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Abstract We derive a Motohashi-type formula for the cubic moment of central values
of L-functions of level g cusp forms twisted by quadratic characters of conductor ¢,
previously studied by Conrey and Iwaniec and Young. Corollaries of this formula
include Weyl-subconvex bounds for L-functions of weight two cusp forms twisted by
quadratic characters, and estimates towards the Ramanujan—Petersson conjecture for
Fourier coefficients of weight 3/2 cusp forms.
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1 Introduction

Let f be a classical holomorphic cusp form of even positive weight «, odd square-free
level g, and trivial central character. Let x the unique primitive Dirichlet character of
conductor g corresponding to a quadratic field extension K /QQ. Consider the value of
the L-function of f ® x at its center point of symmetry: L(1/2, f ® x). The Wald-
spurger formula [18] gives an arithmetic interpretation to this positive real number.
In this paper we study the below cubic moment of central values of L-functions,
first considered by Conrey and Iwaniec [6]. For « > 12 and any ¢ > 0 they prove that
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176 1. N. Petrow

The Lindel6f-on-average estimate (1) stands out among the vast literature on moments
of L-functions because it goes far beyond what one expects to be provable using
the current technology. Conrey and Iwaniec obtain as corollaries of their estimate
Weyl-subconvex bounds for several important families of L-functions, and the best
currently-known bound on Fourier coefficients of 1/2-integral weight modular forms.

Here we revisit the cubic moment of Conrey and Iwaniec and derive a correspond-
ing dual moment in Theorem 2 which is reminiscent of some formulas first derived
by Motohashi. These Motohashi formulas relate the spectral cubic moment of (un-
twisted) GL, L-functions to an average of four Riemann zeta functions in z-aspect.
See Motohashi chapter four [16], or also Michel and Venkatesh sections 4.5.4 and
4.5.5 of [15]. In Theorem 2 we give a twisted Motohashi-type formula for the dual
sums of (1). This formula does not seem to follow in a straightforward way from the
general arguments of Michel and Venkatesh.

The Motohashi-type formula of Theorem 2 is crucial in extending (1) to small
weights k > 2. We give our improved estimate for the cubic moment in Theorem 1. In
Corollary 1 we give Weyl-subconvex bounds for the central values of L-functions for
weights ¥ > 2. Previously, the best available estimates for small weights ¥ > 2 were
apparently special cases of the results of Blomer and Harcos [1,2], which are quite
general and of Burgess quality in g. The present paper is in some sense a counterpart
to the recent work of Young [19] who gives estimates for the same cubic moment
which are uniform as k — oo.

Additionally, the Motohashi-type formula allows us to replace the epsilons appear-
ing in the previous results [6, 19] with explicit powers of log g and the divisor function
of g. This gives the best currently-known estimates. As in the original work of Conrey
and Iwaniec we focus on the case of holomorphic forms, but our results carry over to
the case of non-holomorphic Maass waveforms and Eisenstein series as well.

Now we describe our results more precisely. Let A y(n) denote the Hecke eigen-
values of f normalized so that [A;(n)| < d(n) and let %, (g) be an orthonormal
basis (with respect to the Petersson inner product) of Hecke eigenforms. Define for
Re(s) > 1 the L-series

e - Af
L(s, f®X)d=fZ—‘f(’;)sX(n),
n=1

the local L-function at the infinite place, and the completed L-function

def (¢ s—1/2 K —1
mef®xy_gn) r(s+5

AG F R 1) Y Loo(s, £ ® X)L(s, f ® x).

We assume that i = x (—1) so that the sign of the functional equation is fixed to +1:

A, f@x)=A0 =5, f®x).
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A twisted Motohashi formula and Weyl-subconvexity 177

Let the Fourier coefficients of f be ay(n) = ay(1)Ay(n), and let w s be the standard
harmonic weights necessary for the clean application of the Petersson trace formula,
see [6,12]. For example, when f is a newform we have

wp = @A) 7Tk — D]as(D)?,

and in general the @y do not vary too much. In fact, if f is holomorphic we have

! < < logieq + 1 2)
w —’
k(g +Dllogkg?® ~ T @+ D)
by [4,7,8]. The weight « is always considered fixed, and all implicit constants may
depend on «. In this paper we prove the following refinement of (1).

Theorem 1 Suppose k > 2 and q odd square-free with all Re(c;) < 1/loggq. Let

v(q) denote the number of prime factors of q. There exists an absolute constant C > (
for which we have that

S oA (% tor f® x) AQ/2+ . f @ OAI/2+ a3, f ® X)

feZ (@)
< €@ (log(v(g) + 1)* ¢
(log 9)4 Case A
x 1 (log )31¢ (1 + 2iley )| Case B

(log ¢)?|¢ (1 +iloi| + il DIIE (1 + ilei| — iletj])| Case C.
where

Case A: all |o;| < 1/loggq
Case B: foralli, j, |la;| —loj|| < 1/logq and |a;| > 1/logq
Case C: there exists i # j such that ||a;| — |aj|| > 1/loggq.

If k = 2 then the powers of log q above are increased to 5,4, 3 in cases A, B, C,
respectively.

The most interesting case of Theorem 1 is of course o) = a» = a3 = 0. The local
L-function at the archimedian place L, is constant across the family, and so Theorem
1 and (2) immediately give a new estimate for (1) without epsilons and which is valid
for all € > 2.

The main new idea which leads us to Theorem 1 is a “Motohashi-type formula” for
the dual sums produced by applying trace formulas. The moment under study in the
above proposition breaks up into the expected main term, the dual moment described
in the next proposition, and a small error term. In Theorem 2 we only write the dual
moment for prime levels ¢ for ease of exposition.
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178 1. N. Petrow

Theorem 2 (Motohashi-type formula) Let k > 2, g prime, and oy, o, a3 be three
complex numbers with Re(et;) < 1/1og q. The group (Z/27)3 acts on the set of triples
o = (a1, a2, a3) by multiplication by £1 on each entry. Let Z+ and " denote
sums over the primitive even, resp. odd, Dirichlet characters of conductor q, () be
the sign of the functional equation of L(s, V), and ¢(q) be the number of primitive
Dirichlet characters of conductor q.

For x the quadratic character of prime conductor q let g(x, V) be the character
sum

gOLY) = D xv@+ D+ DY wy—1)

u,v (mod q)
which satisfies |g(x, ¥)/q| < C for an absolute constant C. We have that

> o ( tan f® x) A(1/2+ ., f ® OA(1/2+ a3, f @ )
feZe(@)

= Z MT(Z,0a) + DM(ZF,ca) + 0(q /3,
oe(Z)27)3

where

MT(Z, ) S ¢,(1 + a1 + a2)¢, (1 + 02 + @3) 8, (1 + a3 + 1)
xLoo(1/2+ a1, f ® x)Loo(1/2+ 02, f ® ) Loo(1/2 + a3, f @ X)

and
DM(J )dif 1 / /// Ui(s,ul,uz,u3)q25+“1+“2+’“_l
(27Tl)4 1/2) e (W —ap)uy —a)(uz —a3)
1
x—— Zt SO G Ls, LG + 01 + s )
w(q)w mod gy 4

X L(s +uy +u3, Y)L(s 4+ usz + uy, ¥)duy duy dus ds.
The two functions U i(s, uy, uz, u3) are each holomorphic in the region

max(Re(u;)) — 1/2 < Re(s + u1 + us +u3) < «/2
—k/2 < Re(u;),

symmetric in the u; variables, and satisfy the bounds
U™ <o (14 [s)  exp(— (/2 — &)| Im (uy + ua + u3)|)
for any ¢ > 0, where

£ =max (Re(s +uy +ur +uz) — (k +1)/2, =3/2).
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A twisted Motohashi formula and Weyl-subconvexity 179

Moving the u; contours to the lines Re(u;) = 1/1og g and applying the multiplica-
tive large sieve (see Sect. 5) one derives Theorem 1 from Theorem 2.

As predicted by the generalized Riemann hypothesis, the values of these L-
functions at s = 1/2 are in fact known to satisfy

L/2, f®x) =0 3)

due to the well-known result of Waldspurger [18]. See also the classical work-out as an
explicit formula for full level due to Kohnen and Zagier [14], and for general level due
to Kohnen [13]. As a consequence of positivity (3), the bounds on harmonic weights
(2), and our main result Theorem 1 we derive the following strengthened form of the
subconvex bound found in Conrey and Iwaniec as their Corollary 1.2.

Corollary 1 Let f be a primitive holomorphic cusp form of weight k > 2 with level
dividing q, and let x (mod q) be the quadratic character of conductor q. Then

L(1/2, f ® x) <k ¢ Uogq)"C? DB log(v(g) + 1) O3,

If k = 2 the power of log g above is increased to 8/3.

Consider the case that f is of level ¢ and weight ¥ > 2. Then f corresponds under
the Shimura lift to a half-integral cusp form F of weight (« + 1)/2 and level 4q. We
write the Fourier expansion as

F(2) =D crmn® Y e(na),

n=1

so that the Ramanujan—Petersson conjecture gives that the Fourier coefficients are
cr(n) K nt, for n odd square-free and (¢, n) = 1. Via e.g. Corollary 1 of Kohnen
[13] we derive the following estimate.

Corollary 2 Let F be a level 4q half-integral weight (k +1)/2 cusp form with k > 2.
If n odd square-free and relatively prime to g with x,(—1) = i then

cr(n) < n'®logn)"0 Y™/ (log(v(n) 4 1)) FH/ O3,

If k = 2 the power of log n above is increased to 4/3.

Corollary 2 has applications to the rate of equidistribution of integral points on
ellipsoids, including the most interesting case of those lying in R>. See Iwaniec [10]
chapter 11.

