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Abstract We prove a Penrose-like inequality for the mass of a large class of constant
mean curvature (CMC) asymptotically flat n-dimensional spin manifolds which sat-
isfy the dominant energy condition and have a future converging, or past converging
compact and connected boundary of non-positive mean curvature and of positive
Yamabe invariant. We prove that for every n > 3 the mass is bounded from below
by an expression involving the norm of the linear momentum, the volume of the
boundary, dimensionless geometric constants and some normalized Sobolev ratio.

Keywords Penrose inequality - Asymptotically flat manifolds - Mass - Linear
momentum - Conformal methods - Dirac operator - Spinors

1 Introduction

The energy—-momentum is a global Riemannian invariant of asymptotically flat man-
ifolds which was defined by physicists in the General Relativity context [33]. The
positive mass conjecture is one of the most important issues involving the energy—
momentum and has been proved by Schoen and Yau [29-31] (for dimension3 < n < 7)
with minimal surface arguments, and also by Witten [35] (cf. also Parker and Taubes’
proof [27]) in any dimension on spin manifolds.

In 1973, Penrose [28] stated a refinement of the positive mass conjecture for Rie-
mannian asymptotically flat 3-manifolds (without extrinsic curvature).

Riemannian Penrose inequality  Let (M, g) be a 3-dimensional asymptotically flat
Riemannian manifold with a compact, connected, outermost minimal boundary o M
(which is a topological 2-sphere). Suppose also that the scalar curvature of (M, g) is
non-negative. Then its mass m, if defined, satisfies
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and equality is achieved if and only if (M, g) is a spacelike Schwarzschild metric.

The Riemannian Penrose Inequality [10] has been proved, in dimension 3, by Hu-
isken and Ilmanen [20,21] using the inverse mean curvature flow, and independently
by Bray [9] using the positive mass theorem. In [16], Herzlich proved, still in dimen-
sion 3, an optimal Penrose-like inequality (with a constant) involving the area of the
boundary M and some normalized Sobolev ratio. He recently improved this result
[17] in higher dimensions for asymptotically flat spin manifolds that have a compact
and connected boundary of positive Yamabe invariant, which is mainly the case for
outer apparent horizons, according to a new result of Galloway and Schoen [14] (their
result generalizes Hawking’s one to higher dimensions).

Now, a natural idea is to extend the statement of the Riemannian Penrose Inequal-
ity in the context of asymptotically flat spin n-manifolds (M, g, k) (n > 3) endowed
with a non-zero extrinsic curvature tensor k [24]. One of the difficulties of this issue
is to formulate a plausible conjecture. The fact that the extrinsic curvature k is non-
zero, and considering higher dimensions make the context of the Penrose inequality
almost unknown at the time of writing of this work. However, this question seems to
be of physical great interest according to the existence of a counterexample of the
Riemannian Penrose inequality with charge [34] in dimension 3.

The aim of the present paper is to prove a Penrose-like inequality for a large class of
CMC asymptotically flat, n-dimensional and spin manifolds with boundary (M, g, k),
which generalizes Herzlich’s one [16,17]. More precisely, (M, g, k) is asymptotically
flat if there exist some compact K, a positive number R and a diffeomorphism called
a chart at infinity M . K — R \ B(0, R) such that in this chart we have

e=g-beCy®, keCl
where b denotes the Euclidean background metric and Cg’a are the weighted Holder
spaces (of functions, tensors or spinors according to the context) defined by

Cy“ = we Gl |+ etk Dk,

loc>

k
o + Z(:) |+ r)fmprWHcO <o
p:

In this definition, D denotes the flat Levi—Civita connection and

[D*wly := sup {|z -7 D*w(z) — D*w(z))

lz—z'|<1

}

for z = (z') any system of coordinates at infinity (r = |z|). In this situation, (M, g, k)
will be said to be Clg’“ -asymptotically flat. Analogously, (M, g, k) is Wé’p -asymptotically
flat,s e N, p > 2,if

e::g—beWS’p, keWS_’Ii+ﬁ,

where W;’p are the Sobolev spaces (of functions, tensors or spinors according to the

context) defined by

W;’p = {w e WP

loc>

A+nPPDpwerr vj< s} .
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The weighted indexing convention is convenient for the Sobolev spaces since the value
of B gives the asymptotic behaviour at infinity. We will refer to [2] for basic properties
of these spaces. In the remainder of the paper we will use the usual equivalent norm
on the Sobolev function space Wi%nz;b given by [, |dw|?.

(n —2)

Let us assume furthermore that g < — and the constraints

2 2
®(g.k) = Scal® + (trgk)” — [kl c L'(M.dVol,),
2 (8gk + dtrgk) g

where 8, is the g-divergence (with a — sign in front of it). Then p* € R™! the energy-
momentum of (g, k) is (well-) defined [2] as

1
m= p0 = — lim (8g + dtrg)(v,)dVols, ),
167 r—>o00 Jg (b
pi o= lim / (k(vr,e;) — g(vr, e))trk)dVolg (b)>
87r r— 4

where § is the b-divergence (with a — sign in front of it), traces are taken with respect
to b, Sy(b) is a b-geodesic sphere of radius r and v, its pointing toward infinity unit
normal. The positive energy theorem proved in [18] (the proof is in dimension n = 3
but it can be extended with no difficulty to higher dimensions under the condition that
the manifold is spin) asserts that if (M", g, k) satisfies the dominant energy condition

Scal® + (trgk)” — k| = 2 |5,

and if M is composed with a finite number of either past or future trapped closed
(n—1)-manifolds then p* is causal positively oriented. If we are in the border line case
where p#* is null then (cf. [7,13]) (M, g, k) is isometrically embeddable in Minkowski

space—time.
We introduce additional definitions and notations for later use. Let (N"*1, y) be
a Lorentzian manifold of signature (—,+,...,+). (M", g, k) is assumed to be a spin

(in dimension 3 this only means orientable) Riemannian hypersurface whose induced
metric is g and second fundamental form (extrinsic curvature) is k. We will work
with the complex spinor [22] bundle of N restricted to the hypersurface M, that is to
say ¥ := X (N);pu which is given by the choice of a unit normal ey of M in N. More
precisely, if one denotes by Pgpin, 1) (V) the bundle of Spin(n, 1)-frames on N, and

by pn.1 the standard representation of Spin(z, 1) then
E(N) = Pspinen,1 (V) Xp, clnth/2,

