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Abstract  Assuming a background flow of velocity U = U (x) in the axial direction x of
a circular cylinder with surface temperature distribution 7y, = T, (x) in a saturated porous
medium, for the temperature boundary layer occurring on the cylinder three exactly solv-
able cases are identified. The functions {U (x), Ty, (x)} associated with these cases are given
explicitly, and the corresponding exact solutions are expressed in terms of the modified Bessel
function Ko (z), the incomplete Gamma function I'" (a, z) and the confluent hypergeometric
function U (a, b, z), respectively. The correlation between the Nusselt number and the Péclet
number as well as the curvature effects on the heat transfer are discussed in all these cases
in detail. Some “universal” features of the exponential surface temperature distribution are
also pointed out.

Keywords Porous media - Forced convection - Exact solution - Nusselt number -
Péclet number - Curvature parameter

1 Introduction

The majority of the published papers dealing with convective heat transfer in porous media
are concerned with the external natural convection case. The second place in this ranking
can be assigned to the mixed convection studies. Surprisingly, the forced convection case
which is the very basic form of the convection heat transfer, in spite of its numerous industrial
and geothermic applications, has received rather little attention. The above ranking holds in
external flow in general, but also in the case of convection from circular cylinders revisited
in the present paper.

The pioneering work on the free convection heat transfer from a heated vertical cylinder
(embedded in a saturated Darcy porous medium) has been published nearly four decades ago
by Minkowycz and Cheng (1976). In this paper, it has been shown that in the boundary layer
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approximation, an exact similarity reduction of the problem becomes possible only in the
linear case A = 1 of the considered surface temperature distributions of the power-law form
Ty = Too + Ax? (x denotes the axial coordinate). In other cases, approximate local and non-
local similarity solutions were reported. Twenty years later, the problem of Minkowycz and
Cheng (1976) has been revisited by Bassom and Rees (1996), who have presented asymptotic
analyses and numerical solutions of the problem by the Keller-box method.

The related mixed convection problem has mainly been examined in the case of an iso-
thermal cylinder aligned parallel to a uniform background flow. The existence domain and
the features of the corresponding boundary layer solutions both in the aiding and opposing
flow regimes has been investigated by Merkin and Pop (1987). The non-similarity solutions
of this problem have been studied by Hooper et al. (1994), while by Pop and Na (1998) the
case of variable surface heat flux has been considered. More recently, a special exact solution
for the mixed convection on the vertical cylinder has been reported by Magyari et al. (2005),
assuming that both the velocity of the background flow and the surface temperature distri-
bution of the cylinder are linear functions of the axial coordinate x. Further references to the
above addressed topics can be found in the comprehensive work of Nield and Bejan (2006).

A scanning of the pertinent literature led us to the surprising result that the forced con-
vection heat transfer from a heated cylindrical body aligned parallel to a background flow
in a saturated porous medium has been addressed until now in a single research work only.
It is the paper of Vasantha et al. (1987) in which the case of an isothermal cylinder in a
uniform axial stream has been considered. In this case, similarly to the corresponding free
and mixed convection problems, an exact similarity reduction of the governing equations is
not possible. Accordingly, no exact analytical solution can exist in this case. Thus, we arrived
to the question to find out whether other types of background velocity and surface tempera-
ture distributions {U (x), T, (x)} could exist, so that the problem of the longitudinal forced
convection on the heated cylinder admits exact analytical solutions at all. The answer on this
question is that there exist exactly three types of such distributions {U (x) , Ty, (x)} which
are specified by Eqgs. (5)—(7) below. The goal of the present paper is to write down the corre-
sponding exact solutions explicitly, and to discuss the pertinent heat transfer characteristics
in detail. This will be accomplished in the subsequent sections of the paper.

2 Basic Equations and Problem Formulation

Consider an impermeable semi-infinite circular cylinder of radius ry and surface temperature
distribution 7y, = T, (x) embedded in a Darcy porous medium. The cylinder is aligned with
its axis parallel to a background flow of velocity U = U (x) and uniform temperature 7o,
which was already set up in the medium. The geometrical set-up, the coordinate system, the
boundary conditions, and the temperature boundary layer are shown schematically in Fig. 1.

The equations governing this forced convection boundary layer flow are [see e.g., Vasantha
et al. 1987 with Uy, replaced by U = U (x)]

L+ L @v)=0 (1)
w="U (x) @
R e 14 ®
with the boundary conditions
v=0,T=Ty(x)onr =rg,and T — T, asr — 0. 4)
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Fig. 1 Sketch of the coordinate system, boundary conditions, and flow domain in the porous medium

Here x > 0 and r > rg are the axial and radial coordinates, respectively, # and v are the
velocity components in the x and r directions, 7 = T (x, r) stands for the temperature field,
and o, denotes the equivalent thermal diffusivity of the saturated porous medium.

