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Almost Kahler Ricci Flows and Einstein
and Lagrange—Finsler Structures
on Lie Algebroids

Sergiu I. Vacaru

Abstract. In this work we investigate Ricci flows of almost Kéahler struc-
tures on Lie algebroids when the fundamental geometric objects are
completely determined by (semi) Riemannian metrics, or (effective) reg-
ular generating Lagrange/Finsler functions. There are constructed canon-
ical almost symplectic connections for which the geometric flows can
be represented as gradient ones and characterized by nonholonomic
deformations of Grigory Perelman’s functionals. The first goal of this
paper is to define such thermodynamical type values and derive al-
most Kéhler—Ricci geometric evolution equations. The second goal is
to study how fixed Lie algebroid, i.e. Ricci soliton, configurations can
be constructed for Riemannian manifolds and/or (co) tangent bundles
endowed with nonholonomic distributions modelling (generalized) Ein-
stein or Finsler—-Cartan spaces. Finally, some examples of generic off-
diagonal solutions for Lie algebroid-type Ricci solitons and (effective)
Einstein and Lagrange—Finsler algebroids are provided.
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1. Introduction

Various theories of geometric flows have been studied intensively in the past
decade. The most popular is the Ricci flow theory [1-3] finally elaborated
by Perelman [4-6] in the form which allowed proofs of the Thurston and
Poincaré conjectures (details and proofs are given in [7-9]). The main results
are related to the evolution of Riemannian and Kahler metrics and symplectic
curvature flows; see additional references in [10,11].

Theory Division, CERN: associated visiting research.

Y Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00009-014-0461-7&domain=pdf

1398 S. I. Vacaru MJOM

It should be also emphasized that the Ricci flow theory has an increasing
impact on physical mathematics. In a more general context, we were inter-
ested to study Ricci flow evolution models for non-Riemannian geometries,
for instance, of nonholonomic manifolds endowed with compatible metric and
nonlinear connection structures [12], metric compatible and noncompatible
Riemann-Finsler-Lagrange spaces [13,14], noncommutative geometries and
generalizations [15], fractional and/or diffusion Ricci flows [16], etc.

The purpose of this article is to formulate a geometric approach for
the almost Ké&hler Ricci flows on/of Lie algebroids when the fundamental
geometric objects are completely defined by a regular Lagrange, L, generating
function, or a (generalized) Einstein metric g with conventional integer (n +
m)-dimensional splitting. Similar constructions can be performed for certain
effective (analogous) models and /or, in particular, for Finsler, F', fundamental
functions.!

Here is an outline of the work. In Sect. 2, we survey the geometry of Lie
algebroids and prolongations endowed with nontrivial N-connection structure
and formulate an approach to the almost Kéahler geometry on nonholonomic
Lie algebroids. The Ricci flow theory for almost symplectic geometries de-
termined by canonical metric compatible algebroid connections is studied in
Sect. 3. Finally, we provide a series of examples of almost Kéhler Ricci soli-
ton solutions, related to (modified) gravity models and Lagrange—Finsler Lie
algebroid mechanics in Sect. 4. The Appendix contains some necessary and
important coefficient-type formulas and proofs.

2. Almost Kahler Lie Algebroids and N-Connections

In this section, we recall the basic definitions on nonholonomic Lie algebroids
endowed with N-connection structure, see [18,19], and develop the approach
for almost Kahler Lie algebroids.

2.1. Preliminaries

To begin, let us fix a real manifold V' of dimension n > 2 and necessary
smooth class and consider a conventional horizontal (h) and vertical (v) split-
ting determined by a Whitney sum for its tangent bundle TV,

N: TV =hTV @ oTV. (1)

Definition 2.1. A h—wv splitting N (1) defines a nonlinear connection, N-
connection, structure.

We shall use boldface symbols to emphasize that the geometric objects
on a space V = (V,N,g), TV, or TM = (TM,N, L), are adapted to an

I In this paper, a nonholonomic manifold (V,N), [dim V = n + m with finite n,m > 2] is
modelled as a (semi) Riemannian one of necessary smooth class and endowed with a non-
integrable (nonholonomic, equivalently, anholonomic) distribution . For geometric mod-
els of Lagrange-Finsler spaces, we can work with nonholonomic vector/tangent bundles,
when V = T'M is the total space of the tangent bundle on a real manifold M,dim M = n;
see details and references in [17].
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N-splitting (1).2 In global form, the concept of N-connection was formulated
by Ehresmann [20] in 1955. E. Cartan used such a geometric object in his
works on Finsler geometry beginning 1935 (see [17] for references and an
alternative definition of N-connections via exact sequences), but in coordinate
form, N = N¢(z,y)dz’ ® 9/dy®. On (semi) Riemannian manifolds, an h—v
splitting of type (1) can be defined by a corresponding class of nonholonomic
frames.

Let us consider a nonholonomic distribution on V' defined by a generat-
ing function £(u), with nondegenerate Hessian hqp, = %%, det || # 0.
If V= TM, and n = m, we can consider £L = L(z,y) as a regular La-
grangian defining a Lagrange space [21]. For L = F?(z,vy), where F(x,{y) =
EF (z,y),& > 0, we get a homogeneous Finsler generating function (additional
conditions are imposed on F for different models of Finsler-like geometries);
see Sect. 4.4. We shall work with arbitrary £ considering the Finsler config-
urations as certain particular ones distinguished by homogeneity conditions
and additional assumptions.

Theorem 2.1. The FEuler—Lagrange equations d%gyﬁi gfi = 0, where y' =

dx'/dr, for *(t) depending on real parameter T, are equivalent to the “non-

linear” geodesic equations %4—2@“(&0, y) =0, i.e. to the paths of a canonical
. . ~ ~ ~ . 2

semispray S = 1 gfi —2G@ 8?;@’ when G¢ = i h® n+l(7ayna+1‘,%wk yntk — gﬁ),

where hat is inverse to ﬁab, and the set of coefficients Nf = azfii defines an

N-connection structure (1).

An explicit proof consists from straightforward computations. We put
“tilde” on some geometric objects to emphasize that they are generated by

L.

Corollary 2.1. Any prescribed generating function £ on 'V defines a canon-
ical distinguished metric, d-metric g, which is adapted to the N-connection
splitting determined by data he, and N, i.e. § = hg 4+ vg , when

2 Notational Remarks: All constructions in this work can be performed in coordinate-free
form. Nevertheless, to find/generate explicit examples of solutions of systems of partial
differential equations, PDEs, it is necessary to consider some adapted frame and coordinate
systems. Working with different classes of geometries and spaces, it is more convenient to
treat indices also as abstract labels. This simplifies the formulas and suggests ideas on how
certain proofs are possible when local constructions have an “obvious” global extension. For
instance, index-type formulas are largely used in G. Perelman’s works and for applications
in mathematical relativity and/or geometric mechanics.

For a conventional n + m splitting, the local coordinates u = (x,y) can be labelled in
the form u® = (2%,y%), where i, j,k,... = 1,2,...n and a,b,c... =n+1,n+2,...,n+m,
and z' and y® are, respectively, the h and v coordinates. A general local base is writ-
ten eqr = (e4,eq/) for some frame transforms e, = €2, (u)0a, where 0o = 9/0u® =
(8; = 9/0x%,0, = 0/0y®), and define corresponding dual transforms with inverse matri-
ces egl(u)7 when e®’ = eg,(u)duo‘. Calligraphic symbols will be considered for algebroid
configurations. The left “up—low” indices will be considered as abstract labels without sum-
mation rules. Finally, we note that the Einstein summation rule on “low—up” repeating
indices will be applied if the contrary is not stated.
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g = gi;de’ @ da? + hap®® @ &%, Gij = hnti ntis (2)
Ea=(8; = 0; — N'Oy,ea=0,), &“=(e'=da",&" = dy® 4+ N2da') (3)

The proof is a similar to that for the Sasaki lift from M to TM; see
[22,23].

2.2. Distinguished Lie Algebroids and Prolongations
In Refs. [18,19], we introduced

Definition 2.2. A Lie distinguished algebroid (d-algebroid) & = (E, |,-],p)
over a manifold M is defined by (1) an N-connection structure, N : TE =
hE @ vE, and (2) a Lie algebroid structure determined by (2a) a real vector
bundle 7 : E — M together with (2b) a Lie bracket |-,-| on the spaces of
global sections Sec(7) of map 7 and (2¢) an anchor map p: E — TM, ie. a
bundle map over identity and constructed such that for the homomorphism
p:Sec(t) — X (M) of C*°(M)-modules X, this map satisfies the condition

X, fY ] =f1X,) Y]+ p(X)(f)Y, VX,Y € Sec(r) and f € C*(M).

If N is integrable (i.e. with trivial N-connection structure), a Lie d-
algebroid is just a Lie algebroid € = (E, |-, -], p). For “non-boldface” con-
structions, see details in Refs. [24-30]. The anchor map p is equivalent to a
homomorphism between the Lie algebras (Sec(7), |-,-]) and (X (M), [-,-]).3

Example 2.1. (Nonholonomic Lie algebroids) If E = T'V for a nonholonomic
manifold V = (V,N) with N-splitting (1), the values like X' (M) are consid-
ered for M — hV and sections 7 are modelled on vV. We shall construct Ricci
soliton configurations, or Einstein manifolds, with Lie algebroid symmetry in
Sect. 4.

