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Abstract The optical performance of laser Doppler ane-
mometer (LDA) technology in applications to circular
pipes with an external plane wall has been clarified and
quantified. It is shown that optical aberration is a persis-
tent feature in such LDA measurements and measure-
ments from each direction along a full pipe diameter are
needed to obtain the flow distribution. For measurements
of axial velocities in a circular pipe no special care has to
be taken, even if the optical plane deviates from the pipe
axis. For measurements of tangential and radial velocities
detailed operating guidelines have been presented with
respect to the shift of the measurement volume, its optical
properties and the beam waist dislocations. The analysis
reveals the possible influences on both the signal quality
and the measurement accuracy.

1
Introduction
Fluid flow in a circular pipe is one of the most familiar and
well-understood flows, but its measurement with laser
Doppler anemometry (LDA) is not at all straightforward
because of the surface curvatures on both the inside and
the outside of the pipe. For instance simultaneous two-
component velocity measurements using four laser beams
cannot be carried out, as the four beams do not intersect at
a single point in the flow owing to the optical aberration.
This optical aberration is comparable to that which also
occurs with off-axis alignment of the LDA unit when the
optical axis intersects a plane wall at an angle other than a
right angle, a phenomenon that is known as astigmatism
(Zhang 1993, 1995; Zhang and Eisele 1995, 1996, 1998a).

Nearly all of the optical features and the effects of astig-
matism that are present in off-axis alignment of the LDA
unit to a plane window also exist in a similar form in
attempts to measure flows in a circular pipe.

In such circumstances, LDA applications suffer from
the optical aberration related to the LDA transmitting/
receiving optics and the optical aberration related to each
individual laser beam. The optical aberration related to the
LDA optics implies a displacement between two mea-
surement volumes of a two-component LDA unit, so that
only one-component velocity measurements are possible.
The optical aberration related to the individual laser beam
leads to a deformation of the beam waist, causing a dis-
tortion of LDA measurement volume. Laser beam refrac-
tion on the curved interfaces of circular pipes requires
calculations of beam transmittance with respect to both
the intersection position and the intersection angle of laser
beams. To avoid the difficulty of calculating the laser beam
refractions on the curved flow interface, a simple method
of matching the refractive index of the test fluid to that of
the pipe wall has often been applied in small-scale labo-
ratory measurements. It is indeed an effective method that
also enables simultaneous two-component measurements
to be made. It is, however, not applicable in most indus-
trial applications, where the refractive index matching is
impossible or gaseous flow is encountered.

In dealing with flow measurements in a circular pipe by
means of the LDA method without refractive index
matching, the optical performance can be considerably
improved if the outside of the pipe is cut off and made
plane, as illustrated in Fig. 1 from a recent industrial
application (Zhang and Parkinson 2002). This approach
was initially carried out to simplify the laser beam trans-
mittance calculation, as the formation of the measurement
volume becomes independent of the thickness of the pipe
wall. The approach, however, additionally makes a con-
tribution to the reduction of optical aberration, so that
optical aberration is only restricted to the beam refraction
on the internal surface of the circular pipe. The use of a
moveable window in Fig. 1 makes the equivalent plane cut
off and enables the free alignment of LDA to the pipe, so
that the flow distribution in the pipe cross-section could
be measured. Measurements of all three velocity compo-
nents clearly still have to be carried out separately.

Simplified calculation processes generally exist for the
position and the shift of the measurement volume for LDA
applications in circular pipes (Boadway and Karahan
1981), but they are not valid for the current case with a
plane wall at the outside of the pipe and do not consider
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the change in optical performance due to the optical
aberration. Even when using the plane walls at the outside
of the circular pipe, the remaining optical aberration
occurring at the internal surface still deteriorates the LDA
performance. As described by Zhang and Eisele (1995,
1998a) with respect to the effects of astigmatism, the
optical aberration related to the LDA optics implies that
only a few elementary segments on the LDA receiving lens
can see the measurement volume. This results in a
decrease in the velocity signal quality and in a brisk
reduction of the signal rate. Experience shows that in
traversing a diameter across a circular pipe, the available
signal quality and thus the signal rate could be achieved
only within a depth of about a third of the pipe diameter, if
no plane wall cut-off on the outside of the circular pipe is
applied. As a result of using the plane wall cut-off, how-
ever, velocity signals of sufficiently high quality could be
obtained even at a depth of about two-thirds of the pipe
diameter. This feature of LDA measurements applies both
to the axial and the tangential velocities. It is also inde-
pendent of the pipe diameter because for a given relative
depth of the measurement volume in the pipe, the back-
ward scattered laser lights are mapped through the curved
pipe wall to the receiving optics in the same proportion.
To get the complete distribution of each velocity compo-
nent across the pipe, measurements need to be performed
additionally from the opposite side by rotating the LDA
unit 180� around the pipe axis. This two-measurement
feature for a complete velocity profile represents just the
optical characteristics of the circular pipe flow.

