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Torus Knots in Lens Spaces
and Topological Strings

Sebastien Stevan

Abstract. We study the invariant of knots in lens spaces defined from
quantum Chern—Simons theory. By means of the knot operator formalism,
we derive a generalization of the Rosso-Jones formula for torus knots in
L(p,1). In the second part of the paper, we propose a B-model topological
string theory description of torus knots in L(2,1).

1. Introduction

The HOMFLY polynomial [19] is an invariant of links in the 3-sphere, defined
by a linear skein relation involving planar projections. It can be extended to
rational homology spheres which are either atoroidal or Seifert-fibered; in this
case, Kalfagianni and Lin [36] showed the existence and uniqueness of a power
series invariant satisfying the HOMFLY skein relation.

Apart from the 3-sphere S3, detailed studies occur for solid tori [8,20,21]
and lens spaces L(p, q). For knots in the projective space RP3, Drobotukhina
[17] has generalized the Reidemeister moves and the Jones polynomial. The
twisted Alexander polynomial, introduced by Lin [41] for links in S3, has been
studied by Huynh and Lé [30] in RP3. Independently, using the skein module
approach, Hoste and Przytycki have extended the Jones polynomial to knots
in L(p, q) [29,53].

Recently, Cattabriga et al. [13] have generalized the Reidemeister moves
to lens spaces and obtained results on the fundamental group of the link com-
plement and the twisted Alexander polynomial. Furthermore, using a different
approach based on grid diagrams, Cornwell has proved that the invariant sat-
isfying the HOMFLY skein relation is a polynomial [15].

The colored generalization of the HOMFLY polynomial, defined from
HOMFLY skein theory [47] or from representations of quantum groups, can in
principle be generalized to 3-manifolds other than S3. The approach based on
representations of quantum groups is hard to extend to general 3-manifolds, as
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it involves plane projections. Even in S3, the computation of quantum invari-
ants is anyway very challenging and explicit formulae exist only for a small
class of knots.

Along with the mathematical research on links, the surprising relationship
between link invariants and quantum Chern—Simons (CS) theory unveiled by
Witten [60] provides a very different point of view on knot theory. By means
of infinite-dimensional functional integrals, CS theory gives an intrinsically
three-dimensional, albeit non-rigorous definition of the colored HOMFLY poly-
nomial. Furthermore, the construction naturally encompasses different quan-
tum group invariants in various 3-manifolds. In particular, we will make the
point that torus knots in lens spaces can be successfully analyzed within this
framework.

An even richer perspective on topological invariants coming from physics
stems from the relationship between CS theory and topological string theory.
The duality conjecture by Gopakumar and Vafa [25] has numerous implications
in knot theory [51]. The A-model description provides enumerative properties
of knot invariants whereas, by mirror symmetry, the B-model formalism con-
jecturally associates to each knot an algebraic curve. Recently, Brini et al.
[11] have extended this description to torus knots in S3. Furthermore, CS the-
ory on L(p, 1) also possesses a topological string theory description [4]. As an
application of the B-model remodeling [10], this description has been explicitly
worked out for the unknot. Adapting the method of Brini et al., we will derive
an algebraic curve describing torus knots in RP3.

Let us conclude this introduction by a short outline of the paper. In
Sect. 2, we recall a few generalities on knot invariants and lens spaces and
introduce CS theory and the knot operator of Labastida et al. [37,40]. We
compute invariants of torus knots in lens spaces in Sect. 3. In Sect. 4, we
review the B-model description of torus knots in S?. The main result of this
paper is presented in Sect. 5, where we propose an algebraic curve describing
torus knots in RP3.

2. Invariants of Knots

We begin by defining the invariants of knots in the 3-sphere and in other
3-manifolds. We focus in particular on torus knots in lens spaces. In Sect. 2.3,
we recall the knot invariants constructed from quantum Chern-Simons theory
and the knot operator formalism.

2.1. Knots in the 3-Sphere

We call knot (in S?) any closed connected one-dimensional manifold K embed-
ded in S3. Knot invariants are defined by means of plane projections with
crossing prescriptions, which are called knot diagrams. The (framed) HOM-
FLY skein of the annulus, originally introduced by Turaev [59], is defined as
the set of linear combinations with coefficients in Z[t*!, v*!] of diagrams in
the annulus S x [0, 1], quotiented by the skein relation
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Any diagram K is proportional to the trivial knot (), where the pro-

portionality factor H(K;t,v) is called the framed HOMFLY polynomial. The
normalization can be chosen in a such way that

v—ovt

H(O;tm):ﬁ.

(1)
We stress that, according to our definition, H(K;t,v) is an invariant of framed
knots; it differs from the original HOMFLY polynomial [19] by a multiplicative
factor.

We denote by £ the set of all partitions. Here a partition is a non-
increasing sequence of nonnegative integers. The natural basis {Qx} e 2 of the
HOMFLY skein identified by Morton [48] furnishes a definition for the colored
HOMFLY polynomial Hy(K) = H(K *Qy), where K x Q) is the satellite knot
obtained by embedding @ into a tubular neighborhood of K. Alternatively,
H)\(K) can be defined from representations of the quantum group U, (sly).
Details on the correspondence between the two approaches can be found in
[47].

Let T? denote the torus and fix a basis {a, 3} of the first homology group
H1(T?) (see Fig. 1). Any simple oriented closed curve v on T? is completely
determined, up to isotopy, by two relatively prime integers n,m € Z such that

] = mla] +n[s]. (2)

The isotopy class of those curves determined by (n,m) is called the (n,m)-
torus knot and denoted T(n,m). In general, no closed formula is known for
H,(K). For torus knots, however, an explicit formula has been derived by
Lin and Zheng [42] using Hecke algebras. Their formula involve the Adams
coefficients cf ,, € Z defined by
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FIGURE 1. Basis of the first homology group H;(T?) of the torus

sa(x") = D K su(x), (3)

veEP
where s)(x) is the Schur polynomial. The result, which can be seen as a gen-
eralization of the Rosso-Jones formula [54], reads
Hy(T(n,m);t,v) ="M Y ek tvd, (¢,v), (4)
veP

where d, (t,v) = H(Q,;t,v) are the invariants of the unknot, which are usually
referred to as quantum dimensions. The combinatorial quantity

LX) X;

=33 G-1) (5)

i=1 j=1

is related to the quadratic Casimir of SU(N).

2.2. Knots in Lens Spaces
For (p,q) € Z* x Z, the lens space L(p, q) is the quotient of S* (considered as
the unit sphere in C?) by the Z,-action
Z, x C? — C? (6)
([Wp, (z,w)) = (27/Pz, &2/ Pw).

