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A RUNGE APPROXIMATION THEOREM FOR
PSEUDO-HOLOMORPHIC MAPS

ANTOINE GOURNAY

Abstract. The Runge approximation theorem for holomorphic maps is a funda-
mental result in complex analysis, and, consequently, many works have been devoted
to extend it to other spaces (e.g. maps between certain algebraic varieties or complex
manifolds). This article presents such a result for pseudo-holomorphic maps from
a compact Riemann surface to a compact almost-complex manifold M, given that
the manifold M admits many pseudo-holomorphic maps from CP! which can be
thought of as local approximations of the Laurent expansion az + br?/z. This result
specializes to some compact algebraic varieties (e.g. rationally connected projective
varieties). An application to Lefschetz fibrations is presented.

1 Introduction

The Runge approximation theorem for holomorphic maps (U — C) is a funda-
mental result in complex analysis. The aim of this article is to prove such a re-
sult for (pseudo-)holomorphic maps from a compact Riemann surface to a compact
(almost-)complex manifold M under certain assumptions. Though the setting is
definitively that of pseudo-holomorphic maps, it also covers some complex varieties.

1.1 Problem, assumption and result.

Basic concepts. A manifold M of even real dimension is said to be almost
complex when it is endowed with a section J € End TM such that Vz € M, J? =
—Idr,p. Complex multiplication gives rise to such a structure, and when M is
of real dimension 2 an almost complex structure is a complex structure (as can be
seen from the vanishing of the Nijenhuis tensor). Throughout the text, M will be
compact and X will denote a compact Riemann surface whose complex structure will
be written j.

A map u : ¥ — (M, J) will be said pseudo-holomorphic or J-holomorphic if
du o j = J odu, or, equivalently, if

Yo € T.Y, Oyu(v) = %(duz(’u) + Ju(z) © du, sz(v)) =0.

PrROBLEM. The Runge approximation problem can, in this setting, be formulated
as follows: given a J-holomorphic map f : U — (M, J) for U an open subset of X, a
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compact K C U, some small 6 € R-(, under which conditions is it possible to find a
J-holomorphic map h : 3 — (M, J) such that [|[h — f|lco(x) < 07

Though the interest of the problem lies in the fact that h is defined on the whole
of ¥, this in not actually so much an extension result (which is in general impossible
even for holomorphic maps C — C) as an approximation result (whence the name).
But even then, there are choices of (M, .J) and ¥ where it is impossible (see below).
The subject matter of this article is to show that under certain assumptions on
(M, J), the aforementioned question has a positive answer for any .

AssuMPTION.  The basic tool that is required by the present method concerns
local expansion. To say things simply, assume M is complex. Then the working
hypothesis, that will henceforth be referred to as the double tangent property, is that
at (almost) every point m € M and for (almost) any pair of tangents (a, b) there must
be a holomorphic map CP! — M with local (Laurent) expansion az+br?/z+0(r!*¢)
in some annulus. For a precise statement, see Definition 3.1.2.

Furthermore, the almost complex structure has to be assumed regular (as de-
scribed in McDuff and Salamon’s book [McS, Th.3.1.5]). Regularity is important
to ensure that the linearization of the 0 operator at a pseudo-holomorphic curve
(CP! — (M, J)) is surjective, thence invertible. If this is not assumed, then each
grafting might generate additional problems. From an algebraic viewpoint, this im-
plies that fusion of rational curves (the construction which to two curves z = 0 and
y = 0 associates the curve zy = €) is possible.

Theorem 1.1.1. Let (M, J) be an almost complex manifold that has the dou-
ble tangent property, and assume J is regular. Then for all U C % open, all J-
holomorphic maps f : U — (M, J), all K C U compact and all § > 0, there is a
J-holomorphic map h : ¥ — (M, J) such that ||h — f||co(x) < 0 provided there is a
CY extension of f to X.

Though apparently very constraining, Proposition 1.2.3 indicates that the as-
sumptions are rather minimal.

Related works. Runge approximation has already been the source of inter-
est for maps between other objects. Before listing some of these works, it should
be noted that the source is, contrary to the present paper, a non-compact space
(compact affine algebraic varieties and compact Stein manifolds are union of points).
Demailly, Lempert and Shiffman [DeLS, Th. 1.1] and Lempert [Le, Th. 1.1] (a proof
of an algebraic nature of the latter is presented in Bilski’s article [Bi|) obtain stronger
Runge approximations: for a map f defined on K a holomorphically convex compact
in an affine algebraic variety with values in a quasi-projective variety, the approximat-
ing maps are algebraic Nash maps (a stronger condition than simply holomorphic).
The condition that K is holomorphically convex is necessary as the source might
be of higher dimension. Kucharz [Ku, Th. 1] also gives such approximations when
the target space is a Grassmannian (the source being again an affine algebraic vari-
ety); depending on the conditions satisfied by the initial map, the approximation is
algebraic or regular. There is also the Oka—Weil approximation theorem: it states
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that Runge approximation holds for functions on holomorphically convex compacts
of Stein manifolds with values in C. For more results in this direction (e.g. when the
target is an Oka manifold), it seems wisest to refer the reader to a recent survey by
Forstneri¢ and Larusson [FoL|. There is however a tempting analogy to make: in an
Oka manifold there are lots of maps from C, and these maps allow Runge approxi-
mation when the target is an Oka manifold, (the source is Stein, hence non-compact)
and there are no obvious topological obstructions. In the case at hand, the target
manifold is required to admit lots of maps from CP! and no topological obstructions,
in order to admit Runge approximation from a compact Riemann surface. Finally,
Runge approximations have been studied for operators which are not the usual 0
operator (i.e. holomorphic functions), for example, by Brackx and Delanghe [BrD]
(the source here is Euclidean space and the target a Clifford algebra).

1.2 Examples and applications.

EXAMPLES. A simple example in which the hypothesis in Theorem 1.1.1 are easily
verified is M = CP" with its usual complex structure (note that the classical Runge
theorem may, of course, be applied directly in this case). On the other hand, M = T™
with their usual complex structures are clearly cases where it fails, as there can be
no holomorphic maps from CP! — T". In this particular example, this is not only
that the hypothesis of Theorem 1.1.1 cannot be fulfilled. The Runge approximation
in T™ cannot exist for ¥ = CP'; it could however still be true for other Riemann
surfaces 3, e.g. ¥ = T?.

The condition of the double tangent property, as expressed in terms of Laurent
expansion, is a bit awkward. Fortunately, it is implied by more tractable properties.

A map is said to realize the tangent v € TM if v is in the image of the differential,
or, as expressed in local charts, if it can be written as vz + O(]z|?) (see Sikorav’s
characterization of local behavior in [Si2, Prop.3|). Obviously, if there is a map
realizing v then, VA € R, there is a map realizing Av. Denote by SM the unit tangent
bundle of M. The following proposition is a direct consequence of |G, Th. 1.3 and §2].

ProprosITION 1.2.1.  Let (M, J) be an almost complex manifold such that J is
of class C? and regular, and there is a dense set D in SM such that Yv € D, v is
realized by a pseudo-holomorphic map CP' — M. Then M has the double tangent

property.

Though gluing two pseudo-holomorphic curves is possible for any regular J, the
C? condition on J is required in [G] to obtain the local Laurent expansion (it can be
weakened to C!) i.e. C! and of Lipschitz derivative).

The conditions of Proposition 1.2.1 (and, consequently, of Theorem 1.1.1) also
hold in a Grassmannian ¥ (k, E). Indeed T 4% ~ Hom(A, B) for B a supplement of
A=lag AN -Nag) € Y. For p € Hom(A, B), the map u : z — [(a1 + zp(a1)) A---
A (ar + zp(ay))] extends to CP! and realizes the tangent p. As compact affine
algebraic varieties are union of points, this complements (though the approximating
functions are only holomorphic) the result of Kucharz [Kul].
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Similarly, if a “non-standard” complex structure on CP” is taken, and that this
complex structure remains tamed by the symplectic form, a result of Gromov |Gr]
implies that Proposition 1.2.1 and Theorem 1.1.1 hold.

For a more general approach to complex varieties M that will satisfy the assump-
tions, the reader is referred to Debarre’s book |D, Ch. 4] among numerous references
concerning rationally connected varieties. As such, if there is a “free” curve (see
[D, Def.4.5]) and M is a smooth quasi-projective variety, then the evaluation map
(from the moduli space of curves CP! — M; see [D, Prop.4.8]) is smooth and its
image is dense. An intuitive description is that the “free” curve can be deformed
so as to pass through almost any point of M. Since the regularity of J amounts
to the surjectivity of the differential of the evaluation map, such varieties are nat-
ural candidates for the application of the theorem. If the hypothesis are further
strengthened to the existence of a “very free” curve (see |D, Def. 4.5]) in M and that
M is a smooth projective variety, then M is rationally connected (see [D, Def.4.3
and Cor.4.17]). Over C, rationally connected varieties are exactly those for which a
general pair of points (outside a subvariety of codimension at least 2) can be joined
by a rational curve (see |[D, Rem.4.4.(3)]). Consequently, for M a rationally con-
nected smooth quasi-projective variety with a free curve (or, in particular, a smooth
projective variety with a very free curve), Proposition 1.2.1 and Theorem 1.1.1 hold.

Compactified moduli spaces of curves of genus g (we speak of the Deligne—
Mumford compactification), ﬂg, are unirational when g < 14, and rationally con-
nected for ¢ < 15. As a consequence Theorem 1.1.1 will apply for these spaces.
However, if g > 24, the moduli space is then of general type (see the survey of
Farkas |F| on the topic; some further results are present in the paper of Ballico,
Casnati and Fontanari [BCF]).

Application. A case of interest for the application of Theorem 1.1.1 are Lef-
schetz fibrations; this idea is due to S. Donaldson. The aim is to partially recover the
results of Auroux (see [Aul| and [Au2|) and Siebert-Tian [ST|. A fibration of a 4-
dimensional symplectic manifold p : V' — CP! can be seen in terms of its classifying
maps CP! — M, where My, the (Deligne-Mumford compactification of the) moduli
space of genus g curves, is (almost-)smooth and complex (actually Kéhlerian). For
more details on this construction, the reader is referred to I. Smith’s paper [Sm|. In
this context, the Runge Theorem 1.1.1 applies: as mentioned above Mg satisfies the
hypothesis given that G < 15. Taking U = () and reinterpreting the method of the
proof in this context (the statement of the theorem alone does not imply the up-
coming statement), one gets that any Lefschetz fibration becomes, after sufficiently
many fibred sum (stabilization), holomorphic. Thence

COROLLARY 1.2.2. Let p: M — CP! be a genus g < 15 differentiable Lefschetz
fibration. Then, after fiber sum with sufficiently many copies of some holomorphic
Lefschetz fibrations (a.k.a. stabilization), it becomes isomorphic to a holomorphic
Lefschetz fibration.

A comment that the author owes to I. Smith is that this is perhaps even more
striking in view of [Au2|. Indeed, Auroux’s method does not require any hypothesis
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on the genus of the surface; the methods are in fact much more direct (the “universal”
fibration fg is quite explicit). This could hint at many things: that there might be
a dense set of tangents realized by rational curves in M,, while this space remains
of generic type, or that it could be possible to restrict the problem to a part of Mg
having this property.

In the classical Runge theorem, the number of poles of the approximating map
is related to the topology of the set U. Unfortunately, the notion of a pole does not
have a meaning in the compact setting. What will obviously happen however is that
one expects that the energy (the L* norm of the differential) of the approximating
map may be very big. A consequence of Taubes result [T, Th. 1.1] is that the minimal
number of necessary connect sums of Cp? required to make a metric structure anti-
self-dual is defined. It is an invariant of the conformal metric, but not a simple one
to compute (LeBrun and Singer [LS, §1] gave a bound of 14 in the case of CP? with
its usual metric). Though again probably not an easy question to answer, it would,
in the context of the present article, be interesting to look for the minimal energy of
a J-holomorphic map realizing a given approximation.

In this perspective, there is another interesting consequence concerning surfaces
X that are smooth fiber bundles over a base B a curve of genus > 2 and whose fibers
are curves of genus g. Then as long as g < 15 (so that M is rationally connected)
the classifying map can be approximated (stabilized) into a holomorphic one and
the corresponding surface X’ possesses a complex structure. On the other hand,
if g > 2 the hypothesis of a theorem of Kotschick [K, Th. 3] hold. Consequently,
for these genera (2 < g < 15), if o is the signature and x the Euler characteristic,
3lo(X")] < |x(X")] = |x(X)|. This could, the signature being additive, give a lower
bound on the minimum number of surgeries required.

On the hypothesis. Before getting to the heart of the matter, it is worth
noting that the hypothesis of Theorem 1.1.1 are (keeping Proposition 1.2.1 in mind)
as minimal as can be reasonably expected.

PROPOSITION 1.2.3. Let D; C CP! be an open disk and EUQ a smaller closed disk.
Suppose that J is Lipschitz. Suppose that for every § > 0 and every J-holomorphic
map f : Dy — (M, J) there exist a J-holomorphic map h : CP! — (M, J) such that
IIf— h||c0(51/2) < 6. Then there exists a dense subset R C SM, so that Vv € R there

is a J-holomorphic map g, : CP' — M realizing the tangent v.

