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Abstract  This paper presents a time-continuous portfolio selection model with loss averse
investors, who possess multiple investment goals at different time horizons. The model
assumes partial narrow framing. Investors follow a two-step approach. First, they optimally
allocate wealth among investment goals. Second, they determine an optimal investment strat-
egy for each investment goal separately. We show that when loss aversion is according to
the experimental findings, investors mainly invest their wealth to reach long-term goals and
adopt investment strategies with high leverage to reach short-term goals. The overall strategy
also display high leverage. The same patterns is observed when loss aversion is extreme
and goals are very ambitious. By contrast, when loss aversion is extreme but goals are not
too ambitious, investors mainly invest to reach short-term goals and adopt safe investment
strategies for this purpose.

Keywords Loss aversion - Risk seeking - Mental accounting - Narrow framing -
Portfolio selection

JEL Classification D10 - G11

1 Introduction

Recent studies have shown that the investment strategies of loss averse investors are very sen-
sitive to the choice of the investment horizon. Benartzi and Thaler [5] show that loss averse
investors with an investment horizon of less than one year prefer bonds to stocks, while
the opposite holds for investment horizons larger than one year. Berkelaar et al. [6] derive
the optimal strategy of loss averse investors and show that the proportion invested in stocks
strictly increases as function of the investment horizon. Finally, Dierkes et al. [16] show
that the attractiveness of investment strategies such as protective put or constant proportion
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portfolio insurance varies considerably with the investment horizon when investors possess
preferences according to cumulative prospect theory (CPT) of Tversky and Kahneman [29].

These studies assume that investors possess a fixed reference point which corresponds to
either a zero percent return level or the risk-free return. Moreover, investment strategies are
evaluated according to gains and losses at the investment horizon. These assumptions exclude
the case of investors who evaluate investment strategies according to different investment
goals at possibly different time horizons, a typical case in goal-based approaches for asset
allocation, which are quite popular in the wealth management industry [8-11,23,30].

This paper relaxes the usual assumptions on the specification of the reference point and the
investment horizon and allows for the case where investors possess different investment goals
(characterized by pre-defined target payoffs) at possibly different time horizons, which are
then used as reference points. In our model investors are loss averse and possess an S-shaped
value function on gains and losses, as in CPT.!

Investment strategies are evaluated according to gains and losses with respect to all goals.
Specifically, investors are assumed to follow a two-stage approach. First, they optimally
allocate wealth among their investment goals. Second, they derive the optimal investment
strategy for each investment goal separately from their other goals, that is, investors nar-
rowly frame their investment goals. Note, however, that narrow framing only occurs in the
second stage of the investment process, while in the first stage investors consider all goals
simultaneously. Therefore, our model only assumes “partial” narrow framing.

We show that loss averse investors with medium to high loss aversion mainly invest to
reach long-term goals. Additionally, they adopt aggressive investment strategies with high
leverage in order to reach short-term goals. The same follows when loss aversion is extreme
and goals are too ambitious (that is, the initial wealth is too low relative to the discounted
value of target payoffs). This result is due to the risk seeking behavior on losses. Risk seek-
ing behavior on losses has first been reported by Kahneman and Tversky [20]. Also active
stock traders seem to play negative-sum games, as reported by Statman [28]. Shefrin [26]
argues that risk seeking behavior on losses coupled with ambitious investment goals offers
an explanation for the observed high leverage ratios which contributed to the global financial
crises erupted in 2008.

By contrast, when loss aversion is extreme and goals are not too ambitious (that is, the
initial wealth is not too low relative to the discounted value of target payoffs), then a high
proportion of the initial wealth is invested to reach short-term goals. Consequently, the proba-
bility to reach those goals is higher relative to medium- and long-term goals, that is, investors
display a short-term perspective. Additionally, in this case, investors adopt safe investment
strategies to reach short-term goals.