In the polar representation (z,w) = (re?, /1 —r2e'?) of points in S?, the
fundamental domain is

2
{(r,9,¢) relo,1], oefo,2q], ¢e [0,?[}. (7)

Geometrically, L(p,q) is obtained by gluing two solid tori 73,75 ~ D? x S!
along their boundary

L(p,q) =T2 Uy, , T (8)
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FIGURE 2. Heegaard splitting of S? as two solid tori

using the homeomorphism

bpg = <§ Z) € PSL(2,7), (9)

where r, s € Z are such that ps — ¢gr = 1. The common boundary of the two
solid tori is called the Heegaard torus; it is unique up to isotopy [9].

Ezample 1. (i) The lens space L(1,q) is S for all ¢ > 0. Notice that ¢ g
corresponds to the action of

0 -1
s (0 ). a0
This Heegaard decomposition of S? is represented in Fig. 2.
(i) S% x S! is the lens space L(0,1).

(iii) The (p,1)-lens spaces are quotients of S by a cyclic group, L(p,1) =
S3/Z,. The simplest example is RP3 ~ §?/Zy = L(2,1).

The mathematical theory of knots in arbitrary 3-manifolds is not as
developed as in S3. In general, even the existence of an invariant satisfying
the skein relation is not clear. For rational homology 3-spheres M which are
either atoroidal or Seifert fibered spaces though, Kalfagianni and Lin [36] have
showed the existence and uniqueness of an invariant J(K, M) € Z[tT1 v*!]
satisfying the HOMFLY skein relation.

In general J(K, M) is not a polynomial but a power series. Instead of
(t,v), we often use the variables (%, N) defined by (t,v) = (e/2,e"V/2). In the
case of RP?, an analogue of the Jones polynomial can be constructed [17,52].
Recently, Cornwell [15] has proved that for all lens spaces L(p, ¢) the invariant
J(K,L(p,q)) is a polynomial.

Several comments are in order concerning knots in lens spaces L(p, q) #
S3. We will call torus knot a knot which is isotopic to a simple closed curve on
the Heegaard torus. Torus knots characterized by different integers (n,m) can
be isotopic as knots embedded in L(p, ¢); an explicit description can be found
in [50].
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Contrary to S*, not all knots are null-homotopic in L(p, q) when the fun-
damental group (L(p, q)) is nontrivial. In particular, there is a trivial knot
representing each conjugacy class of m (L(p, q)) According to our conven-
tions, the torus knot T(0, 1) is the honest unknot (it bounds a disk in L(p, q)),
whereas T(1,0) is isotopic to the generator b = [] of the fundamental group

m1(L(p,q)) = (bp" = 1). (11)
The null-homotopic knots, which lie in an affine part of L(p, q), are called affine
or local knots. They can be identified with knots in S*. The non null-homotopic
unknots, called rational unknots, have also been classified [23].

2.3. Quantum Chern—Simons Theory

We now give a brief introduction to the Chern—Simons theory approach to
knot invariants. Let M be a smooth, orientable 3-manifold without boundary.
Chern—Simons theory on M is a topological quantum field theory with action
given by the Chern—Simon form [14]

1 2
SM(A):Z/MTr{A/\dA—FgA/\A/\A}, (12)

™

where A is a g-valued 1-form on M and g is the Lie algebra of the gauge group
G = SU(N).

The gauge-invariant observables associated with knots I C M are Wilson
loops

WE(A) = Tryy, [P exp ]{C A}, (13)

where P exp denotes the path-ordered exponential, A € & is a partition, V/(\)
is the irreducible representation of SU(N) with highest weight represented by
A, and Try(y) is the trace in the representation V()). Expectation values of
these Wilson loops produce knot invariants:

1 .
M) = ——— [ DIA]W[(A)e5m(A) 14
KA = o [ DIATWE (A)eo @, (14)
where D[A] is a gauge-invariant measure and Z (M) is the partition function
Z(M) = / D[A] ™51 (A), (15)

For any smooth, orientable, closed surface X, canonical quantization on
Y X R produces a Hilbert space H(X). Witten [60] showed that H(X) is the
space of conformal blocks of the Wess-Zumino-Witten model on ¥. When ¥ is
the torus T2, the space H(T?) is the set of integrable representations at level k
of G = SU(N), but in practice we can choose k sufficiently large and identify
H(T?) with the representation ring of SU(NN). More precisely,

H(T?) = D Clp+ ), (16)
Ae P

where p is the partition corresponding to the Weyl vector of SU(N). The state
|p+ A) is obtained by placing a Wilson loop in the representation A along the
core of a solid torus, and |p) corresponds to the empty state.
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This space carries a representation of the modular group PSL(2,Z) so
that any self-homeomorphism ¢ of T? can be represented by an operator Uy
on H(T?). If we assume M is a lens space, we can take 3 to be the Heegaard
torus and compute the partition function as

Z(L(p,a)) = (p|Fp.qlp), (17)

where F), ;, = Uy, . If £ is a knot in the interior of a solid torus, we can
represent it by a state |IC, \) € H(T?), and compute

(PIFpql I, N)
(PIFpqlp)

For torus knots, Labastida et al. [37,40] explicitly constructed an operator

(K, L(p.q)) = (18)

formalism that associates with T(n,m) an operator WE("’m) on H(T?). For
torus knots in lens spaces, we have the general formula

Wi lp)

F
(K, Lp.9)) = = ?Z|Fp alp)

Using the explicit representation of torus knot operators [37] and group-
theoretic consideration, we derived the simple formula [56]

T(n m)| Z C e RN |l +224) lp+ 1), (20)
per

(19)

where ¢} and s, are the same as in (4). We thus obtain a compact formula
for torus knot invariants.

In the case of M = S?, the topological invariant Jy(K,S?) is up to nor-
malization the colored HOMFLY polynomial H /’\C In the case of torus knots,

Hf(n’m) has the explicit expression

nm) Z C mh(N“LIJ'_%”)dM, (21)
neP

where d,, are the invariants of the unknot that appear in (4). They are obtained
in CS theory as

(pISIN)
(pIS|p)”

where S here denotes the representative on H(T?) of S € SL(2,7Z) given in
Example 1(7), and (u|S|\) is given by the Kac-Peterson formula [24,34]. The
generalized Rosso-Jones formula (4) then follows from (20). There are gener-
alizations to torus links [31,56] and cable knots [49,56].

According to Witten [60], (21) computed at fixed N is a rational func-
tion in ¢ by identifying e"/? — t. Moreover, the family of 1-variable invariants
Hy ™™ /2_, is equivalent to a 2-variables invariant through the identifica-
tion tV — v (see [33] for a discussion).

