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Abstract We classify the solutions to the equation (—A)"u = 2m — 1)le2mu on R2m
giving rise to a metric g = e?“ggon with finite total Q-curvature in terms of analytic and
geometric properties. The analytic conditions involve the growth rate of u and the asymptotic
behaviour of Au at infinity. As a consequence we give a geometric characterization in terms
of the scalar curvature of the metric ¢ gren at infinity, and we observe that the pull-back of
this metric to S>" via the stereographic projection can be extended to a smooth Riemannian
metric if and only if it is round.

1 Introduction and statement of the main theorems

The study of the Paneitz operators has moved into the center of conformal geometry in the
last decades, in part with regard to the problem of prescribing the Q-curvature. Given a four-
dimensional Riemannian manifold (M, g), the Q-curvature Q;‘, and the Paneitz operator Pg4
have been introduced by Branson and Oersted [4] and Paneitz [18]:

1 .
0} = —¢ (A¢R; — R2+3IRic, )

Py(f) :

2
AL f + div (gRgg - 2Ricg) af, VfeC>WM),

where R, and Ric, denote the scalar and Ricci curvatures of g. Higher order Q-curvatures Q"
and Paneitz operators P" have been introduced in [2, 14]. Their interest lies in their covariant
nature: considering in dimension 2m the conformal metric g, := ¢**g, we have

2m __ _—2mu p2m 2m 2m _ 2m 2mu
Py =e Pem Pglut Q7 = Qe )

L. Martinazzi ()
ETH Zurich, Ramistrasse 101, 8092 Zurich, Switzerland
e-mail: luca@math.ethz.ch

@ Springer



308 L. Martinazzi

see for instance [6, Chap. 4]. The last identity is a generalized version of Gauf3’s identity: in
dimension 2

—Agu+ Ky = Ko, e
where K, is the Gaussian curvature, and A, is the Laplace—Beltrami operator with the

analysts’ sign. Indeed, in dimension 2 we have sz = —A, and Qz, = K. Moreover

Ag, = e A ¢- Another interesting fact is that the total Q-curvature is a global conformal
invariant: if M is closed and 2m-dimensional,

/erl"dvolg :/Q;’"dvolg.
M

Further evidence of the geometric relevance of the Q-curvatures is given by the Gauss—
Bonnet—Chern’s theorem [10]: on a locally conformally flat closed manifold of dimension
2m, since ng is a multiple of the Pfaffian plus a divergence term (see [3]), we have
M
/Q§Mdvolg — Qm— 1)!V01(S2’”)¥,
M
where x (M) is the Euler—Poincaré characteristic of M.
Here we are interested in the special case when M is R?" with the Euclidean metric ggam.
In this case, we simply have Pgﬂ:‘z = (—A)" and QZ’” = (. We consider solutions to the
equation
(=A)"u = 2m — )™ on R?", )

satisfying f]RZm e2Midyx < oo. From the above remarks and (1) in particular, it follows
that (2) has the following geometric meaning: if u# solves (2), then the conformal metric
g = ¢ " ggam has Q-curvature sz = (2m — 1)!. As we shall see, every solution to (2) with

e?™ e LI (R*™) is smooth (Corollary 8).
Given such a solution u, define the auxiliary function

(x) = (2m - ! / ( )eZmu(y)dy’ 3)
lx — yl

where y,, is defined by the following property: (—A)™ ( yim log ﬁ) = 8o in R?", see Pro-
position 22 below. Then (—A)"v = 2m — 1)le2 1 We prove

Theorem 1 Let u be a solution of (2) with

/ XM dx < +o0. 4)

R2m

s
Then
u(x) =v(x) + p(x), 5
where p is a polynomial of even degree at most 2m — 2, v is as in (3) and

sup p(x) < 400,

xelR2m

lim Alv(x)=0, j=1,....m—1,

[x]—00

v(x) = —2alog|x| + o(log |x|), as |x| — 4o0.
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Classification of solutions to the higher order Liouville’s equation on R2m 309

It is well known that the function
21

u(.x) = log m

6)
solves (2) and (4) witha = 1 forany A > 0, xg € R%"'We call the functions of the form (6)
standard solutions. They all arise as pull-back under the stereographic projection of metrics
on S? which are round, i.e. conformally diffeomorphic to the standard metric. Chang and
Yang [8] proved that the round metrics are the only metrics on S2” having Q-curvature
identically equal to (2m — 1)!.

In the next theorem, we give conditions under which an entire solution of Liouville’s
equation satisfying (4) is necessarily a standard solution.

Theorem 2 Let u be a solution of (2) satisfying (4). Then the following are equivalent:

(i) u is a standard solution,
(i) limyj—»o00 Au(x) =0
(ii”) limjy =00 Aux) = Oforj=1,...,m—1,
(iii) u(x) = o(|x|?) as |x| = oo,
(iv) deg p = 0, where p is the polynomial in (5).
(v) liminfy| 400 Ry, > —00, where g, = ez"g]Rzm.
(vi) m*g, can be extended to a Riemannian metric on 21 \where w @ S — R s the
stereographic projection.