Now the choice of unit normal eg of M in N induces a natural inclusion of Lie groups
Spin(n) C Spin(n, 1) and so we can define
— . +1)/2
Xi= PSpln(n,l)(N) X (pn,1)|Spin(n) clnt/2,
¥ naturally carries two sesquilinear inner products: the first one denoted by (x, x)
which is Spin(n, 1)-invariant (it is not necessary positive); the second one denoted
by (x,*) := (ep - *,*) which is Spin(n)-invariant and Hermitian definite positive (- is
the Clifford action with respect to the metric y). The Hermitian or anti-Hermitian
character of the Clifford multiplication by vectors differs if we consider (x, %) or (x, *)

@ Springer



394 Ann Glob Anal Geom (2007) 32:391-414

and is described in [23], for instance. ¥ is also endowed with two different connections
V7, V& which are respectively the Levi-Civita connections of y and g. Let us take a
spinor field ¥ € I'(X) and a vector field X € I'(TM), then our conventions are

1
Viy = Viy — 7K X) -e0- b,
(k(X),Y), = (V¥ Y. eo), .

In these formulae - denotes the Clifford action with respect to the metric y. We will
suppose that M has a compact and connected boundary dM whose induced metric,
Levi—Civita connection and second fundamental form are respectively denoted by
£,V¢, 6. Our conventions are

VEY = VEY —0(X,Y),

1
VW = Vi = 5600 v,

where v is the unit normal to dM pointing toward infinity (that is to say pointing inside
M), and - still denotes the Clifford action with respect to the metric y.
We define the Yamabe invariant of the boundary dM by

Scal’dVol;
Y =V OM,0) = inf [W]
zeter | Vol(am, &)it

where [£] is the conformal class of the boundary metric £. It will also be convenient
to set C,, := 4 (Z—j) The first result of this paper is a positive energy theorem
[15] for asymptotically flat (in the Sobolev classes) spin n-manifolds with compact,
connected boundary (which is an analogous version of Theorem 11.4 of [4]) using a

spectral boundary condition. Note that the following result is true even for non-CMC
manifolds.

Theorem 1.1 (Positive Energy) Let (M", g, k) be a complete, spin, Wz’z-asymptotically

flat manifold, B < (" ©=2) 'y > 3, with % (M, £) > 0, satisfying the dominant energy
condition and the boundary condition

1/2

n
1
tref + [ (k(v,v) — trghk)® + D" k(v, ) < 5 Vol(IM, 01 JCo® (OM, 0).
=2

Assume furthermore that the constraints ® (g, k) are L' (M, dVoly).
Then the energy-momentum p* of (g, k) is causal and future oriented.

In the remainder of this introduction, we will make the CMC assumption (trgk
is a constant), which in asymptotically flat geometry reduces to trgk = 0. Since the
manifold (M, g, k) is thought as an isometrically embedded space-like hypersurface
in a Lorentzian manifold (N, y), then the CMC assumption gives the maximality
of (M, g, k) as Riemannian hypersurface of this Lorentzian manifold (see [3,5] for
existence results of maximal hypersurfaces in asymptotically flat space—times).
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The compact and connected boundary dM is supposed to be a weakly future trapped
(respectively weakly past trapped) (n — 1)-manifold which means that its mean curva-
ture vector is causal and past (resp. future) pointing (cf. [26] for a precise definition).
In our conventions, it can be expressed by the relation

trgk — k(v,v) = —k(v,v) > |tr 0| (resp. — trgk + k(v,v) = k(v,v) > [try0] )

dM is also assumed to have non-positive mean curvature try6 < 0. This assumption is
motivated by the fact that an apparent horizon has non-positive mean curvature since
it satisfies the more restrictive conditions

trgk — k(v,v) = —k(v,v) > tref, trgk —k(v,v) = —k(v,v) = —tref .

We also set k(v) = Zle k(v,ej)e; for any local orthonormal frame (ej)]'.’zl, and
V= Vol(0M, £), © := VT sup {tred + [k(v)],} ,
oM

The normalized Sobolev ratio is finally defined by

\v4 2
&:=C,ViT inf [W]

Wl)z(an) f3M f2
7
We can now state the main results of this paper.

Theorem 1.2 Let (M,g,k) be a n-dimensional, complete, C%’“—asymptotically flat
(r < —"T_Z, n> 3), CMC and spin manifold with constraints satisfying the domi-

nant energy condition and ®(g, k) € L' (M, dVoly). Suppose furthermore that M has a
compact, connected and weakly future (resp. past) trapped boundary oM of positive
Yamabe invariant and of non-positive mean curvature satisfying

1

Then there exists (an explicit definition will be given in Sect. 4) a small positive constant
Zo = ¢o(M, g), such that p* = (m, p') the energy—-momentum of (g, k) satisfies

& (VIC,—20) (Vi
6+ (V#C, —20) '

Q)

Remark 1.3

1. It would be nice to prove (1) with ¢p = 1 in order to obtain a Lorentzian-
looking inequality that would clearly be a refinement of the positive energy theo-
rem for manifolds with boundary and so be a relevant conjecture for the Penrose
inequality in case of k # 0.

2. The dominant energy condition and the L' character of the constraints can be
replaced by the more restrictive condition: (M, g, k) is an initial data set, that is to
say ®(g, k) = 0.

3. (M, g, k) clearly satisfies the assumptions of Theorem 1.1.
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Under the CMC assumption, the constant ® of our theorem is non-negative since
the fact that the boundary dM is weakly future (resp. past) trapped ensures the non-
negativity of the function trg0 + |k(v)|, along dM. It is also important to notice the
scale-invariance of the constant ® (this is also the case of the constant ¢y(M, g) which
will be defined in Sect. 4). More precisely, if one considers the harmless rescaling of
initial data sets which are given by the conformal transformation A, : (g, k) — (t%g, tk),
for any constant and positive real parameter ¢, then ® is invariant under each A;. Sur-
prisingly, one can find some triple (M, g, k) with k # 0, satisfying the assumptions of
Theorem 1.2 and ® = 0 (Itis sufficient to construct suitable traceless transverse tensor
k with the good boundary conditions. See [25] for a precise discussion of this point).
This is the reason why Theorem 1.2 can be considered as a refinement of the Penrose-
like inequality of [16,17] for a class of non-zero extrinsic curvature asymptotically flat
manifolds.