Let us extend the concept of prolongation Lie algebroid [27-30] (in our
case) to include N-connections. We consider a Lie d-algebroid € = (E, |-,-|, p)
and a fibration m : P — M both defined over the same manifold M. In
general, E,P and TM, or TV, may be enabled with different N-connection
structures. The local coordinates are u® = (z%,y#) € P when {e,} will be
used for a local basis of sections of E. If E = TV we write u® = (z,y!). In
our constructions, we can consider that P = E. The anchor map p : E — TM

3 Locally, the properties of a Lie d-algebroid £ are determined by the functions p? (z*) and
C¢,(z*), where x = {2} are local coordinates on a chart U on M (or on hV if a nonholo-
nomic manifold is considered), with p(eq) = p%(z)e; and |eq,ep] = Cgb(:v)ef, satisfying
the following equations pieipi 7pieipg = p;C‘{b and chcl (a:b,f) (piBiC,fe + Cgecjd) =
0. Boldface operators are defined by N-coefficients similarly to (3). For trivial N-elongated
partial derivatives and differentials, we can use local coordinate frames when e; — 9;, e, =
Oa, €' = da?, e® — dy®.

The exterior differential on € with nonholonomic E can be defined in standard form
with E. We introduce on € the operator d : Sec(A* 7*) — Sec(A*T! 7*),d? = 0, where A\
is the antisymmetric product operator. The contributions of an N-connection can be seen
from such formulas for a smooth formula f : M — R,df(X) = p(X)f, for X € Sec(r),
when dz? = ple® and de/ = —%C’L{bea A eb. With respect to any section X on M, we
can define the Lie derivative Lx =ix od+doix : Sec(A*7*) — Sec(A* 7*), using the
cohomology operator d and its inverse i x.
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and the tangent map Tw : TP — TM are all defined to be h—v adapted for
nonholonomic bundles and/or fibered structures. These structures can be
used to construct the subset

TEP = {(b,v) € B, x T,P;p(b) = Tpyr(v);p € Pyym(p) =2 € M} (4)
and prove this result:

Theorem 2.2. (Definition) The the prolongation TEP := .4 TFP of a
nonholonomic E over m is another Lie d-algebroid (the construction (4) can

be considered for any set of charts covering such spaces).

Similarly to holonomic configurations with trivial N-connection struc-
ture, the prolongation Lie d-algebroid 7®P is called the (nonholonomic)
E-tangent bundle to 7, which is also a nonholonomic vector bundle over P.
The corresponding projection 7p is just onto the first factor, 75 (b,v) = b
being adapted to the N-connection structures. The elements of 7FP are pa-
rameterized by N-adapted triples (p,b,v) € TEP — (b,v) € TEP if that
will not result in ambiguities. The N-adapted anchor p™ : TEP — TP is
given by maps p™ (p,b,v) = v, i.e. projection onto the third factor when
the h-components transforms into other h-components, etc. For more special
cases, we can define the projection onto the second factor (i.e. a morphism of
Lie d-algebroids over 7), 77 : T®P — E, when 77 (p,b,v) = b. An element
(p1,b1,v1) € TEP is vertical if 77 (p1,b1,v1) = by = 0, i.e. such elements
are of type (p,0,v) when v is a m-vertical vector (tangent to P at point p).

To understand the consequences of Theorem 2.2, let us consider some
local constructions. In coefficient form, any element of a prolongation Lie d-
algebroid TEP can be parameterized as zZ = (p, b,v) € TEP, for b = 2%, and
v =pzl; +v49,4, for B/GyA, can be decomposed as Z = 2°X, +v4V4. The
couple (X,,Va), with vertical V4, defines a local basis of sections of 7EP. For
such bases, we can write X, = X,(p) = (ea(ﬂ(p)),pZe“p) and V4 = (0, 8A|p) ,
where partial derivatives and their N-elongations are taken in a point p € .S,.
It is also possible to elaborate on prolongation Lie d-algebroids an N-adapted
exterior differential calculus. The anchor map p™(Z) = pi, Z%; + VA0, is an
N-elongated operator acting on sections Z with associated decompositions of
type z. The corresponding Lie brackets are

| X0, X" = CL X, [ X0, VBT =0, |Va,Vs]" =0.

Denoting by (X®, V) the dual bases to (X,, V), we can elaborate a differ-
ential calculus for N-adapted differential forms using

. . 1
dz' = p,X?, for dx’ = —§Cbea/\Xb, and dy? = V4,

for dV* = 0. (5)
N-connections can be introduced on 7EP similarly to (1).

Definition 2.3. On a prolongation Lie d-algebroid, an N-connection is defined
by an h—v splitting,

N :TEP = hiTEP © vT®P. (6)
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We can consider N : TPP -7 FP, with N? = id, as a nonholonomic
vector bundle, and Lie d-algebroid, morphism defining an almost product
structure on 7 : TP — P, for a smooth map on TP\{0}, where {0} denotes
the set of null sections. Any N-connection N induces h- and v-projectors for
every element Z = (p,b,v) € TEP, when h(zZ) = "z and v(z) = Yz, for
h = 3(id + N) and v = %(id — V). The respective h- and v-subspaces are
hTEP =ker(id — N) and v7EP = ker(id + N).

Let us analyze some local constructions related to A/-connection struc-
tures for prolongation Lie d-algebroids. Locally, N-connections are deter-
mined respectively by their coefficients N = { N/} and N = {NA}, when

N = N/ (2", yP)dz' ® 04 and N = N2X* @ V. (7)
Such structures on TP and 7EP are compatible if N2 = NAp! . Using N2,

we can generate sections d, := X, — NZ‘VA as a local basis of hTEP.

Corollary 2.2. Any N-connection N2 on TFP determines an N-adapted
frame structure

ex = {0a = Xy, — NVe, Val, (8)
and its dual

e = {xe, 68 = VP 4 NBxe}. (9)

Proof. In the above formulas, the “overlined” small Greek indices split @ =
(a, A) if an arbitrary vector bundle P is considered, or @ = (a,b) for P = E.
A proof follows from an explicit construction of such N-adapted frames. Then
the formulas can be considered for arbitrary frames of references. O

The N-adapted bases (8) satisfy the relations ez ez — egeq = WQB%,
with nontrivial anholonomy coefficients WgB = {C’gb7 Q% 0pNE}. The cor-

responding generalized Lie brackets are
180, 0)" = CLor + QG Ve, 04, VE]™ = (0sNE)We,  |[Va, Vi)™ =0.
(10)
Definition 2.4. The curvature of N-connection A2 is by definition the Neigen-
huis tensor "N of the operator h,
"N(,) = |h,h]" = h|hey ] = k| )T+ B2 A he|T
= %Q%X“ ANXP® Ve,

where

QF, = NE — 6. NE + CINE. (11)

It should be noted that the above formulas for 7EP mimic (on sec-
tions of E for P = E) the geometry of tangent bundles and/or nonholonomic
manifolds of even dimension, endowed with N-connection structure. It is ap-
plied in modern classical and quantum gravity, with various modifications,
and nonholonomic Ricci flow theory; see Refs. [12,15,17]. If P # E we model
nonholonomic vector bundle and generalized Riemann geometries on sections

of TEE.
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2.3. Canonical Structures on Lie d-Algebroids

Almost Kéhler Lie algebroid geometries can be modelled on prolongation of
Lie d-algebroids.

2.3.1. d-Connections and d-Metrics on 7EP.

Definition 2.5. A distinguished connection, d-connection, D = (hD,vD), on
TEP is a linear connection preserving under parallelism the splitting (6).

The formulas for distinguished torsion and curvature can be generalized
for prolongation of Lie d-algebroids.

Definition 2.6. The torsion and curvature for any d-connection D on 7FP
are defined, respectively, by

T(fa y) = Dy — Dyf + Ljv yJﬂ , and
R(Z,Y)Z := (DzDy — DyDz — Dizy~) Z
Let us consider sections Z, %,z of TP when, for instance Z = 2%eg =
298 + 2Va, or Z = hZ + vz. Using the rules of absolute differentiation (5)
for N-adapted bases ex := {05, Va} and e’ := {X* 6B} and associating
to D a d-connection 1-form I‘i = I‘erﬁ, we can compute the N-adapted
coefficients of the torsion 7 = {T } and curvature R = {R9 } 2-forms;
see details in Appendix.
We can introduce a metric structure as a nondegenerate symmetric sec-
ond rank tensor g = {g;5}-

Proposition 2.1. (Definition) Any metric structure on T¥P can be repre-
sented in N-adapted form as a d-metric g = hgdvg.

Proof. Tt follows from an explicit construction adapted to a Whitney sum (6)
and with respect to N-adapted frames; see formula (A.3). O

If a d-metric g and a d-connection D are independent geometric struc-
tures, such values are characterized (additionally to 7 and R) by a non-
metricity field Q(y) := Dyg, with N-adapted coefficients Qgﬁ =DVgy5-

Proposition 2.2. (Definition) The data (g, D) are metric compatible if Q =
Dg = 0 holds in N-adapted form for any h- and v-components.

