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1 Introduction

Let us consider the boundary-value problem for a perturbation of the biharmonic operator posed in abounded
domain Q ¢ R" (n > 3) with smooth boundary, equipped with the Navier boundary conditions, that is,

Bgu:= (A’ +qu=0 inQ,
u=f onoQ, (1.1)
Au=g onoQ,

where f € H'/2(0Q) and g € H3/2(0Q). Biharmonic operators (with potentials) are widely studied in the con-
text of modelling of hinged elastic beams and suspension bridges. We would like to refer to [7, Chapter 1]) for
a discussion of these models and other applications.
If 0 is not an eigenvalue of B,u = 0 in the domain Q with the boundary conditions u|sq = 0 = Aulsq,
/there exists a unique solution u € H*(Q) to the problem (1.1) when (f, g) € H'/2(0Q) x H>/2(3Q) (see [7]).
Let us define the set Qy of potentials g € H5(Q), s > %, as

Oy :={q : Iqllzs) < N for some N > 0} (1.2)

and assume that for all g € Qy, the value O is not an eigenvalue for (1.1) with homogeneous boundary con-
ditions on 0Q and thus the problem (1.1) admits a unique solution for each q.

In this article, we shall consider a bounded domain Q (with smooth boundary) where Q ¢ {x : x, < 0}
and a part I'y of the boundary 0Q is contained in the plane {x : x, = 0}.
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We shall assume that the supports of f and g are contained in T' := Q \ T’y and that the boundary mea-
surements ‘3—3 and ’)((}AV“) are available on I only. Thus the part Iy is assumed to be an inaccessible part of the
boundary.

In order to define the Dirichlet-to-Neumann map that is connected with our boundary measurement we

set
HY(T) = {f € H'(0Q) : suppf < T'}.

The partial Dirichlet-to-Neumann map N, can then be defined as

7 El 5 1 0 o(A
Ny : HY D) x HY (D) » HH D x HAD),  (f.g) o (221, 280,

Elry oV

where u is the solution to (1.1).

Our aim, in this article, is to address the question of stability in the inverse problem of determination of
the potential g from the partial Dirichlet-to-Neumann map Ny. The corresponding question of unique iden-
tification of the potential g from the map N, was recently studied in [19], wherein the author combined the
techniques in [14, 15] with a reflection argument introduced in the work [13] to prove the identification of
a first-order perturbation as well. The stability question of recovering the potential g for the operator B, was
also studied in [6], where by following the methods introduced for the study of the Calderdén inverse problem
in [1] and [9], logarithmic stability estimates were proved when the boundary measurements are available
on the whole boundary. Further log-log type estimates were obtained when the measurements are available
only on slightly more than half of the boundary. We shall also like to refer to the works [11, 12] in the context
of unique determination of the potential g from B,.

It will be worthwhile to note that this kind of inverse problem, for the conductivity equation, was first
introduced in the work [3]. The uniqueness question for dimensions three or higher was settled in the work
[17] based upon the idea of complex geometric optics (CGO) solutions. The method introduced in the proof of
the stability estimates in [1] was based on [17]. The work [9] which dealt with the partial data case combined
the idea of CGO solutions with the techniques of [2]. For subsequent developments related to the stability
issues of the Calderdn inverse problem and the inverse problem of the related Schrédinger equation, we refer
to the works [4, 5, 8, 10, 18].

In this article, we prove a logarithmic-type stability estimate for the determination of g from the Dirichlet-
to-Neumann map N,. We would like to emphasize that here we deal with a partial data case and thus, for this
particular class of domains, we are able to improve the log-log type estimates proved in [6]. The strategy of
our proof closely follows that in [10]. We use the reflection argument used in [13, 19] and combine it with a
suitable quantitative version of the Riemann-Lebesgue lemma derived in [10].

On the space H%(T') x HF(T') (which we shall henceforth denote as H*#(T')), we shall consider the norm

Fs )N aarry = Iflgacry + 181 k5 ).
Let us define
NGl := sup{INg(f, )l,13. ) * 165 7.3 ) = L1
With the above notations, we now state the main result in this article.
Theorem 1.1. Let Q ¢ R" be a bounded domain as described above and let Ng,, Ny, be the partial Dirichlet-
to-Neumann maps corresponding to the potentials q1, q> € Qy. Then there exist constants C, &, 1 > 0 such that
222 _N__
g1 - g2llzeo() < C(INg, = N, Il + IInf|Ng, — N, Il 77 ) 2059,
where C depends on Q, n, N, s only and a,  depend on s and n only.