Theorem 1.4 Suppose that the following conditions are satisfied:

1. The assumptions of Theorem 1.2 hold,

2. gand k are smooth,

3. Additional technical assumption: the symmetric 2-tensor k restricted to TOM
vanishes, namely k™ = 0.

If equality is achieved in (1), then k = 0 on the whole manifold M, and (M, g) is iso-
metric to the standard spacelike n-slice in the exterior Schwarzschild metric of mass m,
M =R"\ B(0, R) with

1 i
4 fre) R n—2\ n-2
R = (ﬂim) and g= (1 + (—) ) eucl.
(I’l - 1)a)n—l r

It is quite satisfactory that we recover the same conclusion as in [16,17] when
equality is achieved, even if we have to make assumption 3. This means that our
Penrose-like inequality is somehow optimal in the non-empty (this point will be shown
in the appendix) class of CMC asymptotically flat spin manifolds under consideration.

In dimension 3, the Yamabe number of the closed surface d M reduces to a topo-
logical invariant because of the Gauss-Bonnet formula which relates the total scalar
curvature to the Euler class. More precisely, Theorem 1.2 becomes in dimension 3.

Theorem 1.5 Let (M,g,k) be a 3-dimensional, complete, C%’“-asymptotically flat
('L’ < —%), CMC and orientable manifold with constraints satisfying the dominant
energy condition and ®(g, k) € L'(M, dVoly). Suppose furthermore that M has a com-
pact, connected and weakly future (resp. past) trapped boundary dM of non-positive
mean curvature, which satisfies in addition © < 4/7.

Then there exists a small positive constant ¢y = {o(M, g), such that p* = (m, pi) the
energy—-momentum of (g, k) satisfies

> S (8yT—20) (VA
Z‘(p i (87 —20) (1671) @

In the context of the generalized Penrose inequality, it seems to be of interest to
insist on the following straightforward consequence.
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Corollary 1.6 For any manifolds (M", g, k) satisfying the assumptions of Theorem 1.2,
the mass, if defined, satisfies

& (V#C, —20) (Vcn ) o)

m >
= 6+ (VZC,—20) \ 167

This paper is organized as follows: In Sect. 2, we give the proof of the positive
energy Theorem 1.1 for (not necessary CMC) asymptotically flat spin manifolds with
boundary which mainly relies on recent results of [4]. In Sect. 3 we make a conformal
change of metric and second fundamental form a la Choquet Bruhat-Lichnerowicz-
York [6,12,25] in order to solve some differential equations and obtain the conditions
of application of the positivity result of the previous section. We give the last steps of
the proof of Theorems 1.2 and 1.4 in Sect. 4. The last section is an appendix where
we show, by constructing an example, that the class of asymptotically flat manifolds
under consideration in this paper is non-empty.

2 Positive energy theorem for manifolds with boundary

The aim of this section is to prove the positive energy Theorem 1.1 for asymptotically
flat manifolds (in the Sobolev classes) with compact connected boundary (which is an
analogous version of Theorem 11.4 of [4]) using a spectral boundary condition. Note
that the following result holds even for non-CMC manifolds.
Theorem 1.1 (Positive Energy) Let (M",g,k) be a complete, spin, W§’2-asymptoti-
cally flat manifold, B < _("2;2)’ with 2 (M, £) > 0, satisfying the dominant energy
condition and the boundary condition
R 1/2
tref + | (k(v,v) — trgk)” + > k(v,e)* | <
j=2

Vol(9M. £)71\/C, % (aM. 0).

TS,

Assume furthermore that the constraints ®(g, k) are LYM, dVoly).
Then the energy—-momentum p* of (g, k) is causal and positively oriented.

Proof Let (ex)j_, is an orthonormal basis at the point with respect to the metric y.
We define respectively the Dirac—Witten operator of M and the Dirac operator of d M

n n
DY =D e NViy, DY =D e am V.
k=1 k=2

where -y = -, -y and -3y respectively denote the Clifford actions of respectively y, g
and ¢. The Bochner-Lichnerowicz—Weitzenbock—Witten formula is

(@) D7 = (07)" = (V)" V" + %,
where R := % (Scal” + 4Ric” (ep, eo) + 2ep - Ric” (ep)). As usual we derive an integra-
tion by parts formula

/Mrli)“/ff:/% (}VWIZHM,W)+/BM(vw+u-@w,¢)del3M

—/ (Vl]}/rl/f + v DV Y, W)dVOlsr(g).

r
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Now expressing V7 in term of the (n — 1)-dimensional connection and second form,
and the n-dimensional second form, one gets for any v € I'(25)

1 n
VIiy4+v- DYy = 2y + 5¢0° —(trgf)eg + (k(v,v) — trgh)v + Zk(v,ej)e]- Y,
=2

where we have used the following isomorphisms X -y ¥ = X -y v -y ¥, and
X -y =iX -y ey N ¥, so as to identify DL, Tt is then natural to define the vector
field k € I'(TN)y) by

n
= —(tref)ep + (k(v,v) — trgk)v + Zk(u,ej)ej.
j=2

For any smooth and compactly supported spinor i we have then

/!@V¢\2=/ (lvyw\2+<mw,w>)+/ <—@fw+§eo~k~w,w>.
M M oM

Asin [16], we denote by P the L2-orthogonal projections on the spaces of eigenvec-
tors of positive (respectively negative) eigenvalues of ©¢ on dM. We also define the
Hilbert space

A= [w € Wi’%ngz) (2), Pryy = 0] :

Let us take ¥ € C2° (which is dense in Wl’%n,z) ) such that P,y = 0 and compute
T2

1
/ (VI + - D7y, ) dVolgy = %/W«—xm + e -k-) wm,wm>,

oM

where (A, Ym)mez» are the eigenvalues and eigenspinors of Dt (with the convention
that A, < 0if and only if m < 0). But —2A,, + ¢ - k- is a spinorial endomorphism
which is non-negative if and only if the vector field (k — 24,,e¢) is causal future i.e.