Proof. Since there exists a map f : D; — (M, J) realizing any tangent v € T, M
(there is no local obstruction to pseudo-holomorphic maps, see Sikorav’s presentation
[Sil, Th.3.1.1.(i)]), there must be a map h approximating it on 51/2. Using some
dilation the discs can be assumed small and since locally things are close to the
holomorphic context (J is Lipschitz), the Cauchy integral formula will give a C!
approximation from the CY one. Consequently, h (up to a reparametrization to get
a unit vector) can be made to approximate the tangent v. O

1.3 Sketch of the proof. The core of the problem is to solve the non-linear
equation dyu = 0. This will be done by constructing an approximate solution and
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then developing an implicit function theorem to deform the approximate solution in
a true solution. The methods follow those of Taubes [T.

To sketch the path employed here, it is good to think of the (modified) Newton
method employed to solve a non-linear equation h(x) = 0. Suppose for simplicity
that h(0) is almost a solution, then Newton’s (modified) iteration is

N(z) =z — K'(0)  h(z) = —h'(0)" (h(O) + (h(x) — zh/(0) — h(O))).

q()

The term g(x) represents the higher order variations of the function. The iteration
will work if

e N is contracting, i.e.
IN (@)~ N@)| < dla— |
< [|1'(0)" (a(e) —a(a) || < elle =2
for  and ' in a ball B,.
e 0 is an almost solution of h, i.e. ||R(0)]] < (1 —€).
There will then be convergence (for the norm) of the sequence z,+1 = N(x,) (and
xo = 0) to a fixed point N(x) = 2 which is a solution of h(xz) = 0. Though it may
be naive, this presentation has the advantage of summing up all the key ingredients.

To solve dyu = 0 an approximate solution must be constructed, an inverse to the
linearization realized and proper norms chosen.

(1.3.1)

The approximate solution. The heuristic idea to construct the approxi-
mate solution can be found in Donaldson’s paper [Dol, §3|; it is described here
in section 3.1. Given a J-holomorphic map gg : U — M from a complex open set to
an almost-complex manifold (M, J), it is always possible (given there is a C° exten-
sion) to extend it by a C> map g : ¥ — M defined on the whole Riemann surface
and identical to the former when restricted to a compact subset of U. There is a
set, presumably quite large, where this map is not J-holomorphic. In order to get
a holomorphic map from this one, the idea is to change the definition of the func-
tion on small discs. On these discs one would like to replace it by a J-holomorphic
map having a behavior on the boundary of the disc close to that of g the rough C*
extension of gg.

In an almost-complex manifold (M, J), the idea is to proceed as follows. Let us be
at a point where 0;¢ # 0, and let us consider local charts at the source and the image
so that the almost complex structure induces the endomorphism ¢ on C™. The rough
extension g can be written as g(z) = az + bz 4+ O(|z[*). It is of course impossible to
approximate this by a holomorphic map. However, suppose there is a J-holomorphic
function h such that h(z) = az + bé + 0(|2|?) around |z| = 7 (as mentioned above
the hypothesis ensures that such a map exists). This is a possible approximation of
az + bz when |z| ~ r. The strategy is to graft h to g along this circle, and to repeat
this operation until the set of points where g is not J-holomorphic is small.

Inverting the linearization. The linearization of the operator d; around a
map u : X — (M, J) is described in McDuff and Salamon’s book by equation [McS,
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(3.1.4)]. It is a linear map D,, sending sections & of the bundle «*TM to 1-forms on
the same bundle:

forveT,X, Du(v)= %(va(z) + Ju(z)vj(v)ﬁ(z)) + %Ju(z)(vvJu(z))a]u(v) ,

where dju = 3(du — J o duo j). It is noteworthy that the differential of the
function u enters in this expression. Indeed this will force us to take more care in
the construction of the approximate solution: the differential will have to remain
bounded. Another important property of this linearization is the highest degree
term in D, D} which is the Laplacian. (When M is Kéhlerian, there is actually a
Weitzenbock formula.)

The inversion of this linearization will be done first by decomposing the problem
in different parts (in section 3.2): the analysis will be conducted separately on each
disk where the rough extension gy has been modified and on the original 3. On the
disks things will go relatively without much problems, but on ¥ it will be necessary
to solve only up to “small” eigenvalues of the Laplacian (see section 3.3).

This failure to take into account the small eigenvalues will prolong the proof
further, but will be deferred after the argument that can properly be interpreted
as Newton’s iteration. Indeed, instead of constructing one approximate solution, a
family of them (parametrized by a certain subset of the space of small eigenvalues)
will then be considered. Interpreted as a composition of maps “small eigenvalues”
— “approximate solutions” — “small eigenvalues”, the presence of a fixed point will
allow us to conclude that there is an actual solution (see section 3.5).

Norms. An approach using Sobolev or Hélderian norms seems to be bound to
fail in this situation. Here are two reasons. First, the Holderian norm contains a C°
component, and our approximate solution is not an approximate solution in the CY
sense. Second, the L” norm of the differential of the approximate solution, dg, will
not be bounded. Indeed on each disc where a surgery occurs, this norm increases
by a quantity which is @ priori significant and the number of these surgeries is
not bounded. This seems to indicate that other norms are required; norms which
depend on a sup rather than an integral over the whole surface, but that also do
some averaging so that being bounded on a small region gives a small norm. The
norms of Taubes are also convenient because the inversion of the linearized operator
is done through the Laplacian. When the norms behave “well” with respect to the
inverse of the linearization, one expects (1.3.1) to give the desired estimate more
easily. Suppose that h/(0)~! is bounded for the norms in the said equation, then the
estimate boils down to ||¢(x) — ¢(2’)]|, which (again only morally) could be expected
to have an upper bound in (||z| + [|2’||)[|Jz — 2/||. This (in section 3.4) for ||z|| and
||2’|| sufficiently small yields the contraction.

Section 2 establishes the properties that will be required in order to work with
these norms. In the present article we will however not dwell on the regularity of the
solutions, these questions, which are quite standard, have already been addressed by
Donaldson in [Dol, §2.4| and also by Matsuo and Tsukamoto in [MT, §4.2]. These
norms are also quite reminiscent of the Kato class condition, see Simon’s survey
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[Sim, p. 3528, 4 (e)]; the interested reader can also find references as to why a choice
of convolution norms might be appropriate.

Instantons and anti-self-dual metrics. As a last note in this introduction,
there are some differences between the case of instantons (on the sphere) or the anti-
self-dual metrics and the J-holomorphic problem: the non-linearity is quadratic in
instantons, whereas it does not seem to have any particular behavior in the latter.
Furthermore, whereas gluing in instantons does not affect the equation to be solved,
grafting pseudo-holomorphic curves has an effect both on the linear and non-linear
terms. The scenario is thus closer to that of anti-self-dual metrics in dimension 4,
studied in Taubes’ paper [T]; it is nonetheless easier as the equation to be dealt with is
of the first order rather than of order 2 and the symmetry group is finite dimensional
rather than infinite dimensional. Furthermore, in our case, the linearization is a
linear elliptic operator. But Taubes’ norms prove to be useful through their clever
use of the Laplacian; and in |T, 85|, even if the linearization is not elliptic, the
method still applies.

Acknowledgments. M. Le Barbier and P. Pansu are warmly thanked for their
questions, comments and suggestions.

2 Elliptic Analysis a la Taubes

This section contains an adaptation of Taubes “toolbox” [T, §4| in dimension 2.
Taubes’ norm does not behave as nicely in dimension 2 as in higher dimensions:
Green’s kernel has a logarithmic singularity, the bound obtained in Theorem 2.5.3
contains a logarithm which in higher dimension is but a constant. It will however
not be of much consequence. Indeed, in the inversion of the linear operator (see
section 3.3) much more daunting terms will appear.

A worthwhile suggestion of Taubes (that will not be explored further here), in
dimension 2, is to use W"? norms together with a norm of Morrey type (see for
example one of Taylor’s books [Ta, §A.2]) i.e.

pz 1/2
11y, = sup sup< / If(y)|2dy> .
By ()

2
€S rel0,] \ T

Indeed, in low dimensions, convolution is not necessarily most appropriate (see [Sim,
€ (d), p- 3528] in Simon’s survey and the reference to Sturm therein).

2.1 Definitions and properties of the norms. As said above Sobolev norms
are unfortunately not appropriate for our problem. Still it is important to have norms
which take into account the point-wise behavior of maps. The norms introduced here
look like an L norm but applied to the inverse of the Laplacian (the convolution
with Green’s kernel).

DEFINITION 2.1.1. Let p €]0,e7![. Let z € &, B,(x) be the open ball of radius p
centered at x. Define

[ull e = sup [u(z)],
reX
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Jull,., = sup / n(d(z,y) ") Ju(y)| dy,
z€X J By (z)

1/2

T —— [ [ () )l ay|
z€X LJ B,(x)

[ullgo p = l[ullio + [[Vullg , -

These norms will not be sufficient for our needs, a seminorm £! will arise natu-
rally; it can be seen as an “integration by parts” norm: although derivatives do not
appear explicitly, they are nevertheless measured in it. A parenthesis is necessary
for their introduction.

Denote by S(T*Y @ V) C C®(T*Y ® V) the subset of elements of £ norm
equal to 1. Furthermore, given local charts around x, then for p sufficiently small,
B,(z) identifies to a usual ball of R?. In these coordinates, a section of T*R? can be
written as a map R? — R2. Next, notice that maps from the circle R? 5 1 — R?

extend to maps independent of the radial coordinate R? \ {0} — R2. Last, denote
by T' = {f € C*(S",R?)|[| fll > = 1}.

DEFINITION 2.1.2. Let p €]0,e7![ be less than the injectivity radius, the seminorm
L' associated to u € C*(V)

_ (v, 0 ®u) (y)
l|lul]| p1 ,=Sup  sup  sup dy
P rexves(Trsav) ¢el JB, @) U@, Y)

and enters in the definition of the following two norms:

[ullg,p = llullgo, + [Vl ga

HUH'H,P = Hu‘|2*,p + HuHﬁl,p :
Here are some elementary properties of these norms.

PROPOSITION 2.1.3. Suppose that p €]0,e7].
(a> ||ab||*,p S ||a||2*7p HbH2*,p
) -2 oy < 11 Ly and 2 ) < 110017V
(c) If k € Ruq, kp < e~ ! then

Fllp < 1 lakp < 46211l

[ llup < - Mloupp < 2801 [los
Il < - llerpp < AR Mlr -
(d) The norm L£° is sub-multiplicative: ||v ® Wl o, < vl gop llwll o,

Proof. The first of these properties is a direct consequence of Holder’s inequality,
whereas the second one follows from

s,y < o™ [ i tnpldy < Pinpl™ [ juto)llnd(a iy
p\T p\Z

the 2% case being identical.
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As for the third, the norms #, 2 and £ are obtained by the sup of integrals on
balls, the ratio of areas allows us to bound the integral taken on a large ball by those
computed on smaller balls. The square root of area ratio works for 2% and for £
one can get a better bound as the weight 1/| - | is rapidly decreasing.

The last property is again a simple calculation:

o @wllgo, < vl W]l + [V @ w + 0@ Vuwll,, ,
< vl e [wlliee + Vo @ wlly, , + [0 © Vwlly, ,
< ollse wllise + VOl p lwllee + ([0l [Vlly, ,
<Hlollgop lwllgo, -
O
Before giving estimates with these norms, the following lemma, describing the

difference between Green’s kernel for the Laplacian (with a singularity at =) and the
function Ind(z, -)~!, must be established.

LEMMA 2.1.4. Given z € X, let G(z, -) : C*°(X \ {z}) be Green’s function for
V*V 4+ 1:C®(X) — C®(X). Jeg € Ry depending on the diameter of 3 such that
|G(z, )+ (2m) " In(d(x, )| < e2|d(z, )2 Ind(z, )
VG, ) + @rd(z, -))"'Vd(z, )| < e d(z, ) nd(a, -)|
[V*VG(z, )| < ead(z, -) 72
Proof. For this proof, it is recommended to (re)read the important results on Green’s
function; see for example Aubin’s book [A, Ch.4 §2.1-2.3]. It is well-known, but

presented here as the case n = 2 is often omitted. Start by writing the Laplacian for
a function depending only on polar (geodesic) coordinates (cf. [A, 4.9]):

Ap(r) = ¢" + 1¢' + ¢'9, In\/|g],

where g is the metric; a useful bound of the term where it plays a role is 0, In \/]? <
Kir for K; € Ry, see [A, Th.1.53]. Let f(r) : R>o — [0,1] be a smooth function
which is 0 if 7 > injrad ¥ and equal to 1 when r < injrad ¥/2. Furthermore, take
r = d(x,y) and define the parametrix

H(z,y) = —(271')_1f(7") Inr.
A direct calculation shows that

AyH(z,y) = f"(r)Inr + f'(r)r 2+ 1Inr) + (f(r)Inr + f(r)r )0, In/|g|.
Thanks to the bound on the last term and since f'(r) = f”(r) = 0 when r <
injrad X2/2, there exists a constant Ko (depending on the injectivity radius and the
choice of f) such that

|AyH (z,y)| < K.
This said, the first inequality follows from equation [A, (4.17)]; let T'i(z,y) =
—AyH(z,y), let Tiy1 = [gdvol(z)li(x, 2)'1(2z,y) and let Fi(x,y) be defined by



GAFA A RUNGE APPROXIMATION THEOREM FOR PSEUDO-HOLOMORPHIC MAPS 321

AyF(z,y) = p(z,y) — (Jy; dvol)~'. With this notation, Vk € N>,

k
Glay) = H(zg) + Y [ dvol (o ) (2.0) + Praa.o).
=1

The term ¢ = 1 will have the most singular behavior at 0. However, since I'y (z,y) =
—AyH(z,y) is bounded and since H(z,y) is essentially a logarithm of the distance,
a positive real number K3 which depends on the diameter exists so that

/dvol(z)Fl(x, z)H(z,y)
P

The estimations of the derivatives are obtained likewise. O

< K3r? |In7|.