Remark 1.2. We believe that the techniques used in the proof of the stability estimate stated above can be
generalized to the study of other geometries (see [19]) like hemispheres and slab-like domains and work
in this direction is in progress. In particular, when Iy is part of a hemisphere, similar logarithmic-stability
estimates should follow by considering a suitable analogue of the Kelvin transformation.
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2 Preliminary results

We begin this section by briefly recollecting the results pertaining to the existence of CGO solutions for the
equation B4u = 0 in a domain Q. For a detailed exposition and proofs, we refer to the works [14-16].

2.1 Carleman estimates and CGO solutions

The existence of CGO solutions was established using Carleman estimates which we state next. We recall that
the standard semiclassical Sobolev norm of a function f € HS(R") is defined as ||f]| HS (Rr) = I<hD)* fllr2rn,
where (&) = (1 + [£]%)V/2.

Proposition 2.1. Let g € Qy and ¢ = a - x for some unit vector a. Then there exist positive constants ho (< 1)
and C depending on the dimension n and the constant N in (1.2) only such that for all 0 < h < hq the following
estimate holds for any u € C°(Q):

¢ 9 h?
neh h43qe h u"LZ(Q) > ?”u”H;OC](Q).

Using this estimate, we can prove the following result guaranteeing the existence of CGO solutions.

Proposition 2.2. There exist positive constants hy (<« 1) and C depending only on the dimension n and the
constant N in (1.2) such that for all 0 < h < hy there exist solutions to Bqu = 0 belonging to H*(Q) of the form

u(x, G h) = e'® (1 + hr(x, & b)),

where { € C" satisfies (- { = 0, |Re({)| = Im({)| = 1 and ||r||Ha1 < Ch.

2.2 Aversion of the Riemann-Lebesgue lemma

In order to estimate the terms involving Fourier transforms, we shall use a quantitative version of the
Riemann-Lebesgue lemma which we discuss next. The following results were proved in [10] but for the
sake of completeness we include the proofs here. In what follows, we shall use the following convention for
the definition of the Fourier transform of a function f:

FAE) 1= J Fo0e ¢ dx.
]RH

Lemma 2.3. Let Q c R" be a bounded domain with C' boundary and let f € CO’“(ﬁ) for some a € (0, 1). Letj~r
denote the extension of f to R™ by zero. Then there exist § > 0 and C > 0 such that

IFC- = y) = F(Ollriwy < Clyl®

foranyy € R" with |y| < 6.

Proof. Given the fact that Q is a bounded domain with C! boundary, we can find a finite number of balls
Bi(x;),i=1,..., m,with centers x; € 0Q and C! diffeomorphisms

¢i:Bi(xi) » Q:={x e R" 1 : |[x'| <1} x (-1, 1).

Let m
d += dist( 20, o(|J Bitx») )-
i=1
Then it follows that d > 0.
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Let Q, = Uxeaq B(x, €), where B(x, €) is the ball of radius € with center x. Now if € < d, we clearly have
that

m
Qe < | Bitxa).
i=1
Our next step is to estimate the volume of Q;y when 0 < |y| < § < d (where we also assume that d < 1).
To do so, we note that for z1, 2z, € B(x, |y|) N Bj(x;), we have
|9i(z1) - @i(z2)| < IVillLelz1 — 22| < Clyl
for some positive constant C. This implies
$i(Qpy N Bi(x) ¢ {x' e R" ¢ |xX|| < 1} x (=Clyl, Clyl),

and using the transformation formula, we then have the estimate vol(f2|y|) < Cly|.
Therefore,

IFC- =)~ Fllprey = j Fx - y) - Fool dx + ju’f(x—y)—f(xndx

QN\Qy Qy
< Cvol(Q)[y|* + 2| fllLeovol(Qyy)
< C(yl* + 1yl
< Cly|*, when[y| <. O

The following lemma provides a quantitative version of the Riemann-Lebesgue lemma for functions satisfy-
ing the conditions of the previous lemma.