Another serious aspect associated with laser beam
refraction on the curved interface, which also affects the
signal qualities, is that the measurement volume and the
laser beam waists are no longer coincident. For large dif-
ferences in position between the measurement volume and
the waists of the beams, the laser light intensity in the
measurement volume becomes very low, so that the
velocity signals will become too weak to be detected.
Furthermore, the dislocation of laser beam waists inevi-
tably leads to the fringe distortion in the measurement
volume, so that the measurement accuracy will be affected.

In the present paper, methods of calculating the mea-
surement volumes, both for axial, tangential and radial
velocities, will be shown for LDA applications to the cir-
cular pipe with a plane wall cut-off on the outside wall of
the pipe. The beam waist dislocations will be accounted for
to give a reference for possible measurement errors espe-
cially for tangential and radial velocities. In all cases, the

optical axis of LDA is aligned perpendicular to the plane of
the cut-off. This ensures that the optical aberration asso-
ciated with the laser beam transmittance through the cut-
off plane is negligible. In considering the laser beam
refraction on the circular interface (wall–fluid), the local
surface curvature will be neglected. This is validated
because the laser beam diameter, in reality, is negligibly
small against the pipe radius.

2
Measurements of axial velocities
Measurements of axial velocities require that the two laser
beams lie in a plane parallel to the pipe axis. By arranging
the plane containing the two laser beams (designated as
the optical plane) to go through the pipe axis, the laser
beam refraction on the internal wall of the circular pipe is
comparable to that on a perpendicular plane surface. The
optical aberration then tends to be kept to a minimum, so
that the best available optical condition is obtained.

A particular property of the optical layout for mea-
surements of axial velocities is highlighted here for future
reference. As long as the optical plane is kept parallel to
the pipe axis, without having to go through it, the inter-
section angle between the two refracted laser beams
remains unchanged. According to Fig. 2 and with regard
to the refraction law, the zcomponent a2z of the unit vector
~a2 which denotes the refracted laser beam A is equal to
a2z=n1/n2Æa1z (only true, if the surface normal ~n is per-
pendicular to the z coordinate). The intersection angle 2a2

between the two refracted laser beams A and B then can be
represented by:

cos 2a2 ¼~a2 �~b2 ð1Þ

Owing to the symmetry condition (a2x=b2x, a2y=b2y and
a2z=)b2z) and a2

2x þ a2
2y ¼ 1� a2

2z for the unit vector ~a2 it
results from Eq. 1

cos 2a2 ¼ 1� 2a2
2z ¼ 1� 2 n1=n2�a1zð Þ2 ð2Þ

or with the half intersection angle and a1z=sina1 for the
laser beam A prior to the refraction:

sin a2 ¼ n1=n2�a1z ¼ n1=n2� sin a1 ð3Þ

Fig. 2. Deviation of the optical plane from the pipe axis in
measuring axial velocities

Fig. 1. Plane wall configuration on the outside of a circular pipe
for LDA applications (Zhang and Parkinson 2002)
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As can be seen the intersection angle of the two laser
beams and thus the optical properties of the measurement
volume in the test fluid remain unchanged, in spite of the
deviation of the optical plane from the pipe axis. This
result indicates that the deviation in aligning the optical
plane from going through the pipe axis does not lead to
any error in velocity measurements. The analysis made
here can be easily demonstrated by a table top experiment
when a scaled rule is inserted into a circular pipe with or
without water. The observation from the outside shows
that there is no optical distortion occurs with the rule scale
in the axial direction. The distortion occurs only in the
radial direction.

Although the deviation of the optical plane from the
pipe axis does not lead to any change in the beam inter-
section angle, there are, however, other aspects that should
be accounted for:

– With the displacement of the LDA unit along the x
direction the measurement volume in the test fluid is
moved along the bisector of two refracted laser beams,
i.e. along a path that is not parallel to the x axis. Note
that the bisector of the two refracted laser beams does
not precisely coincide with the refracted optical axis.
This phenomenon is known as comatic aberration. In
the present case the difference between them can be
neglected to a first approximation.

– In regarding the shift of the measurement volume along
the bisector of two refracted laser beams, the ratio
between this shift and the displacement of LDA unit
along the x axis is precisely the same, as no deviation of
the optical plane from the pipe axis occurs. The x
component of this measurement volume shift therefore
depends on the deviation considered here. It can,
however, be verified that even at a deviation of d/R=0.5
the inclination angle of the refracted optical axis is less
than 5� (see Sect. 4and Fig. 8). The x component of the
shift of the measurement volume thus is only about
0.4% smaller than that along the refracted optical axis.

– With large deviations of the optical plane from the pipe
axis the angle between the optical axis and the normal~n
of the interface then becomes large. This is comparable
with the off-axis alignment of the LDA unit at the large
off-axis angles to a plane interface, as treated by Zhang
and Eisele (1995). As a result the optical aberration
related to the LDA optics, or accurately speaking, the
effect of astigmatism becomes significant and the qual-
ity of velocity signals will be considerably deteriorated.
This optical aberration can also be visualized with the
table top experiment made above, at which the scale on
the rule in the pipe becomes continuously more unclear
along the pipe radius.