As in Conrey and Iwaniec’s original paper [6] we have given complete proofs only
in the case of holomorphic forms, as the most interesting application of the Motohashi-
like formula in Theorem 2 is the case of small weight x = 2. Nonetheless, the proofs
should carry over to the case of Maass forms of weight 0 and Eisenstein series by
replacing the Petersson formula with the Kuznetsov formula. Making this substitution
changes the J-Bessel function to a more general integral transform of the chosen
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180 1. N. Petrow

weight function on the spectral side. The formula (29) for the J-Bessel function that
we use in Sect. 4 has an analogue which is needed in the Kuznetsov case, in which
the interior sin in (29) is replaced by any of +{cos, sin, cosh, sinh}. See the work of
Young [19] where a similar stationary phase argument is carried out in the generality
needed for the Kuznetsov formula.

2 Standard initial steps

Let
1 '(s+«/2 s s
V1240 (x) 2 M(zﬂ') Sx7%ds 4)
wiJoy (5 —a;)
and
def ~ A () x (n)
Ao(ey, x) = z fnl—/2V1/2+Oli (n/q).

n=1

We then have a standard approximate functional equation.

Proposition 1 (Approximate functional equation) We have
A(1/24ai, [ @ x) = Aolei, x) + Ao(—ai, x).
Proof See Iwaniec and Kowalski [11] section 5.2. O

Applying this we obtain

D A2+ a1, fR® VA2 4@, f @ OA/24 a3, [ © X)
ngZx(q)

= Z A(TF, o),

oce(Z)27)3

where

A(F, )difHZX(l/;)Vl/era,(nz/Q) Z wphyp(n)hypna)Ar(ng).

i=lni=1 n; feZe(q)

We work with a single A(%, «) and leave the sum over (Z/ 27)3 to the end.
Next we apply the Petersson trace formula to A(.#, «). Following Conrey and
Iwaniec formulae (2.9) and (2.11) we set

T S a4z =17 2nx)
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A twisted Motohashi formula and Weyl-subconvexity 181

with J,(y) the standard J-Bessel function of the first kind. The Petersson formula is

S(m,n,c)
z A p (M)A (1) = Sy + /mn Z 0—2](2«/mn/c), 5)
feZ(@) c=0 (mod q)
where

def am + an
S(m,n,c) = E _—
(m,n,c) e ( - )

a (mod c)
(a,c)=1

is the standard Kloosterman sum. Let e.(x) = e(x/c) = ¢*"**/¢ and define

def 1
V(x1, %2, %3) S Viggie (1) D 7

(d.q)=1

V124, (dx2) V124 as (dx3).

Using Hecke multiplicativity and the Petersson formula (5), we find that

AZ.a)=Du+ D
c=0(q)

2
a2 ©)

where the diagonal is given by

72,4 3 sz(ﬂﬂn_z)
ni

(n1,9)=1 np=nan3 9 49 4
and the off-diagonal is given by

def

SACE DY x(nmzns)S(m,nzns,@J(z

(n1.n2,n3)eN3

wﬂ”m) v ("_1 n "_3)
Cc

a4 q
We now apply Poisson summation 3 times to .#% (¢) and change variables to find that

Fu©)= D Glmi,my,m3, ) We(mi, my, m3, c), (7

(my,ma,m3)eZ3
where following the notation of Conrey and Iwaniec, we have defined

G(my, mp, m3, c)

def
= Z x(a1a2a3)S(ay, azas, c)e.(mia; + maaz + msas)
(a1,a2,a3)€(Z/cT)?
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182 1. N. Petrow

and
CcX] CX3 CX3

Wa(m1,m2,m3,6)d§f/// J(2cx1x2x3)V (— —, —)
R, 9 9 q

X e(—m1x] — moxy — m3x3)dxy dxy dxs3. (8)
The G (m, my, m3, c) here is identical to that of Conrey and Iwaniec s}udied in sec-
tions 10,11,13 and 14 of their paper, and is independent of «. We study W,, extensively

in Sect. 4. The formula (7) gives a decomposition of ., (¢) ingo archimedian and non-
archimedian parts, that is to say, G is purely arithmetic and Wy, is purely analytic.

3 The main terms

In this section we prove that

1 v
> (%w > 5 2 G(ml,mz,mz,c)ww<m1,mz,m3,c>)

oe(Z)27)3 =0 (modq)c mimom3z=0
= > MT(Z.0a)+ 0.(q" ')
oe(Z)27)3
Set
def
L(uy, uz, u3) = (uy + u2)(uz + uz) (uz + u) MT(F, u). )

The function L is holomorphic, symmetric, and rapidly decaying in vertical strips in
the region

{(u1, u, uz) € CRe(uj) > —« /2 fori = 1,2, 3}.
One has

1
%= G foyo s
@ Jap S Jap

» L(uy, uz, uz)
(w1 — o)y — az)(uz —a3)(uy +uz)(uz +uz) (s + uy)

dus dus duy (10)

Shifting the contours in (10) produces terms of the form

def 1 L(M,—M, y)
M, B, y) = — du. 11
@I =201y w—rcu—po —wi MUY

The function L(u, —u, y) is at least constant-sized on any vertical strip, so we cannot
resolve M (c, B, y) by contour shifting. However, if we set

L(B,—B,v) n L(y,-v.v)
B—-—a)y+By -8 ¥—-—a=y—-858Q2y)

N B ) S Mo, B, y) +
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A twisted Motohashi formula and Weyl-subconvexity 183

then shifting contours gives

N(a, B, y)=N(B,a,y). 12)

An intricate but elementary contour shift calculation shows that
Dy = MT(F,a) + N(oz, a3, 1) + N(ay, a3, a2) + N(ay, a2, @3)
1 L(0,0,0)

- 0, 71/3+s' 13
2 CaD(—an)(—ay T 0@ T (13

The resulting asymptotic formula (13) for &, is symmetric in «, oz, 3 due to (12).
The terms of (13) given by N and L(0, 0, 0) do not appear in the final answer pre-
dicted by the conjectures of the five authors [5]. Some of these terms cancel out after
introducing the sum over (Z/27)3, and others will be cancelled by off-diagonal main
terms.

Our next goal in this section is to calculate the contribution of those terms of the
off-diagonal [see (6)]

Z Fu(c)
c2
c=0 (mod q)

1 v
— Z = Z G(my,mo, m3, c)Wy(my, mo, ms, c)

c
c=0 (mod q) (m1,ma,m3)€Z3

whose indices satisfy m1moms = 0, i.e. which lie on one of the coordinate planes in
73,

We use the calculation of the arithmetic sum G from Conrey and Iwaniec. For the
full statement of their calculation of G, see Lemma 9 in Sect. 6. In this section we record
only the following special cases. Let Ry (m) = S(0, m, k) denote the Ramanujan sum,
and assume m; # 0 fori =1, 2, 3.

—1 2 r=1
G(0.0.0.rq) = lx( )qe(q)= r (14)
0 r>1,
G(m1,0,0,rq) = x(—=1)r’qp(q) Ry (m) L mg.r=1, (15)
G(0,m2,0,rq) = {X( ottt (16)
0 r>1,
and symmetrically for G (0, 0, m3, rq),
G(0,my, m3,rq) = {X(_l)qRq(mz)Rq(mS) T (17)
0 r>1,
G(my,my,0,rq) = X(—1)”261Rq(ml)Rq(m2)]l(m1q,r):1’ (18)

and symmetrically G (m1, 0, m3, rq).
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184 1. N. Petrow

To calculate the analytic part, we use the following easily established Mellin trans-
forms.

x(=D oy2s LK/2—5)

cx1xax3) " Vds 19
2mi (3/4) F(IC/2+S)( 142 3) ( )

J(2\/cx1x3x3) =

which is valid a priori on vertical lines 1/4 < Re(s) < «/2, see for example formula
17.43.16 of Gradshteyn and Ryzhik [9].

) 1 I'(s)
e(—mx) = — e
* 2mi (1/2) (27tim)3

—S

valid a priori on vertical lines 0 < Re(s) < 1, see formulas 17.43.3 and 17.43.4 of
[9]. We have

1 T'(k/2 4 u)

— Q2an)“x“du
2mi ) (M — Ol)

V1j24a(nx) =

for n € N by definition, and

1 I'(k/2 4 u) _u T(s—u)
P ———Qan) " —————
2mi (1/4) (u — ) QRmim)s—H
(20)

oo g dx
Vi /24a (nx)e(—mx)x —=
0

by Mellin convolution. Shifting the contour sufficiently far to the left, such a formula is
valid for any Re(s) > Re(«). One can rigorously justify the interchange of integrations
by splitting the x-integral in two and applying integration by parts (i.e. the below
Lemma 4) to the tail.

Given these formulae, one easily establishes the following Mellin inversion formu-
las for the integral Wa(ml,mg, m3, c) assuming m; # 0 fori =1, 2, 3.

We(0,0,0,q) =

_ _ 2 s
x(=1 1 / (/2 — )T (/2 + 5)*(q/2m) ¢y (1425 ds,
(3/4)

q 2mi (s —a1)(s —a)(s —3)

2n

. _ q s
Walm 0.0 = = 5z et ey w42 ()

1 C(k/24+u) (Im1]\" ['(s —u)
X — ey o SR
2ri Jaja) (@ —ap) Qmisgnmy)S—4

X(—I)L/ T(c/2 — )Tk /2 + 5)
(/4)

duds,
2mr nas

(22)

Wy (0,m>,0,q) = -
ol 7 2 s —anG—a3)  \ml

1 T(k/2 +u) (@)“ I'(s — u)

27i (174 (W —oa2) 2 (2mi sgnmp)s—H

x(—l)i/ [(e/2 = )T (/2 +5) (L)
3/4)

duds,

(23)
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A twisted Motohashi formula and Weyl-subconvexity 185

and similarly if the roles of m; and m3 are reversed,
W(X(Oa m27 m3a CI)
_x(=D 1 / ['(k/2—5) ( 2mq )X // l"(u, +/c/2)
g 2mi Jam (s—ar) \|Imoms|) Qri)? ) /)aqa Pl S —a)

Imi \*  T(s —u;)
X\ =—) ————————¢ (1 +ux+u3)du;ds, (24)

21 (2mi sgnm;)’s

We(mi, m,0,rq)

_ACD L Ty (2ng ) Il HF(uz+/</2)
g 27 Jam G —a3) \lmimol) @rid)? JJam i i —a)

(|mi|)ui (s —u;)
X | — ———— ¢, (L+ s +uy)du; ds, (25)

2r (2mi sgnm;)s 4

and similarly if the role of m» is played by mj3 instead. Note in particular that all
of holomorphic functions appearing above are rapidly decaying in the appropriate
vertical strips, so we are free to use contour shift arguments in the following.

