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Abstract In the present paper, we consider the construction of general sparse ten-
sor product spaces in arbitrary space dimensions when the single subdomains are of
different dimensionality and the associated ansatz spaces possess different approxi-
mation properties. Our theory extends the results from Griebel and Harbrecht (Math.
Comput., 2013) for the construction of two-fold sparse tensor product space to arbi-
trary L-fold sparse tensor product spaces.
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1 Introduction

Many problems in science and engineering lead to problems which are defined on the
tensor product of L domains §2 x £22 X --- x §21, where §2; € R" . Already for the
simple situation of L = 2, there exists a large number of problems. This includes, for
instance, radiosity models and radiative transfer [25], where §2; denotes the spatial
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three-dimensional domain of a geometric object under consideration and £2; is the
sphere S?. Then there are the parabolic problems, where £2 is the time interval and
§2 is the spatial domain [5, 13, 15, 22], or various phase space problems, e.g., the
Boltzmann equation, kinetic equations, or the Langevin equation [2], where both £2;
and £2, are three-dimensional cubes or the full three-dimensional real space.

Even more applications can be found in case of a general L > 2. For example, non-
Newtonian flow can be modeled by a coupled system which consists of the Navier
Stokes equation for the flow in a three-dimensional geometry described by §2; and
of the Fokker—Planck equation in the 3(L — 1)-dimensional configuration space on
§27 X §£23 X -+ X §21, where each domain £2; (i > 2) is a sphere. Here L denotes the
number of atoms in a chain-like molecule which constitutes the non-Newtonian be-
havior of the flow; for details, see [3, 20, 21]. Also the L-th moment of linear elliptic
boundary value problems with stochastic source terms are known to satisfy a deter-
ministic partial differential equation with the L-fold tensor product of the elliptic op-
erator on the L-fold product of the physical domain [23, 24]. This approach extends to
stochastic diffusion problems and to more general partial differential equations with
stochastic coefficient functions or with stochastic domains [16—18]. Another example
is multiscale homogenization. After unfolding [1, 6, 7], it gives rise to the product of
the macroscopic physical domain with the L — 1 periodic microscopic domains which
correspond to the L — 1 different microscales [19]. Finally, we find the product of L
domains in quantum mechanics for, e.g., the electronic Schrodinger equation where
each electron has its associated three-dimensional domain, see, e.g., [10, 26, 27].

A naive, conventional discretization would use tensor products of all basis func-
tions from suitable finite dimensional ansatz spaces VJ('), i =1,2,...,L which
are defined on each domain separately. This leads to the full tensor product space
VJ(” ® VJ(Z) Q- ® VJ(L). However, in general, the full tensor product space contains
way too many degrees of freedom such that desirable realistic simulations are be-
yond current computing capacities. This relates to the well-known curse of dimension
which states that the number of degrees of freedom for an approximation necessary
to obtain a prescribed accuracy grows exponentially with the dimension.

To overcome the curse of dimension, we will focus in this paper on the construc-
tion of sparse tensor product spaces, also known as sparse grids [4, 28]. The starting
point are multilevel decompositions of the ansatz spaces

vii—wlewPe...ow?®, i=1,2,..L,

which can be constructed via hierarchical bases, interpolets, or wavelet-like bases.
From this, the regular sparse tensor product space is defined according to

Ea= 1 2
V;egz @ W;1)®WJ('2)®'“®WJ§LL)’ (LD
JitjttjL<d

see, e.g., [4, 12, 14, 28]. Its approximation power is nearly as good as that of the
corresponding full tensor product space if the functions to be approximated provide
additional smoothness in terms of bounded mixed derivatives. Note here that the regu-
lar sparse tensor product space (1.1) is optimal if the approximation error is measured

in the L2-norm and the properties of the ansatz spaces Vj(i) and W;’_’.), respectively,
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do not depend in i. This means that all the domains £2; have the same dimension and
all thf} spaces VJ(l) and W;;), respectively, are equipped with the same type of ansatz
functions.

