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Abstract. A Rayleigh-Faber-Krahn type inequality is used to derive bounds for boundary value
problems appearing in reaction-diffusion problems where the reactant is consumed. Interesting
quantities are the minimum of the solution and the measure of the set where it vanishes. The
proofs are rather elementary and apply to problems possessing solutions in a weak sense.
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1. Introduction

Simple models describing a single steady state-reaction taking place in a bounded
domain D C RV are of the form

Au=ulin D, u=1on0dD, q > 0.

Here the reactant is consumed in D and replaced through diffusion from the
ambient region in such a way that a steady state is possible. It is well-known
that this problem has a unique positive solution. In addition if ¢ > 1 the strong
minimum principle implies that this solution is strictly positive. However if ¢ < 1
then a dead core Dy := {x € D : u(x) = 0}, i.e. a region where the solution
vanishes identically may appear. Such a region is a waste from the engineering
point of view. The mathematical discussion concerning its existence, geometry
and estimates was carried out in a series of papers [7], [2], [6], [3]-

It was shown in [2] for power nonlinearities and for more general functions that
among all domains of given volume |D| the Lebesgue measure of the dead core
|Dp| is maximal for the ball. The proof used heavily level set analysis and the
isoperimetric inequality. Another physical quantity of interest is the effectiveness
defined by £(D) = |D|™! [, ufdz . It turns out [2] that among all domains of given
volume |D| the ball has the smallest effectiveness. These results were generalized
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in [3] and [4] to time dependent problems.

The goal of this paper is to extend those results to more general problems
without making use of the isoperimetric inequality. We shall use as a substitute a
Rayleigh-Faber-Krahn inequality. The role of these inequalities in connection with
quasilinear boundary value problems has been studied in [1]. The same ideas carry
over to the dead core problem.

Let D € RV be an arbitrary domain and a,b : D — Rt be two continuous
functions. In this paper we shall consider boundary value problems of the form

N
> (a@)|VulPu,,), = b(@)f(u) in D, u=10ndD, (1.1)

i=1

where p > 1 is a real number and f(s) is a nondecreasing function such that
f(0) =0. It is well-known [6] that (1.1) has a unique solution such that 1 —wu €
Wol’p(D) . By the regularity result for the p-Laplacian we have u € Ct%(D).

As before Dy denotes the dead core {x € D : u(z) = 0}. It follows imme-
diately from comparison principles that the dead core is monotone with respect
to D in the following sense: if D C D’ then Dy(D) C Do(D’). The existence
of a dead core depends on the behaviour of the nonlinearity near zero and on the
size of the domain. Diaz proved [6] that in the special case where a and b are
constant and fo F# (s)ds < oo, F being the primitive of f, a dead core exists
provided D is sufficiently large.

The estimates we will obtain are expressed in terms of a weighted L; - norm
of the solution. The motivation came from a paper of L. Payne [8]. He considered
the torsion problem

Au+1=0inD CR? w=0o0ndD.

Using level line techniques he proved that |u|s, < {7r_1 s udx}1/2 .

2. A priori bounds

In this section we shall derive lower bounds for the distribution function of the
solution of (1.1)

m(t) = / bdx, where D(t) = {x € D : u(z) < t}
D(t)

and for u,,:= ess inf w. For this purpose we shall assume that the following
Rayleigh-Faber-Krahn type inequality holds:
(A1) There exists a positive constant ¢ such that for all K C D

P
c(/ bvdm) mlf%*p(t) S/ a|VulPdz, Yv € C5°(K).
K K
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Observe that it is in general difficult to check such an inequality and to determine
the best value for ¢. In this paper we will not focus on this question. We refer to
[1] for some discussion.

We now are in position to formulate our key tool from which all estimates will
follow.

Lemma 1. Assume (A1) and o =p+ & —1. Then the distribution function of
the solution w of (1.1) satisfies the inequality

(p=—1)N

m(t) > 3 (/m fids)T ().

for some constant (3 which depends only on c¢,p and N .