Recall the definition of L(u1, us, uz) from (9).

Lemma 1 We have as g — oo that

e |
; r2q2

_ L(ay, a1, —a1) L(az, a2, —02)
(a1 —o)(or —a3)2ap) (o2 — o) (o2 — a3)(2a2)
L(O!?,, a3, _a??) l L(07 07 0) (q_]/Q)
(03 —ap) (a3 —a2)2e3) 2 (—ap)(—a2)(—a3) '
Proof Follows directly from (14), (21), and a contour shift. O

Now recall the definition of M (u1, u>, uz) from (11).

Lemma 2 We have as ¢ — oo that

G0, m2,0,rq) )
Z Z 22 ; 9 Wy (0,m2,0,rq) = —M(ay, —a3, a2) + O(q~"/?),
r=1my#0 r

and similarly

G(O O m3,r ) v -
Z Z A o T Ty, 0,0,m3,rq) = =M (o1, —ot2, 3) + O(q .
r=1m3#0

@ Springer



186 1. N. Petrow

Proof We prove only the first formula as the second is identical after swapping m» and
m3. Putting (16) and (23) together we are led to consider the Dirichlet series associated
with the Ramanujan sums R, (m). We have the nice formula

> B e [ (1- ). 2

m>1 rlq

and in fact we have

L'(s—u) Z Rq(m2)+ L(s —u) Z Ry (m2)

— 1 — 1—(s—u)
QQmi)s—u my " (—2mi)s—u lma|s—H fall =5 +uq

my>1 mpy<—1

using the asymmetric functional equation. Then we have that

a7 D G(0,m2,0,q)Wa(0,m,0,q)
mo#0
:ML/ F(K/Z—S)F(K/Z—FS)L/ I'(k/2 + u)
(3/4) (1/4)

q 2mi (s —o))(s—a3) 2mi (u — o)

X (i)u LM +s+u)iy (1 —s+u)duds.

2
We may now shift the u integral to Re(u) = —1/2 and pick pick up the residue at
u = o to conclude the lemma. 0

Lemma 3 We have as ¢ — oo that

o0
1 ¥ _ _ —1/2
Zﬂ Z G(ml,O,O,rq)Wa(ml,O,O,VQ)— M(a21 053»051)"‘0(61 )
req
r=1 m1#0
Proof In similar fashion to the proof of the previous lemma we combine formulas
(15) and (22). The sum over m leads us to use the formula

z R, (my) C'(s —u) —¢,(1—s +u) H (1 B p—(s—u)) g!=6.

m]s7% 2mwi sgn m;)S~%
[ ImP Qi sgnmy) ot

(my,r)=1

We next use the formula

1 —(s—u _§(1+S+u_)
> mn(l—zﬂ >)_ ng(1+2s)

r>1 plr
(rq)=1

to evaluate the sum over r. Assembling these pieces we have that
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A twisted Motohashi formula and Weyl-subconvexity 187
)
1 v
> 55 D> Gm1.0.0,rq)Wy(my,0,0,rq)
r
r=1 m1#£0

ZML/ T(c/2 — )T (kc/2 +5)
3/4)

q 2mi (s —oap)(s —a3)

L/ w(i)“gq(1+s+u)§q(l—s+u)duds.
1/4)

2mi (u —ay) \2m
We may now shift the u integral to Re(u) = —1/2 and pick pick up the residue at
u = «ap to conclude the lemma. O

We have now found all of the main terms for this cubic moment which are predicted
by the conjectures of Conrey et al. [5]. Re-introducing the sum over (Z/27)> from
Sect. 2 the reader will observe the cancellation of many terms from (13) and Lemmas
1,2 and 3.

Although not contributing to the main terms, observe the terms which come from
(m1, mp, m3) lying on a coordinate plane but not on a coordinate axis also are also
easily estimable by the techniques of this section. For example combining equations
(17), (24) and formulas similar to (26) one is led to

a7 D GO0, ma, m3, q)Wa (0, ma, m3, q)

mo7#0
m3#0

s T(k/2—s) _ T(k/2 + up)
o 2mi (3/4)(2N) (S—Oll) (27'”)2//1/8)1_[ (uj — o) (27T)

xCy(1 =5 +ui) ey (1 +uz 4 u3) du; ds < g~ V2.

One may treat in exactly the same fashion the sums arising from the terms (18) and
(25) and likewise find that these are < g~ /2.

4 An integral

Irvl this section we give Mellin formulas for the mmom3 # 0 case of thev integral
Wy (my, mo, ms, ¢) (cf. Lemma 8.1 of [6] or [19]). Recall the definition of W,:

Wa = /// J2Jcx1xx3)V (ﬂ cqﬁ Cqﬁ)

xe(—mix1 — moxy — m3x3)dxy dxy dxs.

For large arguments the function J (x) oscillates with unit period. We run an elaborate
stationary phase argument on the Bessel function and the complex exponentials above
to derive a Mellin formula for W,,. In the cases where no stationary point of the phase
exists we are able to compute the Mellin transforms directly. Our stationary phase
argument is based on section 8 of a paper of Blomer et al. [3] but adapted to three
variables using ideas from Stein [17] chapter VIII.
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188 1. N. Petrow

Proposition 2 Suppose that either all m; > 0 or all m; < 0. We have that

12
. 1
Wy (my, ma,m3,c) =T +Tr + O (min (qz‘“‘*, q——)) 27)

¢ |mimyms|?

where
T :e(_m1m2m3) x(=1) 1 / /// Ui(s,uy, uz, u3)e (1 + uz + u3)
c c  Qmi* (3/4) aste) (Wi —ar) (w2 —a2)(us — as)

K —uj —u2 T
) ( c ) (Im2m3|) (|m1m3l) (M) duy dus dus ds
|mimoms| q q q

for a holomorphic function Uy rapidly decaying in the vertical strips

_% — Re (Zui) < Re(s) <1

K
—5 < Re(u;).

Similarly
T = x(=1) 1 / /// Ua(s,uy, uz, u3)&q (1 +uz + uz)
c Qi) Jaa a6y (1 — o) (uy —a2)(u3 — as)

—up —u3
X( ) (lmzmal) (|mlm3|) (Imlmzl) duy duty dus ds
|mymoms3)| q q q

for a holomorphic function U, rapidly decaying in the vertical strips

m;x (—Re(ui +uj), —Re (Z ui)) < Re(s) < % — Re (z u,-)

Ea¥)

—g < Re(uy). (28)

Moreover, Us has a meromorphic continuation with a simple polar divisor at s +u +
uy +uz =«k/2.
Suppose now that the m; are of mixed signs. We have

Wy (my, ma, m3, ¢) = T3(my, ma, m3, ¢)

where T3 has the same definition as Ty, but where the holomorphic function also
depends on the signs of the m;. Otherwise each of these holomorphic functions have
exactly the same above properties as U,.

Proof We consider first the most difficult case when all m; > 0 or all m; < O.
Computing directly the Mellin transform of W, in these cases gives a function which
does not decay rapidly in vertical strips. We instead apply the method of stationary
phase. We use the formula
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Je_1(x) = %/On cos(x sinf — (k — 1)0) do, 29)

valid for integral k — 1, from which we find

00 =2x(= I)Z/ e(F (ke — 1)6/2m )M

We insert this formula for J in the definition of W, and pull the integrals over 6
outside. Let wy (#) denote a smooth functlon on R. ¢ which is identically O forr < 1/2
and identically 1 for t > 1. Set cy = csin® 6. Split the 3 defining integrals of W, at
cox1x2x3 = 1 using the function w;. Below the hyperboloid cgxjx2x3 = 1 we move
the 6 integrals back inside. On a first reading the reader will lose no essential details
by taking & = 7 /2 so that ¢y = c, as this is the “true” phase of the Bessel function
for large x anyhow. These maneuvers result in the decomposition:

Wy = Ry + 2i° /n e(—(k — 1)0/2m)(sinO)U (0) do
0
+2i" /n e((k — 1)0/27)(sin0)U; (0) d6, (30)
0

where:
— The term Ry represents the integral under the hyperbola, i.e.

R def/// R(MW)V(ﬂ ﬂ@)
9 49

X e(—m1x1 — maxy —m3x3)dxy; dxy dxs

with
Ry def 4x (=D g : AT
(x)= “——= [ cosQmxsind — (k — 1)6) (1 —wi ((x sin0) /4)) de
x Jo

The function R(x) is identically equal to J (x) when x < /2, satisfies the bound
x"R™ (x) <, 1 foralln € N, and is <, x 2 for large x.