A= (22)
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3. Chern—Simons Theory on Lens Spaces

By applying the knot operator formalism along the same lines, we can compute
invariants of knots in lens spaces as well. To justify our approach, we briefly
discuss the CS partition function of L(p,1), where rigorously proved results
are known. In Sect. 3.2 we review the explicit computations for the unknot in

L(p,1).
3.1. Reshetikhin—Turaev Invariant
The CS partition function of L(p, 1) reads
Z(L(p,1)) = (p|Fp1lp)- (23)

Up to a normalization factor that will not be needed for our purposes, F,, ; is
given by [55]

F,i= > FY, (24)
LeZN | pZN
where
(alF)|5) = ng(_nwexp[Z(a2_2a(k’e+w(ﬁ))+(k'e+w(5))2)]
(25)

The explicit expression for Z(L(p,1)) obtained from this formula coincides
with the mathematical result [27] for the Reshetikhin-Turaev invariant of
L(p,1).

In the mathematical literature (24) is usually computed for fixed N and
considered a polynomial in #' = e, where i’ = h/p. If one considers N as
a formal parameter, which will be natural in order to generalize the colored
HOMFLY polynomial, there is no consistent way to identify Z ( (p, )) as a
two-variable polynomial or power series.

By studying Z (L( D, )) in the context of topological string theory, Aga-
nagic et al. [4] considered the summands

(o
(26)

separately, and in particular the partition function Z, (L(p, 1)) = <0 ’Fg)l‘ 0>.

> = 3 (—1)"exp [h (a2 —2a(K 0+ w(B)) + (K0 + w(ﬁ))2)1

wESN

The quotient
NN x Sn)= || Cwn, (27)

has a decomposition in classes

vty =S8 (0.0, 0,11, Lo p =1, p = D)+ pZY ). (28)
—_— — —_—

N1 No N,

It follows that the contribution <a ‘Fz()é)l’ Jé] > corresponding to £ € Oy, .. N, has
a well-defined asymptotic expansion in the p + 1 variables &’ and Ny, ..., N,.
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Moreover Z;(L(p,1)) can be written as the matrix integral [4]

Ze(Llp.1)) = / dVa =5 =T (2sinh = mﬂ')Q (29)

i<j

up to normalization. Matrix models with this deformed version of the Van-
dermonde determinant first appeared in [43] to compute partition functions
of more general Seifert manifolds. This expression has also been derived by
means of localization techniques [7]. The behavior of the full partition func-
tion Z(L(p,1)) can also be studied from the point of view of matrix models
and involves instanton contributions [46].

For g # 1, the partition function can also be written as a matrix integral
12]

Zi(L(p,q)) = /de e~ mw X % H 2sinh (wi ; xj)
1<J
. ri—x; q—1

2 h<7j =2, — ¢ )

X H sin 5+ ’ ( ) (30)
1<jJ

which reduces to (29) when ¢ = 1. From the point of view of CS theory, the
relationship with topological string theory and, therefore, the algebraic curve

description is not expected to hold in this case [6]. Hence we restrict to L(p, 1)
in the sequel, and perform explicit computations for L(2,1) only.

3.2. Unknot

As a first step towards our analysis of torus knots in L(p, 1), we recall the
results of Bouchard et al. [10] on the unknot. Along the same lines of reasoning
as [4], they consider a family of quantities.

p‘Féf)l‘p+A>

Jex(T(1,0), L(p,1); h, N) = < <p‘F(Z)‘p> (31)

indexed by ¢ € ZY /pZ~N | such that

JIA(T(1,0),L(p, 1)) = > Joa(T(1,0),L(p, 1)). (32)

LeZN | pZN

Though not specified, their computations correspond to the rational unknot
T(1,0). Notice that Jyx (K, L(p, 1)) is not an invariant of the pair (L(p, 1); K),
but it can be considered an invariant of the triple (L(p, 1), o; IC), where o :
71 (L(p,1)) — SU(N) is the homomorphism (or equivalently the choice of a
flat connection) determined by £.

These quantities (31) generalize the quantum dimension in the sense that

Jo (T(1,0), L(p, 1); h, N) = " N0 g, (5 NY = HY WD (0, N). (33)
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This result follows directly from the observation that

<a ’F}(,Oi‘ ﬂ> = Z (—1)" exp [h’(a2 —2a-w(B) + ﬁQ)}

weW

= (a|Fa|8)] (31)

As for the partition function, the unknot invariants can be expressed as a
matrix integral [10]

f N2
<p ’Fg)l‘ p+ )\> = /deefﬁxLe'x H (2sinh L 5 xj) sx(€¥).  (3h)

1<J

h—h'

This formula has also been derived using localization techniques [22].
Integrals of the form (35) can be rewritten as an effective multi-matrix
model and computed perturbatively [4,10]. In principle it is possible to com-
pute Jy » (T(l, 0); L(p, 1)) for arbitrary p as an asymptotic series in p + 1 vari-
ables. For definiteness, we perform actual computations only for L(2,1) =
RP3. In the sequel, we denote by Rf(Nh Ny) the series Jp » (IC;]RP3) corre-
sponding to
¢=(1,1,...,1,0,0,...,0). (36)
—— —
Ny N2

To compute this invariant at finite order in i/, we proceed as follows. On the
one hand, RX (N7, Ns) is a polynomial with rational coefficients RY (N1, No) €
Q[®, N1, N2]. On the other hand, by expanding (35) in series we obtain a sum
of Gaussian integrals, which can be evaluated numerically at fixed values of
N; and N,. Thus Rf(Nl, N3) is retrieved as an interpolation polynomial by
performing sufficiently many numerical evaluations.

1
REEO(NY NG) = (N7 — N) + 3 (N? = N3 I
1
+ 57 (V2 = Ni+ 4N7 + 6NPNp — 6N N3 — 4N3) 12

1
+ 18 (N3 — Nf + 2Ny + 6N{ Ny — 6N N3 — 2N3) b

+O(W4) (37)

RDTS’O)(Nth) _ [1

2(N1 + Na) + %(Nl - N2)2]

1
+ [5 (N0 + No) + (N2 N3) + 5 (N1 = No2(Na + o) |

2

1
(N1 + N2) + 2 (17N + 26N N2 + 17N3)

(5N} + 3NNy + 3N1 N5 + 5N3)

+

| =N =

+

O =

(Ny — Np)? (TN2 + 16Ny Ny + TNZ) ] W2+ O(h®)
(38)

T
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These results coincide with those obtained by Bouchard et al. [10]. Notice that
RE\F(l’O)(Nl, 0), which corresponds to ¢ = 0, coincides with H;\r(l’l)(h’, Ny).
3.3. Torus Knots

We generalize the results of Bouchard et al. [10] to torus knots by extending
the generalized Rosso-Jones formula to lens spaces. We consider for the (n, m)-
torus knot in L(p, ¢) the quantity

<p ‘FﬂW&”’m)‘ p+ >\>
Z 9
(o [F4a] o)

which depends on ¢ € Z~ /pZ" . Using formula (20) to decompose the knot
operator, we obtain

JZ,)\(T(na m)7L(pa Q)) = Z cK,ne%h(N|V‘+%V)JZ,V(T(L0);L(p7 q)) (40)
ve

Jex(T(n,m); L(p, q)) = (39)

for any lens space L(p, ¢). Using the matrix integral (35), this gives a tractable
expression for torus knots in L(p, 1).