Proof. Multiplication of (1.1) by (¢t —u)+ and integration over D yields
/ a(z)|VulPdz = / b(x) f(u)(t —u)de. (2.1)
D(t) D(t)

By (A;) we conclude that

c (/ b(t — u)dx) m'm R P(4) < / b(x) f(u)(t —u)dz. (2.2)
D(t) D(t)

By Cavalieri’s principle we have

/D(t) b(t—u)dx:/ut (t — s)dm(s) :/t m(s)ds = M(t).

m Um

Whence since f is non-decreasing, (2.2) leads to

eMP(8)m' =R 7P (1) < f(M(2),

Observing that m(t) = dl\gt(t) =: M and since « is positive we obtain the differ-
ential inequality
cEfTa(t) < M (#)M(E) in (um, 1). (2.3)
Hence
t Clp
1 1—pta =
“w(s)ds< M5(t), y= —P 2.4
I RSCIE 0 7= Fra— (24)
This together with (2.3) yields
(p=—1)N

Q-
Q=

m(t) > ¢

(t)-

(L rtw) " s

which completes the proof of the lemma. [
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Notice that this inequality can never be optimal except possibly for f(t) =t.
From this lemma we obtain immediately a lower bound for w,, which is given
implicitely by
(p—1HN

/Db(:c)dx><ﬁ> (v /u:f—éds> t (2.5)

(2.5) yields also a necessary condition for the appearance of a dead core, namely

Q=

(p—1HN

o (12" ( [ )

This condition isn’t sufficient in general. For instance if f(¢t) = t? and p = 2
it means that ¢ < 14+ 2/N. Hence ¢ > 1 is admissible. However the unique
continuation principle implies that if u vanishes on a set of positive measure than
it is zero everywhere.

Put for short

(p—1HN

o= (i) (0 [ rte)

From Lemma 1 we obtain immediately the

Corollary 1. Let ¢ be a positive, increasing function and w be the solution of
(1.1). Then

/ d(u)b(x)dx < d)(l)/ bdx — &' (s)m*(s)ds.
D D Um

For later purposes we shall need the lower bound for M (1) given by (2.4)

7/ fow(s)ds < M~a(1). (2.6)

3. Estimates for the dead core and the effectiveness

We first assume that u,, = 0. Denote by mg the measure f Do bdx of the dead
core with respect to the weight b. We shall also write S(¢) = D(t) Nsupp{u} and
w(t) = fs(t) bdx = m(t) —mg . We shall first derive a differential inequality similar
to (2.3) taking into account mg .

From (2.1) we have since f(0) =0

/D(t) a(x)|VulPdz = / b(x) f(u)(t —u)dr <

5(t)

f@) /S(t) b(x)(t — u)dx. (3.1)
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Hence (2.2) reads now as follows, using the same notation as in Section 2,

eMP(Wm=(0) < 1) [ te)ds = FODI(0) =~ my]. (3:2)

This yields the following differential inequality for M (t)
cw fE(E)ME (t) < [M(t) — mot]= M(t), M(0)=0
which in general cannot be integrated by elementary means.
Setting ¢t =1 in (3.2) we obtain an upper bound for m

cMP(1) m*(1)f(1)\ 7"
mo< ) - g < () o
This inequality is in accordance with the fact the bigger the nonlinearity f the
more likely there is a dead core cf. [2]. A lower bound for M(1) is given in (2.6)
and M(1) <m(1).

Next we shall derive a lower bound for the effectiveness

£(D) = @ /D Fu)b(a)da.

It represents the ratio of the actual quantity of reactant consumed in D to the
quantity that would be theoretically consumed if the internal concentration were
everywhere equal to the ambient concentration. In most application, a high effec-
tiveness is beneficial. An upper bound is obtained from Corollary 1.

From (2.2) we deduce

eMP(1)m~ K P(1)(1 — uyp) "' < E(D).

4. Special case

Let us first consider the case f(u) = u?. We shall assume that ¢/a < 1 in
order to include solutions with dead core. Then the estimate for the distribution

function obtained in Lemma 1 becomes
(p—1)N

¢ q P q
m(t) > cw (7/ S_Eds) t7o =

where

Evaluating this inequality at ¢ =1 we get a lower bound cf. (2.5) for u,,

1— (M) ToON < u}n*Q/oz’
p
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If w, =0 then (4.1) assumes the form
N
m(t) > pt", where r=—(p—-1-gq),
p
In order to have a dead core the measure of the domain has to be sufficiently large
m(1) = p.
If we assume (¢+1)/a <1 and p > N we can use inequality (3.2 ) as follows
cMPm~ < 7 m(1) — my]

which after integration implies

1/« .
c a—Dp < M(].)lip/a.
m(1) —my a—qg-—1

Remark. This inequality shows that mg is small if M(1) is small.

General Comment. We could have used in (2.2) a Rayleigh-Faber-Krahn in-
equality of the form

Co (/ b|v|5da:> ! m= % (1) S/ a|Vv|Pdx Vv € C§°(K)
K K

for some suitable s > 0 which according to a result in [1] is equivalent to Aj .
It turned out that the computations became more transparent and possibly more
precise with s =1.
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