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Abstract. Dilatational moduli are typically determined by subjecting
interfaces to oscillatory area deformations, and are often defined in
terms of the difference between the dynamic or transient surface ten-
sion of the interface (the surface tension in its deformed state), and the
surface tension of the interface in its non-deformed state. Here we will
discuss the usefulness of the dynamic surface tension concept in the
characterization of dilatational properties of complex fluid-fluid inter-
faces. Complex fluid-fluid interfaces are interfaces stabilized by com-
ponents which form mesophases (two-dimensionional gels, glasses, or
(liquid) crystalline phases), as a result of in-plane interactions between
the components. We will show that for such interfaces dilatational prop-
erties are not exclusively determined by the exchange of surface active
components between interface and adjoining bulk phases, but also by
in-plane viscoelastic stresses. The separation of these contributions re-
mains a challenging problem which remains to be solved.

1 Introduction

The dilatational modulus of an interface is basically the two-dimensional equivalent
of the bulk modulus defined for three-dimensional bulk phases. Its formal definition
is (see [1] and references therein):

Ed ≡ A
(
∂γ

∂A

)
(1)

where Ed denotes the dilatational modulus, A is the surface area of the interface, and
γ its surface tension. The latter is a function of the temperature and composition of
the interface,

γ ≡ γ
(
T s, ρs, ωs(1), ..., ω

s
(N−1)

)
. (2)
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where T s is the surface temperature, ρs is the overall surface mass density, and ωs(A)
is the surface mass fraction of component A in the interface.
Experimentally, the modulus is determined by subjecting an interface to sinusoidal

area changes, and measuring the surface tension of the deformed interface [1,2]. In
Oscillating Bubble Methods (OBM) this is done by analyzing the profile of the droplet,
in Bubble Pressure Tensiometry (BPT) the pressure in the interior of the droplet is
measured [2]. The profile or pressure data are then analyzed using the Laplace-Young
equation. In Langmuir trough experiments the surface tension in the deformed state
is measured directly, using a Wilhelmy plate [3].
In all these experiments the dilatational modulus is calculated from the transient

surface tension data (after a Fourier analysis) using

Ed = A
Δγ

ΔA
(3)

where

Δγ = γ
(
T s, ρs′, ωs′(1), ..., ω

s′
(N−1)

)
− γnd

(
T s, ρs, ωs(1), ..., ω

s
(N−1)

)
. (4)

Here γnd is the surface tension of the non-deformed interface. The first term on the
right hand side of this expression, is the surface tension of the deformed interface, and
is often referred to as the dynamic or transient surface tension. The primes on the
arguments in this term are used to signify that the adsorbed mass and composition
of the interface may have changed as a result of the deformation.
For low molecular weight surfactants that exhibit negligible in-plane interactions

after adsorption, this transient surface tension is mainly determined by the rate of
exchange of surfactant between the interface and the adjoining bulk phases. Data are
then typically analyzed using the Lucassen van den Tempel model [4,5] or variations
thereof. In fluid-fluid interfaces stabilized by colloidal particles, polymers, proteins,
or protein aggregates, in-plane interactions can result in the formation of a complex
microstructure, such as a two-dimensional gel, a glass phase, or (liquid) crystalline
phase. When these interfaces are deformed in for example an OBM experiment, the
dynamic surface tension determined from an analysis of the droplet profile may con-
tain additional deviatoric stresses, and no longer has the characteristics of an isotropic
tension. In this comment we discuss the usefulness of the dynamic surface tension con-
cept for this type of interface, and discuss strategies on how to extract meaningful
dilatational parameters for these interfaces using OBM, BPT, or Langmuir trough
experiments.

2 Dynamic surface tension of complex fluid-fluid interfaces

In OBM and BPT experiments the dynamic surface tension is determined from the
Young-Laplace equation, given by

P (2) − P (2) = 2γH (5)

where P (2) is the pressure in the interior of the droplet, P (1) is the pressure in the
outer phase, and H is the mean curvature of the interface. Elsewhere in this issue
[6], we have seen that for complex fluid-fluid interfaces we need to use a generalized
form of this equation to analyze profile or pressure data, referred to as the jump or
surface momentum balance [1,7–12]. In [6] we have discussed conditions for which
this generalized balance reduces to the Young-Laplace equation (5). Let us assume
that an OBM or BPT experiment is performed in such a way that in-plane inertial
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stresses, and viscous stresses exerted on the interface by the adjoining bulk phases
are negligible. We will also assume that contributions from the bending rigidity of the
interface to the momentum balance are negligible. Moreover, we assume the defor-
mation is small and uniform. Under these conditions the momentum balance of the
interface reduces to [6]