Moreover, if u is not a standard solution, there exist 1 < j < m — 1 and a constant a < 0
such that
Au(x) - a as|x| — +oo. (@)

The two-dimensional case (m = 1) of Theorem 2 was treated by Chen and Li [9], who
proved that every solution with finite total Gaussian curvature is a standard one. The four-
dimensional case was treated by Lin [15], with a classification of u in terms of its growth,
or of the behaviour of Au at co. The classification of C-S. Lin in terms of Au was used by
Robert and Struwe [20] to study the blow-up behaviour of sequences of solutions uy to

up = 4 =0 on 92,

2,2
[ A%uyp = e M in Q c R
and by Malchiodi [16] to show a compactness criterion for sequences of solutions uy to the
equation

P;uk + Qi = hxe™ | hy constant

on a closed 4-manifold. The same criterion could be used in higher dimension in the proof
of an analogous compactness result. This was observed by Ndiaye [17], who then used a
different technique to show compactness. We will discuss this in a forthcoming paper.

In higher dimension (m > 2), Wei and Xu [23] (see also [25]) treated a special case of
Theorem 2: if u(x) = o(|x|?) at infinity, then u is always a standard solution. This result is
not sufficient to prove compactness. Moreover, the proof appears to be overly simplified. For
instance, in their Lemma 2.2 the argument for showing that # < C is not conclusive, and in
the crucial Lemma 2.4 they simply refer to [15] for details. This latter lemma corresponds
to Lemma 13 here and it is the main regularity result, as it implies that # < C, hence
that the right-hand side of (2) belongs to L°(R>™). Its generalization is a major issue,
because Lin’s analysis is focused on the function Au, and it makes use of the Harnack’s
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310 L. Martinazzi

inequality and of the fact that A(u — v) = C. In the general case, Harnack’s inequality
does not work and there are no uniform bounds for A~2)(y — v) (while it is still true that
AM=D(y — v) = C). To overcome this difficulties, we spend a few pages in the following
section to study polyharmonic functions. As a reward we obtain a Liouville-type theorem for
polyharmonic functions (Theorem 6) which allows us to make the proof of [15] more direct
and transparent.

The characterization in terms of the scalar curvature at infinity is new and quite interesting,
as it shows that non-standard solutions have a geometry essentially different from standard
solutions, and it also shows that the Q-curvature and the scalar curvature are independent
of each other in dimension 4 and higher. On the other hand, since in dimension 2 we have
20, = Ry, (v) is consistent with the result of [9].

The characterization in (vi) implies the result of Chang and Yang [8] described above,
which here follows from the general case.

The paper is organized as follows. In Sect. 2 we collect some relevant results about
polyharmonic functions which will be needed later. Section 3 contains the proof of Theorems 1
and 2; at the end of the paper we give examples to show that the hypothesis of Theorem 2
are sharp in terms of the growth at infinity and of the degree of p. Recently Wei and Ye
[24] proved that already in dimension 4 there is a great abundance of non-radially symmetric
solutions.

In the following, the letter C denotes a generic constant, which may change from line to
line and even within the same line.

2 A few remarks on polyharmonic functions

We briefly recall some properties of polyharmonic functions, which will be used in the sequel.
For the standard elliptic estimates for the Laplace operator, we refer to [11] or [12]. The next
lemma can be considered a generalized mean value inequality. We give the short proof for
the convenience of the reader, and because identity (12) will be used in the next section.

Lemma 3 (Pizzetti [19]) Let A™h = 0 in Br(xg) C R", for some m, n positive integers.
Then

m—1
h(z)dz = " ciR¥ A'h(xo). ®)
Br(x0) =0
where
co=1, ¢= 2 (n = 21 i>1. ©)

n+2i QNQRi+n-—2)1t"  ~

Proof We can translate and assume that xo = 0. We first prove by induction on m that there
are constants b(()m), o bl(nm_)1 such that

m—1
][h(z)dS = > b"r*Ah(0), 0<r <R, B :=B(0). (10)
9B, i=0

For m = 1 this reduces to the mean value theorem for harmonic functions. Assume now that
the assertion has been proved up to m — 1, and that A”h = 0. Let G, be the Green function
of A™in B,:

A"G, =8 inB,, G,=AG,=---=A""'G, =0 ondB,. (11)

@ Springer



Classification of solutions to the higher order Liouville’s equation on R2m 311

For simplicity, let us only consider the case n = 2m. Then G, (x) = G (%),
Gi(x) = aglog x|+ aj|x|> 4+ - + apm_y |x|*" 2,

where the constants can be computed inductively starting with oo up to o1 in order to
satisfy (11). Notice that G is radial. Integrating by parts

0= /G,Amhdx
B,
m—1 :
8Am_1_’Gr .
= h(0) — A
(0) Z/ ” A'hdS
z:OaBr
m—1 o
= h(0) — Z ][a,-rZ’ A'hdS, (12)
i=0 5p

where each a; depends only on n and m. For each term on the right-hand side withi > 1, we
can use the inductive hypothesis
2 ][ AhdS=r* " bj.’"“)ﬂfAH’h(O), 0<i<m-—1,
3B, j=0

and substituting we obtain (10). To conclude the induction it is enough to multiply (10) by
r"~1, integrate with respect to r from 0 to R and divide by RT.