Proof. Tt follows from a straightforward computation when the coefficients of
d-metric g5 (A.3) are introduced into Dyg = 0, for j = y“eq = Y 0q+y Va.
Such a condition splits into respective conditions for h—v components which
with respect to N-adapted frames are Dyga, = 0,Dagay = 0,Dygap =
0, chAB =0. O

2.3.2. The Canonical d-Connection. On 7EP, we can define two impor-
tant metric compatible linear connection structures completely determined
by gg5. The first one is the standard torsionless Levi-Civita connection V
(which is not adapted to the N-connection 5phtt1ng) and the second one is a
Lie d-algebroid generalization, D—D=hD+ vD when the h—v splitting is
determined by (6).
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Theorem 2.3. There isa canonical d-connection D completely defined by data
(N, gaﬁ) for which Dg = 0 and h- and v-torsions of T are prescmbed re-

spectively, to be with N-adapted coefficients T bf = =CY bp and TA Bco = 0.
Proof. See proof in Sect. A.2. O

For trivial algebroid structures, D — D as on usual nonholonomic man-
ifolds and/or vector bundles.

Remark 2.1. e There is a canonical distortion relation D = V + Z , when
both linear connections D and V (the last one is the Levi-Civita con-
nection) and the distorting d-tensor Z are defined by the same data
N, g ﬁ) In explicit form, the N-adapted coefficients of such values are
computed following formulas (A. 5) and (A.6).

e We note that hT“ = 0 for D on TM but hT® # 0 for D on TEP.
The formulas for Lbf in (A.5) contain additional terms with C'%, ; which
results in nontrivial fabf = C“bf and additional terms in N-adapted
coefficients R?,; ; and RABbf of curvature (A.2).

To generate exact solutlons it may be more convenient to work Wlth an
auxiliary d-connection D=V + °Z for which h ¢T = 0 and v °7° = 0.
In N-adapted form, this results in CT‘zf = 0 and CT‘}BC = 0 but, in

general, R # ‘R and T # °T. The nontrivial Lie d-algebroid structure
is encoded in ©Z via structure functions p’ and C% »r and N-elongated

frames (8) and (9). The N-adapted coefficients of ¢D are computed CL‘blf =

38 (07be + 008 re — depy) and LBf = Lva BﬁC = BBC’ BBC = Béc
are those from (A.5).

2.4. Almost Symplectic Geometric Data

2.4.1. Semi-Spray Configurations and N-Connections. We show how a canon-
ical almost symplectic structure can be generated on 7EP by any regular
effective Lagrange function L.

Lemma 2.1. Prescribing any (effective) Lagrangian L, we can construct a
canonical N-connection IN = —Li,S defined by a semi-spray ¢ = y*X, +
q*Va and Lie derivative Lig acting on any X € Sec(TE) following formula
IN(X) =~ [g.5X]" + S g, X]".

Proof. We use the semi-spray formula Sq = A with the operators S and A
from (A.9) and compute

IN(X,) = — ¢, S(X)|™ + 5 g, Xa]™ = Xy + (9ug® + 47 Co )V

For IN(V,) = =V, and IN(X,) = X, — 2 IN/(z,y)V;, we define the
N-connection coefficients N = —1(9aq” + y°CJ ); see formulas (7). O

We can formulate on Lie d-algebroids the analog of Theorem 2.1:



Vol. 12 (2015) Almost Kéhler Ricci Flows 1405

Theorem 2.4. Any effective reqular Lagrangian £ € C*(E) defines a canon-
ical N-connection on prolongation Lie algebroid TPE,

i {NJ — Lo +y*’cg;>}, (12)

determined by semi-spray configurations encoding the solutions of the Fuler—
Lagrange equations (A.12).

Proof. Tt is a straightforward consequence of the above lemma and (A.11).
To generate N-connections, we can use sections I'y = y*&, + ¢*V,, with

q¢ = (2%, y®) (A.11). Let us consider the value S = y“pfl% — 2@’48%,

where G is associated with the “nonlinear” geodesic equations for sections,
A ~

% + 2G4 = 0, depending on real parameter 7, and define an N-connection

aGr

dye

to the integral curves of the Euler-Lagrange equations (A.12) if we chose

the sections G — G¥ and ¢/ (27, y) in such forms that N = —% (0,07 +

ybC'g;l) = %fj . The constructions can be performed on any chart covering
such spaces, i.e. we can prove that the coefficients (12) define an N-connection

structure (6). O

structure NI = of type (7). For P = E such sections can be related

Proposition 2.3. Any metric structure on TEP can be represented in N-
adapted form as a d-metric § = hgdvg constructed as a formal Sasaki lift
determined by an effective reqular generating function L.

Proof. Sasaki lifts are used for extending certain metric structures from a
base manifold, for instance, to the total space of a tangent bundle; see details
in [22]. For vector bundles, the formulas (2) provide a typical example of such
a construction using canonical N-connection structure N. The method can
be generalized for prolongation Lie d-algebroids. At the first step, we use the
canonical N-connection N = {./\7({ } (12) and construct N-adapted frames of
type (8) and (9), respectively,

8y 1= {0a = Xo — NIV, 1} and &= (x5 =P +./\~/';’Xf}. (13)
Then (the second step) we define a canonical d-metric

g:= gageﬁééeﬁzgab X ® XY+ §ap0® @ 0 (14)

using the Hessian (A.10). Considering an arbitrary d-metric g§ = {g 5}

(A.3), we can find a regular £ and certain frame transforms ey = e’,&;

when 8ap = eaa,eﬁ 7 €53- We can work equivalently both with g and Jor g if

a nonholonomic distribution L is prescribed and the vielbein coefficients 677,
are defined as solutions of the corresponding algebraic quadratic system of
equations for some chosen data [0 and g,3. O

2.4.2. Riemann-Lagrange Almost Symplectic Structures. Let us consider
canonical data defined, respectively, by N-elongated frames €5z = (€, =
84, V4) (13), N-connection N (12) and d-metric g§ = g (14).
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Proposition 2.4. (Definition) For any regular effective Lagrange structure L,
we can deﬁne a canonical almost complex structure on ’TEE following for-

mulas j(ea) = —Vpia and j( Vinta) = €q, when JoJ =-1

Proof. Tt follows from an explicit construction of a d-tensor field that

J = f@é@@’éaz Vit @ X+ 6 @ 6%
Using vielbeins e®, and their duals e; , we can compute the coefficients of
J with respect to any éx and é® on TEE, when J % =e%, GBB J %'/. O

In general, we can define an almost complex structure 7 on 7PE for
an arbitrary N-connection N (6) by using N-adapted bases (8) and (9) which
are not necessarily induced by an effective Lagrange function £. This allows
us to generate almost Hermitian models and not almost Kéahler ones.

Definition 2.7. The Nijenhuis tensor field for any almost complex structure
J on TEE determined by an N-connection N (equivalently, the curvature of
N-connection N) is by definition

jﬂ(fa y) = _[Ea y]—’_[Jfa Jy]_j[jfa y]—j[f, ij (15)
for any sections Z,7 of 7PE.

We can introduce an arbitrary almost symplectic structure as a 2-form
on a prolongation Lie d-algebroid.

Definition 2.8. An almost symplectic structure on TEP is defined by a non-
degenerate 2-form 0 = %GEB(xi, yB)e® A el
Using frame transforms, we can prove

Proposition 2.5. For any 0 on TEP when hO(Z,7) := 0(hZ, hy),v0(T,7) :=
O(vT,vy), there is a unique N-connection N' = {NA} (7) when

0= (hZT,vy) =0 and 6= ho+ 6. (16)
Proof. In N-adapted form,

1 ; 1 ;
0= 5Gab(asl,yc)Xa/\)C'b—l-59,43(x’,yc)5A/\CSB, (17)
where the first term is for hf and the second term is v, i.e. we get the second
formula in (16). O
Definition 2.9. e (a) An almost Hermitian model of a prolongation Lie

d-algebroid TEE equipped with an N-connection structure N is defined
by a triple HEE = (7EE, 0, J), where 0(z,7) := g(JT, 7).

e (b) A Hermitian prolongation Lie d-algebroid HEE is almost Kihler,
denoted KFE, if and only if d§ = 0.

For effective regular Lagrange configurations, we can formulate:

Theorem 2.5. Having chosen a generating function L, we can model equiv-
alently a prolongation Lie d-algebroid TEE as an almost Kihler geometry,
i.e. HEE = KPE.
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Proof. For the canonical geometric data (g = gN, T ), we define the symplec-
tic form 6(Z, %) := &(JT,7) for any sections T, 7 of T2E. In local N-adapted

form, 0 = §,,0* AX?. Let us consider the form & := é 6y‘2§+a X¢. Using Propo-

sition 2.5 and N-connection A (12), we prove that 6 = dw, which means
that df = ddd} = 0. The constructions can be redefined in arbitrary frames,
Oy =€ Oé,e Qaﬁ, for a 2-form of type (17),

- 1= . 1- ) - -
0= 50u( 1,yC)X‘1/\Xb+§9A3(x’,yc)5’4/\53. (18)

O

2.4.3. N-Adapted Symplectic Connections. Let us consider how d-connection
structures can be defined on HEE and/or KEE.

Definition 2.10. An almost symplectic d-connection D for a model HEE of
TPE, or (equivalently) a d-connection compatible with an almost symplectic
structure 6, is defined such that this linear connection is N-adapted, i.e. a
d-connection, and ?Dz0 = 0, for any section T of 7PE.