Since the deviation of the LDA optical plane from the
pipe axis brings about undesirable features, large devia-
tions should be avoided. For moderate deviations (say
d/R<0.5), as long as the signal rate is sufficiently high, no
particular attention needs to be paid to this. The fringe
distortion in the measurement volume, which results
from the dislocation of laser beam waists and which is
dependent on the deviation of LDA optical plane from

the pipe axis, is anyhow not evident and will not be
treated.

3
Measurements of tangential velocities
For measurements of tangential velocities the laser beams
are aligned, so that the optical plane is perpendicular to
the pipe axis. In regarding the laser beam refractions on
the circular surface, two main aspects need to be consid-
ered:

1. The shift of the measurement volume in the flow is no
longer proportional to the shift of the LDA unit.

2. The intersection angle between the two refracted laser
beams and thus the property of the measurement vol-
ume depend on the local position of the measurement
volume in the flow.

Detailed laser beam calculations should therefore be
conducted to ensure correct LDA measurements.

3.1
Basic analysis
For the analysis of this situation, the laser beams are again
considered as they are present in the transparent pipe wall
(index 1). Owing to the symmetry between two laser
beams, only one beam will be considered here. The mea-
surement volume is then formed on the symmetrical axis
(x axis in Fig. 3) where the laser beam arrives. The laser
beam is assumed to have its start position 1 at which the
measurement volume is positioned at the internal side of
the pipe. The shift of the laser beam to the position 2 is
given by a distance s1x that is about n1 times of the
movement of LDA unit in the air. The measurement vol-
ume is moved to the position m, while the virtual mea-
surement volume is found at m¢. The application of the
sine law to the triangles ocm¢ and ocm, respectively, yields

R� s1x

sin a1 � uð Þ ¼
R

sin a1
ð4Þ

R� s2x

sin a2 � uð Þ ¼
R

sin a2
ð5Þ

Fig. 3. Formation of the measurement volume in the flow for
measurements of tangential velocities
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The refraction law in such a case is given by:

n1 sin a1 � uð Þ ¼ n2 sin a2 � uð Þ ð6Þ

These three equations form the basic solutions for both
the position s2x and the properties 2a2 of the measurement
volume in the flow. For a given movement s1x the following
calculating process can be performed:

s1x!
4ð Þ

u!6ð Þa2!
5ð Þ

s2x ð7Þ

An application example of the presented technique can
be found by Zhang and Parkinson (2002), at which the
inlet flow to a model injector of a Pelton turbine was
measured by the LDA method (see also Fig. 1).

3.2
Simplifications
In the above consideration, Eq. 7 represents the way of
indirectly calculating the relevant parameters a2 and s2x to
the measurement volume. This process seems to be
somewhat inconvenient. With respect to the configuration
of common LDA systems, at which the half intersection
angle of laser beams is usually not more than 10�, the half
intersection angle of laser beams in the transparent pipe
wall is then not more than 7� and the angle u seldom
exceeds 14�. For this reason all the angles under the
symbol of sine functions (a1, a2, a1)u and a2)u) in the
basic equations 4, 5 and 6 can be considered to be small
angles. All three equations then can be simplified by using
the approximation sin x=x for paraxial rays. From this
paraxial approximation the characteristic parameters for
the measurement volume can be directly interpreted as the
function of the virtual position of the measurement vol-
ume as follows:

s2x

R
¼ 1

1þ n1

n2

R
s1x
� 1

� � ð8Þ

a2

a1
¼ n1

n2
� n1

n2
� 1

� �
s1x

R
ð9Þ

u
a1
¼ s1x

R
ð10Þ

whereby Eq. 10 is only written for completeness. It will
not be applied to quantify the measurement volume.

The inaccuracy arising from the approximation made
above should be estimated. An LDA system is assumed
to have a half intersection angle a1=4.45� between laser
beams in the pipe wall (n1=1.52). It is also assumed that
the measurement volume travels along the whole
diameter of the pipe. For water flows (n2=1.33) the
relative deviations of the quantities s2xand a2 in Eqs. 8
and 9, respectively, from those calculated from Eq. 7 are
shown in Fig. 4. As can be seen the maximal error
arising from the approximations leading to Eqs. 8, 9 and
10 is below 0.1% and really negligible. The same
calculation has also been made for air flow (n2=1). The
maximal error embedded in Eq. 8 is 0.4%, while in Eq. 9
it is only 0.1%.

3.3
Fringe spacing and velocity corrections
In using the laser beam intersection angle in the fluid, the
fringe spacing in the measurement volume is calculated as

Dx ¼ k2

2 sin a2
ð11Þ

Because k1/k2=n2/n1 this equation is rewritten as

Dx ¼ n1

n2

sin a1

sin a2

k1

2 sin a1
¼ n1

n2

sin a1

sin a2
Dx0 ð12Þ

whereby Dx0 represents the initial fringe spacing which is
the same for laser beams both in the air and in the pipe
wall.