In view of (33), one can ask how Jy (K, L(p, 1)) relates to the colored
HOMFLY polynomial. Indeed,

Jox(T(n,m), L(p, 1); h, N) = > ¢ e 5 NI (N0 g, (7, )
= Zcxvneh'W(NlVH%u)du(ﬁ/,N)
— Hy P (N, (41)

which reduces to (33) for (n,m) = (1,0). There is a correspondence between
the two invariants in the sense that the former reduces to the latter in a
certain limit; however, the invariants do not correspond to the same knot. If
K C L(p,1) is a local knot, it can be considered a knot in S* and we expect
the two invariants to coincide in the limit ¢ = 0. Schematically, we have a
commutative diagram.

T(1,0) € L(p, 1) T(1,1) C S? (42)

£—0

T(n,m) C L(p,1) T(n,pn +m) C $*

Using the same convention as above, we denote Jgﬂ)\(T(TL, m),RPg) by

Rg\r(n’m)(Nl7 Ny) for knots in RP3. Equation (40) furnishes explicit results for
T(2,m) and T(3,m).

REC™ (N, Np) = (Ni + Na) + 2(1 -+ m) (N2 + N)

1
+6(2 + 6m + 3m?)(N; + No)h'?
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1
T+ (1+m) [(5 + 16m + 8m?) N2

+2(9 + 8m + 4m2) Ny Ny + (5 + 16m + 8m2)N22} &
+ 355 (~8+60m? +60m® + 15m*) (N1 -+ Na)h'* +O(1) (43)
RER™ (Ny, Np) = 5 (N0 + No) o+ (N7 + 2Ni N, + V)

+2(m + 1) ((N1 + No) + 2(NE + NS))ﬁ’ +O(R?)  (44)

. 3
REG™ (N Ny) = (N — Np) + 5(3+2m) (N? = N3) 1

1
+ﬂ(63 + 96m + 32m?)(N; — No)h'?

1
+@(375 + 826m + 576m? + 128m>) (N7 — N2) + O(h'?)

(45)

We can explicitly check that RE("’m) reduces to Hj\r(n’2m+n) for Ny = 0.

4. Algebraic Curves for Torus Knots in S3

In this section, we review the topological string theory description of torus
knots in S®. With a view to the case of RP3, we reproduce the results of [11].

The intimate relationship between CS theory and topological string the-
ory produces nontrivial results in knot theory. Arising from the large N expan-
sion of 't Hooft [57], the Gopakumar-Vafa duality conjecture [6,25] relates
topological string theory on the resolved conifold

O(-1) 8 O(-1) — P! (46)

to CS theory on S3. Formulated for the partition function (the Reshetikhin—
Turaev invariant) at first [25], the conjecture has been generalized to knots by
incorporating Lagrangian submanifolds [51]. In this enumerative description
(A-model), the conjecture provides reformulations in terms of integer invari-
ants for the knot polynomials. There are proposals for the Lagrangian sub-
manifold that describes torus knots [16,32,39,58] and indirect evidences based
on integrality properties [38].

By mirror symmetry [28], there exists a different description (B-model) in
terms of non-compact Riemann surfaces embedded in C* x C*. This description
is known for the unframed unknot [2] and the framed unknot [1]. As proposed
first by Marino [44] and developed by Bouchard et al. [10], the computation
of amplitudes involves a recursive procedure adapted from the formalism of
Eynard and Orantin [18]. Recently, Brini et al. [11] have found such a descrip-
tion for torus knots in S®. More generally, this universal procedure should
allow to compute all colored HOMFLY invariants of any knot X embedded in
S? from a non-compact algebraic curve. According to Aganagic and Vafa [3],
the algebraic curve is related to the A-polynomial of K.
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Before detailing the recursive procedure, we introduce generating func-
tions and reformulated invariants that make the identification manifest. Let

= Y Hf(t.v)si(2) (47)
AP

be the generating function for invariants of the (n,m)-torus knot in S®. The
cumulants H{f 9 (v) are polynomial in v*! defined by

o= = 3 (o)), (48)

keNN

where px are the Newton polynomials and 3, = Hj kj!jkf. The cumulants
(referred to as connected expectation values in the physics literature) posses
an asymptotic expansion

HE (t,0) = Z h2972+|k|ﬁ1’§g(v). (49)
920

To summarize, log = has the structure
logE =Y Z h% SRS (0)pi(2). (50)
920 keNN
The first cumulants can be computed by hand, for instance
I _ K Ak _ gk K
H) = Hp H,1) = Hep — Hg
Hf = HE + HY — (HE)?.

4.1. Topological Recursion

For our purposes, a spectral curve is a smooth complex algebraic curve
S ={&(z,y)=0} CC" xC". (51)

Equivalently, it can be defined by a non-compact Riemann surface 3 with
meromorphic coordinates x,y : ¥ — C*. We assume that x : ¥ — C has
only simple ramification points. Different choices of coordinates on ¥ corre-
spond to different embeddings of the Riemann surface, which are encoded in
the polynomial &(x,y).

The topological recursion defines a family of symmetric meromorphic
differentials

Qgn(p1,...,ppn) € Sym™ (QH(2)) forg>0 andn>1 (52)

by a recursive procedure. Before we formulate the recursion, we need some
ingredients. Given a spectral curve in a particular parameterization, we define
a 1-form

O(p) = logy(p)

We also define the Bergman kernel as follows: B(z1, 22) is the symmetric mero-
morphic differential form on ¥ x ¥ with a double pole along the diagonal

(53)
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z1 = z2, no residue, and no other pole. It is uniquely determined by imposing
a normalization condition. We finally need the 1-form

=y [ B (54)

2 Jo=q
Starting from
Qoa(p) =0(p) and  Qooa(z1,22) = B(z1,22), (55)

we define recursively

dE,(p _
Qg,h+1(p7p17 e >ph) = Z Resq:lh ¢ ngl,h+2(qu q,P1y- - >ph)
qi

O(p) - (9

g
+ Z Z le,|J|(QapJ)Ql,hJ(QapH\J)] ., (56)
1=0 0£JCH
where {g;} is the set of ramification points of £.
In the sequel, we will denote by £k the curve corresponding to K in S?
and by Q’; ;, the meromorphic differentials obtained by applying the topological
recursion to Ex. Let us finally define

