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ABSTRACT

Let G be a countable amenable group and P a polyhedron. The mean
topological dimension mdim(X, G) of a subshift X C P% is a real number
satisfying 0 < mdim(X, @) < dim(P), where dim(P) denotes the usual
topological dimension of P. We give a construction of minimal subshifts
X C P with mean topological dimension arbitrarily close to dim(P).

1. Introduction

Mean topological dimension is a numerical topological invariant for actions of
amenable groups introduced by M. Gromov. It is a useful tool for studying
spaces with infinite topological dimension or entropy; see [Gro], [LiW], [Li].

Let G be a countable group. A G-space (or G-system) is a couple (X, G),
where X is a compact metrisable space endowed with a continuous G-action.
One says that the G-space (X, G) is embeddable (or embeds) in the G-space
(Y, G), if there exists a G-equivariant topological embedding from X to Y.

Let K be a compact metrisable space. The full G-shift with space of
symbols K is the G-space given by the left action of G on the product space
K% ={(z4): z, € K} defined by

gl(xg)geG = (Tgg')gec
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forall ¢ € G and (z4)4ec € K€. Note that K¢ is compact and metrisable since
it is a countable product of compact metrisable spaces. A closed G-invariant
subset of K¢ is called a subshift.

It can be shown (see Theorem [Z7) that if G is amenable, then the mean
topological dimension mdim(X,G) of a subshift X ¢ K¢ is at most dim(K),
where dim(K) denotes the usual topological dimension of K. If P is a poly-
hedron, i.e. a topological space homeomorphic to a finite simplicial complex,
then one has mdim(P%,G) = dim(P). Hence, for all subshifts X C PY, we
have 0 < mdim(X, G) < dim(P).

A G-space (X, Q) is said to be minimal if all its orbits are dense in X.
A. Jaworski proved in [Jawl Corollary IV.2.1] that if G is an abelian group, then
every minimal G-space of finite topological dimension embeds into the G-shift
on [0,1]¢. In relation to this result, J. Auslander asked in [Aus] whether every
minimal Z-space embeds in the Z-shift on [0, 1]%. This question had remained
open for many years. In [LiW], E. Lindenstrauss and B. Weiss answered this
question negatively by constructing a minimal Z-space X with mean dimension
mdim(X, Z) > mdim([0, 1]%4,Z) = 1. The authors of [LiW] assert also (but give
no detailed proof) that for every 0 < ¢t < oo, there exists a minimal Z-space
with mean topological dimension t.

The main result of this paper is the construction of minimal G-spaces with
arbitrary large mean topological dimension in the case when G is an infinite
countable amenable group. More precisely, we prove the following:

THEOREM 1.1: Let G be an infinite countable amenable group and P a poly-
hedron. Let p € [0,1[. Then there exists a minimal subshift X C PY with
mean topological dimension mdim(X,G) > pdim(P), where dim(P) denotes
the topological dimension of P.

As the construction of the minimal system of Theorem [I[.T] can also be done
by taking the Hilbert cube [0,1]N as space of symbols, we obtain a minimal
system with infinite mean topological dimension. We deduce:

THEOREM 1.2: Let G be an infinite countable amenable group. Then there
exists a minimal action of G on a compact metrisable space X, such that (X, G)
is not embeddable in K, whenever K is a compact metrisable space of finite
topological dimension.
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The referee has mentioned that a similar construction as the one given in the
proof of Theorem [[J], but using Ornstein-Weiss quasi-tiling techniques ([OrWi,
Section 1.2]), should give systems (resp., minimal systems) with arbitrary mean
dimension.

In the case when G is a residually finite countable amenable group, construc-
tions of systems (not minimal, in general) with arbitrary mean dimension are
given in [CoK]. See also [Kri] for constructions of minimal systems with large
mean dimension in this case.

The paper is organized as follows. In Section 2, we recall the definition and
some results of mean topological dimension for actions of amenable groups. The
main result in this section is Proposition [2.8 which gives a lower bound of the
mean dimension for a certain type of subshifts. The notion of syndetic subset of
a group is defined in Section 3. It plays a fundamental role in the construction
of minimal G-spaces (see Lemme B.J]). Some auxiliary lemmas used in the proof
of Theorem [[.T] are also given. In Section 4, we prove Theorems [[.1] and

The author is grateful to Laurent Bartholdi for helpful discussions.

