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Let M be a closed symplectic manifold and L ¢ M a Lagrangian submanifold. Denote
by [L] the homology class induced by L viewed as a class in the quantum homology
of M. This paper is concerned with properties and identities involving the class [L] in
the quantum homology ring. We also study the relations between these identities and
invariants of L coming from Lagrangian Floer theory. We pay special attention to the

case when L is a Lagrangian sphere.

1 Introduction and Main Results

Let M?" be a closed symplectic 2n-dimensional manifold. Assume further that M is
monotone with minimal Chern number Cj; (see Section 2.1 for the definitions). Denote by
QH (M) the quantum homology of M with coefficients in the ring Z[g], where the degree
of the variable q is |q| = —2. Denote by * the quantum product on QH (M) and for a class
ae QH(M), ke N, we write a** for the k'th power of a with respect to this product.

Let SC M be an oriented Lagrangian n-sphere. Denote by [S]l€ QH,(M) the
homology class represented by S in the quantum homology of M. Our first result shows

that [S] always satisfies a cubic or quadratic equation of a very specific type.
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Theorem A.

(1)
(2)

If n=o0dd, then [S] % [S] = 0.

Assume n= even. Then:

(i) If Cyln, then there exists a unique ys € Z such that [S]*® = ys[Slg™ If
we assume in addition that 2Cy; } n, then ys is divisible by 4, while
if 2Cy|n, then ys is either O(mod 4) or 1(mod 4).

(ii) If Cy fm, then [S]*® =0. O

The proof of Theorem A, given in Section 3.2, follows from a simple argument

involving Lagrangian Floer homology. The cases (1) and (2ii) are particularly simple,

whereas case (2i) splits into two sub-cases:

(2i-a)
(2i-b)

CM|TZ, but ZCM,}/TL

We will see below that out of these two sub-cases the most interesting is (2i-a). In that

case the constant ys has other interpretations coming from Floer theory and enumerative

geometry of holomorphic disks. These will be explained in detail in the sequel.

Remarks.

(1)

(2)

When n is even it is easy to see that [S] € H,(M) is neither 0 nor a torsion
class. Therefore, in that case ys is uniquely determined.

Points (1) and (2ii) of the theorem cover the symplectically aspherical case
(i.e., [@]lz,@an = 0) if we set Cy = oco. Of course, the statement in that case is
completely obvious.

A version of Theorem A also holds in the non-monotone case for Lagrangian
2-spheres, the precise statement can be found in Section 8.

Theorem A continues to hold also when S is a Z-homology sphere, except
possibly when 2Cy|n. The difference between the case 2Cy|n and the oth-
ers is that in that case [S] a priori satisfies only the cubic equation (1) from
Theorem B. For the vanishing of the coefficient of [S]*? we will use the Dehn
twist along S (see Corollary C and the short discussion after it), hence we
need to assume that S is diffeomorphic to a sphere. At the same time, we
are not aware of interesting computable examples where S is a Z-homology

sphere yet not a genuine sphere. O
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For the rest of the introduction, we concentrate on case (2i-a) and its possible
generalizations. Assume from now on that L C M is a Lagrangian submanifold (not nec-
essarily a sphere). Denote by HF,(L, L) the self-Floer homology of L with coefficients
in Z. See Section 2 for the Floer theoretical setting. In what follows, we will recurringly

appeal to the following set of assumptions or to a subset of it:

Assumption .Z.

(1) L is closed (i.e., compact without boundary). Furthermore, L is monotone
with minimal Maslov number N; that satisfies N | n (see Section 2.1 for the
definitions). Set v =n/Ny.

(2) L is oriented. Moreover, we assume that L is spinable (i.e., can be endowed
with a spin structure).

(3) HFy(L, L) has rank 2.

(4) Write x = x (L) for Euler-characteristic of L. We assume that x #0. |

Note that conditions (1) and (2) together imply that n= even, since orientable
Lagrangians have N, = even. Independently, conditions (2) and (4) also imply that
n=even. As we will see later there are many Lagrangian submanifolds that satisfy
Assumption .£—for example, even-dimensional Lagrangian spheres in monotone sym-
plectic manifolds M with 2Cy|n. See Sections 1.3 and 5 for more examples.

Unless otherwise stated, from now on we implicitly assume all Lagrangian sub-

manifolds to be connected.

1.1 The Lagrangian cubic equation

Here we need to work with Q as the base ring. Denote by QH (M; Qlg]) the quantum
homology of M with coefficients in the ring Q[qg]. Given an oriented Lagrangian subman-
ifold L ¢ M denote by [L] € QH,(M; QIq]) its homology class in the quantum homology of
the ambient manifold M. We will also make use of the following notation & = (—1)™""1/2,

Our first result is the following.

Theorem B (The Lagrangian cubic equation). Let L C M be a Lagrangian submanifold
satisfying Assumption .. Then there exist unique constants oy, € %Z, 1L € %Z such that
the following equation holds in QH (M; QIql):

[L]*® — exoL[L]1*2q"V? — x%1[L]1q"=0. (1)
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If x is square-free, then o;, € 27 and 1, € 4 Z. Moreover, the constant o, can be expressed
X X

in terms of genus 0 Gromov-Witten invariants as follows:

1
a1 =FZGWX3<[L1, (L], [LD), (2)
A

where the sum is taken over all classes A € Hy(M) with (c;, A) =n/2. O

In Section 3, we will prove a more general result concerning a Lagrangian sub-
manifold L and an arbitrary class c € H,(M) which satisfies c¢- [L]# 0. We will prove that
they satisfy a mixed equation of degree 3 involving [L] and c. Equation (1) is the special
case c=|[L].

Here is an immediate corollary of Theorem B:

Corollary C. Let L C M be a Lagrangian submanifold satisfying Assumption .. Assume
in addition that there exists a symplectic diffeomorphism ¢ : M — M such that ¢, ([L]) =

—[L]. Then o7 =0, hence Equation (1) reads in this case:
[L]*® — 2t [Llg"=0. a

When L is a Lagrangian sphere in a symplectic manifold M with 2Cy|n then
point (2i) of Theorem A follows from Corollary C. Indeed, we can take ¢ to be the Dehn
twist along L. The Picard-Lefschetz formula (see, e.g., [2, 23]) gives ¢, ([L]) = —[L] since
n=dim L is even and xy =2. Corollary C then implies that o; =0 (and we have y; =47z).

Note that in this case we have 1; € }LZ.

Proof of Corollary C. Applying ¢, to Equation (1) and comparing the result to (1) yields
exor[L]*? = 0. Since x # 0 it follows that o7 [L]*> =0. But [L]- [L] =ex #0, hence [L]*? # 0.
This implies that o7 = 0. n

1.2 The discriminant

Let Abe a quadratic algebra over Z. By this we mean that A is a commutative unital ring
such that Z embeds as a subring of A, Z — A, and furthermore that A/Z=7Z. Thus the
underlying additive abelian group of Ais a free abelian group of rank 2. Pick a generator

pe A/Z so that A/Z =Zp. We have the following exact sequence:
0—7Z— A5 Zp—s0, (3)

where the first map is the ring embedding and ¢ is the obvious projection. Choose a lift
x e Aof p, thatis, e(x) = p. Then additively we have A= Zx @ Z. With these choices there
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exist o (p, x), T(p, X) € Z such that
X =o(p,x)x+ 1(p, X).

The integers o (p, x), 7(p, x) depend on the choices of p and of x. However, a simple cal-

culation (see Section 2.5.1) shows that the following expression:
Apgi=0(p,x)?+41(p,x)eZ (4)

is independent of p and x, hence is an invariant of the isomorphism type of A. In fact,
in Section 2.5.2 we show that A, determines the isomorphism type of A. We call A, the

discriminant of A.
Remarks.

(1) Another description of A, is the following. Write Aas A= Z[T1/(f(T)), where
f(T) € ZIT] is a monic quadratic polynomial. Then A, is the discriminant of
f(T) (and is independent of the choice of f(T)). In particular, A¢c:=A® C is
semi-simple iff A4 #0.

(2) When A, is not a square Ag := A® Q is a quadratic number field. The dis-
criminant A, is related to the discriminant of Ag as defined in number
theory.

(3) It is easy to see from (4) that the only values A,(mod 4) can assume are 0
and 1. O

Let L be a Lagrangian submanifold satisfying conditions (1)-(3) of Assumption .
and choose a spin structure on L compatible with its orientation. Consider A= HFy,(L, L)

endowed with the Donaldson product
x:HF (L, L) HF(L,L) — HF,(L,L), a®b+—— axb.

Recall that A is a unital ring with a unit which we denote by e, € HF,(L, L). The
conditions (1)-(3) of Assumption . ensure that A is a quadratic algebra over Z. (In
case A has torsion we just replace it by A/T, where T is its torsion ideal.) Denote
by A the discriminant of A, AL := A, as defined in (4). (We suppress here the depen-
dence on the spin structure, as we will soon see that in our case A; does not depend
on it.)

The following theorem shows that the discriminant A; depends only on the
class [L] € QH,(M) and can be computed by means of the ambient quantum homology
of M.
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Theorem D. Let L C M be a Lagrangian submanifold satisfying Assumption .Z. Let

o1, 7z € Q be the constants from the cubic equation (1) in Theorem B. Then
AL =0f + 41, O
The proof appears in Section 3.

Remarks.

(1) Warning: The pair of coefficients oz, 7, and o(p, x), 7(p, x) should not be
confused. The first pair is always uniquely determined by [L] and can be
read off the ambient quantum homology of M via the cubic equation (1).
In contrast, the second pair o(p, x), T(p, x) is defined via Lagrangian Floer
homology and strongly depend on the choice of the lift x of p. For exam-
ple, we have seen that if L is a sphere, then o; =0, but as we will see later
(e.g., in Section 4) for some (useful) choices of x we have o (p, x) # 0. Addition-
ally, o(p, ), 7(p, x) € Z while o1, 17 € Q. Still, the two pairs of coefficients are
related in that o (p, x)? + 41(p, X) = 07 + 411, = Aj,.

As we will see in the proof of Theorem D, the coefficients oy, 11
do occur as o(p, x), T(p, Xp) but for a special choice of x, which however
requires working over Q.

(2) A different version of the discriminant A; was previously defined and stud-
ied by Biran and Cornea [15]. In that paper the discriminant occurs as an
invariant of a quadratic form defined on H,_;(L) via Floer theory. In the case
L is a two-dimensional Lagrangian torus the discriminant from [15] and A,
as defined above, happen to coincide due to the associativity of the product
of HF,(L, L). Moreover, in dimension 2, A; has an enumerative description
in terms of counting holomorphic disks with boundary on L which satisfy
certain incidence conditions. This description continues to hold also for
two-dimensional Lagrangian spheres with N; =2 (or more generally for all
two-dimensional Lagrangian submanifolds satisfying Assumption .¥) and
the proof is the same as in [15].

(3) Since oz, 1, do not depend on the spin structure chosen for L (although
o (p, x) and 7(p, x) do) it follows from Theorem D that A; does not depend on
that choice either. As for the orientation on L, if we denote L the Lagrangian
L with the opposite orientation then it follows from Theorem B that o; = —oy,

and t; = tz. In particular, A; = Ay. O
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The next theorem is concerned with the behavior of the discriminant under

Lagrangian cobordism. We refer the reader to [16] for the definitions.

Theorem E. Let L;,...,L, C M be monotone Lagrangian submanifolds, each satisfy-
ing conditions (1)-(3) of Assumption .. Let V! c R? x M be a connected monotone
Lagrangian cobordism whose ends correspond to Ly, ..., L, and assume that ¥V admits

a spin structure. Denote by Ny the minimal Maslov number of V and assume that:

(1) Hjpn,(V,9V)=0 for every j;
(2) Hitjn, (V) =0 for every j.

Then Ay, =---=Aj,. Moreover, if r > 3, then A;, is a perfect square for every i. [l
The proof is given in Section 4. As a corollary, we obtain the following.

Corollary F. Let (M, ) be a monotone symplectic manifold with 2Cy, | n, where Cy, is the
minimal Chern number of M. Let L,, L, C M be two Lagrangian spheres that intersect
transversely at exactly one point. Then A, = Az, and moreover this number is a perfect

square. (]

We will in fact prove a stronger result in Section 4.1 (see Corollary 4.3).

1.3 Examples

We begin with a topological criterion that assures that condition (3) in Assumption .¥
is satisfied. This provides us with examples of Lagrangian submanifolds to which the

theory applies.

Proposition G. Let L C M be an oriented Lagrangian submanifold satisfying condi-

tion (1) of Assumption .#. Assume in addition that:

(1) [L]#0 e Hy(M; Q) (this is satisfied, e.g., when x (L) # 0).
(2) Hjy,(L)=O0forevery0<j<v.

Then condition (3) in Assumption .Z is satisfied too. In particular, Lagrangian spheres L
that satisfy condition (1) of Assumption .Z satisfy the other three conditions in Assump-
tion .Z. |

The proof appears in Section 2.3.

We now provide a sample of examples. More details will be given in Section 5.
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Table 1. Classes representing Lagrangian spheres and their

discriminants
(L] AL AL
M, +(E1 — E2) 5 -1
Ms +(E; — Ej) 4 2
+(H — E; — Ey — E3) -3 -3
My +(E; - Ej) 1 -3
+(H - E; — Ej — E}) 1 -3
Ms +(E; — Ej) 0 —4
+(H—-E;—Ej — Ep 0 —4
Mg +(E; — Ej) 0 —6
+(H—-E;—Ej — Ep) 0 —6
+(2H — Ey — --- — Eg) 0 -6

1.3.1 Lagrangian spheres in blow-ups of CP?

Let (Mg, wx) be the monotone symplectic blow-up of CP? at 2 <k <6 points. We nor-
malize w so that it is cohomologous to c¢;. Denote by H € H, (M) the homology class of
a line not passing through the blown up points and by Ei, ..., Ex € Hy(My) the homol-
ogy classes of the exceptional divisors over the blown up points. With this nota-
tion the Poincaré dual of the cohomology class of the symplectic form [wi] € H?(My)

satisfies

The Lagrangian spheres L C M lie in the following homology classes (see

Section 5.1 for more details):

(1) For k=2: £(E, — Ey).

(2) For3<k<b5:+(E;—Ej;),i<j,and+(H - E; — E; — E)) withi< j<l.

(3) For k=6, we have the same homology classes as in (2) and in addition the
class +(2H — E; — --- — Eg).

Note that all these Lagrangian spheres satisfy Assumption .# since Ny = 2.
The discriminants of these Lagrangian spheres are gathered in Table 1, the
detailed computations being postponed to Section 5. The column under A; will be

explained in Section 2.4.
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The Lagrangian spheres in the three homology classes E; — E;, i < j, of M3 all
have the same discriminant. This can also be seen by noting that one can choose three
Lagrangian spheres L;, L,, L3, one in each of these homology classes so that every pair of
them intersects transversely at exactly one point. The equality of their discriminants (as
well as the fact that they are perfect squares) follows then by Corollary F. We elaborate

more on these examples in Section 5.