Lemma 2.2. We can always fix a d-connection °D on TPE and then construct
an almost symplectic /D.

Proof. Let us consider a 0 in N-adapted form (17). Introducing
°D={h °D = (}Da,;Da); v "D =(},Da,;Da)}
— {°T% = (°Ly;. “L;: *Bie, “Bio)),
we can verify that
D={h D= (0D0.5Da); v D= ({Da.5Da)}
= {’T5, = ("Li;, "L ; "Bic, "Bje)}, with

[e] a 1 aeo [e] [e]
Ly, = °Li; + 50““WD0be, ‘i, = °La; + 9AE °Dibgpp, (19)
[e] 1 aeo [e]
"Bl = °Bic + = 507 Dcbbe, "B = "Bio + 9AE °Debpp,
satisfies the conditions ZDQHI,E =0,'D,04p = O,zDAObe =0,Dabap = 0,
which are h- and v-projections of Dz = 0 from Definition 4.1. ]

Let us introduce the operators
1
O = (0207 — 0ca™”) and  OF = 45@55 —0cpf”).  (20)

Theorem 2.6. The set of d-connections SI‘%7

(( ”

(Ssz’ SLg’f; *Bpe, SB%C)

labeled by an abstract left index , compatible with an almost symplectic

structure 6 (17), is pammetemzed by
Li, = "L, + 65 Yi., "Ly, = "L, + 055 Yé., (21)
"Bijo = BbC +65% Yo, SBBC = "Bjc + 05k Yic,
where the N-adapted coefficients are given by (19), the ©-operators are those
from (20) and Y%7 = (Y§c7chaY£C7ch) are arbitrary d-tensor fields.
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Proof. 1t follows from straightforward N-adapted computations. 0

Remark 2.2. The Lie algebroid structure functions be in (A.5) can be con-
sidered as an example of d-tensor fields Y%7 in (21). On TBE, we can work as
on TM, but for different classes of nonholonomic distributions for sections.
The d-connections ﬁ 9D can be constructed for correspondingly defined N-
connection structures N, N when the main geometric propertles are similar
to some geometric models with D D and certain N, N. The nonholonomic
frame structures on Lie d-algebroids are different from those on nonholo-
nomic tangent bundles because in the first case the vierbein fields encode the
anchor- and Lie-type structure functions.

We can select a subclass of metric and/or almost symplectic compatible
d-connections on 7EE which are completely defined by g and prescribed by
an effective Lagrange structure £(z,y).

Theorem 2.7. On TPE, there is a unique normal d-connection "D =
{h "D = (D, = Da,vD =D,);v "D = (}Dy=Da,"Ds=Dy)}

@ A=m+ Ta .
:{nl—\giz(n bf: gfa nLB ::LH_Zf :Lgfa

"BiZh m ¢ = Biic: "Biic = Bic)h (22)

which is metric compatible, Dagbc = 0 and ﬁAch = 0, and completely
defined by € = § and a fized L(z,y).

Proof. We provide a proof constructing such a normal d-connection in explicit
form as an example when "D = D generalizes the concept of Cartan d-
connection in Lagrange-Finsler geometry on TM. Such a d-connection is

completely defined by couples of h- and v-components D = (15(1,25,4), ie.
f% (Lgf,Bgc). Let us choose
Aa 1 ~a -~ -~ -~
bf = 58 © (08be + 0v8fe — 0c8bf),

2 (23)

Biic = §§AD (Vcgsp + VBgep — VpgBO),

where the N-clongated derivatives are taken in the form (13) and g, =
SA—m+a B=m+b are generated by canonical values, using the Hessian (A.10)
and (14) induced by a regular L(x,y); we can prove that this d-connection is
unique and satisfies the conditions of the theorem. Via frame transforms, we

can consider any metric structure g ~ g. U
Finally, we formulate this very important result for our purposes:

Theorem 2.8. The normal d-connection "D = D defines a unique almost
symplectic d-connection, D= 915 see Definition 2.10, which is N-adapted
and compatzble to the canonical almost symplectic form 0 (18), i.e. 9Dh=0
and T, = T4, = 0; see torsion coefficients (A.16).

Proof. Using the coefficients (23), we can check that such a normal
d-connection satisfies the conditions of this theorem. O
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Conclusion 2.1. Prescribing an effective generating function £ on TPE, we
can transform this prolongation Lie d-algebroid into a canonical almost Kahler
one, KEE. It is possible to work equivalently with any geometric data

g N.D=V+Z|~ gL N.D|~[0(, =87, 'D|.

The Lie algebroid structure functions (pfl,C’(J:b) are encoded into nonholo-
nomic distributions on TEE determining such equivalent prolongation Lie
d-algebroid configurations.

2.5. Almost Kihler Einstein and Lagrange Lie d-Algebroids

We can formulate analogues of Einstein equations for different classes of d-
connections on prolongation Lie d-algebroids and almost Kéahler models.

Corollary 2.3. (Definition) The Ricci tensor of a d-connection D on a TEP
endowed with a d-metric structure g is defined following the formula Ric =
{Ry5 = RWEB¥}7 see the coefficients (A.2) for Riemannian d-tensor Raﬁ =
{Raﬁ%}, and characterized by N-adapted coefficients

REE:{Rab ':Rcabu RGA ::_RcacA7 RAG ::RBAaB7 RAB ::RCABC'}‘
(24)

Proof. The formulas for h—v components (24) are respective contractions of
the coefficients (A.2). O

The scalar curvature °R of D is by definition
‘R:=g"R5 = g"Rap + g " Rup. (25)
Using (24) and (25), we compute the Einstein d-tensor E.5 = Rz —
%gaﬁ R of D. Such a tensor can be used for modeling effective gravity
theories on sections of 7FP with nonholonomic frame structure [18,19].

3. Almost Kahler—Ricci Lie Algebroid Evolution

The goal of this section is to prove that N-adapted Ricci flow theories for
almost Kihler models of prolongation Lie algebroids, C®E, can be formulated
as models of generalized gradient nonholonomic flows. We extend the Grisha
Perelman’s geometric thermodynamic functional approach [4-6] and show
how modified R. Hamilton type equations [1,2] can be derived for the almost
Ka hler evolution of Lie d-algebroids.

Symplectic and almost symplectic geometric flows have been studied in
modern Ricci flow theory; see a series of examples and reviews of results in
[8-11]. Our approach is very different from those with “pure” complex and/or
symplectic forms and connections.



1410 S. I. Vacaru MJOM

3.1. Perelman’s Functionals in Almost Kahler Variables

There are both conceptual and technical difficulties which do not allow us
to formulate a generalized Ricci flow theory for non-Riemannian geometries
with independent metric and linear connection structures, or their almost
symplectic analogs. Nevertheless, unified geometric evolution theories can
be constructed for certain classes of nonholonomic manifolds and Lagrange—
Finsler spaces [12-14], both with metric compatible and noncompatible N-
adapted connections if the fundamental geometric objects are determined
in unique forms by distortion relations completely determined by a metric
and/or almost symplectic structure.

Remark 3.1. Proofs of theorems for almost Kéhler models on prolongation Lie
d-algebroids on T®E and/or KEE can be obtained by N-adapted nonholo-
nomic deformations of geometric constructions for the standard Levi-Civita
connection V, when [g ~g LN, D} ~ {é(, Yi=g(J-), " D=V + Z}.
The functions determining nonholonomic distributions, N-connection coef-
ficients and Lie algebroid structure functions are considered to be of the
same smooth class as the coefficients of g and V.

The theory of Lagrange Ricci flows on 7EE is formulated for evolving
nonholonomic dynamical systems on the space of equivalent geometric data
(E g, ?), when the functionals |\ F and )W are postulated to be of Lyapunov
type; see formulas (29) and (30). Ricci solitonic configurations are defined as
“fixed” on 7 points of the corresponding dynamical systems. The “station-
ary” variational conditions depend on what type of the Ricci tensor we use,
for instance, the one for the connections V or D. We can elaborate N-adapted
almost Kahler scenarios if the Perelman’s functionals are redefined in terms
of geometric data (g,D) and the derived flow equations are considered in
N-adapted variables. Both approaches are equivalent if the distortion rela-
tions are considered for the same family of metrics, g(7) = g(7) correspond-
ingly computed for a set L£(7).

Lemma 3.1. For the scalar curvature and Ricci tensor determined by the
distortion relation

D= D=V +2Z, (26)

the Perelman’s functionals are defined equivalently in almost Kdhler canonical
N-adapted variables,

F@D.f) = / (R + [WDFP? + | vDF)2)e ! dv, (27)

— ~ U

v
W&, D, f,#) - / R+ [WDF| + [oDF)? + f— 2mlji dv,  (28)
v

where the new scaling function f is introduced for fvﬁdv = 1 with volume

element dv, ji = (477) ™ e~/ and # > 0, in which ¥ = "

of possible h- and v-flow parameters, ¥ = ( "1, U1).