Equation 12 points out that the measured tangential
velocity has to be corrected by a factor equal to

k ¼ n1

n2

sin a1

sin a2
ð13Þ

or with respect of Eqs. 4, 5 and 6 to

k ¼ R� s2x

R� s1x
ð14Þ

In applying Eq. 8 this is again reformed to

k ¼ 1þ n1=n2 � 1ð Þ s2x

R
ð15Þ

It is linearly dependent on the depth of the measure-
ment volume.

4
Measurements of radial velocities
Measurements of radial velocities in circular pipes repre-
sent a highly complex process, if no index matching
method is applied. In positioning the LDA head for radial
velocity measurements according to Fig. 5, the following
problems have to be solved:

– how can the measurement volume m be accurately
positioned?

– how can the beam intersection angle 2a2 be calculated?

Fig. 4. Relative uncertainties in calculating the measurement
volume in the water flow by using the simplified relations. The
half intersection angle between the two laser beams in the pipe
wall is a1=4.45�
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– what can be said about the orientation s of the mea-
surement volume?

The beam intersection angle and the measurement vol-
ume orientation must be known in order to correct sys-
tematic measurement errors. In reality, because s„0 the
measured velocities do not represent the radial velocities.

In principle, to each LDA head position the measure-
ment volume position in the flow has to be calculated.
With the shift of the LDA unit parallel to the y axis, the
measurement volume would travel along a two-dimen-
sional path. This will complicate the profile measurements
of radial velocities considerably. A relatively easy method
is to calculate the necessary movement of the LDA head
for the given path of the measurement volume along the y
axis, as shown in Fig. 5. The starting point is the LDA unit
position with the measurement volume at the pipe centre
(basic position). This can be achieved from the method
described in Sect. 3. According to Fig. 5 the necessary
movement of the LDA head from the basic position to the
position with the measurement volume m on the y axis at r
can be determined by:

Dxr ¼
ya � ybð Þ � ya0 � yb0ð Þ

2 tan a1
ð16Þ

Dyr ¼
1

2
ya þ ybð Þ ð17Þ

Thereby a0, b0, a and b are intersections between laser
beams and the tangent of the circular pipe at x=)R. The
basic intersection coordinates ya0 and yb0 can be simply
obtained from Fig. 5 as

ya0 ¼ R � tan a1 ð18Þ

and

yb0 ¼ �R � tan a1 ð19Þ

Clearly detailed calculations of ya and yb for a given
measurement volume position have to be performed.

4.1
Calculations of intersection points ya and yb

The purpose of these calculations is to establish the rela-
tionships ya=f(r) and yb=f(r) for the given measurement
volume positions at r. Because it deals with same calcu-
lations both for ya and yb, only calculations of ya=f(r) for
laser beam A will be shown in the following.

According to Fig. 6 the relationship ya=f(r) can be
obtained if the relationship ua=f(r) is known. For this
reason the relationship ua=f(r) or equivalently r=f(ua) are
first established. The position of the measurement volume
on the y axis is expressed by

r ¼ R sin ua � R cos ua tan a2a ð20Þ

or related to R:

r

R
¼ sin ua � cos ua tan a2a ð21Þ

Here tana2a needs to be shown as a function of ua. With
a2a=ua)e2 and the refraction law n2sine2=n1sine1 the fol-
lowing relationship can be obtained:

tan a2a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ta � 1
p

tan ua � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ta � 1
p

þ tan ua

ð22Þ

Thereby Ta is given by

Ta ¼
n2

n1

� �2 1

sin2 e1

¼ n2

n1

� �2 1

sin2 ua � a1að Þ
ð23Þ

According to Eq. 22 there has to be Ta‡1. In fact,Ta=1
represents just the beginning of the total reflection, as
given in Eq. 23.

Together with Eq. 21 the position of the measurement
volume on the y axis is now shown as a function of the
angleua:

r

R
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

Ta � 1
p

þ tan ua

1

cos ua

¼ f uað Þ ð24Þ

Fig. 5. Off-axis alignment of laser beams for measurements of
radial velocities along the y-axis

Fig. 6. Calculation of laser beam transmittance for the measure-
ment volume on the y-axis
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According to Figs. 5 and 6 the angle ua begins at
ua=a1a, at which the measurement volume lies in the pipe
centre.

In a similar way, the same function for the laser beam B
can be found. The subscript a in Eq. 24 needs only to be
replaced by the subscript b. However, attention should be
paid to the fact that both the angle a1b and a2b are negative
for the laser beam B. Correspondingly the angle ub begins
at ub=a1b.