2. Amenable groups and mean topological dimension

2.1. AMENABILITY. There are several equivalent definitions of amenable groups
in the literature. The one we give here is a characterization due to Fglner [Fgl|.
For a more complete description of this class of groups see, for example, [Gre]
or [Pat].

Given subsets A, L of a group G, we define the outer envelope ATX C G
of A by

ATt =) La=LA.
acA

A group G is said to be amenable if for all € > 0 and all finite subsets L C G,
there exists a finite subset F' C G such that |F+L| < (1 +¢€)|F|.

Let us denote by F(G) the set of all nonempty finite subsets of G. Observe
that a countable group is amenable if and only if there is a sequence (F},) in

F(G) such that:
|E
lim —— =1

for all finite subsets L C G. Such a sequence is called a Fglner sequence of

G.
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Observe that if (F},) is Fglner so is (F) g,) for every subsequence (F),) of (F},)
and for all sequences (g,,) of elements in G.

Recall that the class of amenable groups contains all finite groups, abelian
groups, it is closed by taking subgroups, quotients, extensions and inductive
limits. All finitely generated groups of subexponential growth are amenable. A
basic example of a nonamenable group is the free group of rank 2.

The next lemma says that in a countable amenable group G, there always
exists an increasing Fglner sequence with limit G:

LEMMA 2.1: Let (F,,) be a Folner sequence of a countable group G. Then there
exist a sequence (g, ) of elements in G and a subsequence (F,(,)) such that (F},)
defined by F,, = F(n)gn, n € N, satisfies the following conditions:

(i) (F)) is a Folner sequence of G;

(ii) F), C F) ., foralln € N;
(iii) Upen Fr = G-

Proof. This result follows from the general fact: if (F},) is a Fglner sequence of
G and L a finite subset of G then, if n is large enough, there exists g € G such
that L C F,g. It can be proved as follows. Let n € N. Remark that we have
{g€ Fo: Lgn(G\ F) # @} C | JFu\ (7' Fy).
leL
Now, using the fact that

|Fn\(lian)| = [lFp \ Ful < |LFy \ F
for all [ € L, we deduce
{g € Fn: Lgn (G\ Fy) # @} < |L||LF, \ Fyl.

Since (F,,) is a Fglner sequence, we deduce that the right member of the
latter inequality is smaller than |F,| if n is large enough. Hence, the set
{g € F,,: Lgn (G \ F,)) = @} is nonempty for n large enough.

Now, it is easy to construct by induction a sequence (F) satisfying (i), (ii),
(ili). As G is countable, one can write G = J,, E,, where By C Ey C ---
is an increasing sequence of finite subsets of G. Let us suppose that we have
already built F), = F,,)gn. By the above observation, there exist an integer
e(n+1) > ¢(n) and g,41 € G such that E, 1 UF), C Fy;41)gnt1. Define
Fl .1 = Fy(nt1)9nt1- This finishes the construction since (F,(n)gn) is a Fglner
sequence. |
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LEMMA 2.2: Let (F,,) be a Falner sequence of G, A € F(G) and A,, C F}4.
Then (F,, U A,,) is a Folner sequence.
Proof. Let L € F(G). For all n € N, one has

L(F UAD| _ ILF| | [L(An\F)| _ |LFl
|FnUAn| o |Fn| |Fn| o |Fn|

|AF, \ F,|
| Enl

+ L

As (F,) is a Folner sequence, the right term of the above inequalities tends to
1 as n tends to infinity. |

2.2. MEAN TOPOLOGICAL DIMENSION. Let (X, G) be a G-space and suppose
G is amenable. We recall the definition of the mean topological dimension of
(X, G) together with some results used in the proof of Theorem [I1l For more
details see [Gra], [LiW], [Cod], [CoK].

Let a = (U;)ier and 8 = (Vj);es be finite open covers of X. The join of a
and ( is the finite open cover a V 3 of X defined by

aV = UNV;)ijnerxs-

One says that § is finer than o and one writes 0 = « if for all j € J, there
exists ¢ € I such that V; C U;.
The order of « is defined by

ord(a) = 71+m€3;>(((|{i el:zeU}l).
Definition of D(a) ([HuW]): Let « be a finite open cover of X. One defines

the integer D(«) by
D(a) = mﬁin ord(f),

where [ runs over all finite open covers of X such that § > «.
Recall that the topological dimension of X is defined by
dim(X) = sup D(a),
where o runs over all finite open covers of X.