2.2 Estimation on the solutions of d*du = x. Let V and W be vector
bundles on ¥ having the same dimension. Let § : C>°(V) — C*°(W) be an elliptical
operator of order 1. Let 0 € Hom(T*X, Hom(V, W)) the symbol of 4, defined by the
relation 6 = oV + [, where [ € Hom(V, W) is the term of order 0. Ellipticity of §
means that o(z) is an isomorphism when z # 0. Moreover, if o* is the symbol of ¢*,
the following relation will be assumed: Vz € T*%, o*(2)o(2) = |z* Idy.

Fix £ > 0 and p €]0,e7![, the latter being small. Here, as in the rest of the text
I1g is the projection on the space spanned by eigenfunctions of the Laplacian whose
eigenvalue is bigger than E. This well-known lemma will be of use in the upcoming
estimates.

LEMMA 2.2.1. Let E >0 and n € C®(V) be given. 3¢; > 0 such that there exists
an unique u € (IIgL”(V)) NW**(V) satisfying V*Vu = Ign. Moreover, u € C°(V)
and

Vu22+Eu22§(1+cl)'/ u,n’.
IVl [l 5 M< )

Suppose that y € C*(V) is orthogonal to the eigenspaces corresponding to small
eigenvalues of the Laplacian, i.e. (1 —IIg)x = 0. It will frequently be decomposed
as

X =q+b1Vbo
where by is a section of a vector bundle Y — X, by a section of C*°(Hom (Y @ T*, V),
and ¢ € C*(V).

PROPOSITION 2.2.2. Let E and p be as above. Je3(Diam X)) and ¢4(vol ¥, Diam X)
two real positive numbers so that given x = q + b1 Vb as above and for u € C*(V)
a solution of §*éu = x, then

@) llullgo, < es(o™ npl lull 2 +llall. , + 1151l 2o, [1D21l3,,,) -
If moreover (1 —Ilg)x = 0, and let k1(p, E) = (1 + p~*E~1), there exists a unique
solution and

(b) lullzo p < carr(p, E)(llall. , + 1011l 2o,

[b2ll3,,) -
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Proof. Introduce a smooth function « : [0,00) — [0, 1] equal to 1 on [0, 1] and 0 on
[2,00). For a fixed x, this function enables to define a function which is constant on
B,(x) and with support in Ba,(x):

as(y) = a(p~d(z,y)).
The equality
V*V |u* = 2 (u, V*Vu), —2 |Vu|?
allows us, together with
§*6u = V*Vu + o'Vu + Ru

which comes from the relation o*(-)o(-) = |-|? satisfied by the symbol ¢ of 4, to
write (u, 6*0u), = (u, x), as

$(V*'V lul? + |u\2) + |Vul* + (u,0'Vu) + (u, Ru — $u) = (u,x) .

Both sides of this equality are then multiplied by a,(-)G(x, -) then integrated
over Y. Here is what the first term gives

[ )6, ) (79 )+ )
:/G(x, (VY uf? + Jul?) —/(1_%(.))6:(35, VT ul? + ul?)
> )
— |u(x)|2 — /2(1 — g (- ))G(aj7 ) Ju( - )|2 — /2(1 — ag(- ))G(m, VIV Ju( - )’2

= [u(@)[* - /E(l—%(~))G(9€, O /E u(-)? V'V [(1—au(-))G(a, -)] .
Thanks to 2.1.4, for a constant ¢z, |V*V[(1 — ax(y))G(z,y)]| is bounded above by
Ki1p~?|lnp| when y € By,(z) \ B,(z) and zero elsewhere. It then follows that

u(z)|? Vu-zlndx,-_l
r<>r+/x)\ ()P (d(z, )

ol

< lu()? + / Vu() 2 an( )Gz, -)
gKg(/E(l—ax«))G(x, ~>u(->|2+p—2unp|/A fu( ) ?

—l—Kg/
Ba,
+
B

The sup of the left-hand term on z € M bounds % HUH%O,p; thus in our bounds of
the right-hand terms, a factor of |[uf| o, will always have to be present. Each of the
five terms on the right-hand side of (2.2.3) will be treated differently.

First term. The integrand is of support in ¥ \ B,(z), a rough bound allows us
to rewrite it in a shape close to that of the second term, that is,

0= al)6la ) <l 1= as(- DG ) o

[u()[* In(d(z, -)~") +K4/B az(-)G(x, ) [u] [Vl

()G, ) <u,x>). (22.3)

2p
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and, since [[(1 —ag(-))G(z, - )||; < Ks|lnp|, this term is bounded (if (a) is to
be shown) by Ks5|Inp| [lul| ~ [[ul| > (K5 depends on Diam 3 and volX). As for the
bound that gives (b), the work is to be done as in the treatment of the second term
(which is done immediately below).

Second term. To obtain (a), it suffices to notice that Hu||L2(Ap,2p) < V37p ||uff| -
Thus, the first and second term are bounded by (K5 + v/3mp™1)|In p [|ul] o [|ul] 2.
However, in order to get (b), first write, thanks to 2.2.1,

Juls < 1B /E (u, ) dy.

That last term, after decomposing x and integration by parts, is bounded by
/E<u,x> dy < [[ulliee (gl x + V01l 2 B2l 2) + [[Vull 2 b1 o [[B2]] 2 -

Covering 3 by Kgp~?2 balls, where Kg is a function of the volume of ¥, the L” norms
are bounded by Taubes norm:

Il < Kep™?|npl 7 L,
2 < VEep [ Inp| 2 ||y, -
Finally, these inequalities give

_ 2 Y
p 2 p| ull}s < Kep ™ E~" [|ullzo (lgll,, + 16120,

[b2lls. )

Third term. This one is bounded quite simply, as the singularity is integrable:

/B Ju(-) P In(d(z, -)7") < 8p% [np| Jullfe < 807 Inp |[ullZo -
2p

This term is thus destined to disappear: for p small enough, it can be subtracted
from both sides of the inequality.

Fourth term. As the preceding one, this term will only be negligible for p small.
Bound it by

[ @16t ) ul 190l < i [Vl ([ (00160 )/ m(ae, ) 70)

2p 2p
< Krp|np|"? ||ufl | Vulls. ,
< Krpllnp['/? a7
where K7 does not depend on the cut-off function since

1 2
iggHG(x’ -)/\lnd(w, ')|H|_00(32p(x)) < (2m)7 + 4eop?| In2p| .

Last term. First decompose x = g+ b1 - Vba. The part containing ¢ is bounded
simply thanks to Lemma 2.1.4 by ¢ ||ull| « [[¢]|, ,- The rest requires more care. First,
integrate by parts:

/ az( : )G(QZ, ) <uv b1Vb2> = / [Ot:(:( . )G(.T, . )((Vu, b1 . b2) + (U, Vbl . bg))
Bs, Bap

+ (d(ax( . )G(x, . )) ®u, b1 . bg)] .
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Apart from the last term, Lemma 2.1.4 and Proposition 2.1.3 ([lad], , <
llall. , [0l2.,) allows us to bound this by

e [lull o, 101l 2o, 102][ 2 -

As for the ultimate remaining term, use again Lemma 2.1.4 to bound the
difference between d(a,(-)G(z, -)) and (27)~'d(z, -)Vd(z, -). However, ¢ :=
Vd(z, -) € C°(S*;R?) whence the following bound is found for this remaining term:

102ll9.., + [lu @ bill o , D2l 1 ,) -

Ks(l[ull zo p 101l 2o,
Using 2.1.3 yields

/B az(-)G(z, -) {u,x) < K ull go, 1011 2o, B2l -

2p
The bounds found for the five terms enable us (when 2K7p?|In p| < 1/2 so that the
third and fourth terms do not weight on the right-hand side) to show that

2 — _
lullzo, < eallull o, 1+~ E7H) (llall.p + 101l 2oy 1b2l5,,) -

O

When 6 does not have a term of order 0, and if n € C°(W) and u € W' (V) are
related by
ou=mn,
then the results of Proposition 2.2.2 apply using that 6*6u = 6*n. Indeed, since
0* = —0o*V 4+ 1*, it suffices to take ¢ = [*n, by = —c* and bs = 7 so as to have the
following corollary.

COROLLARY 2.2.4. Let p be a small positive number and E > 0. Let ¢4 > 0 as
above, if n € C*°(W) and u € C>*(V') are so that du =1, then
lull o, < es(p™ 1 mpl [lull 2 + 1I9lly,,) < ca(l+p "B [lnlly, -
If n = 0, it is still possible to get a bound on the norm of u, using standard
results.

LEMMA 2.2.5. Vk € N3cs , such that £ € C*°(V) and § € Kerd, i.e. 6§ = 0, then

IVERE Lo < esp I 2 -

2.3 Estimating the £! norm. Information will now be obtained on the £!
norm of the solutions of the equation 6*n = x, with §* elliptic and again the decom-
position of x as ¢ + b1 Vbs.

LEMMA 2.3.1. Let p €]0, 1] be sufficiently small, 3cg > 0 such that if §*n = x then
|1/2 HTIH2*,p) .

The proof, being far from obvious, requires a preparatory lemma and some extra
notation. A description of a test function (which will be multiplied to the equation
0*n = x in order to conclude by integration by parts) has to be done first.

Let Vo and Wy be vector spaces of equal dimensions and let o €
Hom(R?, Hom(Vy, Wp)) be such that o¢(z) is an isomorphism V0 # z € R%. Recall

Inll e, < co(llall,, + 1 pl 2 b1l o, [1b2lg, + [T p
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that o € Hom(R?, Hom(Wy, Vo)), thus for z € R?, o3(2)o0(2) € End(Vp). Suppose
further that o§(z)o0(z) = |2* Id.

Let V( be the Euclidean covariant derivative in R?, then §p = 00(Vyp) is an elliptic
operator of order 1 on R? which sends maps with value in Vj to maps with value
in Wy. Similarly, it sends sections of (Vy ® W) on sections of (Wy @ Wy).

Finally, since W) is an Euclidean vector space, End(W)) identifies to (Wp @ Wp),
and 1 € (Wp ® W) will mean identity as an endomorphism.

LEMMA 2.3.2. Let 1 € C*°(S') be seen as function on R? \ {0} which is radially
constant. 3ty € C°(Vy ® Wy)|s1 unique (seen as a section independent of the norm)
and ty € Vo @ Wy such that for s(-) =t1(-) +toIn|-|

do (s) = 1/1@11
and, for c; a universal constant
ol + 1 sty + 1 Ipgsny < o7 9602y
Proof. The operator §y has a (Green’s) kernel defined by
o) = K, 2ol *120)
ly — pl
Let g = y/|y|. Let ¥r(y ) = 27T fsl o8 (2)1(2)dd be a section of Wy on R? \ {O}.

Then ty = 0§ (§)VL(9) = 5= [o1 04(2)¥(2)dE is an element of V. Let ¢y =1 — .
A formal solution to the equation can be written as

\y p\ \y!

Let t1(p) be the expression correspondlng to the integral. If p = p/|p| and by
making a change of variables y — |pl|y, it appears that ¢;(p) = t1(p). Consequently,
if it converges, the integral defines a section on the circle. Let us now write y in
polar coordinates (|y|,y), then

/S i )i = /S )~ /S i) )4

€ Hom(Wpy, Vp) .

— [ x@pag— [ 2L *(#)p(2)d2 ) dg

= [t - [ 9 ( [ o@u@ar)
=0.

Whence, using o5 (9 — p/|y|) = o§(9) — o5(p)/lyl,

0= [ it/ )l

_ / W (e 1en (@) — oy @)/1v])dlylds

R2 |y — Dl

_ / YL o () (9)d ] + / o5 (—p)on (§)dlyldg
2 |y — p|? 2|y —
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Thus, the second integral is convergent. There remains to show that the first also
converges. The eventuality of divergence could come from large values of |y|. Choose
p such that |p| = 1, when |y| > 1, the expansion
—9 —9 N 2 2\—1 -2 -1
ly =7 =yl (L+ @) /Iyl + 17/ 1ylF) =yl (1 + Oy ™))
enables us to write

/ U oi@en@aian = [ ai@en @)l
R2\B1(0) [y — P R2-.B (0)

+ / Ol ™)yl o5 (@)n (5)dlyldg -
R2\.B1(0)

Integrating first on the angular coordinate, the first integral is shown to be zero,
whereas the second converges. Thus the integral ¢1(p) is also convergent.
The promised bounds on the norms of these function remain to be found.