Lemma 2.4. Letf € L'(R") and suppose there exist constants § > 0, Co > 0 and a € (0, 1) such that for |y| < 6,
we have

If¢- =y) = fWllrrwny < Colyl®. (2.1)

Then there exist constants C > 0 and €y > 0 such that for any 0 < € < €, we have the inequality
SRR,
IFf()l < Cle” 7 +€%),

where the constant C depends on Co, |fl.:, n, 6, and a.
Proof. Let us denote G(x) := e~™* and define G¢(x) := €™ G(%). Let fe := f * G. Then using the triangle
inequality, we write

IFADI = 13Fe() + T(fe = H(O)
< |Ffe@I+1F(fe = NI

Now,
|FFe()] = 1T - 1TGe(@) < Il e "€"TC(€d) < Il mme . (2.2)
Next we estimate the term |F(f¢ — f)(£)|. In order to do so, we write it as
1FT(fe = NI < Ife = Al wn
< | [ o=y - F01Ger) dxay
R* R
< | [irec-y)-feorGemaxdy+ [ [ifoe-y) - fool6ety) dxay
lyl<6 R" ly|=6 R"

<L +I, (say).
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Now using (2.1), we obtain

I = j 1fC = ) — f) Il ey Ge(y) dy

lyl<é
6

rlrz
< Co j VI%Ge(y) dy = Co j Jr”‘lr"‘e‘"e_?z dr do
lyl<é Sn-1 0

8
— — — _ 2 _ _ 2
= Cje" lynle*yfe™me ™ e dr = Ce“Ju"*"‘ le™™" du = Ce”,
0 0

where the generic constant C depends on Co, n, §, and a.
Also,

(o] (o]
7172
I < 21l ey j Ge(y) dy < Clifl je-"e*?Zr"-1 dr < Clifl: ey j e dy
ly|=6 5 5

o

(o]

< Clflrrwny | €™ du  (choosing e sufficiently small, less than some €p < 1)

[ —

s
<C 1 e e

Il ®)

a : 1 € [
< Ce* (since a, € < 1, we have -7 < 5 < =5)s

where the generic constant C depends on ||f]lz1(rv), 11, 6, and a.
From (2.2), (2.3) and (2.4), it therefore follows that

|FFO)| < C(e‘% +€e%).
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(2.3)

(2.4)

O

Remark 2.5. We would like to note that since, by assumption, the potentials g € H*(Q) where s > Z, there
exists @ > 0 such that g € C>%(Q). Hence the conclusions of Lemma 2.4 hold true for the potentials g.

3 Stability estimates

In this section, we now establish the stability estimate given by Theorem 1.1. As a first step, we derive the

following integral identity involving the Dirichlet-to-Neumann map for the operator B,,.

Lemma 3.1. Let uy, u, be solutions of (1.1) corresponding to q = q1, q2, respectively. Further let v denote the

solution to By v = 0in Q such that v = 0 = Av on I'o. Then the following identity holds true:

j(qz ~quavdx = j du(A(ur — u2))7 dS + j du(us - u2)(Bv) dS
Q T T

Proof. To begin with, let us recall the Green’s formula

(3.1)

J(Bqu)de - J uBgv dx = J du(Au)7 dS + j dyu(Av) ds - J(Au)a_vv ds - J u(3y(Av)) dS

Q Q 0Q oQ 0Q 0Q

for u, v € H*(Q). Let uy, u» be solutions to (1.1) for g replaced by q; and q», respectively, and let us define

u=uyg—uj.

Let v € H*(Q) be the solution to B, v ="0in Q and let us note that on the part of the boundary T'o, we have

v=0=Av.
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With g = g1 and u, v defined as above, we then apply the Green’s formula to get

j(Bql(ul —Uup))vdx = J oy(A(uy —un))vdsS + J oy(uq — uz)(ﬂ) dsS
Q 0Q 00
- j (A — u2))3yv dS - j (U1 — u2)(3y(AV)) dS. (3.2)
0Q 0Q

The last two terms on the right-hand side of (3.2) vanish since u; and u; satisfy the same boundary conditions.
Also let us note that

Bg, (U1 —Up) = B us — Bg,uz = (A% + q1)us — (A + q1)up = 0+ qauz — iUy = (g2 — q1)ua.