Definition of dim¢(X,d): Let d be a compatible metric on X and ¢ > 0. A
map f from X in a set E is said to be e-injective if one has d(z1,z2) < € for
all z1, 29 € X such that f(x1) = f(x2).

One defines dim.(X, d) by

dim (X, d) = mlgn dim(K),
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where the minimum is taken over all compact metrisable spaces K such that
there exists a continuous e-injective map f: X — K.

LEMMA 2.3: Let (X’,d') be a compact metric space such that there exists a
continuous map ¢: X — X' which satisfies

d(z1,22) < d'(p(x1),0(x2)) for all zy, 29 € X.
Then one has dim. (X, d) < dim.(X’, d’).
Proof. If f: X' — K is e-injective, so is fop: X — K. i

PROPOSITION 2.4: Let P be a polyhedron and let p be a metric on P which is
compatible with the topology. For each n € N, let p,, denote the metric on P"
defined by

pol(@,y) = max p(a;,y;) for allw = (z:),y = (yi) € P".

Then there is a constant ey = eo( P, p) which does not depend on n such that
dim(P", p,) = ndim(P)

for all € < €.

Proof. See [CoKl, Coro. 2.8]. &

Definition of mdim(X, G): Let o = (U;);er be a finite open cover of X and
F € F(G). Denote by ap the finite open cover of X defined by

ap = \/ g_laa

geF

o = (g7 'U;)ier. One defines the real D(«, G) by

where g~
D(a,G) = lim D(ag,)/|F.],

where (F),) is a Fglner sequence of G. It can be proved that this limit exists,
is finite and doesn’t depend on the choice of the Fglner sequence. The mean
topological dimension mdim (X, G) of the G-space (X, G) is defined by

mdim(X, G) = sup D(a, G),

where a runs over all finite open covers of X.
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METRIC APPROACH OF mdim(X, G). For F € F(G), define the metric dr on
X by

dp(x,y) = ma;(d(gz,gy) for all z,y € X.
gc

It is clear that the metric dr is compatible with the topology of X. We define
the real mdim (X, d, G) by

i X
mdim, (X, d, G) = lim S2e(Xdr,)

, forall e >0,

where (F),) is a Fglner sequence in G. Again, it can be shown that this limit
exists, is finite and does not depend on the choice of the Fglner sequence.

THEOREM 2.5: We have mdim(X, G) = lim._,o mdim.(X, d, G).
Proof. See [CoK| Th. 3.3]. |

A subset Y C X is said to be G-invariant if gY C Y for all g € G. In this
case, G acts continuously of Y by restriction.

PROPOSITION 2.6: Let Y be a closed G-invariant subset of X. Then one has
mdim(Y, G) < mdim(X, G).

Proof. (JCoK| Proposition 3.4]) Let A € F(G) and ¢ > 0. If f: X — K is
e-injective with respect to the metric d4, then so is the restriction of f to
Y. Therefore, we have dim¢(Y,d4) < dim.(X,da). Thus, if (F,) is a Fglner
sequence, we get

i Y, i X
mdim. (Y, d,G) = lim 7dlm€( dr,,) < lim 7d1m€( dF,)

n—oo |Fn| ~ n—oo |Fn|

= mdim.(X, d, G).

Letting € tend to 0, we obtain mdim(Y, G) < mdim(X, @) by using Theorem
1

THEOREM 2.7: Let K be a compact metrisable space and (K% G) the full
G-shift. Then one has

mdim(K%, G) < dim(K).
If K is a polyhedron, then mdim(K ¢, G) = dim(K).

Proof. See [CoK| Cor. 4.2 and Cor. 5.5]. |
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For J C G, we define the density §(J) € [0,1] of J in G by

JNF,
0(J) = sup limsup M,
(Fn) n—oo |Fn|
where (F},) runs over all Fglner sequences of G.
The next proposition is used in the proof of the main theorem for estimating

the mean topological dimension. This result is originally due to Lindenstraus
and Weiss for Z-actions [LiWl, Prop. 3.3].

