 3.6. n = 21, so n € M. Sy(Z3) = {w2}, So(Z7) = {ws,ws} [17,
Example 2.12]. So by Theorem 3.5 with ¢ = 1: Sy(Z21) = {wr.2435 t €
{3,5}} = {wiat15.3; wiay155) = {Ws0, W9} =(on 7,,)= w17, ws}. By the way,
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w17 and wy in Sp(Zoy) are inverses of each other and wy7 + ws = w1 = iz,, as
it must be by Theorem 2.5(a).

Remark 3.7. If n € M and n > 3, then part (ii)=-(i) Case 2, of the proof of
Theorem 3.2 shows that —3 is a quadratic residue mod n (cf. (17)). So there
exists v1 € Z,, such that 42 = —3 in Z,,. For 75 := —v1, we also have v = —3.
Assume that 79 = 1. Then —y; = 71, so 21 = 0, and the oddness of n implies
v1 = 0, a contradiction to 712 = —3. Therefore v; # 5. Let a1, as € Z, such
that 2, — 1 =7, (v = 1,2). Since 2 € U(Z,), a1 # g, and 2a7 = 1 4+ 71,
2a5 = 1479 = 1 —~. Therefore 2a; + 25 = 2, 201 - 209 = 1—7% =14+3=4.
2,4 € U(Z,) imply

a1 + oo = 1, a1 - g = 1, (24)
and by (18) of , —a1,2+1 = 0. So for n € M, n > 3, pairs of mutually inverse
functions in So(Z,) stem from pairs (71, —7y1) with v§ = —3.

Remark 3.8. The proof of Theorem 3.2 shows that solving (1) over Z, is
dependent on solving X2 = —3 in Z,. The situation is satisfactory as long as
only solvability is concerned. On the other hand, it is unpleasant that there is
no general systematic calculation method for the solutions of X? = —3 in Z,,

not even when n is a prime number. Enjoyable exceptional cases are n € P,
n =¢ 1 and (n =4 3 or n =g 5) (cf. [5, p. 42], [9, p. 133], [18, p. 287]). For
proceeding from the solutions over Z,e-1 to those over Z,. (p € P) cf, e.g., [1,
p. 182] or [19, p. 240/241].

4. Solutions of (1) for G = K*

We first put together some auxiliary facts for later purposes.

Remark 4.1. The rings Z, = Z/nZ = {0,...,n — 1} (n € N) and Zg :=
Z/0Z = 7 constitute the complete list of all prime rings of rings with identity
element 1; Zy = Z/1Z = {0} is the only trivial ring among them: 1 =0 in Z;.
The list of all prime fields consists of Q and all Z,, with n € P [7, pp. 108-109,
213].

Remark 4.2. For every set J and every n € N° there is exactly one way to make
the abelian group Zg[] ) (for this notation cf. the paragraph before Lemma 1.4)
into a free unitary Z,-module; for n = 1, z!) degenerates to {0}. All these
modules are dimensional in the sense that any two of their bases are of the

same cardinality, and one defines
dimg, Z) := card J (n € N°\ {1}), dimg, Z(l‘]) =0,

([3, p. 150-151]), also valid for J = (). For any fixed n € N°, dimy, M char-
acterizes the free Z,-module M up to isomorphism. The analogue holds for
Q-vector spaces.
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Lemma 4.3. (a) For K € {Q, Z,; n € N°}, the set End (K')) of additive
mappings f : K) — K) is precisely the set Hom g (K, K(V)) of K-
linear mappings from K into itself.

(b) If K is a commutative ring with identity 1 # 0 and £ € N, then, with
respect to every ordered basis ® of K¢, f € Hom g (K* K*) has a matriz
representation exactly as in the case of a scalar field: The basis ® induces
a K -algebra isomorphism Qg from Hom i (K*, K*) to the K -algebra K***
of all ¢ x {-matrices over K.