To also cover the more general cases, we will introduce in the following the special
sparse tensor product space

Ve -— (1) 2 (L)
Vi=@ wew e oW,

alj<J

for an arbitrary vector & = («1, @2, ...,ar) > 0 and j = (ji, jo,..., jL) € Né, and
we will discuss various choices of a for respective general situations of local dimen-
sions and regularities of the L domains.

For the case L = 2, we already systematically studied in [11] what the most effi-
cient construction of sparse tensor product spaces is if the spatial dimension of the
underlying domains or the polynomial exactness (and thus the approximation power)
of the ansatz spaces differ. In this paper, we will now extend these results to L-fold
sparse tensor product spaces. It will turn out that, in case of smooth functions, there
is a whole range of sparse tensor product spaces which possess the same optimal con-
vergence rate. However, in case of functions with limited regular or mixed Sobolev
smoothness, it will turn out that the sparse tensor product space, which equilibrates
the number of degrees of freedom (see Sect. 3), is superior to all the other sparse ten-
sor product spaces under consideration. We recently learned that the situation L > 2
has been considered in [9], too. There, different approximation powers in the coordi-
nate directions were also taken into account but the underlying domains were only of
equal dimensionn| =ny=---=np = 1.

The remainder of this paper is organized as follows. In Sect. 2, we specify the
requirements of the multiscale hierarchies on each subdomain. Then, in Sect. 3, we
construct general sparse tensor product spaces. In Sect. 4, we study their properties.
Section 5 is dedicated to the comparison of the cost complexities for the approxi-
mation of functions of mixed Sobolev smoothness, where also different degrees of
smoothness are possible in the different coordinate directions. Finally, in Sect. 6, we
give some concluding remarks.

Throughout this paper, the notion “essential” in the context of complexity es-
timates means “up to logarithmic terms.” Moreover, to avoid the repeated use of
generic but unspecified constants, we signify by C < D that C is bounded by a mul-
tiple of D independently of parameters which C and D may depend on. Obviously,
C 2z Disdefinedas DS C,andC~DasC S Dand C 2 D.

2 Approximation on a Subdomain

Let £2 C R” be a sufficiently smooth, bounded domain. We consider a nested se-
quence of finite dimensional spaces

VoCcVic---CVC---CLXR), @1
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each of which consists of piecewise polynomial ansatz functions V; = span{g; x : k €
Aj} (A; denotes a suitable index set) such that dim V; ~ 2/" and

L@=Jv. (2.2)
J€No
We will use the spaces V; for the approximation of functions. To this end, we
assume that the approximation property

1H€ lu = villaacey SHY lullns),  ue H (), (2.3)

vieVj

holds for g < y, g < s <r uniformly in j. Here we set h; := 277 ie., h; corre-
sponds to the width of the mesh associated with the subspace V; on §2. The parameter
y > 0 refers to the regularity of the functions which are contained in V3, i.e.,

y = sup{s eR:V;C HS(SZ)}.

The integer r > 0 refers to the polynomial exactness, that is, the maximal order of
polynomials which are locally contained in the space V.

We now introduce a wavelet basis associated with the multiscale analysis (2.1) and
(2.2) as follows. The wavelets ¥ :={vj x : k € V;}, where V; := A;\ A;_;, are the
bases of the complementary spaces W; of V;_1in V;, i.e.,

Vi=Vi_1 & Wj, Vi-1 N W; ={0}, W; = span{¥;}.