PROPOSITION 2.8: Let G be a countable amenable group. Let X C PY be a
closed subshift, where P is a polyhedron or the Hilbert cube [0, 1]N. Suppose
that there exist T = (Z4)geq € X and a subset J C G satisfying the following
condition

To\s(7) = e\ (T) = z € X,
for all z € P¢.
Then, in the case when P is a polyhedron, we have
mdim(X, G) > §(J) dim(P).
If P is the Hilbert cube and 6(J) > 0, we have mdim(X, G) = cc.

Proof. Consider a compatible metric p on P. As G is countable, there is a family
(ag)gec of positive reals such that aq, =1 and )
metric d on PS¢ defined by

gea 0g < 0. Consider the

d(z,y) = Z agp(zg,y,) forall x = (v4)4ec,y = (yg)gec € PC.
geG

Observe that d is compatible with respect to the product topology on P and
that one has

(21) p(zlcaylc) < d(l‘,y),
for all 7,y € P¢. Let F € F(G). Recall that the metric dr is defined by
dp(z,y) = max d(gz,gy) for all z,y € PC.
ge
Let pr be the metric on P¥ defined by

2.2 =
( ) PF (ua U) gEaI%( p(uga ’Ug),
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forallu = (uy)ger, v = (vy)ger € PF. Consider the embedding ¢ : P — P¢
which associates to each u € P¥ the element 2 € P“ defined by

ug ifgerF
Ty =
T, ifgeG\F.
Inequality (2I) and equality (22)) imply
(2.3) pr(u,v) < dp(Yr(u), Pr(v)) for all u,v e PF.

Let (F,) be a Folner sequence of G and fix n € N. Define J, = J N F,.
The properties satisfied by Z and J imply v, (u) € X for all u € P/». Using
inequality (23) and the inclusion J,, C F,, we deduce

pa, (u,v) < dy, (g, (u), s, (v) < dp, (Y, (@), s, (V)
for all u,v € P’/». By Lemma 23] we obtain
(2.4) dim,(P7", py,) < dim (X, dr, ),

for all € > 0.
CASE 1: P 1S A POLYHEDRON. It follows from Proposition 24 that there exists
€o > 0 such that:

dim (P'", p;,) = |J,| dim(P)
for € < eg. Together with inequality (24 we obtain

|| dim(P) < dim(X,dg,).
By definition of mdim, we deduce

dim.(X,d . Fy| ..
lim dim. (X, dr, ) > lim sup [0 P dim(P).

n—0o0 | n| n—oo |Fn|

mdim. (X, d, G)

Using Theorem and the fact that (F,,) were an arbitrary Fglner sequence,
we deduce

mdim(X, G) = 111% mdim. (X, d, G) > 6(J) dim(P).

Case 2: P = [0,1]N. We will prove that for all k € N, there is ¢, > 0 such
that

(2.5) 8()k < mdim,, (X, d, G).
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This will show mdim(X,G) = oo since mdim,, (X, d,G) < mdim(X,G) (see
Theorem EH). Let k € N and Py = [0,1]{%1+F=1} < [0, 1]N endowed with the
metric py = pp,. Let € > 0. Using Lemma 2.3 and inequality (2.4)), we obtain

dim((Py)”", (pr)s,) < dim(P7, py ) < dim (X, dF, ).

Proposition 24 says that there is e, > 0 (which does not depend on n) such
that dim,, ((Px)’", (ox)s,) = k|Jn|. We deduce

E|J,| < dim, (X, dF,).
Inequality (23] follows. |

3. Syndetic subsets of a group

Let G be a group and recall that F(G) denotes the set of all nonempty finite
subsets of G.

A subset S C G is called syndetic if there exists a finite subset F' C G such
that G = F'S, where F'S = {fs: f € F, s € S}. Finite indexed subgroups of
G are examples of syndetic subsets of G. Other examples are given in Lemma
B3

Recall that an element = in a G-space X is said to be almost periodic if for
any neighborhood V' of x, there exists a syndetic set S C G such that Sz C V.
There is a well-known characterization of minimality for G-spaces.

LEMMA 3.1: A G-space (X,G) is minimal if and only if X is the orbit closure
of an almost periodic point.

Proof. See [Aus, Th. 7, p. 11]. ]

Let F € F(G) and Q C G. A family of translates (F't)ier, where @ #T C G,
is called a maximal disjoint family in Q if
(i) Ft Cc Qfor allt € T}
(ii) FtNFt' =@ for all ¢ # ¢’ in T}
(i) Fg C Q= 3t € T such that FgnN Ft # .