1/2
n
2 = 100 + | (k(v,v) — trgh)? + > k(v,¢))?
j=2

As a consequence, using the estimate of Bir and Hijazi [1,19] this boundary integral
is non-negative as soon as

—

" 1/2
tre6 + ((k(u, V) — treh)® + Zk(v,ej)2> < —Vol(dM, g) = 1/ Ca? (OM, 0)

j=2 2
<2x:=2inf {—A,}.
m<0

Now the sesquilinear form [, (D%, D7 %) is clearly coercive on C2° (because of the
dominant energy condition and the estimate above) and also on J¢ (= Hp, in the
notation of [4]) according to Lemma 11.1 and Theorem 11.4 of [4]. Consider now a
smooth spinor field vy which is constant around infinity (in some chart at infinity)
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and satisfies P9 = 0. Using the coercivity, we can find (cf. also Theorem 8.8 of [4])
ay € S sothat 7 (¥ + ) = 0, and P, (¢ + ¥o) = 0. Thereby one obtains

4t (Yo, e0 - p - o) = lim. " (VI (o + ) + v - DY (Yo + ¥), o + ) = 0,
- r(b)
which implies that the energy-momentum p* is causal and positively oriented. O

3 Conformal changes

In this section, we consider a complete, CMC, Cz’a-asymptotically flat spin manifold
(M", g, k), witht < —("T_z). We assume that the dominant energy condition is satisfied
and the constraints ®(g, k) € LM, dVoly). The boundary d M is supposed to be a com-
pact, connected future (resp. past) converging (n — 1)-manifold of non-positive mean
curvature which satisfies in addition ® < %«/C,,ZV . Notice that the CMC assumption
simplifies the expression of the vector field k which becomes k = —(try6)eg + k(v).

We will make some conformal change of metric and second fundamental form a la
Choquet Bruhat-Lichnerowicz-York. The first step is to find a background conformal
factor that we will denote by u and that will be used in order to study the Choquet
Bruhat-Lichnerowicz-York conformal change.

3.1 A background conformal factor

Consider the Lagrangian on Wi’%,,,z) defined by
2

_1 2 1 g 2L 2
o) = 2/M|Vf| +2Cn/MScal a+5n c, /aMtreG(lJrf)

1 [ )
+o )= N+l ¢, ,
2V Gy ! LCT(aM)

which is non-negative, since tr,6 < 0 on the boundary dM. In the same way as in [16],
we can prove the

Proposition 3.1 There exists some u € Wl_’%n,z) such that Q(u) = min Q. Moreover, the
2

function u satisfies 0 < 14+u < 1.
Proof The non-negativity of Q implies that

0< 1igf 0 < 4o0.

Wﬁ (n-2)
2

. . . . L. 12
Let us consider (u;);cn a minimizing sequence. It is clear that Q is coercive in W™, 5,

so that (u;);cy is bounded in Wl’%,,,z). Since Wl’%nfz) — L*(M) and Wl’%nfz) —
-z -z -z
Lf]_ w2 (M) with n > 0 are compact injections, there exists a sub-sequence (still
denoted by (u;);) that converges strongly in L?> ,_, (M) and in L?(dM) towards
="z
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some u € Wl’%,,,z) (remark that the convergence can be supposed pointwise almost

2
everywhere as well). Using Fatou’s lemma, we obtain

Q@) <liminf Q(u;) = inf Q= min Q.
i wi2 wi2
_ =2 _ =2
() ()

Following the arguments of [16,17], we can prove by contradiction that the function
u cannot be identically —1 on the boundary. So assume it is the case, and consider the

solution & € W,%" (with — ("2;2) —l<acx —("2;2)) of the boundary problem

1
Ah + C—hScalg =0onM,

n

dh(v) = —1on oM,

where A denotes the positive Laplace operator with respect to g. We know that £ is a
positive function and has the following asymptotic expansion & = -5 + hy, where

k>0andhy =0 (W’%Z)) Let us take ¢ > 0 and compute

O +¢eh) — Q) = ¢ [ / (A +u (Agh + iscalgh) + lim dh(u,)] +0(?)
M o % /s, (b)

= —8(}’1 — 2)KV01 (Snil,ggnfl) + 0(82),

where Vol (S"_l, gsn-1) denotes the volume of the round sphere of radius 1. Conse-
quently for small positive values of ¢, one gets Q(u + ¢h) — Q1) < 0 which is in

contradiction with the minimizing character of « in Wl’%nfz) .
_e2)

As a matter of fact, since it is not identically —1 on the boundary, our minimizer
ue Wi%n;Z) satisfies the Euler—Lagrange equations associated to Q that is to say
2

1
Agu + C—Scalg(l—i-u) =0 on M,
n

[ -2 n 2
du(v) = [ — |1 +ul| %° 1+ u)yn2 — —tre6(1 + u) on OM.
Cn L3 oM C

n

Since the function u is superharmonic in a neighborhood of its minimum, this one is
consequently achieved on the boundary. Then suppose there exists some pointy € dM
such that u(y) < —1. Using the boundary equation satisfied by u one gets, at the
point y

|y 2 n 2
duwy= | = I14ul &° A+wr2 - —trf(1+u) <0,
Cn L3 oM Cn

which is in contradiction with the maximum principle.

We have to prove now that # < 0. Let us consider again ¢ > 0 small enough and
define u, = (u — &) = max {0,u — ¢} > 0. Since u tends to 0 at infinity, we know
that u, is compactly supported on M, and on Suppu, we clearly have u, = u — ¢ and
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Vu, = Vu. Then we compute, using Stokes’ theorem

[ v = [ vu v
M M
=/ ugAgu—/ usdu(v)
M aM

<0,

since Agu < 0 on M, and du(v) > 0 on dM. Since M is connected, we obtain the
vanishing of u, which means u < ¢ for every ¢ > 0 small enough. We can conclude
that u < 0 by sending ¢ to 0.

In the remainder of this text, we consider some positive number p satisfying the
inequality max {2, 5} < p < ninorder to obtain the continuous injection W2 c b

Then u is actually Wf,’p forsomer <17/ < — ("52) , because of the elliptic regularity of

the Laplace operator, since the metric satisfies (g — b) € C%’O’ C W%’p . This is obtained
with local inequalities, Bartnik’s scaling argument (cf. Proposition 1.15 of [2]) and the
use of relevant cutoff functions. Thereby u is C(r)’,“ and so Cf’,fx because of the elliptic
regularity of the Laplace operator in the Holder classes, where 7/ < 7”7 < —(”sz). |

3.2 A modified conformal change

Let us consider the conformally modified couple of metric and second fundamental
form (g,k) = (p*/"2g o~ 2k) where g = 1 +v,v € Wé’p, B < —(”242). In this sec-
tion, the constant ¢ only satisfies the condition ¢ > 0. Some transformation formulae
are collected in the

Lemma 3.2 If (3, k) = (¢¥ " Dg 9 2k) then

n+2 4n

_ - 12 (CpAge + Scalfg) — ¢2¢p 72 |k|?