To compute the ¢;’s, we test with the functions h(x) = r2 .= |x|%,i > 1 (for the
case i = 0 use the function A(x) = 1). Since Ar* = 2i(2i +n — 2)r*~2, we have that

A*R(0) = 0 for k # i and ATh(0) = W Hence Pizzetti’s formula reduces to

g2 @D +n =2l
o _

; _][rz"dx=7n ,R2i,
(n—2)! n+ 2i
Bgr

whence (9). O

Remark From (12), moreover, for an arbitrary C 2m_function u it follows that
m—1
u(z)dz = ZciRz’A’u(xo)+cmR2mA’"u($), (13)
Bg(x0) i=0
for some & € Bg(xp).
Proposition 4 Let A"h = 0in By C R". Forevery) <a < 1, p € [1,00) and k > O there
are constants C(k, p), C(k, a) independent of h such that
Iallwer gy < Clk, PRI B,
Wl crags,) < Clks ) Il s,)-

The proof of Proposition 4 is given in the appendix. As a consequence of Proposition 4
and Pizzetti’s formula we have the following Liouville-type theorem, compare [1].

Theorem 5 Consider h : R" — R with Ah = 0 and h(x) < C(1 + |x|%), for some
£ > 2m — 2. Then h(x) is a polynomial of degree at most £.
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312 L. Martinazzi

Proof Thanks to Proposition 4, we have for any x € R”

C C _
D] = ][ Ih()ldy = =25 ][ h(y)dy + O(R™"), as R — oo.

Br(x) Br(x)
(14)
On the other hand, Pizzetti’s formula implies that
m—1
][ h(y)dy = > ¢;R¥ ATh(x) = O(R*™?),
Br(x) i=0
and letting R — 00, we obtain D*t'h = 0. O

A variant of the above theorem, which will be used later is the following
Theorem 6 Consider h : R" — R with A"h = 0 and h(x) < u — v, where eP* € LY(R")
forsome p > 0,v € LIIOC(R”) and —v(x) < C(log(1 + |x|) + 1). Then h is a polynomial of

degree at most 2m — 2.

Proof The only thing to change in the proof of Theorem 5, is the estimate of the term
% F 8, (x) T dy, corresponding to the O(R™") in (14). We have

][ htdy < ][ utdy +C ][ log(1 + |yDdy + C

BR(x) Br(x) Br(x)
1
< — eP"dy + ClogR + C,
p
Bg(x)
and all terms go to 0 when divided by R?”~! and for R — oo. O

The following estimate has been obtained by Brézis and Merle [5] in dimension 2 and by
Lin [15] and Wei [22] in dimension 4. Notice that the constant y,,, defined by the relation

1 1
(=)™ (— log —) =38y, inR>
Y, X

w1

(see Proposition 22 in the appendix), plays an important role.

Theorem 7 Let f € L' (Bg(xo)) and let v solve
(=A)"v = f in B (xo) C R*™,
v=Av=---=A""Ty =0 ondBr(xp).

Then, for any p € |0, 22—, we have e*"P""| ¢ L1 (B (x0)) and
”f”L](BR(xo))

/ e2mp|v\dx < C(p)R2m,
Br(xo0)

where vy, is given by (48).
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Classification of solutions to the higher order Liouville’s equation on R2m 313

Proof We can assume xo = 0 and, up to rescaling, that || fl.1p,) = 1. Define

1 2R .
w(x) = — [ log [fO)Idy, x e R™™.
Ym lx — vyl
Br
Extend f to be zero outside Bg(xp); then
(=A)"w = |f| inR>.

We claim that w > |v| in Bg. Indeed by (49) and from |x — y| < 2R for x, y € Bg, we
immediately see that

(-Aw=>=0, j=0,1,2,...
In particular the function z := w — v satisfies

(—=A)"z >0 in Bg
(=A)z>0 ondBgforO0<j<m—1.

By Proposition 21, (=A)/z > 0in Bz, 0 < j < m — 1 and the case j = 0 corresponds
w > v. Working also with —v we complete the proof of our claim.

Now it suffices to show that for p € (0, y,) we have [|e*"P"[| 1, < C(p)R*". By
Jensen’s inequality we have
/ 2P gy / o L Yog L F OOy
Br Bg
2mp 100 2R
= // |F ()le 8 T dydx
Br Br
2m
2R \m
= [ 1fl dx | dy
lx — ¥l
Bg Br
On the other hand
2mp 2mp
/( 2R )}/m /(ZR) Ym
dx < — x
lx — vl x|
Bg Br
R
2mp 2m,
= me/rzm‘l‘Tn'(zR)ny’dr
0
Ym oA 2P
= — R 2vm |
@2m 2my, — 2mp
We then conclude
/eZinpwdx < C(m) RZm
Ym — P
Bg
O

Corollary 8 Every solution u to (2) with ¢ LlloC (R?™) is smooth.
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314 L. Martinazzi

Proof Given B4(xo) C R?™, write 2m — 1)le*| Bagyy = 1+ f2 with

1AL By < Vims  S2 € L™ (Ba(x0)),
and u = uy + uy + u3, with

{ (=A)"u; = f; in By (x0)

i =Auj=---=A""u; =0 ondBs(xp)

fori = 1,2, and A™u3z = 0. Then, by Theorem 7, e ¢ [P (By(xq)) for some p>1,
while, by standard elliptic estimates up € L°°(B4(xp)) and u3 is smooth, hence u3 €
L®(B3(xp)). Then e2™* ¢ LP(B3(xp)). Write now u|Bg(X0) = v} + vy, where

(—A)"v; = 2m — 1)l in B3(xq)
vi=Av; =---= A"y, =0 ondB;3(xp)

and A™vy = 0. Then, by L”-estimates and Sobolev’s embedding theorem, v; € w2m.p
(B3(x0)) = C%¥(B3(xq)) forsome 0 < o < 1, while vy is smooth. Then u € C%% (B> (x¢))
and with the same procedure of writing u as the sum of a polyharmonic (hence smooth)
function plus a function with vanishing Navier boundary condition, we can bootstrap and
use Schauder’s estimate to prove that u € C*°(Bj(xp)). ]

3 Proof of Theorems 1 and 2

The proof of Theorems 1 and 2 will be divided into several lemmas. It consists of a careful
study of the functions v, defined in (3), and # — v. In what follows the generic constant C
may depend also on u.