1.3.2 Lagrangian spheres in hypersurfaces of CP"™!

Let M?" C CP™! be a hypersurface of degree d <n+ 1 endowed with the induced sym-
plectic form. By the assumption on d, M is monotone (in fact Fano) and the minimal
Chern number is Cyy =n+ 2 — d. Note that when d> 2, M contains Lagrangian spheres.
Assume further that n> 3, and d> 3. Let L C M be a Lagrangian sphere, hence [L] belongs
to the primitive homology of M (see [29, 53]). Using the description of the quantum
homology of M from [19, 27] we obtain [L]** = 0.

Whenever n is a multiple of 2Cy =2(n+ 2 — d) the Lagrangian spheres L C M
satisfy Assumption .Z, hence the discriminant is defined and we obtain A; =0.

Consider now the case d= 2, that is, M is the quadric of complex dimension n,
and let SC M be a Lagrangian sphere. We have Cy; =n, so case (2i) of Theorem A applies.
If n=o0dd, then H,(M) =0, hence [S] =0. If n= even, then from the quantum product in
the quadric we obtain

n(n-

[S]*B — (_1) ;1>+14[S]qn.

More details on all the above calculations are given in Section 5.

Organization of the paper. The rest of the paper is organized as follows. In
Section 2, we briefly recall the necessary ingredients from Lagrangian Floer and quan-
tum homologies used in the sequel. In Section 2.5, we also give more details on the
discriminant. Section 3 is devoted to the Lagrangian cubic equation. We prove in that
section more general versions of Theorems B and D. Then in Section 3.2 we prove
Theorem A. We also prove in Section 3.3 additional corollaries derived from these theo-
rems. In Section 4, we study the discriminant in the realm of Lagrangian cobordism and
prove Theorem E and Corollary F. Section 5 is dedicated to examples. We briefly explain
how to construct Lagrangian spheres in various homology classes on symplectic Del
Pezzo surfaces and carry out the calculation of the discriminants of those Lagrangians.
We discuss some higher-dimensional examples too. In Section 6, we explain an exten-

sion of the discriminant and the Lagrangian cubic equation over a more general ring
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of coefficients that takes into account the different homology classes of the holomor-
phic curves that contribute to our invariants. In Section 7, we discuss the relation of the
discriminant to the enumerative geometry of holomorphic disks. Finally, in Section 8 we
consider the non-monotone case and state a version of Theorem A for not necessarily

monotone Lagrangian 2-spheres.

2 Lagrangian Floer Theory

Here we briefly recall some ingredients from Floer theory that are relevant for this paper.
These include Lagrangian Floer homology and especially its realization as Lagrangian
quantum homology (a.k.a pearl homology). The reader is referred to [14, 15, 25, 26, 45, 46]
for more details.

2.1 Monotone symplectic manifolds and Lagrangians

Let (M, w) be a symplectic manifold. Denote by c¢; € H2(M) the first Chern class of the
tangent bundle T(M) of M. Denote by HZS (M) the image of the Hurewicz homomorphism
wo(M) — Ho(M). We call (M, w) monotone if there exists a constant © > 0 such that

Ay =01,

where A, : Hy (M) — R is the homomorphism defined by integrating » over spherical
classes and I, is viewed as a homomorphism H; (M) — Z. We denote by Cy the positive
generator of the subgroup image I, C Z so that image I, = CyZ. If image I,, =0, we set
Cy=o00.

L C M a Lagrangian submanifold. Denote by HP (M, L) the image of the Hurewicz
homomorphism 7,(M, L) —> H,(M, L). We say that L is monotone if there exists a con-

stant p > 0 such that
Ay =pW,

where A, : HP (M, L) —> R is the homomorphism defined by integrating » over homology
classes and u : HP (M, L) —> Z is the Maslov index homomorphism. We denote by Ny, the
positive generator of the subgroup image u C Z so that image u = N Z.

Finally, denote by j: Hy (M) — HP (M, L) the obvious homomorphism. Then we
have u(j(A)) = 2I,, (A) for every A€ Hy(M). Therefore, if L is a monotone Lagrangian and
I, #0, then (M, w) is also monotone and we have Ny, | 2C . When 7, (L) = {1} we actually
have N; =2Cy.
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2.2 Floer homology and Lagrangian quantum homology

Let L C M be a closed monotone Lagrangian submanifold with 2 < N; < oco. Under the
additional assumptions that L is spin one can define the self-Floer homology HF (L, L)
with coefficients in Z. This group is cyclically graded, with grading in Z/N.Z.

From the point of view of this paper, it is more natural to work with Lagrangian
quantum homology QH(L) rather than with the Floer homology HF (L, L). This is justi-
fied by the fact that for an appropriate choice of coefficients we have an isomorphism of
rings QH(L) = HF (L, L). The advantage of QH (L) in our context is that it bears a simple
and explicit relation to the singular homology H(L) of L. For example, under certain cir-
cumstances (relevant for our considerations) and with the right coefficient ring, QH(L)
can be viewed as a deformation of the singular homology ring H(L) endowed with the
intersection product.

We will now summarize the most basic properties of Lagrangian quantum
homology. The reader is referred to [14, 15] for the foundations of the theory.

Denote by A =7Z[t"!, t] the ring of Laurent polynomials over Z graded so that
the degree of t is |t|=—N;. We denote by QH*(L) the Lagrangian quantum homol-
ogy of L with coefficients in Z and by QH(L; A) the one with coefficients in A. Thus
QH*(L) is cyclically graded modulo N; and QH(L; A) is Z-graded and N -periodic, that
is, QH;(L; A) = QH;_y, (L; A), the isomorphism being given by multiplication by ¢. And
we have QH;(L; A) = OHi#(mod N
the cyclic grading of QH*(L). Sometimes, when the context is clear we will write QH (L)
for QH(L; A).

The Lagrangian quantum homology has the following algebraic structures.

y(L), hence the grading on QH(L; A) is an unwrapping of

There exists a quantum product
QH;(L; A) @ QH;(L; A) — QH;yj n(L; A), oa® Br— ax*f,

which turns QH(L; A) into a unital associative ring with unity e; € QH,(L; A).

We now briefly recall relations between the Lagrangian and ambient quantum
homologies. Denote by R=7Z[q™!, q] the ring of Laurent polynomials in the variable g,
whose degree we set to be |g| = —2. Denote by QH(M; R) the quantum homology of M
with coefficients in R, endowed with the quantum product *. The Lagrangian quantum
homology QH(L; A) is a module over the subring QH(M; A) C QH(M; R), where A is
embedded in R by t+ g"/2. We denote this operation by

QH;(M; A) ® QH;(L; A) — QH;yj_on(L; A), a®@ar—— ax*a.



2580 P. Biran and C. Membrez

The reason for using the same notation * as for the quantum product on L is that the

module operation is compatible with the latter in the following sense:
ck (% p)=(cxa)*p= (=1 ID0lehy « (cx B), (5)

for every ce QH(M; A), o, 8 € QH(L; A). Note that the sign conventions in (5) are com-
patible with the standard sign conventions for the intersection product in singular
homology.

The proof of identity (5) has been carried out in [12, 14] over Z, (hence without
taking signs into account), and the same proof carries over in a straightforward way
over Z using [15]. Thus QH(L; A) is an algebra (in the graded sense) over QH (M; A).

There is also a quantum inclusion map
ir: QH;(L; A) — QH;(M; A),

which is linear over the ring QH(M; A), thatis, ir(c* o) = c*ir(«) for every ce QH (M; A)
and « € QH(L; A). An important property of iz, is that iz (e;) =[L], see [15].

Next there is an augmentation morphism
€:QH(L; A) — A,

which is induced from a chain level extension of the classical augmentation. The aug-

mentation satisfies the following identity, see [14]:
(PD(h), ir(a)) =€ (hxa) Vhe H (M), o€ QH(L; A), (6)

where PD stands for Poincaré duality and (-, -) denotes the Kronecker pairing extended
over A in an obvious way. Sometimes it will be more convenient to view the augmenta-

tion as a map

&.: QH(L; A) —> Ho(L; A) = Alpoint].

The augmentations ¢;, and ¢, descend also to QH#(L) and by slight abuse of notation we

denote them the same:
€, QH*(L) — Z, ¢&;:QH*(L) — Hy(L).

As mentioned earlier we will not really use Floer homology in this paper, but

Lagrangian quantum homology instead. The justification for replacing HF (L, L) by
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QH?*(L) is due to the PSS (Piunikhin-Salamon-Schwarz) isomorphism
PSS: HF,(L,L) — QH*(L).

This is a ring isomorphism which intertwines the Donaldson product and the quantum
product on QH#(L). A version of PSS works with coefficients in A too. For more details on
the PSS isomorphism, see [1, 7, 14, 20]. See also [30, 31] for the extension to Z-coefficients.

Finally, we remark that everything mentioned above in this section continues to
hold (with obvious modifications) also with other choices of base rings, replacing Z by
Q or C. For K =Q or C, we write Ax = K[t™!, ], Rx = K[g~!, gl for the associated rings of
Laurent polynomials and by HF (L, L; Ax), QH(L; Ag), and QH (M; Rg) the correspond-
ing homologies. Sometimes it will be useful to drop the Laurent polynomial rings Ax
and Rk and simply work with HF(L, L; K), QH(L; K), and QH(M; K). Another varia-
tion that will be used in the sequel is to replace Ax and Rx by polynomial rings (rather
than Laurent polynomials), that is, work with coefficients in A} = K[t] and R} = Klg].
See [13-15] for a detailed account on this choice of coefficients. When the base ring K
is obvious we will abbreviate Q" H(L) := QH(L; A}) and similarly for Q" H(M). (There
has been only one exception to this notation. In Section 1, we denoted by QH (M) the
quantum homology QH(M; R") in order to facilitate the notation, but henceforth we
will stick to the notation we have just described.) The homologies of the type Q™ H will
be called positive quantum homologies. Again, everything described above continues to
work for the positive versions of quantum homologies with one important exception:
the PSS isomorphism does not hold over A% (at least not for a straightforward version

of Floer homology).

2.3 Proof of Proposition G

The proof appeals to a spectral sequence for calculating Lagrangian quantum homology
which is rather standard in symplectic topology. For the sake of readability, we have
included in Section A.1 a summary of the main ingredients of this technique.

Let{E}, ;. d}
and the assumptions of Proposition G, we see that the E! terms of the sequence has the

be the spectral sequence described in Section A.1. By Theorem A.1

r=0

following form:
P EL,=HuL: Q) ® Po) & (Ho(L; Q) ® Py).
p+g=n
It now follows easily that the dimension of QH,(L; Ag) as a Q-vector space is at most 2.

We will now show that the dimension is exactly 2.
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We first claim that the unity is not trivial, e; #0 € QH,(L; Ag). To see this, con-
sider the quantum inclusion map i;, : QHu(L; Ag) — QH,(M; Rg) from Section 2.2. It is
well known [15] that iz (e;) =[L]. As [L] # 0 it follows that e;, # 0.

By Poincaré duality there exists a class ce€ H,(M; Q) such that c¢- [L] #0. Put x:=
cx e € QHy(L; Ag). From (6), we get that € (x) # 0. This implies that the two elements
xt™", e € QHy(L; Ag) are linearly independent. It follows that

dim QHy(L; Ag) = 2.

From the above, it now follows that the rank of OH,f (L) is 2. Finally, from the
PSS isomorphism we obtain that HF,(L, L) has rank 2.

2.4 Eigenvalues of ¢; and Lagrangian submanifolds

Let L C M be a closed spin monotone Lagrangian submanifold with QH(L; C) #0.
Assume in addition that N; =2. With these assumptions one can define an invariant
A1z € Z which counts the number of Maslov-2 pseudo-holomorphic disks u: (D, dD) —
(M, L) whose boundary w(dD) pass through a generic point pe L. The value of Ay turns
out to be independent of the almost complex structure as well as of the generic point
p. See [15] for more details. We extend the definition of A; to the case N > 2 by setting
AL =0.

Consider now the following operator:
P:QH(L; Ac)— QH(L; Ac), ar+——— PD(q) *«,

where PD stands for Poincaré duality. By abuse of notation we have denoted here by
¢ € H2(M; C) the image of the first Chern class of T(M) under the change of coefficients
map H?(M; Z) — H?(M; C).

The following is well known:

(1) If Ny =2, then P(x) = Aot for every « € QH(L; Acg).
(2) If N >2,then P=0.

For the proof of (1), see [5] for a special case (where the statement is attributed to folk-
lore, in particular also to Kontsevich and to Seidel) and [49] for the general case. As
for (2), it follows immediately from the fact that the restriction of ¢; to L vanishes,
clp =0¢€ H%(L; C), together with degree reasons.

Denote by Z; C QH(M; Rc) the image of the quantum inclusion map iy :
QH(L; Ac) — QH(M,; R¢). Note that 7y, is an ideal of the ring QH (M, Rc).
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Proposition 2.1. 7Z; #0 iff QH(L; Ac) #0 and in that case A; is an eigenvalue of the
operator
Q: QH(M; Rc) — QH(M; Rc), ar— PD(c)) xaq'.

Moreover, Z; is a subspace of the eigenspace of Q corresponding to the eigenvalue
Ar. In particular, if [L]1#0 e H,(M; C), then [L] is an eigenvector of Q corresponding
to )\L- O

Remark 2.2. Denote by Q' : QH(M; C) — QH(M; C) the same operator as Q but acting
on QH(M; C) instead of QH (M, Rc). Similarly, denote by Z; ¢ QH (M; C) the image of i;.
The statement of Proposition 2.1 continues to hold for Q" and Z;. Moreover, if [L]#0,
then

dim@ I}' > 2,

hence the multiplicity of the eigenvalue A with respect to the operator Q' is at least 2.
Indeed, [L]1=1iz(er) € Z}. Now take c e Hy(M; C) with ¢- [L]#0. As Z; is an ideal we have
cx[L]1€Z;. But cx[L]=#(c- [L])[point] + (other terms), hence c* [L] is not proportional
to [L]. (Here #(c - [L]) stands for the intersection number of ¢ and [L].) O

Proof of Proposition 2.1. Assume that QH(L; Ac) # 0. By duality for Lagrangian quan-
tum homology there exists x € QHy(L; Ac) with €1, (x) # 0. (See [14, Proposition 4.4.1]. The
proof there is done over Z, but the extension to any field is straightforward in view
of [15]).

From (6) (with h=[M] and « = x), it follows that if, (x) # 0, hence Z;, # 0. The oppo-
site assertion is obvious.

The statement about the eigenspace of Q follows immediately from the discus-
sion about the operator P and the fact that iy is a QH(M; R¢)-module map.

Finally, note that [L] € 7; since [L]1=1i;(ez). |

The following observation shows that the eigenvalues corresponding to different

Lagrangians coincide under certain circumstances.

Proposition 2.3. Let L, L’ C M be two closed monotone spin Lagrangian submanifolds.
Assume that [L]-[L] 0. Then A; = Ap. O

Proof. We view [L], [L'] as elements of QH,(M; C). We have

PD(cy) * ([L] % [L']) = (PD(cy) * [L]) * [L'] = Az [L] + [L'].



2584 P. Biran and C. Membrez
At the same time, since |PD(c;)| = even we also have
PD(c;) * (L] % [L']) =[L] % (PD(c;) *[L']) = Ap/[L] % [L'].