(D(gk):(w (Cutsgy + Sealfp) — 29772 [kl
2@ 128k
_ C n

trf = ¢~ 2tred + (7”) 02 dp(v)
- _2n_
k)| = 77 1k

Cn ..
m— Ton 1101.}1 s o) dv(v,)dVolg,

m

p=c¢p.

Proof Cf. [6,8,12,25] for the conformal transformation of the constraints. The trans-
formation formula for m has been proved in [16,17] and the one for p' is straightfor-

. 2 _
ward since v € Wﬁ’p, and 8 < —("Tz). ]

We are interested in the following problem (P): finding some v € WZ”(’”,Z) such that
-z
1 2 2 _3n-2 2 __n_
Agf + ?s%lg(l +V) - & |k|7g1 (1+v)~ 2 = (L +v) 772 |5gk| , on M,
tryf + ‘k(f;)’i — IVol(OM, §) 1 Co @ (9M, 0) on M.
8
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This problem is quite natural since it consists on taking the equality cases of respec-
tively the dominant energy condition (remark nonetheless that we do not solve the
constraints equations) and the boundary condition of Theorem 1.1 with respect to the
couple (g, k). According to the formulae of Lemma 3.2 and in virtue of the conformal
invariance of the Yamabe number ¢/, (P) is equivalent to

Agv+ ¢ L Scalg(l +v) — C—{

8kl (1+v) 712 — & C K2 A 0T =0,
dv(v 1+v| 2 14wz — Ztr0(1 +v) — 2 k(v 14v) mz,
W) = ||+||,3(+> 201 +v) — Z k)], (1 +v)

The main result of this section is the following existence theorem.

Theorem 3.3 There exists a weak solution v € Wl’%,,,z) (not necessary unique) to the

P
problem (P), which satisfies u < v < 0 almost everywhere on M.

Proof We will prove the existence of a (pointwise) decreasing sequence (u;);cy Of
WZIZ” ,, defined by

uy =0,
Vi € N*, u; > u solution of (P;),
where (P;) is the following boundary problem

Agf +H(f) =0,
—df () + Gi() = 0,

where we have set

H(f) = —Scalg(l + -

b - £
c, ¢
/ o _2 )
Gi(f) == [1+ui| & A+H72 = —tredd+ 1),
Cn L2 (M) Cn

2 n
o kWl ()77,

If we define the following Lagrangians

Ei(f) = / VIR + / Scalé(1 4+ 2 + =L / 8gk], (1 + )72

2C,

—-2)¢ _on_ —2)§ _2
P2 [ kg +C—/ KWl (1 +f)77
o [ mea g ||1+u11|| > aep®

Cn Jom F om

on F; = [f € Wl’%n_z)/u <f<ui ] Then the equations of (P;) are the formal
-z

Euler-Lagrange equations of E;. Since we have assumed that tr,60 < 0 we know that

each E; is non-negative and coercive with respect to the Wl’%n;b -norm (nonetheless,

2
our assumptions do not allow us the conclusion that E; is finite or even differentiable
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on the whole Wi’%,,;z)). However, let us suppose thatug = 0> uy; > --- > u;_| > uare

given strong solutiéns of respectively (Pq), (P2),. .., (P;_1). We are going to construct
the (i+1)th term of the sequence (1;);. We verify we can apply Theorem 1.2 of [32]. The
Hilbert space Wl’%,,,z) is reflexive and its subspace F; is closed (for the pointwise con-
vergence) and convzex (closed [for the pointwise convergence] and convex subsets of
Banach spaces are a large class of weakly closed sets which are needed for Theorem
1.2 of [32]). Since E; is coercive, the only thing to verify is the weak lower semi-
continuity of E; on F;. Let us take (v,),,eny C F; a sequence which weakly converges

. 12 . .
in W,_, tosome u; € F;. Passing to a sub-sequence if necessary, we can assume
_e2)

that v,, —> u; pointwise almost everywhere. Then using Fatou’s lemma and also the
lower semi-continuity of the Wl’%,,,z) -norm, we can conclude that
-z

Ei(uj) < liminf E;(v;,).
m

In virtue of Theorem 1.2 of [32], E; is bounded on F; and attains its infimum on F;.
Let us denote by u; a minimizer. The harder is then to prove that u; weakly solves the
problem (P;).

We first claim that # and u;_; are respectively a sub-solution and a super-solution of
(P;). Indeed we compute on one hand

;2

) _3n=2
- & kT

(Ag +H) @) = —Cin [Bek], (14w
<0

78 n_ __2_ __2_
—du) + Giw) = [ =1+ (||1+”i—1” ¢ = ltul &r )
Cy L2 (3M) L2 (dM)

2¢ _n
=2 kW)l (L + w7
n
=<0,
since 1 +u > 0 and u < u;_1. On the other hand we obtain
(Ag+H) (wi—1) =0
@ n 2
—du_1(v) + Gi(ui—1) = F(l Fui )2 |+ uq | &7
n

L2 (3M)

@ n =
_\/:(1 +uis) 2 1+ uiall
n L2 (0M)

+ (=du;—1(v) + Gi—1 (wi—1))
=0

>0

since u;_1 is a strong solution of P;_1, (1 +u#;—1) > (1 +u) > 0, and ©;_1 < u;_» by
assumption.

In the following, we denote by ZFE; = (@M ® 9M )Ei the formal derivative of E;
whose action on any test function ¢ will be denoted by

0. PE(D) = (0. 2V E(D) + (0. 2"MEi() -
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Now take some ¢ € C°(M), some & > 0 small enough, and define the function
Ve = Ui + ¢ — ¢° + @, Where

©° = max{O,u,'—l—s(p — ui_1} > 0and ¢ = —min{0,u; + ¢ —u} >0
are compactly supported (actually [Supp(goa )u Supp(goa)] C Supp(¢)) functions since

u < u; < uj_1 by construction. We know that u; minimizes E; in F; so that we
have

0 < ((ve — u), ZEi(w)) = € (9, PEi())) + (¢e, PEi(w)) — (¢°, DEi(uy)),

so that

1
(0. PEiw) = —(l¢" PEiwn) — (pe. PEiw) ).