Recursively, we obtain

J
Vi=@w;,  Wo=W,
j=0
and thus, with
J
W=, W :=span{po : k € Ao},
j=0

we get a wavelet basis in V;. A final requirement is that the infinite collection
Vo= U/zO ¥; forms a Riesz basis of L?(£2). Then there exists also a dual (or

biorthogonal) wavelet basis U= szo '171- = {Jj,k : k € V;} which defines a dual
multiscale analysis of regularity ¥ > 0, see, e.g., [8] for further details. In particular,
each function f € L?(£2) admits the unique representation

f= Z Z (fs 1Zj,k)LZ(Q)Wj,k- 24

jZOkGVj

With the definition of the projections

Qi LX @)= W, Qif= > (fVi02@Vik

kEVj
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the atomic decomposition (2.4) gives rise to the multilevel decomposition
o
f=2_0if
j=0

Since for all —y < g < ¥ also a (properly scaled version of the) wavelet basis ¥ is a
Riesz basis of H7(2), we especially have

o0
1 Wragy ~ D NQiflay —v <a<7¥. (2.5)
Jj=0

see [8]. Finally, for any f € H®(£2), the approximation property (2.3) induces the
estimate

10 fllmace) S277 DN fllus@y, g<s=<r (2.6)

3 Sparse Tensor Product Spaces

Consider now L domains £2; C R"™ with n; e Nforalli =1,2,..., L. We aim for
the approximation of functions in anisotropic Sobolev spaces

HY(2) = H" (21) @ H?(§2) ® --- @ H'" (£2),

where 2 := 21 x £25 x --- x §2r. To this end, we assume to individually have for
each subdomain £2;,i =1, 2, ..., L, the multiscale analysis

vileviPev coctq ). v =spanfo’}, i=1.2,... L,

with associated complementary spaces
@ _ y® (0 ® 0 _ 0 _ ®
Vj = Vj_l ® Wj , Vj_l N Wj = {0}, Wj = span{kl/j }

Furthermore, for alli = 1,2, ..., L, let us denote the polynomial exactnesses of the
spaces Vj(l) by r;, and the regularity of the primal and dual wavelet bases by y; and
¥:, respectively.

In this paper, we study the approximation of functions in the special sparse tensor
product space’

v . (Y] ) (L)
=P wlew) e ew (3.1)
alj<J
for an arbitrary vector & = (a1, 2, ..., ) > 0and j= (j1, j2,..., jL) € N(I)‘. Here

and subsequently, inequalities for vectors are to be understood componentwise, i.e.,

'Here and subsequently, the summation limits are in general no natural numbers and must of course be
rounded properly. We leave this to the reader to avoid cumbersome floor/ceil-notations.
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o >0 means o; >0 foralli =1,2,..., L. Moreover, we set r = (r{,r,...,rr),
}’=(Vl,V2,~--,J/L),and7=()71,172,...,)7L)-

Now we can formulate the following problem: How must o« > 0 be chosen such
that, for given parameters —Y <q<yandq<s<r,afunction f € H () can be
best approximated in VY in the H4(2)-norm?

Natural choices of the parameter o > 0 are:

(i) To equilibrate the accuracy in the involved univariate spaces VJ(i/)a,-’ i =

1,2, ..., L, we obtain the condition
2= Jri—qn/er _ p=J(rn—q)/e2 _ . _p—JUL—qL)/er
This means that we have to choose o; =r; —g; foralli =1,2,..., L.
(ii) To equilibrate the number of degrees of freedom in the involved univariate
spaces VJ('/)O”, i=1,2,..., L, we obtain the condition
2]111/011 — 2Jn2/ot2 — .= ZJrlL/otL_
This condition is satisfied if «; =n; foralli =1,2,..., L.
(iii) Following the idea of an equilibrated cost-benefit rate (see [4]), we get the con-
dition

1G+ri=q)  ppmatra=q2) | ojr(itri—qL) _ gJ-const.  foraq] och = 7.

For const. =1, we find o; =n; +r; —g; foralli =1,2,..., L.

In the next section, we will compute for these and other choices the cost and the error
of the approximation in the related sparse tensor product spaces.

4 Properties of the Sparse Tensor Product Spaces

To compute the convergence rate of functions in the sparse tensor product spaces V9
with arbitrary a > 0, we first count the degrees of freedom which are contained in
these spaces.

Theorem 4.1 For any a > 0, the dimension of the sparse tensor product space
ve _ (0 () (L)
3_ @ le ®Wj2 ®“'(X)WJ'L
alj<J

is proportional to 27 ™aximi/evnz/ey.nijer} JR=1 " \ohere R counts how often the
maximum is attained.