The goal of the present paper is to find such stream velocity and surface temperature
distributions {U (x), T, (x)} for which the boundary value problem (1)—(4) admits exact
solutions, and to give these solutions in terms of known higher transcendental functions
which allow in turn for a comprehensive discussion of the heat transfer characteristics of the
flow. Three such distributions {U (x) , Ty, (x)} will be identified, namely

U (x) = Up, Tw(x):TooJrToexp(aﬁ), a>0 5)
ro
X
U = U0%, Ty (x) = Too + To (6)
X X
UXx)=Up—, Tyx)=Tx+To—. @
ro ro

Here Uj is the uniform velocity of the background flow in case (i) and its local velocity at the
axial distance x = rg from the leading edge in cases (ii) and (iii). Ty is the excess temperature
of the surface with respect to the ambient temperature 7, in case (ii), its excess temperature
at leading edge in case (i) and at the distance x = rg in case (iii), respectively. In case (i) the
exponent a represents the logarithmic increment of the surface temperature with respect to
To, i.e.,

_ Ty (ro) — Too
a=In [77,0 ] . ()

It is worth mentioning here that the mixed convection counterpart of the present problem for
clear fluids with the stream velocity and surface temperature distributions {U (x), Ty (x)}
corresponding to our case (iii) has comprehensively been investigated by Mahmood and
Merkin (1988).

3 Derivation of the Exactly Solvable Cases
The axial velocity component u = U (x) being known, the continuity equation (1) can

be integrated once with respect to r and thus, along with the impermeability condition
v = 0onr = rg, it yields for the radial velocity component the expression
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r2 —rg dU ©)

v = .
2r dx

This equation shows that in case (i) the radial velocity component is zero, i.e., we are faced
there with a “parallel flow”. In the other two cases, v is non-vanishing (except on the cylinder
surface r = rg).

With the velocity components (u, v) given by Eqgs. (2) and (9), the pressure field can

also be obtained by a further integration of the Darcy equations u = — (K /) (dp/dx),
v=—(K/u) (dp/dr) yielding the result
y 2_ 2
" wo|re—=rg ) r
=po—— [ Ud — —rygln{—)|. 10
P = Do K/ x+21(|: ) ro“(ro):| (10)
0

Here pg is the pressure at (x, r) = (0, rp).
Bearing in mind the thermal boundary conditions, we are looking for the temperature
solution in the form

T=Tw+[Tyx)—Txl0 ), (11)
where
n= E;(rz—rg) (12)
2ry

is a new independent variable, and

U
Pe = 210 (13)

Um

is the Péclet number. As a consequence of Egs. (11) and (12), the thermal boundary conditions
(4) become

00)=1, 6 (0)=0. (14)

We mention that the dependence of the new variable 7 on the radial coordinate in the qua-
dratic form (r2 - r(%) is suggested by the work of Minkowycz and Cheng (1976) in which
it has been shown that the free convection problem on a vertical cylinder admits an exact
similarity reduction when (and only when) the surface temperature distribution is a linear
function of the axial coordinate [as in our case (iii)]. In this case, the pertinent similarity
variable depends on (r2 - rg) only.

Now, applying the transformations (11, 12) and bearing in mind the expressions (2) and
(9) of the velocity components # and v, the temperature equation (3) goes over in

2 d%e 2 dUu do U d(T,-T
(1+—’7)—2 (—+—r—°n)—— Tw—To) oy _ (15
v/ Pe dn v Pe dx Uy dn Ty — Ty dx Up

A simple inspection of this equation (which in general is still a partial differential equation
involving the variables 1 and x) shows that there exist exactly four cases of the distribu-
tions {U (x), Ty (x)} for which Eq. (15) can be reduced to an ordinary differential equation
involving only the transformed radial variable 7. Three of them are precisely our cases (i)—
(iii) specified by Eqgs. (5)—(7), while the fourth one corresponds to the uniform velocity and
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uniform surface temperature distributions {U (x) , T, (x)} = {Uo, Too + To}. In the latter
case, Eq. (15) reduces to

a4 [(1 420 ) %} —0. (16)
dn v/ Pe) dn
However, the general solution
9:C1+C21n(1+ 21 ) a7
/ Pe

of this equation cannot satisfy both the boundary conditions (14). Obviously, this result does
not mean that for the uniform distributions {U (x), Ty, (x)} = {Uop, Tx + To}, i.e., for an
isothermal cylinder in a uniform stream, no solution exists. It only means that in this case
no solution of the separable form (11, 12) exists. This conclusion is in full agreement with
the forced convection study of Vasantha et al. (1987) who showed that in the uniform case
{U (x), Ty (x)} = {Up, Teo + Tp} the temperature field has to be described by a non-sepa-
rable function T = Too + (Tyy — Txo) 6 (x, 7).

