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Abstract Over the last decade, the field of geometric integration has rapidly estab-
lished itself as one of the core research areas in numerical ordinary differential equa-
tions. Geometric integrators are numerical methods which preserve some of the math-
ematical or physical properties of the system they are approximating. In the case of the
Lotka–Volterra equations, which are a Poisson system, a good geometric integrator
should also be a Poisson integrator. There is however another important property of
solutions of the Lotka–Volterra equations: they are non-negative, since they represent
population densities. We study in this paper the conditions under which two Poisson
integrators for the Lotka–Volterra equations lead to positive approximate solutions.
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1 Introduction

1.1 The Lotka–Volterra system

We study numerical methods for solving the Lotka–Volterra equations

{
u̇ = u (b − v),

v̇ = v (u − a).
(1.1)

These equations model the evolution of a prey with density u(t) and its predator
with density v(t), and a and b are positive constants.

Defining the function H : R2 −→ R by

H(u, v) := u − a ln u + v − b ln v, (1.2)

the Lotka–Volterra system (1.1) can be rewritten as

{
u̇ = −uv Hv(u, v),

v̇ = uv Hu(u, v),

where Hu and Hv denote the partial derivatives of H with respect to u and v. Dividing
the two equations of this system and separating the variables, we get

Hu(u, v)u̇ + Hv(u, v)v̇ = 0.

By integrating this equation, we obtain that the Hamiltonian H(u, v) is an invariant
of the system (1.1). This shows that the solution of (1.1) always lies on a level curve
of H , and since the level sets of H are closed in the first quadrant, as shown in Fig. 1,
solutions of (1.1) are cyclic.
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Fig. 1 On the left, some level curves of the Hamiltonian of the Lotka–Volterra system, from H = 2.1 to
H = 3.7. On the right, illustration of several methods applied to the Lotka–Volterra system, with u0 = 1.5,
v0 = 0.5, a = b = 1 and h = 0.1
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Positivity of Poisson integrators for the Lotka–Volterra equations 321

Unlike classical Hamiltonian systems, there is a factor uv in front of the derivatives
of the Hamiltonian H , and such systems were called in [4] non-canonical Hamil-
tonian systems. More generally, this system is a Poisson system, see [3]. Note that
by applying the transformation ψ(u, v) = (ln u, ln v) = (p, q), the Lotka–Volterra
system becomes Hamiltonian with K (p, q) = −H(u, v) = −H(ep, eq).

It is important that numerical simulations of the system (1.1) show the same qual-
itative behavior as the exact solution, in particular approximate solutions should also
be cyclic and positive. As one can see on Fig. 1, the results obtained by the forward
Euler and the backward Euler methods spiral outwards or inwards, so specificmethods
have to be used to avoid this.

1.2 Poisson integrators

It is well-known that Hamiltonian systems are symplectic, which in our two dimen-
sional case means area-preserving, and that suitable methods to get good qualitative
behavior are symplectic methods, that is numerical methods satisfying

(
∂(un+1, vn+1)

∂(un, vn)

)T (
0 −1
1 0

) (
∂(un+1, vn+1)

∂(un, vn)

)
=

(
0 −1
1 0

)
, (1.3)

whenever they are applied to a smooth Hamiltonian system.
However, as we said in Sect. 1.1, the Lotka–Volterra system is not Hamiltonian but

its structure is similar to a Hamiltonian system. In fact, the right hand sides are only
multiplied by a factor uv. In other words, we can write the Lotka–Volterra system as

ẏ = B(y)∇H(y), (1.4)

where y = (u, v), H(y) = u − a ln u + v − b ln v and

B(y) =
(
0 −uv

uv 0

)
. (1.5)

The generalization (1.4) of a Hamiltonian system is called a Poisson system.

Definition 1.1 ([3]) If a matrix B(y) is skew-symmetric and satisfies

n∑
l=1

(
∂bi j (y)

∂yl
blk(y) + ∂b jk(y)

∂yl
bli (y) + ∂bki (y)

∂yl
bl j (y)

)
= 0, for all i, j, k,

(1.6)

then the formula

{F,G}(y) =
n∑

i, j=1

∂F(y)

∂yi
bi j (y)

∂G(y)

∂y j
(1.7)

123



322 M. Beck, M. J. Gander

is said to represent a general Poisson bracket. The corresponding differential system
(1.4) is a Poisson system. We continue to call H the Hamiltonian.

Since the Lotka–Volterra system can be written in the form (1.4), where B(y),
defined in (1.5), is skew-symmetric and satisfies (1.6), it is a Poisson system. To study
such systems, the notion of Poisson maps is essential.

Definition 1.2 ([3]) A transformation ϕ : U → R
n (where U is an open set in Rn) is

called a Poisson map with respect to the Poisson bracket (1.7), if its Jacobian matrix
satisfies

ϕ′(y)B(y)ϕ′(y)T = B(ϕ(y)).

We observe, of course, a similarity with symplectic maps. The following theorem,
whose proof can be found in [3], explains the relation between Poisson systems and
Poisson maps.