Remark In general v # u, even if u is a standard solution. To see that, rescale u by a factor
r > 0 as follows:

u(x) :=u(rx) + logr.

Then u is again a solution, with the same energy. On the other hand the corresponding v

satisfies
2m — 1)! :
v(x) = 7( " ) / log (7“]| )ezm“(”)rzmdy
Ym

lx — yl
R2m
2m — 1)! ! /
— w / log (|y7|/) e2muly )dy/ = v(rx). (15)
Ym ) lrx —y'|
Rnl

That shows that after rescaling, u — v changes by a contant.
Lemma 9 Let u be a solution of (2), (4). Then, for |x| > 4,
v(x) > —2alog|x| + C. (16)

Proof The proof is similar to that in dimension 4, compare [15]. Fix x with |x| > 4, and
decompose R2™ = A; U Ay U By, where By = B (0) and

Ap =By p(x), Ay :=R\(A; UBy).
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Classification of solutions to the higher order Liouville’s equation on R2m 315

For y € A1 we have

yI= x| =Ix =yl = mzlx—yl, log al =0,
2 lx —yl
hence |
/ log ﬁezm“(”)dy > 0. (17)
Ay
For y € A», since |x|, |y| > 2, we have
Iyl 1
lx =yl = x| + 1yl < |xl[y], log > log —,
lx — I x|
hence N
/ log |x%ylez"”’(”dy > _log |x| / 2 gy (18)
Az Az

For y € By, log|x — y| <log|x| + C and, since u is smooth, we find

/ log |L||e2m“<y>dy > / log |y[e*™ ™ dy — log |x| / eMdy — C / e dy
% —
B> y B> B> B

> —log|x|/e2m“dy +C. (19)
B

Putting together (17)—(19) and observing that log ﬁ < 0, we conclude that

v(x)z(zm—l)! / log( |yl )eQmu(y)dy

Vm |x - Y|
AUBy
2m — 1)!
S @m Db / Mgy 4 C
" ArUB)
2m — 1)
> _@m = DU g x1 4+ C.

m
Finally, observing that 2m — 2)!! = 2m=1(m — 1)!, we infer

@m — DIS™|  @m - DR2ET"2m -2
Vi T @2m = D22 [(m — DIPam

[}

Lemma 10 Let u be a solution of (2) and (4), withm > 2. Then u = v + p, where p is a
polynomial of degree at most 2m — 2. Moreover

Aju(x) = Ajv(x) +pj

221 (j — D(m — 1)! e2mu(y)
= (=1 -d s
R2m

(m — j — DY$|

where p; is a polynomial of degree at most 2(m — 1 — j).
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316 L. Martinazzi

Proof Let p :=u — v. Then A” p = 0. By Lemma 9 we have

p(x) < u(x)+2alog|x| + C,
and Theorem 6 implies that p is a polynomial of degree at most 2m — 2. To compute A/ v,
one can use (49) and the definition of y;,. ]

Lemma 11 Let p be the polynomial of Lemma 10. Then

sup p(x) < 4o0.

xeR2m

In particular deg p is even.
Proof Define

f(r) :==sup p.
9B,

If supgan p = 4-00, there exists s > 0 such that

NG
m =

r—+4o00 S

00, (20)

see [13, Theorem 3.1].! Moreover |V px)| < C|x])?>"=3 hence, also taking into account
Lemma 9, there is R > 0 such that for every » > R, we can find x, with |x,| = r such that

‘ 1
u(y) =v) +py) zr® forly —x| < 5.

Then, using Fubini’s theorem,

+00
/ezmudx z 2" dodr
R2m R 3B, (0)NB,3-2m (x,)
+00 mrS
exp(2mr?)
> C/ md}" = —i—OO,
R
contradicting the hypothesis e2mu ¢ [ L(RZm), O

The following lemma will be used in the proof of Lemma 13.

Lemma 12 Let G = G(|x|) be the Green’s function for A™ in By C R" for n, m given
positive integers. Then there are constants c; depending on m and n such that for |x| = 1,
and0 <i <m-—1,

gAm—l-iG
(_1)137@) —¢ > 0.
;

Proof Since G = G(|x|), we only need to show that ¢; > 0. Fix i and let & solve

A"h =0 in By
(=A)Yh=—=1 ondB
(=AY h=0 ondB forO<j<m—1, j+#i.