~ dz1dz
@é%(zh ey Zh) = QgK’h(Zl, ey Zh) — 59’O§h’2ﬁ' (57)
The conjecture due to Brini et al. [11] reads
n,m 1 - n,m
[ari = 3 S o). (58)
3k
k|=h
4.2. Unknot
Aganagic and Vafa [2] determined the algebraic curve
Ero)(x,y) =y —ay +v*x —1 (59)

describing the (unframed) unknot in S®. Through the remodeled B-model
formalism of Bouchard et al. [10], all HOMFLY invariants can be obtained
by applying the topological recursion (56) to this curve. More generally, the
framed unknot T(1, f) is described by the curve [1]

Era (@ y) =y =y —ay + 0% (60)

Although one usually considers T(1,0) as the standard trivial knot in S* and
correspondingly use (59) as the spectral curve, to facilitate the comparison
between S? and RP? it is more convenient to start from

g’]l‘(l,l)(xa y) =y* —y(l+2z) + v (61)
In view of (33), we already know that T(1,0) in RP? corresponds to T(1,1)
in S3.
Locally, (61) defines y as a function of z,
(I+z)+/(1+x)?— 4z
2 )

yr,)(r) = (62)
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which yields the disk amplitude Qg’(ll’l) (x) = logyr(1,1) (x)d% After integration

vt — 4% +1 100° — 18v* + 9v% — 1

1 ‘ 9
(63)
we precisely reproduce the unknot invariants
2 3 4
AT(LY) _ 2 4 s= 8 8 5
H(l);O = 1—54‘74‘?‘1‘%4‘0(5)
4 2 3 4
AT,y Svt —dvt+ 1 5 DS 118 5
H(OJ);O—#—S—&-QS +T+ B + O(S?) (64)
s,y 1008 — 180t 4902 —1 952 1583 5954 s
Hot)o = ; =S+ 4+ + 5+ 0
computed from Chern-Simons theory. Here we have expanded v = ¢5/2 in

power series to help comparing these values with RP? invariants.
For knots in S?, the annulus amplitude @3721’1) (z1,x2) is simply given by
dy(z1)dy(z2) dazida
2 2
(y(a1) = y(a2))” (@1 =22

because the spectral curve is topologically the Riemann sphere and the
Bergman kernel is

_T(1,
wo’glrl)(x17 1'2) =

(65)

dy(p1)dy(p2)

OPVCURP2) 66
(y(p1) — y(p2)) (%)

B (plap2) =
One can check that

/@52171)(1;1,3;2) = [1}2(112 — 1)]x1x2—|— [21}6 —3114—|—v2] (2220 +2123) —|—(’)(\X|4)

(67)
reproduces the unknot invariants
A T(1,1 352 78% 564
H(2()70) =v*(v? — 1) :S+T+T+T+O(S5) (68)
AT(LL) o6 4, 2 752 318% 11584 5
H(271))0—2U —3v 40 _S+T+ 6 + 24 +O(S) (69)

Higher order amplitudes can be computed by means of the topological recur-
sion (56).
4.3. Framed Unknot

According to the proposal of Brini et al. [11], the SL(2,Z)-action on torus
knots should correspond to the SL(2,Z) re-parameterization of the spectral
curve. But before we turn to the general case, it is instructive to consider an
SL(2,Z)-action of the form

L f
(O 1) € SL(2,7), (70)
and the corresponding change of variables

(,y) — (2,9) = (zy/,y). (71)
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This transformation describes the framed unknot

Erap(zy) =y T —yf — 2y +072, (72)

because the re-parameterized spectral curve
Eran(zy iy =y -2yt +0Pzy™l —1 (73)

coincides with ET(l -

( of)

The framed amplitudes Q can be computed through the topologi-

cal recursion (56) by solving 51r(1 ) for yr@1, 5y (x). The topological recursion is

more easily applied when £k is hyperelliptic. Therefore, we compute wT(l F+1)

by re-parameterizing @ (1’ ) which is hyperelliptic. Let « = 7j7(2) be the solu-

tion of

z=ay(z)’. (74)
It is clear that
yr1,r41)(2) = yra,n (717(2)); (75)
hence
() = 05 () = log g (17 () 2 (76)
Notice that, to check the conjecture, it is enough to know 7j(z) as a power
series. After integrating wo(l S )( ), we obtain

2
/ G = ! (2 1) ]2 4 [0 (07 1) 307 42702 - ) - 1) | S
+ [1718v3f(v2 - 1)(2 — 1602 + 200"
F9F2(0? — 1)+ 9f(1 — 402 + 3v4))]z3

+ [%W(# —1)(32f3(0? — 1)° + 482 (v — 1)2(30% - 1)

+3(—1 + 1502 — 450* + 3509)
+2f(—11 + 9302 — 189v* + 1077)6))}2:4 +0(2%), (17)

T(1,f+1)

which reproduces the invariants H (0..0,1):0°

T(1 1
H(l(),0f+ ) — v (1}2 o 1)

:S+1(1+f)52+i(4+6f+3f2)53

+ 418(2+4f+3f2+f )S* +0(8°) (78)
Al = 507 (02 = 1) (30" + 2f (v = 1) ~ 1)

=S+2(1+f)S*+ é(10+ 18f +9f%)5?

- %(11+27f+24f2 +8f%)8* + O(S%) (79)
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The annulus amplitude for the new embedding ST(l, #+1) is obtained by a simple
re-parameterization

Qoo (21, 22) = GV (05 (21),mp (22)), (80)

because the Bergman kernel does not depend on the particular embedding.
After subtraction of the double pole and integration, we obtain

Ja880 ez) = [ He (071 2%+ 02 1) a2+ O(12f) (81)

which gives the invariant

- 1
A = S+ 1ot (0% = 1) (20% + £ = 1))

1+ f)S+ §(1+f)2s2 + é (7+19f + 182 +6f3) S*

+254(1+f) (3+4f +2/%) §' +O(57) (s2)

Before we move to torus knots, one general comment is in order. Higher ampli-
tudes, that we do not discuss in this work, involve residues at ramification
points. Therefore, it is not enough to re-parameterize Q ( U because the ram-
ification points in the recursion (56) depend on the embeddmg [10].

4.4. Torus Knots

The main result of Brini et al. [11] is the proposal of a spectral curve

Ennm)(2,y) =y (y — 1)" — 0™ "2(y — 0*)" (83)

such that the topological recursion (56) reproduces the colored HOMFLY poly-
nomial of the (n, m)-torus knot in S®. This spectral curve has been derived by
extending the SL(2,Z)-change of variables (70) to z = z"y™
Instead of the expected change of variable z = x"y(z)™, it is more con-
venient to consider
w = wy(z)™/", (84)
where w should be thought of as the local coordinate w = z'/" on the curve.