Proof. (a) K is a prime ring (field), and the homogeneity ring Hy := {« €
K; f(ax) = af(z) (Vo € K))} of every f € End (K()) is a subring of
K; if K is a field, so is Hy [13, Lemma 1]. As K has no proper subring
(subfield), we get Hy = K, so f is K-linear.

(b) [20, p. 293, Theorem 29.2]. O]

Lemma 4.4. If K is a commutative ring with 1 # 0, if £ € N, and if f €
Hom g (K*, K%, A:=Qq(f) € K¢, then

feSy(KY < A2—A+T=0 (M)
where I € K*™* is the identity matriz and 0 € K**¢ the zero matriz.
Proof. Since Hom x(K*, K*) C End (K*), (B5) implies f € So(K*) < (3)

f2—f+ige =0, and by Lemma 4.3(b) this latter is equivalent to A2 — A+1 =
0. O

Remark 4.5. By (M) the quadratic matrix equation

A2~ A+T1=0 (Ac K™ (eN), (3%)
where K is a commutative ring with 1 # 0, becomes of central importance.
The following consequences of (37) for A € K**¢ are easily established:
(a‘) A3 = 715
(b) A is invertible, A1 =1 — A,
(c) (A71)2—A"t+T=0,
(d) B e K***is invertible = (B~'AB)2 — B"'AB+1=0.
They reflect properties of solutions of (1)A(0): (a), (B4); (b), Theorem 2.5(a);
(¢c), Theorem 2.5(a); (d), [17, Remark 1.1(a)].

We consider Eq. (3’) now for some other class of rings than prime rings.
Lemma 4.6. For a commutative ring K with 1 and the property 2 :=14+1 €
U(K), for £ € N and A € K", the following statements are equivalent:

(i) A2—A+T1=0,

(i) (24 —1)? = -3I.

[Here K can be, e.g., Z, (n € N is odd, n > 1) or Q, but neither Z, (={0})
nor Z, (n € N° is even)].
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Proof. Since 2 € U(K), also 4 € U(K), and we have (i) A2 -~ A+1 =0«
AA? —4A+ 4T =0 442 —4A+ T = 31 & (i) (24 — I)? = —31. O

Remark 4.7. The equivalence of (i) and (ii) in Lemma 4.6 is based upon the
possibility of successfully completing the square and proceeding as in the clas-
sical case of a scalar quadratic equation over a field. For contrasting situa-
tions, where the matrices involved in the equation do not commute, cf. [8,
Section 3.2].

Lemma 4.8. If K is a totally ordered commutative ring with 1 and the property
2 € U(K), and if ¢ € N is odd, then there is no A € K*** such that A>~A+I =0.

Proof. Assume that there exists C € K** with C? = —3I. Then (cf. [11,
p. 166] and [21, p. 688,691]) 0 < (det C)? = det(C?) = det(—31) = (-3)* =
—3¢ <0, a contradiction. So C' cannot exist, and by Lemma 4.6, neither can A.
O
Several subsequent statements concern the case ¢ € N is odd. For even

¢ € N° we recall Lemma 1.4 where So(G*) # () is ensured.

Corollary 4.9. So(Q°) =0 for odd £ € N. (For £ =1 cf. [17, Example 2.13]).

Proof. Injectivity of wy : Q° — Q° and (BS8) imply So(Q%) € End (Q%) =Lemma
13(a) = Hom o(Qf, Q). Now (M) in Lemma 4.4 is available for K = Q, so
Sp(Q") = 0 follows from Lemma 4.8. O

Next we extend [17, Corollary 2.2] from R! to higher dimensions. In this
context, R (£ € N°) is supposed to be furnished with the unique R-linear
Hausdorff topology, i.e., the topology of, e.g., the euclidean norm on R [22,
p. 192, Theorem 1].

Theorem 4.10. If ¢ € N°, then

(a) Every continuous f € So(RY) is R-linear.

(b) For odd ¢ € N, there are no continuous functions in So(R").

