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Some Issues on the p-Laplace Equation
in Cylindrical Domains
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Abstract—We investigate the asymptotic behavior of the solution to equations of the p-Lapla-
cian type in cylindrical domains becoming unbounded and address some issues regarding the
solution in unbounded domains.
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1. INTRODUCTION

Many problems of mathematical physics are set in cylindrical domains. For instance, these are
porous media flows in channels, plate theory, elasticity theory, etc. In this note we will address
the problem of the p-Laplace equation. To be more precise, suppose that €2, is a two-dimensional
domain (for simplicity) pictured in the figure below, and let u, be the unique solution to the
nonlinear problem

{ —Apug = f(x2) in Qy, (1.1)

up =0 on €y,

where A, is the usual p-Laplace operator defined as A,u := div(|Vu|P~2Vu), p > 1, and 98
denotes the boundary of €2,. Note that the p-Laplace operator reduces to the usual Laplacian when
p = 2. In this note, we mainly consider the case p # 2. One refers to [2-7] for results in the
linear case.

We notice that the data f of (1.1) depends only on the zo-variable. Of course, due to the
boundary conditions at the ends of the cylinder, uy is not a function independent of z;. However,
one expects that when £ — 400, uy is close to a function depending on x2 only. To be more precise,
let uo be the solution to

(1.2)

{ *Apuoo = f(x2) n (717 1)7
Uso(—1) = (1) = 0.

Then a natural question is whether

Uy — Uo

as £ — 400 in any bounded subdomain of R x (—1,1).

We will investigate such convergence in Section 2. In the following Section 3, some property of
the solution to the p-Laplace equation in an unbounded domain will be discussed.

Before we go into details, let us quote some useful inequalities:
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Lemma 1.1 (see [1, 8| for a proof). Forall p> 1,06 >0, and {,n € R™, it holds that for some
constant ¢ depending on p

[1€P~2€ — nP=>n] < el —nl*=°(1€] + [n)P~>*, (1.3)
(17726 = [n[P~2n,€ =) = elé —n>*0 (€] + [n)P 2. (1.4)

2. A CONVERGENCE RESULT

Let us consider the problem mentioned above in a more general setting. Denote by X =
(X1, X2) = (21,...,%qs Tgt1,- - -, Ty) any point in R”, and let Q; = (—¢,¢)? x w, where w is an open
bounded domain in R™79.

Assume that uy and u are solutions to

{ —Apup = f(X2) in €y, @.1)
up =0 on 0€Yy
and
{ —Apus = f(X2) iInw, (2.2)
Uso = 0 on Jw,

respectively. We consider here the weak solutions to (2.1) and (2.2) and assume uy € VVO1 P(Qy)
and us € Wol’p(w), where Wol’p(Qg) and Wol’p(w) stand for the usual Sobolev spaces. We refer, for
instance, to [2] for more information regarding these spaces.

Theorem 2.1. Suppose that f(X3) € LP'(w) is nonnegative (or nonpositive for an analo-
gous statement) and § is any bounded subset in R? x w. Then uy is a nondecreasing sequence of
nonnegative functions bounded above by u~, and it holds that

Up — Uoo in WHP(Q).
Proof. We notice that uy, the solution to (2.1), satisfies
/ |Vug|P~2Vu, Vo dr = /fv dz Vv e Wol’p(Qg). (2.3)
Q Q
Take v = u, € Wol’p(Qg), the negative part of uy, in (2.3). We obtain
/\Vuz\p2VWVuz de = /fué dx > 0,
Qg QZ
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ie.,

/ |Vau, [Pdz <0.
Q

289

Hence we derive that u, is nonnegative. Following the same arguments, one can show that u.,, the

solution to (2.2), is nonnegative.
Letting ¢ < ¢, one has

/\VUAP_ZVWVU de = /fv dz Yo € WyP(Qy),
Q[ QZ

/ Vg [P2Vupy Vo dz = / fode  Vve Wol’p(Qg/).
9% 9%
We remark that u, is nonnegative in y. So
(up —up) ™ € Wol’p(Qg) ((ug — ug ) is the positive part of uy — ugp).
Therefore, one derives from (2.4) and (2.5) that
/ Vg |P2VueV (ug — up )™ de = / | Vg |P2Vup V(g — up) ™t de.
Qy Qg
The above equation (see (1.4)) leads to
(Ug - Ug/)+ = 0,
which shows that {us} is a nondecreasing sequence in ¢. On the other hand, we have
—Apug + Apuse =0 in Qy,
{ —Uso <0 on I(—4,0)? X w,
Up — Uoo =
0 on (—£,0)7 x Ow.
By the weak maximum principle, this implies
0 < Uy < Uso in Qg.