Proof We shall use induction to prove this theorem. Consider first the case L = 1.
Due to dim W{!” ~ 2711 it holds that
J/aq
dim V% ~ Y " 2im < plm/e,

J1=0
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Since R = 1, the desired result follows immediately.
We now show the induction step L +— L + 1. To this end, we denote the (L + 1)-
fold sparse tensor product space by

v = @y wile ewPewh, (@.1)

JL+1
ol jtor 1 jr1<J

where, without loss of generalityz, we will assume

n n n n n n n
_1==_R>ﬂzﬂzz_l‘ and _Lzﬂ 4.2)
o] ¥R  OR+1  OR42 oL 4L AdL+41
Obviously, there holds the identity
( ) J/ap1
vari) M) o . (L) (L+1)
el @ @ wleewl]ew
JL=0 “aTj<J—ari1jr41
J/op 41
_ v (L+1)
= D Viwia @V 4.3)
JL+1=0
According to our induction hypothesis, the sparse tensor product space VOJ[—aLH .

consists of @V —ar+iji+m/ar(y — aL+1jL+1)R_1) degrees of freedom. Hence,
since dim W;LL:D ~ QI+l e get the estimate

J/ar+1
dimv(;"a”l) < Z gjr+ini1g(—eryijrv)nt /ey J— 01L+1jL+1)R_1

JL+1=0

J/ar+1
SZJnI/O‘IJR_l Z pjr+1(pii—nieriy /)

jL+1=0
Due to the ordering (4.2), we have to distinguish two cases, namely ni/o; >
nL+1/aL+l and nl/al = I’LL+1/OlL+1. In the case nl/al > I’lL+1/OlL+1, which al-

ways happens for R < L and might happen if R = L, the exponent in the last sum is
always negative, which immediately implies

dim Vit < gpdm/jen gR=1 (4.4)

In the case n1 /oy =np41/op+1, which can only happen if R = L, the exponent in
the sum is zero, and it follows that

J/op+i

dim Vit < gfm/en gLt 3 agalmiegt (4.5)

JrL+1=0

20therwise, we apply the induction to an appropriate permutation of the spatial dimensions.
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The combination of (4.4) and (4.5) yields the desired result in case of L + 1. This
completes the proof. g

Remark 4.2 The statement of Theorem 4.1 is sharp, which can be seen as follows.
The sparse tensor product space V9 contains the space Wél) Q- ® Wé"_l) ®
W;];Lk ® WékH) R ® WéL) for all 1 <k < L whose number of degrees of free-

dom is proportional to 27/ (i.e., 2/7/% bounds its number of degrees of free-

bound for the number of degrees of freedom of the sparse tensor product space V¢.
If the maximum is attained R times, for example, if n1 /o) =ny/ay =--- =ng/ag,
then there are asymptotically J®~! further combinations of (ji, ja, ..., jg) such that
Z,Ile a jx = J. The numbers of degrees of freedom of the associated spaces W;]I) ®

e ® W;If) ® W(;RH) R WéL) are also proportional to 27 maxtni/ei,na/es, npjaL}
This yields the logarithmic factor J®~! in the estimate as well as its sharpness.

Next we consider the approximation power in the sparse tensor product spaces ?3
Obviously, the highest possible rate of convergence is attained in the space H" (£2),
where r = (r1,72,...,7r) is the vector of polynomial exactness of the underlying
full tensor product spaces. Therefore, in the following theorem, we restrict ourselves
without loss of generality to s <r.

Theorem 4.3 Let —y <q <y and q <s <r and f € H3(R). Then, the sparse grid
projector

Q@) -V Q= Y (0VeoPe w0l @o

alj<J
satisfies

2792 SL—4L

@ ot L P2 flgsgy. (A7)

—Jmin{%,

” (I - az)f“Hq(g) §2

Here, P counts how often the minimum is attained in the exponent.