The intersection between laser beam A and the tangent
at x=)R is calculated according to Fig. 6 as

ya ¼ R � sin ua þ R 1� cos uað Þ tan a1a ¼ f rð Þ ð25Þ

Similarly for laser beam B

yb ¼ R � sin ub þ R 1� cos ubð Þ tan a1b ¼ f rð Þ ð26Þ

They are both functions of r because of Eq. 24 and the
corresponding equation for the laser beam B. Together with
Eqs. 16 and 17 the necessary movements of the LDA unit
for a given measurement volume at r can be determined.

4.2
Simplifications
The above two relationships given in Eqs. 25 and 26 are
not explicit, because according to Eq. 24 the angle ua can
not be expressed to be an explicit function of r/R. For
given angles ua, however, both ya/R and r/R can be cal-
culated, as these have been shown in Fig. 7 for a specific
case. In the figure, the corresponding relationship for the
laser beam B is also shown. It can be concluded that below
r/R=0.8 there exists linear relationships for both ya=f(r)
and yb=f(r). By using gradients at r/R=0 as calculated in

dya

dr
¼ dyb

dr
¼ n2

n1
ð27Þ

intersections shown above can then be expressed as

ya

R
¼ tan a1a þ

n2

n1

r

R
ð28Þ

yb

R
¼ tan a1b þ

n2

n1

r

R
ð29Þ

Further results can be obtained from the above sim-
plifications. Combining Eqs. 28 and 29, respectively, with
Eqs. 25 and 26 yields

sin ua � a1að Þ ¼ cos a1a
n2

n1

r

R
ð30Þ

sin ub � a1bð Þ ¼ cos a1b
n2

n1

r

R
ð31Þ

Because a1a=)a1b=a1 then the RHS of these two equa-
tions are equal to each other, so that

ua � ub ¼ a1a � a1b ¼ 2a1 ð32Þ

Combining Eqs. 30 and 31, respectively, with refraction
law Eq. 6 again yields

sin ua � a2að Þ ¼ cos a1a
r

R
ð33Þ

sin ub � a2bð Þ ¼ cos a1b
r

R
ð34Þ

These two equations straightforwardly indicate

ua � ub ¼ a2a � a2b ð35Þ

Because of Eq. 32 there is finally

a2a � a2b ¼ 2a1 ð36Þ

4.3
LDA unit movement Dxr and Dyr

The intersection coordinates shown in Eqs. 28 and 29 are
now used to calculate the necessary movements of the LDA
head. Equations 16 and 17 then become

Dxr

R
¼ 0 ð37Þ

Dyr

R
¼ n2

n1

r

R
ð38Þ

These results point out that for measurements along the
y axis the LDA head needs only to be moved in the parallel
direction. The ratio between the LDA movement and the
shift of the measurement volume is equal to the ratio of
two refractive indices.

4.4
Laser beam intersection angle 2a2

The intersection angle between the laser beams, which is
used to correct the measurement results involving sys-
tematic errors, is calculated according to Figs. 5 and 6 as
follows:

2a2 ¼ a2a � a2b ð39Þ

Because of Eq. 36 there is

2a2 ¼ 2a1 ð40Þ

This result indicates that the beam intersection angle
remains constant and is the same as that in the pipe
wall.

Fig. 7. Coordinates of intersections between the laser beams and
the tangent at x=)R
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4.5
Fringe spacing and velocity corrections
In using the laser beam intersection angle in the fluid, the
fringe spacing in the measurement volume is calculated to:

Dx ¼ k2

2 sin a2
ð41Þ

Because a2=a1 and k1/k2=n2/n1 this equation is rewrit-
ten as

Dx ¼ n1

n2

k1

2 sin a1
¼ n1

n2
Dx0 ð42Þ

whereby Dx0 represents the initial fringe spacing.
Equation 42 points out that the measured velocities

have to be corrected by a factor equal to n1/n2.

4.6
Orientation of the measurement volume s
The orientation of the measurement volume, i.e. the
inclination of the bisector of two refracted laser beams
determines the measured velocity component which
generally differs from the radial velocity. The inclination
angle s as shown in Fig. 5 is considered positive and
given by

s ¼ a2 � a2a ¼ a1 � a2a ð43Þ

In order to express this inclination angle as a function
of r, Eqs. 30 and 33 are taken into account respectively so
that

s ¼ ua � a2að Þ � ua � a1að Þ

¼ arcsin cos a1a
r

R

� �
� arcsin cos a1a

n2

n1

r

R

� � ð44Þ

Clearly this angle depends on both the optical layout
(a1) and the medium properties (n2/n1). Figure 8 shows
the inclination angle is dependent on the measurement
volume position r/R for a specific case with a1=4.45� and
n2/n1=0.875. For the measurement volume within r/R=0.8
the inclination angle slowly increases up to 10�.