(c) So(R?) # 0.

Proof. (a) Let f € So(R?) be continuous. Since wy : R — R’ is injective,
f € End (RY) by (B8). By [13, Lemma 1], f is Q-linear. Let z € RY, A\ € R
be arbitrary. Then there are o,, € Q (n € N) with oy, — A (n — o0). So
anx — Ax (n — o0). Continuity of f implies f(anz) — f(Ax) (n — o0). But
flanw) = ay, f(x) — Af(z). Uniqueness of limits in R ensures f(Ax) = \f(z).
Since z € R, X\ € R were arbitrary, f is R-homogeneous, so in the total R-
linear. (b) Assume that f were in Sp(R) and continuous. By (a) f would be
R-linear. (M) in Lemma 4.4 is available for K = R. By Lemma 4.8, f cannot
exist. (c¢) For every £ € N° R? is a Q-vector space of dimension 0 (for £ = 0) or
2% and the assertion follows from (5) in Lemma 1.4. By virtue of (b), So(R?)
consists of discontinuous functions if ¢ € N is odd. For ¢ = 1 cf. [2, p. 300,
Corollary 4]. O
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As a further essential contrast to Theorem 4.10(b) we have:
Lemma 4.11. For £ € N° there do exist continuous functions f in So(R?").

Proof. For £ = 0 we have f := 0 € So({0}). For £ = 1 we take f; € Sp(R?)
given by (4) in Lemma 1.3, and for £ > 2 the ¢-fold direct sum f; & --- @ f1 of
f1 with itself, which is in Sp(R?*) by [17, Lemma 2.3(a)]. All these functions
are R-linear and, since R?¢ is finite-dimensional over R, continuous. O

Corollary 4.12. For every { € N there are continuous functions in So(C).
(For £ =1 c¢f. [2, p. 301, Corollary 5]).

Proof. The isomorphism of topological groups ¢ : R* = C¢, ¢ : (£1,...,&,

My-.yne) — (&1 + in1,...,& + ine) transforms continuous functions f in
Sp(IR?%) into continuous functions g = o fop™!in S5 (CY) [17, Remark 1.1.(a)].
The assertion follows from Lemma 4.11. O

Finally, we deal with the problem of existence of solutions of (1) for G = Z,
(ne N ¢ eNO).

Lemma 4.13. So(Z%) = () (V¢ € N is odd). (Remember 7. = Zy). (For £ = 1
cf. [17, p. 192, Example 2.7] ).

Proof. Let £ € N be odd and assume f € So(Z%). Injectivity of wy : Z¢ — Z°
and (B8) imply f € End (Z*). By Lemma 4.3(a) f € Homz(Z¢ Z*), and by
Lemma 4.4 there exists A € Z with A2 — A+ 1 = 0. We put A = (),
B = (Bij) == A2 — A+ I. For every i € {1,....0}, By = >, Qijagi — ag; +
1= af + 3, aijagi — aig + 1. Now 35,50 agjags = 30,(30, - cujagi +
Zj>iaijaﬁ) = Zi,j;j<iaijaji + Zi,j;j>iaijaji = 22i,j;j<iaijaﬁ € 2Z,
furthermore a?i — oy € 2Z,s0 tr B =), 3 € 2Z + ¢, and the oddness of ¢
prevents tr B from being 0, a contradiction to B = 0. So f cannot exist, and
the assertion holds. O

Lemma 4.14. So(Z%) =0 (Vn € N is even, V¢ € N is odd). (For £ =1 cf. [17,
Corollary 2.11]; Lemma 4.13 is the case n =0).