Theorem 1.1 ([3]) If B(y) is the structure matrix of a Poisson bracket, the flow ϕt (y)

of the differential system

ẏ = B(y)∇H(y)

is a Poisson map.

It would of course be interesting to choose numerical methods which exhibit the
same characteristics as the flow ϕt (y) when solving this kind of problems. This moti-
vates the introduction of the notion of Poisson integrators.

Definition 1.3 ([3]) A numerical method y1 = �h(y0) is a Poisson integrator for the
structure matrix B(y), if the transformation y0 �→ y1 respects the Casimirs and if it
is a Poisson map whenever the method is applied to the corresponding differential
system (1.4).

Since for B(y) given by (1.5), there is no Casimir, we do not give the definition
here (one is given in [3]), and a numerical method is a Poisson integrator for B(y) if
and only if it is a Poisson map whenever applied to the Poisson system (1.4), in other
words a numerical method is a Poisson integrator for B(y) given by (1.5) if and only
if it satisfies

(
∂(un+1, vn+1)

∂(un, vn)

)T (
0 −unvn

unvn 0

) (
∂(un+1, vn+1)

∂(un, vn)

)

=
(

0 −un+1vn+1
un+1vn+1 0

)
. (1.8)

The most interesting property of Poisson integrators is related to backward error
analysis which is the topic of Sect. 3.
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Positivity of Poisson integrators for the Lotka–Volterra equations 323

2 Properties of the symplectic Euler method and its explicit variant

2.1 Two specific methods

In this paper, we focus on the simplest symplectic method, the symplectic Euler
method, and an explicit variant of it. The symplectic Euler method for the system

{
u̇ = f (u, v),

v̇ = g(u, v),
(2.1)

is defined in [2] by

{
un+1 = un + h f (un+1, vn),

vn+1 = vn + h g(un+1, vn),
(2.2)

and gives, when applied to the Lotka–Volterra system

{
un+1 = un

1−h (b−vn)
,

vn+1 = vn + h vn(un+1 − a).
(2.3)

An explicit variant of this method, defined by

{
un+1 = un + h f (un, vn),
vn+1 = vn + h g(un+1, vn),

(2.4)

was introduced by Gander in [1]. Applied to the Lotka–Volterra system, it becomes

{
un+1 = un + h un(b − vn),

vn+1 = vn + h vn(un+1 − a).
(2.5)

Both the symplectic Euler method and its explicit variant are Poisson integrators
for the Lotka–Volterra system, more precisely we have the two following theorems.

Proposition 2.1 The symplectic Eulermethod (2.2) is a Poisson integrator for Poisson
systems with B(y) given by (1.5) and any separable Hamiltonian H such that 1 +
hvn(Hv − un+1Huv) is not zero. This condition is always satisfied if h is chosen small
enough.

Proof To prove that the condition (1.8) is satisfied whenever we apply the symplectic
Euler method to the Poisson system (1.4) we differentiate

{
un+1 = un − h un+1vnHv(un+1, vn),

vn+1 = vn + h un+1vnHu(un+1, vn)

with respect to (un, vn) and write the result as a matrix equation
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324 M. Beck, M. J. Gander

(
1 + hvn(Hv − un+1Huv) 0
−hvn(Hu + un+1Huu) 1

) (
∂un+1
∂un

∂un+1
∂vn

∂vn+1
∂un

∂vn+1
∂vn

)

=
(
1 −hun+1(Hv + vnHvv)

0 1 + hun+1(Hu + vnHvu)

)
,

where the matrices Huv, Huu, Hvv of partial derivatives are evaluated at (un+1, vn).
Assuming 1 + hvn(Hv − un+1Huv) is not zero, the first matrix is invertible and we
can compute

∂�h B(un, vn) ∂�T
h =

(
0 −unvn(1+hun+1(Hu+vn Hvu))

1+hvn(Hv−un+1Huv)
unvn(1+hun+1(Hu+vn Hvu))

1+hvn(Hv−un+1Huv)
0

)
.

Therefore the symplectic Euler method is a Poisson integrator for B(y) if

unvn(1 + hun+1(Hu + vnHvu))

1 + hvn(Hv − un+1Huv)
= un+1vn+1.

Replacing un+1 and vn+1 by their definitions we obtain the condition

Huv(1 + hvnHv) = −Huv(1 + hun+1Hu),

which is satisfied for any separable Hamiltonian H(u, v) = T (u) + S(v).

Proposition 2.2 The explicit variant of the symplectic Euler method (2.4) is a Poisson
integrator for Poisson systems with B(y) defined in (1.5) and any separable Hamil-
tonian H.