! The statement of Theorem 3.1 in [13] is about z(r) := inf 3B, |p|, but the proof works in our case too.
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Classification of solutions to the higher order Liouville’s equation on R2m 317

By Proposition 21, 2(0) < 0, hence (12) implies

. aAm—l—iG
0 < —h(0) =(-1) / ——dS = cjwy.
ar
3B
O
Lemma 13 Let v : R?" — R be defined as in (3). Then
lim A" Jo(x)=0, j=1,....m—1 (1)
|x|—o00
and for any ¢ > 0 there is R > 0 such that for |x| > R
v(x) < (—2a + ¢)log |x]|. (22)
Proof We proceed by steps.
Step 1. For any ¢ > 0 there is R > 0 such that for |x| > R
2m — 1)! ,
o) < (—2a-+-§)log|x|—-54314441 L/‘log|x-—>4e2m“°’dy, (23)
Vim

Be(x)

where t € (0, 1) will be fixed later. The simple proof of (23) is very similar to the proof of
Lemma 9 (see [15, p. 213]), and it is omitted. Notice that the second term on the right-hand
side may be very large. Together with Fubini’s theorem, (23) implies

1
/ vidx < C / / Xlx—y|<z log = y|e2m“(y)dydx
]Rz’"\BR 0) R2m R2m

:C/ezm”(y) / log
R2m B (y)

dxdy

|x — ¥l

§C/¥M®@§C. (24)
R2m

Step 2. From now on, x will be a point in R with |x] > R, where R is as in Step 1. Fix
p > 1suchthat p2m —2) < 2m, and p’ = ﬁ. By Theorem 7, there is § > 0 such that if

/ e2Midy < 8, (25)
Ba(x)
then
' gy < | (26)
By (x)

with C independent of x, where z solves

(=A)"z = 2m — 1)1e¥™ in By(x)
Alz=0 on dBy(x) for0 < j <m — 1.

We now choose R > 0 such that (25) is satisfied whenever |x| > R, and claim that for such x,

/ 2mP'igy < C / 2Rl gy < Ce. 27)
B (x) B (x)
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318 L. Martinazzi

We now observe that for any o > 0,

e2mu(y)

/ 72.dy — 0 as|x|] > o0 (28)
. lx — yI%/

R“"\ B (x)

by dominated convergence; by Holder’s inequality and (27), if o is small enough,

1
i P

e2mu o 1 1
——dy < e?mPtd / —d < Cer.
/ -y = / Y -y =
Bs (x) Bo (x) By (x)
Therefore

2mu
(—AY v =C | —S—day 0, as|x| — oo
lx — y[?/
]RZm

Finally (22) follows from (23), (27) and Holder’s inequality.
Step 3. It remains to prove (27). Set h := v — z, so that

A’f’h:OA in B4(x)
Ah=Av ondBsg(x)forO0<j<m-—1,

Integrating (—A)"v = (2m — 1)!1e?™* and then integrating by parts we get
0
(-H" / B—(Am_lv)dS =Q2m—1)! / ey,
r
3B,,(x) Bp(x)

Dividing by w2, 02", integrating on [0, R] and using Fubini’s, we find

R R
/ ][ i(Am’lv)dodp / ][ i(A’“*lv(p,e))dedp
ar ar

0 3B,(x) 0 9B1(x)
Ra .
= ][/BT(A v(p, 0))dpdt
IB1(x) 0
= ][ A" Yodo — A" T (x).
dBR(x)
Similarly
R R
/ pz,},,l / MO dydp = / ﬁ / MO y 1 _y<pdydp
0 B, (x) 0 Br(x)
R
= / e / zjlildpdy
Bg(x) lx—yl g

1 1 U T )
~ @m—2) / [|x—y|2m*2 B RZ'"*Z}eM) @
Br(x)
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Classification of solutions to the higher order Liouville’s equation on R2m 319

(2m 1) Q2m—1)!

Hence, multiplying above by m—1 = Gm—2yam

and setting C

_ _ 1 1
][(—A)m Wdo = (=A)" o) = Cpy / [|x R ETE — R2’”—2i| e2m”(y)dy

dBgr Br(x)
6,Zmu(y) eZmu(y)
= Cn-1 I — y|2m72dy + a2y
lx—y|=R BRr(x)

which implies at once, setting R = 4,

][ (=A™ lds < ¢, (29)
9Ba(x)

with C independent of x. Similarly, one can show that

][ (—AYvdS<C, 1<i<m-1. (30)
B4 (x)

By Lemma 12 and by (12) rescaled and translated to B4(x) and with the function —A#h
instead of &, m — 1 instead of m, we obtain

— Ah(x) = — Z / MA"(Ah)ds
=05B4(x)
m—1
> / ci—1(=A)'hdS < C, (31)
=19B4(x)

where G is the Green function for A™ ! on B4(x):
A" G =68, AG=0, ondBs(x), forO<i<m—2.

On the other hand, since the ¢; > 0, there is some 7 > 0 such that the following holds: if
& € By (x) and G¢ is the Green’s function defined by

A" 1Ge =8, A'Gg =0, ondBy(x), forO<i<m-—2,

then also

aAm—Z—iG
75(”) <C, forne€ dBsy(x), r:=
or 4

Therefore, as in (31), we infer

0< (=1

—Ah < C on By (x), (32)

for some t € (0, 2).
On the other hand, thanks to (24) and (26),

/ htdy < / (T +|z)dy < C.
By (x) By(x)
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By elliptic estimates,

sup h < ][ h*dy 4+ C sup (—Ah) < C,
B (x) B2r(x)
Ba(x)
C independent of x, as usual. Since the polynomial p is bounded from above, we infer
u<h+p+iz| <C+lzl,

and (27) follows at once. O
Corollary 14 Any solution u of (2), (4) is bounded from above.