[tal < (2m) 7 oGl 2 gy 1Ml 2 51y < K2 19l 2 g0y -

As for t, it satisfies a first order ordinary differential equation, the norm of its
derivative is bounded by that of ¥ (the difference between v and 1 is bounded by

||¢||L2(Sl))’ Thus,
IVl sy < K2 [Yll2s,) -

By compactness of S, [t1][Loe (1) < K3H¢HL2(SI) and consequently Ht1|]|_2(51) <

VITKs 4]l 2 s, o

Proof of Lemma 2.3.1. Let x € ¥ be fixed, p < injrad X, and use a Gaussian coordi-
nate system around x. The metric that comes up in the evaluations of the norms will
be replaced by an Euclidean metric: indeed, the expressions [ B,(0) (v, 0 @Mgp/l |,y
and f B() (v,0@m)g/|-| p do not differ by much, the ratio between an Euclidean met-
ric and the metric of ¥ is a power of (1 + p?). Since [[v]| ~ < 1 and HngLz(Sl) <1,
this difference is bounded by Kjp|In p|~* [7]l2. , Wwhere K1 bounds the absolute value
of p~tnp [y pr=2((1 + 7% — 1) |Invr|~'dr for p €]0,e7'[.

Gaussian coordinates give a local trivialization of the cotangent bundle T*| B,(z)
by associating it to the cotangent bundle of B,(0) C R2. Let the local coordinates of
the latter be written as dy;, i = 1 or 2, and let v = > v; ® dy;. In a similar fashion,
a local trivialization of V|p ;) and W|p, ;) over B,(0) x Vg and B,(0) x Wo, where
Vo = V], and Wy = W/,, is given by these local coordinates.

Now consider o¢p = o|, where o is the principal symbol of the operator §. Then
dp = 009(Vop) is defined as in Lemma 2.3.2. This lemma applies on the components
¢1 and ¢ of ¢ to give two functions s; and se. Let s be the section (in coordinates)
of V|p,(s) defined by

§=51QU1 +S53Qv2.

Multiplying both sides of the equation §*n = x by «a,s (where «, is the cutoff
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function introduced before), an integration by parts reveals

/B2P(I)<5(ax5)ﬂ7>g = /2 <Ol$5,X>g X (233)

Bap ()

Decomposing 6 = dg + d(z, -)d’, yields
05 = (0si) @ v+ Y si@ov+d(r,)> 85 @v;.

Thus the left-hand side of (2.3.3) can be rewritten as

/132,,(z)<6(%5)’n>9 - /Ap,z,,(z)«éo%)ﬁ’77> / <Z \@’Z; >

+ / (s @ v, 17>g + / <azd(a:, )d's @, 77>g .
Bay(z) Bay(z)

As fB < iy ,ng < fsz( oz (3 |¢’“” > . In other words, the term whose

I log

bound is of interest is
(s, X), — / (dag)s,n
( I Ap,2p($)< >g

fr™ T, = e

— / {azs @ dv,m), — / (agd(z, - )d's @ v, 77>g )
B2p(x) BQp(x)

Recall that s;(-) =t1;(-) 4+ t2,In]|-|. The last three terms are bounded as follows:

[ (Gasov),| < Kk ol (lalls Il
Ap 2P( )

1/2

+ |In p| Y% |ta| ||77||2*,2p) )

| tasso s, < Kol 1900, 2 s,

BQp( )

+ K3 [to] HVUHQ*,zp ‘|77‘|2*,2p )

/B ( )<a:cd(xa )85 ® Ua77>g <4p°K3K, [0]l oo (/’ ||Vt1|||_2(51) ||77”|_2(32p)
2p(T

2w lta] 1l 2 g, )

where Ko = 27/ prp r~ldr = 27/In2, K3 depends on the symbol of § and K; =
d(z, -)/| - |llL(B,,)- Proposition 2.1.3 will be used to find the usual norms:
2 gy < 110 P2 -y, given that 2p < e

Using x = q + b1 Vb, the first term becomes

/ (Oéxﬁ, X)g - / <a1‘57 q>g + / <a$57 bIVb2>g
Bap() Bap () Bap(z)
- / (az8,9), —/ (ags, (Vbl)b2>g—/ (V(ags), b1b2>g,
Bap(x) Bap(x) Bap(x)

where an integration by parts took place in order to obtain the last line. The first
of these three terms can simply be bounded by

[E1llee 10llios gl g,y + L2 0llLoe Mgl 2, -
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As for the second, it is bounded by
[E1llee [0llioe V01l 2 g, ) 021l 2, ) + B2l [[0]lLoc 1V BL]]54 o) 10224 2, -

The third can be written as

/ (V(axs), blbg)g = / <(Vo¢m)5, b1bz>g + / <ax(Vt1 ® U), b1bz>g
Bap(z) Ap,2p() Bap ()

+/ <amt2v’ : ‘ ®'U,blb2> +/ <azS®VU,b1b2>g .
Bay(a) - | 0 B

The bounds are obtained as follows:
[ ((Vansbiba),| < Kallollin Wallis (Tl Bl 2,
Aﬂ,2p($)

+ [1n p|Y/2 |ty ||b2||2*,2p) g

[, T, <419l gy ol Pl Pl -
2p(T

V||
/ <axt2 ®Uvb162> < ltallos [Vl oo [[01][ Lo 12l 21
Boy () |- p

/  faws @ Vit <l 1900,y 1 e i,
P

+ [t2] [Vl 2, 101 ]| oo 102]l54 2 -
Putting all these bounds together yield Lemma 2.3.1. O

2.4 The kernel of IIg. This subsection provides bounds on the part that has
so far been neglected. Our goal is to get a bound on (1 — IIg)x in terms of the
norms of g, b1, and by. To alleviate notation, mg will denote the projection on small
eigenvalues of V*V: g =1 —1lg. Let N(F) be the number of eigenvalues < F and
let {vi}fi(lE) a basis of the image of 7p:

N(E)

mex=3 | [ (v, | v

i=1 L%

The main result of this section is to bound |[7gx|l, , by [lqll. . [[b1]l o, and [[b2]]o,

but with a parameter p’ # p. But some preparatory lemmas have to be established
first.

LEMMA 2.4.1. Let ea € Ry, there exists constants cg, depending on €z and on
the metric on 3, such that for v an eigenvector of V*V whose eigenvalue is A and
whose norm |[[v|| 2 =1

HV(X’”UHLOo < cgn max(l, )\%‘“2) .

Proof. Let € = 3_1%627 so that ;—fi = % + €2 Choose p such that p < injrad ¥ and

p~¢ > |Inp|. When n = 0, this bound is a consequence of 2.2.2(a). Indeed, taking
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0=V, E<\ u=wvand xy = Av, yields
[l < llollgo < es(p™Hmpl ol 2 +Allv]l,,)
< es(p~ I pl oll> + Aol Ki?l I pl)

where K7 < 87 comes from the integral p=2|In p|~! fsz |In7|dr. Thus, under the
condition that AKjp?|Inp| < AK1p?~€ < 1/2, then

0] e < 2e3p | Inp| < 2e3p” 179 < 2¢4 max (K, (2K1)\)(1+€)/(2_6)) :

The last inequality is obtained by taking p as large as allowed (so K3 depends on
injrad ¥ and €). Induction may now be invoked. Suppose that the statement is
true for any integer < k. Then, applying 2.2.2(a) to u = VZ(V®+1) and y =
AVEFtTLy 4 Y o<i<k R;VE* =iy, the conclusion follows by the same argument (the
R; depend only on the metric). O

LEMMA 2.4.2. Let N(FE) be the rank of mg, then N(E) < cg(E +1).

This is Weyl’s law, see (among many possibilities) [BeGM, p. 204] or [U, Cor. 2.5,
p. 361].

LEMMA 2.4.3. There exists a constant Fy which depends on the metric such that
Ve € ¥ if ry : wg,C®(V) — V|, is the restriction at © and ry oV : mp,C®(V) —
(T ® V)|, is the restriction of the derivatives, then r, and r, o V are surjective.

Proof. Let s be a smooth section of V' such that [[s[|,> = 1. Since ¥ is compact,
[Vs||, 2 < K1. Thus, the expression of s in terms of eigenfunctions converges point-
wise. Thus, for any basis of V|, there exists a E, such that this basis can be
approximated by elements of 7g, . This surjectivity remains valid for points close
to x, and by compactness of ¥ the conclusion is achieved. The same argument works
for r, o V. O

The main result of this section is now at hand.

LEMMA 2.4.4.  Let kao(p/,E) = (1 + p?E%®). There exists a constant cig such
that for E € Rsq, and p,p’ < Ry, then for x € C*>°(V) which can be written as
X =q+b1Vby

p*|1n p|

/
FE
p/g‘lnp/‘K“?(pa )(”q,

I7ExXll., < c10 e F 01l o b2l ) -

Proof. For two integers n, m big enough, it is possible to choose a set 2 such that
* ngB"p’ () = %;
e By(x)NBy(2') =@ if x # &’ are two points of €;
o for ' CQ [ >m= N B,y(r)=0.
xeY
This set is easily realized in Euclidean space. Since ¥ can be isometrically embedded

in R*, this remains true up to a small perturbation. Consider again the cutoff
function v, defined this time with parameter np’ rather than p. Furthermore let
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Ya( ) = az(+)/ 3, eqy(-) be the partition of unity associated to the covering of ¥
by {By, (2)}zen. Moreover, the gradient of 7, behaves nicely: [V, ()| < Kip ™'

As the projection 7g is a linear operator, the bound on y can be obtained thanks
to x = > ,caVe(-)x(+). Using Lemma 2.4.3, for each point x € €2, there exists
a L’-orthonormal basis {vi}i]i(lE) of mgC>®(V) such that v; € C>®(V) and, when
i > N(Ep), ryv; = 0 = r,Vv;. Again, upon integrating by parts, the following
expression for the projection of x on v; can be obtained

A<vi,%x>g=/Z<vi,%q>g—/Z<vi,%(Vb1)bg>
_/ <Vvi>'7xb1b2>_/<Ui,(v7;p)b1b2>. (2.4.5)
b b

Consider the projection of mgvy,;x on v; when i < N(Ep). In that case, Lemma 2.4.1
enables us to bound v; and Vv; uniformly by cg1(1 + EO)Q/ 3 thus the right-hand
terms in (2.4.5) are bounded respectively by

*,2np’ + |1Il pl|_1 ||Vb1”2*,2np’ Hb2H2*,2np’
+ pl| lnpl|71 ”bl”Loo ”b2”2*,2np’ + K%’ lnpl‘il HbluLOQ HbQHQ*,an’ '

All these norms can be put together to give

JREEES

where 2.1.3 is used to pass from the parameter 2np’ to p’. Also, HfuiH*’p
cs.0(1+ Eg)?/3p?|In p|, which yields

v; / (Vi, Y2 X) g
b

Now, if i > N(Fp) the choice of the v; gives that |v;| < cg2p?E?3 and |Vuy| <
cg2p' B*/3. This time the right-hand terms of (2.4.5) are bounded as follows:

[n |~ (gl

< |7 Ko (gl + 101l o,y 102l5s ) -

< Ksp®| nplln /[ (lall,,p + 101l 2o,y 1020154 0) -
*7p

6872E2/3p/2| In Pl|_1 [ ”qH*an’ + HVb1||2*,2np’ ||b2||2>k,2np’
+ 101

Lo Hb2H2*,2np’ + K12 HbluLOO H62H2*,2np’] :

Since [|vl, , < es0(1 + E)*3p*|In p|, then
< K4p?|lnplr?|In /|7 (|l

Ui/ <'U7;, 7$X>g
z *,p
As N(E)—N(Ey) < KsE, the decomposition Ty, x = Y ,cq Vi [s; (Vi YaX), enables

to conclude that
ImEvaxll., < Kep®|Inpl|In g/ |71 (1 + pE53) (llqll, 0 + [11ll 2o 1D2ll, ) -

The finishing touch consists in noticing that the cardinality of Q is bounded by
K7p’_2, where K7 depends on the volume. O

v F 01l 2o b2l ) -
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2.5 Existence and a priori bound on solutions. It will be convenient to
introduce

) = llalls,, + 101ll 2o , B2l - (2.5.1)

The linearized operator of 9y at f is the operator D ¢ introduced in McDuff and
Salamon’s book [McS, §3]. Even if for many structures it is invertible when f is
J-holomorphic, the present situation requires looking at this operator for a function
which is precisely not J-holomorphic (at least in the complement of K, the compact
set where the approximation is to be made). The projection Iz enables us to avoid
problems that arise from a lack of surjectivity.

Define first x/(u) by

8 0u = V*Vu+ o'Vu+ Ru = V*Vu+ x'(u),

where ¢’ is the symbol of a first-order operator. A wise use of Lemma 2.2.1 will give
the existence of a u € C*°(V') such that lIgd*ou = Ilgx.

LEMMA 2.5.2. Let § be an elliptic operator as above, there exists a constant ciy
(which depends on 0) such that when E > c11, the equation l1gd*du = Iy admits
a unique solution u € IIC*(V). Moreover this solution depends continuously and
linearly on .