Proof. 7! [2]* := {x € Z!; ordx = 2} consists of all /-tuples of elements 0 and

n?

n/2 of Z,, except (0,...,0) (£ times). Therefore
card Z! [2]* = 2° — 1. (25)

Assume that f € So(Z¢). By Lemma 1.2, f(Z%[2]*) C Z![2]*, and the bijec-
tivity of f (Lemma 1.1) enforces f(Z![2]*) = Z[2]*. By Lemma 1.5(b)

Py =z (v ezt (26)
There is no y € Z4[2]* with f2(y) = y: Otherwise f2(y) =@¢)= [3(y), so by
the bijectivity of f: y = f(y), in contradiction to y # 0, f(0) = 0 and [17,
Lemma 2.4]. So f has no 2-cycle in Z/ [2]* and by (26) no 6-cycle in Z! [2]*. By
Lemma 2.1(c), f has therefore only 3-cycles in Z![2]*, so by (25) 3|(2° — 1).
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But since £ is odd, say £ =2v+1 (Jv € NY), 20 -1 =22+l 1 =4v.2 1 =4
2 — 1 = 1, which is a contradiction. So f cannot exist, and the assertion
holds. 0

[For even £, we do have 3|(2¢ — 1), so that the latter contradiction does not
arise, as it must be by (5) in Lemma 1.4.]

Lemma 4.15. If n € N and ¢ € N are odd and if there exists d € N with d|n
and d =¢ 5, then So(Z%) = 0.

Proof. By the hypothesis on d and Remark 3.1(a), n has a prime divisor p =g 5.

For H := () - Zy we have H = Zy[p] := {{ € Zy; p§ = 0} and card H = p

(16, p. 34, Exercise 4]). Since p € P, we have moreover H = {0} UZ,[p]*, and
H*[p]* consists of all /-tuples of elements of H except (0,...,0) (¢ times), so

card H[p]* = p* — 1. (27)

Assume that f € So(Z). By Lemma 1.2 f(H’[p]*) ¢ H*[p]*, and the bijec-
tivity of f (Lemma 1.1) guarantees that f(H*[p]*) = H*[p]*. Since pH* = {0}
and 2/p, 3/p, Corollary 2.4(ii) ensures that H*[p]* consists of 6-cycles only.
Therefore by (27) 6/(p® —1). On the other hand, since p =¢ 5 and ¢ is odd, say
(=2u+1 (JueN?, wehave p! —1=p?*t —1=p>p—1=¢p—1=¢4,
a contradiction. So f cannot exist, and the assertion holds. O

(For even ¢, p’ —1 =¢ 0, so that no contradiction occurs, as it must be by
Lemma 1.4).

The singular role of the prime number 3 (cf. (13)) requires a special proce-
dure in the investigation of So(Z4,) for k € N, k > 2. Lemma 4.16 was inspired
by [12].

Lemma 4.16. For odd { € N, a € Z, p € P, pla, p*/a, k € N, k > 2 there
is no X € 72 with X? = al (mod p*), where I € Z*** is the identity
matriz. (U=V (mod p*) for U,V € Z*** means that [U);; =, [V]i; for all
i,j€{1,...,0}).

Proof. We first note that

if B € Z* m € Z, B =pmlI (mod p?), then there exists Q € Z***
such that B = pQ and Q = mI (mod p).

pla implies the existence of m € Z with a = pm, and p?/a enforces a # 0.
Therefore m # 0, so ged(m,p) € {1,p}; but ged(m,p) = p would mean p|m,
so p?|mp, i.e., p?|a, contradicting the hypothesis. So

ged(m, p) = 1. (29)
Suppose that there exists X € Z** with X2 = al (mod p?), i.e., X? = pml
(mod p?). By (28) there exists Q € Z*** with X2 = pQ and Q = mI (mod p).
Therefore

(28)

det Q =, det(mlI) =, m". (30)
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(29) implies ged(m®, p) = 1, so by (30)
ged(det @, p) = 1. (31)

Clearly p‘|det(pQ). Assume p‘*!|det(pQ), say p*lv = det(pQ) = p’det Q,
i.e., pv = det Q, i.e., p| det @, a contradiction to (31). Therefore, since X2 = pQ
and det(X?) = (det X)?,

p|(det X)* and p“t!)(det X)% (32)

By the second formula of (32), (det X)? # 0, and the oddness of ¢ makes (32)
impossible. So

there is no X € Z** with X? = al (mod p?), (33)

and since p?|p*, (33) implies the assertion of Lemma 4.16. O

Lemma 4.17. For odd¢ € N, k € N, k > 2 there isno C € Zé:l with C? = =31,

where I € Zg:z is the identity matriz.