Brini et al. suggest an additional rescaling  — v™/™2 and define
1— m/n+2,.1m/n
W=z [#} (85)

1 —om/ng

As our starting point is yp(1,1)(2) instead of yr(1,0)(x), we slightly adapt their
procedure. Let

(86)

w=2x

(14 o™/ "x) + /(1 + om/ng)2 — 4v2+m/"m]
2

The inversion x = 7= (w) defines a function 7= which coincides with 7, for
n = 1. The argument of Brini et al. implies that log yr(1,1) (77;( )) has a series
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expansion in integer powers of w (integer powers of 21/ ™) where the integer
_T
powers of w™ represent w; (On’m+"). In formula, we have

log Yr() (77% (w)) _ @57(1n,m+n) (w™) + Z —'Oﬂ”(ﬁkarn)w . (87)
k#0mod n

In other words, the integer powers of w™ in the curve g’]l'(l,l) with fractional
framing f = m/n can be identified with the integer powers of z in ET(n’ern).
This description is similar in spirit to the Rosso-Jones formula (4) for torus
knots.

As the analytic behavior of 7= depends on n, we can only perform com-
putations for fixed n. For n = 2 the invariants of the (2, m 4 2)-torus knot

m 1
A = = 50" (W = )EV* +m(” 1) 1)

1
:S+(2+m)5’2+ﬂ(4O+36m+9m2)53

+ ﬂ (22 + 27m + 12m® + 2m®) §* + O(5°) (88)
" T(2.m 1
Hgyo™ = 5o = 1) {4m3(02 — 1)+ 12m3(v? — 1)*(30* — 1)

+ 3(15v% — 450" + 350° — 1)
+ m(93v2 — 1890* + 1070° — 11)]

1
=S+4(2+m)S* + 5 (136 +132m + 33m?)S3

1
+ 5 (214 + 299 + 144m® + 24m°)8* + O(5°) (89)
are obtained from

_ dw ,Tnern 1r2m+2 w

3
_T(n,m+n) W ArT(2,m+2
+ aofl;g )? H(O(l) )— +OW"). (90)

One can compute as well for n = 3 the disk amplitude

d'lU m _ m w m 'lU
/IOgyT(Ln(nﬂ(w));— 3(3 w1 a ']1‘(3 +3) = +H(1()30 +3) W

_T(3,m+3 _T(3,m+3 T(3,m+3) W°
+a 0(14 2 e + 0,(1,5 il 5 +H(0(1)0+) + O(w") (91)

and reproduce the invariants of the (3, m + 3)-torus knot
N 1
T(3,m+3 m
HESm ) = S 1)(2 — 1602 + 200
+m?(v? —1)% + 3m(30v* — 40% + 1))

3 1
=S+5B+ m)S? + i (180 + 114m + 19m?) $*
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1
+ g (3544 316m + 99m? + 11m?) % + O(S?) (92)

 T(3mm 1
HEE)(?17)-0+3) = @02’"(1}2 -1 [8m5(112 —1)° +60m*(v? — 1)*(30% - 1)

+10m3(v? — 1)3(17 — 1180? + 161v%)

+15m2(v? — 1)2(—15 + 187v? — 569v* + 4770°)

+30(—1 + 350% — 280v* + 8400° — 10500 4 4620'?)

+m(—137 + 29950? — 17660v"

+417800° — 4277508 + 157970'Y)

1
=S +6(3+m)S%+ 6(666 + 438m + 73m?)S?

1
+5 (4323 + 4177m + 1368m” + 152m?*)S* + O(S%)  (93)

The annulus amplitude is also obtained by simple re-parameterization,

T(1,1 dw;dws _T(2,m+2
/ <QO,(2 )(77% (wl)an% (wQ)) - (> = 0107(2;17}71 )wle

w1 — w2)2
_T(2,m+2) wiws + wowi - T(2,m+2) wiws 5
“1‘04072;271 f H(Q);O T+O(|W‘ ) (94)

N m 1
ngz()?b T2 = Z’UZm(’UQ —1)[m*(v* = 1)° + 4m®(v® — 1)*(3v* = 1)

+80%(2 — 902 + 9v*) + 2m(—1 + 23v% — 69v* + 510°)
+m?(—5 + 47v* — 950" + 530°)]
=2(2+m)S + 6(2 +m)?S?

1
+3(176 + 304m + 150m? + 21m?*)S?

1
+E(1020 + 2628m + 2227m? + 648m> + 47m*)S* + O(S°)
(95)

5. Algebraic Curves for Torus Knots in RP3

The relationship between CS theory and topological strings also extends to
L(p,1) as follows: since S? is dual to the resolved conifold, taking a Z,-orbifold
on both sides suggests that L(p, 1) should be dual to a suitable Z,-quotient of
the resolved conifold [4]. The A-model approach to knot invariants is difficult,
in particular the determination of the submanifold associated to each knot.
Recently, Jockers et al. [32] have identified the Lagrangian submanifold for
torus knots in S® and RP3. It should be interesting to see how their proposal
relates with our computations on the CS theory side.
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By mirror symmetry [28], one can study knots in L(p,1) from the
B-model point of view, even without the knowledge of those Lagrangian sub-
manifolds. In particular, Bouchard et al. [10] have used their new formal-
ism to test the Gopakumar-Vafa duality for framed unknots. Building on this
approach, we propose a B-model description of torus knots in L(p, 1) obtained
by a SL(2,Z) re-parameterization of the curve for the unknot. As before, we
restrict to L(2,1) ~ RP3. In this case, the A-model geometry is a Calabi-Yau
threefold X known as local P x P*.

The mirror of X is described by a spectral curve, which can be written
as

Er1,0)(X,Y) = Y2+ (X7 + X + )Y + X7, (96)
where g5, ¢; are parameters. The mirror map identifies these parameters with

the 't Hooft parameters, which are (closed) flat coordinates on X near the
so-called orbifold point [4]:

1—q 1
— and s — 9 97
qt (qqu)Q q (q1q2)2 ( )

where

4 2

@ =2(51 + S5) — 2(S1 + S2) + 5(81 + S2)? — 3(51 +So) e (98)
_ - 3 _ 2 3 _ Q3

oSS Si1=8 S-S5 S-S5 (99)

515 2 T nSrs) |2

Furthermore, the geometric variables related to the mirror curve have to
be expressed in terms of (open) flat coordinates to compare with CS quantities:

X = (Q1Q2)l’7 (100)

with ¢1,¢2 as above. For the sake of clarity, we use the same letter for the
geometric variable and the flat coordinate, the former in uppercase and the
latter in lowercase.