Proof Indeed u is continuous, u = v + p, and

lim v(x) = —oco, sup p(x) < 400,
|x]—o00 xeR2m

by Lemma 11. O

Lemma 15 Assume that |u(x)| = o(|x|?) as |x| = co. Then u = v + C. Furthermore, for
any &€ > 0 there exists R > 0 such that

—2alog x| — C < u(x) < (—2a + ¢)log x|, (33)
for|x| > R.

Proof Since v(x) = —2alog|x| + o(log|x|) at oo, if deg p > 2, we have that u(x) =
v(x) + p(x) cannot be 0(|x|2). Hence, knowing that deg p is even, we get u = v + C for
some constant C. Then (33) follows at once from Lemmas 9 and 13. ]

Lemma 16 Set g, = ¢* ggon. If u is a standard solution, then
Ry, =2m(Q2m —1).
If u is not a standard solution, then

liminf R, (x) = —o0. (34)
|x|—>+00
Proof Assume that u is a standard solution and set

u; (x) :=log i g = eZ”Angm. (35)

2X
1+ A2
Then, up to translation, u = u;, for some A > 0. Since g| = (n_l)*gszm, where 7 is the
stereographic projection, we have Ry, = 2m(2m — 1). Then consider the diffeomorphism of
R?" defined by @) (x) := Ax. Then g; = @ig1, hence Ry, = Ry o @), = 2m(2m — 1).
Assume now that # = v + p is not a standard solution. Since g2 is flat, the formula for
the conformal change of scalar curvature, in the case m > 1, reduces to

Ry, = —2(2m — e " (Au + (m — 1)|Vu|?), (36)

see for instance [21, p. 184]. Then differentiating the expression (3) for v and using that
u < C, we find that |[Vv(x)| — 0 as |x| — oo. We have already seen that Av(x) — 0 as
|x] — oo; since deg p > 2 implies

deg Ap < deg|Vpl?,
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we then have

limsup (Au + (m — 1)|Vu|?) = limsup (Ap + (m — 1)|V p|?) = +oo.

[x]—o00 |x|—00
Observing that e~ > % > 0, u being bounded from above, we easily obtain (34). O
Proof of Theorem 1 Put together Lemmas 9—-11 and 13. O

Proof of Theorem 2 (i) = (iii) is obvious, while (iii) = (i) follows from the argument of
[23].
(iii) < (iv) follows from Theorem 1.
(iv) = (ii’) = (ii). Assume that deg p = 0. Then by Theorem 1,
lim Alu(x)= lim Alp(x)=0, 1<j<m-—1.
|x|—1oo

|x|—00
(i1) = (iv). By Theorem 1, supgon p < oo and

lim Ap(x) = lim Au =0,
[x]—o00 |x|—>o00
hence Ap = 0 and, by Liouville’s theorem, p is constant.

(i) < (v) follows from Lemma 16.

(i) = (vi) Given a conformal diffeomorphism ¢ of R, @ := ' opomisaconformal
diffeomorphism of S>”. Any metric of the form g, = % ggan, with u standard solution of
(2), can be easily written as ¢*g1, for some conformal diffeomorphism ¢ of R2" where g1
is as in (35). Then

g =1 g1 = (pom) g =(mod) g =¢" 7 g = PTgg,

and clearly ¢* g is a smooth Riemannian metric on S,
(vi) = (i). Assume u is non-standard. Then u = v + p, deg p > 2. Considering that
supg2m p < 400, we infer that p goes to —oo at least quadratically in some directions. Let
=(@,...,0,1)€e S$2" pe the South Pole, and

JT:Szm\{S}—>R2m, N(é‘) — (Sls-~-7$2m)
1 + $2m+]
be the stereographic projection from S. Then
—1y* . 4
(7'[ ) gs2m = POLR2m p()(x) = m,

and

2u
e
gy = p18sam, p1i= SoeTeE C®(S2M\(S)).

Since ¢2*®) — ( more rapidly than |x|~* in some directions, we have

2u(x)

11m mf p1(€) = liminf
|x]—00 ,O()(x)

hence p; ggon does not extend to a Riemannian metric on S
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To prove (7), let j be the largest integer such that A/ p # 0. Then A/ p = 0 and from
Theorem 6, we infer thatdeg p < 2j.Infactdeg p = 2j and A/ p = Cy # 0. From Pizzetti’s
formula (10), we have

j
2m > biR¥ A p(0) = ][ 2mpdS
i=0 3By

Exponentiating and using Jensen’s inequality and Lemma 9, we infer

exp | 2m Z/:biRZiAi p0) ] < ][ e2"PdS < CRY™ ][ e?mids,
i=0 9Bg 9BR
for R > 4. Therefore
j
@(R) := R~ Lexp [ 2m > biR* A p(0) | € L' ([4, +00)),
i=0

and this is not possible if Co = A/ p > 0, hence Cy < 0. O

4 Examples

Following an argument of [7], we now see that solutions of the kind v + p actually exist,
even among radially symmetric functions, with deg p = 2m — 2, and with deg p = 2. For
simplicity, we only treat the case when m is even; if m is odd, the proof is similar. We need
the following lemma.