Proof To prove that the method is a Poisson integrator, we proceed as above and get
the matrix equation

(
1 0

−hvn(Hu + un+1Huu) 1

) (
∂un+1
∂un

∂un+1
∂vn

∂vn+1
∂un

∂vn+1
∂vn

)

=
(
1 − hvn(Hv + unHuv) −hun(Hv + vnHvv)

0 1 + hun+1(Hu + vnHvu)

)
,

where thematrices Hvu and Huu are evaluated at (un+1, vn), whereas thematrices Huv

and Hvv are evaluated at (un, vn). Since the first matrix is invertible, we can compute
the matrix of derivatives ∂�h and we get

∂�h B(un, vn) ∂�T
h =

(
0 A

−A 0

)
,

with A := unvn(1 − hvn(Hv + unHuv))(1 + hun+1(Hu + vnHuv)). Since

un+1vn+1 = unvn(1 − hvnHv)(1 + hun+1Hu),
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Positivity of Poisson integrators for the Lotka–Volterra equations 325

and

A = unvn(1 − hvnHv − hvnunHuv))(1 + hun+1Hu + hun+1vnHuv)),

the explicit variant of the symplectic Euler method is a Poisson integrator for B(y)

defined in (1.5) and any separable Hamiltonian.

Since both methods are Poisson integrators for the Lotka–Volterra system, we
expect them to give good numerical results. This explains the excellent performance
we observed on Fig. 1.

Apart from the fact that they are Poisson integrators, an interesting property would
be that for suitable values of the step-size, the numerical result stays in the first quad-
rant.We give such a result for the symplectic Euler method in Sect. 2.2. For the explicit
variant of the symplectic Euler method, it is muchmore difficult to obtain such a result,
which will be the main part of this paper.

2.2 Condition for positivity of the symplectic Euler method

For the symplectic Euler method applied to the Lotka–Volterra system, a very simple
condition yields the desired result.

Theorem 2.1 If we apply the symplectic Euler method (2.3) to the Lotka–Volterra
systemwith h smaller than 1/a and 1/b, the numerical result stays in the first quadrant,
that is un and vn are positive for any n.

Proof Assuming un and vn are positive, un+1 is positive if and only if 1 − h(b − vn)

is positive, that is

vn > b − 1

h
.

For positive vn , it is sufficient that h is smaller than 1/b to ensure the positivity
of un+1. This also guarantees that the denominator of the first equation in (2.3) never
vanishes. On the other hand, vn+1 is positive if and only if 1+h(un+1 −a) is positive,
i.e.

un+1 > a − 1

h
. (2.6)

So if h is smaller than 1/b (so that un+1 is positive) and smaller than 1/a, the
inequality (2.6) is satisfied and vn+1 is positive.

On the other hand, if we want to apply the same argument to the explicit variant of
the method, we obtain the same argument for vn+1, but for un+1 we get

un+1 > 0 ⇔ vn < b + 1

h
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Fig. 2 Number of iterations needed for each point (u0, v0) to leave the first quadrant when applying the
explicit variant of the symplectic Euler method to the Lotka–Volterra system with h=1 and a = b = 1

and because this condition is not always satisfied, we can not predict in a simple way
when a numerical result will stay in the first quadrant and when it will not.

Actually if we plot for h = 1 the number of iterations needed to leave the first
quadrant for each initial value, the figure obtained, Fig. 2, is aesthetically pleasing and
very complicated. One can note that the condition

v1 < b + 1

h
= 2

appears clearly in the figure.
This figure indicates that for given initial conditions, it is always possible to find a

step-size h for which the numerical results stay positive. We will use backward error
analysis in order to prove such a result for exponentially long-time intervals.

3 Backward error analysis

Themost interesting property of Poisson integrators is related to backward error analy-
sis. For a given numerical equation yn+1 = �h(yn) applied to the differential equation
ẏ = f (y), we call modified equation the differential equation ˙̃y = fh(ỹ) of the form

˙̃y = f (ỹ) + h f2(t̃) + h2 f3(ỹ) + · · · ,

such that yn = ỹ(nh). If we apply a Poisson integrator to a Poisson system, the
modified equation is itself a Poisson system. The proof of these two results can be
found in [3].
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Positivity of Poisson integrators for the Lotka–Volterra equations 327

Theorem 3.1 ([3]) If a Poisson integrator �h(y) is applied to the Poisson system
(1.4), then the modified equation is locally a Poisson system. More precisely, for every
y0 ∈ R

n there exists a neighborhood U and smooth functions Hj : U → R such that
on U, the modified equation is of the form

˙̃y = B(ỹ)(∇H(ỹ) + h∇H2(ỹ) + · · · ). (3.1)

This result, which is only considering the local structure of the modified equation,
can be made more global under additional conditions on the differential equation.

Theorem 3.2 ([3]) If H(y) and B(y) are defined and smooth on a simply connected
domain D, and if B(y) is invertible on D, then a Poisson integrator �h(y) has a
modified Eq. (3.1) with smooth functions Hj (y) defined on all of D.

Since for the Lotka–Volterra system, the matrix B(y) is invertible on D := {y =
(u, v) : u > 0, v > 0}, whatever Poisson integrator you use to solve it, the modified
equation is globally a Poisson system.We usually call the Hamiltonian of the modified
system the numerical Hamiltonian of the original system and denote it by H̃(y).

Following Sects. IX.7 and IX.8 of [3], we bound the local error of the numerical
result and using the above property of Poisson integrators, we bound the Hamiltonian
error. This bound allows us to state our main theorem : given initial conditions, we can
compute for which step-size values the numerical solution given by the explicit variant
of the symplectic Euler method is ensured to remain positive over exponentially long
time intervals.