LEMMA 3.2: Let F € F(G), Q C G and suppose {g € G: Fg C Q} # @. Then
there exists S C G such that (F's)ses is a maximal disjoint family in €.

Proof. We suppose 1¢ € F. Now, if (Ft)ier is a maximal disjoint family in €,
then T C Q. If Q is finite or countable, it is easy to construct such a family.
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In general, we use Zorn’s Lemma. Let M be the set of all nonempty subsets
T C Q such that (Ft);er is a disjoint family in 2. Remark that M # & by
hypothesis. The set M is partially ordered by inclusion and it is clear that M
is an inductive set. By Zorn’s Lemma, there is a maximal element S in M.
Hence (F's)ses is a maximal disjoint family. |

LEMMA 3.3: Let (F's)scs be a maximal disjoint family in G. Then S is syndetic.

Proof. Let g € G. As (F's)ses is a maximal disjoint family in G, there is s € S
such that FgN Fs # @. Hence G = (F~1F)S. [ |

LEMMA 3.4: Let (C,)nen be an increasing sequence of subsets of G such that
UnenCn = G. Let F € F(G) and S C G. Suppose that (Fs)ses,, where
Sp = {s € S: Fs C C,}, is a maximal disjoint family in C,,, for all n € N.
Then (F's)ses is maximal disjoint in G.

Proof. Let s,s’ be distinct points in S. As (C,) is increasing and (J,, Cn, =
G, there is an integer n such that s, s’ are contained in S,. It follows that
FsN Fs' = @ since (Fs)ses, is a disjoint family. Thus (F's)scs is a disjoint
family. It is also a maximal disjoint family since for each g € G, the set Fg
is contained in some C,, and hence Flg N F's # & for an element s € S, by
maximality of (F's)seg,, - |

For A C G define A = AA~* = {gh™': g,h € A}.

LEMMA 3.5: Let (Ft)ier be a maximal disjoint family in Q"‘ﬁ, where Q) C G.
Let g be an element in G such that FgN Ft =@ for allt € T. Then we have
FgnQ=0o.

Proof. If FgNQ # @, then Fg C FF~'Q = Q*+F which contradicts the fact

that (Ft)icr is a maximal disjoint family in O+F, ]

Given a set A and a subset R C GG, we denote the set of all functions from R
to A by

AR = {z = (zg)ger: x4 € A}.

For S € R and = € AR, let ng: AR = A% x AB\S — AS be the canonical
projection.
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Suppose that A contains an element * called star. For z € AR, we define
S(z) C R by

S(xz) ={g9 € R: zg = *},

which represents the set of the positions of the stars contained in (the image
of) z. If R is a nonempty finite subset of GG, one defines the rational s(x) by

(3.1) s(x) = [S(x)/|R|

which represents the frequency of stars contained in x.
For disjoint sets A an B, one writes A LI B their union.

LEMMA 3.6: Let Cy ¢ Cy--- C C, = C, T1,T5,...,T,_1 and B be finite
subsets of G such that the sets Cit;, i € I = {1,...,n—1}, t; € Ty, are disjoint
and contained in C'\ B. Let x be an element of A such that x, = x for all

9 € C\(BUieq1,...n—1}1,er; Citi)- Then one has

|C\ B
s(z) > m,
CI

where m = mil;er ¢, e, S(WC,-,ti (35))

Let € > 0. A subset Y in a metric space (X, d) is said to be e-dense if for all
x € X, there is y € Y such that d(z,y) < e. Recall that any compact metrisable
space has a finite e-dense subset.

LEMMA 3.7: Let (K,dk) be a compact metrisable space and G be a countable
group. Let € > 0 and d be a metric on K¢ compatible with the product
topology. Then there exist a finite set F' C G and § > 0 such that for all x in
K@ and for any 6-dense subset A; C K, there exists a € AsT such that

mr(y) =a = d(z,y) <¢
for all y € K©.