Proof. Every element « of Zgx (= Z/3*Z) is of the form o’ + 3*Z with o’ € Z,

and in every set a’ + 3FZ there is exactly one a € {0,..., 3k — 1}; we define
Yl — L, Y:d +32+—a. (34)

If 7 : Z — Zsx is the canonical ring epimorphism, then 7 o ¢ = 17,80 Y is a
lifting for Zsi. The following properties of 1 are easily established:

P(0+35Z) =0, »(1+37) =1, (35)
Yot B) =z (o) +9(8) (Yo, B € Zge), (36)
V(- B) =z () - P(B) (Yo, B € Zar), (37)
(Yom)(a) =3x a (Ya €Z). (38)

We assume on the contrary that there exists C' = (v;;) € ngf with C2? =
—31. A useful notationis L := {m € N; 1 <m < /}. From C : LX L — Z3. we
construct X : LxL — Z by X = (&;) :=¢oC,ie. & =¥(vi;) (V(4,j) € Lx
L). For arbitrary (i,j) € L x L we get [X?];; = > [ X]w[X]v; = >, &y =
2L V(i) - Y (wg) =@e)en=se Y2, Yws) = ((C%y) = ([=31]y) =
P(—368;; +3%7) =(35),(38) =3+ —30;5. Since (4, j) € L x L was arbitrary, we have
X2 = —3I (mod 3%), and because £ is odd, a = —3, p = 3, pla, p*/a, and
k€N, k > 2, Lemma 4.16 denies the existence of such an X in Z**¢. So C
cannot exist either. O

Lemma 4.18. For odd { € N, k € N, k > 2, we have So(Z4.) = 0.

Proof. Zsi is a commutative ring with 1, and 2 € U(Z3+). By Lemma 4.17
there is no C € ngz with C? = —31, so by Lemma 4.6

there is no A € Z{" with A> — A+ 1 =0. (39)
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Assume that f € So(ng). Injectivity of ws : ng — ng and (B8) imply
f € End (Z%,). By Lemma 4.3(a) f € Homg,, (Z&, Z%:), and by Lemma 4.4
there exists A € Zg:l with A2 — A + I = 0, which is a contradiction to (39).

So f cannot exist, i.e., the assertion holds. O

Remark 4.19. Because 0 ¢ M, 2NNM = ), {n € N; 3d € N, dJn, d =4
50NM =0, 3% ¢ M (k €N, k>2) (cf. (13)), Lemmas 4.13, 4.14, 4.15, and
4.18 confirm, for £ = 1, Theorem 3.2.

Theorem 4.20. For n,¢ € N° we have (i) So(Zf) = 0 < (i) ¢ is odd and

Proof. (i) = (ii). If £ were even, then by Lemma 1.4 So(Z¢) # (), contradicting
(i). So ¢ is odd. Assume n € M. Then by Theorem 3.2, So(Z,,) # 0, so by [17,
Lemma 2.3(a)] So(Z:) # 0, which is impossible. Therefore n ¢ M.

(i) = (i). Let ¢ be odd and n ¢ M. Case 1: n € 2N°. Then (i) holds by
Lemma 4.13 or 4.14. Case 2: n is odd. By (13)

Case 2a: 3d € N with d|n, d =¢ 5 and/or

Case 2b: dk € N with k& > 2, 3k|n.

In Case 2a, (i) holds by Lemma 4.15.