Since [L] - [L'] #0 we have [L] x [L'] # 0 and the results follows. |

2.5 More on the discriminant
2.5.1 Well-definedness

We start with showing that the discriminant, as defined in Section 1.2, is independent of
the choices of p and x. We first fix p and show independence of its lift x. Indeed, if y is

another lift of p, then y=x+ r for some r € Z. A straightforward calculation shows that
o(p.p=0(p.x)+2r, ©(p.Y=1(p.x)—o(p.xr 1"
Another direct calculation shows that
o(p.y)* +41(p.y) =0(p. 0" + 47(p. X).

Assume now that p' € A/Z is a different generator. We then have p' = —p and so we can

choose x¥' = —x as a lift of p'. It easily follows that
o(p,x)=-0(p,x), t(p,x)=1(p, x),

hence again o (p/, )% +41(p, ¥) =0 (p, x)? + 41(p, Xx).

2.5.2 The discriminant determines the isomorphism type of a quadratic algebra

Lemma 2.4. Let A and B be two quadratic algebras over Z. Then A is isomorphic to B if
and only if Ay = Ap. O

Proof. Fix group isomorphisms
A=Z®7Zx, B=Z®ZX,

where x€ A, ¥ € B and write xX>=0x+ 1, X>=0'x+ 1t/ with o0,0’, 1, v’ € Z. Define two

quadratic monic polynomials with integral coefficients:
fX)=X*-0cX—-1, gX)=X*>-0'X-17.

The map Z[X] — A, induced by X+— x, descends to a map Z[X]/(f(X)) — A which

is easily seen to be an isomorphism or rings. In a similar way, we obtain a ring
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isomorphism Z[X]/(g(X)) = B. Note that A, is equal to the discriminant of f and Ap
to the discriminant of g.

Assume that A= B. It is easy to see that all the ring isomorphisms Z[X]/( f(X)) =
ZIX1/(g(X)) are induced by X+— +X + r, where r € Z. It follows that g(X) = f(£X +71r)
for some r € Z and thus f and g have the same discriminants, hence A, = Ap.

Conversely, assume that A4 = Ap. Then
o? +4r=0"+ 47,

hence o and o’ have the same parity. Set r = (0 — ¢’)/2 € Z and consider the ring homo-
morphism ¢:Z[X] —> Z[X] induced by X — X —r. A simple calculation shows that
o(f) =g, hence it descends to ¢ : Z[X]/( f(X)) — Z[X]/(g(X)). It is easy to see that ¢ is
invertible. ]

2.5.3 A useful extension over other rings

Let A be a quadratic algebra over Z as described in Section 1.2. Let K be a commutative
ring which extends Z, that is, we have Z C K as a subring. For simplicity, we will assume
that K is torsion-free. We will mainly consider K =Q or K =C. Write Ax = AQ® K.

For practical purposes it will be sometimes useful to calculate A, using Ag
rather than via A itself. This can be done as follows. From sequence (3), we obtain the

following exact sequence:
0— K —> Ax — Kp—> 0, (7)

where as before, ¢ is the projection to the quotient and p stands for a generator of
A/Z C A /K. Pick a lift x€ Ax of p and define o(p, x), t(p, x) by the same recipe as in
Section 1.2, only that now these two numbers belong to K rather than to Z. A simple
calculation, similar to Section 2.5.1 shows that we still have A4 =0 (p, x)? + 417(p, x) (and

of course despite the calculation being done in K we still have A4 € Z).

Remark 2.5. It is essential here that the generator p is integral, that is, that pe Ax/K
was chosen to come from A/Z. If we allow to replace p by any non-trivial element of
Ag /K, then the corresponding discriminant will depend on that choice, but not on the
choice of the lift x. In fact, if p’ =cp, c€ K, then the discriminants corresponding to p/
and p are related by A(p)) = A(p). Therefore, when K = Q for example, the sign of the
discriminant is an invariant of Ag. The algebraic properties of Ap change depending on

the sign of the discriminant and whether it is a perfect square or not. O
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2.5.4 The case of A= QH} (L)

Let L ¢ M be a Lagrangian submanifold satisfying conditions (1)-(3) of Assumption .Z.
Fix a spin structure on L. Denote by e; € QH} (L) the unity. Without loss of generality,
we may assume that QH(L) is torsion-free, otherwise we just replace it by QH?(L)/ T,
where T is the torsion ideal. Thus QH; (L) is a quadratic algebra over Z.

By duality for Lagrangian quantum homology [14, 15], the augmentation € :
QH}(L) — Hy(L; Z) is surjective. Keeping in mind that in our case QHJ (L) = QH/(L)

(since Ni | n) we obtain the following exact sequence:
0—> Ze, — QH*(L) %> Hy(L; Z) —> 0.

Let K be a torsion-free commutative ring that contains Z. Let p=[point] € Hy(L; Z) be

the homology class of a point. Tensoring the last sequence by K, we obtain
0—> Ke, — QH*(L: K) % Kp—> 0. 8)

In order to calculate Ay, choose a lift x e QH(L; K) of p with respect to €;. Then

we have

x*x=0(p, X)X+ 1(p, X)er, 9
with some o (p, x), 7(p, x) € K. The discriminant can then be calculated by
AL =0(p.x)? +41(p. ).

In the following, we will need to use the equality (9) but in QH,(L; Ag) rather
than in QH?(L; K). We have QHy(L; Ax) =t"QHn(L; Ag), with v=n/N;. The lift x of
p has now to be chosen in QHy(L; Ag) and the previous equation now takes place in
QHy(L; Ag) and has the following form:

xxx=o0(p, ¥)xt’ + 1(p, X)et*". (10)

Finally, we mention that sometimes it is more convenient to define the dis-
criminant using the positive Lagrangian quantum homology QH(L; A}) rather than

QH(L; Ag). The resulting discriminant is obviously the same.

3 The Lagrangian Cubic Equation

We begin by proving the following result that generalizes Theorems B and D. Theorem A

will be proved in Section 3.2.
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Theorem 3.1. Let L C M be a Lagrangian submanifold satisfying conditions (1)-(3) of
Assumption .#. Assume in addition that [L]# 0 € H,(M; Q). Let ce H,(M; Z) be a class
satisfying & :=#(c- [L]) #0. Then there exist unique constants o € éZ, ToL € E%Z such
that the following equation holds in QH (M; R@:

cxcx[L] — Eo.pc* [L1q"? — £%1, 1 [L1g" = 0. (11)

The coefficients o, 1. are related to the discriminant of L by Ay = 02 ., +4t. If&is
square-free, then o, € %Z and t. € ELZZ. Moreover, o, can be expressed in terms of

genus 0 Gromov-Witten invariants as follows:

1
%L =5 Y GWas(c ¢ L)), (12)
A

where the sum is taken over all classes A € Hy(M) with (¢, A) =n/2. O

As we will see soon, Theorem B follows immediately from Theorem 3.1 by taking
c=[L] and in the notation of Theorem B we have o7 = oy 1, Tz = 71z}, Recall also from
Corollary C that if L is a Lagrangian sphere, then o7 =0 (see also Theorem A, case (2i)).
We remark that in contrast to o, the constants o, might not vanish for general c # [L].
See for example Section 5.1.3, for an explicit calculation of the constants o1, t¢ ;. (for all

possible ¢'s) for Lagrangian spheres in the blow-up of CP? at two points.

Proof of Theorem 3.1. Fix a spin structure on L. In view of Section 2.2, we replace
HFy(L,L; Q) by QHy(L; Ag). By assumption, this is a two-dimensional vector space
over Q. Recall also that QHy(L; Ag) = QHu(L; Ag). Put

1
X:= EC* er, € QHy(L; Ag),

where ¢ is viewed here as an element of QH,(M; Ry) and * is the module operation

mentioned in Section 2.2. Let p=[point] € Hy(L; Q) be the class of a point. We have
- 1
€L (x) = g#(o [LDp=p.

It follows that {x, e;t"} is a basis for QHy(L; Ag). Following the recipe in Section 2.5.4

and formula (10) there exist o1, 7.1 € Q such that
X% X=0¢ Xt + 1o pept®, (13)

where * stands here for the Lagrangian quantum product on QH(L).
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We now apply the quantum inclusion map i;, (see Section 2.2) to both sides of (13).
We have

i (x* X) = EiziL((C* er) * (Cx* eﬁ):éizc* c*iL(eL)zélzc* cx[L].

Here we have used properties of the operations described in Section 2.2, and in particu-

L é L\CL E .

Recall also that we can view A as a subring of R=Z[q, ¢!] via the embedding t — q":/2,

so that under this embedding we have t’ > q"/?

. Therefore, by applying i; to (13) we
immediately obtain the equation claimed by the theorem. The statement on A; follows
at once from Section 2.5.4.

Next we claim that £20. 1, €37, € Z and moreover, if £ is square-free, then in fact
Eoc1, E%1. 1 € Z. To this end, we will denote A by Az to emphasize that the ground ring
is Z. To prove the claim, set y:=&x and note that ye QHy(L; Az). For y we obtain the

resulting equation in QH_,(L; Az) using (13)
y* yZEO‘C,LYtV-FSZTC’LeLtZU. (14—)
We apply the augmentation morphism ¢, : QH(L; Az) —> Az and obtain

er(yxy)=Eoc e (P)t” Zézac.LtU‘

Since the left-hand side lies in Az it follows that &20.; € Z. Multiplying Equation (14)
with £ we see that 31, € Z. We now write o, = u/£% and 1., =v/£% with u, v € Z. The
discriminant is then

w? v

A = 5—4 + 4‘;&—3 el
and thus we have £*A; = u? + 4£v. Since £ | (U + 4£v) it follows that £ | u?. If £ is square-
free, then & |u and hence &0, = u/é € Z. Now using Equation (14) we see that y*x y—
EocLyt’ € QH_,(L; Az) and therefore £21.;, € Z.
It remains to prove the statement on the relation between o ; and the Gromov-
Witten invariants. For this purpose, we will need the following lemma. We denote by

pu € Hy(M) the class of a point.
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Lemma 3.2. Let a, b € H,(M) be two classical elements of pure degree. Then
ém(axb)=éy(a-b),

where - is the classical intersection product. In particular, the class py; appears as a
summand in a * b if and only if |a| + |b|=2nand a- b #0. O

We postpone the proof of the lemma and proceed with the proof of the theorem.

Denote by k= Cj,; the minimal Chern number of M (see Section 2.1). Write

cx[Ll=c-[L]+ Zazjkqjk,
j=1

with ayjx € Hyjr(M). (The choice of the sub-indices was made to reflect the degree in

homology.) Then we have

cxcx[L]=#(c-[L])cx* pM+Zc*azjkqjk,

j=1
which together with (11) give
EocC* [LlqV? + Ezrc,L[L]q” =#(c-[L)c* pu + Z Cx* Olzjkqjk. (15)
j=1
Applying €y to (15) we obtain using Lemma 3.2 that
§%0c1 puq"? = Eu(c- an)q"? = #(c- an) puq™*. (16)

By the definition of the quantum product, we have

#(c-an) =) GW(c ¢ L),
A
where the sum goes over A € H,(M) with (c;, A) =n/2. (Note that since n=even the order
of the classes (c, ¢, [L]) in the Gromov-Witten invariant does not make a difference.)
Substituting this in (16) yields the desired identity.

Note that we have carried the proof above for the quantum homology QH (M; R)
with coefficients in the ring R=Z[q !, q] but since (M, ) is monotone, it is easy to see
that Equation (11) involves only positive powers of g hence it holds in fact in QH(M; R*),
where RT =ZI[q].

To complete the proof of the theorem, we still need the following.
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Proof of Lemma 3.2. Write

a*b=a~b+Zyjqjk,
jz1
where a - b € Hig4p—2n(]M) is the classical intersection product of a and b, kis the minimal
Chern number, and y; € Hg4p—2nt+2jx(M). In order to prove the lemma, we need to show
that yj, =0, where 2 jok=2n— |a| — |b|.
Suppose by contradiction that yj, # 0. Then there exists A e Hy(M) with

2(c1, A) =2jok=2n— |a| — |b|

such that GW,3(a, b, [M]) #0, where [M] € Hy,(M) is the fundamental class. Since [M]
poses no additional incidence conditions on GW-invariants, this implies that for a
generic almost complex structure there exists a pseudo-holomorphic rational curve
passing through generic representatives of the classes a and b. More precisely, denote
by Mp2(A, J) the space of simple rational J-holomorphic curves with two marked
points in the class A. Denote by ev: Mg (A4, J) — M x M the evaluation map. Since
GW,s(a,b, [M]) #0, then for a generic choice of (pseudo) cycles D,, D, representing
a,b and for a generic choice of J the map ev is transverse to D, x D, and moreover

ev~ (D, x Dp) # 0. However, this is impossible because

dim Mo 2(4A, J) + dim(Dg x Dp) = (2n+ 2(c1, A) — 2) + |al + |b|

=4n— 2 <dim(M x M). [ |

The proof of Theorem 3.1 is now complete. |

3.1 Proof of Theorems B and D

The proof follows immediately from Theorem 3.1. Indeed, since #([L]-[L]) =ex #0 we
can take c=[L], £ =¢x in Theorem 3.1. The constants oz, 7, from Theorem B are now

o)., 7)., Tespectively, and we have A = o, ; + 47 1.

3.2 Proof of Theorem A

We will prove here the following more general result, from which Theorem A follows
directly. We call an element a € QH, (M) classical, if it lies in the image of the canonical
inclusion H,(M) C QH,(M).
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Theorem 3.3. Let SC M be a monotone Lagrangian sphere in closed 2n-dimensional

symplectic manifold M.

(1) If n=odd, then [S] * [S] =0. More generally, when n=odd, for all a € H,(M)
with a - [S] =0 we have a * [S] =0.

(2) Assume n= even. Then:

(i) If Cyln, then there exists a unique ys € Z such that [S]*® = ys[Slg™ If
we assume in addition that 2Cy J n, then ys is divisible by 4. More-
over, for every (not necessarily classical) element b € QHy(M) there
exists a unique n € Z such that we have b x [S] = n,[Slq™

(ii) If Cy )Y n, then for every (not necessarily classical) element be
QHy(M) we have b [S] =0. In particular, by taking b=1[S] *x [S] we
obtain [S]*® = 0. O

Proof. Fix once and for all a spin structure on S. Denote by es € QHy(S; A) the unity.

Note that the case Cy =00 (i.e., w|r,r = 0) is trivial. Indeed, under such assump-
tions we have QH,(M) = H,(M) via an isomorphism that intertwines the quantum and
the classical intersection products. The statement in (1) follows immediately. The state-
ments in (2i), (2ii) follow from the fact that for b € Q Hy(M) the degree of b * [S] is negative.
Thus, from now on we assume that Cj; < oo.

We will also assume throughout the proof that n> 1, for otherwise the statement
is again obvious (if n=1, then either M= S? and S = equator, or ®|z,an = 0). Thus we
assume from now on that 7;(S) =1 hence Ng=2Cy,.

We now appeal to the spectral sequence described in Section A.1. From
Theorem A.1, it follows that

QH;(S; A)=0 Vi#0, n(mod 2Cy). (17)
Moreover, if 2Cy / n, then:

(1) either QHy(S; A)=0, or the augmentation €s: QHy(S; A) —> Hp(S; A) is an
isomorphism;

(2) QH,(S; A) =Zes (and eg is not a torsion element).