As for S? we denote by Ex the curve corresponding to K in RP? and intro-
duce the meromorphic differentials lec 5, obtained by applying the topological
recursion to & and

le dZQ

w;fh(zl, ceyZh) = Qgh(zl, sy 2Zh) — 0g.00R,2 =) (101)

We also need the generating function for the invariants of knots in RP3

E(z) = Y RY (N1, N2)sa(z) (102)
re?

and the corresponding cumulants Rf (N1, Na). For reasons similar to the case
of S?, log = has an asymptotic expansion

_ 1 2g-2+41k »
logE=>»" " ;f‘/ RE (S, S2)pk(z), (103)

g>0keNN
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where R]’f g(Sl, Sy) are power series with rational coefficients and S; = W' N;

(i = 1,2). As an illustration, we reproduce some of the results obtained by
[10].

. 1

RO — 5, - )+ (52 5o
1

+ ﬁ(Sl — 52)(45? + 105159 + 4522) + 0(54) (104)

R = (S1+82) +2(SF + 83)

1
+3(51+ S2) (587 — 2519 + 553) + O(S*) (105)
. 1
Rigy ™ = (81 +52) + 5(357 + 451, + 353)
1
+ 6(51 + S2)(75F + 85185 + 753) + O(S*) (106)
We can now state our conjecture: for torus knots in RP?
1 n,m n,m
3 / " = u;h Ry (S, 82)px(2), (107)

which is the analogous of (58) and generalizes the case of T(1,0) proposed by
Bouchard et al. [10].

5.1. Unknot
We start with the simplest topological amplitude
dX
wg)r,(ll,o) (X) = log Yr(1,0) (X)T’ (108)
where Yp(1,0)(X) is obtained by solving Ep(1,0)(X,Y) for Y,
1+ X 4+ ¢ X?) + /(1 4+ X + ¢, X?)? — 4¢, X?
Yr(1,0(X) = ( )+ VA 5 ) = (109)
After integration, the disk amplitude reads
1
[0 = (51— 82)+ 5 (51 - )
1
+15 (257 + 357> — 35155 — 253)
1
+ 57 (5143575, — 35157 - 51) + 0(55)} z
+ (81 + 82) +2(57 + 3)
553 553 NES
+ (3 + 5285 + 8152 + 3> +0(5%) % ;
+ O(z%) (110)

and we see that it reproduces the CS knot invariants of the unknot (105).
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The Bergman kernel is more complicated than for S?, because the curve
is elliptic. By Akemann’s formula [5], B(X1, X2) is expressed in terms of the
ramification points {ay, as, a3, as} as follows:

E(k) (a1 —az)(as — az)
K(k) \/Hle(Xlai — 1)(X2ai — 1)

1 [\/(Xlal — 1)(X1a2 — 1)(X2a3 - 1)(X2a4 — 1)

B(X1,X5) =

+4(X1 — X2)2 (X1a3 - 1)(X1a4 — 1)(X2a1 - 1)(X2a2 — 1)

(111)

(X2a1 — 1)(X2a2 — 1)(X1a3 — 1)(X1(14 — 1) + 9
(X2a3 — 1)(X2a4 - 1)(X1(11 — 1)(X1(12 — 1) ’

where E(k) and K (k) are elliptic functions of the first, respectively, second
kind, and

2 - (@ —as)(as —aq)

(a1 — as)(az — as)

This expression crucially depends on the ordering of the branch points. For
our purpose, the correct ordering turns out to be [10]

1 1
ar = =5 = Vi — 51/ (1+2V@)? — 4gs

. (112)

1 1
1 1
- _ — 2 _
a3 = —5 = Vi + 51/ (1 +2v@)” — 4q,

1 1
a4:—§—|—\/q>t—§ (1—2\/(]7)2—4113.

This choice corresponds to the orbifold point and differs from the large-radius
point considered in [44] for instance.
Plugging in the ramification points in (111), we obtain

% / wig (X1, Xa) = [(S1+ 82) + %(355 +48)8; +353)
+ %(75% + 155%S5 + 155183 + 753)
+ %(1551‘ + 47838, + 635753 + 475,55 + 1555)
+ 0(55)}3519;2
+ [(51 — S5) + ng — 83)
+ % (6255 + 51575, — 515155 — 6253)
+ i(msﬁ + 201535, — 2015, S5 — 11553)

+0(57)] (@3wz + m123) + O(x[*), (114)
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where X7, X5 have been expressed in terms of 1,z by the mirror map (100).
Higher order amplitudes can be computed from the topological recursion (56).

Before extending our considerations to framed unknots and torus knots,
one remark is in order. As one can observe in the above examples, our choice to
consider T(1,1) instead of T(1,0) as the appropriate unknot in S? is justified
by the fact that

1
- Slim wgi(ll’o)(X; S1,82) = @g(ll’l)(x; S1), (115)

which accounts for the relationship (33) between invariants of knots in S* and
RP3. Indeed, we shall show later that 51r(1 1) is obtained from Er(; o) in the
limit Sy = 0.

5.2. Framed Unknot

The framed unknot in RP? has been studied by Bouchard et al. [10]. We define
7y as the solution X = n¢(Z) of

Z = XYp1,0/(X), (116)
where Yp(1,0)(X) is given by (109). Clearly, we obtain wg)(ll’f ) by re-para-
(1 0)

meterizing w,

dz

w(“{(f’f)(Z) = log Yr(1 0 (Uf(Z))f- (117)
We inte (L) i
grate wy; *’(Z) with respect to Z
1 (1, T(1 T(1
5 /wog D2y = RSP+ RS 5 +O(23) (118)
and obtain full agreement with the knot invariants computed from CS theory.

R 1
B = (81 - 82) + 501+ 21)(52 - 8B)

i(Sl7S2)<(2+6f+6f2)5f+(5+12f+12f2)5152+~~)

(20— s3)(+2f +27)87
+(3+4f+4f2)5152+-~)+O(S5) (119)
RigH) = (S1+ 82) + 201+ 2£)(S3 + 53)
7(51+Sg)((5+18f+18f2)512—2(1+6f—|—6f2)5152+-~->

+ 5 ((11 54 + 962 + 64£%)S4
+2(9 + 34f +48f% + 32f3)535,

4 6(1+2f)S282 + - ) +0O(8%) (120)
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The annulus amplitude is obtained by re-parameterization of the Bergman
kernel (66),

dZ1dZ,

T(1, T(1,0
wo,(Q f)(Zla Zy) = Q0,(2 )(nf(Zl)vnf(ZQ)) - m
T(1,
= woo ) (np(21), 05 (22))

dng(Z1)dng(Ze)  dZ1dZs
+ ((nf(Zl)—ﬁf(Zz))z (ZI_Z2)2>~ (121)

Integration yields

1 A .
5 [08 2 22) = RS20+ O(af), (122)

where

Ry = (1+2£)(S1 + S2)

+ (%(1 +2)253 421+ 2f + 27818, + -+ )
+ é(l +20)(S) + SQ)((7+ 24f + 24f2)S2
+851S, ) +O(SY) (123