The concept of extreme loss aversion merits a brief discussion. Extreme loss aversion
refers to investors, who reject any gain amount in exchange of an additional unit of loss (in
a experimental setting, it is usually observed that people tend to accept an additional unit
of loss in exchange of two-three additional units of gains). We use extreme loss aversion to
describe investors, who are mainly concerned about reaching their investment goal. Suppose
for example that an investor plan to buy the dream house worth one million dollars (target
payoff) in five years. We expect such an investor to be very averse to scenarios where her goal
is missed and to strongly prefer an investment that guarantees the target payoff almost surely.
This behavior is consistent with extreme loss aversion, but not with moderate or even high
loss aversion. Payne [24] and Diecidue and van de Ven [15] conjecture that the focus on the

1 Differently from CPT, our model does not include probability weighting. A formal analysis of the opti-
mal portfolio allocation of investors with CPT preferences can be found in Jin and Zhou [19], Bernard and
Ghossoub [7] and He and Zhou [17].
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probability to reach a target payoff is stronger when the decision problem is more complex,
as it is the case with many financial decisions. Diecidue and van de Ven [15] propose a model
of preferences where the value function has a jump at the aspiration level, which implies
extreme loss aversion. We argue that when investors’ main objective is to meet predefined
investment goals (for example, given target payoffs or benchmarks), extreme loss aversion
might arise. Indeed, in this case, it is plausible to assume that ex ante the investor is mainly
concerned about missing the target payoff, thus failing her goal. Obviously, ex post a surplus
above the target payoff is positively valued. However, if the investor would require a sur-
plus ex ante, then she would adapt her target payoff in the first place, that is, aim to a more
ambitious investment goal.

The model presented in this paper is related to the behavioral portfolio theory (BPT) of
Shefrin and Statman [27]. However, beside the fact that BPT is build on the SP/A theory
of Lopes [22], our model differs from BPT in at least two directions.? First, our model is a
continuous-time model, while BPT is a static model. This allows us to consider investment
goals at different horizons. Second, in this paper how investors’ wealth is allocated among
investment goals is determined endogenously, while in BPT this is exogenously given.

Mental accounting in a mean-variance framework has been studied by Das et al. [12]. Their
model is static and how wealth is allocated among investment goals is exogenously given.
While Das et al. [12] assume mean-variance preferences, they derive investors’ aversion to
volatility from the probability to reach a target payoff, thus in their model it is assumed that
investors focus on the probability of success. The main result in Das et al. [12] is that in their
setting, when short-sale is allowed, portfolios that follows from mean-variance analysis with
mental accounting belong to the mean-variance efficient frontier, that is, mental accounting
does not introduce inefficiency. We show that a similar result holds in our model when loss
aversion is extreme.

As we discussed above, this paper also relates to Benartzi and Thaler [5], Berkelaar et al.
[6] and Dierkes et al. [16]. Differently from these papers, here we do not address the question
about how the investment strategies of loss averse investors change with the time horizon,
but we ask the question about how loss averse investors with several investments goals (at
different horizons) allocate their wealth among them. However, the theoretical setting used
to address this question is similar to Berkelaar et al. [6].

Finally, our paper relates to Barberis and Huang [1] , Barberis et al. [4], Barberis and
Huang [2,3], and De Giorgi and Legg [13], who present consumption-portfolio models with
CPT preferences and narrow framing. In these papers it is assumed that at each point in
time investors narrowly frame single stocks, that is, investor’s utility not only depend on the
overall wealth’s distribution, but also on the payoff distribution of single stocks. Therefore, in
these papers narrow framing refers to single assets or a subclass of assets. By contrast, in our
model narrow framing refers to investment goals, which are pursued by all available assets,
and our objective is to compare payoff distributions at different horizons. We refer to Hens
and Bachmann [18, Sect. 8.6], who distinguish between mental accounting and goal-based
approach, the former being related to the case where investors narrowly frame single assets
or a of subclass of assets, while the latter occurs when investors narrowly frame specific
investment goals, as in this paper.