Proof We show the assertion again by induction over L. For the case L =1, the
tensor product domain £ is a single domain §2; and the projector Q% onto the sparse

grid is simply ZJJ-,/E(I) Q;}). Hence, the assertion follows immediately from (2.5) and

(2.6), since

o0

||(1_6§')f||i141(91>f<v 2 |}Q§~Pf|}§,ql(91)

J1=J a1 +1

o0

D DR VA R
J1=J/a1+1

ST fl g,

forall f € HS1(£21).
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We now assume that the assertion is shown for the product domain £ = £ x - - - x
2, and the sparse grid projector Q% given by (4.6). This means the error estimate
(4.7) is valid for any function from H%(£2). To prove the induction step L +— L + 1,
we shall assume without loss of generality> that

S1—4q1 ”_SP—CIP - SP+1 —4qpP+1 <SP+2_QP+2 <.”<SL—CIL

o] ap ap4] B ap42 - or

and

SL — 4L < SL+1 —4qL+1

ap o op4
The induction step then reads as follows. For any given function
feHS (@ x 2p41) = H(2) @ H' (2141)
= H"(£21) @+ @ H" ' (2141),

we shall show that the sparse grid projection

(’j(Ja,OlLJrl) _ Z Q;i) R ® Q(L+1) :H(q,qu)(ﬂ X Q141) = i]\(Joc,OlL+1)

JL+1
ol jtapy1jry1<J

satisfies the error estimate

H (I _G(J“’QL_H))JC||H(q,£IL+1)(.Q><.QL+1)

S1741 2792 M}
o

7Jmm{ @ @il J(Pt_l)/z

SQ ||f||H(S-SL+1>(_Q><QH1)‘

Here, the sparse tensor product space ﬁ(Ja’a”l) is defined in (4.1) and P*:= P + 1
if (s1 —q1)/a1 =(SL+1 —qgrL+1)/@L+1 and P* := P otherwise.
Analogously to (4.3), we find the identity

ANeary) _ (D (L) (L+1)
QJ - Z le ®® QjL ® QAI'L-H
ol jtapyrjrii<J
J/or+1 LD
_ ray:] L+
- Z QJ—OtL+1jL+| ® QjL+1 :
JrL+1=0
In particular, it holds that
J/ar+1
Ao (L+1)
I— Z QJ—0L+1J'L+1 ® QjL+1
Jjr+1=0

30therwise, we apply the induction to an appropriate permutation of the spatial dimensions.
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J/ar+1 L) J/apt1 LD
— rav'] L+ L+
- Z (I - J—otL+1jL+1) ® QjL+1 +I® (I - Z QjL+1 )
jL+1=0 JL+1=0
J/opy1 L1 00 L
_ A L+1) L+
- Z (I J—OlL+1J'L+1) ® QjL+1 +1® Z QjL+l ’
JL+1=0 JjLy1=J/app1+1

Thus, in view of (2.5) and (2.6), since f € HSSL+D) (2 x 27 11), we find

. 2
(1 - Q(j“ aL+l))f”H((I»‘ILJrl)(SZXQLM)

J/or 11
S > -9 ) ® QI AR
~ —OL41JL+1 JL+1 H YU+ (2% 2741)
JL+1=0
- (L+1) 2
+ Z H (I ® Q./'L+1 )f”H(q“’L“)(Qxf?LH)'

JjL+1=J/ap+1+1

The second norm on the right-hand side can be estimated as

(L+1)\ 12 < 9=2jL+1(5L+1—qL+1) 2
” (1 ® QjL+l )f||H(q"’L+1)(.Q><!2L+1) 52 ”f”H(q‘SL"'l)(-QX-QLH)

=2jL+1(5L+1—qL+1) 2
R 1 PR

The induction hypotheses (4.7) implies

=~ 2
”((1 - 3—aL+|jL+1) ®I)fHH(Q-qL+1>(ngLH)

< 9 2(J—ar+1jL+D)1—q) /a1 (7 _ ; P—1 2
<2 =i N Baren gy

By employing in addition (2.6), the first norm on the right-hand side of the above
expression can be estimated according to