Proof. Write V*Vu = IIg(x — x'(u)). Lemma 2.2.1 insures the existence of a section
uy, such that V*Vu, = IIgx and of ¥(u) solution to V*V(u) = —IIgx’(w). Thus,
the problem can be expressed as the existence of a fixed point for

u=1(u)+ uy.

It suffices to show that u +— 1 (u) is contracting as a map from MW (V) to itself.
First, since |||l 2 < K1 [lullyy1,2 Lemma 2.2.1 shows that if £ > ¢;

[ o) < 26 oGl e
= [[o(u)ll 2 < 2K1E7 [luly2 -

Using this inequality, a second application of the same lemma gives

Jtw.x)

< 2Ky ([ ()] 2 [Jull 2
<AKTE M |ull3 e -

E|¢(u)f> <2

V()| (2 <2

Thus, [[¢(u)|lyr2 < 4K1E~Y?||u 12, that is the linear map 1 : IIpW (V) —
W (V) in question is contracting given that E > max(16K%,1,¢1). In other
words, u = ¢(u) + uy < (Id —1))(u) = u, . However Id —t can be inverted using
power series (which converges since [[1)]| < 1). The solution to our fixed point
equation is u = (Id —)~(u,). Thus, linearity of the dependence on u comes from

the linear dependence of u, on x. Arguments of ellipticity enable us to conclude
that u € IIgC=(V). O
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Theorem 2.5.3. Let E and p be positive numbers. The equation IIgd*ou = Iy
admits a unique solution u € IIC* (V') which depends continuously and linearly on
x and such that

lullz,, < cr2r1(E, p)|Inpl (x),
where k1(E,p) =1+ ﬁ.

Proof. The previous lemma covers all the assertions of the theorem with the exception
of the bound on ||u|,. This is done using Lemma 2.2.2:

[ull o, < ca(l+E~ o4 Inpl) (x), - (2.5.4)

The £' norm of Vu requires more work. First observe that u satisfies the following
system of equations

V'V =Tlg(x + X' () ,
VVu=RYu,
where RV is the curvature tensor. The operator V* & V : C®(V) —
C®(V) @ C®(T*E x T*E x V) is elliptic of the first order. Lemma 2.3.1 can be
used on (V* @ V)(Vu) = Hg(x + x'(v)) @ RVu to get that
IVull o2
< co(lall, + [TEX @, , + IR el + 110612l o B2l + [Vl )

where ¢, by and by come from the decomposition gy = g + b1 Vbs. For a constant
K1 which depends of the terms of order less than 2 in §*9,

Mex' ()], , < Ki(llull,, + 1Vully,,) < Killullzo, -
Moreover, there exists another constant such that HRqu* , < Ko [[ull, ,- Thus,
IVull 1, < Ks(lall., + pl2(lb1ll g0, 1213, + IVl ) + Il 0,,)

Using (2.5.4) to get rid of the terms in u and then adding the resulting inequality
with (2.5.4) gives

lull g, < Kalnpl(llgll,., + 161l o,

‘bQH’}-Lp ) .
O
Note that if for some reason the operator ¢ is surjective, it is no longer necessary
to project on large eigenvalues of the Laplacian. Thus, it is possible to obtain the
same estimates. Here is a case of interest.

COROLLARY 2.5.5. Let ¥ = CP!, let § be surjective, and let p < e~ !, and let u be
a solution of §6*u = , then

lull g, < 3eizp™] I p|*? (|l 102ll34,) -

wp 101l 2o,
In particular, this inequality holds for p = 1071.

Proof. The proof is identical to the one of the previous theorem with the exception
that it is only required to take E the smallest eigenvalue of the Laplacian. Fixing E
however cannot guarantee that £~'p~* will be bounded, and p must consequently
also remain fixed. O
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3 Realizing Newton’s Method

We briefly recall the intuitive idea to tackle the problem and sketch the contents of
this section. Given a (non-constant) J-holomorphic map go : U — M from some
open set U of a Riemann surface ¥ to an almost-complex manifold (M, .J), it will
be extended (as there exists a C° extension) in a C* fashion to a map g : ¥ — M
defined on the whole of ¥, g being identical to gy on the compact K C U where
the approximation is to be done. There will then be a set, presumably quite big,
where g will not be J-holomorphic. To make this map J-holomorphic on a bigger
set, its values on small discs will be replaced by those of J-holomorphic maps having
local expansion close to that of g on the boundary of these small discs. However,
in order to keep the differential of the approximate solution f bounded, it will also
be required to change the metric of the surface (so that it metrically looks like the
surface where many CP! have been "connect summed"). This process is described
in subsection 3.1.

Once the approximate solution f has been obtained, the linear equation must be
solved (that is the inverse of the linear operator must be found) in order to apply
Newton’s method. This can unfortunately not be done in one swoop. First, in order
to deal with the metrically strange manifold that the many graftings have created,
it will turn out more convenient to split the equation into parts (the initial surface
¥ and the CP! grafts) with, for the sake of consistency, some interaction between
them. A similar process is already present in McDuff and Salamon’s description of
the gluing [McS, §10.5], Taubes’ work on anti-self-dual metrics [T, §6] and Donaldson
work on instantons [Do2, §IV(iv)]. Subsection 3.2 is concerned with this splitting of
the linear equation.

The inversion of the linear operator only takes place in subsection 3.3. Though
the equations have split they still interact with each other. First the resolution (and
bounds) on the CP! in terms of the normal data and the perturbation from the
base X is done. Likewise on the base X, but there are two problems. The first is
that the small eigenvalues of the Laplacian must be taken out to insure inversion;
the treatment of these small eigenvalues is postponed to subsection 3.5. The second
is that the perturbation coming from the CP! depend on what happens in ¥. The
result will be a (multi-)linear map §y = A1n+ A€o and a correct choice of parameter
will make the norm of Ay small so that (Id —Ay) is invertible.

Once proper estimates for the inverse of the linearization have been made, the
contraction as in (1.3.1) is then proved in subsection 3.4. This first fixed-point
argument will yield an F-quasi-solution, a perturbation that would give an honest
solution, if not for our negligence of the small eigenvalues. This section gives a map
HEZ from approximate solutions to a default of the solution which lives in the space
of small eigenvalues, Im 7.

Subsection 3.5 deals with the small eigenvalues. After some observations on
Taubes’” norm in Im7g and the term resulting from constructions by grafting, a
family of approximate functions f, parametrized by v € & C Im g is constructed.
Relatively rough estimates enable us to conclude, by a fixed point argument on

nl

H
v f, 5 Im7g, that there is an honest solution.
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3.1 Grafting and the approximate solution. The initial data is the function
go defined on U C ¥ and to be approximated on a compact K C U. The first step
is to extend in a C* fashion go| - to the whole of 3 by a function g. g can barely be
expected to be pseudo-holomorphic outside K. Grafting many localized solutions to
g will give the approximate solution.

LEMMA 3.1.1. Suppose J is Lipschitz. Take a point zy € 3, a holomorphic chart
on B, (z0) C ¥ ¢ : B(20) — C sending zo to 0 and a chart ® : Br(g(z0)) — R*" such

that ®*Jy () = Jo = ( 0 710“{") and ®(g(z0)) = 0. Then there exist a,b € R?*" such

1gn

that ® o go ¢~ '(2) = az + bz + O(|z|*) where /—1a := Joa € R?".

Proof. In the holomorphic case this is obvious, and since the structure J is Lipschitz,
the deviations from the holomorphic case will remain of higher order; remark this is
implicit in Sikorav’s discussion of the local behavior, [Si2]. O

Let us now clarify one of the two main hypothesis of Theorem 1.1.1.

DEFINITION 3.1.2. (M, J) has the double tangent property if there is a dense set
E in the bundle TM & TM such that for any (a,b) € E,, C T,,M & T,,M and
Ve €]0,1/3[, there exists an ro(a,b,e) € Rsg such that for any r €]0,rg[, there
exists a pseudo-holomorphic map H  : CP! — (M, .J) such that, in local charts (as
in Lemma 3.1.1), if 7= < |2 <r(1+7), ®oH} o™ (2) = az+br?/z+ O(r' ).
Furthermore, for fixed € and K € R+,

supro(a,b,€) | (a,b) € E, |lal| +[|b]] < K > 0.

If, per chance, it happens that d;g(zp) = 0 (or, in particular, that dg(zp) = 0)
at some point zy where the grafting is to be made, then it is possible to go for a
simpler procedure. Indeed, in Lemma 3.1.1 b = 0, so that, in those charts, replacing
g on a small ball by the function az and gluing back outside the ball to the previous
function (using cut-off functions) will turn out to give much nicer estimates than
when b # 0 (see Donaldson’s paper [Dol, §3|, where a similar grafting procedure
goes on more smoothly than here).

Let us focus on the localized solution when b # 0 (and for r sufficiently small).
It will be H] , the family of J-holomorphic curves coming from the double tangent
property (see7 Definition 3.1.2). Recall the Hj , can be obtained as the result of the
gluing process described in |G, §2|. Thus let

2

Hj (2) = az + b% + O(THG‘)) ,

a

for ¢ €]0,1/3[ and r < Ro(M,J,g). This approximation will be used with say
co = 33/100.

DEFINITION 3.1.3. A J-holomorphic graft on g at zy of parameter r (where r < Ry)
is the function g, = gff.,H; ;, defined, in local charts and for a, b as in Lemma 3.1.1,
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as follows:
9(2) ir(14+ ) < 2]
9:(2) = § B2Ng(=) + (1= B HI(2) i r < |2 <r(1+7°),
Hpy(2) if |z| <7,

where € €]0, ¢g] and

1 ifr(l4r9 < |z,
In|z| —Inr . ¢

B(2) =1 = Br(14re)r(2) = ln’(1+r5) if r <|z] <r(l1+7r9),
0 if |z <.

Let us dwell a bit on the domain |z| < r(1+7°) in the above charts: the function
will not be modified again there, and when |z| < r it is actually J-holomorphic since
H(, is J-holomorphic. So 079, is identically 0 on |z| < r. A bit more information is
required out of this grafting procedure.

LEMMA 3.1.4. Let g, be the above J-holomorphic graft on g, let 34,, ,CP! be the
surface obtained from Y. by multiplying the metric in B,(zy) by LteP Then

24|22 /r?

gr : Btz CP! s such that |dg,| < 10|dg| on B, (11, (20) and 959, = 0 on B, (z0).

Proof. To achieve a bounded differential on B,(zp) the metric has to be changed:
dH_, can only be expected to be bounded for the metric as introduced in |G, §2.2|
(see ‘also [McS, §10.3]). Morally, this comes from the fact that Hy , will send a disc
of radius 7 to (almost all) the image of some fixed (depending on b) J-holomorphic
map CP! — M; in short the differential (with the standard metric) is expected
to be big on this disc. The conformal change of metric gives to a disc of radius r
in CP! the metric pulled back from the Fubini-Study metric on CP!, by the map
CP! — CP!: 2z + r%/z. This conformal change of metric will ensure that the map
has bounded differential (by a constant which depends linearly on |a| and |b|, thanks
to the compactness of M) on B, (zo). As for the region By(14,)(20) \ Br(20):

|Z‘ _TQ 1+€ 1
< 1z = S 1
= o)l ’b< . o |2/ In(1 + <)
= =72 | _O@tt)

+ |[dH] (=
|Z|2 11’1(1 + ',"6) |Z’ ln(l + 7«5) ‘ ,b( )|
@re 4 r2)r?
r2 In(1+ r)

< 2]dg(2)] + O(r ™) + |dHy ,(2)]
So ||dgy|[L= < 10]|dg]|Lee. )

+ [dH ()]

< |dg(2)| + o]

< |dg(z)| + |b] + O(r =) + |dHj 4 (2)|

Upon reading Donaldson’s method in [Dol, §3] one might think that here the
introduction of the function Hg,b is superfluous. Indeed, in the cited paper, it seems
sufficient to modify first the term in bz on a thin annulus, and then cut-off completely
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the term in az on a larger annulus. However, this process does not apply here as the
addition is only defined in a chart. The truncation of the az term would have to be
made for z of small norms, and there would be no guarantee that the holomorphic
function which substitutes to bz would not go out of the chart.

A priori, this grafting process only makes the 0y trivial in a neighborhood of
the point where a grafting occurred. For a more global decrease of the 07, our
candidate f to a implicit function theorem will be obtained by repeating this process.
The construction of this f (so that the Taubes’ norm of d;f is small) can now be
described.

First take a Ry so that for every parameter in the local expansions of g the
construction of |G, Th.1.3] works when r < Ry. Let Sy C ¥ be the set of points
where 079 # 0. We want to cover Sy with discs so that the geometry (curvature of
Y and the boundary of Sp) will make only a small perturbation. Take this radius
Ry < Ry so that furthermore Ry < 10719¢ (i.e. (1 4+ RY) is less than 1 4+ 10710).
First pick a set € of densely packed discs of radius (1 + 7{) where 1 < Ry, and
let S1 = Sp ~ Uz€Q1Br1(1+r§)(z)- Then a second set 29 of points z € S; where
one can put the disc of biggest radius (the radius 73, depending this time on the
point), and set So = S1\U.ecq, BT2,2(1+7‘§VZ)(2)' Continue this process N times to get
S := Sy, with vol(Sn,) < 27 Mswol(X), Q = Uf\;slﬁi and 5~y < p;, < 7L
Then at every point of z € €; make a J-holomorphic graft of parameter r; . (the
grafted function is Hﬂ;;bz where a, and b, are the holomorphic and anti-holomorphic
coefficients of g at z).