The remainder of the paper is structured as follows. Section 2 introduces the model and
presents the main theoretical results. Section 3 provides numerical examples to illustrate our
results. Section 4 concludes. All proofs are given in the Appendix.

2 As discussed above, our model includes two main features of CPT, that is, loss aversion and an S-shaped
value function. By contrast, SP/A theory assumes a concave value function. For a rigorous comparison of CPT
and SP/A theory, see [25].
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2 The investment model
2.1 The economy

We assume a standard, continuous-time financial market as described in Karatzas and Shreve
[21]. There are K + 1 assets with price S (¢) at time # for k = 0, ..., K. The zero-th asset
is a risk-free asset So(7):

dSo(t) =r(t) So(t) dt (1)
where r () is the interest rate process. The remaining assets are risky and follow an Ito process

K

dSi(t) = p(t) Sty dt + S () D ou()dBi(t), k=1,....K (@)
I=1

with drift rates ui(-) and volatility components oy;(-). The processes r(-), u(-) =
(u1, ..., mg) and o () = (ok)k,1=1,..,x are progressively measurable with respect to the
filtration generated by the K -dimensional Browniam motion B = (By, ..., Bg) and satisfy
the usual regularity conditions [21, Definition 1.3].

We assume a complete market. This is the case when the volatility matrix o (¢) has full
rank for all # and there exists a K -dimensional progressively measurable process « such that
o(t)k(t) = pu(t) — 1r(¢) almost surely for all z, where 1 is a K-dimensional vector of 1.
Under market completeness, there exists a unique pricing kernel &:

1

1
1
£(1) =exp —/(F(S)+§ IIK(S)IIZ)dS—/K(S)’dB(S) : 3
0 0

« is called the market price of risk process. The pricing kernel satisfies the following dynam-
ics:

B rtydi — ) dB@), EO) = £ = 1.

&

2.2 Investor’s preferences

The investor possesses J different investment goals, which can be characterized by target
payoffs W j the investor wants to obtain at time 7, for j = 1,...,J 3 At time 7 she allo-
cates a fraction w;(z) of her wealth W(z) to goal j and chooses goal-specific portfolios
Aj() = (Aj (1), ..., 1 k(1)) where A ¢ (¢) is the fraction of wealth W; (1) = w;(r) W(r)
allocated to the asset k at time t. We put Wo = W(0) and w; o = w;(0). The wealth dynamics
for goal j is given as follows:

dW;(t) =r@t) Wi@)dt + (u@t) — 1r(0) Aj @) Wit)dt + o (t)'x;(t) W;(t) dB(1),
W;(0) = wj o Wo.

3 Target payoffs are assumed to be exogenously given and fixed. However, we could easily extends our model
to allow target payoffs to be endogenous and stochastic. For example, if the target wealth for goal j is the value
attime T; of a benchmark portfolio A, (), then we simply take the difference W (t) — W, () where W (7) is
the wealth level at time  obtained when the initial wealth W; (0) is invested in A (¢). Since W; (1) — Wy (1)
also follows an Ito process, we can apply the same technology to extend our model to the case where target
payoffs are endogenous and stochastic; see [19].
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Therefore, the terminal wealth available for gaol j at the horizon T is stochastic and
given by W; (7). The investor derives utility from each goal separately at the corresponding
horizons 7. This implies that the covariances between goal-specific portfolios are ignored
and wealths W;(T;) are fully consumed at time 7, even if the investor is not able to reach
her goal (W;(T}) < Wj) or there exists a surplus (W; (T;) > W.,-). In our model we will see
that in case W;(T;) < Wj, then W;(T;) = 0, that is, there is nothing to consume relative to
goal j when goal j is not reached.

The choice function for goal j is equal

Vi(W; W;) = / vj(x = W;j)d(Fw(x)) “4)

—0o0

where v; (x) is the piecewise-power value function

IB+ xo‘j, x >0,
vjx) = [ _Jﬂf (—x)%, x <0, ©

with ﬂj_ > ﬁ;.r > 0and o; € (0, 1). Fy denotes the cumulative distribution function of the
random payoff W.