— The Ijai(é) are oscillatory integrals to which we apply the method of stationary
phase. Specifically, define the amplitude

€1V

k] ’

cX CX CcX wi1(CgX1X2X
Vo y ( 1 cx2 3) 1(cox1x2x3)
q q q

2. /cox1x2x3

and the phase

def
fi(x) ; :|:24/C9)C1)C2x — miX|y — myxp — nm3x3.
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Then the oscillatory integrals are given by

UE d:‘“'f/// V(X)e(f£(x) dx.
R,

The amplitude function is non-oscillatory, i.e. it satisfies

x'flxgzx;” gun2m)y ()

clarl\ 4 clxal\ 4 clxsl\ 4
<<n1,n2,ﬂ3,A 1+ 1+ 1+ .
q q q

We will be able to give the Mellin transform of Ro directly so we instead first focus
on the oscillatory integrals (}ai A critical point of f7(x) exists in the positive octant
of x € R? if and only if all m; > 0. Similarly a critical point of f~(x) exists in the
positive octant of x € R? if and only if all m; < 0. We focus on the l}(j and “all
m; > 07 case until further notice, the “all m; < 0” case being treated similarly. In the

U, case the unique critical point occurs at xg = ("%—2”3, mé—g’”, mé—;"z) and we apply

the method of stationary phase to lvfo‘f at xo.

Before all else, if any of the m; or ¢ are extremely large relative to g, we may
integrate Uojt by parts several times to obtain the error term in (27). This allows us to
keep track of only the g dependence in the error terms in the following application of
the stationary phase method.

We recall an extremely useful Lemma of Blomer, Khan and Young from [3]. The
essence of this Lemma is “integration by parts”.

Lemma 4 (Blomer—Khan-Young) Let Y > 1, X, Q, U, R > 0, and suppose that w
is a smooth function with support on [«, B), satisfying

wD (1) «; XU,
Suppose h is a smooth function on [«, 8] such that
Ih'(t)] = R
for some R > 0, and
W) <, YQ ™7, forj=2,3,....

Then the integral I defined by
oo .
I = / w(t)e"Ddr
—00

satisfies
I <A (B—a)X[(QR/VY)™ + (RU)™],

where the implied constants depend only on A.
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Apply a smooth dyadic partition of unity to the integral lv](;r which localizes the
variable x; at X;. In Lemma 4 we take

X =1,

U =X,

R=X" (,/cexlxzxg — mix,-)
Y = \/09X1X2X3

Q = Xl

Let €1, &2 > 0 be small real numbers. Lemma 4 says that the integral lvlj on the

X1, X2, X3-piece of the partition is extremely small if any of the following three
hold:

)\/c@xlxz)g - lel‘ > ¢°' and ‘,/caxlxzxg - lel‘ > 4% (co X1 X X3) /4
)w/C9X1X2X3 - szz‘ > qgl and ‘\/C@X]XQX?, — szz’ > qu(C9X1X2X3)1/4
)\/09X1X2X3 — m3X3‘ > ¢°' and ‘\/69X1X2X3 — m3X3‘ > q82(09X1X2X3)1/4.

(32)
We study the complimentary set to these inequalities where Lemma 4 is not applicable.

The description of this set and the behavior of our integral naturally breaks into two
cases depending on the size of mimam3/cy.

Lemma 5 (Localization 1) Suppose that mimoms/cg > q° for some small § > 0.
Let Ry C R3>0 be the region surrounding the point

mam3 mipms3 mjimj
‘x() = 9 9
Co Co Co

cut out by the inequalities

8/2
mams q** [mimams
C A S m C,
0 1 0
2
myms q*% [mimams
C R S m C,
0 2 0
myny q** [myimams
—x3 < — [ ——.
co ms co

Let wo(t) denote a smooth function identically 1 if [t| < 1/2 and identically 0 if |t| > 1
and

mymyms X

3
— +
L= [ vees S e o K
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We have for sufficiently large q that
Ui = Li+ 05(g7".

Proof We apply Lemma 4 to the integral lv](;r . Let

def
A= ‘«/CQ)C]XZ.X} —I’l’ljx]‘} < g®

and
def
Ay = |eoxixaxs —mjx;j| < g% (coxixax3)!/*

be regions in Rio. The complement in R3>0 of the region defined by (32) is

U 4iinAnanais (33)
i1=1,2
ir=1,2
iz=1,2

for any positive €1 and €. The integrand of U . is supported within cpxjxax3 > 1/2,
so taking ¢ = g2 = €1 +log2/log g the region Az 1 N Az 2 N Az 3 contains all of the
other regions in (33). Therefore it suffices to study the region

{cox1x0x3 > 1/2} N A2’1 NAx2MNA3. (34)

We split R3>0 into two disjoint cases: all m;x; < 3(cox1x2x3) 1/ 4q8 or at least one
mix; > 3(cex1xzx3)1/ 4q8. The former case defines a region which lies completely

1/12 .
10“51207/3 so we assume this
1/4

restriction on ¢ and focus on the case that at least one m;x; > 3(cox1x2x3)"/"q%. By
applying the triangle inequality to pairs |m;x; — m ;x| and (34) we have

under the hyperboloid cgxjxx3 < 1/2 whene < §/3 —

1/4
Veoxixaxs > qf (coxixaxs)!

mix; > q°(coxixaxs)'/* (35)

fori = 1,2, 3. By multiplying together the inequalities (34) we have

M{MyxX1Xy — MM3X|X3  M2M3X2X3
+ +

mimoms
— - mix;

< g (cox1x2x3)"/* (1 +

Co CoX1X2X3 CoX1X2X3 CoX1X2X3

L mixi max3 m3x3 42
T \oxinan® T (coriman) " (o)) 1 (corinans)2)
The inequalities (34) and (35) together imply

miXxi
0< — <2
JCox1x2x3
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foralli =1, 2, 3, and we obtain

mipmom
1c2 > omixi| < 13¢° (cox1x2x3) ' /* + 7%
0

Now we also have by multiplying the inequalities (34) that

miym-om
JCox1x2x3 < % + 12(cpx1xax3) Vg% +79%,
0
so that
‘% —mixi| < 13¢° [T 136+ VA3) + T)g%. (36)
co Co

This region lies strictly above the hyperboloid cypx1x2x3 = 1 as soon as

3
mymyms (m1m2m3 134" [mimam3 (13(6 + /43 +7)q28) -1,
co Co Co

which must become true for sufficiently large ¢ with our previous restriction on &,
and moreover also the region defined by (36) is contained within the one stated in the
Lemma.

Thus we may pass to a sufficiently fine partition of unity and apply the stationary
phase Lemma 4 to localize the integral U, to the region Rj. O

Lemma 6 (Localization 2) Suppose that mymoms/co < q‘82 for some small §, > 0.
Let Ry C R3>0 be the region surrounding the point

mam3 mims3 mijmj
‘x() = 9 9
Co Co Co

cut out by the inequalities

1)
mams3 q
Co mi
)
mims3 q
Co mp
)
mimy q
—Xx3 < —.
Co ms

Let wq (1) denote a smooth function identically 1 if |t| < 1/2 and identically 0 if |t| > 1

and let
3
L= [ veoecr oo T i) ax.
R i=l
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For sufficiently large g we have that
Uy = Ly + Os5,(q 2.

Proof The proof is similar to that of Lemma 5 so we omit it. O

Our next goal is to give an asymptotic formula for the integrals L; in Lemmas 5
and 6. We begin by making a change of variables. Let &/ C R3 be the eighth-space

defined by
mi mi
v1>—\/(vg+m3 — (v3+m2 —)
V co ) V co
nmi nmi
v > —|—m3,v3 > —_ | —my)
Co Co

Let the change-of-variables diffeomorphism ¢ : U/ = Rio be defined by

2
1 X2X3Co
X] = — (v1 + [ — ’
mi mi
mi mi
X2= [—(\vo+m3 |—
Co Co
mi mi
x3= |[—(\vs+my [— ).
Co Co

The change of variables ¢ transforms the phase function £ (x) to

(v1, v2, v3) € R

mimoms >
— V] + vau3,

fHew) =-

Co

and moves the critical point to the origin

¢(0) = xo.
This is the same change of variables as found in Conrey and Iwaniec Lemma 8.1. Such
a change of variables is guaranteed to exist (locally) by Morse’s lemma, see Stein [17]

chapter VIII, section 2.3.2. Geometrically, the box R; given by Lemma 5 is, up to
absolute constants, of size

6]8/2 mimams3 « qa/z nminman3 % qa/z [mypmans3
my \ Co my \ co m3 co
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around the critical point xq in the x-space, and the box R, given by Lemma 6 is up to
absolute constants of size

§ 8 8
q* g% _ q%
mi my m3

around the critical point xp in the x-space. The regions go_l(Rl) and <p_l(R2) are
also right-angle parallelepipeds in v-space. The boxes ¢~ ' (R;) and ¢~ (R;) both
surround the origin in v-space of are up to absolute constants of size

8/2 ., 82 M3 82 M2

g’ xq" [ = x ¢ | =,

ma m3
s | o q” [co g [co
q? | ——— x — [ — x — | —,
mymoyms mo\ m;  m3\ m

respectively (although the origin is no longer in the center of the box in the v; direction).
The determinant of the Jacobian of the change of variables is

2 m m 2./mix
(detJac @) (v) = — v1+\/<v3+m2 /—1’(v2+m3 /—l’ =#.
Co Co Cco co

In particular at the stationary point we have

and

mimams3

3
Cy

(detJac@)(0) =2

Recall the definition of wqy from Lemma 5 and V (x) from (31), and set

def 1] 1% my v3 ms3
1(v) = V(p(v))|(detJac ¢) (v)|wo (C —) wo (—,/— ’ wo (—,/—)
8 ¢ 4 1 22\ m; 772\ m>

(37)

and

22V E V(p(v)|(detJac ) (v) [wo

wo

V1 mimyms %) mlm% v3 mlm%
xX({Cr——. | ——— — wo | ——
2 Co q% co q% co

for some absolute constants Cq and C;. The integrals L; fori = 1, 2 are transformed
to
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Li=e (_M) /// gi(Ve(—v2 + vav3) dv + 0 (g~ 2014,
Co R3

The support of g1(v) is the right angle parallelepiped given by the functions wy in
(37). If mymaoms/cog > 1/4 the support of g>(v) is a right-angle parallelepiped but
with possibly also one corner, edge or face truncated by the hyperboloid cut-off by
function V(¢ (v)). In particular, when mmom3/cg > 1/4 the support of g>(v) at
least contains the stationary point xq and 1/8-th of the box ¢! (Ry) which points in
the totally positive direction in v-space. If mymom3/cg < 1/4 then the point xq lies
outside the support of g>(Vv).
By Fourier inversion we have for any small ¢ > 0 that

g1(v) = / / /ﬁ S e -y)dy + 05(g>""

where

Iyil < g¢79/2

ol </ 52q°7% ifi=1

/2
sl </ 52q"%

g o | [l </ met
2

[v2] <4/ 1m2q5 8 ifi =2and mimoms/co > 1/4
2

sl <\ =gt

R3>0 ifi =2and mymymsz/co < 1/4.

o
@
S

We may swap orders of integration, complete the square, and evaluate the integral over
the v; to get

-1/8 . 2
L= \/5/ e (—m”:;m) ///ﬁ gi(ye (%1 - yzya) dy + Og 5(q~20%).