It is easy to see that in our cases (i)—(iii), Eq. (15) reduces to the following ordinary
differential equations

2n '\ d%0 2 do
Case (i): 1+ —)—+———ab=0 18
@ ( T%) i e dn (18)
. 2n )d29 ( 2 )d9
Case (i): (1+—)—+(—=—+n)—=0 19
() ( v/ Pe dﬁz v Pe 7 dn (19)
Case (iii): (1 4 2—") o, (i + ) 9 _h_o (20)
' v/ Pe d?72 v/ Pe 7 dn o

In all these cases, the boundary conditions are given by the same Eq. (14).

4 The Exact Solutions

In this section, the solutions of the boundary value problems (18, 14), (19, 14) and (20, 14)
will be given in an exact analytical form.

Case (i)

With the aid of the variable transformation

21

&= |aPe (1 + ) (21)
« Pe

the governing equation (18) reduces to the equation of the modified Bessel functions 7, (§)

and K, (&) for v = 0 (see Eq. 9.6.1 of Abramowitz and Stegun 1972). Thus the solution of

the problem (18, 14), is obtained as

. Ko(are (14 35)) ko (vapez) (2)
- Ko (VaPe) K (vape)
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The corresponding surface temperature gradient in the radial direction is given by

a| __Japeki(VaPe)
dr V=ro_ " Ky (\/ﬁ)

(23)

Itis worth emphasizing here that (for a fixed r¢ ) the solution (22) depends only on the product
aPe of the temperature exponent a and the Péclet number. Thus, the temperature profiles
(22) as functions of r/rg will collapse down in a single curve for all values of a and Pe for
which their product takes the same value.

Case (ii)
The governing equation (19) can be integrated twice, and thus the exact solution of the prob-

lem (19, 14) can be given in terms of the incomplete Gamma function I (a, x) (see Eq. 6.5.3
of Abramowitz and Stegun 1972) in the form

— 2
F(I:"e’ Iz"e Zf)en) 1—‘(f:te7 P;te:oz)
0=

= : (24)
Pe P Pe P
r %) r %)
The corresponding surface temperature gradient in the radial direction is given by
o] 2 ( Pe ) ¥ 05)
dr = rol’ (%’ %) 4 .

Case (iii)

In order to solve the boundary value problem (20, 14), it is convenient to change from 7 to a
further independent variable z defined as

Pe +/Pe

7=———

4 2

. (26)

By doing so, the governing equation (20) reduces to the differential equation of Kummer’s
confluent hypergeometric functions M (a, b, z) and U (a, b, z) (see Eq. 13.1.1 of Abramowitz
and Stegun (1972)) with the parameters a and b given by

=—1, b=1-——. 27
a 1 27

Accordingly, the general solution of Eq. (20) can be written as the linear combination
0=CieM (b—a,b,—z)+ Cre*U (b—a,b,—z). (28)

However, the first term of Eq. (28) would violate the asymptotic condition 6 () — 0 as n —
oo which thus requires C1 = 0. Therefore the temperature solution which satisfies the bound-
ary conditions (14) reads

P Pe Pe P
_U(Z_Teyl_Teyfe"'Tgn) —J;jn 29
6 = U T T e . (29)
b 44
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In terms of the dimensionless radial variable r/ry, this solution has the explicit form

P Pe Per?
vf2-51-855) oy
0= Py CXP | —— —2—1 . 30)

U(2_P€ 1_P€7 4)

Using the property U’ (a, b, x) =U (a, b, x) — U (a, b + 1, x) of the x-derivative of U (see
Eq. 13.4.25 of Abramowitz and Stegun 1972), we obtain for the wall- temperature gradient
in the radial direction the expression

deo Pe U(2—£e,2- £ Fe)
a1, =75 Pe Pe (31)
drl—r o U (2-f1 - )

For the special values Pe = 8n, n = 1,2, 3, ... of the Péclet number, the solution (29)

can be expressed in term of the generalized Laguerre polynomials LE\‘;’) (x) (see Chapt. 22 of
Abramowitz and Stegun 1972) as

(=2n)
LG 2 (Zn + «/Znn) iy
L2 e VI, (32)
2n 2 (2 )

The generalized Laguerre polynomials ng) (x) can easily be calculated with the aid of the
Rodriguez formula

x—%e* gV B
LY () = o (x‘”Ne ) 33)

For example, forn = 1 and n = 2 (i.e., for Pe = 8 and Pe = 16) one obtains
1
g =e V2 wd@:i§@9+un+m%eﬂm (34)

respectively. We mention that the solution 6 = e=V2n corresponding to Pe = 8 coincides
with the forced convection case of the special mixed convection solution reported by Magyari
et al. (2005).