Proof. Let ¢ > 0. By the definition of the product topology on K¢, there is a
6 > 0 and a finite set F' C G such that

sup di (7g,yy) <0 = d(z,y) <€
geEF

for all 2,y € K. The result follows. ]
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4. Proof of Theorems [I.1] and

This section is devoted to the construction of a G-space X satisfying the con-
clusion of Theorem [[LT1 First we give the construction of this space, then we
calculate a lower bound of its mean dimension and finally we prove minimality
of the action.

For C C G and g € G, one denotes by ®¢ ,: AY — A9 the natural bijection
defined by

D y(T)eg = 2c

for all x € A€ and ¢ € C.

4.1. CONSTRUCTION OF X. Let dx be a compatible metric on K (where K is
a polyhedron or the Hilbert cube [0,1]N) and d be a metric on K¢ compatible
with the product topology. Fix a decreasing sequence (€,) of positive reals
which tends to 0 and a Fglner sequence F| C Fy C --- satisfying |J, F,, = G
(see Lemma [Z1). For each n € N let p, € N and §,, > 0 satisfying the
conclusion of Lemma 3.7 with e = ¢,,, d = 0,, and F' = Fzgn. Up to reindex the
sequence (F), we suppose that p, = n for all n € N.

Let p € [0,1][. We will construct recursively a decreasing sequence X,, C K G
in a way such that the G-invariant closed set X = {J 5 9(N,, Xn) C K¢ will be
a minimal subshift with mean topological dimension mdim(X, G) > pdim(K)
if K is a polyhedron and mdim(X,G) = o if K = [0, 1]V,

For convenience denote by K=KU {*} the set obtained by adjoining to K
an element * ¢ K.

STEP 1: Take Cy = FJ and let 21 € KO with s(zy) > p (see (&) for the
definition of s). Define X; = {x € K%: 2, = (1), for all g€ Cy\ S(x1)} .
STEP 2: Let Kj, be a d1-dense finite subset of K. As G is infinite, there is
Ry C G, 1¢ € Ry, with cardinality |Ry| =1+ |K51||S(I1)‘ and such that Cqr,
r € Ry, are disjoint. Observe that |Kj, |Vl represents the cardinality of all
possibilities there exist for replacing all stars in the image of x7 with elements
of Kjs,; denote by Vi C K the set of all these possibilities. Let ks > 1 be an
integer large enough (it will be fixed later) so that By = [ |,cp, C17 C Fj, and
set Iy = Fy, . Define Ago)’ Agl) C G by

AP =By, A = (By)*O,
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Let (Cit),cq o be a maximal disjoint family in Agl) \ B; and observe that
2
(C1t),cp, Where TQ(I) = T’S) U Ry, is a maximal disjoint family in Agl).
2
Define

Cy=FU |_| Cit.
teT{V
Let 25 the element in K2 defined by the following conditions:

e the restriction of x5 to Cig is equal to x1 for all g € T’gl) U{lg}, ie.
Teig(w2) = ey g(a1)  forall ge T8 U{lah

e for each r € Ry \ {lg} choose an element v € V; in a one to one
correspondence and define the restriction of x5 to Cir by

ﬂ-cﬂ'(l‘Q) = q)clﬂ'(v);
o otherwise define (x2), = *.
By Lemma applied to T} = T’él) and B = By, we have
S G2\ By

s(x m,
)= T
where m = s(x1) > p. Now, choose and fix ky large enough (recall > = Fy,
and lim, . | F},| = 00) so that we have

s(xe) > p
and
G5 < (1+1/2)|Cyf
(the latter condition is possible for ks large enough by applying Lemma [2.2] to
the Folner sequence (Fy,) since Cy \ Fy, C |_|t€T2(1) Cit C (Flgz)"ra). Define

Xo={r e K% z,= (z2), forall ge Cy\ S(z2)}.

The induction step goes as follows. Let us suppose that step n was done,
where n > 2. We will obtain x,,+; from z, in a similar way as we obtained x5
from x7.