(38)

Now we take ¢ = §/4 = §/4 and use Taylor expansions. Each of |y;| and |y, 3|
are restricted to be small in (38), and we need only finitely many terms of the Taylor
expansion. Quantitatively, if mjmoms/cy > 1/4 we take N| = Na3z = 8,0655" ! to
obtain

2 N1 No n n
1 (7le /2" Qriyry3)" s 2016
e(— a y2y3) Z Z ni'nos! +0s (q ) )

n1=0n23=0
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We now have

L. — e(—l/S)e (_mlmzma) Z (wi/2)" 2mwi)"»
i \/z co O<areN: ni'nos!
0<n23=<N23

x / / /ﬁ Y (2y3)"? dy + 0s(q~ 0.

We now may extend the integrals in the above formulas for L1 and L to all of R?
without making new error terms. We have that

(2n1,n2,n3)
P~ 2n1 n3 _ gi (O)
///R} gy 2y dy = Qi

fori = 1, 2. Inthe case mimym3/co < 1/4 all of the derivatives vanish identically and
we therefore ignore this range of mmom3/cy. The germs of g1(v) and g2(v) atv =0
are identical and so we may drop the distinction between these two functions. Let e.g.
8 = 1/10. We therefore have that whenever all m; > 0 and mmom3/cg > 1/4 that

g+ = e=U8) (_mlin2m3) > () 40O
¢ V2 co O<m =N, 4M 2mriyntnsplngs!
0=n3=<N»3
(39)

with N1 = Ny3 = 80,650. If mymaom3/cy < 1/4 then []t;r is identically 0.

The same exact argument works with minor changes to evaluate U . in the case that
all m; < 0. In particular we define the change of variables ¢ replacing every instance
of m; with |m;| to find that

_ mimani3
[T =————+ v} — vvs.
0

The rest of the proof goes through as above with absolute values added around each
m; in the definition of g and we get exactly the same formula as (39) for U(; but with
e(1/8) in place of e(—1/8).

Now we return to our initial decomposition (30) and insert (39) for U ai We evaluate
the integrals over 6 using the following 1-variable stationary phase Lemma.

Lemma 7 Let s,(0) be a C*([0, ]) function of 0 for fixed u and a holomorphic
Sfunction of u for Re(u) > —1/2. Let M € R~ and suppose that

(1) For fixed 0 the function s,/ (0) is polynomially bounded in vertical strips Re(u) >
6 > —1/2 for any such fixed §.
(i) The function s,(0) is bounded and non-oscillatory as 6 — 0 or 7. Specifically,

n

d
(5 6)" ~—5,,(8) Ky (sin® OYREWH1/2,

aer
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where the dependence on u is polynomial in vertical strips, and uniform as
Re(u) > 6 > —1/2 for any such fixed $.

Define

Su(M) & /n su(0)w(M?/ sin* 0)e(—M cot® 0) do,
0

where w(x) is any smooth bounded non-oscillatory function on R o which is moreover
identically 0 for x < 1/2. Then the function S, (M) is

(a) holomorphic and polynomially bounded as a function of u for fixed M
(b) C*®(R-g) as a function of M for each fixed u and non-oscillatory, i.e. satisfies

n

g (M) Knu 1
u nu 1,

amn
with polynomial dependence on u in vertical strips.
()
« MI1tRew) M <1
{—SM“(”/%M”S) +0.M™Y) M>1.

Proof The bounds in the hypothesis of the Lemma are given in terms of sin 6 because
we are concerned with the behavior as 6 — 0 or 7. Near 0 we approximate sin 6 by
6 and cot® 6 by 6~2. Those 6 near 7 are treated symmetrically.

First, consequence (a) is easily established by the absolute convergence of the
integral S, (M). To establish consequences (b) and (c) we split the integral into three
ranges using a smooth partition of unity

Sy (M) = (/+/ +/ )su(O)w(M2/sin49)e(—Mcot29)d9, (40)
I 11 111

where the support of each component of the partition of unity is restricted to

1%40]sin6 < min(8M/2+¢, 1/25))

10 min(4M />, 1/50) < sin6 < min(4M /2, 1/50)}

1 9] sin 0 > min(2M /2, 1/100)}.

The value of ¢ will be chosen in terms of the number of derivates n we take to establish
(b). To establish (b) and (c) we need to control the behavior of S, (M) bothas M — 0
or oo, and note that the range II is empty when M — oo and that on range III the
integral is identically 0 if M — 0.

First we consider the range III, and assume M > 1. We may differentiate under
the integral as many times as we like, and thus this part of the integral is C*°. As
M — oo, we differentiate under the integral and run a standard stationary phase
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argument, say Proposition 8.2 of [3], on each of the derivatives. Each differentiation
produces a factor of — cot? 6 in the integrand which gives additional zeros at§ = /2.
By stationary phase these zeros give us additional decay in each derivative as M — oo,
demonstrating parts (b) and (c).

Next we consider the range II, and assume M < 1, otherwise the set II is empty.
We may differentiate under the integral as often as we like and trivial bounds show
that this part of (40) is C* and O(M'+R€) a5 p1 — 0, matching the claim in (c).
To show (b) let us differentiate in M under the integral n times. If 2n < 2Re(u) + 1
then trivial bounds suffice to show M" dd—Af,nSu (M) <, 1. When 2n > 2Re(u) + 1 we

take & = 1/4n to find that M" A4S, (M) <, M'/>T1/2" <, 1 when M < 1.

Lastly we consider the range I. In this range we may not differentiate under the
integral. Instead we insert a dyadic partition of unity to the integral over the range
I which descends into the trouble points 0 and w. Consider the point 0. We let our
partition of unity by formed by smooth functions W (x) supported in [1/4, 1] satisfying
x/ W) (x) < 1. Then the half of the integral in the range I near 0 is

o 2~ min
> / W (02 min)s, (0)w(M?/sin* 6)e(—M cot® ) db, (41)
=0

~i min /4

where min = min(8M'/2*%1/25). Let ®; = 2~  min. Then we may differentiate
each integral in (41) in M under the integral sign n times, getting
O;

W (02 min)s, (0)w(M?/sin* 0)(—27i cot® 6)" e(—M cot> 6) db, (42)
®;/4

which converges absolutely. Now we may apply Lemma 4 with X = @?Re(")H*zn,

U=0;,R= M/@?, Y = M/(H)l.z, 0 = 0, to find that each of the integrals (42) is
<A @l_Z(Re(u)Jrlfn) (M/®i2)_A’ (43)

for any A > 0. Therefore the infinite series (41) converges absolutely, the interchange
of summation and differentiation is justified, and one easily establishes the lemma for
range . Putting the ranges I, II and III together we conclude the Lemma. O

Now we use Lemma 7 to evaluate the combination of (30) and (39) for both l}f
Take for example the first term of (39):

wi((mimamsfeg)?) 1 /// 2 T (k/2 + up) @)~
0) = 1
g(0) = G ) Wm)g ey ball Fuztus)

momz N\ mym3z N2 mmy \ P
><( _223 ) ( l 23 ) ( 1 22 ) duy duy dus.
g sin“ 6 g sin“ 0 g sin“ 0

We exchange the three u; integrals here with the theta integral from (39). Abbreviate
mimom3/c = M and artificially multiply by e(—M)e(M), bringing the latter of these
two inside the 6 integral. The resulting integral to be evaluated is
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s
/ sin((k — 1)0)(sin” §)"“1 2443y (M2 / sin* 6)e(—M cot® 6) d6,
0

to which we apply Lemma 7 with s, (6) = sin((x —1)8)(sin? §)“1+42+43 and w = wy.
By Lemma 7 the resulting function of M is bounded by « min(MH‘Re(”), M~1/%),
and has controlled derivatives. Therefore we may take its Mellin transform to obtain
a term of the form 77 in the statement of Proposition 2.

More generally, for the higher terms in the Taylor series (39) one has

g(2nl ,123,123) (0)

_ U (Onimams o)) G V' s [ v
J/comimams mimoms3 Qi) (1/16)
Uny oy (11, U2, u3) ( mams )_"' ( myms )_"2 ( mny )_"3 du
(ul —ap)(uy — o) (u3 — a3) \gsin®6 g sin®6 g sin® 6 ’
for some holomorphic functions Uy, ,,, Which decay rapidly in the vertical strips
Re(u;) > —«/2, and wy, .. are some bounded C* functions which are identically

zero when their arguments are < 1/2. Therefore we may apply Lemma 7 to amplitude
functions of the form

5.(0) = (sin? )" T3 gin((k — 1)6).

In this fashion we evaluate each term of the series (39) for (7(;" separately and add all
of the finitely many terms of the form 77 together to conclude that the second term
of (30) in the case all m; > 0 is equal to 77 plus a small error term. The treatment of
the Ija_ term when all m; < 0 is very similar. This concludes our use of the stationary
phase method.