3.1 Estimation of the numerical solution

Recall that the Lotka–Volterra system is a Poisson system whose Hamiltonian
H(u, v) = u − a ln u + v − b ln v is analytic on E × E , where E := C\{z | Re(z) ≤
0 and Im(z) = 0}. We shall denote for the rest of the chapter y := (u, v) and
f1(y) := (u(b − v), v(u − a))T . We apply to the system the explicit variant of the
symplectic Euler method �h(y), defined in (2.5), with step size h.

We fix a compact set K ⊂ D := {(u, v) ∈ R
2 | u > 0, v > 0} and define

R := α distance(K ,Dc),

where 0 < α < 1 can be arbitrarily chosen (we usually obtain better results if α is
large), so that for all y0 ∈ K and all y such that ‖y − y0‖ ≤ R, y belongs to D, see
Fig. 3.

Denoting by K̃ the compact set K̃ := { y | ∃ y0 ∈ K such that ‖y − y0‖ ≤ R} and
by M the bound M := max{‖f1(y)‖ : y ∈ K̃ }, we now have, for all y0 ∈ K ,

‖f1(y)‖ ≤ M for ‖y − y0‖ ≤ R. (3.2)
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328 M. Beck, M. J. Gander

Fig. 3 Illustration of the sets K and K̃

Note that we can write the explicit variant of the symplectic Euler method applied
to the Lotka–Volterra system as

�h(y) = y + hf1(y) + h2d2(y), (3.3)

where d2(y) = (0, uv(b − v))T is analytic. Since we have to bound d2(y) for y ∈ K̃ ,
we simply define M2 := max{|uv(b − v)| : (u, v) ∈ K̃ } so that for all y0 ∈ K ,

‖d2(y)‖ = |uv(b − v)| ≤ M2 for ‖y − y0‖ ≤ R. (3.4)

3.2 Estimation of the coefficients of the modified equation

The next step is to bound the functions f j of the modified equation

˙̃y =
∑
n≥1

hn−1fn(ỹ) = f1(ỹ) + hf2(ỹ) + h2f3(ỹ) + · · · . (3.5)

The key idea to obtain an explicit formula for these functions is to introduce the
Lie derivative

Dj =
∑
k

f [k]
j (y)

∂

∂y[k] ,

where y[k] denotes the kth component of the vector y; in particular, for any differen-
tiable function g,

Djg(y) = g′(y)f j (y).

Using Lie derivatives and denoting y := ỹ(t), we can write the solution of the
modified Eq. (3.5) expanded into a Taylor series as
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Positivity of Poisson integrators for the Lotka–Volterra equations 329

ỹ(t + h) = y + hf1(y) + h2[f2(y) + 1

2! (D1f1)(y)]

+ h3[f3(y) + 1

2! (D1f2 + D2f1)(y) + 1

3! (D
2
1f1)(y)] + · · · .

In other words, the solution of the modified Eq. (3.5), with initial value y(t) = y
can be formally written as

ỹ(t + h) = y +
∑
i≥1

hi

i ! D
i−1F(y),

where F(y) = ∑
n≥1 h

n−1fn(y) stands for the modified equation, and hD =∑
n≥1 h

nDn for the corresponding Lie operator.
Expanding the formal sum, we obtain

ỹ(t + h) = y +
∑
i≥1

1

i !

⎡
⎣ ∑
k1,...,ki≥1

hk1+···+ki (Dk1 . . . Dki−1fki )(y)

⎤
⎦ , (3.6)

and then we can compare like powers of h in the numerical method (3.3) and the
expansion of the exact solution (3.6) to obtain

∑
i≥1

1

i !

⎡
⎣ ∑
k1+···+ki=2

(Dk1 . . . Dki−1fki )(y)

⎤
⎦ = d2(y)

and for all j ≥ 3,

∑
i≥1

1

i !

⎡
⎣ ∑
k1+···+ki= j

(Dk1 . . . Dki−1fki )(y)

⎤
⎦ = 0.

In other words,

f2(y) = d2(y) − 1

2
(D1f1)(y), (3.7)

and

f j (y) = −
j∑

i=2

1

i !

⎡
⎣ ∑
k1+···+ki= j

(Dk1 . . . Dki−1fki )(y)

⎤
⎦ , (3.8)

for j ≥ 3, so if wewant to get bounds for ‖f j (y)‖, we have to estimate first ‖(Djg)(y)‖
and for this we use the following variant of Cauchy’s estimate proved in [3].
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Lemma 3.1 For analytic functions f j (y) and g(y)wehave for 0 ≤ σ < ρ the estimate

‖Djg‖σ ≤ 1

ρ − σ
· ‖f j‖σ · ‖g‖ρ.

Here, ‖g‖ρ := max { ‖g(y)‖ : y ∈ Bρ(y0)} and ‖f j‖σ , ‖Djg‖σ are defined similarly.