The approximate solution f will then be characterized by the following informa-
tion: the radius 7; . of each grafting operation, the volume of the region S where no
grafting occurred. The number of grafting one makes is not bounded if one tries to
make S as small as possible. Let us also introduce r = maxr;, = r; the biggest
radius for which this surgery is done, r; max = max.cq, r; - the biggest radius at the
ith step, Tmin = minr; , the smallest radius, and A = r/rpin < 7Ns

Checking that Taubes’ norm of d; f is small is a relatively simple computation.

LEMMA 3.1.5. Let f be as above. Suppose Ny > — In(10p%r¢)/In2 and p > r1(= 1)
then HanH*p < c13p%r¢ In(p*r¢)

Proof. The assumption on N is made so that Sy, < 5vol(X)p?r{. The desired
quantity is

185 £ ll-.p = sup / Ind(z,)[|87/ () |dvol(y) . (3.1.6)
z€X J By(z)

The ball of radius p will thus encounter many regions where a grafting has been
done. More precisely, in a ball of radius p there will be less than 10vol(X)p?/r? balls
of radius of the first step (Ng = 1), then for every following step less than 4 times
the number of the previous step. In short the area of all the annuli inside a ball of
radius p > r; is less than
2
10 vol(E)p (Z 4oty ) < 10wol(X)p*r§ (Z 4i5*(2+6)i) < 20 wol (%) p?rs .

7”72 7,nax
T %>t i>0
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Split the integral in 3.1.6 between a ball of radius

po = \/fuol(SNS) + 20 vol (X) p?r§ < 5v0l(2)1/2pri/2 <p,

where the integration of the singular (In) kernel will take place, and the annulus
B, \ B,, to obtain
107 fll+,0 < 20| dgllLe= (23] In po| + (vol(Sn,) + 20 vol (£)p*rf)| In pol)
< 7507 ||dg||Lee vol (32) p%ﬂln 25v0l(X)p 7"1‘ .
O
Before moving on, a somewhat intermediate function fy between the initial func-
tion g (obtained by a C* extension of gy) and the approximate solution resulting
from the grafting process f must be introduced. Intuitively, it looks as if we removed
all the grafts from f, leaving stubs where they used to stand. This intermediate func-
tion will be needed as the analysis will be split between the part on X and that on
the graft. In local charts around grafting points fy is defined as follows:
9(2) if r(14+79) < |z|,
fo(z) = B(12Dg(2) + (1 = B(l2])) H () if r <[z <r(l+r9,
° 8(|2)) g+ (1-8(|%])) Hip@) it r@+r)7t <zl <,

9(2) if |z| <r(14+7971

2

r?
z 4

3.2 Splitting the linear equation. So far, an approximate solution g has been
produced and, in order to keep its differential small, conformal changes of metric must
be operated on the surface ¥. Let Y = St#qCP! denote this surface endowed with a
new metric; there is no control on the number of surgeries |{2| and consequently on the
volume of this manifold. Actually, even the injectivity radius can only be bounded
from below by rnin. Given that the estimates of section 2 are done for a manifold of
fixed volume and injectivity radius, these methods will deal with the linear equation
on the whole of Y. Instead, the problem will be split between the initial surface
¥ (together with the intermediate function §) and the || grafts of CP! (together
with the localised solutions H ), with some compatibility conditions. The inversion
of the linear operator (or equi’valently the resolution of these linear equations) will
be dealt with in the next subsection whereas the non-linear equation is discussed in
subsection 3.4.

Consider the open covering {U;}o<i<|o| of ¥ defined as follows. For i > 0, each
U; is the interior of the holomorphic part of the grafts: each U; is a ball of radius
712, around z; € . Let ¢; : U; — CP! be the identification of that disk to a disk
of the same radius in CP'; recall that the metric on this region can be identified
to that of the complement (by inversion) of a disc of radius r; in CP!. Still for
i > 0, let f; : CP! — M denote the map that was grafted on this disc; more
precisely, f; = H(:fl‘fi where a = 0;(.)f(2) and b = 5J(Z)f(z). Then f}UZ_ = fio ¢; by
construction. Now let Uy be the open set obtained by thickening ¥’ := Y\Uo<i<iUi-
s = Jo|sy» but f and fo are different on Up Y. Thus, the functions ¢}
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are the identity when ¢ > 0, and ¢j; is the identity on ¥’ (but not on the intersections
UoNU;). To avoid confusion, these functions will always be written in the notation.

Let [n] = {n € C®(Z;, A% f*TM)} be given on ¥y = X and each grafted
3, = CP! (0 <4 < 1Q), and let [¢] = {& € C®(%;, ffTM)}. Proper relations
between those quantities must be chosen so that a solution to all Dy,&; = n; allows
the construction of a solution for D¢{ = 7. A naive train of thought would have that
from a given 7, the n; could be constructed so that when the equations D& = n;
are solved, a £ can be directly constructed. Unfortunately, a slightly more involved
procedure has to be done. In particular, the 7; will depend linearly on the &;; an
existence (and estimates on the norms) of solutions can only be made for a certain
choice of parameters.

On ¢;(U; \ Up) (where i > 0) the relations are simply ¢ ¢ = & and ¢in = ;.
Similarly, on ¢o(Up N\ Up<i<io|Ui), 96 = &o and ¢gn = no. The regions requiring
more care are Up NU;. Identify this region to the annulus A,y ey-1,, let p > € and
let s; be such that (1 + 7"“)*1 =59 < 81 < s3 < s3 = r, and let v; and ¥ two
cut-off functions such that v;(]z]) = 0 if |z| > s3 and ~1(|2]) = 1 if |2| < s2, while
v2(|z]) = 0 if |z] < sp and y2(|z|) = 1 if |z| > s;. Consequently, let

£ =107 &+ 7200 o
Furthermore, on ¢;({|z] < s2})

but when |z| > s1, that is on ¢o({|z] > s1}),

no = PfY [66n — 666, Ds,(n&) — (95Dsd5"* — Dy )]
The values of 7; on ¢;({|z| > s2}) and those of 1y on ¢o({|2| < s1}) are not relevant.
The projection is present to make sure that the forms are of the correct type, since the
transport by ¢ need not preserve the forms of type (0,1). The next lemma justifies
that this projection will not jeopardize the construction, given the perturbation is
not too big.

LEMMA 3.2.1.  Let J be an almost-complex structure on C™. Then there is a
constant ¢ with the following property. Let U is an open set of the complex plane
(R2,5), let f1, f2: U — (C™, J), let n € A' ® ffTC", and let ® : ffTC" — f3TC"
is given by parallel transport. If Pf})n =0, Poqum =0and ||f1 — ngLoo(U) < ¢ then
n=20.

Proof. When the two functions are close enough (depending on the structure .J), the
parallel transport is made along small paths so that the anti-holomorphic part and
holomorphic remain linearly independent. Obviously, it would possible that, for two
points sufficiently far apart m; and mg, parallel transport of J,,,, to the point mo
gives —Jp,. O

The obstructions present to solve Df{ = 7 have of course not disappeared by
rewriting the equation in this local form. However, on the CP! an inverse for Dy,
exist, so the case ¢ > 0 will have a different treatment from the case i = 0.
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LEMMA 3.2.2. A local solution [Dy,&;] = [n;] gives a solution to D& = .
Proof. Indeed, when |z| < s2 then, using Dféi_l* = qﬁi_l*Dfi,
Dy€ = ¢; " Dy&i + Dy (1260)
=1~ ¢; Dy by (v2bo) + Dy (1260)
=1.
As for when |z| > s1,
$oD & = ¢oDy(nd; &) + Do + (65Drdy * — D)o
= 65D (nd; &) + Pfsoin — Pl éto; " Dy, (&)
— P%(#3Dsdy " = Dpyo) + (#5505 = D)o
= Pfyoin + P (63D (16 "6) + P66 Dso5 ™ — Dgy)éo) -

Thus P({Olcbg(fo —n)=0. As P{D(fo —n) = 0, we conclude that D& = 1 using
Lemma 3.2.1. O

3.3 Solving the linear equation. In this section, we are thus looking to find
& the solution of an equation which depends on two parameters, & and 7);, i.e. for
sections &y € C(f*TM) and n € C*(A% @ f*TM) given, the equations Dy,& = n;
will determine h;, for ¢ > 0, with a linear dependence on &y and ;. This done,
&o will be expressed as the solution to a linear equation, with an non-homogeneous
term in 79 and 7;. However, to get back to second-order equations, write, for ¢ > 0,
§& = Djh; € C°(f*TM). The equation on X will be solved using results from
section 2.5, in particular £ will be assumed sufficiently big. The desired hg is a fixed
point of
ho = Ho(no(ho, ni>0)) -
The main result is to construct a multilinear map

Hy : (A% @ f3TM], ) <2, €A™ @ fiTM] ) = C(A™ @ fyTM)

with the property that hg = Ho(no, 7i>0) is a fixed point of (3.3), and that its norm
L is bounded by (1), + sup; (1:);9-1- In other words, each h; is a solution to the
equations
Dle;Zlhl =1 :(f);(T] on gf)i(Ui\U()),
Dy, D} hi = ni = ¢n — Dy, D}, 67 65 (12ho) on ¢;(U; NUp) .
Theorem 2.5.3 and Corollary 2.5.5 will be used to obtain the first bounds. The
following estimates related to the gluing functions will play a role in those bounds.
LEMMA 3.3.1. Let ~; be the cut-off functions described above, and suppose
r < e 19 Then
(@) [Asuppvr, ll,0 = 47“2?“" 12““‘ e
(b) [Msuppv; ll2«,p = 47 T2 |12
(©) [[V7ill+,p < 4r|1nr].
(d) [V7illze,p < 4r7#572 Inr|V/2,



340 A. GOURNAY GAFA

Proof. (a) and (b) derive from relatively straightforward estimates on the area of
the gluing annuli. (c) and (d) are a consequence of these two and the fact that
IVill e < 7t O

Shorten the notation (-) of (2.5.1) further by
Do, = (Pf305m), .
A = (din)10-1 -
For now, small eigenvalues of the Laplacian are not of concern to us. Theorem 2.5.3

gives a solution of the form hg = Hy(no) to DfOD;ZOhO = 19, where Hy depends
linearly on 79. The form of the desired estimate is now

1ol = K(Ao,p +sup Az) :

(3.3.2)

However, ng is not only a function of n but also of the h; for ¢ > 0. Furthermore,
the h; depend on hy. Finding a fixed point for hy = Ho(no(n, ho)) can be perceived
as the following process: first, the h; are determined for i > 0, using hg = 0. At
the next step, hg is found for these h; (i > 0), which are then computed anew for
this hg. If the process is contracting, then it converges to the desired fixed point.
We will not go to and fro between ¢ = 0 and ¢ > 0 explicitly, but we shall show that
Hj as a function of hg has a fixed point.

LEMMA 3.3.3. Let {h;} and {n;} be as above, then, for i > 0,
12ill £10-1 < e1a (Ai+ || [holl,) -
Fuarthermore, on Uy N U;, [Vhi| < cia|[hill 2 19-1-

Proof. As h; depends linearly on n; we will bound its norm according to a decompo-

sition of 7; in two terms. Write n; = 771(1) — 771(2) where 171(1) = ¢;n and

0 = Dy,6ieg" (12D5,ho)
= (03(V) + L) 72 (07 (V) + 7 ) ho
= 0i(V)y20; (V)ho + k1V (y2ho) + k2ho
= k‘oV("}/Q ® Vh()) + k1V(’th0) + kohg
for appropriate symbols and tensors such that |k;| < Kj. Accordingly, split h; =
hz(l) + h§2). The part hgl) of h; coming from nz(l) is bounded by A; according to
Corollary 2.5.5.