The first two integrals on the right-hand side of (3.2) are actually on T since the integrands vanish on I'y as v
and Av are 0 on I'y. Therefore, the identity (3.2) reduces to

j(qz gD dx = j Oy (Aus - )7 dS + j dy(uy — uz)(Av) dS,
Q T T

and thus we have proved the result. O

3.1 Asuitable change of coordinates

Given a point x = (x4, . .., x) € R", we denote x’ = (x4, . .., x4—1) € R*! and hence we can write x = (x, x,).
For given & € R", (&, &' + 0) we will now choose unit vectors a and B in an appropriate way. These
vectors will be used when we construct the CGO solutions. To start with, we define the orthonormal basis
E={eq,..., ey} in R" in the following way: Let e; = £'/|{'|and e, = (0, ..., 1).Letes, ..., e,_1 be such that
the n-th component e; , =0 fori = 2,..., n -1 and such that E is an orthonormal basis of R".
In order to calculate the coordinates of a vector x € R with respect to the basis E we define the following
transformation matrix:

. /81 &A1 - Ealg'l 0
1 * * e * 0
(]

Tgs = . = 0
: * * * 0
en 0 1

Note, that here * describes a matrix entry that we cannot describe more precisely, in general. For the case
n = 3, for example, we can choose e, = (—%, é—}l, 0). Further, note that Tgs is an orthogonal matrix. Hence
Tgé =T ES =: Tsg and Tsg is the matrix that calculates standard coordinates from the coordinates with respect
to E.
More precisely, the vector & has the following representation with respect to the basis E:
§¢
18"
0
$e=Tgs &= :
0
én
Since Tggs is orthogonal, it is clear that the coordinate transformation defined by Tgs preserves the scalar
product.
Let (Be,1, - - - » Be,n)e be the representation of § = (81, . . ., Br) in the new coordinates. Since the coordi-
nate change preserves the n-th coordinate, it follows that ., = Bn.
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The vector f is perpendicular to ¢ and therefore

0= ‘fﬁ = ({e,ly 0,...,0, {e,n)e . (ﬂe,l; ey Be,n)e = ‘fe,lﬁe,l + ‘fe,nﬁe,n = fe,lﬂe,l + fnﬁn‘

Also,
|ﬁ| =1 = |(Be,1, e ;Be,n)e| =1.

A suitable choice of 8 is

A
&’

{e,l

ﬁe,lz— W,

Bn=Ben = Pej=0forj=2,...,n-1.

Hence,
g - Son  G++&

g 1&12
For the choice of the unit vector a perpendicular to both & and 8, we proceed as follows: We want to choose a
such that the n-th coordinate a, is 0. Since the vectors a and  should be perpendicular to each other, that
would mean

O=a-B=(Ae1,--->%,n)e Be,1s---sPenle = Ae,1fe,1 + XenPe,n = Ae,1Pe 1
since ae,n = ay = 0. In particular, we can therefore choose ae,1 = 0 and choose a3, . . ., @e,n-1 such that
Qo+, =1
Since ae,1 = 0 = & pn, the condition a - & = 0 is also satisfied.

Remark 3.2. It will be important to note that this change of coordinates leading to the above choices of the
vectors & and B can be carried out for &, £’ # 0. In other words, we can carry out this change of coordinates
for any ¢ which does not lie on the £, -axis.

3.2 The stability estimates

Let Q* := {x e R" : (x', —xp,) € Q} denote the reflection of Q about x,, = 0 and we extend a potential g € Qy
to Q* by reflecting g about x, = 0.
Let us also define

h 2 h 2
L S R R . o A
where a, § are constructed as in Section 3.1, i.e. they are unit vectors in R", and a, 8 and ¢ being mutually
perpendicular.