The following theorem gives an explicit bound for the functions f j (y), for y ∈
K̃2 := { y | ∃y0 ∈ K s.t. ‖y − y0‖ ≤ R/2 }. Note that this bound is only valid when
we apply the explicit variant of the symplectic Euler method to the Lotka–Volterra
system.

Lemma 3.2 For all y0 ∈ K, f(y) and the coefficients f j (y) of the modified differential
Eq. (3.5) are analytic in BR(y0), so if the bounds (3.2) and (3.4) are satisfied, we have
for the coefficients f j , j ≥ 2,

‖f j (y)‖ ≤ ln 2
η M

2

(
ηM( j − 1)

R

) j−1

for y ∈ K̃2, (3.9)

where η := 2/(2 ln 2 − 1) + M2R/M2.

Proof We fix an index J > 1 and we consider ‖fJ‖R/2 = max { ‖fJ (y)‖ : y ∈
BR/2(y0}. The trick of the proof is to introduce δ := R/(2(J − 1)) and to estimate
‖f j‖R−( j−1)δ .

In order to simplify the notation, we abbreviate ‖ · ‖R−( j−1)δ by ‖ · ‖ j . Applying
repeatedly Cauchy’s estimate given in Lemma 3.1, we obtain for k1 + · · · + ki = j ,

‖Dk1Dk2 . . . Dki−1fki ‖ j ≤ 1

δi−1 ‖fk1‖ j · ‖fk2‖ j−1 · · · · · ‖fki−1‖ j−i+2 · ‖fki ‖ j−i+1.

By definition, for k < j we have BR−( j−1)δ ⊂ BR−(k−1)δ , so that ‖g‖ j ≤ ‖g‖k , so
from k1, k2, . . . , ki ≤ j − i + 1, we obtain

‖Dk1Dk2 . . . Dki−1fki ‖ j ≤ 1

δi−1 ‖fk1‖k1 · ‖fk2‖k2 · · · · · ‖fki−1‖ki−1 · ‖fki ‖ki .

We now apply this inequality to the expansions of the functions f j given by (3.7)
and (3.8) and obtain

‖f2‖2 ≤ ‖d2‖2 + 1

2
‖D1f1‖2 ≤ ‖d2‖2 + 1

2δ
‖f1‖21,
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and

‖fj‖ j ≤
j∑

i=2

1

i !
∑

k1+···+ki= j

‖Dk1 . . . Dki−1fki ‖ j

≤
j∑

i=2

1

i !
∑

k1+···+ki= j

1

δi−1 ‖fk1‖k1 · ‖fk2‖k2 · · · · · ‖fki |ki .

We define, by induction,

β j = M

δ

(
M2

M

) j−1

+
j∑

i=2

1

i !
∑

k1+···+ki= j

βk1βk2 . . . βki ,

so that ‖f j‖ j ≤ β jδ, for 1 ≤ j ≤ J , and we consider the generating function

b(ζ ) =
∑
j≥1

β jζ
j

=
∑
j≥1

M

δ

(
M2

M

) j−1

ζ j +
∑
j≥2

j∑
i=2

1

i !
∑

k1+···+ki= j

βk1βk2 . . . βki ζ
j

= Mζ

δ

∑
j≥1

(
ζM2

M

) j−1

+
∑
j≥2

1

j ! (b(ζ )) j .

Denoting by γ := M/δ and q := M2/M and assuming |qζ | < 1 we obtain

b(ζ ) = γ ζ

1 − qζ
+ eb(ζ ) − b(ζ ) − 1.

So denoting by x := b(ζ ), we have to solve

�(ζ, x) := ex − 2x − 1 + γ ζ

1 − qζ
= 0. (3.10)

We can apply the implicit function theorem whenever ex = eb(ζ ) 
= 2 i.e. x 
=
B := ln 2 + 2kπ i , so we need

eb(ζ ) − 2b(ζ ) = 1 − γ ζ

1 − qζ

= 2 − 2B.

Solving this last equation, we obtain that

ζ 
= 2B − 1

γ + q(2B − 1)
.
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So finally b(ζ ) is analytic in a disc with radius 1
ν

:= 2 ln 2−1
γ+q(2 ln 2−1) centered at the

origin. One can note that since 1
ν

< 1
q , the sum

∑
j≥0(qζ ) j in the derivation of b(ζ )

is well defined.
Now we want to prove that on the disc |ζ | < 1

ν
, the solution b(ζ ) of (3.10) with

b(0) = 0 is bounded by ln 2. Applying the conformal maps ζ �→ 1
ζ
, ζ �→ ζ − q

and again ζ �→ 1
ζ
to the disc |ζ | < 1

ν
we obtain the disc of radius ν

|q2−ν2| centered at
−q

q2−ν2
if q 
= ν (which is always the case since γ cannot be zero). Finally we multiply

by (−γ ) and obtain the disc centered at γ q
q2−ν2

and of radius γ ν

|q2−ν2| . Since ν > q, the
center of the disc is negative and the largest point of the disc is

w− = γ q

q2 − ν2
+ γ ν

q2 − ν2
= γ

q − ν
= −(2 ln 2 − 1).