We prove statement (1) of the theorem, that is, when n=odd. Let a € H,(M) be an

element with a - [S] = 0. Consider

y=ax*xes e QHy(S; A).
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We claim that y=0. Indeed, either QHy(S; A)=0 in which case y=0, or &s:
QHy(S; A) —> Hy(S) is an isomorphism and then é5(y) =a - [S] =0, hence y=0 again.

On the other hand, is(y) = a * i; (es) = a * [S], which implies a * [S] = 0. Note that
[S] - [S] = 0. Therefore, if we take a=[S], we obtain [S] * [S] = 0. This completes the proof
for the case n=odd.

We now turn to statement (2) of the theorem, hence assume that n= even. We
first deal with the case (2ii), that is, assume that Cy, / n. Let be QHy(M). Put u=b*es ¢
QH_,(S; A). By (17), we have QH_,(S; A) =0, hence u=0. On the other hand, is(u) =b %
is(es) = b x [S]. This proves the case (2ii).

To prove (2i), assume that Cy|n. We will first assume that 2C,; J/n. Let b € QHy (M)

and put w =b * es € QH_,(S; A). By the discussion above, we have
QH_,(S; A) = QHy(S; AtV = ZegtV Cn,
It follows that w = nyest™ “» for some np € Z. Applying is to w we get
nlS1q" = b *is(es) = b+ [S].

As before we can take b =[S] * [S] and obtain [S]*® = y5[S]q™, where ys = 4.5 € Z.

To complete the proof of point (2i) of the theorem in the case 2Cy; } n, it remains
to show that 4|ys. To this end, put z=[S] x es € QHy(S; A). Note that és(z) =#([S] - [SHp=
+2p, where pe QHy(S) is the class of a point. Since €5 is an isomorphism it follows that
z is divisible by 2 in QHy(S; A) (this does not necessarily hold if 2Cy|n). In particular,
zxze€ QH_,(S; A) is divisible by 4. At the same time by the theory recalled in Section 2.2

we also have
z* z= ([S] % es) * ([S] * es) = ([S] * ([S] *x es)) *x es = ([S] * [S]) * es,

hence is(z* z) =[S]*3. It follows that [S]*® is divisible by 4. But [S]*® = y5[Slg"™ and [S]
is neither torsion nor divisible by any integer >2. Consequently, ys is divisible by
4, This completes the proof of point (2i) of the theorem under the assumption that
2Cy ) n.

Finally, it remains to treat the other case at point (2i) of the theorem, that
is, n= even and 2Cy|n. It is easy to see that S satisfies condition .# (e.g., by using
Proposition G). Therefore, this case is completely covered by Theorem B (which has
already been proved) together with Corollary C and the short discussion after its

statement. [ |
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3.3 Further results

We present here a few other results that follow from the same ideas as in the proofs of
Theorems 3.1 and 3.3.

Theorem 3.4. Let L,, L, C M be two Lagrangian submanifolds satisfying conditions (1)-
(3) of Assumption .Z (possibly with different minimal Maslov numbers). Assume that

[L,]-[Lo] =0. Then one of the following two (non exclusive) possibilities occur:

(1) either [L;] and [L,] are proportional in H,(M; Q) and moreover we have the
relation [L,] * [L,] =«[L,1q"V? in QH (M; R@ for some k € Z;
(2) or[L;]l*[L,]=0. O

Remark 3.5. Note that if possibly (1) occurs in the theorem and moreover N;, = N, =2,
then A, = Ar,. This is so because by the theorem [L;] and [L,] are proportional and [L;]

is an eigenvector of the operator P with eigenvalue 1, (see Section 2.4). d

Here is a simple example of Lagrangians L, L, satisfying the conditions of
Theorem 3.4. We take M to be the monotone blow-up of CP? at three points and L, L,
Lagrangian spheres in the classes [L1]= H — E; — E; — E3, [L;] = E; — E3 (using the nota-
tion of Section 1.3.1). See Section 5.1 for more details on how to actually construct these
spheres. Clearly [L;] - [L 2] = 0, hence the theorem implies that [L;] % [L2] = 0 (which can of
course be confirmed also by direct calculation). One can construct many other examples
of this type in monotone blow-ups of CP? at 3 < k < 8 points.

On the other hand, if L C M is a Lagrangian satisfying conditions (1)-(3) of
Assumption . and we assume in addition that x(L) =0 then we can take L =L; = L.
Theorem 3.4 then implies that [L] % [L] = [Llxq"¥? for some « € Z. The simplest example
should be when L is a 2-torus, however, we are not aware of any example of a monotone
Lagrangian 2-torus satisfying conditions (1)—(3) of Assumption . and with [L]#0. An
easy (algebraic) argument shows that such tori cannot exist in a symplectic 4-manifold
with b} =1 (e.g., in blow-ups of CP?). It would be interesting to know if this holds in
greater generality.

Finally, we remark that if one replaces the condition [L,] - [L;] = 0 by the stronger
assumption that L; N L, =, and drops conditions (3), (4) of Assumption .Z, then it still
follows that [L;] % [L2] =0. This is proved in [14, Theorem 2.4.1] (see also [13, Section 8]).

Proof of Theorem 3.4. Without loss of generality, we may assume that both [L;] and

[L.] are non-trivial in H,(M; Q), for otherwise possibility (2) obviously holds.
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Define y; =[Lyl* e, € QHy(Ly; Aé) and y, =I[L;l*ey, € QHy(Ly; A?Q). Here we
have denoted A{,=Qlt; ", ] with |t;|=—N;, and A2 =Qlt;', ] with || =—N,, since
we have to distinguish between the coefficient rings of L; and L,. Note that under the
embeddings of Af, and A2 into Ry =QIg ™", gl we have t;" = ¢"/* =t,*. (See Section 2.2.)

Since [L,] - [L2] =0 and due to condition (3) of Assumption .#, we have
Vi =kiet', Vo =kzer,t?,
for some «1, k2 € Z and where v; =n/Ny,, v2 =n/Ny,. At the same time we also have
i, (1) =1z, (y2) = [L1] % [L2].

Here we have used the fact that n must be even, hence [L;] * [Lo] = [Lo] % [L1].

It follows that k1[L,1q™? = [L1] * [L2] = k2[L31q’V? and the result follows. (As in the
proof of Theorem 3.1, note that here too, the identities proved involve only positive pow-
ers of g hence they hold in QH(M; R*") too.) [ |

The next result is concerned with Lagrangian spheres that do not satisfy

Assumption .Z, but rather (2i-b) on page 2 (after Theorem A).

Theorem 3.6. Let L;, L, C M be oriented Lagrangian spheres in a closed monotone sym-

plectic manifold M of dimension 2n. Assume that n= even and Cy|nbut 2Cy } n.

(1) If[L,]-[L,]1=0, then [L,] % [L,] =0.

2
[L.]%2 = (L] = {[Lll %],

where ¢ = (—1)"""D/2 Furthermore, either [L,]*3 =[L3]** =0 or [L;]==+[L,]

(the two possibilities not being exclusive). O

Remark 3.7. Recall from Theorem A that each of the Lagrangians L;, i =1, 2, satisfies
a cubic equation of the type: [L;]*® = y;[L;1q"™. In general, it seems that the coefficients y;
and y, might differ one from the other, however, in case (2) of the theorem it is easy to

see that y; = y». O

Proof of Theorem 3.6. By standard arguments there exist canonical isomorphisms
QH,(L;) — H.(L;; A),i=1, 2. Thus

QHo(Li) =Zp;, QHn(L;) =Zey,,

where p; is the class of a point in L; and e, is the fundamental class of L;.
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Assume first that [L;]-[L;] =0. In view of the isomorphism just mentioned we
have [L;] x e;, = 0. Applying iz, to the last equality we obtain [L;] * [L,]=0.

Assume now that k:=#([L,] - [L,]) # 0. Owing to our assumptions, we have:

(i) [Lal*er, =kpi.
(ii) [L.]l* e, =kps.
(iii) [Li]l*er, =2¢ep;.
(iv) [Lol*er, =2¢eps.

From (i) and (ii), it follows that
i, (o) =15, (p) = %[Lﬂ x [Lo].
From (iii) and (iv), we obtain
iLl(pl)zg[Ll]*[Ll], i1,(p2) = 5Ll % [Lo).

This implies the first result of point (2) of the theorem.
To prove the other statements, we use point (2i) of Theorem A. By that theorem

there exist y;, y» € Z such that
(211" = 1[L11q",  [Lo]" = palL,lq™
It follows that
ylL1lg" = [L1]*° = [Lo]** % [L1] = %[Lz]*3 = %Vz[l’zlqn,

hence y,[L,] = %yz [L.]. It follows that y; =0 if and only if y» = 0. Now, if y; #0, then

k ke
yilL1] - [Lo] = ?87/2[112] -[Lo] = ?)/2281),

where p e Hy(M) is the class of a point. At the same time, we have [L,;] - [L;] = kp and so
ky1 = ky,. It follows that y;, =y, and [L1] = %[LZ]. Squaring the last equality with respect
to the (classical) intersection product we obtain: 2¢ = %28, hence k= 42. This shows that
[L1]==%[L,]. |

4 The Discriminant and Lagrangian Cobordisms

This section provides the proofs of Theorem E and a generalization of Corollary F.
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In what follows, Lagrangian cobordisms V will be generally assumed to be
connected. In contrast, their boundaries 9V are allowed to have several connected
components.

We begin with:

Proof of Theorem E. Before going into the details of the proof, here is the rationale
behind it. To the Lagrangian cobordism V we can associate a (relative) quantum homol-
ogy QH(V,dV) which has a quantum product. The quantum product on QH(V, dV)
is related to the quantum products for the ends of V via a quantum connectant §:
QH(V,9V) — QH(dV)=@®]_,QH(L;). This makes it possible to find relations between
the products on the quantum homologies QH(L;) of different ends of V and the quan-
tum product on QH(V,dV). In particular, this gives the desired relation between the
discriminants of the different ends.

We now turn to the details of the proof. We will use here several versions of the
pearl complex and its homology (also called Lagrangian quantum homology) both for
Lagrangian cobordisms as well as for their ends. We refer the reader to [13-15] for the
foundations of the theory in the case of closed Lagrangians and to Section 5 of [16] in
the case of cobordisms.

Throughout this proof, we will work with Q as the base field and with A=
Qlt71, t] or AT =QIt] as coefficient rings. We denote by C and C* the pearl complexes
with coefficients in A and A™, respectively, and by QH and Q*H their homologies. The
latter is sometimes called the positive Lagrangian quantum homology.

Before we go on, a small remark regarding the coefficients is in order. Through-
out this proof we grade the variable t € A as [t| = —Ny. This is the standard grading for
QH(V) and QH(V,dV) and their positive versions. We use the same coefficient rings
(and grading) also for QH(L;) and its positive version. This is possible since Ny|Ng,,
hence our ring A% is an extension of the corresponding ring in which the degree of ¢
is —Np,.

Recall that (for any Lagrangian submanifold) the positive quantum homology
Q" H admits a natural map Q"H — QH induced by the inclusion C* — C. Again, for
degree reasons the induced map in homology is an isomorphism in degree 0 and surjec-

tive in degree 1:

Q*Hy, —> QH,, Q“H,—» QH,. (18)

In fact, the last map is an isomorphism whenever the minimal Maslov number is > 2.

We also have Q" H,(K) = H,(K) for every n-dimensional Lagrangian submanifold K.
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Coming back to the proof of the theorem, we first claim there is a commutative

diagram

Q H (V) —° 5 QtH\(V,0V) —— Q'Hy(3V) —2— QtHy(V)

| d d d

H(V) —1s H(WV.0V) —— HyOV) ——s Hy(V)

l l

0 0

(19)

with exact rows and columns. The second row of the diagram is the classical homology
sequence for the pair (V,9V) with 9 being the connecting homomorphism (we use Q
coefficients here). The first row is its quantum homology analog, and we remark that
the quantum connectant § is multiplicative with respect to the quantum product (see
Section 5 of [16] and [51]). The vertical maps s come from the following general exact

sequence of chain complexes:
0—tt5ctScM—so0, (20)

where CM stand for the Morse complex (defined using the same Morse function and
metric as used for the pearl complex, but with coefficient in Q rather than A*). The
second map in this exact sequence, s:C"™ — CM, is induced by t+~ 0 (i.e., it sends a
pearly chain to its classical part, omitting the t's), and ¢ stand for the inclusion. We now
explain why the two middle s maps in (19) are surjective. We start with the third s map

(i.e., the one before the rightmost s). We have

r

Hy(0V) =D Ho(Ly). Q" Ho(®V) =P Q" Ho(Ly. (21)

i=1 i=1

Next, note that the composition of s: Q" Hy(L;) — Hy(L;) with the inclusion Hy(L;) C
Hy(L;; A1) coincides with the augmentation €z, : Q" Ho(L;) —> Ho(L; A1). The fact that s
is surjective now follows easily from Section 2.5.4 and (18).

The surjectivity of the second to the left s map requires a different argument.
Consider the chain complex D, = (tC*),, viewed as a subcomplex of C*. In view of the
exact sequence (20) the surjectivity of the second to the left s map in (19) would follow
if we show that Hy(D) =0. To this end, consider the following filtration F,D of D by
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subcomplexes, defined by
FuD:=t""D=t""Ct vm<o,
FiD:=D VYk=>0.

Note that this filtration is very similar to the one described in Section A.1 only that here
it is applied to the complex D rather than to C.
A simple calculation (similar to the one in Section A.1) shows that the first page
of the spectral sequence associated to this filtration satisfies:
1 ~ 4—ptl
E, =t P"H

p+q+Ny—pNy

(V.aV) Vp=<O,
r _
EL,=0 Vp>1.

It follows from the assumption of the theorem that for all p, g with p+ g =0 we have
E})’q =0, hence also E}’, = 0. Since this spectral sequence converges to H,(D) this implies
that Hy(D) = 0. This completes the proof of the surjectivity of the second to the left s map
in (19).

We proceed now with the proof of the theorem, based on the diagram (19) and
its properties. We first remark that due to the assumptions of the theorem the number
of ends of V must be r > 2. Indeed, by the results of [16] if a Lagrangian submanifold
L, is Lagrangian null-cobordant (i.e., there exists a monotone Lagrangian cobordism V
with only one end being L,), then HF(L,,L;) =0, in contrast with the assumption that
L, satisfies condition (3) of Assumption .. We therefore assume from now on that r > 2.

Denote by p; € Hy(L;) C Hyp(dV) the class corresponding to a point in L;. Let
az,...,ar € H(V,3V) be classes with da; = py — p;. Choose lifts p; € QT Hyp(dV) of the
pi's under the map s as well as lifts a,,...,a-€ Q" H;(V,3V) of as, ..., o Denote by
ey € QT Hy,1(V, V) the unity and by e;, € Q" H,(L;) the unities corresponding to the L;'s.
Note that d(ey) =er, + - - - + er,. Finally, put v =n/Ny. (Recall that Ny, |n by assumption,
and since Ny|Ng, we have Ny|n.) Since the Lagrangians L; satisfy conditions (1)—(3) of

Assumption . and in view of Section 2.5.4, we have
Q Hy(AV)= QHyV)=Qp @ - ® Qpr ® Qe t" @ --- @ Qey, t'.