STEP n + 1: Let K5, be a §,-dense finite subset of K. As G is infinite, there
is R, C G, 1g € R, with cardinality |R,| = 1+ |Ks, |[I°@)l such that C,r,
r € R,, are disjoint. Observe that |Kj, |I¥(*=)| represents the cardinality of all
possibilities there exist for replacing all stars in the image of z,, with elements
of K5, ; denote by V,, C K the set of all these possibilities. Let k1 > &, be
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an integer large enough (it will be fixed later) so that B, = | | C,r C F,inﬂ

reR,
and set F,41 = F];n+1. Define Agg)_l, ASzl-i)-la e ,Agﬁl C G recursively by

A'Ezo—i)-l = Fn—i—l; and A'EZ—)i—l = 6’iéi—1 SN 61F7L+1 (: (A,EZ_:ll))—i_Cl)
fori=1,...,n.
Let (O"t)teT;ff) be a maximal disjoint family in Agﬁl \ B,,. Observe that

(n)

(Cnt),cptm » Where Trgz)l = T;f{) U R, is a maximal disjoint family in A,
n+1

Then, recursively, for i = 1,...,n — 1, choose a maximal disjoint family

(C”_it)tETfLCSi) n

AT ( U ctu | Cuatu-u (Y Cnmt).
teT™) ter(n 7 ter(n Y

n+1 n+1

Define

Cn+1Fn+1u< U ¢t | Cuatu-—u Y C’lt>.

teT™)] tern T teT ),

Let x,,41 the element in KCn+1 defined by the following conditions:
e the restriction of z,41 to C,g is equal to z,, for all g € TIEZZl U{leg},
ie.
Ty (Tns1) = Be, g(wa) forall g € T} U{la);

e for each r € R, \ {lg} choose an element v € V,, in a one to one
correspondence and define the restriction of x, 1 to C,r by

chr(szrl) - q)cmr(’l));
e the restriction of z,41 to C;g is equal to z; for all g € Tffll, i.e.

7C,g(Tnt1) = @y g(zi) forallge Tr(lil

foralli=1,...,n—1;
o otherwise define (z,41)g = *.
By Lemma applied to T;, = T’Sﬁl, T, = Tffj_l fori € {1,...,n— 1} and
B = B,,, we obtain

|Cn+1 \Bn|
S(l‘n-i-l) Z Y~ 7 m,
|On+1|
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where m = min;—y ., s(x;) > p (since by induction hypothesis, we have s(x;) >
pfori=1,...,n). It follows that if we choose k,, 1 large enough, the cardinality
of Cry1 (D £y, ) will also be large enough so that

(4.1) S@ns1) > p
and
1
+Fn| <
(42) O < (14 =) Cosr

The last condition is possible if we take k1 large enough by Lemma [2.2] since
+Cn
Cori \ F,.,, © (Ff,) ™"
Define

Xpt1={z € KY: Lg = (Tng1), forall g€ Cnyr\ S(Tni1)}-

g

This finishes the construction of the sequence (X,,). Observe that (X,,) is a
decreasing sequence of no empty subsets of K. Set Y = M,, X» and define

X Cc K€ by
X={Jgv.
geG

It is clear that X is a G-invariant compact metrisable space. It remains to
show that mdim(X,G) > pdim(K) and that the induced G-shift action on X
is minimal.

This is the aim of the next two paragraphs.
4.2. LOWER BOUND FOR THE MEAN TOPOLOGICAL DIMENSION OF (X,G). Set

Sn = S(xy) for all n € N*. By definition of (X,,), the elements of Y =, X,
are defined by

(4.3) yeY & me s, (¥) =mons, (T,) forall n>1.

Define J = (,(S, U (G \ Cy)). Observe that JNC,, = S, for all n > 1
and that (C,,) is an increasing Folner sequence for G (see inequality (£2])) and
G =J,, Cn. Choose an arbitrary element yo € Y. Then, equation (£3)) says:
(4.4) yeY & ma\s(y) = ma\s(%o)

since the subsets C), \ Sy, increase to G\ J. Using Proposition 2.8 and inequality
(&J), one obtains

mdim(X, G) > lim sup % dim(K) = limsup ||gn|| dim(K) > pdim(K)
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if K is a polyhedron, and mdim(X, G) = oo if K = [0,1]N and p > 0.

4.3. PROOF OF THE MINIMALITY OF X. The property satisfied by ¥ which
implies minimality of X = m is the following. Let € > 0. Then, for all
y € Y and for all finite subsets F' of G, there exists a syndetic set S C G such
that mr(sy), s € S, are e-closed functions in K*'.

We begin by proving that the centers of the constructed translates of C,, are
syndetic in G. Recall that each C,,, n > 2, is the union of F,, and of the union
of the sets of the families (Clt)teTT(Ll) .
the most part of these translates are contained in F,).