I~ 2
” ((1 - Qtj—al,ﬂjul) ® Q;fjll))f”H(q’qL“)(ﬂ XQ2r+1)

< 220 =1 jL+1)(s1—=q1) /1 J —1y=2jr+165L+1-qL+1)

. P
—aL41jL+1)

2
x|l f||H(S,J'L+|)(QXQL+I)

—2J(s1— P—1~4-2j K — —(s1— 2
<2 Js1—q/en g 2= 2jr+1((SL+1=qL+1)— (51 ql)aL+l/al)||f||H(S’SL+1>(.QxQL+1)'

Altogether, we thus get
O @- ) 2
H([ _QJ“ o )f||H(q’qL+l)(Q><QL+1)

J/ar+1
< |:221(31q1)/a1]P1 Z 2= 2jL+1(SL+1=qL+ D)= (S1—gDeL+1/a1)

JjL+1=0
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oo

9 =2jr+1(L41—qL+1) 2 .
N Z ||f||H(5»-‘L+l>(SZXQL+l)
Jjry1=J/ap+1+1

If (s1 —q1)/o1 < (SL+1 —qL+1)/®L+1, the exponent in the first sum is always nega-
tive, and we obtain

2
H ( Q(ct ocL+1))f ||H(‘1"1L+l)(s'szL+1)

2J(s1—q1)/e1 yP—1 2J(sL+1—qgL+1) /L +1
<@ 7P 2 MW@

< =2J(s1—q1)/a1 7P—1

2 TN Moo @nry.ry
If (s1 —q1)/o1 = (SL+1 — gL+1) /L +1, which may only happen if P = L, the expo-
nent in the first sum is always 0, which, due to J/«y+1 + | terms in the sum, leads
to

A N £112
[ (7= Q7 ) f @i @xg

2J(s1—q1) /a1 gL =2J(sp+1—qL+1) /2L +1
<(2 Jr+2 )”f”H(sst(ngH,)

=2J(s1—q1)/a1 yL
<2 T Ry oy

This completes the proof. g

Remark 4.4 (i) The constant in (4.7) depends on the particular choice of « (and of
course also of L, q, and r).
(i1) For any 1 < k < L, the sparse tensor product space V°‘ contains the full

tensor product space Vol) Q- ® V(k Devih g V(kH) Q- ® VO(L). But it

J [k
does not contain the space V(l) ® - ® V(k Ve VJ(/ak+1 ® Vo(k“) R ® VO(L)‘

Therefore, the convergence rate cannot be higher than 2~/ (¢ ~2)/  Repeating this

argument for all 1 < k£ < L and taking the minimum, we obtain the lower bound
31 ‘II $2=492 Sp—4L

2 T U e }. Thus, we conclude that the error estimate (4.7) is essen-

tially sharp.

(iii) Note that for s # r, the logarithmic factor J (R=1/2 in (4.7) can be reduced or
even removed by using more sophisticated estimates, see [14].

—J min{—-

By combining Theorems 4.1 and 4.3, we can express the convergence rate in terms
of the number of degrees of freedom N := dim V"‘ This gives us the cost complexity
of the approximation of functions in the sparse tensor product spaces V"‘

Corollary 4.5 Let -y <q<y,q<s<r,and f € H (). Furthermore, denote by
N :=dim V§ the number of degrees of freedom in the sparse tensor product space
V9, and set

min{(s1 — q1)/a1, (s2 —q2) /o2, ..., (sL —qL)/aL}
max{n;/ay, ny/ay,...,np/or} '

pi=
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Assume that the minimum in the numerator is attained P times and the maximum in
the denominator is attained R times. Then, the approximation (4.6) in V% possesses
the following convergence rate in terms of the degrees of freedom N:

If — frlmace) S NP og N)F=D/2HBR=D) £l o). (4.8)

Proof First assume R = 1. We then have N ~ 2/ max{ni/ar.nz2/ez,..ni/aL} que to The-
orem 4.1. Hence, it holds that