So now we have to consider the image of the disc |w| ≤ 2 ln 2 − 1 centered at
the origin under the mapping b(w) defined by eb − 1 − 2b = w and b(0) = 0. One
can prove (see, for example, [3] page 309) that it is completely contained in the disc
|b| ≤ ln 2.

Applying Cauchy’s estimate to b(ζ ) = ∑
j≥1 β jζ

j , we now obtain

|β j | =
∣∣∣∣∣
b( j)(0)

j !

∣∣∣∣∣ ≤ ln 2 ν j ,

and thus ‖fJ‖R/2 = ‖fJ‖J ≤ δβJ ≤ ln 2 δ ν J . By definition of ν, we have

ν = M(J − 1)

R

(
2

2 ln 2 − 1
+ RM2

M2(J − 1)

)
≤ M(J − 1)

R

(
2

2 ln 2 − 1
+ RM2

M2

)
,

so defining η := 2/(2 ln 2 − 1) + RM2/M2, we obtain

δν = R

2(J − 1)
ν ≤ R

2(J − 1)

M(J − 1)η

R
= Mη

2
,

so that we get the result for J > 1.

3.3 Estimation of the local error

Since the modified differential equation series usually diverges, we have to work with
a truncated equation

˙̃y = FN (ỹ), FN (ỹ) = f(ỹ) + hf2(ỹ) + · · · + hN−1fN (ỹ), (3.11)
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with initial value ỹ0 = y0. Supposing that hN ≤ h0 with h0 := R
eηM and using the

bound (3.9), we estimate for y ∈ K̃2,

‖FN‖ ≤ ‖f‖ + h‖f2‖ + · · · + hN−1‖fN‖ ≤ M

⎡
⎣1 + η

ln 2

2

N−1∑
j=1

(
j

eN

) j
⎤
⎦ ,

and since the sum in the last line is maximal for N = 2 and bounded by 0.184, we
obtain

‖FN‖ ≤ M

[
1 + 1.0022 η

ln 2

2

]
≤ M [1 + 0.064η] . (3.12)

This estimation allows us to bound the local error.

Lemma 3.3 If h ≤ h0/3 with h0 = R/(eηM), then there exists N = N (h) (namely
N equal to the largest integer satisfying hN ≤ h0) such that, for any y0 ∈ K,
the difference between the numerical solution y1 = �h(y0) and the exact solution
φ̃N ,t (y0) of the truncated modified Eq. (3.11) satisfies

‖�h(y0) − φ̃N ,h(y0)‖ ≤ hγ Me−h0/h,

where γ = e(2 + eh0M2
3M + 0.064η) .

Proof For any y0 ∈ K fixed, we consider the analytic function

g(h) := �h(y0) − φ̃N ,h(y0).

By definition of the functions f j (y) of the modified equation, the coefficients of the
Taylor series for �h(y0) and φ̃N ,h are the same up to the hN -term, but not further due
to the truncation of the modified equation. Hence the function g(h) contains the factor
hN+1 and we can apply the maximum principle for analytic functions to g(h)

hN+1 . If g(z)
is analytic for |z| ≤ ε, we have for 0 ≤ h ≤ ε,

∥∥∥∥ g(h)

hN+1

∥∥∥∥ ≤ 1

εN+1 max|z|≤ε
‖g(z)‖. (3.13)

Since g(h) is analytic for any h, we can choose ε = eh0/N .
On the other hand we have

‖�z(y0) − y0‖ = ‖zf(y0) + z2d2(y0)‖ ≤ |z|M + |z|2M2.

Moreover ‖FN‖ ≤ M(1 + 0.064η) is valid for any y ∈ K̃2 and any |h| ≤ ε, so we
have

‖φ̃N ,z(y0) − y0‖ = ‖ỹ(z) − ỹ(0)‖ ≤ |z| · ‖˙̃y(z)‖ = |z|
·‖FN (ỹ)‖ ≤ |z|M(1 + 0.064η),
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as long as φ̃N ,z(y0) = ỹ(z) stays in K̃2. In fact, because

εM(1 + 0.064η) = eh0
N

M(1 + 0.064η) = R

N
(
1

η
+ 0.064) ≤ R

2
,

since η ≥ 5 and N ≥ 3, the solution φ̃N ,z stays in the ball BR/2(y0) ⊂ K̃2 for all
|z| ≤ ε.

Finally we go back to (3.13). Since

‖g(z)‖ ≤ ‖�z(y0) − y0‖ + ‖φ̃N ,z(y0) − y0‖ ≤ |z|M (1 + |z|M2

M
+ 1 + 0.064η),

we have

‖g(h)‖ ≤ hN+1

εN+1 max|z|≤ε

[
|z|M (2 + |z|M2

M
+ 0.064η)

]

≤
(
hN

eh0

)N

hM

[
2 + eh0M2

3M
+ 0.064η

]
.

Then, because hN ≤ h0, we obtain

‖g(h)‖ ≤ e−NhM

[
2 + eh0M2

3M
+ 0.064 η

]
.

Finally, since N ≤ h0/h < N + 1, we have e−h0/h ≥ e−(N+1) and the theorem is
proved.