Set LY — 1"V and define for i = 1,...,n—2

. (C’n,lt)teT(nfl) (disjoint families and

n—1
Lo =100 |J P19,

j=i+1
It is convenient to think of the set T\ as the set of centers of the (disjoint)
translates Cit, t € T,(f), in C,, and of L;”T,gj ) as the set of the centers of the
(disjoint) translates of C; in C;t C C,, for t € Tr(lj), i < j <n—1. Observe that
for a fixed i, the sets of the family (Cit)teleLy are disjoint in C), by construction.

Define for all k£ € N*
L) — U Lk

n>k+1

(the set of all centers of the constructed translates of C in G). Note that it

is an increasing union. The next lemma, together with Lemma 3.3, shows that
L) is syndetic in G for all k > 1.

LEMMA 4.1: The family (Cyt),crx Is a maximal disjoint family in G for all
k € N*. More precisely, the family (Ct)
Cpforalll<k<n-—1andn?>2.

e Is a maximal disjoint family in
n

Proof. We prove by induction on n > 2 that one has the implication
(H,) (CrgNCit=2 Yte L¥) = CgnC, =

for all ¢ € G and k € {1,...,n — 1}. The result will then follows,
according to Lemma B4 Property (H;) comes from Lemma since the
famlly (Clt)tELél) (
and Cy = Fo U UteT“) Cht, by construction. Now suppose that (H;) is true for

here Lél) = Tz(l)) is a maximal disjoint family in Fj o}
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I1=2,...,n and let us prove (H,1). Let g € G, k € {1,...,n} and suppose

45)  CgnCit=o forallte L), =78 0 () L1
j=k+1

Observe that the recurrence hypothesis (H;) (for I = 2,...,n) and assertion

([@3) imply in particular

(4.6) CrgNCit=2 forallt e TY) and k <j <n.

Since one has

Cn-‘,—l =F, U ( U Cptu U Cp_1tU---u U Clt),

teT ", ter "V ter),

it remains to show that Cjg do not intersect F), 11 and do not intersect the sets
Cit, t € Tff_,)_l, for i = 1,...,k — 1. By definition, the family (Cyxt)

maximal disjoint family in

A® U ¢tu |J Cuatu--u U C’k+1t)

ter ™, ter{n Y terthY

i
ter(®, 18

where

A8 = (A

It follows that Crg N Agﬁr_ll) = @. In fact, suppose that Cxg N Agrll) #+ O.
Then Cig C C’kC’k_lAgz:ll) = AfszZr Using (£8) we obtain

ckgcAEfjl\( U ctu U Cuatu--u U C’k+1t).

teT ", ter "V terthY

This is in contradiction with the fact that (Cyt) is a maximal disjoint

teT("),
family in the right set of the above inclusion together with (@H). In particular,
C'g intersects neither Fj, 11, nor C1t (for t € T,(li)l), ooy, Cp_qt (for t € T(kfl)).

n+1
One deduces Crg N Cpy1 = @. Hence (Hpq1). |

Now we are ready to prove the minimality of X. Observe first that by the
definition of (X,,), all elements of ¥ coincide on G'\ J (see [@4)). Let y,y' € Y
and € > 0. We want to show that there is a syndetic set S C G such that

(4.7) d(y,sy’) <e forall seS.
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In fact, choose an integer n such that €, < e. By construction of x,, 11 (see step
n + 1 of the construction), and since C,, D F,, D F}, it follows that there is an
r € R,, such that

d(y,ry’") < en

(since 7o, (y) = 7, (ry’)). Now, observe that we, (rty’) = ne, (ry’) for all
t € LY by construction (in fact all elements in Y~ coincide on C,,rt C G\ J,
for all r € R, and t € L), We deduce inequality @) with S = rL(+D.
But LY is syndetic in G by Lemma B Il Thus S is syndetic.

Fix yo € Y. Inequality (@) proves, in particular, that all elements in Y
are almost periodic points (take y = 3’) but also that Y is contained in Gp.
Hence X = ,cqgY = Gy which proves minimality of X by Lemma 3.1l This
finishes the proof of Theorem [Tl

To obtain Theorem [[2 take K = [0,1]N in the preceding construction to
obtain a minimal G-space with infinite mean dimension and conclude by using
Propositions and 2.8
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