We still need to give the Mellin transforms for several remaining cases: the term of
(30) contalnlng U + when all m; < 0, the corresponding U ~ term when all m; > 0,
and the term R,. We compute these transforms directly and all of these terms are of
the form 75.

We start with the term of (30) containing U . and the assumption thatall m; < 0.Let
w1 (v) denote the Mellin transform of w1, which is convergent and rapidly decaying in
vertical strips whenever Re(v) < 0. We have then that for any choice of Re(v) = £ < 0
the Mellin transform of wj (x)e(24/x) is given by

1 4=6=0pr©2(s — v))~

/Oo eyt & () d
wilx)e X)X — = — v v
0 ! x o 27iJy o (“2mi)26v)

def 1

The Mellin transform defines a holomorphic function u(s) for any Re(s) < 1/2 thatis
rapidly decaying in vertical strips. A change of variables s — 1/2 — s and (20) show
that when all m; < O we have
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ot = (—47i)~ ! 1 / u(1/2—s)( co )S
* ¢y 2mi (3/4) (=27i)=% \ |mymom3|

/// F(K/2+u)
(27Tl)3 ane;_y (i i — )

Imilg \"" T'(s — Mi)
X ( e C2niy—i Cq(1 +up +u3)duy duz dus ds.

The parts of the above integrand which depend on s are

u(1/2 —s) li[ TG —u)  u(1/2—5)(s —u)l(s — u2)(s — uz)

(—2zi) 2 L (Camiyu - (—27i)*

We make a change of variables s — s + u; + u» + u3 and collect the resulting
function Uz (s, u1, us, u3) which is holomorphic and rapidly decaying in any vertical
strips satisfying
Re(s) > m;’_((_Re(Mi +uj), —Re(u; + uz + u3))
i#]
Re(u;) > —«/2.

We have that

= / /// U3(S, uy, uz, u3)§q(1 +uz + M3) (sin2 9)S+u1+u2+u3—l
Us c (2711) G/4) (1/16) (Ml —ap)(uz — a2)(u3z — a3)

[mams| lmim3|\ ™" (Imima|\ "
X _— duds
IM1m2m3| q q q

Finally, we re-introduce the integral over 6. By e.g. [9] formulas 3.631.1 and 8.384.1
we have when Re(z) > O that

ZX(—l)/n e(—(k — 1)8/2m)(sin® 0)*~ 12 4o
0

2721 (27)
F(z+x/2T(z—«/241)

=2x(=D

Setting z = s +u1 + uy + usz and

def 2721 (22)
Us(s,ur,up, uz) =2 Us(s, ut, uz, u3),
F(z+x/2)T(z—x/2+1)

which is holomorphic and rapidly decaying in the same vertical strips as Usz. The result
is that when all m; < O the term

2X(—1)/n e(—(k — 1)0/27)(sinO)U; () do
0
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is of the form 7> in the statement with Uy in place of U;. The integral over 8 involving
Ua_ when all m; > 0 is treated similarly.

Next we compute the Mellin transform of the term Ry, from the decomposition (30).
Recall that the function R (x) defined at the beginning of the proof of Proposition 2 is
identically equal to J(x) when x < \/_ 2, satisfies the bound x” R™ (x) <, 1 for all
n € N, and is <, x~2 for large x. Let R denote the Mellin transform of R. Then with
a change of variables we have the inversion formula

RQ2./cx1x2x3) = QL/ A R(2 — 25)(cx1xax3)* ~ ds. (44)
(1/2)

2mi

the integrand of (44) is rapidly decaying on any vertical strip 0 < Re(s) < «/2, witha
simple pole at x /2. Then inserting formula (44) in the definition of R, and evaluating
the x integrals with (20) we have that

v -1 1 ~ §
i, = X )—,/ #RQ—25) ——
2¢ 2mi J3a) |mimoms)|

/// F(K/2+M)(|mi|61)ui
(27”)3 (1/16) 5 —a;) 2mc

(s —u;i)
2mi sgn m;)s—Hi

Cq(1 +up +u3)duy duz dus ds.

Change s — s + u1 + up + u3 and set

def 1

U5(S uy, u25u3) del 24A+u1+u2+m

3
XRQ2=2(s +uy +uz +uz) [ [ Te/2 4 up) @)~
i=1
C(s+ur +uz+us —u;)
Qi sgn mi)s+”1+”2+”3_“i ?

which is which is holomorphic and rapidly decaying in the vertical strips allowed by
(28). Then we have that Iéa is of the form 75 with U = Us. Setting Uy = Uy + Us if
all m; are of the same sign, this concludes the proof of Proposition 2 if all m; > 0 or
allm; <O.

Finally we compute the Mellin transform of W, when the m; are of mixed signs.
Suppose without loss of generality that m; < 0 and my, m3 > 0; the other 5 mixed-
sign cases are treated similarly. Recall the formulas (19) and (20) from Sect. 3. Putting
these together we find
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Wa X(—l) (27_[ 2 Tk /2 — o 1.
(3/4) F(K/2+S) (27‘[1)3

/]| H”“/““)( e
ane iy wi—oar) \2mwe/  (mim;)S—h

X &g (1 +up + ug)dul dusr dusds.

Observe that

ﬁ UG —u) _ |ma["ma|2[ms "5 T'(s —u1) [(s —uz) T'(s —u3)
iy Qurimg) |mymoms | Qm)S(—2mi)~" 2m)s 2mi)~"2 2mwi)s—43

is a rapidly decaying function of s in vertical strips uniformly in u;. We set

of Tk /2
Us(s, u1, uz, u3 )‘U%Hr( K/2 + up)(2m) Y

I'(s —up) I'(s —u3)
Qmi)~u2 Qmi)s—u3’

L(s —uy)
(—2mi)~u

and after a change of variables s — s + u1 + uz + u3 set

def
Up(s,ur, uz, uz) = Ug(s +uy +uz +uz, uy, uz, u3).

The function U7 is holomorphic and rapidly decaying in any vertical strips (28). We
get when m; are of mixed signs that Wy, is of the form 7> with U = U7 if m; < 0 and
mo, m3 > 0. The other mixed-sign cases have similar formulas. O

5 A large sieve inequality for L-functions

Lemma 8 (Large sieve for L-functions) We have for q odd square-free and t1, t with
It1], 12| < ¢'%° and | Im (11, 1)| < 1/logq that

1
@ > L2+ it Y)L(/2 + i, )P < (logq)® (log(w(q) + 1))
v

(mod ¢q)
1 2 iflt — ] <1/1
o (qu)' . lfll 2| < 1/logg 5)
[C(1+ilty — DI if1/logg < |t — 1.

Proof Note that we have stated the lemma as a sum over all characters modulo ¢,
both primitive and imprimitive. If ¥ is not primitive, let ¢* denote the conductor of
q and let ¥* denote the primitive character mod ¢* which induces . Then for an
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non-primitive character ¥ we have

Lis,v)= [ (1=v*(p™) Lis, v).

rla/a*

Let Z+ and >~ denote sums over primitive even (resp. odd) characters. One has by
orthogonality of characters and positivity that

Z+

¥ (mod q)

L(g+N) D lanl’, (46)
n=<N

> any(n)

n=xN

where n < N denotes a sum over n whose length is <« N and > N, and similarly for
> 7. We can split the moment in the statement of the Lemma over primitive characters
of a given parity to find that the left hand side of (45) is bounded by

¢<q>ZH( IJ/E) > o+ X

q*lq plg/q* Y*  (mod g*) Y* (mod g*)

x |L(1/2 +it;, y*)L(1/2 + ity w*)|2. 47)

Next we write an approximate functional equation for the product of two L-functions.
Let oy 1, (n) = 2,0, n;""'n; "™ Following say, Theorem 5.3 of [11] we have that

L(A/24it1, y")L(/2+itr, ™)
=Y e W g s

n>1

e Y T e g,

n>1

where |e(Y, t1, 12)| = 1 and F, 4, (x) is a C* and rapidly decaying function of x for
fixed t1, t, and bounded in vertical strips as a function of #; and #>. By Cauchy—Schwarz
we have

\LA/2+ it yNLA/2 + ity v
2 2

<2 ZMFtl,tz(n/q*) +2 ZWR“,_QWC]*)

1/2
n
n>1 n>1

Inserting this to (47) we find the left hand side of (45) is bound by a sum of four terms,
one of which is
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1/e\* "
¢(q>z H( \//;) > ZW&,Q@M . @8)

q*lq plg/q* Y*  (mod g)* |n>1

and the other three are of a similar form. By the large sieve (46), the upper bound (48)
is

1l 1/e\* 5 lon.n () o p
Zq ( ) z ‘, ’ |F,1,;2(n/q )} .
¢( )q *lq  pla/q* VP n>1 "

We evaluate this last sum by the Dirichlet series and Mellin inversion technique. We
have

Zm,,z(nnz_ o R o o
————— = (s +in —it)¢(s — ity +in)i(s +ify —in)i(s +in —it),

ns
n>1

so that

2
Z% |F,1,,2(n/q"‘)|2

n>1

(log g*)* if |t} — 2] < 1/logq*

< q*(logg*)? : .
lc(L+ilty —nD|* if1/logg* < |t — 1.

Putting all of these pieces together, the left hand side of (45) is

< Zq“l—[( 1/6) ¢()(ogq)

p
q*lq rlg*

. | (ogg)? if |ty — 2] < 1/logg
Z(+ilt—nD* if1/logg < | — 1l

The first factor in parentheses is seen by Merten’s theorem to be < log(w(g) + 1),
hence we conclude the Lemma. ]

6 The error terms: dual moment

In this section we assemble the remaining off-diagonal sum

> > PGy my.m3, ) Wo(my, my, m3, c)

c=0 (mod g) mimym3+#0

@ Springer
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into an average of Dirichlet L-functions of conductors dividing g on their critical
lines, as per the “Motohashi-type formula” from the introduction. We assume « > 4
throughout Sect. 6 and give details on the case x = 2 in Sect. 7.