T = "7 for a couple
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Proof. On TP, evolution models can be formulated as in standard theory
for Riemann metrics [1,2,4-6], but for a family of geometric data (g(T),V(T))
induced by a family of regular £(7) € C*°(P) with a flow parameter 7 €
[—€,¢] C R, when € > 0 is taken sufficiently small. For P = E, we can
postulate on the space of Sec(E), for 7 : E — M, dimE = n +m > 3 and
dim M = n > 2, the (Perelman’s) functionals

F@V. f.7) :/(.R+ Vi) e av, (29)

W&V, f,7) = [ [r(R+ (V1)) + = 2m)| o do, (30)

C\\ <

where the volume form dv and scalar curvature , R of V are computed for sets
of off-diagonal metrics g55 (A.4) with Euclidean signature. The integration
is taken over compact regions V C TPE,dimV = 2m, corresponding to
sections over a U C M. We can fix [;dv = 1, with g = (4n7) " e~/ and
a real parameter 7 > 0. We introduce a new function f instead of f. The
scalar functions are redefined in such a form that the ”sub-integral” formula
(29) under the distortion of the Ricci tensor (A.19) is rewritten in terms of

geometric objects derived for the canonical d-connection, (,R + W f ‘Q)e_f =

(*R+ |Df|?)e=f + &. We obtain the N-adapted functional (27). For the
second functional (30), we rescale 7 — 7 and write

[7(R+|Vf])*+ f—2m] p=[*( R+ |WDf|+ | vDf|)* + [ — 2mlji + 1,

for some ® and ®; for which I ®dv = 0 and I ®;dv = 0. Finally, we get
the formula (28). O

In the rest of this section, we shall only sketch the key points for proofs of
theorems when the geometric constructions are straightforward consequences
of those presented for the Levi-Civita connection in [4-9] and extended to
nonholonomic configurations in [12-16]. For our models, we consider opera-
tors which up to frame transforms are defined by £ via V on TPE. Following
Remark 3.1 for distortions completely defined by g, we can study canoni-
cal Cartan and almost Kahler Ricci flows on prolongation Lie algebroids as
nonholonomic deformations of the Riemannian evolution.

Using é(, ) :=g(J-, "), we can define the canonical (almost symplectic)
Laplacian operator, A= 55, and (the Levi-Civita) Laplace operator, A =
VV, and consider a parameter 7(x),d7/0x = —1. For simplicity, we shall
not include normalized terms or values of type fV &)1dv = 0 if those values
can be generated, or transformed into gradient type ones, via nonholonomic
deformations. Inverting the distortion relations (26), we can compute

b
I

A+ZA, A = Z32% — [Dx(Z27) 4+ Z4D°; (31)

R R 5. + Zicg,, R ="R+g"Zicz, =R +°Z,

Y
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57, = 'gVB7 ZZ'CE7 = hZ+ vZ, he = g Zicab7 vZ = g4B ZicAB;
SR= hR+vR, hR:=g" Ru, vR=g"PRapg,

where the terms with left up label “Z” are determined by Z (for instance,
Zicﬁﬁ are components of respective deformations of the Ricci d-tensor). For
convenience, the capital indices A, B,C'... are used for distinguishing v-
components and even the prolongation Lie algebroid is constructed for P = E.

3.2. N-Adapted Almost Symplectic Evolution Equations
Let us consider the symmetrization and anti-symmetrization operators, for
instance, R(aﬁ) = %(RO/B + R[;a) and R[a/g] = %(Raﬂ — Rﬂa) Using de-
formations of type (31) of corresponding geometric values in the proof, for
instance, given in for Proposition 1.5.3 of [7], we obtain

Theorem 3.1. (a) The N-adapted Ricci flows for the Cartan d-connection D
preserving a symmetric metric structure § on TFPE can be characterized by
this system of geometric flow equations:

8§ab agAB

e = ~(Rap + Zicay), v —(Ragp + Zicap), (32)
f{ aA — —ZiCaA, f{ Aa — ZicAaa (33)
8.?_ A Z N\ £ N = 2 s sry
oy = B+ AFH|(P-2) 7 - Rz, (34)

and the property that

%f(gaﬁv .]?) = /Hﬁab + Zicab + (ﬁa - Zf:’;a)(lzsb - Z:’;17)-}T|2

v
+|Rap + Zicap + (Da — Z4)(Dp — Z5)f|*le/ dv,

/ei dv = const.

Vv

(b) In almost symplectic variables with 0 = §a,0* A X" and almost Kdihler
d-algebroids K®E, and for redefined scaling function f, up to normalizing
terms, the h- and v-evolution equations are written in equivalent form as

0041 ~ 094p _ —ﬁ[AB]- (35)

o~ R

For different classes of distortions of type (31), we can redefine the scal-

ing functions from the above lemma and write the evolution equations (32) in

the form (35) for symplectic variables with (18). On 7 ”E, the corresponding
system of Ricci flow evolution equations can be written for D,

8Ag'ab = agAB 3
— 2Ry, = 9Rup, 36
aX b ax AB ( )
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which can be derived from the functional f(g,D 7 = fv ‘R + |Df]?)

e‘f dv. We note that the conditions of type RQA =0 and RA,l = 0 must be
imposed in order to model N-adapted evolution scenarios only with symmetric
metrics. In general, a nonholonomically constrained evolution can result in
nonsymmetric metrics.

Corollary 3.1. The geometric almost Kdhler d-algebroid evolution defined in
Theorem 3.1 is characterized by corresponding flows (for all time 7 € [0,79))
of N-adapted frames, €5(7) = é&al (1, 2%, y©)Ox , which up to frame/coordinate
transforms are defined by the coefficients

57 (r.0t 4 = { e (ot y®) NP (raiyO) ef (. xi,y(/‘)} |

O eAA/(Tv xiayc)

o ; ,=0% e =—NE(r,2",y°) &,
eaf'(T7 IZ)ZJC) = |: o t 1 ' A @ )
« 6 A= O EAA/ - 5?/
with gab(T) = eaa/(T, z' y©) ebb/(T, 2y ey and Gap(t) = eAA/ (7,2, y%)
e (r,2%,y“)narp:, where ney = diag[l,...,1] and na g = diag[l,...,1],
to fiz a Riemannian signature ofg([f]ﬂ(xi, y©), are given by equations %éaa, =

g@ ﬁgﬁ éﬁa, if we prescribe that the geometric constructions are derived by
the Cartan d-connection.

The proof of this corollary for KEE is similar to those presented in N-
adapted forms for nonholonomic Ricci flows and/or Finsler-Ricci evolution,
or on 7PE, see [12-15]. All constructions depend on the type of d-connection
we chose for our considerations.

3.3. Functionals for Entropy and Thermodynamics K*E

For three-dimensional Ricci flows of Riemannian metrics, the value W (30)
was introduced by Perelman [4] as a “minus entropy” functional. We can
consider that W (28) has a similar interpretation, but in almost symplectic
variables and on prolongation Lie d-algebroids. The main equations stated
by Theorem 3.1 for F (27) can be proven in equivalent form.

Theorem 3.2. The Ricci flow evolution equations with symmetric metrics and
respective almost symplectic forms on TPE and, correspondingly, K®E, see
(32), (33) and (35), and functions f(x) and T(x) being solutions of

af R 2m or _
oy = B+ TN+ (D~ 2) - R 2T

" Ox
can be derived for a functional w satisfying the condition

0 [~ - S ~ ~ o~ ~ .
5 VEN. F00.700) = 2 V/ Ry — Zicos + (B — 20)(By — 23)

1 ~
N—m_—f
— =Bl nT) e o,

for fv e~fdv = const. Such a functional is N-adapted and nondecreasing if it
is both h- and v-nondecreasing.
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Proof. For the Levi-Civita connection on 7EE, the proof is similar to that in
Proposition 1.5.8 in [7] containing the details of the original result from [4].
Using N-adapted deformations, the geometric constructions are performed in
almost symplectic variables on KEE. O

Let us remember some main concepts from statistical thermodynamics.
It is considered a partition function Z = [ exp(—BE)dw(E) for a canonical
ensemble at temperature 3~!. Such a temperature is defined by the mea-
sure determined by the density of states w(E). We can provide a statistical
analogy computing respective thermodynamical values. In standard form, we
introduce (E) := —dlog Z/J, the entropy S := 3 (E) + log Z and the fluc-
tuation o := <(E - <E>)2> = 0?log Z/03?. The original idea of Perelman
[4] was to use such values for characterizing Ricci flows of Riemannian met-
rics. The constructions can be elaborated in N-adapted form for geometric
flows subjected to non-integrable constraints on various spaces endowed with

nonholonomic distributions of commutative and noncommutative type, Lie
algebroids, etc [12-16].