Then Proposition 2.2 applied to the domain QU Q* guarantees the existence of CGO-solutions to
Bg,uz = 0and By v = 0 in the domain Q U Q* of the form

V0 G h) = e (14 hra(x, (s ), ita(x, &3 h) = e (1 + hra(x, &3 b))

with I1jll« (aua-) < Ch,j = 1,2, provided h < hg and 1 - h2 L is positive.
These CGO-solutions, in turn, provide solutions of B4, u, = 0 and B;‘hv = 0 in the domain Q of the form

i, =xn)-¢1

v, G h) = e (1+ hry(n G ) — e 7 (1 + hry (¢, —xn), (13 h),

i ,=xn)-¢
h

u(x, &3 h) = e (1+ hra(x, (3h) —e (1 +hra((X, =xn), §25 0)),

with v, u, € H*(Q) and satisfying the conditions v|r, = 0 = Av|r,, UzIr, = 0 = Auz|r,.
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We now estimate the right-hand side of (3.1). To do so, we observe that (see also [6])

|| vt - upvds + [ oy - )@ ds
r T
< lov(A(ur — w2y viizay + lov(ur = u)ll2my IAVIL2 )

< C(llov(Aur — uall2y IVl @) + 10v(u1 — u2) 2y IAVIg @)
< C(lov(A(ur — u2))lr2(ry + 10w (ur — u2)llzzy) (VI @) + 1AVIE (Q))

< C(llov(A(uy - Uz))llH%(F) + 10y (ur - u2)||Hg<r))(||V||H1(Q) + 1AVl @)

< ClONgy = Ng) s )54y (Wl @) + 1AVIE @)

< ClINg, = Ng, ll(f, g)"H%,%(r)(”V"Hl(Q) + 1AVl Q)
< ClINg, = Ng, l(luzllgeqy + 1Au2Ig2(0)) (VgL @) + IAVIELQ))- (3.3)
Therefore, we shall now have to estimate the norms of u,, v and their derivatives that appear in the above

expression. Since Q is a bounded domain, we assume that Q ¢ B(0, R) for some fixed R > 0. Then proceeding
as in [6], we can prove

2R
h

e ||A || < _82}{( || " < — th
s u 2 < N u 40Q) < eh.,
211H?(Q) / 211HY(Q) h4

=0

C =
IVIE Q) < 7e o AV Q) <

Using these estimates in (3.3), we have

r
2R

C
< ClINg, = Ng, Il - € h

U dy(Auy — up))v dS + J 3y (U1 — u2)(AV) dS| < CINg, — Ng, ||(h—(‘;e¥ + %e%)(%ﬁ + %ﬁ)
r
. EeT
n

C
< ﬁe 7| Ng, = Ng, |,

and using the fact that % < e%, we can therefore write

U 0u(B(u - uz))7 dS + J Oty — 12)(BV) dS| < CeF N, — NI
r r

We next estimate the left-hand side of (3.1). To do so, we write g = g> — q1 and note that

i ,=xn)-¢
h

[ quavax = [ a[eF @+ hrax, s ) - €55 (Lt hra(( ), G5 )
Q Q
a i )Gy

[ (@ BT, s ) - e (L W, ), G ) e

- j qlet*E=(1 1 hry(x, G W)L + KFT(x, (13 1)
Q
+en G (1 4 hry (X, —xn), Go3 W)X+ RFT((X, =xn), (13 1))

— el GGl 4 s (x, §3 h)(1+ P (X, —xn), $13 h))

— ehl WXl (1 4 BFr(x, G )L+ hra((X, —xn), 23 )] dx. (3.4)

Let us introduce the notations

&' =xn) - G =x-¢, (0, —xn), G h) =77 G h).
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Then (3.4) can be written as

j(q2 —gDuvdx = I q[er A+ hry) 1+ hir) + G (14 hrg)(1 + hrY)
Q Q

— R GG+ hry)(1+ hrf) - R XA)(1 + RFD)(1 + )] dx

_ jq[eﬁ%((z—a) + e%x-((é‘—ﬁ)] dX_Jq[e%[X{z—xﬁ] +eﬁ’[X-(§—X~ﬁ]] dx
Q Q

+ J qw(x, r1,12,17,15) dX, (3.5)
Q

where
w = et @ (hry + kg + R2ry7y) + en G (hrs + hrf + h2rr))
— ei G (hry + hrt + R2ryrt) — en G QN (hEy + e + h2FTS).