As for the part of the norm coming from hZ@), the solution of Dy, D’}i
use

2 2
B
q = k1V(y2ho) + k2ho ,

by = kOa
by = 72 ® V.
Easily one has [|b1]| 20 ;-1 < K> and
1b2]l3¢,10-1 < K3 [[Vhollyy, -
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As for ||ql|, 191, it is bounded by
K4(”h0HL°° [ Inr|r+ ritel? ||Vh0H2*,p) ’

using Proposition 2.1.3(c) and Lemma 3.3.1. This done we now remark that ||A;||
is bounded by the same quantity above as [|hi|| .~ < ||k, , for any p. Since h;
satisfies a second-order elliptic linear equation with sufficiently regular coefficient,
the Cauchy-Géarding inequality implies |V h;| is bounded by K5 ||| « on the com-
plement of r(1 +r*)~1 > |z|. m
It is now time to make some estimates for the solutions of the equation
HED;'ZODtho = Ilgng. This time we will split 7y into three parts:
1 *
g = P,
) — Bl gsd Dy, (D h
no = Fy19000; £(n fo i)
3 * — 1% *
my) = B3 (0§D = Dyy) Do
(3)

has support on A, ;.1 4») and 1703 has support on A, ,.(14,¢). Each of these

give rise to hék) solution of II ED}*CO Dy, h[()k) = HETIék).

where n(()Z)

LEMMA 3.3.4. In the notation above
116"l .p < cro1(p, B) Ao,y

2
167 le.p < crsr (o, B)rl | sup il g 301
1>
3
1167 Nl .p < crsma (o, BYr'*e [Iholl ., -

Proof. The first one, h(()l)7 is bounded directly using Theorem 2.5.3:
||h0”c,p < cizk1(p, E)Ao,p -
As for h(()Q), first we write Dy, = 0;(V) 4 l;. Then
7)62) = US(V)P({OWM'(V)M + k11 Vhi + [k2 (V1) + ks
again for tensors k;. To bound <n(()2)>p, we shall use by = ko, ba = v10;(V)h; and ¢

to be the remaining terms. Then [|bi[|0 , < K> and, using lemma 3.3.3 to bound
[Vhil,
1b2l3y, < K3 [Vhill oo (11115, + 1L 21 ,) < Kacrar™ 2 |||z 191 -
Lemmas 3.3.1 and 3.3.3 also give us the following bound for [|g|[, ):
K (r | [|hill o + 7| o] [l e ) -
So
) < s+ 2) il £ygr -

Finally, h((]3) will be bounded using the fact that f and fy differ only on the gluing
region and that this difference is small: if m = f — fp in appropriate charts, then
Im| < Ks|2|'T¢ and |[Vm| < Kj|z|¢. That said, rewrite

1 = ko(m)(m, V2h) + k1 (m)(Vm, Vho) + ka(m)(m, Vho) + ks(m)(Vm, ho) .
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We wish to bound Hhég)Hg,p by bounding (n(()g))p. Thus, take by = ko(m)m, by = Vhg
and g to be the remaining terms. Then
b1l 2o, < Ker' ™| In p|/2,
1b2ll.0 < 1Vholly,, »
lall«p < Kz ([IVmll2e,llVholl20,0 + 1M1,
< Ko 2| | holl co , -

Vholl2e,p + [Vl o]

So
3
11§ 2o < crsrr(p, BYr < nr| [lholl ., -

O

REMARK 3.3.5. Note that by the exact same methods, estimates are found for

HﬂEn(()k) ||«,p- Using lemma 2.4.4, the same estimates hold up to replacing p by p’ and
multiplying the terms by

2| In
MKQ(pI,E), where rao(p', E) = (1 + p'2E/3).

REMARK 3.3.6. The linear map Hy(n) associates to the {;}i>o the solution hg to
D fOD;'ZO ho = no. In our case the n; depend (linearly) on hg and on 7. In a sense, it
can be written as

Hg(n, h()) = A177 + A2h0 s

for two linear maps A;. Furthermore, the previous lemma gives a bound of the form

| Hon, o), < 1 (B0, + sup Ac) + ol

L.p>s

where the a; depend on p and r (and the n; on the ¢n). The crucial point is that
az < 1/2 for a certain choice of parameters so that hg = Hy(n, ho) is contracting in
ho and consequently that (Id —Az) has an inverse whose norm (£ — £) is less than
(1 —az)~! (found by expanding (Id —As) ™! in power series). Essentially,
ho = A1 + Azho
= hy = (Id —AQ)_1A177
= lholle, < (1= a2) " ar (A0, + sup A).
1>
The next theorem uses all the estimates of this section to realize this plan.

Theorem 3.3.7. Let p = 1072y = /30 and E = r—Y40_ There exists Ri5 > 0
such that if r < Ry5, then equation [Dy, D} h;] = [n;] has a solution satisfying

IRollep < 167 (B0, +sup A;)
>0

where Z = 10107=7/60| 1n |3,
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Proof. Putting together the results of Lemma 3.3.4, using 3.3.3 to estimate || h;| ; 1o-1,
Remark 3.3.5 to estimate the small eigenvalues, and choosing p' = 1072p, leads to
the following bound for [|hol| ,:

k1(p, E)|Inr|[c12(Do,p + k2(p', E) Ao )

+ crac15(1 + ko (o', E))r|Inr|sup A;
i>0

+ cracrsr| Inr([|holl 2, + k2 (0, E) [|holl z,r)

+ st [ nr|([hol 2, + 200", B) [[holl 2, )] -

Let Z; and Z5 € R be such that
1
EY=1+—<Z
K1 (p7 ) + p4E = 41,

ko(p',E) =1+ p?E°3 < Z,.
Using 1072y = p = r?, E = r~°, introducing Z; = 10°7~S the above estimate
simplifies to

Al < Ki|lnr|? PR A, (14 T ?)rsup A,
i>0
+ (LT L n)|hl| | -

To make use of the argument presented in Remark 3.3.6 (and be coherent with all the

other constraints), for some r small enough, the inequalities that need to be satisfied

are 5 5
24— 3e+ (>0, 24-3%e<0,

—4A+e+ (>0, —4A+e<0, 1>+ ¢,

G =0, (=0, p>ec 0,5
The values uy =e=1/4, A =1/30, e =1/40, {; = 7/120 and (2 = 0 are among the
possible choices. O

3.4 Contraction mapping and the non-linear equation. The point of this

section is to find, ultimately thanks to a fixed point theorem, a solution to the
equation B -

P10 (exps&) — 0sf = x. (3.4.1)

The passage from the nonlinear equation to the linear equation will be made by

writing
DyDih =1,
where the right-hand side (actually a function of ) contains all the non-linear terms:
n(h) = x = D} (B, © Jexpyn — Jp) o d 0 j)h

=x —ki(h)h @ h — ka(h)h @ Vh — k3(h)Vh @ Vh — ky(h)h @ V?h,

where the k; are some analytic tensors (given that |h| is small enough) depending

on the complex structure J and the differential of f. They represent quadratic (and

(3.4.2)

higher) terms in the expansion of Pdiléj(expff) — s f in terms of &; the linear term
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being naturally the linearized operator D& (see for example McDuff and Salamon’s
[McS, Proof, Prop. 3.5.5]).

Let C°(A%1® f*TM) be the Fréchet space of the [h] in ><L§:l|0C°°(AO’1 ®f*TM|U,)
satisfying the compatibility conditions on the intersections of Uy and U;~g. Then,
let

71 C(AM @ fETM],, ) xI2 CO(AY @ frTM], ) — C%(fTM),

the map described in subsection 3.2 sending [h] = {h;}i>0 to a vector field £ on
f*TM. Finally, let Hg be the map described by Theorem 3.3.7 (the dependence on
E being of importance).

DEFINITION 3.4.3. A E-quasi-solution [h] € C®°(A%! @ f*TM) is a fixed point of
[h] = Hp([n(r([R])]) -

REMARK 3.4.4. Let E be so that Theorem 3.3.7 applies, let [] depending on h as
above, and let [h] be a E-quasi-solution. If furthermore,

(1 =Ig)(DgDi,ho —no) =0

then h is a solution to the non-linear equation (3.4.1). Most importantly this ad-
ditional constraint is finite dimensional, so an F-quasi-solution fails only in a finite
number of ways to solve (3.4.1).

That said, this subsection will focus on the existence of F-quasi-solutions. For
p > 0, anorm is defined on C®°(A%! @ f*TM) by associating to [h] = {hz}lgo the
quantity

I1P]1L,, = l[Polls,p + s [[Ails 101 -
7

The ball of radius d for this norm will be denoted %, 4.

Theorem 3.4.5. Letr < Ry, d < (c172)™", Z = 10%~ 7120 In¢|3, B = +—1/40 and
p=r30_ Ifye P4, then there exists a E-quasi-solution h depending smoothly
on x with

1171l < 20Xl -

Proof. To do so the map [h] — Hg([n(7([h]))]) will be shown to be a contraction
mapping on a ball %, 4. Let h(Y) and K@ e C>® (A% @ f*TM), then the desired
inequality is

[Hp((™N + h@)) — Ho((hD))i]| 5, < sl15 e, (3.4.6)
for some x < 1/4. Express ; := n;(h() + b)) — n;(h(V) as

N7 ki (i, 8P VO R 2
0<l1+12<2
l1,l2eN

where k;;, 1, are the appropriate analytic tensors. To bound ||HEg(7;)|z,, (the left-
hand side of (3.4.6) as Hp, is linear) the A from (3.3.2) must be evaluated. Decompose
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7 = qi + b;;1 Vb0 and

a= Y k() VIRV,
l1,l2€{071}

bia = (kio2h, kioh!”) and by = (VA VAM)!. Theorem 3.3.7 then gives
HHE(ﬁ)Hﬁ,p < Klzuh(l)HE,p ‘h(z)HE,p,

as is readily checked by bounding ||g;|«,, by

Kol plp(pl| bV [ |2 Lo + B8 oo [IVRE 12 + VA 20 12 0 )

1 2
+ K| VA 20 1V -
Thus when x = K1 Z||h ||z, < 1/4, the map is contracting. m
In order to obtain a E-quasi-solution, it suffices to take y = —0;f € Bpq in

(3.4.1) (the fact that this x belongs to the said ball for the chosen parameters is
a consequence of Lemma 3.1.5). To alleviate notation, call Hgl( f) the resulting
FE-quasi-solution of the previous theorem for y = —0;f.

3.5 Small eigenvalues. It will now be shown how to use the E-quasi-solution
of the preceding subsection to obtain a authentic solution. This will be achieved by
a fixed point theorem in a small ball Z C Im 7g. Indeed, to an element v of # will
be associated parameters for a supplementary round of surgeries (that still enable
application of theorem 3.4.5) and give another approximate solution f,. Brouwer’s
fixed point theorem will then be used to find a zero for the map that sends elements
of % to the small eigenvalues of the E-quasi-solution H¥(Jf,).

The idea of the rather rough method used here begins by noticing that the
bad part of the F-quasi-solution resulting from H%l(x) is already mostly contained
in x(see Lemma 3.5.1). Then the idea is to perturb the approximate solution f.
Grafting pseudo-holomorphic curves, unlike TP in Taubes’ work [T, §9], does not
seem to give sufficient maneuverability. The extra surgeries will here be performed
around points y of the set S where f is not pseudo-holomorphic, surgeries which will
essentially be non-holomorphic. So for each v, a basis of Im 7y, there will be two
data: ¢4 = (Va, V) (the v4 component of v € Im7g) and the v, component of the
surgery near a point y. The problem reduces to trying to solve the under-determined
(given sufficiently many surgeries are made) system:

C1 P11 P12 e P10, 241
C2 _ P21 D22 T P2,|Q.] 2
CN(E) PN(E)1 PN(E)2 " PN(E),Q] K19,

where N(FE) is the dimension of Im 7g, Q. C S the set of points y where a surgery is
made, and p, ; denotes the v, part of the surgery at y; € €2 for some fixed parameter.
This system is expected to be undetermined as N(F) is up to a constant E (i.e. for

the choices in Theorem 3.3.7, r~/40) while |Q.| has a growth of r—2. Solving this
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(again the technique here is very rough, and can probably be improved) essentially
yields the map “small eigenvalues” — “approximate solutions” (denoted by v+ f,).
Bounds must be found on these solutions so that the new surgeries preserve the
status of f, as an approximate solution (see lemma 3.5.7) and thus enables us to
come back, through Hgl, to small eigenvalues.

Consequently, the onset of this section corners some more properties of the space
of small eigenvalues. Let v, be a L*-orthonormal basis of Tm mg, where 1 < a <
N(E) < cy(1+ E) (see Lemma 2.4.2).

LEMMA 3.5.1. Let v € Imng and v, as above, then there exists cig € R~ such
that

]l < ers BT p2 I p v«
Wl > < eisEYC ™2 I p| 7|Vl -

Proof. Write v = ) calo then ) |ca| < N(E)l/QHVHLQ. Invoking Lemma 2.4.1
yields

Il < lealllvali
[0

< E*BN(E)|v|| 2 -
Lemma 2.4.2 bounds N (E), while Hny2 < wlleeellvllr < Kip™ 2 Inp| v flise )]s,
implies
2 2 — _
IWlIfe < B2 |ulff2 < E™p72 I p| 7 [v]lLs V]| p
which gives the first estimate upon dividing by [|v||L~. Using the bound on L* in
the former inequality gives the bound for the L* norm. 0

An auxiliary set (which has nothing to do with grafting) will now be introduced
to discretize the functions; it is constructed as in the proof of Lemma 2.4.4. Namely,
for n,m € N and d € R+, a set £ is chosen such that

[ ] UxEQIBnd’<$) = Z;

e By(x) N By(x') = @ if x # 2/ are two points of Q;

e for any subset 2} of cardinality greater than m in Qy, Nzeq, Bna () = @.
Take a partition of unity {1, }scq, relative to the covering { B, (x)}zcq, and define

PR by ple) = [ val)dy.
M
The next lemma establishes how well the values on this set characterize the functions
in TE-
LEMMA 3.5.2. Let v € Immg, vo, Q; and p(x) as above. Then

= (3wl

e} TeQT

< crod BYM/3p72 In p| 7 H|vls,p -
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Proof. Rewrite (using v =) caVa where ¢ = [(v,14)) the left-hand side as

(X [ sl @ame) - ) w)a ol

a xeQg

Then estimate using ||v||L||VvallLe + | VY| |[Vallle < K1E2p~2[Inp|~! (from
Lemma 2.4.1 and Lemma 3.5.1), the bound on N(E) (see Lemma 2.4.2) and (once
again for ||v|| ) Lemma 2.4.1. O

An important note is that when d’ > r, almost all the balls around the x € Q;
will have a big intersection with S (the set where no surgeries have been done). A
value of d = /4 will turn out to be suited to our needs (the error in the above
approximation, d’E'/3p? < r1/5 will be small for r < 1)

More surgeries will have to be done to f on the set S. To do so first pick a set
Q. C S. The function obtained from this last step will henceforth be written f,
and depends on v € Im7g. It is obtained as follows. On balls of radius (1 + 0)r;
around y, the function f will be modified. Let p, be an extra parameter depending
on v. Assume for now that p, < coo(M, J) so that the upcoming construction makes
sense in local coordinates. Write f(z) = az + bz + O(|z|?) then in local coordinates
around each y let

f(2) if r(1496)<|z|,
fu(2) =< f(2) + B2z if 7 < |2| <r(1+0), (3.5.3)
f(2) + pyz if |zl <r.

where ((|z|) = % for r < |z| < r(1 +6), =1 when |z| < r and = 0 if
|z| > r(1+49).