Theorem 3.3. The N-adapted metric compatible (with symmetric metrics)
Ricci on TPE are characterized by (a) canonical thermodynamic values

\Z

(b) and/or by effective Lagrange and/or almost Kdhler Ricci flows
(2) = _%2/( R (D~ 2) i do,
T
v

[7( *R+|Df|?) + f — 2m]j dv,

|
el

25l 10 dv,

Qv
I
[\
2

i
—
=

Q
m\
Q\
o
&h

where all values are constructed equivalently in Cartan and/or almost sym-
plectic variables on KEE.

Proof. Similar proofs in coordinate and/or N-adapted forms are given in [7,
12-16]. We have to use the corresponding partition function Z = exp { fv[f f

+ m] fidv} for computations on KFE. The formulas in the conditions of the-
orem depend on the type of d-connection, V. — D, or V — D, which is chosen
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for nonholonomic deformations. Corresponding rescaling f — f, or f, and
7 — T, or T, have to be considered. O]

Finally, we note that Ricci flows with different d-connections are char-
acterized by different thermodynamical values and stationary configurations.

4. Ricci Solitons with Lie Algebroid Symmetries

In this section, we shall construct in explicit form some examples of exact so-
lutions for Ricci soliton Lie d-algebroid configurations. The fist class of models
describes generalized Einstein spaces with nonholonomic (for instance, almost
symplectic) variables and the second one is determined by Lagrange-Finsler
generating functions.

4.1. Preliminaries on Lie d-Algebroid Solitons

Lie d-algebroid Ricci solitons can be viewed as fixed points of generalized
Ricci flows with a functional W (28) satisfying the conditions of Theorem 3.2.
Such nonholonomically constrained dynamical systems correspond to self-
similar solutions describing N-adapted geometric evolution models.

Definition 4.1. The geometric data [g ~ &, L,N,D] ~ [0(,") := &(J-,),
D =V + Z] for a complete Riemannian metric g on a smooth 7PE and
corresponding KEE define a gradient almost Kahler—Ricci d-algebroid soliton
if there exists a smooth potential function on &(z?,y“) such that

R 5. + D5Dsf = AE 5. (37)

Using the almost symplectic form (18), these equations can be written equiv-
alently in the form

0D 05 07 =~ _\j_
R @+ "D "Dyf =255

There are three types of such Ricci solitons determined by A = const : steady
ones, for A = 0; shrinking, for A > 0; and expanding, for A\ < 0.

The above classification is important because shrinking solutions for the
Riemannian Levi-Civita solitons helps us to understand the asymptotic be-
haviour of ancient solutions of Ricci flows (see, for instance, Proposition 11.2
in [4] and/or Theorem 6.2.1 in [7]). In general, complete gradient shrinking
Ricci solitons describe possible Type I singularity models in the Ricci flow
theory. If & = const, the Eq. (37) transform into distorted Einstein equations,
but for Ricci solitonic configurations.

Proposition 4.1. Let (g ~ Q,E,Jv,ﬁ;fi) be a complete shrinking soliton on
TPE and/or KEE. Using nonholonomic frame deformations, we can con-
struct a redefined potential function R(x',yC), for 8 ~ g, when (37) are
equivalent to

R 5. + DgDsi = \E 5-- (38)
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Proof. Using Conclusion 2.1 and contracting indices in (37) we obtain that
SR + |DE|? — & = const. Distortion relations of type Dy = Dg + Z allow us
to compute ‘R+ °Z+ I( D+ Z)R|? — & = const, which can be rewritten as
‘R + | DR[2 — & = const for certain nonlinear transform % — &. In general,
the systems (38) and (37) have different solutions. Nevertheless, conditions
of type Z=0 and /or Z = 0 result in the Levi-Civita configurations and
equivalent classes of solutions. O

4.2. Generalized Einstein Equations Encoding Lie d-Algebroids

We can construct very general classes of off-diagonal solutions of (38) if we
impose the condition that in some N-adapted frames

~

Dk = esk = K5 = const, (39)

ie. 0uf = AR —NCke =0 and ViR =ka.

The information from potential functions % is encoded into the data for N-
connection structure with coefficients NC.

For simplicity, we shall consider in this section nonholonomic distri-
butions on a nonholonomic E = P with 2 + 2 splitting when a,b,... =
1,2;4',5',... = 1,2 and A, B,... = 3,4. The local coordinates are parame-
terized in the form u* = (2%, y%) = (2!, 22,93, y*). We study nonholonomic
deformations of a d-metric § on E into a target metric g (A.3) on 7PE,
§ —g, which results in solutions of the Ricci solitonic equations (38) and
(39). The prime metric is parameterized as

o

= a(0)é® ® & = gi(x)da’ @ dz’ + he(z,y)6* @ &%,
for & = (dz',e” = dy® + Nf (u)dz?), (40)
= (& = /dy" — N2(w)2/dy’, eq = D/0y").
For physical applications, we can consider that the coefficients of such metrics
are with two Killing vector symmetries and that in certain systems of coor-

dinates it can be diagonalized.* In general, we can consider arbitrary (semi)
Riemannian metrics. The target Lie algebroid d-metrics are chosen

g= gaﬁeﬁééegzga XOQ X +gadt @t (41)
= na(xk)-&aXa ® X + T]A(‘rk7 yg);lAdA ® 6A7

where we shall construct exact solutions with Killing symmetry on 8/0y*
(non-Killing configurations need a more advanced geometric techniques). Let
us denote by h* := 93h and N2 = w, (2, %), Nt = n, (2%, 43).

Proposition 4.2. The nontrivial components of the Ricci soliton d-algebroid
equations (38) and (39), with respect to N-adapted bases (8), (9) and for

4This includes the bulk of physically important exact solutions of Einstein equations.
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coordinate transforms when 0q, — X, and Va = 0a for a metric (41), are

5 ~ Xigi Xiga  (Xigo)’
~-Ri=-Ri= X (X1g) — —
! > 20190 l 1(%1g2) 291 292
Xogi Xoge  (Xog1)?
Xo (X — — = A 42
+ 2( 291) 20 2 ) ( )
_R3 — _R4 — h** _ 4 _ 314 — )\ 43
3 47 Qhshy [ 4 2hy 2hs ’ (43)
o wa | (WD) B3hI| b (Xahs | Xehs)  Xah)
Ri, = h4 - - — — =0,
2hy 2hy 2hs 4hy hs ha 2hy
(44)
-~ h4 h4 3 ’I’L*
Rua = onf + (2205 — Shi ) -2 =05 45
DT +(h3 873 4) 2hs (45)

for the equations for the potential function
Xok — weks —ngka =0 and Vak = ka4,

when the torsionless (Levi-Civita, LC) conditions Z=0 transform into

U}Z = (Xa - ’LUaa3) In V |h3|7 (Xa - U}aaS) In \% |h4| = 07 (46)

*
Xow, = Xawp,n,, = 0,0,np = Opng.

Proof. Tt follows from straightforward computations of the Ricci d-tensor
on TEE using formulas (A.5) and (A.2). The local frames are redefined in
the form 9, = e“;/'\,’a/ to include Lie algebroid anchor structure functions and
commutation relations of type (5) and (10). For nonholonomic 242424 - - +
decompositions, this can be performed by local frame/coordinate transforms.
Details of calculus on T'V are provided in [17] and references therein. We can
work similarly both on TV and T®E but with different N-adapted non-
holonomic frames and N-elongated partial derivatives and differentials. The
system of Egs. (42)—(46) possesses an important decoupling property. For
instance, the Eq. (42) is a 2-d version of Laplace/d’ Alambert equation (it de-
pends on the signature of the h-metric) with prescribed local source \. Such
equations can be integrated in general form and even the algebroid structure
functions p! (z*) are not trivial. The Eq. (43) is the same both on TV and
TPE and contains partial derivatives only on 95 and can be also in similar
form. 0

4.3. Generating Off-Diagonal Solutions

We can integrate the algebroid Ricci soliton equations (38) and (39) for a
nontrivial source A, g, = €,e¥@"), ¢, = £1 and h: # 0.
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Theorem 4.1. The system (42)—(45) decoupled in N-adapted form,

N
\]

e1 X1 (X)) + €2 Xo(Xat)) = 2
&1 = 2haha)

/Bwa — Qg = 07

W
0]

=~
=}
—_ — D D D —

ny* +yn, =0,
for ao = 0 Xad, = 56",y = (I |hal*/?/|hg])
where ¢ = n|h}/+/|hshal|,

~ o~~~ o~~~
() BN
_ O

is considered as a generating function.

Proof. Tt follows from explicit computations for d-metrics (41) with Killing
symmetry on 04. It is convenient to use the value ® := e?. 0

Corollary 4.1. The above systems of nonlinear partial differential equations,
PDE, can be integrated in very general forms.

Proof. We should follow such a procedure:

1.

2.

The (47) is just a 2-d Laplace/d’Alambert equation which can be solved
for any given .