In Case 2b, So(Z%,) = 0 by Lemma 4.18. Without loss of generality, let k > 2
such that 3¥*1fn. Then there exists ¢ € N with n = 3¥¢ and ged(3%,q) = 1.
It follows that Z, = Zax x Zg, hence Zf, = (Zsr x Zg)" = Z£, X Zf;. Assume
So(Zt) # 0. By Lemma 2.10(a) we obtain So(Z5.) # 0, a contradiction to
Lemma 4.18. Therefore So(Z") = 0, i.e., (i) holds. O

References

[1] Bachmann, P.: Niedere Zahlentheorie. Teubner, Leipzig (1902)
[2] Balcerowski, M.: On the functional equation = + f(y + f(z)) =y + f(z + f(y)). Aequ.
Math. 75, 207-303 (2008)
[3] Bourbaki, N.: Eléments de Mathématique, Livre II: Algebre. chapitre 2. Her-
mann, Paris (1962)
[4] Hardy, G.H., Wright, E.M.: An Introduction to the Theory of Numbers, 5th edn. Claren-
don Press, Oxford (1979)
[5] Hua, L.K.: Introduction to Number Theory. Springer, New York (1982)
[6] Jacobson, N.: Lectures in Abstract Algebra, vol. I. Van Nostrand, Princeton (1966)
[7] Jacobson, N.: Basic Algebra I. Freeman, New York (1985)
[8] Jivulescu, M.A., Napoli, A., Messina, A.: Elementary symmetric functions of two sol-
vents of a quadratic matrix equation. Rep. Math. Phys. 62, 369-387 (2008)
[9] Lehmer, D.H.: Computer technology applied to the theory of numbers. In: Studies in
Number Theory, pp. 117-151. The Mathematical Association of America (1969)
[10] LeVeque, W.J.: Topics in Number Theory, vol. I. Addison-Wesley, Reading (1965)
[11] MacLane, S., Birkhoff, G.: Algebra. Macmillan, New York (1968)
[12] Pall, G., Taussky, O.: Scalar matrix quadratic residues. Mathematika 12, 94-96 (1965)
[13] Rétz, J.: On the homogeneity of additive mappings. Aequ. Math. 14, 67-71 (1976)



186 J. RATZ AEM

[14] Rétz, J.: On the functional equation = + f(y + f(z)) = y + f(z + f(y)), II. Report of
meeting. Aequ. Math. 84, 301-302 (2012)

[15] Rétz, J.: On the functional equation = + f(y + f(z)) =y + f(z + f(y)), IIL. Report of
meeting. Aequ. Math. 86, 305 (2013)

[16] Réatz, J.: On the functional equation = + f(y + f(z)) =y + f(z + f(y)), IV. Report of
meeting. Aequ. Math. (to appear)

[17] Réatz, J.: On the functional equation z + f(y + f(z)) = y + f(z + f(y)). Aequ.
Math. 86, 187200 (2013)

[18] Riesel, H.: Prime Numbers and Computer Methods for Factorization. Birkh&user,
Boston (1985)

[19] Sierpiniski, W.: Elementary theory of numbers (A. Schinzel, ed.). Polish Scientific Pub-
lishers, Warszawa (1987)

[20] Warner, S.: Modern Algebra, vol. I. Prentice-Hall, Englewood Cliffs (1965)

[21] Warner, S.: Modern Algebra, vol. II. Prentice-Hall, Englewood Cliffs (1965)

[22] Wilansky, A.: Functional Analysis. Blaisdell, New York (1964)

Jirg Ratz

Mathematisches Institut der Universitiat Bern
Sidlerstrasse, 3012 Bern

Switzerland

e-mail: math@math.unibe.ch

Received: April 14, 2014



	On the functional equation x+f(y+f(x)) = y+f(x+f(y)), II
	Abstract
	1. Introduction, notation and preliminaries
	2. Further general properties of solutions of (1)
	3. Solutions of (1) for G=mathbbZn
	4. Solutions of (1) for G=Kell
	References