The inclination of the LDA optical axis after the
refraction is considered here to compare with the incli-
nation of the bisector of the two refracted laser beams,
given in Eq. 44. In Fig. 6, the laser beam is replaced by the
optical axis that is parallel to the x axis, so that a1a=0
and e1=uo are obtained. The inclination angle of the re-
fracted optical axis then is given by

so ¼ e2 � uo ð45Þ

The angle uo is obtained from Eq. 38, which in effect
represents the shift of the optical axis, so that

sin uo ¼
n2

n1

r

R
ð46Þ

In using the refraction law to represent the refraction
angle e2 and because e1=uo, Eq. 45 then becomes

so ¼ arcsin
r

R

� �
� arcsin

n2

n1

r

R

� �
ð47Þ

This equation represents an approximation of Eq. 44 by
assuming cosa1�1 for the small laser beam intersection
angle. The difference between Eqs. 44 and 47is less than
0.4% for the case considered in Fig. 8 within the area
r/R<0.5.

4.7
Radial velocities ur

Because of s„0 the measured velocity us does not directly
represent the radial velocity. In reality, the radial velocity
can be obtained if the tangential velocity along the y axis is
accounted for. By assuming that the positive tangential
velocity agrees to the x direction, the radial velocity can be
resolved from

us ¼ ur cos s� ut sin s ð48Þ

4.8
Remarks on the method
The entire treatments shown above are based on the lin-
earization according to Eqs. 28 and 29 for r/R<0.8. This is
in any case available because measurements beyond r/
R=0.5 rapidly become impossible owing to the astigma-
tism and the growth of the beam section, so that the laser
light intensity decreases (total reflection occurs at T=1).
The calculation has shown that within r/R=0 to r/R=0.5 the
maximal error in us arising from the linearization is less
than 1% (at r/R=0.5). In most engineering flows this error
is quite acceptable. The error in the inclination angle s, if
the Eq. 44 is considered, is less than 0.1%.

The optical aberration is related to the offset of the LDA
unit from the pipe centre by r/R and can be represented,
according to Eq. 46, by the off-axis angle uo of the optical
axis. At large values of r/Rwith the measurement volume
the off-axis angle is large. The entire optical properties
then are comparable to those related to the off-axis
alignment of the LDA unit to a plane wall (Zhang and
Eisele 1995). For instance, for n2/n1=0.875 and r/R=0.6
there is uo=32�. This off-axis angle is associated with huge
astigmatism effects, so that the effective aperture of the

Fig. 8. Inclination angle of the bisector of the two refracted laser
beams in the fluid
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receiving lens and consequently the signal rate are radi-
cally reduced (Zhang and Eisele 1998a). Although the use
of a separate receiving unit positioned sideways at 90�
could enhance the optical aperture, the transmitting and
the receiving optics, however, must always be realigned if
the measurement volume is shifted to another position
r/R. Another serious problem at the large off-axis angle is
the increased probability that owing to a small inaccuracy
in the optical layout both laser beams after refractions do
not intersect at all (Zhang and Eisele 1998a). For this
reason, it is concluded that for the measurement volume
beyond r/R=0.5 measurements become impossible. This
optical behaviour, in fact, also applies to the case for
measurements of axial components with a deviation limit
at d/R<0.5, as already discussed in Sect. 2.

Because of Eqs. 30 and 31 it is evident from Eq. 23 that
there is simply

Ta ¼ Tb ¼
1

r=R � cos a1ð Þ2
ð49Þ

This means that under the simplification condition
according to Eqs. 28 and 29 the total reflections at both
laser beams would occur simultaneously.

5
Optical aberration and fringe distortion
Generally the measurement condition continuously dete-
riorates as the depth of the measurement volume in the
test fluid increases, for instance in profile measurements of
axial or tangential velocities. From experience, as men-
tioned in the introduction, the flow measurements can be
achieved at most up to a depth of about two-thirds of the
pipe diameter. The worsening of the optical condition at
the upper depth is related to the optical aberration and the
dislocation of laser beam waists. In the measurements of
radial velocities, the worsening of signal qualities become
more and more significant with the shift of the measure-
ment volume away from the pipe centre. The optical
aberration and the beam waist dislocation will be quanti-
fied in the following sections. In particular, the analysis
should reveal why measurements of axial and tangential
velocities in the flow area of depths beyond two-thirds of
the pipe diameter become impossible. The optical aber-
rations that occur with the LDA arrangement for radial
velocity measurements were discussed at the end of
Sect. 4.

5.1
Optical aberration
Through the perpendicular alignment of the LDA unit to
the cut-off plane on the outside of the circular pipe, any
types of optical aberration arising from the beam refraction
at this first media interface are negligible. To represent the
optical aberration originating at the internal surface of the
circular pipe the displacement between two measurement
volumes for axial and tangential velocities, respectively,
should be considered by assuming the use of a two-com-
ponent LDA unit. This approach is equivalent to the use of
the astigmatic difference to describe astigmatism. The
displacement between the two measurement volumes is

easily obtained from the results already obtained in Sects. 2
and 3. The measurement volume for the axial velocity
lies on the x axis at a distance n2

n1

s1x

R from the pipe wall. In
using the simplified Eq. 8, the displacement between the
two measurement volumes is obtained by:

DsR ¼
s2x

R
� n2

n1

s1x

R
¼ s2x

R
� 1

R=s2x � 1ð Þ þ n1=n2
ð50Þ

Figure 9 shows, for given positions of the tangential
measurement volume, the displacements between two
measurement volumes. As can be seen, both measurement
volumes separate from each other, as the depth of the
measurement volume in the flow increases. In other words,
the optical aberration related to the LDA optics increases
with the depth of the measurement volume in the flow.
Similar to effect of astigmatism that was treated for plane
wall cases by Zhang and Eisele (1995, 1998a) this optical
aberration implies that the larger the depth of the mea-
surement volume in the flow, the fewer are the effective
elementary segments on the receiving lens. This immedi-
ately results in a deterioration of the velocity signals and
thus in the decrease of the signal rate. For this reason it is
hardly possible to obtain velocity signals of sufficiently
high quality in the flow area of depths beyond two-thirds
of the pipe diameter. As mentioned in the introduction, an
entire flow distribution on a pipe diameter could only be
achieved if an additional measurement is completed from
the opposite side by rotating the LDA system 180� around
the pipe axis. This two-measurement feature applies to
measurements of both the axial and tangential velocities. It
provides, however, an opportunity for the so-called dual-
measurement method with which the tangential velocities
can be exactly resolved from measurements (Zhang and
Parkinson 2002).

5.2
Dislocation of laser beam waists
Another undesirable outcome of the optical aberration
related to measurements of the tangential and radial
velocity in the circular pipe is the dislocation of laser beam
waists. This feature leads, on the one hand, to the well-
known fringe distortion in the measurement volume and,
on the other, to the decrease of laser light intensity in the

Fig. 9. Relative differences in the position between the tangential
and axial measurement volumes
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measurement volume and sequentially to a reduction in
the signal quality. This type of signal disturbance con-
tributes additionally to the deterioration of the signal
quality owing to the optical aberration just treated above.

To quantify the beam waist dislocation the laser beams
prior to the test fluid are assumed to be within design
intent, i.e. any types of the optical aberration occurring at
the cut-off plane on the outside of the circular pipe are
negligible. Both cases of respective tangential and radial
velocity measurements are separately considered.

5.2.1
In measurements of tangential velocities ut

To calculate the laser beam waist, the laser beam is
assumed first to suffer from the optical aberration through
the refraction at the interface between the pipe wall and
the fluid. This implies that because of astigmatism we need
to distinguish between the meridional (tangential) and the
sagittal focusing points of each laser beam (pm and ps in
Fig. 10). For this purpose, a new coordinate n will be
inserted, which begins at the beam intersection point c and
runs along the normal of the circular pipe, i.e. goes
through the pipe axis. The laser beam considered is rep-
resented here by the unit vector~r. Its corresponding n
coordinates prior to and after the refraction are repre-
sented by r1n=cose1 and r2n=cose2, respectively (see
Fig. 10).

Because the laser beam is thin, the intersection area on
the cylindrical surface is assumed as the plane surface in
order to simplify the beam refraction calculations. The
respective tangential and sagittal focusing points of the
refracted laser beam in the test fluid have their n coordi-
nates which, according to Zhang and Eisele (1996) for the
plane interface, are given by:

nm ¼ no
n2

n1

r3
2n

r3
1n

ð51Þ

and

ns ¼ no
n2

n1

r2n

r1n
ð52Þ

Thereby no denotes the n coordinate of the virtual
focusing point m¢, as given by

no ¼ cm0 � cos e1 ¼
R � sin u

sin a1
r1n ð53Þ

In the case of water flow in the circular pipe, it can be
verified that r1n � r2nð Þ=r1n\0:1% is nearly always satis-
fied, so that r2n�r1n can be assumed. This points out that
there is no need to differ from the tangential and sagittal
focusing points. For the sake of obtaining the simple form
of the results, however, Eq. 52 is applied to represent the n
coordinate of the unique laser beam waist:

nw ¼ ns ¼ no
n2

n1

r2n

r1n
ð54Þ

On the refracted laser beam in the test fluid this beam
waist lies at a distance from the intersection point c:

‘w ¼ nw=cos e2 ¼ nw=r2n ð55Þ

Because of the symmetry condition the measurement
volume lies on the x axis at m and is at distance from the
intersection point c:

‘MV ¼
R � sin u

sin a2
ð56Þ

The distance between the measurement volume and the
waist of the laser beam is then given by ‘MV)‘w or in
dimensionless form by

‘R ¼
‘MV � ‘w

R
¼ sin u

sin a2
� n2

n1

sin u
sin a1

ð57Þ

Clearly this distance depends on the local position of
the measurement volume in the flow, as shown in Fig. 11,
for example. Surprisingly, beyond the pipe centre there
exits a large scaled dislocation of the beam waist. It implies
low intensity of laser light and fringe distortion in the
measurement volume. These two features clearly signify
that the measurement of tangential velocities is more
critical than that of axial velocities. In addition, it can be
concluded from the values shown in Fig. 11in dimen-
sionless form that the absolute beam waist dislocation
(‘MV)‘w) will be bigger, if pipes of large diameter are
encountered.