Proposition 4.1. dimg(imaged)=r. Moreover, for every choice of «;'s and &;'s the
elements
8(az), ..., 8(ar), (er, +--- +eg)t’

form a basis (over Q) of the vector space imageé C QHy(dV). O
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We defer the proof of the lemma and continue with the proof of our theorem.
Denote by BC QTH;(V,dV) the kernel of §:Q"H(V,9V) — Q" Hy(dV). By
Proposition 4.1, the elements

= = v
o, ...,0 eyt

induce a basis for the vector space Q*H;(V,dV)/B.
We now continue by proving that Ap, = Ar,. The other equalities follow by the

same recipe. Using the preceding basis we can write:

-
Oy * Oy = Z%’j&jtv + Bt" + pthz",
=2
(22)

r
S@)=p— D2+ Y axert,
k=1
for some &}, ar, p € Q and B € B. For the first equality, we have used the fact that a; * @z €
O H,_(V,aV)=t"QTH(V, V).

We will also need a similar equality to the second one in (22), but for §(&;):
r .
S@)=p— B+ a et V2<i<r (23)
k=1

where a,(ci) € Q. (Note that according to our notation a, = a”.)

At this point, we need to separate the arguments to the cases r >3 and r = 2. (As
we have already remarked, r =1 is impossible under the assumptions of the theorem.)
We assume first that r > 3. The case r = 2 will be treated after that.

We now perform a little change in the basis and the choice of the lift p; as

follows:
0y —> 0o —a3€[/tv, o —> Q; Vi23,
1_91 —_— ﬁl + (al — ag)eth", l_)z —> pz — (az — ag)eth“, pl —> 1_31 Vi > 3.

To simplify notation, we continue to denote the new basis elements by &; and similarly
for the p;'s. By abuse of notation, we also continue to denote the new coefficients a,
a,(f), &;, and p resulting from the basis change by the same symbols, and similarly for
the term B € B. The outcome of the basis change is that now the second equality in (22)
becomes:

r
S(a)=p1 — po + Zaketh”. (24)
k=4
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(Of course, if r = 3, then the third term in the last equation is void.) We now use the fact

that § is multiplicative (see [16]):
r
8(ag % &2) =8(8) % 8(a2) = P> + P5* + ) _ aper, 1. (25)
k=4

We now express pi? € Q" H_,(L1) =t"Q" Hy(L;) in terms of the basis {pit’, e, t?"} and

similarly for pi?:

=01 pit’ + miep, t?, D52 = oa pot” + Toep, t2,
where o1, 02 € Q and 11, 72 € Q. (In fact, by choosing the «;'s, &;'s, and p;'s carefully, over
7, the coefficients o1, 09, 11, 7 will in fact be in Z, but we will not need that.) Substituting

this into (25), we obtain

.
§(az * @) =01 pit’ + oa Pot’ + Tiep, 2 + 1o, 17 + ) aper, 1. (26)
k=4

Applying § to the first equality in (22) and using (24) and (26), we obtain

r r r
& (pl — Dt Zaketh”) '+ Y &Pty alet’ |t +pler, +-- + et
k=4 i=3 g=1

-
=o1D; t' + O'zﬁztu + ‘L'1€L1t2u + ey, % + Z a,%ethzv.
k=4
Comparing the coefficients of ps, ..., p- we deduce that &3 = - - - = & = 0. The last equation

thus becomes:

r

& (Pl —-p+ Y aketh”> t' +ple, + -+ e, )t*
k=4

(27)

-
=01 t' + O'zpztv + rlethz" + 7€y, % + Z a,fethz".
k=4
Comparing the coefficients of e; on both sides of (27) (recall that r > 3) we deduce that
p = 0. It easily follows now that 7; = 1, = 0 and that o; = &, = —o,. By the definition of the

discriminant it follows that

Note that the relation between our o;'s and t;'s and the notation used in Section 1.2
and in Section 2.5.4 is oy = o1(p1, P1), 02 = 02(P2, P2) and similarly for t;, 7». Finally, we

remark that since Ay, = 012 € Z we must have oy € Z, hence Ay, is a perfect square.



The Lagrangian Cubic Equation 2601
We now turn to the case r = 2. In that case we can write (22) as
&g * &y = Edpt’ + Bt” + peyt?’,
(28)
8(az) = 1_91 - pz + aleth” + azeth”.

By an obvious basis change (among p;, p») we may assume that a; = a, =0. Then the

identity &(ag * &2) = 8(a2) * 8(&2) becomes:
E(Pr — D)t + pler, + e )t = o1 pit” + ou Pot’ + 1€, 12 + Tae, t2.

It follows immediately that o; = —o2 and 1; = 72. Consequently, A, = Ay,.
To complete the proof of the theorem it remains to prove Proposition 4.1. For this

purpose, we will need the following lemma.
Lemma 4.2. Let j > 0 and consider the connecting homomorphism
§: Q" Hyyjn, (V,0V) — QY Hjy, (3V).

Let n€ Q*Hy4jn, (V,dV) and assume that §(n) is divisible by t. Then 75 is also divisible
by t. O

Proof of the lemma. The connecting homomorphism § is part of the following diagram:

Q*Hyyjw, (V. 0V) —— Q*Hjy, (3V)

sl Sl (29)
Hyyjn, (V) ——  Hyw,(V,0V) —'—  Hiy, (V)

where the vertical s-maps are induced by (20). Since 8(n) is divisible by ¢t we have
s(8(n)) =0 hence 3(s(n)) =0. By assumption Hjy,(V)=0 hence the bottom map 9 is

injective, and therefore we have s() = 0. Looking again at (20) it follows that
n € image <H1+J-NV(tC+) > Q* Hyqjw, (V, 3V)> ;
where C* stands for the positive pearl complex of (V, dV). But
Hyyjn, ((CT) ZtQ" Hyy i1y, (V, 3V)
via an isomorphism for which ¢, becomes the inclusion
tQ" Hyy(jiony (V, V) C QY Hy i, (V, V).

This proves that 5 is divisible by t. |
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We are finally in position to prove the preceding proposition.

Proof of Proposition 4.1. Note that
{p17 5(&2)5 M} 8(&7‘)3 8(eV)tva ethV’ R eLrtv}

is a basis for Q*Hy(3V) (recall that §(ey) = ez, + - - - + er,). Therefore, it is enough to show
that the subspace of QtHy(dV) generated by pi, er,t’, ..., e, t” has trivial intersection
with image(8).

Let y =cp1 + )_)_, bjer;t", where ¢, bj € Q and assume that y =3§(f) for some
B € QtH(V,3dV). We have s(y) =cp;, where the map s is the third vertical map from
diagram (19). It follows from that diagram that d(s(8)) = cp,. But this is possible only if
c=0 since p; ¢ image(9d).

Thus y =Z;-:2 bjey;t" and we have to show that y =0. Recall that y =4(8).
We claim that g is divisible by ¢’, that is, there exists p’ € Q" H,1(V,dV) such that
B=t"B. To prove this, we first note that y is divisible by ¢t. By Lemma 4.2, 8 is
also divisible by t. Thus there exists 8 € QtHi4n, (V, V) with g =1p;. In particular,
8(B1) = Z;':z bjeth”‘l. Continuing by induction, using Lemma 4.2 repeatedly, we obtain
elements 8j € Q" Hyjn, (V, 8V) with tBj11 = Bj for every 1 < j <v — 1. Take g’ = B,.

It follows that ¢"§(8)= Z;zz bje,,t" for some pB'e QT H,. 1(V,0V). As
Q" H,.1(V,0V) =Qey we have B’ =aey for some ac Q. But §(ey) =er, + -+ e, hence
aler, +--~+eLr)t”=(Z;-=2 bjer)t’. Since by condition (3) of Assumption Z the ele-
ment e;, € QT H,(dV) is not torsion (over A7), it follows that a=0. Consequently,

by =---=b, =0 and so y = 0. This concludes the proof of Proposition 4.1. [ |

Having proved Proposition 4.1, the proof of Theorem E is now complete. |

4.1 Lagrangians intersecting at one point

We start with a stronger version of Corollary F from Section 1.2.

Corollary 4.3. Let (M, w) be a monotone symplectic manifold. Let L;, L, C M be two
Lagrangian submanifolds that satisfy conditions (1)-(3) of Assumption .# and such that
N, = Ni,. Denote by N = Ny, their mutual minimal Maslov number and assume further
that:

(1) H1+jN(L1)=H1+jN(L2)=Of0r every j;
(2) HjN_l(Ll)ZHJ‘N_l(Lz):OfOI' every _],
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(3) either m;(L;ULy)— m (M) is injective, or m;(L;) — 7 (M) is trivial for
i=1,2.

Finally, suppose that L, and L, intersect transversely at exactly one point. Then
A, =41,

and moreover this number is a perfect square. O

Note that if L,, L, are even-dimensional Lagrangian spheres then condi-
tions (1)-(3) of Corollary 4.3 are obviously satisfied, hence Corollary F follows from

Corollary 4.3.
We now turn to the proof of Corollary 4.3. We will need the following proposition.

Proposition 4.4. Let L;, L, C (M, ) be two Lagrangian submanifolds intersecting trans-
versely at one point. Then there exists a Lagrangian cobordism V c R? x M with three
ends, corresponding to L;, L, and L;#L, and such that V has the homotopy type of
L,V L,. If L, and L, are monotone with the same minimal Maslov number N and they
satisfy assumption (3) from Corollary 4.3, then V is also monotone with minimal Maslov
number Ny = N. Moreover, if L; and L, are spin, then V admits a spin structure that
extends those of L, and L». O

Before proving this proposition, we show how to deduce Corollary 4.3 from it.

Proof of Corollary 4.3. Consider the Lagrangian cobordism provided by Proposi-
tion 4.4. Since V is homotopy equivalent to L, Vv L, and L; satisfy assumptions (1) and (2)

of Corollary 4.3 a simple calculation shows that
Hiy(V,0V)=0, Hy4jn(V)=0 Vj.

The result now follows immediately from Theorem E. |
We now turn to the proof of the proposition.

Proof of Proposition 4.4. The proofis based on a version of the Polterovich Lagrangian
surgery [47] adapted to the case of cobordisms [16]. We briefly outline those parts of the
construction that are relevant here. More details can be found in [16].

Consider two plane curves y;, y» as in Figure 1. Consider the Lagrangian sub-
manifolds y; x Ly, y2 x Ly CR? x M. The surgery construction from [16] produces a
Lagrangian cobordism ¥V C R x M with two negative ends which coincide with negative

ends of y; x L; and with whose positive end looks like the positive end of y3 x (L#L>),
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¥

LA

Fig. 1. Two plane curves.
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"falf a Laar‘ma.iuu Youdl
%l N

Fig. 2. Projection of Lagrangian cobordism resulting from surgery.

where the curve y; is depicted in Figure 2 and L;#L, stands for the Polterovich surgery
(in M) of L, and L, (which coincides with the connected sum of the L;'s because they
intersect transversely at exactly one point). The projection of V to R? is depicted in
Figure 2.

Next we determine the topology of V. Consider the curves 7, 7, (which are exten-
sions of the y;'s to curves with positive ends as in Figure 3). Consider the Polterovich
surgery W= (7, x L1)#(72 x Ly) CR? x M (note that the latter two Lagrangians also
intersect transversely at a single point). See Figure 4.

Denote by 7 : R? x M — R? the projection, and by S C R? the strip depicted in
Figure 5. Put Vo= WnNx~1(S). According to [16], 1, is a manifold with boundary, with
two obvious boundary components corresponding to the L;’s and a third boundary com-
ponent which is W N 7 ~1(0). The latter is exactly the Polterovich surgery L;#L,. More-
over, Vp is homotopy equivalent to V (in fact, Vo C V and is a deformation retract of V). A

straightforward calculation shows that there is an embedding L; v L, C ¥, and moreover
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Fig. 3. Extended plane curves.
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Fig. 4. Projection of Polterovich surgery.

Fig.5. Projection and strip S.
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that L, v L, is a deformation retract of V5. (In fact, one can show that 1, is diffeomor-

phic to the boundary connected sum of [0, 1] x L; and [0, 1] x L,, where the connected

sum occurs among the boundary components {1} x L;, i =1, 2.)
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The statement on monotonicity follows from the Seifert-Van Kampen theorem
(see also [16]).

Assume now that L;, L, are spin. Then y; x L; and y» x L, are also spin, with
a spin structure extending those of the ends. Recall that the connected sum of spin
manifolds is also spin [39]. Thus W= (31 x L;)#(y2 x L,) is spin too and by standard
arguments it follows that the spin structure on W can be chosen so that it extends those
given on the ends. By restriction, we obtain a spin structure on V) C W and consequently

also the desired one on V. [ |

5 Examples

This section is a continuation of Section 1.3 in which we provide more details to the
examples. We will work here with the following setting. (M, w) will be a monotone
symplectic manifold with minimal Chern number Cj. To keep the notation short we
will denote here by QH (M) the quantum homology of M with coefficients in the ring
R=7ZIq !, q] (with |g| = —2), instead of writing QH (M; R).

5.1 Lagrangian spheres in symplectic blow-ups of C P2

Denote as in Section 1.3.1 by M the blow-up of CP? at k<6 points endowed with a
Kéhler symplectic structure wy in the cohomology class of ¢; € H?(Mg). Note that —Kpy,
is ample hence c; represents a Kahler class. Note that Cy, = 1. As will be seen in Section 8
some of our results (e.g., Theorem A) continue to hold in dimension 4 also for non-
monotone Lagrangian spheres. In this section, however, we still stick to the monotone
case.

We first claim that the set of classes in H,(Mj) which are represented by
Lagrangian spheres are precisely those that appear in Table 1. This is well known and
there are many ways to prove it (see, e.g., [24, 41, 48, 50]). For the classes A=FE; — E; €
H, (M) when k=2 and k=3 it is easy to find Lagrangian spheres in the class A by an
explicit construction which we outline below (see [24] for more details). For k> 4, as well
as k=3 with A= H — E, — E; — E3, it seems less trivial to perform explicit constructions
and one could appeal instead to less transparent methods such as (relative) inflation, as
in [41, 50] (we will briefly outline this in a special case below). Another approach which
works for some of the k's is to realize My as a fiber in a Lefschetz pencil and obtain the
Lagrangian spheres as vanishing cycles (e.g., M is the cubic surface in CP® and M; is
a complete intersection of two quadrics in CP#%). Yet another approach comes from real

algebraic geometry, where one can obtain Lagrangian spheres in some of the My's as a
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component of the fixed point set of an anti-symplectic involution. This works for k=5, 6
and all classes A, and for k=3 with A= E; — E;. See [32] for more details. Finally, note
that for 2 <k <8, k# 3, the group of symplectomorphisms of My acts transitively on the
set of classes that can be represented by Lagrangian spheres [22, 41], hence it is enough
to construct one Lagrangian sphere in each M. (This also explains why the invariants in
Table 1 coincide for different classes within each of the My's with the exception k= 3.)
Despite the many ways to establish Lagrangian spheres in the Mj's, the shortest
(albeit not the most explicit) path to this end is to appeal to the work Li and Wu [41].
According to [41] a homology class A € H,(My) can be represented by a Lagrangian sphere

iff it satisfies the following three conditions:

(LS-1) A can be represented by a smooth embedded 2-sphere.
(LS-2) ([wgl, A) =0.
(LS-3) A-A=-2.