It can easily be checked that %x (& - E) =-ix-¢&and %x (65 - C_l*) = —i(x', —xy) - £, and therefore the first
term on the right-hand side of (3.5) is nothing but

j g(x)e ™4 dx = Fq(é).
]RVI
Also,

X - xn) o= (X)) - G = () —xn) - Gt
(! h, |‘f|21 ., _h |‘ﬂ2 .
—(X,Xn)-<—5<f +\/1—hZTﬁ —la,—5€n+\j1—hzTﬁn—zan>
! h ! |$|2 ! s ! h |€|2 .
- (x ’—Xn)'<zg "‘\jl_hzTﬁ _laaz'{n"‘\jl—hz_ﬁn—lan)

=(x',xn)-<—h$',2\j1 hzl‘fI —Zian>

_ ! I zlflz
=-hé'x 1 - h?22—Bnx, - 2ianxy

=-h&'x + 2\/1 - h2=2— 5P ﬁn n

since a,, = 0. This implies

%[x(z—(x’,—xn)-a] -ix'¢’ +2h\/1 h2|‘f| Bnxn = —ix- ({’,_%\jl hz'flz )

J q(X)e%[X'(Z‘X'ﬁ] dx = ?q((-{', —%\jl - h2¥ n)) (3.6)

Q

Therefore,

Similarly we have,

(X’,—xn)-(z—X-a=(X’,—xn)-<—ﬁ<$'+Jl—hzﬁﬁ’—ia’,—ﬁfw\j l‘ﬂzﬁn ian)
2 4 2
' h., 1§12 oy ., h €12
—(Xaxn)'(i'f +\/1—hZTB —ia’, 56+ \] ~h2= =B - wcn>

—_ ! ro_ _ zﬁ .
=, xp) | -h&,-20\|1-h 4ﬁn+2wzn s
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which, since a,, = 0, implies

%[(X',—xn){z—X-a]=—iX'$'—%i\j1—h2|§| Bt = —ix- (s',ﬂl—hzm )

and therefore

I q(x)entsi Gl gy = %((5’, %\j h? l‘ﬂzﬁn» (3.7)
Q

Using Lemma 2.4, we can estimate terms (3.6) and (3.7) as

|§q((£l’ _%\j hz |§ IBn))| + |3~q((§ \/ h2 |§ |B ))l < C( 4n[|€’|2+(hi2_|5|2)ﬁ31] + ea).

We next estimate the last term on the right-hand side of (3.5) using the bounds on the norms of rj, j = 1, 2.
To do so, we observe that

U qw(x,r1,12,15,13) dxl < qul[lhrz +h71 + h?ry71| + |hrs + bk + 20|
Q

+ |hry + hri + R2ryri| + | + hrj + hzﬁr;I] dx
C[(hllrz lz2@) + AlTTl2 @) + h2 P2l )71l @)

+ (RlIr3 Nz + Rlry iz + B2 I3z I liz)

+ (hlir2llz o) + RISz ) + Rl o)l o)

+ (ATl + hilrs iz + Rz )l ||L2(Q))]-

Using the bounds on the norms of 7, j = 1, 2, stated in Proposition 2.2 and since h « 1, we can write

” qw(x, r1,12,17,15)dx| < Ch.
o)

Now for & # 0, |¢'| > 0, we have

12
e alieresmm) _ mlerGem Er] |

Let p > 1 be a real number to be chosen later. Then for any & # 0 such that 0 < |£’| < p, |&,] < p, the following

holds: Since |¢]? < 2p?, we have _If% < —ﬁ and hence
_62 4 |{I|2 - € 2 |§I|2

4 h? |82~ 4mh2 p?’

which then implies that

~

INEY
8l
X
N~

1&'2
p2

_€

<e ™

e

[
1612

B
¥(8

Thus for any ¢ # 0 such that 0 < |&’| < p, |€4] < p, we have the estimate

2 2 1€

1Tq(§) < C[eT INg, - Ng,I + & ™+ + e +h].