Fig. 10. Calculations of the laser beam waists and the measure-
ment volume

Fig. 11. Relative differences in the position between measurement
volume and the laser beam waists for measurements of tangential
velocities
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In comparing Fig. 11 with Fig. 9, it is evident that two
curves are identical. In fact, by considering Eqs. 8, 9 and
10, Eq. 57can be reformed as:

‘R ¼
s2x

R
� 1

R=s2x � 1ð Þ þ n1=n2
ð58Þ

which is exactly equal to Eq. 50.
The fringe distortion in the measurement volume

treated here exactly represents the first type of fringe
distortions, at which the intersection of two laser beams
takes place prior to or after their respective waists
located at equal distance from the beam intersection
point. In the current case of circular pipes, this occur-
rence is illustrated in Fig. 12. The fringe spacing in the
measurement volume then linearly varies along the
measurement volume. The corresponding errors
involved in both the mean velocity and the flow
turbulence measurements have already been exactly
analysed by Zhang and Eisele (1998b), as given in the
following equations for apparent mean and fluctuating
velocities, respectively

�ua

�u
¼ 1þ 1

3
c2 ð59Þ

r2
a � r2

�u2
¼ c2 r2

�u2
þ 1

3

� �
ð60Þ

Thereby the fringe distortion number c is introduced,
which represents the relative change in the fringe spacing
at the end of the measurement volume to the initial fringe
spacing and is usually below 0.02. The analysis showed
that the flow turbulence measurement could only be sen-
sitively affected by the fringe distortion if the flow turbu-
lence itself is low (say Tu<2 %), or if laminar flows are to
be measured.

5.2.2
In measurements of radial velocities ur

As in the above section a new coordinate n is inserted,
which begins at the beam intersection point c and runs
along the normal of the circular pipe (see Fig. 13). For
simplicity only the sagittal focusing point of the refracted
laser beam in the test fluid is considered as the beam waist
pw. Similarly there is

nw ¼ no
n2

n1

r2n

r1n
ð61Þ

with

no ¼ cm0 � cos e1 ¼
R � cos u

cos a1
r1n ð62Þ

On the refracted laser beam in the test fluid, the beam
waist lies at pw with a distance from the intersection point c

‘w ¼ nw=cos e2 ¼ nw=r2n ð63Þ

The measurement volume m is at a distance from the
intersection point c

‘MV ¼
R � cos u
cos a2a

ð64Þ

The distance between the measurement volume m and
the laser beam waist pw is then given by ‘MV)‘w. In
dimensionless form and with subscripts aand b for laser
beam A and B, respectively, there are

‘R;a ¼
cos ua

cos a2a
� n2

n1

cos ua

cos a1
ð65Þ

‘R;b ¼
cos ub

cos a2b
� n2

n1

cos ub

cos a1b
ð66Þ

Fig. 12. Existence of the first type of the fringe distortion in the
measurement volume for measurements of tangential velocities in
the circular pipe

Fig. 13. Calculations of the laser beam waists (pw) and the
measurement volume (m)

Fig. 14. Relative differences in the position between the mea-
surement volume and the laser beam waists for measurements of
radial velocities
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Clearly this distance depends on the local position r/R
of the measurement volume in the flow. Angles ua, ub, a2a

and a2b and their dependences on r/R are given by
Eqs. 30, 31, 32, 33 and 34. Figure 14 shows the results
calculated from Eqs. 65 and 66 for laser beam A and B,
respectively. Because both laser beam waists are on the
same side of the measurement volume and show no large
differences in the distance to the measurement volume,
it can be assumed that fringe distortion according to
Fig. 12 occurs.

6
Conclusions
The optical performance of LDA technology in applica-
tions to circular pipes has been quantified with respect to
the signal qualities and the operating guidelines. The
entire quantifications of LDA performance are based on
the use of the plane wall cut-off on the outside of the
circular pipe, as such a plane wall cut-off has proved from
experience to be very effective in enhancing the optical
performance of LDA in this situation. Because of the
optical aberration arising from the curved interface on the
internal side of the circular pipe, measurements for axial,
tangential and radial velocities must be carried out sepa-
rately. For each velocity component, however, the mea-
surements still suffer from optical aberrations, so that the
velocity signals of sufficiently high quality could only be
obtained within the depth of about two-thirds of the pipe
diameter. A complete flow distribution along the pipe
diameter could only be achieved by an additional mea-
surement from the opposite side. This two-measurement
feature straightforwardly represents the optical charac-
teristic of the circular pipe. For measurements of axial

velocities in the circular pipe no special care is taken, even
if it occurs that the optical plane deviates from the pipe
axis. For measurements of tangential and radial velocities,
detailed operating guidelines have been presented with
respect to the shift and the optical properties of the
measurement volume. The large-scale dislocation of laser
beam waists has been clarified to reveal the possible
influences on both the signal quality and the measurement
accuracy.
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