Since u; 1 is a super-solution of (P;) and ¢® > 0, we obtain on one hand

(0, DEiu)) = (¢°, DEi(w)) — /]WQDE(Ag + H)(wi-1)

_/ ¢ (—dui_1 (v) + Gi(ui—1))

oM

= [ 96 V= o)+ [ o (e — )
M M

+/9M ° (g,(u,) — gi(”i—l))

V(i — ;1)

/MmSupp(goe)

+f (s = i) (Hw) = Hai))
MNSupp(e)

+/ (ui — ui—1) (Qi(ui) - Qi(ui—l))
aMNSUpp(e®)

+8/ (Vo, V(i — ui_y))

MNSupp(e)

+8/ o\ H i) — H(ui—1)
MnSupp(ef) ( l l )

+e Gi(ui) — Gi(u;—
/BMmSupp(gaS)(p( (w5) = Gi(wi1))

> o(e).

The first equality is an application of Stokes’ theorem (which is authorized since u;_; is
a Wi%n;b solution of P;_1), whereas the second one is given by the explicit expression
2

of ¢* on its support. The last inequality results from the increasing character of the
functionals  and G;, and on the fact that [Supp(¢®)|,, tends to 0 as ¢ —> 0.
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On the other hand, since u is a sub-solution of (P;) and ¢, > 0, we get

— e, DEi(W)) = — (@, DEi (1)) +/M</>‘€(Ag+H)(u)
+/ o (—du(v) + Gi(w)
oM

= [ o w—un+ [ o (rw - )
M M

+ [ o0 - Giw)

IV (u — up)]?

/MnSupp((pg)

+/ (= up) (M) — Hwp)
MNSUpp(e:)

+/ (u— Ui)(gi(u) - Qi(ui))
IMNSUPP(¢:)

e (V. Vi — )
MNSUpP(g:)

—¢ o\ Hwu) — H(u;)
/MnSupp(%) ( )

—€ /a MASUPP.) sﬂ(gi(u) - gi(ui))

> o(e) .

The first equality is still an application of Stokes’ theorem (which is authorized as well,
since our background conformal factor u is a C%’“ function for some 7 < —("2;2)),
whereas the second one is given by the explicit expression of ¢, on its support. The
last inequality results once again from the increasing character of the functionals H
and G;, and on the fact that |Supp(g;)|,, tends to 0 as ¢ —> 0.

Thereby it follows that (¢, ZE;(u;)) > @ —> 0 as ¢ —> 0. Reversing the sign of
the test function ¢ we obtain

(0, DEi(u;)) =0,

which exactly means that u; weakly solves (P;). Using one more time the elliptic reg-
ularity of the Laplace operator, it can be proved that the function u; is actually Wf;p
since (g, k) satisfy (g—b) € C%’“ - W%’p, ke Ci’f‘l C Wifl,wherer <1 < —(”sz). It
then comes out that u; is a strong solution of (P;), and so the existence of the sequence
(u;)jen 1s finally achieved.

We will now show that the sequence (i;);cy is bounded in Wl’%,,,z,. Since u;
-z

minimizes the functional E; along the subset F; > u we have
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Ei(w) < Ei(u)
< 1/ IVl + 5 %/Mbgk\g (A + w72
5 ?g /|k| (14w + ;nz); /8M|k<v)|g<1+u>‘ffz
_ q/aMtr59(1+u)2+2\/g I +””2L%<3M>
=: K(u) < oo,

where K (u) is finite (it is a consequence of (1 4+ u) € C2,0 <14u <1onM,and the
L' character of Scal®, . |k|§) and does not depend upon i. This last inequality

gives the boundedness of (i;); by coercivity of E; with respect to the Wi%,,;z) -norm.

2
Passing to a sub-sequence if necessary we can assume that (;); weakly converges in

wh %,, ,, towards some v. We will finally prove that v is a weak solution of (P). We

have for any test function ¢

/ (Vv,Vg) = lim / (Vui, Vo)
M 1—> 00 M

= lim ©AgU; —/ odu;(v)
M aM

1—> 00

= — lim [ / oH ) + / wgi(u»]
i—o00 | Sy oM
24 — 2 n
—/ oHO— I+, / oL+ )i
M 7 oMy Jom

2
+€/ Wtrz9(1+V)—f/ kW), A+w)~ =3
nJoM

The first equality is obvious by the definition of the weak convergence of (u;); towards
v, and the second and third ones are clear since u; is a W2 solution of P;. The last
one is a consequence of Lebesgue’s theorem on dominated convergence. We then
conclude that v is a weak solution of (P). m}

Remark 3.4 Reasoning in the same way as for u with the elliptic regularity of the
Laplace operator, we can notice that v is actually W2’ and so C2f’, for some v <

<1 < —("52) since (g, k) satisfy (g — b) € C C W2p k e C1 “1 C Wlp Asa
consequence the inequality —1 < u < v < 0 holds everywhere on M

4 End of the proofs
We firstly give the proof of Theorem 1.2.

Theorem 1.2 Let (M,g,k) be a n-dimensional, complete, C%‘a-asymptotically flat
(1: < —"2;2, n> 3), CMC and spin manifold with constraints satisfying the domi-

nant energy condition and ®(g,k) € L'(M, dVoly). Suppose furthermore that M has a
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compact, connected and weakly future (resp. past) trapped boundary oM of positive
Yamabe invariant and of non-positive mean curvature satisfying

®<%\/C@.

Then there exists (an explicit definition will be given below) a small positive constant
¢o = ¢o(M, g), such that p* = (m,p") the energy—-momentum of (g, k) satisfies

i - 6 (VTC,—20) (va
i:1(P 6+ (V¥ C,—20) \ 167 ’

Proof We have constructed, in Sect. 3, thanks to a standard conformal method
- 4
M,g,k) = (M, A4+v)yr—2gc(1+ v)_zk) which is a C%’a-asymptotically flat mani-

fold (‘L’ < —@) satisfying the equality case of the dominant energy condition and
the boundary equality

_ - 1 = —
i + k)| = 5 Vol(a. D1y Cu (0M, 1) .
g

Hence (M, g, l_c) satisfies all the assumptions of Theorem 1.1. In this section, we will
give some restriction on the admissible positive parameter ¢ by giving the definition
of the geometric positive constant (M, g).