For ha = eaz% (2", 9y%), ea = +1 (we do not consider summation on
repeating indices in this formula), the system of two Eqgs. (48) and (52)
can be written as ¢*z} = e324(23)%\ and e®z3 = 2¢42. Multiplying both
equations for nonzero zj, ¢*, z4 and introducing the result instead of the
first equation, this system transforms into ®* = 2ege 2324\ and Pz3 =
2¢4z;. Introducing zs from the second equation into the first one, we
obtain [(24)%]* = e3[®2]*/4\. We can integrate on y°,

ha = ea(za)? = Cha(ab) + 52102 (53)

for an integration function °hy(z*). From the first equation in the above
system, we compute

O zj 24 1

h = 2 = — = —

3 63(23) A ZoZ4 2\

Redefining the coordinates and ¢ and introducing esze4 in A, we express
the solutions in functional form, hs[®] = (%)% /AD?, hy[®] = ®2/4N.

(In [@[)* (In [Foa])". (54)

. To find w, we have to solve certain algebraic equations which can be

obtained if we introduce the coefficients (51) in (49),
we = Xop/P" = X, /D", (55)

. Integrating two times on »* in (50), we find

ny = 115+ 9 / ay? hs/(v/Tha))®, (56)

where 11 (2?), 2np(2") are integration functions.
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5. The nonholonomic constraints for the LC-conditions (46) can be solved in
explicit form for certain classes of integration functions 1, and ong,. We
can find explicit solutions if on, = 0 and 1n, = Apn with a function n =
n(x®). We get (X, —wq03)® = 0 for any ®(z*,y?) if w, is defined by (55).
For any functional H(®), we obtain (X, —w,03)H = $Z (X, —w,05)® = 0.
It is possible to solve the equations (X, —wqd3)hs = 0 for hy = H(|®(P)]).
This way we solve the second system of equations in (46) when (X, —
wa03) In \/ha| ~ (X, —w,D3)hs. We can consider a subclass of generating
functions ® = & for which (X,®)* = &, (®*). Then, we can compute for
the left part of the second equation in (46), (X, — w,03)In\/]h4| = 0.
The first system of equations in (46) can be solved explicitly for any w,
determined by formulas (55), and h3[®] and h4[<i> ®*]. Let us consider
® = ®(In /|hs|) for a functional dependence h3[®[®]]. This allows us to

obtain the formulas w, = X,|®|/|®* = X,|In/|hs]|/|In \/|hs]|*. Taking
derivative 03 on both sides of this equation, we get w — (Kalln ylhs[)7

[In\/Ihs|[*

“n\/‘\/%‘* The condition w} = (X, — w,03) In\/|h3] is necessary for
the zero torsion conditNions. It is satisfied for ® = . We can choose w, =
W, = X,®/®* = X, A, with a nontrivial function A(z*,y?) depending
functionally on generating function ® to solve the equations X,wy, = Xyw,
from the second line in (46).

O
Conclusion 4.1. The class of off-diagonal metrics of type (41) with coefficients

computed following the method outlined in the above Proof are determined by
quadratic elements of type ds® =

T e (A1) 4 6p(X2)2] + €5 (f 2 V5 + (x, Ald]) e
tey 4TA‘ [ + (Xan)X“]Q. (57)

In general, on prolongation of Lie d-algebroids, the solutions defining
Ricci solitons can be with nontrivial torsion.

Remark 4.1. For arbitrary ¢ and related ®, or ;IV>, we can generate off-diagonal
solutions of (42)—(45) with nonholonomically induced torsion,

d82 _ e'(p((l;k)[61()(1)2 +62(X2)2]

x,o 12
+e3(23)° {VS + (I(;X“]

st s (v [ ]

where the values z3(x*,y%) and z4(z*,y?) are defined by formulas (54) and
(53). In N-adapted frames, the ansatz for such solutions defines a nontrivial
distorting tensor Z = {Z_ }; see (A.6).
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Taking data §,(2*) and ha(zF) for a prime metric (40) to define, for
instance, a black hole solution for Einstein—de Sitter spaces, and reparame-
terizing the metric (57) in the form (41), we can study nonholonomic defor-
mations of black hole metrics into Lie algebroid solitonic configurations. In
explicit form, such examples of algebroid black holes are proved in [19] and
reference therein.

4.4. On Lie Algebroid and Almost Kihler—Finsler Ricci Solitons

We show how a Finsler geometry model can be nonholonomically deformed
into a Ricci soliton d-algebroid configuration. Let E = TM for a tangent
bundle TM on the base space M be a real C°° manifold of dimension
dimM =n = 2.

Definition 4.2. A Finsler fundamental, or generating, function (metric) is a
function F': TM — [0, 00) for which (1) F(z,y) is C* on TM = TM\{0},
where {0} is the set of zero sections of TM on M; (2) F(z,fy) = BF (z,vy),
for any 8 > 0, i.e. it is a positive 1-homogeneous function on the fibers of
TM; (3) for any y € T, M, the Hessian YGij(z,y) = %%
a “vertical” (v) metric on typical fiber, i.e. it is nondegenerate and positive
definite, det | Vg;;| # 0.

is considered as

For the conditions of Theorem 2.1, we take £ = L = F? and construct

the geometric data (g, IN).

Theorem 4.2. Any Finsler—Cartan geometry (equivalently modelled as an al-
most Ka hler—Finsler space) with nonholonomic splitting 2-+2 can be encoded
as a canonical Ricci d-algebroid soliton with metric of type (58) and a respec-
tive almost Kdhler d-algebroid soliton; see Definition 4.1.

Proof. 1t follows from explicit computations for d-metrics (41) with Killing
symmetry on d;. We consider for the class of metrics (41) that up to frame/
coordinate transforms the prime configuration is determined by a total bun-
dle metric g5 = e’ e? 3 8ap- The target metric g5 (41) defines generic
off-diagonal solutions for prolongation Lie d-algebroids with canonical d-
connections if g5 is of type (58). Such solutions of Ricci soliton d-algebroid
equations (38) define nonholonomic transforms (g ~ g, £ = F2, N, D; i) —
(8 ~ g,/\7 , 13; k). We reencode a Finsler—Cartan geometry into the canoni-
cal data for a Ricci soliton solution on TEE, for E = TM Via additional
d-connection distortions D = D + Z , completely defined by a Ricci soli-
ton d-algebroid solution (58), we redefine the geometric constructions on
KTMTM. For fundamental geometric values, (g ~ §,]\7,5;E) = [5(, )=
&), 'D=D+ Z2].

The constructions for this theorem can be extended for nonholonomic
splitting of any finite dimension 2 + 2 - + 2. O
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Appendix A. Formulas in Coefficient Forms

In this section, we summarize some important local constructions and coeffi-
cient formulas which are necessary for formulating Ricci evolution equations
and deriving exact solutions on Lie algebroid models.

A.1. Torsions and Curvatures on 7 EP

The N-adapted components I‘% = (L‘gf, Lgf iBio, B‘gc) of a d-connection
Definition 2.5 and corresponding covariant operator Dy = (ex|D), where |
is the interior product, are computed following equations I"%B = (Daeﬁ)JeT

The h- and v-covariant derivatives are defined, respectively, hD = {D, =
(L, L)} and vD = {D¢ = (Bj, Bje)}, where

Li; =(Dsdy) | X%, L =(DsVp)|6", Bio =(Dcds) | X, B =(DcVp)| 6%

are computed for N-adapted bases (8) and (9).
Using rules of absolute differentiation (5) for N-adapted bases ez :=
{64,Va} and €7 := {X §B} and the d-connection 1-form I'_ := I"Yafeﬁ,

we can compute the torsion and curvature 2-forms of D on 7FP. For in-
stance, let us consider such a calculus for the d-torsion 2-form. We take some
sections T, 7, Z of TPP parameterized in the form, for example, 7 = 2%ex =
2%0, + 2V 4. Following an N-adapted differential form calculus, we prove
some important formulas for the d-torsion and d-curvature.

Theorem A.1. For a d-connection D, we can compute

o (a) the torsion T* := De® = de“ + 1"% A€P; the h-v coefficients T® =
{T%ﬁ} ={T%;, T“bA,TAbf, T4, T4} with N-adapted coefficients

T = L% — L%, + C%y, T, = —T7, = B%,, T4, = 0%,

A NG A A
TBa:W_LBavTBC_BBC_BCB' (A-l)
o (b) The curvature R% := DIy —idI‘% — 1"73 AT, R%ﬁe7 A€,
& o e o (e & T
whereRff e5F By e,yl"ﬂ(s—i—I‘ﬁI‘af—I‘mF@Y—}—I‘ﬁEW% with
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N—adapted coefficients

3= {R wé} = {R B> R Bfvs RasﬁA’ RCBﬁAa RaﬁBAa RCBEA}» for
R vy = 0rL%, — L%, + L 4L af — LdefLadb + Laengf - BaeAQAfba
RABbf = 67L%%;, — 5bL§f + L%bLACf L fL cp T L dCl;if - BABCQJC”'M
R4 = VaLly, — DyBZ, + B 5T 4,
R% 4 = VaL%; — D,B%, + BG T 4, (A.2)
R%%pa = VaB%p — VeBic + B pB%c — B4 cByp,
Rep = VeBhe = VeBY%p + BeBhp — B pBlhe

The formulas (A.1) and (A.2) can be used for D =D, or D = D [in the
last case, see respective formulas (A.16) and (A.18)].