We remark again that we have assumed that [wx] = ¢; (otherwise one has to assume in
addition that {c;, 4) =0).

It is straightforward to see that all the classes in Table 1 satisfy conditions (LS-2)
and (LS-3). As for condition (LS-1), note that if C’, C” c M* are two disjoint embedded
smooth 2-spheres in a 4-manifold M*, then by performing the connected sum opera-
tion one obtains a new smooth embedded 2-sphere in the class [C'] + [C”]. From this, it
follows that any non-trivial class of the form Zle €;E; with ¢; € {—1,0, 1} can be rep-
resented by a smooth embedded 2-sphere. This settles the cases +(E; — E;). For the
other type of classes, note that H and 2H can both be represented by smooth embedded
2-spheres (e.g., a projective line and a conic, respectively) hence the same holds also for
classes of the form +(H — E; — E; — Ej) and +(2H — Y 5, E;).

We remark that in fact there are no other classes but the ones in Table 1 that can
be represented by Lagrangian spheres in M. This can be proved by elementary means

using conditions (LS-2) and (LS-3).

5.1.1 Construction of Lagrangian spheres in M, and M;

We now outline a more explicit way to construct Lagrangian spheres in some of the M;'s
(cf. [24]). Consider Q =CP! x CP! endowed with the symplectic form w = 2wcp: & 2wcp,
where wcpr is the standard Kahler form on CP! normalized so that CP! has area 1.
Note that the first Chern class of Q satisfies ¢; =[w]. The symplectic manifold Q con-
tains a Lagrangian sphere A in the class [CP! x pt] — [pt x CP!] (i.e., the class of the
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anti-diagonal). For example, we can write A as the graph of the antipodal map, given in

homogeneous coordinates by
CP!— CP!, I[z:z]+— [-Z1: 2.

Next, we claim that Q admits a symplectic embedding of two disjoint closed balls B;, B,
of capacity 1 whose images are disjoint from A. This can be easily seen from the toric
picture. Indeed, the image of the moment map of Q is the square [0, 2] x [0, 2] and the
image of A under that map is given by the anti-diagonal {(x, y) | x, y< [0, 2], x + y=2}.
By standard arguments in toric geometry we can symplectically embed in Q a ball B,
of capacity 1 whose image under the moment map is {(x, y) | x, y€ [0, 2], x + y < 1}. Simi-
larly, we can embed another ball B, whose image is {(x, y) | x, y € [0, 2], x + y> 3}. Clearly,
Bi, By, and A are mutually disjoint. Denote by Q; the blow-up of Q with respect to B;
and by Q, the blow-up of Q with respect to both balls B; and B,. It is well known that Q,
is symplectomorphic to M, via a symplectomorphism that sends the class A to E; — Ej.
And Q; is symplectomorphic to M; by a similar symplectomorphism. It follows that E; —
E, represents Lagrangian spheres both in M, and in M;. Construction of Lagrangian
spheres in the other classes of the type E; — E; in M3 can be done in a similar way.
Lagrangian spheres in the class H — E; — E; — E3 in Mz. We start with the com-
plex blow-up of CP? at three points that lie on the same projective line. Denote by E;
the exceptional divisors over the blown-up points. The result of the blow-up is a com-
plex algebraic surface X which contains an embedded holomorphic rational curve ¥
in the class H — E; — E; — E3. Note also that there are three embedded holomorphic
curves C; C X,i1=1, 2, 3, in the classes [C;] = H — E;. Since [C;] - [X¥] =0 the curves C; are
disjoint from X. Pick a Kdhler symplectic structure wg on X. After a suitable normaliza-
tion we can write [wgl =h — A1e; — Azex — Aze3, where h, e, e,, e3 are the Poincaré duals
to H, E,, E;, E3, respectively. It is easy to check that A; > 0 and that A; + A, + A3 < 1. We

now change wy to a new symplectic form o’ such that:

(1) ' coincides with wg outside a small neighborhood ¢/ of ¥, where U/ is disjoint
from the curves C;, C», C3.

(2) '|rz)=0, that is, X becomes a Lagrangian sphere with respect to o'.

(3) ® and w are in the same deformation class of symplectic forms on X (i.e.,

they can be connected by a path of symplectic forms).

This can be achieved for example using the deflation procedure [50] (see also [40]). Alter-

natively, one can construct «’ using Gompf fiber-sum surgery [28] with respect to ¥ ¢ X
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and the diagonal in CP! x CP!:
(Y, ") = (X, o) s#diag(CP' x CP', awcpr & awcp),

where a= % |5 wo, and S? is symplectically embedded in X as ¥ and in CP! x CP! as
the diagonal. Since the anti-diagonal A is a Lagrangian sphere in CP! x CP! which is
disjoint from the diagonal it gives rise to a Lagrangian sphere L” C Y. Finally, observe
that the surgery has not changed the diffeomorphism type of X, namely there exists a
diffeomorphism ¢ : Y — X and moreover ¢ can be chosen in such a way that ¢(L") =
Y. Take now o’ = ¢,w”. To obtain a symplectic deformation between »’ and wy one can
perform the preceding surgery in a suitable one-parametric family, where the symplectic
form on CP! x CP! is rescaled so that the area of one of the factors becomes smaller
and smaller and the area of the other increases so that the area of the diagonal stays
constant.

Having replaced the form wy by «’ we have a Lagrangian sphere in the desired
homology class H — E; — E; — E3 but the form «’ might not be in the cohomology class
of ¢;. We will now correct that using inflation.

After a normalization we can assume that [0']=h — 1 e; — A,e;, — Aje;. Since ¥
is Lagrangian with respect to o’ we have A} + A, + A5 = 1. Recall also that the surfaces
C1, Cy, C3 are symplectic with respect to «', hence A; < 1 for every i. Moreover, by con-
struction, the surfaces Cy, C3, C3 can be made simultaneously J-holomorphic for some
’-compatible almost complex structure J. Since the C;'s are disjoint from X we can find
neighborhoods U; of C; such that the U;'s are disjoint from X¥. We now perform infla-
tion simultaneously along the three surfaces C;, C», C3. More specifically, by the results
of [9, 10] there exist closed 2-forms p; supported in U;, representing the Poincaré dual of
[C:] (i.e., [p;] = h — ¢) and such that the 2-form

W4 it =@ + tip1 + &2 + B33

is symplectic for every t,t,% > 0. See [10, Lemma 2.1] and [9, Proposition 4.3]
(see also [34-36, 42, 43].) The cohomology class of wj is:

[l =1+t + &+ t)h— Q) +t)er — 0y + ez — (5 + B)es.
Choosing t? =1 —A; we have ¢ >0 and 1 + &) + & + &) =4 — (A} + A, + A3) = 3, hence:

[“’;{),tg@] =3h—ei—e,—e3=c.
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Owing to the support of the forms p; the surface ¥ remains Lagrangian for wj 9.8
9,49,

Finally, note that is in the same symplectic deformation class of wy hence by
1

8.8
standard results (X, a);[, o tg) is symplectomorphic to Ms.
0.1,

5.1.2 Calculation of the discriminant for My, 2 <k<6

We now give more details on the calculation of the discriminant A;, for each of the exam-
ples in Table 1. In what follows, for a symplectic manifold M, we denote by p € Hyo(M) the
homology class of a point. As before we write QH (M) for the quantum homology ring of
M with coefficients in Ry =QIg!, ql, where |q| = —2. The calculations below make use
of the “multiplication table” of the quantum homology of the M;'s which can be found
in [21].

Recall that for M with 4 <k <6 the group of symplectomorphisms of M acts
transitively on the set of classes that can be represented by Lagrangian spheres [22, 41].
Therefore, for k>4 we will perform explicit calculations only for Lagrangians in the
class E; — E,.

Before we go on we remark that all the calculations for the M's below extend
without any change in case we endow M; with a non-monotone symplectic structure
(provided that a Lagrangian sphere in the respective class still exists). This is special to

dimension 4 and is explained in detail in Section 8.

5.1.3 2-point blow-up of CP?
QH (M) has the following ring structure:
p* p=Hq® + [Mylq*,
p*H=(H - ENg* + (H — E2)q’ + [M2lg°,
px Ei=(H - E)g’,
HxH=p+ (H — E, — E3)q + 2[M]q?,
H % E; = (H — Ey — E2)q + [Mlq?,
E,xE,=(H—-E; — Ey)q,
Ey x Ey=—p+ (H — E2)q + [M;]lq*,

Ey % Ey=—p+ (H — E1)q + [Mz]q°.
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Consider Lagrangian spheres L C M, in the class E; — E;. A straightforward calculation

shows that
(E1 — E2)" — 5(E, — E2)¢* =0,

and thus we obtain A; =5. Multiplication of ¢; with [L] gives: ¢ * (E; — E3) = (1)
(E1 — E3)q, hence A = —1. The associated ideal (see Section 2.4) 7; C QH, (1) is:

T(E) — E2) = Ro(—2p+ (E1 + E2)q + 2[Mz1q?) ® Ro(E, — Ey).

We now turn to Theorem 3.1 and calculate explicitly the coefficients 0.1, 7.1
from Equation (11). Consider a general element c=dH — m; E; — myE; € Hy(M;), where
d, my,myeZ. Then& :=c-[L]=m; — m, and we assume that m; # m,. A straightforward

calculation gives
m; + my _ mi —3mymy + mj

m; —m; ’ (my — my)?

One can easily check that UC%L + 4t =5.

5.1.4 3-point blow-up of CP?
QH (M;) has the following ring structure:
p*x p=(3H — Ey — E; — E3)q° + 3[Mslq*,
px H=@3H — E) — E; — E3)q* + 3[Mslg’,
p* E;=(H — ENg* + [Mslg®,
Hsx H=p+ (3H — 2E, — 2E, — 2E3)q + 3[Ms]q?,
H+*E;=(2H —2E; — E; — Enq+ [M3lg?, i#j#k#i,
E;x E;=—p+ (2H — Ey — E; — E3)q + [Ms]q?,
E;«Ej=(H—-E —E)q, i#].

Consider Lagrangians L, L' C M3 in the classes [L]=E; — Ej and [L'| = H — E; — E; — E3.

The corresponding Lagrangian cubic equations are given by

(E; — Ej)*® —A(E; — Ej)¢* =0,

(H—E), — E; — E3)** 4+ 3(H — E, — E; — E3)q* =0,
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and thus obtain A; =4 and Ay, = —3. Multiplication with ¢, gives

¢+ (E; — Ej) = (=2)(E; — Ej)t,

¢ *x(H—E, — E; — E3)=(=3)(H — E; — E; — E3)t,
hence A; = —2 and A;, = —3. The associated ideals in QH (M;) are

) = Ro(—2p+ 2(H — E3)t + 2[Ms1g®) ® Ro(E1 — E2),
The Lagrangian spheres in different homology classes of the type E; — E; in M; have the
same discriminant and the same eigenvalue A;. This is so because for every i < j there

is a symplectomorphism ¢ : M3 — M3 such that ¢,(E, — E3) = E; — E;. In contrast, note

that there exists no symplectomorphism of M; sending E; — E;, to H — E; — E; — E3.

5.1.5 Four-point blow-up of CP?

QH (M,) has the following ring structure:

p* p=(9H — 3E, — 3E, — 3E3 — 3E4)q° + 10[M,lq*,
p# H=(8H — 3E, — 3E; — 3E; — 3E4)q* + 9[M,1¢°,

p*E;=(3H - 2E; - Y _E;)q* +3[Mlg°.
J#

HxH=p+ (6H — 3E, — 3E; — 3E3 — 3E4)q + 8[M,]q?,

H* E;=(3H — 3E; — ) _ E;)q + 3[Malq®,
J#L

E;xE;=—p+ (3H — 2E; — Z Ej)q + 2[Malg?,
A

E;*Ej=(H — E; — Ej)q + [Malq*.

As explained above it is enough to calculate our invariants for Lagrangians in the class

E, — E,. A straightforward calculation shows that

(E) — E)** = (E, — E2)@?, ¢ % (E; — Ez) = —3(E; — E2)q,
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hence A; =1 and A, = —3. The associated ideals for Lagrangians L, L' with [L]1=E; — E;
and L'=H — E, — E, — E; are
I, = Ry(—2p+ (4H — Ey — E; — 2E3 — 2E4)q + 2IM3]q%) & Ry(E; — Ey),

Iy = Ro(—2p+ 3H — E1 — E; — E3)q + 2[M4]q°) @ Ro(H — E1 — E; — Ej).

5.1.6 Five-point blow-up of CP2

QH (Ms) has the following ring structure:

px p=(36H — 12E; — 12E, — 12E5 — 12E4 — 12E5)q° + 52[Mslg*,
p* H=(25H — 9E, — 9E, — 9E5 — 9E, — 9Es5)q® + 36[Mslq°,

p*E;=(9H —5E; —3) E;)q" + 12[Mslg°,
A

H+«H=p+ (18H — 8E, — 8E, — 8E; — 8E4 — 8Es5)q + 25[Ms]q?,

HxE;=(8H —6E; —3)  E)q+9Mslg”,
J#

E;x Ei=—p+ (6H —4E; — 2 )  E;)q+5[Mslg",
J#

E;«Ej=(3H — 2E; — 2E; — Y Epq+ 3[Mslg*,
ki, j

As before, it is enough to consider only the case [L] = E; — E,. A direct calculation gives
(Ey — E2)® =0, ¢ *(E — Ey) =—4(E) — E2)q,

hence A; =0, A\; =—4.
The associated ideals for Lagrangians L, L' with [L]= E, — E; and [L']=H — E; —

E, — E3 are

I; = RQ(—Zp—i- (6H — 2E, —2E, — 2E3; — 2E, — 2E5)q + 4[M5]q2) (&) R@(E] — Ey),

I = Ro(—2p+ (6H — 2E; — 2E, — 2E3 — 2E4 — 2E5)q + 4IMs1q?) © Ro(H — E; — E, — E3).
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5.1.7 Six-point blow-up of CP?

QH (Ms) has the following the ring structure:
p* p = (252H — 84E, — 84E; — 84E; — 84E, — 84Fs — 84E)q° + 540[Mslq?,
px H=(120H — 42E, — 42E, — 42E5 — 42E, — 42E5 — 42Eg)q* + 252[M;lq°,

p+E;=(42H — 20E; — 14 _ E;)q* + 84(Mslg°,
J#

Hx H = p+ (63H - 25E1 - 25E2 - 25E3 - 25E4 - 25E5 - 25E5)q + 120[M6]q2’

H+E;=(25H — 15E; — 9 Y  E;)q + 42[Mslg?,
J#L
Eix Ej=—p+ (15H - 9E; — 5 ) E;)q + 20[Mslq®,
J#L
E;xE;j=(9H — 5E; —5E; — 3 Y _ Epq+ 14[Mslq*.
k#i, j
Again, we may, assume without loss of generality, that [L] = E; — E;. A direct calculation
gives
(E1 — E2)® =0, ¢ (E1 — Ez) =—6(E1 — E2)q.

hence A; =0, A; = —6.