3.4 Estimates of the variation of the Hamiltonian

We are now in a position to prove that if the numerical result stays in a compact set,
then it is really close to the exact trajectory for exponentially long time intervals.

Lemma 3.4 If the numerical solution stays in the compact set K̃2 ⊂ D = {u >

0, v > 0} and if h ≤ h0/3, with h0 = R/(eηM), then there exists N = N (h) (the
largest integer satisfying hN ≤ h0) such that, over exponentially long time intervals
nh ≤ eh0/2h,

|H̃(yn) − H̃(y0)| ≤ Lγ Me−h0/2h,

|H(yn) − H(y0)| ≤ L γ Me−h0/2h + 2hC, (3.14)

with L := M(1+0.064 η)
(umin−R/2)(vmin−R/2) andC := 0.277M2η2

(umin−R/2)(vmin−R/2) , where umin := min{ u :
(u, v) ∈ K } and vmin is defined in a similar way.

123



Positivity of Poisson integrators for the Lotka–Volterra equations 335

Proof Let φ̃N ,t (y0) be the flow of the truncated modified Eq. (3.5). As stated in
Theorem 3.2, this differential equation is a Poisson system whose Hamiltonian is
H̃ = H + hH2 + h2H3 + · · · + hN−1HN , so that

H̃(φ̃N ,t (y0)) = H̃(y0), ∀ t.

Our first goal is to bound ∇ H̃ . By Theorem 3.2 and using the bound on ‖FN‖
derived in (3.12), we have

‖FN (y)‖ = ‖B(y)∇ H̃(y)‖ ≤ M(1 + 0.064η).

On the other hand, since we consider the Lotka–Volterra system, we have

‖B(y)∇ H̃(y)‖ =
∥∥∥∥ uv H̃v(y)

−uv H̃u(y)

∥∥∥∥ = |uv|
∥∥∥∥ H̃v(y)

−H̃u(y)

∥∥∥∥ = |uv| ‖∇ H̃(y)‖,

so that

‖∇ H̃(y)‖ ≤ M(1 + 0.064η)

|uv| ≤ M(1 + 0.064η)

(umin − R/2)(vmin − R/2)
=: L ,

since min{ u : (u, v) ∈ K̃2} = umin − R/2 and similarly for v. The bound L is in
fact a global h-independent Lipschitz constant for H̃ and

‖H̃(yn+1) − H̃(φ̃N ,h(yn))‖ ≤ L ‖yn+1 − φ̃N ,h(yn)‖ ≤ L hγ Me−h0/h,

by Lemma 3.3.
We are now in a position to bound

|H̃(yn) − H̃(y0)| =
∣∣∣∣

n∑
j=1

[
H̃(y j ) − H̃(y j−1)

]∣∣∣∣ =
∣∣∣∣

n∑
j=1

[
H̃(y j ) − H̃(φ̃N ,h(y j−1))

]∣∣∣∣

≤
n∑
j=1

|L hγ Me−h0/h | = nhL γ Me−h0/h,

so that for nh < eh0/2h , we get the first inequality we wanted to prove.
It remains to show an equivalent result for the Hamiltonian. Since

H̃(y) = H(y) + h[H2(y) + hH3(y) + · · · + hN−2HN (y)],

we have to prove that H2(y) + hH3(y) + · · · + hN−2HN (y) is uniformly bounded on
K independently of h and N . By Theorem 3.2, we have for all j

f j (y) = B(y)g j (y) = B(y)∇Hj (y),
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so that, using the bound (3.9), we have for j ≥ 2 and y ∈ K̃2

‖f j (y)‖ = |uv| · ‖∇Hj (y)‖ = |uv| · ‖g j (y)‖ ≤ ln 2
η M

2

(
ηM( j − 1)

R

) j−1

.

On the other hand, one can check by direct differentiation (and using the symmetry

assumption ∂f [i]
∂y[k] = ∂f [k]

∂y[i] ) that we get f(y) = ∇H(y) for H defined by

Hj (y) =
1∫

0

(y − z0)T g j (z0 + t (y − z0))dt

for any z0 ∈ K . So we can choose z0 such that ‖y − z0‖ ≤ R/2 which yields

‖Hj (y)‖ = ‖
1∫

0

(y − z0)T g j (z0 + t (y − z0))dt ‖

≤ R

2

1

|uv|
ln 2Mη

2

(
ηM( j − 1)

R

) j−1

≤ R ln 2Mη

4(umin − R/2)(vmin − R/2)

(
ηM( j − 1)

R

) j−1

and then

‖H2(y) + hH3(y)+ · · · + hN−2HN (y)‖

≤
N∑
j=2

R ln 2Mη

4(umin − R/2)(vmin − R/2)

(
ηM( j − 1)

R

) j−1

h j−2

≤ ln 2M2η2

4(umin − R/2)(vmin − R/2)

N−1∑
j=1

eN

(
j

eN

) j

,

and since the sum
∑N−1

j=1 N (
j

eN ) j is maximal for N = 4 and is bounded by 0.588 we
define

C := 0.588 e ln 2M2η2

4(umin − R/2)(vmin − R/2)
= 0.277M2η2

(umin − R/2)(vmin − R/2)

and H2(y) + hH3(y) + · · · + hN−2HN (y) is uniformly bounded on K by C . Finally
we have for nh < eh0/2h

|H(yn) − H(y0)| ≤ L γ Me−h0/2h + 2hC.
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3.5 Application

We can apply Lemma 3.4 to our problem, namely “how to be sure that the numerical
result remains positive”. The constructive proof of the following theorem gives a
routine which enables us to determine the step-size h∗ for which the numerical result
stays in the first quadrant over exponentially long time intervals.