5 Curvature Effects

The quantity

2 4o,y
P roUo

occurring in the governing equations (18)—(20) approaches zero when the cylinder radius ro
goes to infinity. Thus from geometrical point of view, ¢ can be interpreted as a curvature
parameter of the cylinder. In this limiting case, Egs. (18)—(20) reduce to

(35)

2
0
Case (i): — — ad =0 (rg > o0) (36)
dn
L d¥ do
Case (ii)): — +n7— =09 > 00) 37
dn? ~ dp
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... d’0  do
Case (iii): — +n——60=0@(9 > ). (38)

dn? dn
Therefore, Eqgs. (36)—(37) describe forced convection thermal boundary layers on plane sur-
faces corresponding to the velocity and surface temperature and distributions {U (x) , Ty, (x)}
specified by Eqgs. (5)—(7). This is the reason why, e.g., the above Eq. (38) coincides with
Cheng’s equation (29) (Cheng 1977), which describes the forced convection temperature
field on a plane surface with linear temperature distribution 7,, — Toc = Ax in the back-

ground flow (u, v) = (Bx, —BY).
The solutions of Egs. (36)—(38) are

Case (i): 0 =e V9 (ry — o) (39)

Case (ii): 6 = erfc (%) (ro — 00) (40)

Case (iii): 0 = efé — \/inerfc (i) (ro = 00). 41)
2 V2

6 Heat Transfer Characteristics

The dimensionless heat transfer characteristic of the flow is the Nusselt number
quw’o oT

N = = -k —
T, —Te) M or

(42)

)
r=ro

where g, is the radial heat flux across the cylinder surface. Thus with the aid of Eq. (11), we
obtain

Nu = —rg —

ar (“43)

r=rg

Now bearing in mind Egs. (23), (25), and (31), we obtain for the Nusselt numbers of the three
exactly solvable cases

Ky ( aPe)
Nu(,-) =vaPe————= (44)
Ko ( aPe)
N 2e~ (Pe)’i“ s)
Wiy = T 7Pe Py \ 4
JERINE
N Pe U(2—fe, 20— Fe By )
Uiy = -~ Pe Pe Pey’
2UQR-F1-FF)
For the special values Pe = 8n, n =1, 2, 3, ..., the expression (46) of the Nusselt number
reduces to
(1—2n)
L 2n
Nugaiy = 4n 222" @47)

—2
L3, % (2n)
For example, Eq. (47) yields Nu;;y = 4 forn = 1 and Nu;;y = 104/19 forn = 2.
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Table 1 Behavior of the Nusselt number at small and large values of the Péclet number in the exactly solvable
cases

Pe — 0 Pe — o0
2 D,
Nugy = 7——~7 Nugy = ~JaPe
(@) )2y+ln(“4pg) @)
2 2Pe
Nugiy = 57 Nugpy =/ ==
(i) |y+ln(%) (ii) 7
2 wPe
Nugin = ——F5—~7 Nugin =
(iii) ‘1+)/+ln(%) (iii) 7

Here y denotes the Euler constant, y = 0.577216. In case (i), the limiting behaviors for aPe — 0 and
aPe — oo have been considered

In the limiting case of the plane surfaces (r9 — 00), the Nusselt numbers associated with
the respective temperature fields (39)—(41) are

2Pe 7w Pe
Nu(,-) = vaPe, NM(,',') = —_—, Nu(,‘,',') = —_— (r() —> OO) (48)
T 2

7 Discussion

We first notice that according to the definition (13) of the Péclet number, rp — oo implies
also Pe — oo. We thus arrive to the conclusion that Egs. (48) describe at the same time the
scaling behavior of the Nusselt number for large values of the Péclet number. It is also worth
emphasizing that in all three cases, the Nusselt number scales with (Pe)l/ 2 as Pe — o0.
A simple dependence of the Nusselt number on the Péclet number can also be found for
Pe — 0 by using the properties of the transcendental functions involved in the respective
expressions (44)—(46). The results of these estimations are included, in addition to the large-
Pe formulas (48), in Table 1. The truth of all the relationships collected in Table 1 can also
be “proved” numerically, comparing them to the respective exact expressions (44)—(46).