Consider now a smooth nonnegative function p(z) such that

0<p<i, p=1 in Qy, p =0 outside Q 41, |Vpl| is bounded.

Taking ugp? in (2.1), we obtain

/]Vug]p2VugV{ugpp}dx:/prpda:.
Qy Qg

Therefore, for some constant ¢ we have

/ |Vug|PpP de = —p / Vg [P~ 2V, V pugpP~ ' da + / fupp? dx

Qe 41 Qey+1 Qey+1
<c / |V P tugpP ™t da + / fugp? dx.
ng+1 QZ0+1
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Applying the Young inequality on the right-hand side, we come to
1
/ [Vug|PpP de < 5 / |VuglPp? dz + ¢ / uf da + / fuep? dx (2.9)
Qog+1 Qeg+1 Q41 Qog+1

for some constant c. Since (2.7) holds, we derive from (2.9) that

/ [VuelP de < 2¢ / uy da + 2 / fuedx < 2¢ / ub dz +2 / fusodz < C;

Qg Qeg+1 Qog+1 Qeg+1 Qeg+1

i.e., {ug} is uniformly bounded in €. Up to a subsequence of uy, labeled still by ¢, there exists a
ug € WHP(€y,) vanishing on (—£p, £g) x dw such that

up — ug in LP(Qy,), Uy — ug in Wl’p(ng).

We remark here that due to the monotonicity of {us}, the whole sequence converges to ug in LP.
Fixing a positive constant h, for any integer 1 < i < ¢ we consider uy(X; + he;, X2) and
(X1, X2) in the domain (—£,£)"=1 x (=€ — h,£ — h) x (—£,£)77" x w. We have

—Apug(X1 + hey, Xo) + Apupyp (X1, Xo) = f(X2) — f(X2) =0
in (=007 x (=0 —=h,l —h) x (=£,0)77" x w,
together with the boundary condition
up( X1 + heg, Xo) — uppp (X1, Xo)
0 on (—£,0)7  x (=0 —h,l —h) x (—£,0)77" x dw,
=40 on (=0, x {—0—h} x (—£,0)7" x w,
—upen(X1,X2) <0 on (—£,0)7 P x {l—h} x (=£,0)7" x w.
By the maximum principle we have
up( X1 + hey, Xo) < upn(X1,Xo)  in (=607 x (=0 —h, 0 —h) x (—=£,0)77" x w.
Passing to the limit in €, leads to
uo (X1 + hei, Xo) < up(Xy, X2).
By changing h to —h and noticing that this holds for all ¢, one has
uo (X1, Xo2) = up(Xa2).
Now we denote by p a smooth nonnegative function such that (this is slightly different from (2.8))
0<p<l, p=1 in Qp 1, p =0 outside €y, |Vp| is bounded.
Taking v = (ug — ug)p € Wol’p(QgO) as a test function in (2.1), we obtain

/ Vg P2V u, V{(ug — ug)p} da = / f(ug —up)pde,

Qy Q

0 0
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ie.,

/ Vg P2V gV (ug — ug)pde = — / Vg P2V u,V p(ug — ug) da + / flug —ug)pdx. (2.10)

o O, O,
Since ugy — ug in LP(§Yy, ), it follows that
[ ——
S
and
/ Vg [P VuVplupg — ug) dz| < ¢ / Vg |P~2|Vug| - |ug — uo| da
Qg Qg
1/p 1/p 1/p
<c / |VuelP dz / lug — up|? dz <C / lug — up|P dz — 0.
Q¢ Qg Ly

Then we can derive from (2.10)

/ | Ve P2V uyV (up — up)pda — 0.
o

Therefore, one has

/{]Vug]p2Vug — |Vuo [P 2Vuo}V (up — ug)pde

78

= / Vg |P~2VugV (ug — ug)p da — / Vo [P 2VuV (ug — ug)pdz — 0.
L L

(Recall that u, — ug in WHP(Qy,).) We find that when p > 2 (see (1.4)),

/ |V (up —up)Ppde < c / {IVue|P~>Vug — [V [P *Vug } V(up — ug)pda — 0. (2.11)
S L

When 1 < p < 2, it holds that

/ IV (g — o) Pp da

Qg

p/2 (2-p)/2
<3 JUvud + 1Vl V- w)Ppde g [{I9ul+ [Vulpds
Q, 7
/2 (2-p)/2
<c /{\Vuz\p_ZVW - |Vu0|p_2Vuo}V(ué —up)pdx /{\Vw\ + V| } pda
Q, Qg
0. (2.12)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 261 2008



292 M. CHIPOT, Y. XIE

From above, we derive that for 1 < p < 400

[ Wt wpas < [ 19 - w)Ppas o

Qpg—1 Qg

which shows that
Uy — UQ in Wl’p(ng_l).