The calculations below are quite intricate and involve large expressions because they
are valid for all odd square-free ¢q. The calculations become much cleaner fashion if
one takes g to be prime and we suggest this assumption on a first reading.

Proof (Proof of main theorems) We computed the analytic component W, in Propo-
sition 2. The evaluation of the arithmetic component G by Conrey and Iwaniec is
sufficient for our purposes. We recall their Lemma 10.2 as Lemma 9 below. Let
R,;(n) = S(0,n, q) be the Ramanujan sum, and define H(w; ¢g) to be the charac-
ter sum

Hw; S > quo+ D+ D)eg((wv — Dw).
u,v (mod q)

Lemma 9 (Conrey—Iwaniec) Let ¢ = gr with q square-free. Suppose m1, mo, m3 are
integers with

(my,r) =1 (mam3,q,r) = 1. (49)

Then the character sum G(m1, ma, ms, ¢) satisfies

2
h _
G= ec(mlm2m3)Xk£(—1);(—qk)Rk(mI)Rk(mz)Rk(m3)H(rhkm1m2m3; 0)

where h = (r,q), k = (mymom3, q) and £ = q/hk. If the co-primality conditions
(49) are not satisfied then G vanishes.

Following Conrey and Iwaniec section 11 we expand the character sum H in mul-
tiplicative characters. The formulas (11.7), (11.9) and (11.10) of Conrey and Iwaniec
together give

—1 .
Huig = 3 HIED S s nv@. 60)

q192=4 ¥ (mod q2)

where g(x, ¥) is the hybrid character sum in the statement of Theorem 2.

Lemma 10 For all Dirichlet characters \r of odd square-free modulus q we have that

g0, ¥) < qC"9,

where v(q) is the number of prime factors of q.

Proof Conrey and Iwaniec prove that if g is a prime that g(x, 1) < Cgq for an absolute
constant C. The character sum is multiplicative in the modulus, hence g(x, ¥) <
C"@gq. One could give an explicit value to C using the exponential sum techniques
of Katz. O
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The expressions for W, and G have symmetry under m; — —m;, SO wWe Nnow
assume that all m; > 0. The other 7 octants of m;’s are treated separately and in the
same way and then we add all contributions together at the end. Of the three terms
in the evaluation of W, given by Proposition 2, the contribution of the error term is
negligible and we ignore it. Terms 7} and 73 of Proposition 2 are similar, but 7, is
more difficult and contains the issue of small weights, so we only give full details for
T, = Tr(m1, mo, m3, c). That is to say, we restrict our attention to the sum

G(my,mp, m3,rq)To(my, my, m3, r,q)
> > 7 (51)
req
r>1 mi>1
i=1,2,3

for the remainder of this section.

The first step is to separate the sums over r and m, mo, m3 according to the para-
meters i and k in Lemma 9. Starting with r, we set r = hr’ with (', g/ h) = 1. We
also split the sum over the m; according to k = (mjmam3, q), and we understand
the condition (mimoms,q) = k as (mymym3, k) = k and (m;, q/k) = for each
i =1, 2,3. We have that

2. 2 =2 2 2

r>1 mi>1 hklg — r'>1 (mimams3,k)=k
(my,r)=1 '.q/h)=1 (my,r")=1
(mam3,q,r)=1 (mymams3,qh/k)=1

For k square-free there is a bijection between the sets

{m1, my, m3 such that (mmoms, k) = k} <— {(k1, ny), (k2, np), (k3, n3) such that
ki | k, k| kikzks and (n;, k/k;) = 1}

given by k; = (m;, k) and m; = k;n;. We split the sums further according to this
bijection.

2. 2 =22 2 2 2 2

r>1 mi>1 hklg  r'>1 ki |k (n1,k/k)=1 (n2,k/k2)=1 (n3,k/k3)=1
(my,r)=1 r',q/h)=1 klkikoks (n1,qr'h/k)=1 (n2,qh/k)=1 (n3,qh/k)=1
(mayms3,q,r)=1 (k1,r)=1

(k1kaks,qh/k)=1
(52)

where r = hr', m; = k;n; fori = 1,2, 3. We may now combine the formulas for T
and G with this decomposition to get a large but tractable formula.

In T, we shift the lines of integration to Re(s) = —1/16 and Re(u;) = 5/8 so that
all of the Dirichlet series and Euler product calculations below occur in the region of
absolute convergence.

We decompose the exponential e.(mmom3) by treating it as an archimedian char-
acter. Note here if we were dealing instead with 77 of Proposition 2 instead of 7> this
phase would cancel cleanly with the phase from 77, making the 77 case easier. As it
is, we use the formula
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mimoms 1 I'(v) mimaym3\ —V
e e — dv, 53
e( ¢ ) "2 ./(—1/16) (=2mi)® ( c ) 0 o)

introducing an additional variable.

The two terms in (53) may be treated separately. In fact the contribution from the
term 1 of (53) is of the same form as those terms where we take 7 instead of T5.
As this case is very similar and easier we ignore it. Let G’ (m1, ma, m3, ¢) be defined
as the expression of Lemma 9 with the second term of (53) in lieu of e.(mmom3).
Warning: our G’ differs from that of Conrey and Iwaniec, but is similar in spirit. The
modified sum

Z Z G/(ml,mZ,m3,rq)2T22(m1,m2,m3,V, Q) (54)
req
=1 m;

>1
1,2,3

is then equal to

5 Lo o
Q@mi)d J<i116) ) (<1/16) (5/8)

L) Ua(s,up,uo,u3)fq(L+us+u3) vy o

(=27i)? (w1 —ap)(u2 — a2)(u3 — a3)
+v
X Zx;,( 1)¢( 3 Z w) xe, (=1)D(s, v, u;, h, k,q)duy dup dusz ds dv

hk|q Lilr=t

(55)

where D = D(s + v, uj, h, k, q) is

ef 1 — T
p« > @l WYLk

¢ (L2) v (o )
Y (k1kaks)
x Z ks+v+u2+u3ks+v+u1+u3 ks+v+u1+u2
kilk 2 3
klkikaks

(k1kakz,qh/k)=1

Y () Ri(kyny) ¥ (ny) Ri(kana) ¥ (n2)
x Z r/l—(s+v) Z s+v+tur+us Z n;+v+u1+u3

r'>1 (n1,k/kp)=1 1 (n2,k/ky)=1
(r',qk1/h)=1 (n1,qr'h/k)=1 (n2,qh/k)=1
Ry (k3n3)y (n3)
x Z stvtuituy (56)
(n3,k/k3)=1 3
(n3,qh/k)=1
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Lemma 11 For Re(w) > 1 and square-free k we have

Ry (kin; i
> RGOV gL g ).

(ni k/ki)=1 i
(n1,qh/k)=1

where the subscript denotes primes dividing the subscript have been omitted.

Proof The Ramanujan sum Ry () is not multiplicative in n but if k is square-free the
function (k) Ry (n) is multiplicative in n. Define

o, 1) E T R (p).

pin
ptki

Then we have Ry (kin;) = w(k)u(k;)¢ (ki) px; (n;), and expanding into an Euler prod-
uct establishes the Lemma. O

Next we evaluate the sum over r in (56) by an Euler product calculation to find

Z MLihr/(s+v+u2+u3,1ﬂ)

p1=G+v) T
(' Fk)=1

_ Lo, (1 —(s+ V), ¥)
(I +un +u3)

Lap(s+v+us+us, ).
1

Note that the zeta function in the denominator here cancels exactly with the zeta
function in the numerator of (55). This cancellation represents the resolution of the
artificial use of Hecke multiplicativity from Sect. 2. Now take the sum over the k; from
(56) inside and denote the resulting sum by K = K(s + v, u;, q, h, k, ¥).

e W (lreales) (k1) o) (k3) b (e (o) (k)
= Z ki+v+u2+u3k§+v+u1 +us k§+u+u1 Fun
kilk
k|k11|<2k3
(k1k2ks,qh/k)=1

% H (1 _ w(p)pf(s+v+uz+u3))_l

plki
1 _1
X H (1 _ w(p)p—(s+v+u1+u3)) H (1 _ w(p)p—(s+v+u1+u2)) )
plk2 plk3

Lemma 12 For k square-free the function K is holomorphic when Re(s + v + u; +
uj) > 0foralli # j. Moreover it satisfies the bound

K < (k/(k, h))373Re(s+v)72Re(u1+u2+u3)‘
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Proof We have

ki< > 1

kilk plki
k|k1k2k3
(kik2k3,qh/k)=1

|1

plk3

p—1
s+v+u1+u3 _ w(p)

[

plka

s+v+u2+u% — w(p)

r+v+u1+u2 — W(P) ‘

all of whose terms are positive. Therefore we may drop the condition k | kjk2k3 on
the sum to get that |K| is

<T] (1 +
plk
e

p—1
x| 1 + ps-l—v—&—ul—i-uz _ W(P)

hence the claim. O

p—1 | —1
V+v+u2+u3 — 1/,(17) + p‘v+v+u1+u3 Iﬂ(p)

The result of all of these manipulations is that

k)3 _ -
D= +m+u) B S @, vw @K

¢ (£2) v (omed &)
xLg/n(1 — (s +v), ¥)Lg(s + v+ us +us, )
XLg(s +v+up +us, ¥)Lg(s +v+up +uz, ¥). (57)

For a primitive Dirichlet character ¢ of conductor ¢ we write the asymmetric
functional equation as

L(w, ¥) = (@)X w)L(1 —w, ¥)

where

r %—u—&-a
def (ﬂ )” 2 def [O Y even
and a=
T

Xe(d +u) & — 7
(GHw= o ((Lrete I ¥ odd.
2

In the case that ¢ is imprimitive we let ¢* be the primitive character of conductor
£3 which induces v of modulus £;. We collect the miscellaneous Euler factors as
P=P(s+v,uj,q,h, V), ie.
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pof I1 (1 _ W(p)p‘“‘(”””) I1 (1 _ E(p)p—a—(m)))

ple pla/h
pies pit2
X H (1 _ w(p)pf(s+v+u2+u3)) (1 _ w(p)pf(s+v+u1+u3))
rlq
piez

% (1 _ w(p)p*(s+v+u1+u2)) )