_ min{(s)—q)/ay.(sp—gp)/ap....sp —qp )/}

S1791 2792
N_ﬁ — N max{ny /ay,np/ag,..., ny fay} ’

—Jmin{—+ =1 |
2 { 3] o

sp—qr }
ar

3

which, together with (4.7), yields the desired eITOr estimate (4.8) for R =1.
If R > 1, then the sparse tensor product space V¢ contains

N ~ 2]max{n1/a1,nz/az,.‘.,nL/otL}JRfl

degrees of freedom. Thus, we now have the relation

JRfl
Consequently, by taking the logarithm on both sides, we get log(N/JR=1) ~ J, and
since log(N/JR_l) <log N, we obtain from (4.7) the estimate

If = Fill 2y S ( (log N) P~V fllms (@),

N
(log N)Rl)

i.e., the desired error estimate (4.8) for R > 1. This completes the proof. 0

5 Discussion of the Results

We now discuss the best choice of the parameter & > 0. To this end, we intend to ap-
proximate a function f € H(£2) of maximal smoothness, i.e., we shall apply Corol-
lary 4.5 in the case s = r. Our first question addresses the highest possible conver-
gence rate 8* which can be achieved in the sparse tensor product spaces V?

Lemma 5.1 It holds that

_ min{(ri —q1)/a1, (n—q2)/az, ..., (rL —qr)/aL}
a max{n /oy, ny/az, ..., np/op}

r—q1 mn—q FL—CIL}

B

g e ey

ni na nr

<p*:= min{
forall o > 0.
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Proof Choose a > 0 arbitrarily but fixed and let k, £ € {1, 2, ..., L} be such that

Vk—CIk:min{l’l—ch n—q VL—QL}

o o o T o

and

ng nyp n2 nr
— =maxy —, —,..., —¢.
oy o] o) or

It thus holds that (rx — gx) /ox < (ri — qi)/ai and ng/og > n;fo; fori =1,2,..., L.
In particular, we find
gk Tk d T4 % _ T4 ani=1,2,... L,

ok ng n; n;

which immediately implies the assertion

g e ey

g <min| T4 o rL—qL
- ni on np )

O

This lemma thus gives an upper bound B* for the convergence rate 8 in Corol-
lary 4.5. We now show that this rate is essentially achieved for the canonical choices
(1)—(iii) of & of Sect. 3.

(i) The equilibration of the accuracy in the involved univariate spaces led to the
choice o =r; —q; foralli =1,2,..., L. According to Corollary 4.5 and since we
consider s = r, we have here

g = min{l, 1, ..., 1}
" max{ny/(r1 —q1),n2/(r2 — q2), ..., nL/(rL —qr)}

r— ry — rp —
:min{ =@ no@ T CIL}z,B*.

’

ni ny np
‘We thus obtain the rate
If = Frllrae) < NP (Qog NYE=D/2HB R=D| £1ge @)

(ii) The equilibration of the degrees of freedom in the involved univariate spaces
corresponds to the choice o; = n; foralli =1, 2, ..., L. This immediately leads to

= min{(r; —q1)/ny, (r2 —q2)/n2, ..., (rL —qr)/nr} _

max{1,1,...,1} P

Hence, the rate of convergence is
1f = Fillaae) S NP Qog NPV ED | £l ).
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(iii) The equilibration of the cost-benefit rate is given by o; = r; — g; + n; for all
i=1,2,...,L.Letke{l1,2,..., L} such that

k= qk —min{ "= qi rL—qL }
n+rr—qi ni+ri—q’ U np+r—qr)
Then, it follows that
Te—Qqk  _ _Ti—di
ng+rk—qk - nit+ri—qi

foralli=1,2,...,L, 5.1

which is equivalent to

Yk — gk Sri_qi

nk n;

foralli=1,2,..., L.

Hence, (5.1) also implies
ng n;

Ne+7e—qr  ni+ri—qi

\%

foralli=1,2,..., L.