The aim of the next lemma is to show that the part of the F-quasi-solution which
fails to be an actual solution is essentially 0 f,.

LEMMA 3.5.4. Let hg and 19 be as in the E-quasi-solution H¥(f,) from Theo-
rem 3.4.5, then

HTrE(DfOD}Oho —no) + WEP({OngfZ,H*’p
< c21 (P’ Inp| + k1(p, E)rInr| + ZHaffVH*,p) HéJfVH*m :
Proof. The first term WEDfOD;ZOhO is bounded using the fact that hg € IlIpC*. In
particular,
5D Dy hollep < Kl (pll Vholl2ep + o)
for constants that depend on the lower order symbols. In turn, this is bounded by
Kip|Inpl|||0sfu||«,p (see Theorem 3.4.5). As n is 0;f, and the higher order (or non-

linear) terms in h, the remainder will be split into three terms as in Lemma 3.3.4.
A bound for the two last terms (7®) and 1) is given by

Kara(p, E)r|nr||[[[b]llz.p < 2Kak1(p, E)r|nr|[[0sfullxp -
As for the first (p(1)), it consists (after substraction of d;f,) only in higher order

terms, and the bound is found by taking h(") = —h(® in the proof of Theorem 3.4.5:
KsZ||[M1Z,,- D
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Recall from Lemma 3.1.5 that [0 f]|., < c1a7p?| In(r€p?)| = 014%7“38/12% Inr|,
and define W = BJ,(0;f, — 0;f). In order to measure the contribution W to 7,
the part coming from each y according to the alteration of f from (3.5.3) has to be
evaluated.

LEMMA 3.5.5. Fory € Q., the modification of f as in (3.5.3) contributes to TgW

by
N

€

53(7agl/7 5) <Va(y)7 ,uy>7/a + Ry

I
—

[0}

where r3(ry,0) € R is some function asymptotic (for small ), and §) to

2777“;2(1—#5—}—%) and R, is supported on B,,;(H_é)(y) and bounded by

13 17/3
C22 by Ty, E7/3.

Proof. The alteration (3.5.3) at y is supported in B, (y). Denote the difference
in 0y coming from a surgery by py(2) = P,(05f,(2) — 05 f(2)) . Note that u; (2) =

py+0(ry) on By (y) and pfy = (B(|2]) + gigsy )ty +O(ry) on By (146)(y) N By (y).-
The corresponding effect on the v, component is

/ (va2), 1 (2))d
By (146 )

However |vq(2) — valy)| < K E% #r!, according to Lemma 2.4.1. The conclusion
follows by putting in the error term R, both this approximation and the O entering in
the expression of yy; a bound by Kgr;?’,uy(l + E?BYN(E) ||[Vall  is straightforward,
and the conclusion is obtained again by Lemmas 2.4.2 and 2.4.1. O

It is now time to describe how the parameters are set so as to obtain a good
approximation of v.

LEMMA 3.5.6. There exist a choice of j, such that

d E3¢ 2p—2 v F14/3
TEW — v, <c —'y—i—d’El4/3 2+y> In ol ||v||«
e e < 23(min(vol5’, d’2) P min(volS, d’2) [ pfl[vls.p

and j1, < co3 min(vol S, d’*) 1 ||| -

Proof. The idea is to push the expression of Lemma 3.5.5 to meet the discretization
of Lemma 3.5.2, or in other words to make small the difference

N(E)
>3 (p@ @) vale)) = 3 rar) 0)Waly) valy) i) ) va
a=1 z€Qy yEN,
For y € By(x), [va(z) — va(y)| < 2d'||Via|Le < Kid' E?3 using lemma 2.4.1. Up
to this approximation, the above difference can be made 0 by choosing, for each
y € Ba(),
py = K1k3(r, §) "By (z)N Qc‘_ly(x)

where | By (z) N Q| > min(volS, d'*) /2. -
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It is also important that, after the new round of surgeries, the estimates allowing
the application of Theorem 3.4.5 still hold.

LEMMA 3.5.7. Let Ng > co4Inr so that 107272/3 < volS < r?/3. Let fy be chosen
as in Lemma 3.5.6, then

Wik < easE™2p72 I pf* V]|,
In particular, if ||v]., < (cr7cas) ' p?|Inp|"2E~7/3Z~1 then theorem 3.4.5 applies
to f, and x = —9, f,, so that HY(f,) is a E-quasi-solution.
Proof. Once the quantities have been set, an upper bound for ||[W||, , is given by
2r;2
min(volS, d/z)

since the number of steps Ny was sufficient (so that volS < d? = 71/2). Lemma 3.5.1
yields the conclusion. 0

Ky min(volS, )] In ra(r, ) i < Kallv] i .

The time is now ripe to show that a fixed point can be found.
Theorem 3.5.8. Let f, be obtained as above from v, then there exists a v such
that H(f,) is a E-quasi-solution and satisfies Te(Dsy D} ho —no) = 0.
Proof. Let

B ={velmrp||v|s, < (2c17¢95) L PP BT3P /120 = gy p23/120) Inrf}.

Look at the map which assigns to v € %’ the quantity F(v) = Te(Ds D} ho — 10)
obtained from f,. Putting together lemmas 3.5.4, 3.5.6 and 3.5.7, this map can be
written as F'(v) = v + R(v) where

|F @) = v, = 1ROy < [F0) = mudsholl,, + 185 F ey + ImsWV = vl
< r1/120‘|y‘|*,P +6137’38/120 +023T26/120HVH*,P
< KQ(TI/HOHVH*JJ —|—T38/120) )

So for r small enough, R maps %’ into itself. Furthermore [|R(v)||«,/ |||+, < 1/2
when v is on the boundary of %’. The Brouwer fixed point theorem implies that

v — —R(v) has a fixed point, vy, and this yields the conclusion as F(vg) = 0. O
References
[A] T. AuUBIN, Nonlinear Analysis on Manifolds. Monge-Ampére equations,

Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences] 252 Springer-Verlag, New York (1982).

[Aul] D. AuroUX, Fiber sums of genus 2 Lefschetz fibrations, Turkish J. Math. 27:1
(2003), 1-10.

[Au2] D. Auroux, A stable classification of Lefschetz fibrations, Geom. Topol. 9 (2005),
203-217 (electronic).

[BCF| E. BarLrico, G. CasNaTI, C. FONTANARI, On the birational geometry of moduli
spaces of pointed curves (English summary), Forum Math. 21:5 (2009), 935-950.



350

A. GOURNAY GAFA

[BeGM| M. BERGER, P. GAUDUCHON, E. MAZET, Le spectre d’une variété riemannienne,

[Bi]
[BrD]
D]

[DeLS]

[Do1]
[Do2]

[F]

[FoL)|

Gl

[Gr]
K]
[Ku]
LS|
[Le]
[MT]

[McS]

[ST]

[Si1]

[Si2]

[Sim]

Springer Lecture Notes in Mathematics 194 (1971).

M. BILSKI, Approximation of holomorphic maps from Runge domains to affine
algebraic varieties, preprint; arXiv:1105.2272v1

F. BRACKX, R. DELANGHE, Runge’s theorem in hypercomplex function theory, J.
Approx. Theory 29:3 (1980), 200-211.

O. DEBARRE, Higher-Dimensional Algebraic Geometry, Universitext. Springer-
Verlag, New York, 2001.

J.-P. DEMAILLY, L. LEMPERT, B. SHIFFMAN, Algebraic approximation of holo-
morphic maps from Stein domains to projective manifolds, Duke Math. J. 76 (1994),
333-363.

S.K. DONALDSON, The approximation of instantons, Geom. Funct. Anal. 3:2
(1993), 179-200.

S. K. DoNALDSON, Connections, cohomology and the intersection forms of 4-
manifolds, J. Diff. Geom. 24 (1986), 275-341.

G. FARKAS, The global geometry of the moduli space of curves (English summary),
Algebraic Geometry—Seattle 2005, Part 1, Proc. Sympos. Pure Math.80, Part 1,
Amer. Math. Soc., Providence, RI (2009), 125-147.

F. FORSTNERIC, F. LARUSSON, Survey of Oka theory, New York J. Math. 17:A
(2011), 11-38.

A. GOURNAY, Complex surfaces and interpolation on pseudo-holomorphic cylin-
ders, preprint (2009); hal0-00473485; arXiv:1006.1775; See also: Mean dimen-
sion and spaces of pseudo-holomorphic maps, Ph.D Thesis, 2008.

M. GrOMOV, Pseudo-holomorphic curves in symplectic manifolds, Invent. Math.
82 (1985), 307-347.

D. KoTscCHICK, Signatures, monopoles and mapping class groups, Math. Res. Lett.
5:2 (1998), 227-234.

W. KucHARZ, The Runge approximation problem for holomorphic maps into
Grassmannians, Math. Z. 218:3 (1995), 343-348.

C. LEBRUN, M. SINGER, A Kummer-type construction of self-dual 4-manifolds,
Math. Ann. 300:1 (1994), 165-180.

L. LEMPERT, Algebraic approximations in analytic geometry, Invent. Math. 121:2
(1995), 335-353.

S. MATSuO, M. TSUKAMOTO, Instanton approximation, periodic ASD connec-
tions, and mean dimension, preprint (2009); arXiv:0909.1141

D. McDvurr, D. SALAMON, J-Holomorphic Curves and Symplectic Topology,
American Mathematical Society Colloquium Publications, Vol. 52 American Math-
ematical Society, Providence, RI (2004).

B. SIEBERT, G. TIAN, On the holomorphicity of genus two Lefschetz fibrations,
Ann. of Math. 161:2 (2005), 959-1020.

J.-C. SIKORAV, Some properties of holomorphic curves in almost complex mani-
folds, Holomorphic curves in symplectic geometry (M. Audin, J. Lafontaine, eds.),
Birkhéuser Progress in Math. 117 (1994), 165-189.

J.-C. SikoRraAv, Singularities of J-holomorphic curves, Math. Z. 226:3 (1997), 359—
373.

B. SiMoN, Schrédinger operators in the twentieth century, J. Math. Phys. 41:6
(2000), 3523-3555.



GAFA A RUNGE APPROXIMATION THEOREM FOR PSEUDO-HOLOMORPHIC MAPS 351

[Sm] I. SmITH, Lefschetz fibrations and the Hodge bundle, Geom. Topol. 3 (1999), 211—
233.

[T] C. H. TAUBES, The existence of anti-self-dual conformal structures, J. Differential
Geom. 36:1 (1992), 163-253.

[Ta] M. E. TAYLOR, Pseudodifferential Operators and Nonlinear PDE, Birkhauser
Progress in Math. 100. (1991).

[U] H. UrRAKAWA, Geometry of Laplace-Beltrami operator on a complete Riemannian
manifold, Progress in Differential Geometry, Adv. Stud. Pure Math. 22, Math. Soc.
Japan, Tokyo (1993), 347-406.

ANTOINE GOURNAY, Institut de Mathématiques, Université de Neuchatel, Rue E.-Argand
11, CH-2000 Neuchatel, Switzerland antoine.gournay@unine.ch

Received: March 28, 2011
Revision: December 11, 2011
Accepted: January 25, 2012



	A RUNGE APPROXIMATION THEOREM FOR
PSEUDO-HOLOMORPHIC MAPS
	Abstract
	1 Introduction
	1.1 Problem, assumption and result

	1.2 Examples and applications
	1.3 Sketch of the proof

	2 Elliptic Analysis à la Taubes
	2.1 Definitions and properties of the norms
	2.2 Estimation on the solutions of δ∗δu = χ.
	2.3 Estimating the L1 norm
	2.4 The kernel of ΠE
	2.5 Existence and a priori bound on solutions

	3 Realizing Newton’s Method
	3.1 Grafting and the approximate solution
	3.2 Splitting the linear equation
	3.3 Solving the linear equation
	3.4 Contraction mapping and the non-linear equation
	3.5 Small eigenvalues

	References