P (2) − P (1) = 2γH + 2Htr(σs) (6)

where tr(σs) is the trace of the surface extra stress tensor, σs. We see that for a com-
plex fluid-fluid interface, the pressure difference over the interface is determined not
only by an isotropic surface tension, but also by in-plane viscoelastic stresses (pos-
sibly anisotropic). Lumping these two contributions into a single isotropic dynamic
surface tension is inconvenient, since it obscures the true nature of the response of
the interface.
Another argument against the introduction of a dynamic surface tension is given

by nonequilibrium thermodynamics. Savin et al. [13] recently analyzed the local equi-
librium assumption for interfaces, in the context of gauge invariance (any description
of a multiphase system should be independent of the choice of the exact location of
the Gibbs dividing surface, and should hence be invariant under small displacements
of this surface). The local equilibrium assumption states that for a system not in
global equilibrium (i.e. intensive variables such as temperature and density vary in
time and space), at any point in the system, one can assume thermodynamic equi-
librium in a small neighborhood around this point. The analysis by Savin et al. [13]
(and studies cited therein) support the validity of this assumption also for interfaces.
This implies that the surface tension of an interface not in equilibrium (i.e. the first
term on the right hand side of (4)) is given by the same thermodynamic expression
as the equilibrium surface tension, and the difference between the two is merely due
to a difference in the state variables T s, ρs, and ωs(A), induced by the deformation

of the interface. So there is no need to introduce the concept of a dynamic surface
tension, we just need to realize that the surface tension γ appearing in equation (6)
is a function of time.

3 Strategies for determining dilatational properties of complex
interfaces: Limiting cases

In this section a number of experimental protocols are suggested to obtain dilatational
properties for complex fluid-fluid interfaces, using either OBM, BPT or a Langmuir
trough. Let us assume we have an interface where surface tension, deviatoric stresses,
and bending rigidity may all contribute to the response of the interface to an applied
deformation. The latter contribution will in most cases be negligible, but there are
some exceptions, such as vesicle membranes, or interfaces in phase separated biopoly-
mer mixtures, where these contributions may be significant [1,14–20]. In [6] we saw
that for such a system the pressure difference over the interface is given by

P (2) − P (1) = 2γH − kC0K + 2Htr(σs) (7)

where k is the bending rigidity of the interface, C0 is its spontaneous curvature, and
K is the Gaussian curvature of the interface (equal to 1/R2 for a spherical drop
with radius R). The analysis of the pressure data will greatly simplify if one of the
contributions on the right hand side of (7) is dominant in the response. To establish
this we need to determine the dependence of the response on droplet size, amplitude
of oscillation, and frequency of oscillation.
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Let us first look at response of the interface to variations of the droplet size. Let
us assume we are performing an experiment using an OBM device, and we use its
standard image analysis mode, which extracts an effective “surface tension” by solving
the Young-Laplace equation (we use quotes here since the extracted parameter need
not be an actual tension, but could also be a stress). In this approach the terms on
the right hand side of (7) all are lumped in this effective surface tension, which takes
the form

γeff = γ − kC0 K
2H
+ tr(σs)

= γ − kC0 1
R
+ tr(σs). (8)

The scaling of the terms on the right hand side of (8) with droplet radius R, are re-
spectively, γ ∼ R0, kC0/R ∼ R−1, and tr(σs) ∼ R−1. If in this OBM experiment we
plot the effective surface tension, measured at various droplet sizes, against 1/R, and
we obtain a horizontal line, then we know the surface tension term must be dominant
in the response. If we obtain a linear curve with a negative slope, the response is
bending rigidity dominated, and when the curve is linear with a positive slope, the
response is dominated by deviatoric stresses.
We could have a situation where the last two terms in (8) are both large but

cancel each other, leading to an effectively surface tension dominated response. To
check for this the experiment can be repeated at various deformation amplitudes δR.
The first two terms on the right hand side of (8) are independent of δR, whereas
the last term is linear in δR. So when γeff is linearly dependent on strain (for small
amplitudes) we know the response is stress dominated. Strain sweeps not only help
us to identify whether deviatoric stresses contribute to the response of the interface
to a deformation. When these stresses are dominant, strain sweeps can also provide
information about the nature of the interface. The structure of the interface may
give rise to strain thinning or strain thickening behavior, and the occurrence of these
phenomena can provide a clue what the structure of the interface is (although usually
we will need additional information from surface shear or structural characterization
methods to confirm this).
To summarize, if the effective surface tension of the interface is independent of