Let Z, = {£ e R" : |&'| < p, |&n| < p}. Then using Parseval’s identity, we can write

I'fq(f)l2 1Fq(&)1? |Fq(&)I? c

P 5 P
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Now since the set {£ € R" : |£'| = 0} is of n-dimensional Lebesgue measure zero, we can ignore it and estimate

the integral over Z, as follows:

£ - s lE'
|3~q(f)|2 18R > 5 2 d{ e T hp?
d < Cle ™ IN,, - N “hj CJJ—’d
| T a = Cle® g —No P+ e 1] [ 15 ¢ g 4
Z, Z, ~p B'(0,p)
18R ? e—%ﬁwﬁ
< Cp"en [Ng, — Ng,lI> + Cp"e** + Cp"h* + C J J T ag'dé,.
=P B'(0,p)
Therefore, from (3.8), we can write
18R C ? eiéﬁl{’lz
Il < Cp"e Iy, - Nyl + Gl + o+ s wC || T @ 69
P =P B'(0,p)
In order to estimate the integral
E‘z !
J e_7ﬁlf |2 d€,d€
1+ (82 v
=P B'(0,p)
we choose € such that h = €2 and proceed as follows:
o -2 AP p P
T h2pZ _ 1 g2 _e2 12 __1 2
j J e I’;’lz d{’d{nﬁzp J e nthzlfl d{lchjrn—ze nthzr dr=Cern_2e ﬂhpzr dr
+
~P B'(0,p) B'(0,p) 0 0
nd o
= Cp2hip"2K'T J w2 du < Cp"h'T j 2e=7%" du < Cp"h'T .
0 0
Using this in (3.9), we have
2 n 18R N N, (12 npe np2 nh C
gl < Cp"e [ Ng, —Ng,|I” + Cp"h"™ + Cp"h~ + Cp 7 +F,
and since h <« 1, 1 >1anda € (0, 1), we can write
1912, < Cpme Ny, - Ny, I2 + Co™he + 5
qllg- = Cp-e g ~Ng,Im +Lp +?-
Next we choose h such that p"h* = iz thatis,h = 1/p "« « . Then we have
2 1 2 2
lglg-. < Ch—Lae " [Ng, = Ng,[I7 + Chs2
n+2
1 1 2 2a 1 na
< C—en [Ng, —Ng, | + Chwz  (since 3% < 2 wehave ha < hw2)
hE
< ch ||qu — Ny, I? + Chiss
< CehWIINq1 - Ng, I + Ch#5 (since 3 < h%). (3.10)

~ 20R
Let h = minfho, €3}, § = e” 7/« and let us assume [Ny, — Ny, || < 8. We then choose

p = {555 MmING, ~ N, i}
With this choice of p, we have
1 n+2
=pa = —IlnIIqu Ng, |l

he
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Now,
-4 20R
[Ng, =Ng,ll <e i (1) = In|Ng, = Ng, Il < - —
20R
= [In[Ng, — Ng, lll > i
1 1
= mllnll?\fql - Ng, Il > i
1 1
= 1 > ~1
ha ha
= h<h<hg
For |£'| < p, |&] < p, we also have
h2ﬁ<h2p_2:12 1 - 1 ,
4 2 2 Anen) zp[@—z]
and thus estimate (3.10) indeed remains valid for our choice of h. Also
20R 20R
— = [In|INg, = Ng, Il = =1n|Ng, -Ng,I = InlNg, - Ng,ll = -—
_20R
= INg, =N, Il = e w7

20R
= en"||Ng, - Ng, Il =1,
and therefore from (3.10), it follows that for [Ny, — Ny, || < §, we have

2
g1 - 2131 ) < C(INg, = Ng, |l + InNg, — Ng, 15 ). (3.11)

The case when [Ny, — Ny, || > 6 follows directly keeping in mind the uniform bound N satisfied by the poten-
tials belonging to the set Qy.

From (3.11), we can now derive an estimate for the L* norm of g; — g» by using the interpolation theo-
rem. We recall that if t, t, t; are such that to < t; and t = (1 - B)to + Bt1, where B € (0, 1), then the H:-norm
of a function f can be estimated, using the interpolation theorem, as

WAl < WAL - 1AL,

To apply this in our case, we define 1 > 0 such that s = § + 2n and choose to=-1, t; =sand t=5 + n=s - 1.

Then,
1+s-7

1+s
and using the Sobolev embedding theorem and the interpolation theorem, we have the estimate

t=(1-p)to+pty, wheref =

il

1- T
191 = q2llzo(@) < Cllg1 = @2ll 50 ) < Cllgn - (I2||H_lf(Q)||lJ1 - qzll@sm) < Cllg1 - @21l

—262 \ 30sy
< C(INg, = Nyl + NG, - Ng, 15 )7,
which gives us the stated stability estimate.
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