Theorem 3.3 Let (u0, v0) be given initial conditions, and let h∗ be the minimum of
h0/3 and the unique solution of

L γ Me−h0/2h + 2hC = Hmax − H0,

where the constants h0,L,γ ,M,C,Hmax and H0 are defined in the proof below. Then if
we apply the explicit variant of the symplectic Euler method with a step-size h smaller
than h∗, the numerical solution stays positive over exponentially long time intervals
t = nh∗ ≤ eh0/2h

∗
.

Proof The constants a, b, u0 and v0 are fixed, so that we can compute H0 :=
H(u0, v0). The level curve of H0 defines the compact set K . Then we compute the
maximum values and the minimum values of u and v in K and we obtain the values
of

umax :=max {u : (u, v) ∈ K },
umin :=min {u : (u, v) ∈ K },
vmax :=max {v : (u, v) ∈ K },
vmin :=min {v : (u, v) ∈ K }.

Then we set R := αmin{ umin, vmin } with, for example, α = 0.9, so that we can
define the compact set K̃ = { y : ∃ y0 ∈ K such that ‖y − y0‖ ≤ R} and in a similar
way, K̃2.

We have by definition M := max{‖f(u, v)‖|(u, v) ∈ K̃ }, however it is much easier
to use

M = max { ũmax(ṽmax − b), ṽmax(ũmax − a) },

where ũmax = max{u | (u, v) ∈ K̃ } = umax + R and ṽmax = vmax + R. Similarly we
use

M2 = ũmaxṽmax(ṽmax − b)

instead of maxy∈K̃ ‖d2(y)‖. Once we have these values, we can compute

η = 2

2 ln 2 − 1
+ RM2

M2 and h0 = R

eηM

as well as γ = e[2 + eh0M2
3M + 0.064η],
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L̃ = M(1 + 0.064 η)

(umin − R/2)(vmin − R/2)

and

C = 0.277M2η2

(umin − R/2)(vmin − R/2)
.

The next step is to choose h smaller than h0/3. Once h is chosen, we check whether
or not it is small enough to ensure that the numerical solution stays in K̃2. We know
that the bound (3.14) is valid if and only if yn is in K̃2, so we need to know that it does
stay in this compact set. Defining

Hmax := min{H(u, v) | (u, v) ∈ ∂ K̃2}
= min{ H(umin − R/2, b), H(a, vmin − R/2)},

we know that yn stays in K̃2, if H(yn) < Hmax that is, using the bound (3.14), if

L γ Me−h0/2h + 2hC ≤ Hmax − H0. (3.15)

Now all the constants in the above expression are positive, and since any function
of the form

f (h) = αe−h0/2h + βh − δ,

where α, β, and δ are positive, is strictly increasing, h satisfies inequality (3.15) if and
only if h is smaller than the unique solution of

L γ Me−h0/2h + 2hC = Hmax − H0. (3.16)

In other words, the bound h∗ we are looking for is given by the minimum of h0/3
and the solution of (3.16). Moreover, the numerical solution stays in K̃2 for at least
t = nh∗ ≤ eh0/2h

∗
.

3.6 Example

As an illustration, we consider the problem
{
u̇ = u (1 − v),

v̇ = v (u − 2),
(3.17)

with the initial condition u(0) = 1.5, v(0) = 0.5.
The exact solution of the system stays on the level curve of the Hamiltonian with

H0 = 1.8822, so we define K = {(u, v) | |H(u, v)| ≤ 1.8822}. Since the solution
of (3.16) is 0.000113, we conclude that for values of h smaller that 0.000113, we are
sure that the numerical Hamiltonian is well-conserved and that the numerical solution
stays positive and exhibits the right qualitative behavior, for a time t = nh ∼ 1015.
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Fig. 4 Numerical solutions obtained using large step-size

As one can see in Fig. 4, the estimate for h is really pessimistic. For values as large as
h = 0.1, the Hamiltonian is extremely well-conserved, with maxn≥1 |H(yn)− H0| =
0.0127 and the numerical simulation only starts to leave the first quadrant for values
of h greater or equal to 0.7.

An important remark is that we not only proved that the numerical solution of the
problem (3.17) with the initial condition u(0) = 1.5, v(0) = 0.5, will stay in the first
quadrant if we use a step size smaller than 0.000113, but we also proved this result
for any similar problem with initial condition y0 = (u(0), v(0)) ∈ K , since the initial
condition was only used to define the compact set K , and all results are true for all
y0 ∈ K .
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