δR and 1/R, we have a surface tension dominated response, when the response is
independent of δR and proportional to 1/R we have a bending rigidity dominated re-
sponse, and when we have a response proportional to δR/R the response is dominated
by deviatoric stresses (Table 1).
The properties we determine in each of these cases are different. When the response

of the interface is surface tension dominated, we find that γeff(t) = γ(t). So in this
case the deformation of the interface changes the surface concentrations, and the
magnitude of the dilatational properties is determined by the rate of exchange of
the surface active components between interface and the adjoining bulk phases. The
modulus we determine in this case is the thermodynamic dilatational modulus

Ed0 =
γeff − γnd
d lnA

=
γ − γnd
d lnA

· (9)

When the response is rigidity dominated, and the deformation does not alter the
surface tension significantly, we find that γeff(t) = γnd(t) − kC0/R(t). And hence in
this case the relevant property we extract from the determination of γeff is not a
dilatational modulus, but the rigidity term kC0:

kC0 = (γeff − γnd)R. (10)
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Table 1. Overview of typical responses of fluid-fluid interfaces to an applied dilatational
deformation.

Dominant Surface Deviatoric Bending
contribution tension stresses rigidity

Scaling of γeff(t) with R R0 R−1 R−1

Scaling of γeff(t) with δR (δR)0 δR (δR)0

Scaling of γeff(t) with ω ω1/2 a) E′d ∼ ω2, E′′d ∼ ω1, ω << 1/τd b) ω0

E′d ∼ ω0, E′′d ∼ ω−1, ω >> 1/τd b)
E′d ∼ ω0, E′′d = 0 c)
E′d ∼ ωn, E′′d ∼ ωm, m,n = 0.1− 0.2 d)

Relevant measured Ed0 Ed +Gs kC0
parameter

a) Lucassen van den Tempel model [4,5].
b) Linear viscoelastic interface, described by the surface Maxwell model.
c) Linear purely elastic interface.
d) Interfaces stabilized by a 2d glass phase, close to the glass transition.

When the response is dominated by deviatoric stresses, and the surface tension
does not change significantly during deformation, we have γeff(t) = γnd + tr[σ

s(t)].
An example of a system behaving in this way would be an interface stabilized by a
mixture of colloidal particles, and a low molecular weight surfactant, in which the
colloidal particles aggregate into a two-dimensional particle gel, and the low mole-
cular weight surfactant occupies the “pores” in this structure. When deformations
are slow, and the exchange of the surfactant with the bulk phase is sufficiently fast
such that during deformation the surface tension in the pores of the two-dimensional
particle gel does not change, then the response of the interface will be dominated
by the resistance of the particle gel structure against deformation. The property we
determine in this case depends on the characteristics of the interface. For a purely
elastic interface in the linear response regime, we have tr(σs) = (Ed + Gs)d lnA, so
then we find

Ed +Gs =
γeff − γnd
d lnA

(11)

where Ed and Gs are respectively the dynamic dilatational and surface shear mod-
ulus. For large deformations, outside the linear response regime, we would obtain
the apparent dynamic moduli of the interface. The fact that there is a dependence
on shear properties in this response means that for a proper characterization of the
dilatational properties of such an interface, we need to also perform surface shear
experiments to determine Gs.
Apart from varying droplet radius and deformation amplitude, we can also obtain

information on the nature of an interface by performing frequency sweeps. When we
have an interface where the response to a deformation is dominated by surface tension
changes, then the dilatational modulus is usually described well by the Lucassen van
den Tempel model [4,5] (or variations thereof), and the scaling of the dilatational
storage modulus E′d0 with frequency ω is given by E

′
d0 ∼

√
ω. If however we have an

interface where the response of the interface to a deformation is dominated by devi-
atoric stresses, and the stress deformation behavior of the interface is described well
by a linear viscoelastic model, such as the surface Maxwell model, then the dynamic
dilatational storage modulus E′d and dynamic dilatational loss modulus E

′′
d scale with
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frequency as [1]

E′d = Ed0 +
εdω

2τd

1 + ω2τ2d
E′′d =

εdω

1 + ω2τ2d
(12)

where εd is the surface dilatational viscosity, and τd is the dilatational relaxation time
of the interface. From these expressions we see that at low frequencies (ω << 1/τd),
these two moduli scale with frequency as

E′d ∼ ω2 E′′d ∼ ω. (13)

For high frequencies (ω >> 1/τd), they scale with frequency as

E′d ∼ ω0 E′′d ∼ ω−1. (14)

Interfaces with an almost purely elastic stress-deformation behavior will have a scal-
ing behavior with frequency given by E′d ∼ ω0 and E′′d ≈ 0. Interfaces stabilized by
components forming a soft two-dimensional glass phase, tend to show a scaling given
by E′d ∼ ωn and E′′d ∼ ωm, with n and m of the order of 0.1–0.2 (close to the glass
transition) [21].
We see that when one of the contributions to γeff is dominant, we can determine

that dominant contribution by performing droplet size variations, strain sweeps, and
frequency sweeps. Once the dominant contribution is identified, we can extract mean-
ingful either thermodynamic or dynamic properties of the interface. But how do we
analyze systems where more than one contribution contributes significantly to the
response of the interface. We will discuss this situation in the next section.