Now, according to the conformal transformation formulae of Lemma 3.2 for the
energy—-momentum and applying Theorem 1.1, one gets

_ Cn 5 L
m=m— — lim dv(v;)dVolg, ) > P2 =¢ (phH2.
167 r—>o Js, ) ® ; ;
. _ 1 2 :
But we remark that lim,_ fS,(b) dv(vr)=3 lim, oo fS,(b) d((1 + v)*)(vy) since
v=o0 (r*nz;z). Then applying Stokes’ theorem, it follows

lim d((1+)?) (vy) = / d((1+v)?)()+2 / VR4 2 / Scal¥(1 + v)?
=00 J o (b) M M Cu Jm

4¢ _ 2 22 2 o
e B I e Sy YT
Cn/M‘ g ‘g( +v) C, /M| |g( +v) s

but we know that

[ _2 ,
20+ wd(+ () =2/ = 1+v| 22 A+wnF
Cy L7 @M)

4

4 5 _2
—C—ntrzz@(l +v) = C, lk(W)lg 1 +v)" 2,
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which entails
: 2 2 2 2
lim d(14+v)%) (v) = 2/ [Vv|= + —/ Scal¥(1 +v)
M Cn M

r—00 S, (b)
—4—§/ yak A+wv" nz——/ k2 (1 + v) 7
Cn M & &

4 2 é‘ 7?
—C—n/aMtrw(uv) —C—H/QM|k<v>|g<1+v> ”

4
+2,/ = 11+ vl g,
C, L2 (M)

It will be convenient to denote by F(v) the right-hand side member of the equality
above, in other words

|y
F(v)=2/ Vv 42— Il + V[,
M Cy L2 M)

2 2 g es 2 2 —Cp
te /M(l +v)? (Scalf — 2¢ [8gk|, 1+~ F = 2 k2 (1 +)~%)
4 2 _Cn
= /BM@ ) (trge + 2 kW)lg (4 v)~ 3 ) .
But now we can define the positive and scale-invariant constant ¢y = ¢o(M, g) as

Go(M,g) == %f[uﬂ)%] -0

since we proved in Proposition 3.1 that the continuous function u € C%;f’ cannot
achieve the value —1 neither on M nor on the boundary dM. In that case, for every
¢ €10, ¢o], we have

Seal® — ¢ [s¢k], (1 + WF kA4 =0

(0 + £ kW)l (1+ )™ F < tr8 + k(W)

in virtue of the dominant energy condition (Scal® — 2 |8gk|g - |k|§, > 0 under the

CMC assumption) and u < v. The assumption tr 6 + |k(v) lg < %Vol(aM, 0) =) VC, %
obviously implies

w 4
Fv) 22/ VP42, S R g, ——/ (1 +v)? (trh+ k()],)
Cn L2 oM Cnlom

> 2/ IV + ( )Vn 1 (\/@cn —2@)/ 1 +)2,
oM

where we have used Holder inequality. It follows using Young inequality:
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Ve>0 (1412 (1-1)+ - ep? that

F(v)>2/ Vv + (C)Vn (Ve - 2@)[(1—7)V+(1—e)/ ]
/|vV| +(§)(\/W 2@)(1—1)V%
+(C2)vn1(\/@7c—zo 1—8)/

Suppose now that F(v) < n (C%) («/@Cn — 2@) VC7 where 7 is a positive constant.
Then we obtain

/IVV|2 ( )an(\/Tn 2@ (1—8)/
<(C3)(%—2@)(n—1+é)vm

n

The left-hand side member of this inequality is non-negative if and only if

2
&= C,ViT inf [fM V/1 ] > (\/@Cn —29) e —1).

2
T2 Jom F
U]

This condition entails n > 1 — % But this function of ¢ achieves its maximum for

Emax = 1+ Fc—20) and therefore n > 1 — ——. By contraposition, if we take

1 S
Emax B G+ (\/@Cn —2®) ’

4
then F(v) > n,/ %V@ and so it comes out

& (VIC,—20) (vir
2 >
mee Z(”) = 32x F()_6+(«/@Cn—2®)(16n)’

which gives finally the desired inequality. o

n=1-

We end this section with the proof of Theorem 1.4.

Theorem 1.4 Suppose that the following conditions are satisfied:

1. The assumptions of Theorem 1.2 hold,

2. gand k are smooth,

3. Additional technical assumption: the symmetric 2—tensor k restricted to ToM
vanishes, namely k™ = 0.

If equality is achieved in (1), then k = 0 on the whole manifold M, and (M,g) is
isometric to the standard spacelike n-slice in the exterior Schwarzschild metric of mass
m, M = R"\ B(0, R) with

4

| 4
=i n—2\ n-2
R = (4717’”) and g= (1 + (5) ) eucl.
(I’l - 1)a)n—l r
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Proof When equality is achieved in (1), we obtain the null character of (p*) the
energy-momentum of (g, k). This means that each non-negative term of the inte-
grated Bochner formula vanishes, for a certain (not for every) spinor field ¥ € ker ©7
which is asymptotic to some non-zero and constant at infinity spinor v

0 = 4m (Yo,e0 - p - Vo)
o2 ; 1 —
:/ (‘vyl/f‘ +(9‘h/f,1/f))+/ <—@fw+§eo-k-w,w>. (4)
M oM

In particular, the boundary integral has no contribution when one computes
47 (Yo, eo - p - Yo). Since the manifold (M, g, l_c) is asymptotically flat, there exists
a compact subset K which contains the boundary dM, and a chart at infinity Y :
M\ K — g :=R"\ B(0, R) such that the energy—-momentum of (.#g, Y.g, Y.k) is
null. But the smoothness of (g, k) implies (by bootstraping the regularity arguments
used to prove that v is Cg’“) the smoothness of (1,2, Y,k) on .#g. We can then apply
Theorem 3.2 of [13] which asserts that (p*) vanishes.

This fact has many consequences on the whole manifold M, since (4) is now true
for a basis of spinor fields. Then there exists a basis 2 C (X Nker P,) of V¥—par-

allel spinor fields on M which satisfy in addition <(—X +1ep- K) Y, ¢> =0, for any

¥ € 2. This entails the vanishing of the vector field (—2x — tr;0) eo + k(¥) on the
boundary, that is to say

tr;6 =22, and k() = 0.