Interestingly, the associated ideals Z; for Lagrangians L in any of the
classes [L|=E; —Ej,H — E;— Ej — E;,2H — E|, — E; — E3 — E4, — Es — E; all coincide in
one summand

6
T,=Ry | -2p+ |12H -4 E; | q+12IMslq* | ® RolLl
j=1
Remark 5.1. Note that all Lagrangian spheres in each of My, M5, and Mg have the same
discriminant and the same holds for the Lagrangian spheres in M; in the classes E; — E3,
E, — E3 and E; — Ej3. This follows of course from the fact that all these classes belong to
the same orbit of the action of the symplectomorphism group (on each of the My's). How-
ever, here is a different potential explanation which might give more insight. Consider
for example the classes E; — E; and E; — E3 in M3. It seems reasonable to expect that
there exist Lagrangian spheres L, Ly C Mz with [L;] = E; — E,, [L;]= E, — E3 such that
L, and L, intersect transversely at exactly one point. (We have not verified the details of

that, but this seems plausible in view of the constructions outlined at the beginning of
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Section 5.1.1). The fact that Ay, = Az, would now follow from Corollary F. Similar argu-
ments should apply to many other pairs of classes on My, M5, and M. This would also

explain why in all these cases the discriminants turn out to be perfect squares. d

5.2 Lagrangian spheres in hypersurfaces of C P!

Let M?" c CP™! be a Fano hypersurface of degree d, where n> 3. We endow M with the
symplectic structure induced from CP™!. It is easy to check that M is monotone and
that the minimal Chern numberis Cyy=n-+2 —d.

We view the homology H,(M; Q) as a ring, endowed with the intersection prod-
uct which we denote by a- b for a, b € H,(M; Q). Write h € Hy, »(M; Q) for the class of a
hyperplane section. The homology H,(M; Q) is generated as a ring by the class h and
the subspace of primitive classes, denoted by H,(M; Q)o. (Recall that the latter is by
definition the kernel of the map H,(M; Q) — H,, 2(M; Q), a+——a- h.)

Assume that d> 2. Then by Picard-Lefschetz theory M contains Lagrangian
spheres (that can be realized as vanishing cycles of the Lefschetz pencil associated to
the embedding M c CP™!),

Let L C M be a Lagrangian sphere and assume further that d> 3. To calculate
[L]*® we appeal to the work of Collino and Jinzenji [19] (see also [8, 27, 52] for related
results). We set x:=h+ d![Mlq if Cy; =1, and x:= h, if Cy; > 2. Specifically, we will need
the following:

Theorem 5.2 (Collino and Jinzenji [19]). In the quantum homology ring of M with

coefficients in Q[g] we have the following identities:

(1) x=*a=0 for every a € H,(M; Q).
(2) axb=1i#@a b)(x™— dix*d2qm2-9) for every a, b e Hy(M; Q)o. O

Coming back to our Lagrangian spheres L C M, we clearly have [L] € H,(M; Q)o.

Therefore, we obtain from Theorem 5.2:
1
(L1 [L] + [L] = —#(L] - [LD)(x*" % [L] — d%%*@2 % [LIg™* %) =0, (30)

where in the last equality we have used that d> 2 (hence x*2 % [L] = 0).

If we also assume that 2Cy|n, then the Lagrangian spheres L € M have minimal
Maslov number N;, = 2Cy and it is easy to see that they satisfy Assumption .Z (see, e.g.,
Proposition G). Therefore, in this case the discriminant A;, is defined and we clearly have
A, =0. (Note that when 2Cy/|n we must have d > 2.)
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Finally, we discuss the case d=2. A straightforward calculation based on the
quantum homology ring structure of the quadric (see, e.g., [8]) shows that Lagrangian
nn

spheres L C M satisfy [L]*® = (—1)"% +14[L]q" if n= even and [L] =0 (hence [L]*2 = 0) if
n=odd.

5.2.1 An example which is not a sphere

All our examples so far were for Lagrangians that are spheres. However, our theory is
more general and applies to other topological types of Lagrangians (see, e.g., Assump-
tion .Z, Proposition G and Theorem B). Here is such an example with L ~ S™ x S™.

Let Qc CP™'! be the complex n-dimensional quadric Q= {[Zo St Zmpl] —
75+ -+ 2%,,, =0} endowed with the symplectic structure induced from CP™"!. Then
S:={lzo::2Zmu1ll =2+ + 7,1 =0,z R} is a Lagrangian sphere. The first Chern
class ¢; of Q equals the Poincaré dual of mh, where h is a hyperplane section of
Q associated to the projective embedding Q c CP™"!. The minimal Chern number
is Co=m and S has minimal Maslov number Ns=2m. Note that S does not sat-
isfy Assumption .Z (since Ns does not divide m). Henceforth we will assume that
m = even.

Put M= Q x Q endowed with the split symplectic structure induced from both
factors and consider the Lagrangian submanifold L ¢ M which is the product of two

copies of S:

L:=SxScQxAQ.

Put 2n=dimg M so that dim L =n=2m.
The symplectic manifold Q x Q has minimal Chern number C;; = m and the min-
imal Maslov number of L is N; = 2m = n. By Proposition G, L satisfies Assumption .Z.
For our calculations the following identities in the quantum homology ring of Q

will be relevant (see, e.g., [8]):

(1) hx[S]=0.
(2) axb=3#(a-b)(h"™ — 4lQlq™) for every a, b € Hy(Q; Q)o.

To calculate A; we compute [L]*® in QH(Q x Q). By the Kiinneth formula in quantum
homology [44] we have QH(Q x Q; Zlql) = QH(Q; ZIq]) ®z1q QH(Q; Zlq]). Together with

the previous identities (with a= b =[S]) this gives

[L]+[L]= (S] % [SD) ® ([S] * [S]) = ("™ — 4[Qlq™) ® (W™ — 4[Qlq™),



The Lagrangian Cubic Equation 2617

and therefore
[L]*® = (A'™ % [S] — 4[Slg™) ® (W™ * [S] — 4[Slg™) = 16[S] ® [Slg*™ = 16[L1g*™.

It follows that o7 =0 and 7; =1 (in the notation of Theorem B), hence A; =41 = 4.

6 Finer Invariants Over the Positive Group Ring

Much of the theory developed in the previous sections can be enriched so that the dis-
criminant Ay and the cubic equation take into account the homology classes of the holo-
morphic curves involved in their definition. The result is clearly a finer invariant. This
point of view is pursued in detail in the expanded version of this paper [17] and here we
will only indicate briefly how this can be achieved.

Let L C(M,w) be a monotone Lagrangian submanifold. Denote by HY C
H,(M, L; 7Z) the image of the Hurewicz homomorphism m,(M, L) — Hy(M, L; 7).

We will use here the ring A*, introduced in [14], which is the most general ring
of coefficients for Lagrangian quantum homology. It can be viewed as a positive version
(with respect to w) of the group ring over H?. Specifically, denote by At the following

ring:

At =1p(T) DTy =c+ Y caT* co,cacZy. (31)
AeHP

n(A)>0

We grade A" by assigning to the monomial T4 degree | T#| = —u(A). Note that the degree-
0 component of A* is just Z (not linear combinations of T4 with (A) =0). As explained
in [14] we can define QH(L; A"), and in fact QH(L; R) for rings R which are /Y*-algebras.

Assume for simplicity that L is a monotone even-dimensional Lagrangian sphere
with Ny |n, where n=dim L, and endow L with a spin structure. The definition of the
discriminant Ay carries over to this setting as follows. Pick an element x € QHy(L; A™)
which lifts [point] € Hy(L) as in Section 2.5.4. Write

X*xX=0Xx+Ter,

where 6,7 € AT are elements of degrees || = —n and |7| = —2n, respectively. As before,

the elements ¢ and 7 depend on x. Define
Ap=56%+4te AT,

The same arguments as in Section 2.5 show that A; is independent of the choice of x.



2618 P. Biran and C. Membrez

Theorems A and B continue to hold but the cubic equation (1) now has the form:
(L] — ex6r[L]** — x*7,[L]1 =0, (32)

where 6;, € #/ﬁ*, 7€ %A* are uniquely determined. The ambient quantum homology is
defined here with coefficients in the extended ring A* by using the map j: H — HP
induced by the inclusion. (Recall that Hy = H; (M) is the image of the absolute Hurewicz
homomorphism 7, (M) — H,(M; Z).) Note that in (32) we do not have the variable q any-
more since the elements x25;, x37; are assumed in advance to be in the ring A™*.

As for identity (2), it now becomes

1 .
1= =5 3 GWaa((L. L1 LEDT/, (33)
A

where j: HY — HP is the map induced by inclusion. (Here H; = Hy (M) is the image of
the absolute Hurewicz homomorphism 7o (M) —> Hy(M; Z).)

Analogous versions of Theorem 3.1 hold over A™ too.

We refer the reader to Section 6 of the expanded version of this paper [17] for
more details, further properties of the extended invariants as well as explicit calcula-

tions in several examples.

7 Relations to Enumerative Geometry of Holomorphic Disks

Let L™ C M?" be an n-dimensional oriented Lagrangian sphere in a monotone symplectic
manifold M with n= even and Cy = 7. Note that L satisfies Assumption .# hence we can
define its discriminant Ay € Z by the recipe in Section 1.2.

The purpose of this section is to give an interpretation of the discriminant in
terms of enumeration of holomorphic disks with boundary on L. A related previous
result was established in [15] for two-dimensional Lagrangian tori and the same argu-
ments from that paper easily adapt to our setting.

We will use below the notation from Section 6. Let A€ H? and J an almost com-
plex structure compatible with the symplectic structure of M. Denote by M ,(A4, J) the
space of simple J-holomorphic disks with boundary on L in the class A and with p
marked points on the boundary (the space is defined modulo parameterization by the
group Aut(D)= PSL(2,R) of biholomorphisms of the disk D. See [15, Section A.1.11] for
the precise definitions). Denote by ev; : M (4, J) —> L the evaluation at the i'th marked

point, where 1 <i < p.
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Fix three points P, Q, R€ L. Choose an oriented smooth path PQ in L starting at
P and ending at Q. Similarly, choose another two oriented paths QR and RP.

Let Ae HZD with ©(A) =n. Define np(A) € Z to be the number of J-holomorphic

—
disks in the class A whose boundaries pass through both the path QR and the point
P. In other words, we count the number of disks u:(D,dD) — (M, L) in the class
A with two marked points z;,z € dD such that u(z)e€ QR and u(z) = P. (The disks
with marked points (u, z1, z,) are considered modulo parameterization by Aut(D) of
course.) Standard arguments show that for a generic choice of J the number np(A4) is
finite.

The count np(A) should take into account the orientations of all the spaces
involved. To this end, we will use here the orientation conventions from [15] and describe
np(A) via a fiber product. More precisely, we use the spin structure on L to orient
My (A, J) and define

_
np(A) =#(QR x M3y(A, J) xg {P}),

where the left fiber product is defined using ev;, the right one using ev,, and # stands
for the total number of points in an oriented finite set, counted with signs.

Similarly, set:
ﬁ
nqa(A) :=#(RP x5 M3(4A, J) xi {Q}),

nr(A) = #(PQ x Ma(A, J) x1, {R)).

Define now

np = Z np(A) eZ,

where the sum runs over all A€ H? with x(A) = n. Similarly, define nq, ng € Z.
Next, let BeHzD with w(B)=2n. We would like to count the number of
J-holomorphic disks in the class B with boundary passing through P, Q, R (in this

order!). The precise definition goes as follows. Consider the map
evig3=ev; X evy X evs: M3(B,J) — L x L x L.

Standard arguments imply that for a generic choice of J, (ev123)~}(P, Q, R) is a finite

oriented set. Consider the number of points in that set, namely define

npar(B) :=#(ev123) (P, Q, R),
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where the count takes orientations into account. Finally, define

NpoR = Z npar(B) € Z,

where the sum is taken over all classes B € HY with u(B) = 2n.
We remark that the numbers np(A) (as well as np) are not invariant in the sense
that they depend on the choices of the points P, Q, R and of J. The same happens with

ng, nr and presumably with npgg too.
Theorem 7.1 (cf. Theorem 6.2.2 in [15]). Let L C M be as above. Then

Ap =4npgr + n?; + nza + n% — 2npng — 2NgNng — 2NRNp. (34)
U

The proof is almost identical to the proof of Theorem 6.2.2 from [15] with
straightforward modifications. For the sake of completeness we briefly recall the main
ideas (following [15], Section 6.2.3) and after that indicate the minor modifications
needed in order to adapt the proof from [15] to the present situation.

Recall that in order to define A we need to choose a lift xe QHy(L) of the class
[point] € Hy(L) and write x* x=0x + te; (with o, r depending on x). Then A =02 + 4.
The idea is to give a chain level interpretation of the coefficients o and 7, based on the
pearl complex. This is done as follows. Choose two Morse functions f, g: L — R with
pairwise distinct critical points and such that each function has precisely two critical
points (a minimum and a maximum). Fix also a Riemannian metric (-,-) on L and a
compatible almost complex structure J on M. The choices of these structures is made
so that the following properties are satisfied. The minimum of g is P, the minimum of f
is Q, and the maximum of f is R. We also require that the edge RP is the unique flow
line of —V f going from R to P, and (after slightly rounding the corner at P) the edge
PQ is the unique flow line of —V f going from P to Q. Moreover, the edge QR contains
the maximum of g (say y) and it consists of two pieces: one is the unique flow line of
—Vg going from y to O—the orientation of this flow line is opposite that of E’a; the
second consists of a very short flow line, y, of —Vg joining y to R—the orientation of
this flow line coincides with that of QR. The points y and R are taken close enough so
that no J-holomorphic disk of Maslov index n passing through P intersects y (as the
space of such disks passing through P and with one additional marked point is (n— 1)-
dimensional this is not restrictive). The construction is depicted in Figure 6. Next we
consider the pearl complexes associated to f and to g (and the other structures (-, -), J)

and look at the chain level product Q * P. The rest of the proof, as detailed in [15], goes
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P

Fig. 6. The triangle P QR as drawn by negative flow lines of f and g.

by relating the pearly trajectories involved in this product to the numbers ¢ and t. The
numbers np, ng, Ng, Npagr turn out to be the information needed in order to recover o and
7 hence also A. A long calculation (which appears in [15]) then yields formula (34) from
Theorem 7.1.

We now explain how to adjust the proof from [15] to our case. The main differ-
ence is that in [15] the proof was carried out in dimension n=2 and here we deal with
general n (which is even). More specifically, the counting for np, nqg, ng in [15] involved
Maslov-2 disks and now it involves Maslov-n disks. Similarly, npqr counted Maslov-4
disks in [15] and now it counts Maslov-2n disks. Another, purely formal, difference is
that [15, Theorem 6.2.2] was stated for Lagrangian tori and here we deal with spheres.
However, this does not have any significance for the proof. This concludes the sketch of
the proof.

In view of the Lagrangian cubic equation (1) from page 4 and Corollary C, we can
calculate the right-hand side of (34) via the ambient quantum homology of M.

Note that if we choose the points P, Q, R in specific positions formula (34)
might become simpler. For example, if we fix the point P, then for a suitable (yet
generic) choice of the points Q and R we can make np =0. The formula then becomes

Ar, =4npar + (g — ng)?.