The value function v; is S-shaped as in CPT. The two parameters ,3;' and ,Bj_ characterize
loss aversion, which is measured by the parameter 8; = ,817 / ,BJJT, which we call the degree
of loss aversion (see also [6]). We say that an investor is extremely loss averse for investment
goal j when 8; — oo, that is, ﬂ;r — 0 and ﬁj_ > (. Extreme loss aversion occurs when
the investor does not obtain any positive value for being above the target wealth of gaol j,
but only a negative value for being below it, that is, she is only concerned about reaching the
investment goal, as discussed in the Introduction.

2.3 Investor’s decision problem

Given her preferences as described in the previous section, the investor determines at each
time ¢ how to optimally split wealth among the different investment goals and, additionally,
how to optimally invest the wealth amounts allocated to the different investment goals. She
solves the following decision problem:

J

) 25 Livi(Wi(T)); W))
(O m)

suchthatfor] =1,...,J
dW;t) =rt) Wit)dt + (u(t) — 17(1)) Ay Wi@)dt +o(t) ’A.,-(t) W;(t)dB(t)(6)
W) =0, 1 €0, T;],

J
> W) =
j=1

The constant § > 1 is the discount factor and characterizes the investor’s time preferences,
that is, her preference for immediate consumption relative to consumption far in the future.

We apply martingale methods and rewrite the dynamic decision Problem (6) as a static
one:
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such that
E[&(T) Wi(T))] < & wj,o Wo,
Wi(Tj))=0,wj0=>0, j=1,...,J, @)
J
ij,o <.
j=1
The vector wy = (w0, - - ., wy,0) corresponds to the wealth’s shares at time ¢ = 0. At time

t = 0 the investor decides how to split wealth among the J investment goals. Consequently,
she allocates W;(0) = w; o Wy to goal j, which corresponds to the budget constraint for this
goal. Initial wealth shares and the corresponding goal-specific terminal wealths determine
the investor’s global value she obtains from the J different investment goals.

Since the objective function is additively separable among the various investment goals,
we can solve Problem (7) in two stages (see [14]). First, for a given vector of initial wealth
shares wo = (w10, ..., ws0), we solve for each investment goal j the following goal-spe-
cific problem:

max E[v;(W;(T;)— W)
amax E [v; (W (T) = W]
such that

E[&(T) Wi(T))] < & wj,o Wo, (8)
Wj(Tj) > 0.

The optimal terminal wealths obviously depend on wq since wealth shares at time O define the
budget constraints for all investment goals. Second, given optimal terminal wealths W;(Tj)
for all goals as function of wg, we find the optimal vector of shares wg that maximizes the
investor’s value function:

J
max s T ]E[vj(W;(Tj) —Wj)]
1

W10, WJ,0 4
]:

such that
w‘/',OZOvjzlv"'v‘l (9)

J
ij,() < 1.
j=0

We point out that in our model, goals’ specific portfolios are somehow related, even if the
portfolio decision problem for each goal does not directly account for the investment strat-
egies of the other goals. This can be seen as follows: if one goal is very ambitious or very
important so that it is optimal for the investor to put a high proportion of her wealth on it, then
less wealth will be available for other goals and the investors might use aggressive investment
strategies (given her risk seeking behavior on losses) for them. Therefore, the investor might
finally end up with aggressive investment strategies for almost all goals, while she safely
invest to reach few important goals.