A.2. N-Adapted Coefficients for the Canonical d-Connection
A d-metric structure g = {g55} on TP is defined by

g=ge’ ©e’ =g, X @ X +gap 0" @47, (A.3)
It can be represented in generic off-diagonal form,®> g = gagdza ® dzP where
gab + N NP gap N gac
A4
JaB = { /\/ 8ED gpcC ( )

Considering dual frame and/or frame transforms, e® — dz7 and/or 0z —
_, _, e a’ NB
el Oy, with el = | 7 A/

0 €A

tween coeflicients 953 = Ca

] , we obtain quadratic relations be-
= ﬁﬁ N for Ny = diag[+1,... £ 1] fixing a
local signature for the metric field on 7¥P.

Now, we can provide a proof of Theorem 2.3. Let us consider f‘af

(Lg,. LA ;Bgo, Bic), where

~ 1 1
bf = §gae (0£8be + Obgfe — eBby) + igae (86aC%. + 87aC%y — 8aCl%;)

ng = VB(Nf‘) + g (6,850 — gpcVe(NP) — gpsVe(NP)) (A.5)

2
~ 1 ~ 1
Bie = gg‘”vcgm, Bpe = igAD (Vegsp + VBgep — Vpgae) -

Using such values as N-adapted coefficients for a canonical d-connection 5,
we can check that Dg = 0 and that the h- and v-torsions (A.1) are com-
puted 179 ;= =09 f and T4 5o = 0. There are nontrivial N-adapted coefficients
of torsion of D, i.e. be, T‘@A,f‘;‘a and TBa, which can be computed by
introducing the coefficients (A.5) into formulas (A.1).

5 Le. such metrics cannot be diagonalized by coordinate transforms.
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Let us show how we can compute the N-adapted coefficients of the
distorting relation D = V + Z in Remark 2.1. Having a d-metric struc-
ture g on 7FP we can always construct a metric-compatible Levi-Civita
connection V which is completely defined by the zero torsion condition,
V7o = {K%ﬁ} = 0. Parameterizing the N-adapted coefficients in the form

- —a =A ma =A
K‘%7 = (Lgﬁ/, Lg., ;Bgc, Bpe), we can verify via straightforward computa-
tions with respect to (8) and (9) that the conditions of the mentioned Remark
satisfied by distortion relation

& _ P a
K% =T + 27, (A.6)

where the N-adapted coeflicients of the distortion d-tensor Z= {Zvaﬁ} are

R . . ~ 1
AB
Zg,=0, Zi,=-Bizg.sg Qbfv by=5%%8cn8™ — Eif Bip,
—AB A A b —ad
Zjp= T2 15, Zho =0, ZLjp= §Qbfg03g “+Eif Bip,
AD ™C 7 8" [ TS,

ZbB =— " Z¢B TbD> %B = _7 [TbAgCB + TngCA} )

for Z¢¢ = 3(606% — gprg°7) and *EEF = (6805 + gopg™P).

Introducing Ka T 5 (A.5) into formulas (A.2), (24) and (25), we

compute respectwely the coefficients of curvature, RZ__, Ricci tensor, ﬁﬁﬁ,

oz
and scalar curvature, R. The distortions K = ' + Z (A.6) allows us to

compute the distorting tensors ( Z‘% = Za o5 and SZ) resulting in similar values

for the (pseudo) Riemannian geometry on 7¥P determined by (g, K), i.e.

to define R"‘B 51 s and °R.

A.3. Lie Algebroid Mechanics and Kern—Matsumoto Models

Let us briefly outline some basic constructions [19] when the canonical N-
and d-connections and d-metric on 7¥E, for P = E can be generated from
a regular Lagrangian £ as a solution of the corresponding Euler-Lagrange
equations. The approach was developed in geometric mechanics with regular
Lagrangians on prolongations of Lie algebroids on bundle maps; see [27,29,30]
and references therein (the first models on mechanics on algebroids were
elaborated in [31,32]).

For a generating function £(z%,y%) € C*°(E) (or Lagrangian L(z*,y%)
if E = TM), we can compute d¥L = p’ (0;L)X® + (04L)VA. A vertical
endomorphism S : TPE — TPE is constructed by S(a,b,v) = ¢V (a,b) =
(a,0,bY). We consider bY as the vector tangent to the curve a + 7b, the
curve parameter 7 = 0. The vertical lift is a map ¢V : 7*E — 7EE and the
Liouville dilaton vector field A(a) = ¢Y(a,a) = (a,0,bY). This allows us to
construct a model of Lie algebroid mechanics for £ which can be geometrized
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on 7EE in terms of three geometric objects,
the Cartan 1-section: 0 := S*(dL) € Sec((TPE)*);
the Cartan 2-section: wy := —df, € Sec(A*(TEE)*); (A7)
the Lagrangian energy: E, := LiaL — L € C*(E),
where the Lie derivative Lin is considered in the last formula. The dynamical
equations for £ are geometrized
isxwe = —S*(ixwe) and iawe = —S*(dEz), VX € Sec(TTE).
(A.8)
The geometric objects (A.7) and equations (A.8) can are known for

various applications in coefficient forms. Using local coordinates (z¢,y%) € E
and choosing a basis {X,,Va} € Sec(TEE), for all a, we have

SX,=V,, SV,=0, A=y"V,, Ec =y"dL/0y" — L, (A.9)
0’L 1/, 0°C . 0°L oL
= Xe b _ ° _ _ i Y~ xe Xb
we OyaOyb AV 2 (pb Ox' Oy Pa Oxioyb +Ca ayf) A

for Lie algebroid structure functions (p¢, C’(fb). As a vertical endomorphism
(equivalently, tangent structure) can be used, the operator S := X*®V,. A
regular system is characterized by a non-degenerate Hessian
9L
Gab ‘= W»
A Euler-Lagrange section associated with L is given by any 'y =
y? X, + ©*V, € Sec(T®E), when functions ¢®(x?,y) solve this system of

|gab| = det ‘gab‘ 7& 0. (A].O)

. . 2 - 2 . 3
linear equations " ajbaﬁya + v (p} 83‘8@& + C’({b%) — pi 2% = 0. The semi-
spray vector

0L . 0°L oL
e __ ~eb 7 0 a __~f a
Y =9 (pb ozt Pa 81‘18yby Cba 8yfy ) (A]‘]‘)

can be found in explicit forms for regular configurations when g is inverse to
Gap- The section I'z transforms into a spray which states that the functions ¢°
are homogenous of degree 2 on y° if the condition [A,T'z]g = I'z is satisfied.
The solutions of the Euler-Lagrange equations for L,

da’ ; d [oL oL ; OL
=ply® and — oS = - P = A12
dr PalY al dr <aya> + Y Cab 8yf Pa, oxt Oa ( )

are parameterized by curves ¢(1) = (z(7),y%(7)) € E.

A.4. The Torsion and Curvature of the Normal d-Connection
Let us consider a 1-form associated to the normal d-connection D= (5,1, D A),
see "D (22) and f‘%ﬁ = (f;gf,]g‘blc) (23),?‘: = f;ngf + ]/?;26(507 where €5 =
(€4 = 04, V4) and &° := {X*, 6 = VP +N}’Vf} are taken as in (13). We can
prove that the Cartan structure equations are satisfied,
dX* — X' AT, = —hT%, ds° — " AT, = —vT°, (A.13)
and dT, —T, AT, = —R%,. (A.14)
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The h- and v-components of the torsion 2-form T = (h%a,v’?”) =
'i‘acbéc A 8% from (A.13). The N-adapted coefficients are computed
~ ~ . 1~ JO
hT® = BLXY N6, 0T = Eﬂgcxb A X+ (VNE —LE)XY A 6°,
(A.15)
where Q‘gc are coefficients of the canonical N-connection curvature (11) of

the canonical N-connection, N} — N ? (12). In explicit form, the N-adapted
coefficients of d-torsion (A.1) of D are

T, =0, TacB = BcB’T cb = cha;f‘AcB = VB/\N/’CA - f‘?137;]?14015’ =0,
(A.16)
where indices A, B, C, ... are transformed into, respectively, a,b, c, ... at the
end (to keep the convention on h- and v-indices). We note that we have chosen
such nonholonomic distributions when the Y-fields from the Theorem 2.6 are
stated in such way that the formulas (A.16) on TEE are similar to those on
TM.
Using a differential form calculus, we can also compute the curvature
2-form (A.14),
~ ~e 1~ ~ 1
e __ a b __ e a b e a B e A B
(A.17)
where the nontrivial N-adapted coefficients are
RE fab = 5bLfa 4 f‘eb + f‘?aiZb - it}bf‘fla BfAQbav
Pabe = VBLbf DfBbBa S° tAB = VBBfA - VABfB + BY $aBap

The distortion relations for the Ricci tensor are computed as

_ — R — oK% a 2 a_ P o @ P
Rﬁﬁ—Rm—a—eaKm K +K K - KfK L+ K% W,g,
7 _  _ ga 7 @ N@ ~a _~¢ 7a
Z 7_237&_%267 eA,Zﬁa-i—ZBﬁZW ZEaZW

P @ 2
77 T 2% va ~ L5 F'e 5+ Lo Wi

(A.19)
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