5.3. Torus Knots

We now address the natural question whether the method of Brini et al.
can be applied to find a spectral curve for torus knots in RP3. We claim
that the SL(2,Z)-action on torus knots corresponds to the SL(2,Z) re-
parameterization of the spectral curve (109). We consider the variable

m/n
o [0 @) 5 0@X0?) £ /(140X + 0(0X)?) — da(eX)?
= 5 ,
(124)
where X is multiplied by ¢ = e (51152) and the inversion
X =n=(2). (125)

We propose that the integer powers of Z" in the curve (109) with fractional
framing m/n are identified with wgi(ln’m)(Z”L

T(n,m n T(n,m
log Yr(1,0)(n= (2)) = Wo,(1 '(z7) + Z 0407(1;1@ 'Z", (126)
k#0mod n

By comparing with the knot invariants computed from CS theory, we can
verify conjecture (107) for several torus knots in RP3. Indeed, starting with
(2, m)-torus knots we obtain the disk amplitude
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_ T(2 ) pT(2,m) # T(2,m) #
/10gYT<1,o> (13(2)) = a1z + By 5 i 3

T(2m)z
RS+ O(0),

and check that the coefficients coincide with R(l() ’Om) and Rq(ro(Ql)" 6)

RET™ = (S1+ 82) + 21+ m) (87 + 83)

1
+ 6(Sl + S2) <(10 + 18m + 9m?) 57

—2(2+ 6m + 3m?) 5152 + (10 + 18m + 9m2)53>

12
+2(9 4 17m + 12m® + 4m?*) 57 S,

+— ((11 +27m + 24m® 4 8m*) 5}

+6(1+m)S7S3 +2(9+ 17m + 12m> + 4m®) $1.55 + - )
+ O(5%) (127)
RE = (S1 4 82) + 8(1 +m) (S? + 53)

2
+ g(S1 +S) <(34 + 66m + 33m?)S7

—2(14 4 30m + 15m?)S1 S, +> +0(8?) (128)
For n = 3, the disk amplitude
/ E]T(l 0)(77?(2)) _ ao(s m)z+ a’ﬂ‘(3 m)z +Rq(r1()30m + o ) (129)
agrees with the invariants computed from CS theory
RS = (1 - 82) + 2(3 +2m) (57 — 53)
+%(S1 —5y) (2 (45 + 57m + 19m?) 52
+ (117 4+ 132m + 44m?) S, S+ ) +O(S*)  (130)

The conjecture can also be verified a step further for (2, m)-torus knots.
The annulus amplitude

T dZ1dZ, T(2,m
/(Q 2" (1 (2.3 (%)) = (2122)2> N %,(22;1,1)2122

m 2229 + 292 2222
+a E%f%wmw L2+ O(|2P) (131)
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matches

Rigrg™ =401+ m)(S1 + S2) + 24(1 +m)%(S7 + $3) + O(S%)  (132)

As an additional evidence to support our proposal of a spectral curve for
torus knots in RP3, we shall show that it reduces to the curve of Brini et al.
when S» — 0. A consistent picture emerges where the relation between S* and
RP3 knot invariants observed in CS theory has an analogous in the spectral
curve description. In particular, we claim that

]‘ n,m — n,4m n
= dim w) (X X S1,8) = @) (P @y, e S, (133)

which is the counterpart of (41),

Jim BRI (1,85) = HY™HH(S)). (134)

In other words, the SL(2,Z)-action on topological amplitudes commutes with
the limit S — 0, which can be summarized in the following diagram.

T(1,0) S2—0 _T(1,1)
Wy Wy (135)
SL(2,Z) SL(2,Z)
T(n,m) S52—0 _T(n,2m+n)
g:h Yo,k

Let us finally prove (133) for the disk amplitude. Starting from

1+ X+ X))+ /(1 +X +¢:X2)2 —4g; X2

2 b
1

q192

a— =2 and a+ﬁ:4d%u (137)

Yr(1,1)(X) = (136)

we change the variables to x = /g; X = X and introduce a, 3 as

We obtain

Yrn(z/vas) = %(1 + a ; ﬁx + x2)

ey (i e - (450

2
\/1—|—cwc—|—x2—|—\/1—ﬁx+x2
2

(138)
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In the limit Sy — 0, the spectral curve &r(; o) reduces to (‘:'T(l,l),

VI+2z+a2+ /14 (2 —4q)z + 22
2

Jim, Yr(1,0)(X) =

(1+2)+ (12+ x)2_4v2x] pan@?  (139)

In turn, Z = XY (X)f reduces to z = 2y(x)?f; hence a simple comparison
shows that

1
lim —n¢(Z) = 25 (2). 140
Jm iy (2) = g (2 (140)
. T(n,m) . . . . T(1,0)
Since wy 3 is obtained by re-parameterization of wy; ™, we deduce (133).

6. Conclusion

We have studied invariants of torus knots in lens spaces from the point of view
of quantum Chern—Simons theory. Using the knot operator formalism devel-
oped by Labastida and collaborators [37,40], we have derived a generalization
of the Rosso-Jones formula [54] for knots in lens spaces. Using the matrix
model representation found by Bouchard et al. [10] for the unknot in L(p, 1),
our formula provides computable expressions for torus knots in L(p,1). For
the specific case of L(2,1) ~ RP3, we have proposed an algebraic curve that
describes torus knots in the B-model topological string theory.

Along the same lines, one could in principle study generalizations to lens
spaces of the colored Kauffman polynomial. Invariants of the rational unknot
can probably be written as a matrix integral and the generalized Rosso-Jones
formula gives invariants of torus knots. In a certain limit, the invariants should
correspond to the generalization of the Kauffman polynomial developed by
Kalfagianni [35]. The question whether there exists an algebraic curve descrip-
tion for Kauffman invariants in L(p,q) is completely open. Already in S?,
there is no such description for the Kauffman polynomial, and the enumera-
tive description [45] is much more complicated than for the HOMFLY case.

For HOMFLY invariants at least, the conjecture which relates invariants
of torus knots to re-parameterizations of the spectral curve [26] undoubtedly
extends to L(p,1) with p > 2. On the Chern—Simons side, the invariants can
be computed, at least perturbatively, as a power series in p 4+ 1 variables. On
the topological string theory side, the topological recursion is more difficult to
implement if no hyperelliptic embedding of the spectral curve is known. More
importantly, the comparison involves a very complicated mirror map.

The question of L(p,q) with ¢ # 1 is also interesting from the point of
view of topological string theory. The Gopakumar-Vafa duality, in its current
formulation, does not hold for ¢ # 1. Related to this, it might be fruitful
to study the full partition function Z (L(p, q)) and the corresponding knot
invariants. Equivalently, this amounts to studying instanton effects in Chern—
Simons matrix models.
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