It therefore again holds that

f= min{(ry —q1)/(n1 +r1 —q1),...,(rL —qr)/(np +rL — qr)} _
max{ni/(ny+r1—q1),....,n/(np +rL —qr)}

B
and Corollary 4.5 yields

| = 7 ljace) S N7 Qog N)FD2HEERED) e g,

We can generalize these particular examples as follows. Set
oj=ini+1—A)(@; —gq;) foralli=1,2,...,L, 5.2)

where A € [0, 1] is an arbitrarily chosen parameter. For A = 1, we find «; = n;; for
A =0, we find o; =r; — ¢;; and for A = 1/2, we find o; = (n; + r; — q;)/2, which
yields the same sparse tensor product spaces as the choice «; = n; +r; — ¢g;. Thus,
the above examples are covered by (5.2).

For the choice (5.2), it holds for a specific k that

'k — qk —  min { ri —4gi }
g+ A=Ay —qr)  iell,2,. Ly An; + (1 —A)(ry —qi)

if and only if

Mk = max { i }
ang+ (1 =) (e —qi)  ielt2, Ly Ang + (1 —X)(ri —qi)
Consequently, for all A € [0, 1], we find

_ min;eq1 2, L { (i —qi)/ (i + (1 =) (ri —qi))} _p
max;e(1,2,....L}{ni/(An; + (1 =) (ri —qi))} '

B
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Nevertheless, the logarithmic factors in the convergence rate in (4.8) might differ in
the extremal cases A =0 and A = 1.

In the case of L = 2, this construction covers all possible sparse tensor product
spaces V& which essentially (i.e., except for logarithmic terms) offer the highest pos-
sible convergence rate §*, see [11]. Note however that in the case L > 2, there might
be other choices which also result in optimal sparse tensor product spaces.

Lemma 5.2 Letk €{1,2,..., L} be such that

rk—kamin{rl—ql rn—q rL—QL}zlg*

n ni onp 7 g

Then, for all o« > 0 such that

Mgﬁgn_k foralli=1,2,... L, (5-3)
T g @ i

it holds that

g = min{(r; —q1)/a1, (2 —q2) /a2, ..., (rL —qr)/aL} _
max{ny /oy, ny/aa,...,np/oL}

If (5.3) is not satisfied, then it holds that 8 < B*.

B

Proof The condition (5.3) immediately implies the equalities

Tk TiTd g MR fralli=1,2,.. L.
(295 o o (295
Hence,
_ min{(r; —q)/a1, (n—q2)/e2, ..., (r —qr)/aL} — rk —qk _p
max{ny /oy, n2/oz, ..., np/op} ny

indeed holds. If (5.3) is not satisfied for some specific j € {1, 2, ..., L}, then it fol-
lows that

ri —qgij Tk — gk ng n;
J 4j < a or —<—j.
Olj A A Olj

Therefore, we obtain

_ min{(r1 —q1)/a1, (rn—q2)/ea, ..., rL —qr)/aL} , ,,
= # B
max{ni/ay,na/az,...,np/oL}

B

which, in view of Lemma 5.1, shows 8 < *. O

6 Conclusion

The analysis in Sect. 5 reveals that all sparse tensor product spaces i]\ﬁ with o sat-
isfying the criterion (5.3) produce essentially the optimal convergence rate 8* =
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minjeq1,2,...01{(r; — ¢i)/n;} when a function f € H'(£2) of maximal smoothness
is to be approximated. However, if the function to be approximated is only in H%(£2)
with q < s < r, then the highest possible convergence rate is

B= min L}{(Si —qi)/ni}.

ie{l,2,...,

To achieve this rate, the criterion (5.3) for the choice of a > 0 has to be modified
according to
Wk e Tk foralli=1,2,..., L.
Si—qi o n;

As a consequence, to obtain for all q < s <r the highest possible rate in V“, one has
to choose o; = n; foralli =1,2,..., L, i.e., one has to equilibrate the degrees of
freedom in the involved univariate spaces VJ(Z/)D[’_.
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