The following Proposition, which essentially corresponds to Proposition 1 in Berkelaar
et al. [6], gives the solution to Problem (8):
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Proposition 2.1 Let wy = (w10, ..., wy) be a vector of initial wealth shares. Then for
j =1,...,J the optimal terminal wealth for investment goal j is given by:
1/(aj—1)
y/ E(T ) . . *(y .
o, FET)) = £20y)).

where S;(yj) solves gj(S;(yj),yj) = 0 and y; > O satisfies E[S(Tj) W;‘(Tj)] =
& wj,0 Wo. The function g; is defined as follows:

—aj

1 _//(1 aj) 1 ) . i
gj(x,y) = (y—x) BF a9 —Wyx+ 87 WY (D)

aj
where x,y > 0.

Optimal terminal wealths W}'(Tj) present the following characteristic. In good states of
the world at time T; (§(T;) < .§]f (y;)) the investor is able to reach her investment goal w i

In this case there is a strictly positive surplus (,Bj+ a;/(y;i&i(T)))) 1/(=e}) which increases as
&;(T;) becomes smaller. By contrast, in bad states of the world at time 7; (§(T;) < S;(y i)
the investor fails to reach her goal and her terminal wealth for this goal is zero. The prob-
ability of beating the investment goal corresponds to the probability that £(T;) < &*(y;).
We will provide an explicit expression for this probability under further assumptions on the
dynamics of the pricing kernel &;.

In order to derive optimal initial wealth shares wg, we need to understand how W*(T )
depends on wy. For sake of simplicity, we drop the index j in our discussion below, smce the
results apply to all investment goals. When it is not confusing we denote by wy the wealth
share allocated to one specific investment goal. The following Lemma provides an explicit
characterization of £*(y).

Lemma 2.1 Let x,y > 0 and g : Ri — R be defined as in Eq. 11. Then for y >
0, g(x, y) = 0 possesses a unique solution £*(y) = a/y where a > 0 solves:

I-e ;aa*“/“*“) BT/ g W+ g~ W* =0. (12)

We now impose additional conditions on the dynamics of the pricing kernel &;. We assume
that the interest rate process r, the drift process 1 and the volatility matrix o are constant.*

Letm = —(r + (1/2) ||«| 12) and s2 = ||«||. Then &(T) is log-normally distributed with
parameters mr = m T and s = s V/T. Under these conditions, we can easily determine
the probability of reaching an investment goal at the time horizon 7', which corresponds to
®((log(E*(y) — mr)/sT)). We also obtain an explicit characterization of the parameter y
which satisfies the budget constraint for W*(T') in Prosition 2.1.

Lemma 2.2 Let W*(T) be the optimal wealth from Proposition 2.1. Then y > 0 solves
E [£(T) W*(T)] = & wo Wo
if and only if y > 0 solves h(y) = wq where:

_ _ 2 1 _L 2
h(y):b(b(log(a/y) mr sT)+cyozl—1(I)(0g(a/y) mr — 2% T). (13)
ST

ST

4 This assumption is for simplicity of the exposition. Our analysis could be easily extended to the case where
r, i and o are time-varying and deterministic.
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The constant a > 0 solves Eq. 12 from Lemma 2.1. Additionally, b=% exp(—rT) and
I (gt )T amp 1 st
=&we (Bt a) exp | S2F+2 i )

The function # is strictly decreasing. Therefore y decreases as the initial share allocated
to one investment goal increases. Consequently, £* becomes larger, that is, the probability
of reaching the investment goal is higher as more wealth is allocated to that investment goal.
Moreover, for y and B~ fix, h(y) strictly increases as j * increases, that is, as loss aversion
decreases. Consequently, y decreases with loss aversion, that is, as loss aversion increases,
the probability of reaching the investment goal increases, but the surplus becomes smaller.
The probability of reaching the investment goal is therefore maximal when 8 = 0, which
implies extreme loss aversion.

When h(y) = wyg possesses a solution, then it is unique since 4 is strictly decreasing. For
BT > 0, h(y) = wy possesses a solution for all wgy. However, for 87 = 0, h(y) = wq can-
not be solved for wy > b since h(y) € [0, b] for all y > 0. For the case 8+ = 0 we impose
some further conditions on b when we solve for the vector of wealth shares (w0, ..., ws0)'.
If 7 = 0 and wy < b, from Eq. 13 we obtain an explicit solution for y as function of wy:

Corollary 2.1 Let h be as given by Eq. 13. Let BT = 0 and wy < b. Then h(y) = wy if and
only if
y = a exp (—sT o (wo/b) —mp — s%) , (14

w
&0 Wo

where b = exp(—rT).