Remark 7.2. One can obtain finer enumerative information distinguishing disks in dif-
ferent homology classes by working over the ring A+ as indicated in Section 6. The num-
bers np, na, nr, npor will then be replaced by elements of A*. For example, np is now

defined via

np 1= an(A)TA €A™,
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where the sum runs over all Ae H2D with w(A) =n. Similarly, one defines nq, ng, npqr €
AT. Recall also that the discriminant A; admits an extension to A; € A*. With these

definitions we have
A~L=4npa1q+nfD +n%)+n§—2npna — 2ngng — 2ngnp. (35)

We refer the reader to [17, Sections 6 and 7] for more details and examples. O

8 What Happens in the Non-Monotone Case

Here we briefly outline how to extend, in certain situations, part of the results of the
paper to non-monotone Lagrangians.

Let L™ C M?* be a Lagrangian submanifold, which is not necessarily mono-
tone. Under such general assumptions, the Lagrangian Floer and Lagrangian quantum
homologies might not be well defined, at least not in a straightforward way. There are
several problems with the definition. The main one has to do with transversality related
to spaces of pseudo-holomorphic disks which cannot be controlled easily (see [25, 26] for
a sophisticated general approach to deal with this problem). The other problem (which
is very much related to the first one) comes from bubbling of holomorphic disks with
non-positive Maslov index. This leads to complications in the algebraic formalism of
Lagrangian Floer theory.

Nevertheless, the theory does work sufficiently well in dimension 4 and we can
still push some of our results to this case. Henceforth we assume that dim M =2n=4. We
denote the symplectic structure of M by w. For simplicity assume that L is a Lagrangian
sphere. We fix for the rest of the section an orientation and spin structure on L.

We first introduce the coefficient ring A which is a hybrid between the Novikov
ring and a positive version of the group ring of HP (M, L) that appears in [14] (where it
is denoted by A*). More precisely, we define A}, to be the set of all elements p(T) of the

form

p(T)=ay+ ) aaT* a,ascZ,
A
satisfying the following conditions. The sum is allowed to be infinite and is taken over
all Ae HZD (M, L) satisfying both ©(A) >0 and w(A4) > 0. In addition, we require that for
every S € R the number of non-trivial coefficients a4 # 0 in p(T) with w(A) < S is finite. It
is easy to see that A is a commutative ring with respect to the usual operations. We

nov

endow A; , with the same grading as A*, that is, |T4| = —u(A).
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Similarly to the monotone case, we define the minimal Chern number C;; of
(M, w) as follows. Let HZS =image(m, (M) — H,(M)) be the image of the Hurewicz homo-
morphism. Define Cy; = min{(c;, A) | Ae Hy, (c1, A) >0, ([w], A) > 0}.

The following version of Theorem A continues to hold for all Lagrangian 2-

spheres, whether monotone or not, provided we work over the ring A} in QH(M).

Theorem 8.1. Let L? ¢ M* be a Lagrangian 2-sphere (without any monotonicity assump-
tions). Then there exists y;, € /i;l“ov such that [L]*3 =y, [L]. If Cy =2, then y; is divisible
by 4. O

Here is a simple example (many more can be found in Section 6.2 of the expanded
version of this paper [17]. See also Theorem 8.A in that paper). Consider (M;,w),
the symplectic blow-up CP? at two points, endowed with a non-necessarily montone
symplectic structure. (We use here the notation from Section 5.1.) We assume that
([w], E1) = (lw], E3) > 0 so that the class E; — E; represents a Lagrangian sphere L C M,
(see Section 5.1). Note that by standard arguments we also have ([w], H — E;) > 0.

Clearly, HP (M, L) = Hy(M, L) = H,(M)/H>(L) and as a basis for H? (M, L) we can
choose {H, E}, where E stands for the image of both E; and E; in H,(M)/H,(L). A

straightforward calculation (see [17]) gives
(E1 — E))® =(T?*! +4TH B\ (E, — E;), A =4%, =T +4TH.

We will now outline the main points in the proof of the Theorem 8.1, paying
attention to the main difficulties in the non-monotone case.

Recall that the proof of Theorem A made use of both the ambient quantum
homology QH (M) and the Lagrangian one QH (L), as well as the relations between them,
for example, the quantum inclusion map i : QH(L) — QH (M).

The ambient quantum homology QH(M) can be defined (over A;,) in the semi-
positive case (see [44]) in a very similar way as in the monotone case. This covers our
case since four-dimensional symplectic manifolds are always semi-positive. As for the
Lagrangian quantum homology things are less straightforward, and we explain the dif-
ficulties next.

Denote by J the space of almost complex structures compatible with . Then
for generic J € J there are no non-constant J-holomorphic disks u: (D, dD)— (M, L)
with Maslov index u(u) <0. This follows from the fact that the spaces of such disks
have negative virtual dimension, together with standard transversality arguments from

the theory of pseudo-holomorphic curves (see [33, 37, 38, 44]). From this, it follows by
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the theory from [12, 14] that for a generic choice of J (and other auxiliary data) the
J) satisfies all the

algebraic properties described in Section 2.2 as long as we work with coefficients in Anov

associated pearl complex is well defined and its homology QH (L; Anov,
The reason to work over A}  comes from the fact that there might be infinitely many
pearly trajectories connecting two critical points that all contribute to the differential
of the pearl complex. However, for any given 0 < S € R the number of such trajectories
with disks of total area bounded above by S is finite, and therefore the differential of the
pearl complex is well defined over A . A detailed account on this approach to the pearl
complex in dimension 4 has been carried out in [18].

Since L is an even-dimensional sphere, for degree reasons QH(L; A} : J) is iso-
fov)- How-
Jo) — QH(L; At : Jp)

are well defined for every two regular J's, and moreover, it is a priori not clear whether

nov ;

morphic (possibly in a non-canonical way) to the singular homology H,(L; A
ever, it is not clear whether the continuation maps QH(L; Af;

the quantum ring structure on QH(L; A7 : J) is independent of J.

nov’

To understand these problems better denote by J,<c C J the subspace of all
J's for which there exists either a non-constant J-holomorphic disk with © <0 or a
J-holomorphic rational curve with Chern number <0. Roughly speaking the space
Ju<o has strata of codimension 1 in J. Denote by J,-0=J7 \ Ju<o its complement. Let
Jo, J1 € Jy=0 be two regular almost complex structures. If Jy, J; happen to belong to
the same path connected component of J,.¢, then we have a canonical isomorphism
QH(L; At : Jo) — QH(L; A+

Jo, J1 lying in different path connected components of J,.¢ this might not be the case.

; J1) which is in fact a ring isomorphism. However, for

nov’ nov’

The problem is that when joining Jy with J; by a path {J;};c[0.1) there will be instances of
t where the path goes through 7, <o, hence the spaces of pearly trajectories used in defin-
ing the continuation maps might not be compact due to bubbling of holomorphic disks
with Maslov index 0. Under such circumstances “wall crossing” analysis is necessary in
order to try to rectify the situation.

Despite these difficulties, Theorem 8.1 still holds. The point is that although
the Lagrangian quantum homology does depend on the choice of J, the ambient quan-
tum homology QH (M; A}

Theorem A one can see that the invariance of QH(L; A+

J) is independent of that choice. Inspecting the proof of

nov ;

T J) under changes of J does not

play any role. The only important thing is that QH(M; A}, ; J) is independent of J and
J) — QH(M; At : J) is well defined

and satisfies the algebraic properties described in Section 2.2.

that the quantum inclusion map iy : QH(L; A}

IlOV’ HOV’

The rest of the arguments proving Theorem A go through with mild modifications

and yield Theorem 8.1.
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+
nov,Q

Remark 8.2. Assume that C; = 1. Change the ground ring from Z to Q and define A
in the same way as A}, but over Q. It is easy to see that the discriminant A; = j; € A},
determines the isomorphism type of the ring QH(L; /TKOV!Q; J). Since the discriminant
is independent of J it follows that the ring isomorphism type of QH(L; /IKOV,Q; J) is in
fact independent of J too. However, as mentioned earlier, it is not clear if an isomor-
phism between the Lagrangian quantum homologies corresponding to J's in different
components of 7. can be realized via continuation maps.

If Cyy =2, the situation is simpler. In this case, there is no need to work over Q,
that is, the isomorphism type of the Lagrangian quantum homology with coefficients in
At is determined by ;. O

nov
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Appendix. Calculations in Lagrangian Quantum Homology

At several instances along the paper, we have appealed to basic techniques for calcu-
lating the Lagrangian quantum homology. The main ingredient is a spectral sequence
whose initial page is the singular homology of a given Lagrangian and which converges
to its quantum homology. This is well known to specialists and most of the details can
be recollected from several references indicated below. For the sake of readability we
summarize below the main ingredients of this method. We begin in Section A.1 with
the general setup of the spectral sequence and in Section A.2 specialize to the case of

Lagrangian spheres.

A.1 A spectral sequence in Lagrangian quantum homology

This is a homological version of the spectral sequence that was introduced in [46] and
further elaborated in [11], see also [13, 14].
Let L C M be a monotone Lagrangian submanifold with minimal Maslov number

N; and denote n=dim L. Let K be a commutative ring which will serve as the ground
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ring for the quantum homology. In case the characteristic of K is not 2 we assume that
L is spin (i.e., endowed with a given spin structure).

Denote by Ax = KI[t™!,t] the ring of Laurent polynomials in t, graded so that
the degree of t is |[t|=—N. Let f:L — R be a Morse function and fix in addition a
generic almost complex structure J, compatible with the symplectic structure of M and
a generic Riemannian metric on L. With this data fixed one can define the pearl complex
(C, d) whose homology QH(L; Ak) is (by definition) the Lagrangian quantum homology
of L, and which turns out to be isomorphic to the self-Floer homology of L (see [12-15]
for the foundations of Lagrangian quantum homology).

Consider now the graded free K-module C whose basis is formed by the critical

points of f, where the degree i part is generated by the critical points of index i:

n
C; .= @ Kx, C*::@Ci.
i=0

xeCrit; (f)

Morse theory [3, 4, 6] gives rise to a differential 9™ :C; — C;—; on C whose homology
H,(C,d™) is canonically isomorphic to the singular homology H,(L; K) of L.

Below it will be useful to write Ax = ®;cz P;, where

b Kt /M if {=0 (mod Ny),
i:

0 otherwise.

The pearl complex (C, d) is related to C as follows. Its underlying module is
defined by C, =C. ®x Ak, where the grading is induced from both factors in the ten-

sor product. Thus we have

C= @ Ci—kn, ® Py, VIeZ.
keZ

The differential d can be written as a sum of K-linear operators as follows:
d=3Q®1+h®t+ -+, 1", (A.1)

with 9;:C; — Cj4in,—1 and v = [%Ll]. Moreover, the first operator in this sum coincides
with the Morse differential, that is, 9o = 9™. We refer the reader to [12-15] for the precise
definition of the operators 9;. As far as this section is concerned, the only relevant thing

is the precise shift in grading for each 9;.



The Lagrangian Cubic Equation 2627

Consider now the following increasing filtration F, Ax on Ag:

FpAg = h(t) € Ax |h(t) = > at* t =D Pjw, .
-p<k Jj=p
This filtration induces an increasing filtration on the chain complex (C, d) by setting

FpC=C ® FpAg or more specifically:

Flu =D Ci-jw, ® Py, Vp.leL.
j=p

The fact that the differential preserves the filtration follows from (A.1). Note also that
for degree reasons the filtration %,C is bounded.

According to standard spectral sequence theory [54] the filtration F,C induces a
spectral sequence {Ebq d’} ., which converges to H,(C,d) = QH,(L; Ag).

The following theorem is an obvious homological adaptation of Theorem 5.2.A
from [11].

r=0

Theorem A.1. The spectral sequence {E}, ;. d'} has the following properties:

(1) Eg-q =Cpiq-pn, ® Ppn;, =9 ®1;
(2) Epq=Hpigpn,(L; K) ® Ppn;, & =101 ®t, where

[01]: Hprg—pn, (L; K) — Hprg_1-(p-1yn, (L; K)

is induced by the map 9;.
(3) {E} 4. d'} collapses at the v+ 1 step, namely d” =0 for every r > v + 1 (hence
we denote E;?q:E;,q for r>v + 1). Moreover, the sequence converges to

QH,(L; Ag). In particular, when K is a field we have

@ EY, = QH(L: Ax) VIeZ.
p+q=l

A.2 Quantum homology of Lagrangian spheres

Proposition A.2. Let L C M be an n-dimensional monotone Lagrangian submanifold

which is a Q-homology sphere. Then:

(i) If nis even, then QH.(L; Ag) = H.(L; Q) ® Ag.

(ii) Assume nis odd. If N/ n+1 or Ny |n+1 and [L]1#0, then QH.(L; Ag) =
H.(L; Q) ® Ag. If N |[n+ 1 and [L] =0, then QH,(L; Ag) is either 0 or isomor-
phic to H.(L; Q) ® Ag. O
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Note that the isomorphisms in (i) might not be canonical in case Ny |n (for more

on this phenomenon, see [14, Section 4.5]).

Proof. The proof is based on the spectral sequence of Section A.1 and on Theorem A.1.

Before we start recall that N; must be even since L is orientable.

Assume that nis even. Then E}J,q =0if p+ g =o0dd, since Ny, is even. Thus forr > 1
the higher differentials d": E}, , — E7, ., all vanish, hence E,,=E,. This gives us
QH,(L; Ag) = H,(L; Q) ® Ag.

Assume now that nis odd. If p+ g = o0dd, then the only non-trivial terms in E;,q

are

Epq=Hn(L; Q) ® Py,
where p+ g=n+ pN;. If p+ q = even, then the only non-trivial terms are
E,,=Ho(L; Q) ® Ppy,,

where p+ g = pN;. Now for degree reasons themaps d": E}, , > E},_, .., ;are0if p+qg=

odd, since either E;,q =0Qor E”

p-rq+r—1 =0 or both are trivial. It remains to consider the

maps d': E}, , — E},_, ... ; for p+g= even.

We now assume that Ny, yn+ 1. Then d' : Hy(L; Q) ® Ppy, — Hy,—1(L; Q) ® Pp1)n,
and the assumption implies that this operator is 0. By the same reasoning the higher
differentials d" vanish for all r > 2. Thus we obtain QH,(L; Ag) = H.(L; Q) ® Ag.

Assume N;|n+1 and [L]#0. Since ir(e;) =[L]#0, this implies that e €
QHy(L; Ag) is non-zero and hence not a boundary (we are using Q as our ground ring).
Therefore, the operators d must vanish for all » > 1. We obtain the desired isomorphism.

In the case N; [n+ 1 and [L] =0 there exists either an r > 1 such that d" is non-

zero or d’ is always zero. This corresponds to both cases in the assertion. |

Remark A.3. In Proposition A.2, the case N; |[n+ 1 and [L] =0 leads to two possibilities
for QH(L; Ag). One can distinguish between them by counting the algebraic number of
pseudo-holomorphic disks of Maslov index n+ 1 through two generic points of L. If this
number is 0, then QH(L; Ag) = H.(L; Q) ® Ag, otherwise QH(L; Ag) vanishes. O
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