Lemma 17 Let u(r) be a smooth radially symmetric function on R", n > 1. Then form > 0

we have "
A"u(0) = ———————u®"(0), 37
w0 = et © G7
where the c;’s are the constants in Pizzetti’s formula, and u®™ = 3?;‘1‘ In particular
A" (0) has the sign of u®™ (0).
Proof We first prove that
1 o p2m m)
m _ m
Br(0)
Then, observing that
r2m nRZm
][ dx = , (39)
2m)! (n 4+ 2m)(2m)!
Br(0)
(37) follows at once. We prove (38) by induction. The case m = 0 reduces to u(0) = u(0).
Let us now assume that (38) has been proven fori =0, ..., m — 1 and let us prove it for m.

Since u is smooth, we have 1 (0) = 0 for any odd i, hence Taylor’s formula reduces to

m

2%
ury=>" ﬁue')(O) +o(r2mHh,
i=0

@ Springer



Classification of solutions to the higher order Liouville’s equation on R2m 323

We now divide by R?” in (13), take the limit as R — 0 and, observing that A"ty (&)
remains bounded as R — 0, we find
 F (0= I R AT©) dx
lim

lim R = ¢, A" u(0).

Substituting Taylor’s formula and using the inductive hypothesis, we see that most of the
terms on the left-hand side cancel out (before taking the limit) and we are left with

1 2m,,(2m) 0
lim —— ][(ru() + oGPty Vdx = ¢y A™u(0).

R—0 R2m 2m)!
Br

Finally, to deduce (38), observe that, ﬁfBR(O)o(rzmH)dx — 0 as R — 0, while

2m,, (2m)
ﬁ JCBR %m)!(o)dx does not depend on R thanks to (39). |

Proposition 18 For every m > 2 even, there exists a radially symmetric function u solving

Proof Setwg = log — . Then A™wo = (2m — 1)1e2"*0_Define u = u(r) to be the unique
solution to the followmg ODE

A"y = 2m — 1)le?mu

u(0) =log?2
utH)y =0 j=0,....m—1
u®1(0) = a; < wi’(0) j=1...m=2

u®mD0) = a1 < wi" " (0)

where the «;’s are fixed. We shall first see that wg > u. Set g := wo — u. Then g(r) > 0 for
r > 0 small enough, hence also A™g > 0 for small » > 0. From Lemma 17 we get

Ajg(O)zO, j=1,....m—=2; Am_lg(0)>0. (40)
We can prove inductively that A’"_jg >0,j=0,...,m—1aslongas g(r) > 0. Indeed
. Pyt
/ A gdx = / S, @)
r
Bgr(0) dBR(0)

e

hence, as long as g(r) > 0, we have 2 > 0, in partlcular 5, > 0, hence g(r) > 0 for
all r > 0 for which it is defined. From (40) and (41) we inductively infer

A" g(r) = CrPiT2,
and, since Awgy(r) — 0 as r — oo, there is rp > 0 such that
Au < —Cr¥=4, forr > o,
integrating which, we find
u(ry < —Cr*"=2, forr > ry. (42)
To estimate u from below, we use the function

wi(r) =log2 — Cir? =+ = Cpy_1r?" 2,
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where the constants C; are chosen so that
A u(0) = A wy(0).

Then we can proceed as above to prove that u — w; > 0. Hence the solution exists for all
times and, thanks to (42) and Theorem 1, it has the asymptotic behaviour

u(r) — _Cr2m—2 + 0(,,2"1—4).

[m}

Remark Observe the abundance of solutions: we can choose the (rm — 1)-tuple of initial data
(o1, ..., apy—1) in a set containing an open subset of RrR"L

In the next example we show a radially symmetric solution in R2" m > 4 even, of the
form u = v + p, with deg p = 2, thus showing that the hypothesis u(x) = o(|x|?) as
|x| — oo in Theorem 2 is sharp.

Proposition 19 Let wo(r) := log H% and letu = u(r) (r = |x|, x € R*" and m even)
solve the following ODE:

Ay — (2m _ ])!eZmu
u(0) =log?2
Wit (0) = 0 j=0,...,m—1

u® ) =wi0  j=23...,m—1

u”(0) = wg(0) — 1.
Then u(r) is defined for all r > 0 and u(r) = —Cr2+ O(logr) asr — +oo.

Proof As in the proof of Proposition 18, we can show that g := wo—u > Oandu(r) < —Cr>.
To control u from below, we use the function wi(r) = wo(r) — r2, so that redefining
g :=u — wi, we have

g'0=1, gV0)=0, j=0,1,34,....,2m—1.

and we can prove that g > 0 as before. Hence u(r) exists for all » > 0, it is non-standard
andu(r) = —Cr? + O(logr) as r — 00, as wi bounds it from below. ]

Remark Using (36), we can easily compute that in the above examples

lim R,(x) — —o0,
|x|—>o00

where g = ¢ gpom.

Acknowledgments I wish to thank my advisor, Prof. M. Struwe, for stimulating discussions and for intro-
ducing me to this very interesting subject. I also thank my friend D. Saccavino for referring me to the result
of Gorin, which we use in Lemma 11.
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Appendix
We prove here a few results used above.