4 Interfaces with mixed behavior

Let us assume we have an interface in which as a result of an applied deformation
the surface tension of the interface changes, and we induce deviatoric stresses in the
interface. So equation (8) reduces to

γeff(t) = γ(t) + tr[σ
s(t)]. (15)

This implies that both the thermodynamic and dynamic dilatational modulus (and
possibly also the dynamic surface shear modulus) are contributing to the response
of the interface. If both these contributions are significant over the entire range of
accessible droplet sizes, frequencies, and strain sweeps, the separation of these contri-
butions is a tedious problem, which in general cannot be tackled with OBM or other
dilatational methods alone.
If we can establish the composition of the interface as a function of time (during

the process of deformation), and from equilibrium experiments we have established
the equation of state of the interface, then we can calculate γ(t) in (15). With γ(t)
known, we can subsequently extract the dynamic dilatational modulus from the stress
contribution in (15) (if Gs is either known or negligibly small). This would amount
to doing a two-dimensional rheo-optics experiment, that is, simultaneously resolving
the rheological response and structural evolution of an interface. For interfaces rheo-
optics is still a field in development [22], and few methods are currently available for
structure evaluation during deformation.
2D rheo-optics experiments have been performed on interfaces stabilized by col-

loidal particles with diameters above 1μm, using microscopy [23–27], but for these
systems the response tends to be dominated by the deviatoric stresses, and other
contributions tend to be negligible. These experiments are most often performed in
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surface shear mode, and mainly serve to investigate the nonlinearities that occur at
high deformation rates, and link these to structural rearrangements induced by the
applied deformation.
Smaller particles in the nanometer range could be analyzed with techniques such

as scanning angle reflectometry [28,29], but this technique has mainly been applied
to solid-liquid interfaces, and not on fluid-fluid interfaces subjected to a deformation.
It would only be applicable in Langmuir trough experiments, since in OBM and BPT
methods the location of the interface is not fixed. But even in a Langmuir trough the
optical analysis would be complicated by small waves induced by the barrier motion.
Protein, polymer, or lipid stabilized interfaces could be studied by neutron or X-

ray reflectivity measurements, but again only on flat interfaces. Although for these
systems structural analysis has been performed for interfaces at rest [30–35], ex-
periments under flow have so far scarcely been performed. An example of such an
experiment is the one designed by Wagemaker et al. [36], who used neutron reflectiv-
ity to examine interfaces expanded in an overflowing cylinder.
When experimental data on structural evolution is hard to obtain, mesoscopic

simulations of the structural evolution may provide an interesting alternative to ex-
amine surface rheological data. We would then need to develop mesoscopic models
for the dynamics of interfaces stabilized by, for example, 2D entangled polymer gels,
or 2D liquid crystalline phases. Mesoscopic nonequilibrium thermodynamics (see the
discussions by Lervik and Kjelstrup [37], and Santamaria-Holek et al. [38] elsewhere
in this issue), may prove to be a valuable tool to construct such models. But we must
conclude that also this field is still in development. For now the extraction of reliable
values for surface properties of complex interfaces, where multiple effects contribute
to the response of the interface to a deformation, remains an arduous task.

5 Conclusions and outlook

In view of the arguments presented in this paper, the dynamic surface tension is not
a useful concept for complex fluid-fluid interfaces, mainly because it obscures the true
nature of the response of an interface to a deformation. Apart from changes in surface
tension, deformations may induce deviatoric stresses in complex interfaces, and the
bending rigidity of the interface may also contribute to the response of an interface.
We have shown here that a protocol involving droplet size variations, strain amplitude
sweeps, and frequency sweeps can be used to identify the dominant contributions to
the response of an interface, and when only one of these is dominant in a given range
of R, δR, and ω, reliable values for the surface properties (either Ed0, Ed, or kC0)
can be obtained. When more than one contribution is dominant the separation of
these contributions can in general not be done with dilatational experiments alone.
A combination with surface shear, structural analysis methods, and mesoscopic sim-
ulations may then be needed to unravel the dynamics of the interface. Particularly
in the fields of structural analysis during deformation, and mesoscopic surface simu-
lations significant progress is needed for this to come within reach.
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