On the other hand our conformal couple (g, k) satisfies along 9 M

o 1_-L i}
try0 + Ik(l_))lg = EV,H VC. % <2,

which means that we are in the equality case of the Bar-Hijazi estimate, and conse-

quently ¢ is Einstein with positive scalar curvature Scall = k2(n — 1)(n — 2). Now the
traced Gauss equation on M can be written as follows

‘

(n—1)

Ric®M — € — (try0)0 + 6 0 6.

On the other hand, since M has a basis of V¥ —parallel spinor fields, one can show (see
the spinorial curvature computations of [13,23]) that the curvature tensor R” vanishes
and we get the following geometric equations

_ 1. -
RE — —
7 SkOk
d%k=0.

We get by taking a trace, that Ricé = —(trg,l_c)/_c +kok = kok on the whole M.
In particular, this equation leads, by restriction to dM,

RickM = M o BN = g3 (1 + )™ (k"M o kM) =0,
thanks to the additional assumptions 3. Since ¢ is a Yamabe metric on M, the value
of the mean cuvature is known to be tr;0 = «(n — 1), we then get

/cz(n—2)f= k(n—1)0—0080.
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We can remark that every eigenvalue u; of 8 € S2(TaM) is a root of the polynomial
PX)=X>—k(n—1DX +«k>(n—2).

P has two roots « and (n — 2)«. In the 3-dimensional case n = 3, it is clear that the
boundary dM is totally umbillic in g (6 is proportional to £). In higher dimensions,
we notice once again that the mean curvature is tr;0 = x(n — 1) which imposes that
every eigenvalue u; = «, and so dM is totally umbillic in g as well. It comes out, by
the Gauss equation

R = 22 ([ @),

that the boundary d M has constant sectional curvature and so is the quotient of the
round sphere S”/T". As in [17], the Gromov-Heintze—Karcher inequality leads to the
conclusion that the group T is trivial. Now, we glue M along the boundary oM = S"

with B = (B” (O, K%) ,8eucl, k = O), the n-dimensional flat ball of radius K% endowed
with a zero extrinsic curvature 2-tensor. This produces (]\~4 ,8, l~<) a complete, CMC,
n-dimensional asymptotically flat spin manifold with zero energy—-momentum. Hence,
applying [13] again, M, g, k) can be isometrically embeddable in Minkowski space—
time R™!. But the maximal hypersurfaces in R”>! have automatically vanishing second
fundamental form (see the estimate of Theorem 3 of [11]) , that is to say k = 0 and
so k = 0. This means that we are in the equality case of [17], so that we can conclude
that (M, g) is a spacelike n-slice of the Schwarzschild metric. O

Remark 4.3 The technical assumption 3 could appear rather artificial and restrictive,
but it is actually natural in order to make the gluing construction with the manifold
B which is the simplest that one could imagine. Indeed it seems quite hard to find
(actually too hard for the author), for arbitrary traceless 2-tensors k, examples of
topological balls endowed with a metric and extrinsic curvature tensor which glue
well with (M, g, k).

Acknowledgements The author is grateful to M. Herzlich for having pointed out a mistake in an
earlier version of this article, and also to P. T. Chrusciel for many helpful discussions.

Appendix

The aim of this appendix is to show that the class of asymptotically flat spin manifolds
under consideration in this paper is non-empty, and even quite large. The idea is to
construct examples of couples (g, k) satisfying the assumptions of Theorem 1.2, by
deforming the Schwarzschild metric that we will denote by gs. We recall that gg is a
scalar-flat and asymptotically flat metric which lies in the conformal class of the flat
space, and has a minimal sphere as boundary. Let us take some function x € C?’a,
x > 0for some t < —((n — 2)/2). The first step of our construction is to prove the
existence of a regular solution to the problem

Ags(p = X7
do(vgg) = 0,

where Agg and vy are respectively the Laplace operator and boundary unit normal,
both with respect to the Schwarzschild metric. This problem can be easily solved by
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applying Lax—Milgram theorem in the Hilbert space Wl’%,l,z) to the scalar product
)
a defined by

a(fi o) = /M (i dfy),

and to the continuous linear form f — [}, xf. Thanks to the elliptic regularity of the

Laplace operator in the Holder classes, ¢ € Cf’,“ for some 7 < 7/ < —("T_z). We shall
prove that our solution ¢ is actually positive on M. To this end, set ¢, = min {0, ¢ + €},

for any ¢ > 0. Obviously, ¢, is a compactly supported (since i 0) non—positive
function, and a simple computation leads to

/ Vo> = / (Voe, Vo)
M M

2/%)(
M

<0.

Therefore Vg, = 0 which merely implies ¢, = 0, since M is assumed to be connected.
It follows that ¢ 4+ & > 0 for every ¢ > 0, and we can conclude that ¢ > 0 by sending
¢ to 0. We finally remark that ¢ cannot vanish because of the strong version of the
maximum principle.

4
Now we define the metric g := (1 4+ ¢)7»—2gg which, in virtue of the conformal
transformation formulae of Lemma 3.2 and of the equalities above, satisfies

_(n42)
Scal® = C,(1+¢) @2y
tre0 =0.

We have thus constructed, by conformal deformation from the Schwarzschild metric,
another metric which has positive scalar curvature and a minimal spherical boundary.

The second step is to find a suitable extrinsic curvature tensor. We will make it by
solving the elliptic TT-tensor problem (77) on vector field [25]

AgX =8,80X =0 on M
(85 X)(v) = wv on M,
where w € C%(9M). Then (TT) hasa unique solution X and we get a relevant extrinsic

curvature tensor by defining k := §;X which is de facto traceless and divergence free.
The remaining question is: how can we obtain the necessary conditions

1 1
® = Vni Salzl\gw < E\/Cn@(Snfl,gSn_l) and Scal® > |k|§, ? (5)

The ellipticity of (77T) implies a control Hlkléz,‘

< Clellicogmy, and choosing

cx ~
llollcogspr) small enough will allow us to obtain (5) since g has positive scalar curvature,
and the Yamabe number of the standard sphere is positive. Thus we have singled out

a large class of couples (g, k) satisfying all the assumptions of Theorem 1.2.
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