Lemma 20 Assume that u : B4 — R satisfies

lAullwrpp,y < C

lullpip, < C,

Sfor some p € (1, 00). Then

||”||Wk+2,11(3,) <C.
Proof By Fubini’s theorem we can choose r > 0 with 2 < r < 4 such that

lullprop,) < Cllullip,-

Let’s now write u = u; + un, where

Au; =0 in B, Aur = Au in B,
Uy =u on dB, up =0 on dB,

By standard L”-estimates we have |luz[ly+2.p(p,) < CllAutllyyr.p(p,)- From the representa-
tion formula of Poisson

ui(x) = / ur (M (x = y)dS(y),
B,
we obtain ”ul”Ck(Bl) < Ck”u]”Ll(dBr) for every k > 0. O

Proof of Proposition 4 Let ||h| ;1(p,) < C, and let us assume n > 2. We proceed by steps.
Step 1. We show by induction on j that

|A™ = h|| oo By < C. (43)

The step j = 0 is obvious, as A™h = 0. Let us prove the step j > 1. Let

oy e | 1
2= 0 T o (|x|”*2 - (2r)”*2)

be the Green function for the Laplace operator on By, with singularity at 0. Then

A" TR(0) = ][ Am*jhdx—i—/Gz,Am*j“hdx.
9By By

By inductive hypothesis and the scaling property of G5, the last term is bounded by Cr?,
hence

A" R(0) < ][ A" hdx + Cr?,
3By,
and integrating with respect to » on [1/2, 1], we obtain

A"TTR©0) < ][ A" I hdx + C. (44)

B;
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To estimate fBz A" hdx, we use Pizzetti’s formula for & at x € Ba,

m—j—1 m
cnjA" TRy == D AR - D A h(x) + ][hdy
(=0

i=m—j+1 Bl (x)

<C

by the inductive hypothesis again, and the L'-bound on 4 and get

m—j—1
cnjA"Th(x) < = D" Ah(x) +C.
i=0

Averaging in (45) over B; and using (44), we find

m—j—1

cnjA"ThO) <= D e ][Aih(x)dx +C.
i=0 B
and its scaled version

m—j—1

cm,jAm_jh(O) < - z c;p2i—m+)) ][Aih(x)dx + Cr2u-m,

i=0 By

(45)

(46)

Consider now a non-negative function ¢ € C2°((1, 2)), with f 12 ¢(r)dr = 1. From (46), we

find

m—j—1 2

en_jA"Th(O0) = — ci/ p2=mtd) ][A"h(x)dx o(r) | dr +C.

i=0 1 By,

Each term in the sum on the right-hand side can be written as

2
o AT
C / pRmmE)=n / S—dSe(r)dr
1

Vv
0By

i—1
<C /rZ(ifmﬂ)fniaA ") ey

av
B2\ B
9 . . .
=C / |h(x)|‘a—vA'_l (rz(’_mﬂ)_"(p(lxl))‘dx
B)\B

< C][|h(x)|dx.
B

Working with —h and observing the local character of the above estimates, we obtain (43).

Step 2. Fix £ > m. We can prove inductively that

1A w2 sy < C(P).
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The step j = 0 is obvious, as AYh = 0. For the inductive step, we see that by Lemma 20
applied to A*~/1 (and a simple covering argument to fix the radii), we have

1A T Rllw2in gy < CIAA T ) |y2i-20(8y) + CIA Rl 115, < C,
S——
<C by Step 1

forevery 1 < p < 00, and the usual covering argument extends the estimate to B,. Therefore
A llw2er g,y < C(p, £), and we conclude applying Sobolev’s theorem. O

Proposition 21 Let u € C¥"(B)) such that

[eAwugc]mB] “

(=AY u<Cy ondBifor0<j<m—1
Then there exists a constant C independent of u such that
u<C inBj.

IfCy =0in (47), then u < 0 in By, unless u = 0.

Proof By induction on m. The case m = 1 follows from the maximum principle, applied to
the function v(x) := u(x) — C|x|?, which is subharmonic for C large enough. Assume now

that the case m — 1 has been dealt with and let us consider u satisfying (47). Then v := —Au
satisfies v < C in B by inductive hypothesis. Applying the case m = 1 again we conclude.
Similarly if C; = 0. O

Proposition 22 (Fundamental solution) For m > 1, set

Vi = @2, 2°" 2 [(m — DI, (48)
where wyy, = |S¥"~ 1| = % Then the function

1 1
K(x) := —log —
Ym |x]

is a fundamental solution of (—A)" in R¥™ i.e. (—AY"K = 8.

Proof The case m = 1 is well-known, so we shall assume m > 2. Set r := |x|. For radial
functions we have A = % + ”:] a%’ hence for j > 1
1 2(m — 1) 1 4jm—1—j)
_Alog; = 7’/'2 5 _ArTJ = 7]/'2]4!‘2
Then
| (G =D!m=1D! 1
—A)log—- =2¥-1 49
(=& log ] m—j—D r2 9
m—1 1 2m—3 1
(—=A) log— =27""7(m —2)!(m — 1)! 5 . (50)
r p2m=2

Given a function ¢ € C°(R?>™), we can apply the usual procedure of integrating by parts in
R2™\ B (0) using
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lim / IDKK|dS =0, 0<k<2m—2,
e—0
9B (0)
to obtain
m—1
/(—A)’”gade = lim —(pwdS
e—0 av
R2m 9B.(0)
= odS — ¢(0).
3B (0)
O
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