The function P is entire in all of its complex variables, and if 1 — (s +v) > ¢ > 0
and s + v +u; +u; > & > 0 for some small fixed ¢ forall i # j then P < 2V4/%).
Then we have that

Lg/n(1 = s,9)Lg(s +uz +u3, y)Lg(s + ur 4+ u3, ¥)Lg(s + u1 + uz, ¥)
= e(U")Xe5() " P L(s, ¥)L(s + w2 +us, ¥)
XL(s +uy +uz, Y)L(s +uy + ua, ¥). (58)

We now shift the contours in (55) to Re(v) = —3/4, Re(s) = 5/4 and Re(u;) =
1/log g, encountering simple polar divisors only when v in (57) is the trivial character
ats+v=0ands +v+u; +u; =1foreachi # j. Because r(%)g(x, V) is of
absolute value 1 when v is the trivial character, the terms produced by these divisors
are negligibly small. We replace L(s + v, ¥*) in (58) by L(s + v, ¢) and absorb
the resulting finitely many Euler factors into P, leaving the estimate P < 2"/ &)
unaffected.
We make a change of variables s + v — s, and define

1 I'(v)

% ”T)UUZ(S —U,M],MQ,M?,)dU. (59)
(=3/4) \—

def
U5 (s, uy, uz, u3) =

The function U3 is holomorphic in the region

max(Re(u;)) — 1 < Re(s +uy +up +u3) <«/2
—k/2 < Re(u;),

symmetric in the u; variables, and by shifting the contour satisfies the bounds
Uy <o (14 IsD exp(—(r/2 — &) Im (u1 + u2 + u3)))
where
£ =max (Re(s +u1 +upx +u3) — (k +1)/2, =3/2).

As Re(s) = 1/2 and ¢ > 4 we may take £ = —3/2. Pulling together (55), (57), (58),
and (59) we get that (54) is equal to
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1 (k)3
= (=)= () xe, (—1)
q° ,% ¢ (k) Mzzie :

) / /// Us (s, u, up, uz)g*trtutusps
@ri)* Ja (/logq) @1 —o)(uz —az)(uz —a3)
1

s X s v ERREIK PX )
2y (mod )

XL (s, Y)L(s +uz +us, )
XL(s +u1 +u3, ¥)L(s + uy + uz, ¥) duy dus duz ds + 0(g~"?). (60)

X

There are finitely many similar cases: m; with different signs, the terms 77 from
Proposition 2 and the term 1 from (53), each of which are evaluated in the same way
and can be expressed as a formula (60) but with a different choice of holomorphic
function U in lieu of U;. We add together these cases and specialize (60) to the case
q prime to obtain Theorem 2.

Now we finish the proof of Theorem 1. Taking absolute values inside, (60) is
bounded by

1 3/2 ) 1
(]3/2 Z Z 2 12) (1+ |s])3/2

hklg £16=¢ (
1
XS D LG, Y)L(s +on + a3, Y)L(s + a1 + o, )
¥ (mod &)
XL(s + a1+ a2, V)| ds. (61)

We can apply Cauchy—Schwarz and the large sieve estimate of Lemma 8§ in three
different ways to (61). The bounds produced by the large sieve in each of these cases
depend only on the sizes of

loep — a3], |ao + 3| if Cauchy—Schwarz applied as (12)(34)
lop — a2], |oy + 2| if Cauchy—Schwarz applied as (14)(23)
|z — aq], oz + «q| if Cauchy—Schwarz applied as (13)(24),

and do not depend on s. Note the symmetry o; — —o; here, a shadow of the functional
equation symmetry in the original problem. In fact the bounds we obtain depend only
on the |«;| and not on their signs.

Suppose first that all of the |«;| are within a neighborhood of radius 1/31log ¢ of
each other. Then the ¢ (£2) ! Zw in (61) is bounded by

(log £2)? if all |o;| < 1/1og £

log £5)? (1 05) + 1))?
< (log £2)7 (log(v(f2) + 1)) XI(log£2)|§(1+2i|ai|)| if some ;| > 1/1og £5.
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If not there is a pair of o, arj, i # j with
lleti| — lajll > 1/1og € (62)

and we apply Cauchy—Schwarz in the manner which detects the «;, a; for which (62)
holds to find that the ¢ (¢,)~! Zw of (61)is

< (log £2)* (log(w(€2) + 1)* |¢ (1 + il | + iloe; NS (1 + ilei| — ilej])] -

Applying these in (61), writing the sum of multiplicative functions as a product, and
applying Merten’s theorem one derives Theorem 1 for k > 4.

7 The case of weight two

When « = 2 the function J (2/nnan3/c) Vij24«(n/q) is not continuous at n = 0,
nor is it of bounded variation when o # 0, so the use of Poisson summation in Sect.
2 needs to be justified. Let Q(x) = J(24/x)V} 2+« (x) and consider the toy case

D xSk 1,00m = D x@Sa,1,¢) Y Qa+no).

nx1 a (mod c) n=0

The interior sum on the right hand side is periodic modulo ¢ so it has a Fourier series

2 0mioe ().

meZ

It suffices to show that the Fourier series converges to the correct value. Suppose first
that it converges to some finite value forany c € Nanda =0,...,c—1.Ifa =0
both sides vanish because x (0) = 0 and there is nothing to prove. If a # 0 then
> Q(a+nc) is continuous at a, so the series is Cesaro summable to the correct value
by Fejér’s Theorem, hence pointwise summable to the correct value. To see that the
Fourier series converges to some finite value, we may calculate Q explicitly using
(19), (4), (20), and use Euler-Maclaurin summation.

Next note that the sums over m; do not converge absolutely in Sect. 6 when k = 2
(but the sum over r does). Absolute convergence was used in Sect. 6 to swap the sums
over m; with the integrals from the Mellin inverses in Proposition 2, so we need to
instead justify the interchange by hand.

Let k = 2 and return to the sum defined by equation (51). Consider the lengthy
expression formed by applying Lemma 9 and formula (50) via the decomposition
(52) to (51). However we now keep the functions e.(mmym3) and T (m1, ma, m3, c)
inside the sums over m;. The problematic interior sums over m; = k;n; are
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> Rkn)y() DL Rekan)¥(na) D Ri(ksna)y(nz)

(n1,k/k1)=1 (n2,k/ka)=1 (n3,k/k3)=1
(n1,qr'h/k)=1 (n2,qh/k)=1 (n3.qh/k)=1

xee(kikakzninons)To(kiny, kona, k3ns, c).

We use the function wp(x) from Sect. 4 which, recall, is smooth, identically 1 for
x < 1/2, and identically O for x > 1 to split the three sums over n; at a very large
parameter Z. Summing by parts in each of the three variables n;, the tails of the series
are equal to

83
—/// Sk, ¢, uj) ————7— (Ta(kyuy, kauz, kzus, c)
Rio 8u18u28u3

x (1= wo(ur/Z)ywo(uz/ Zywo(u3/Z))) du, (63)
where
def &
Sk c,u) S D [ | Retkinw (ni)ec(kikaksninans).
ni<u; i=1

From its definition as a Mellin inversion the function 7> (kyu 1, kouy, k3us, ¢) is smooth
and satisfies

o giitits
B2 J3

wl'ugul - - - )Lfl+5/10r/f3)ws/10.
Ouy dus du’

T Lhk,q,e ,\el[?,ifl_g](MIMM)
Lemma 13 We have the estimate
Yk, c, u;) < max ((u1u2u3)5, r73/4(u1u2u3)3/4+5) .
Proof We use formula (53) from Sect. 6:
. (m1}112I713) 1 L/ F(v? (m1m2m3)—v .
c 2mi J(—3/4) (—2mi)? c

The integral converges absolutely. We have then that X (k, ¢, u;) is given by

1 r
Z Ry (kini)yr(n;) + —/ &CU Z Ry (kin)yr (ni)n; "

= i J (3 (S2mi)”

Lemma 11 along with standard Perron formula and contour shifting techniques show
that the first of these two terms is <4 5 ke (ujupu3)?, and the second is L., hk,e
r_3/4(u1u2u3)3/4+8. O

@ Springer



A twisted Motohashi formula and Weyl-subconvexity 215

Evaluating the derivatives in (63) produces eight terms, the most difficult of which
is

kykaks TV 0D ey, kaua, kzus, €)(1 — wouy ) Z)wo(uz/ Z)wo(us/ Z))

Khk.g.e Min ((M1u2u3)73/2+8r/73/2, (Ulu2u3)7”/6+gr/71/2) , (64)

using A = 1/2 or A = 1/6. We may rigorously swap the main portion of the sums over
n; with the Mellin inversion integrals from Proposition 2. The tails of the sums over
n; are given by the integral (63). This integral converges absolutely by Lemma 13 and
(64), and moreover is g 5 k,e r/=3/47=1/12+¢ Now taking the limit Z — 0o one
shows by a Mellin transform argument that the smoothed partial main portion sums
converge to the correct L-functions from Lemma 11, and the tails go to 0. Thus we
rigorously establish (60) and Theorem 2 in the case k = 2.

Finally, to derive Theorem 1 from Theorem 2 we shift the contour to Re(s) =
1/2 — 1/logg and Re(u;) = 1/4loggq. Note that if we chose Re(s) = 1/2 as we
did in the cases k > 4 then the integral (61) would not converge. With the choice
Re(s) = 1/2 — 1/log g we calculate

o dt {
oo (1+|[|)1+1/410gq <K logg,

so we gain a single extra log ¢ in the result when « = 2. O
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