Therefore, ug satisfies

*APUQ = f

We finally conclude that ug = ue since ug is independent of X;. This completes the proof of the
theorem. [J

Remark 2.2. Some other convergence results including some rate of convergence are available.
We refer the reader to [9] for details.

3. A LIOUVILLE TYPE THEOREM

As we have seen at the end of the proof of Theorem 2.1, a key point in the convergence issue is
the uniqueness of the solution to

{_Apuo — f(X2) iR xw, (3.)

up =0 on R? x Qw,

when, eventually, some other assumptions on ug, like boundedness, are imposed. This has a flavor
of the Liouville theorem. In this direction let us prove

Theorem 3.1. Let u € L>®(R?; LP(w)) be a weak solution to

{ -Apu=0 in R? X w, (3.2)

u=20 on R? x Ow.

Then u = 0; i.e., problem (3.2) does not admit any nontrivial solution.

Before turning to the proof of the theorem, let us make our assumptions precise. L (R?; LP(w))
denotes the space of functions from R? with values in LP(w) that are essentially bounded. By a
weak solution to (3.2) we mean a function u such that, for any domain (—¢,¢)? x w,

u € WHP((—£,0)7 x w) N L®(RY; LP(w)), u=0 on (—££)7 x dw,
/ |VulP2VuVvder =0 Vo€ Wol’p((—ﬁ,ﬁ)q X Ww). (3.3)

(—£,0)axw

Let us now prove the above theorem.

Proof of Theorem 3.1. Let p be a nonnegative smooth function such that

11

0<p<l, p=1 in <2, 2> , p=0 outside (—1,1), || is bounded,

and set py(z) = p(”lf), II:= [T pe(z;). We have, if IT? denotes the pth power of II,
ullP € WP ((—£,0)7 x w).
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Plugging the above function into (3.3) leads to

/ |VulP2VuV (ull?) dz = 0.

(—£,0)xw
Therefore, we derive that
/ |VulP2VuVaull? dz = — / |VulP~2VuVITPu dz
(—£,0)9 xw (—£,0)9 xw

=—p / |Vu|P2VuVTTullP~! dz
(—£,0)a xw

g; / VP~ TP da.
(—£,0) xw

Applying the Holder inequality to the right-hand side of the above inequality, we obtain

(p—1)/p 1/p
/ |VulPTI? do < Z / |VulPTIP dx / |ul? dz ,
(—£,0)Txw (—£,0)1xw (—£,0)1xw
which is equivalent to
c
/ |VulPIIP de < » / |ul?P dz. (3.4)
(—£,0)9 xw (—£,0)axw

We remark that u vanishes on R? x dw, i.e., for a.e. X, u(Xy,-) € Wol’p(w). Exploiting Poincaré’s
inequality in the Xo-direction (see [3|) yields

c
/ |VulPTI? dz < » / |Vx,ulP do
(—£,0)axw (=£,0)axw
(Vx, = (0zg+1,...,0xy,)). Due to the choice that we made for II, we obtain
/ IVulP dz < ;p / IVl dz.
(~4.2) 7w (-t

After iterating k — 1 times this inequality, it comes that

/ |[VulP do < gp(kc—l) / [VulP dz.
(=) xw (—2k~10, 26~ 10)axw

Hence we derive from (3.4) that

/ VulPde < © / P da.
Ep

(=£,)xw (—2k0, 2K 0)a xw
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Since u € L*®(RY; LP(w)), we obtain

/ |Vu|P do < ;)k (28H10)9 ess sup |u(X7, -)

(=3:2)"xw

|p
LP(w)

(ess sup denotes the essential supremum in X;). Choosing k so large that pk > ¢ and letting ¢ — oo
lead to

u=0.

This completes the proof of the theorem. [

Remark 3.2. One should notice that one cannot remove entirely the assumption

u € L¥(R?; LP(w)). (3.5)
Indeed, suppose that
p= 27 q= 17 w = (_ﬂ-?ﬂ-)' (36)
Then the function
u = € sinxy (3.7)

is a nontrivial weak solution to

{—Au:() in R X w,

u=20 on R x Jw.
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