It is interesting to notice, that in contrast to the scaling behavior of the Nusselt number
for Pe — oo, in the limiting range Pe — 0 no power-law dependence on Pe exists. In all
three cases, the Nusselt number approaches zero as Pe — 0 according to the reciprocal log-
arithmic law Nu ~ |In (Pe)| ™. In the intermediary range of Pe, the functional dependence
Nu = Nu (Pe) is much more complicated and is described by the exact results (44)—(46).
As an illustration, in Fig. 2, the Nusselt numbers (i)—(iii) given by Eqgs. (44)—(46) have been
plotted as functions of the Péclet number in the range 0 < Pe < 100. To be specific, in
case (i) for the logarithmic increment of the exponential surface, temperature distribution the
value @ = 3 has been chosen.

The circumstance that in case (i) the Nusselt number (44) depends only on the product
aPe, makes the comparison of Nu ;) to the other two curves of Fig. 2 somewhat arbitrary.
However, it is just this mathematical degeneracy of Nu ;) with respect to a and Pe which
makes the issue physically interesting. Indeed, a simple inspection of the second column of
Table 1 shows that for large values of the Péclet number, the curve Nu(;) of Fig. 2 corre-
sponding to the exponential surface temperature distribution (5) can be superimposed on the
curve of Nu ;) corresponding to the constant surface temperature (6) fora = 2/ = 0.6366
and on the curve of Nu;;y corresponding to the linear surface temperature distribution
(7) for a = /2 = 1.5708. Similar knowledge can be gained from the first column of
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Pe

Fig. 2 Plot of the Nusselt numbers as a function of the Péclet number for the exactly solvable cases (i)—(iii).
In case (i), a = 3 has been chosen

r/r,

Fig. 3 Temperature profiles (30) corresponding to the linear surface temperature distribution (7) plotted as
functions of r/rq for the three indicated values of the Péclet number

Table 1. Namely, in the range Pe — 0, Nu(;) can be superimposed on the curve of Nu ;)
fora =e™” = 0.5614 and on the curve of Nu;;) fora = el=v = 1.5262.

The temperature profiles (22), (24), and (30) corresponding to the three exactly solvable
cases are all monotonically decreasing functions of the dimensionless radial coordinate r /.
This result is physically expected, since the wall temperature is either constant [case (ii)] or
a monotonically increasing function of the axial distance x [cases (i) and (iii)], so that for a
temperature overshoot in the fluid no reason exists. It also turns out that the larger Pe, the
steeper the temperature profiles (22), (24), and (30) which is in a full agreement with Fig. 2.
These features are illustrated in Fig. 3, where the temperature profiles (3) corresponding to
the case (iii) have been plotted for three selected values of the Péclet number r/rg.

8 Summary and Conclusions

Three exactly solvable cases of the porous medium forced convection heat transfer from
a heated cylinder in a longitudinal background flow have been described in this paper.
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It has been shown that the velocity distribution U = U (x) of the axial driving stream
and the surface temperature distribution 7, = T,, (x) associated with these cases are (i)
{U (x), Ty, (x)} ={uniform, exponential}, (ii) {U (x), T,, (x)} ={linear, uniform}, and (iii)
{U (x), Ty, (x)} = {linear, linear}, respectively. The exact solutions are always of the sep-
arable form T (x,r) — Too = (Ty (x) — Tso) O (), where n depends only on the radial
coordinate r, and have been given in the paper in terms of the modified Bessel function, the
incomplete Gamma function and the confluent hypergeometric functions, respectively. Thus
the dependence of the Nusselt number on the Péclet number as well as the curvature effects
could be described exactly. It is worth emphasizing again that:

e In the limiting range of small Péclet numbers, in all three cases, a reciprocal logarithmic
behavior of the Nusselt number has been found, Nu ~ |In (Pe)| —1_ while in the range of
large Pe’s, a square root behavior Nu ~ (Pe)'/? occurs.

e The effect of a strongly curved surface (ro — 0) on the Nusselt number occurs there as a
“small Pe-effect”, while a small curvature (r9 — 00) of the cylinder surface as a “large
Pe-effect” is perceived.

e Compared to the other two surface temperature distributions, the exponential distribution
of case (i). Ty (x) — To = Tp exp (ax/rp), possesses some “universal” features. Namely,
for certain values of the logarithmic increment a, the curve Nu (Pe) of the corresponding
Nusselt number Nu ;) can be superimposed on the curves of Nu;y and Nu ), of the
other two cases, respectively, both for Pe — 0 and Pe — o0, respectively.
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