Note that for B+ = 0, the optimal terminal wealth W7 does not depend on 7. Indeed,
B~ only enters into £*(y) through the constant a. However, since £*(y) = a/y we have
£*(y) = exp (s7 @' (wo/b) + mr + s%), which is independent from a. More generally,
the following result holds:

Corollary 2.2 The optimal terminal wealth W*(T) depends on B and B~ only trough the
ratio B~ /BT, that is, the degree of loss aversion.

The following Lemma gives an explicit characterization of the optimal utility level
E [W*(T)] as function of y:

Lemma 2.3 We have E[W*(T)] = k(y) where

2
1 - log(a/y) — mr + +-L
k(y)=W<I>(70g(a/y) mT)+dyﬁ<1> gammmrtza) )
ST ST
1 2
The constanta > 0 solves Eq. 12 from Lemma 2.1 and d= (ﬂ+ oz)m exp (;”%-i—% (aiTl)z).

The function k is continuous, strictly decreasing and limy,_, o k(y) = 0.
Note that
k(y) =& Woexp(rT)h (y exp(—s%)) ,

where 4 is defined in Lemma 2.2. We now rewrite Problem (9) as follows. Optimal wealths
Wi(Ty), ..., Wy(Ty) are given by Proposition 2.1 where y; = h_l(wj,o) forj=1,...,J
and wo = (w10, ..., wso) solves
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Fig. 1 Budget function A from Lemma 2.2 (full line) and its approximation ¢ y =1 (dashed line) for 7 =

1,1.5,2.25 and B~ = 2.25 (that is, the degree of loss aversion is § = 8~ /BT = 2.25, 1.5, 1, respectively).
We assumed o = 0.88, T'= 10, r = 0.03, § = log(r) and k = 0.2

J
—T; . (1 . 2
wlgﬁ;@)/yozs 7 exp(r Tj) hj(h7 ! (wj0) exp(—s7,))

such that
wjo>0forj=1,...,J,

J
ijy() =1.
=1

(16)

In general, Problem (16) must be solved numerically, since no explicit expression for ht

. N . . . J
is available. We present some numerical exercises in Sect. 3. Note, however, that for y > 0
large enough and y ~ 0, we have

1

hj(y)~cjy“!
1 + ﬁ ojmy; 1 0‘,2' S%j . . .
where ¢; = &Wo (ﬂj o j) 7 exp w1 taa, e . This approximation also holds
for all y > 0 when /3;7 is large enough (or, the degree of loss aversion 8; = ,Bj_ / ,Bj_ is small

enough) and the discounted value of the target wealth W j exp(—r T;) is not too high relative

to the initial wealth; see Fig. 1. In this case, for the term in the objective function of Problem
(16) corresponding to goal j we obtain

5771 exp(r Tj) hj(h ' (w).0) exp(=s7,))

~wiodl exp(rT;) ex ! 52
J.0 p J p l—Olj T;

2
= wj exp (Tj (r—log((S)—i- lja-))'

J
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As long as this approximation holds for all j, the optimal solution to Problem (16) is to set

that is, the investor only invests to reach goal j*. Inspecting the formula for j*, we see that
Jj* does not depend on the degrees of loss aversion (as long as these are moderate for all
goals) and also not on the target wealths for the investment goals. Moreover, goal j* is the
one with the largest horizon when the parameters o; (which determine the degrees of risk
aversion/seeking) are similar among investment goals, and the logarithm of the discount rate
8 is not extremely high relative to the risk-free rate of return r. By contrast, when «; is
significantly lower for long-term goals compared to short-term goals or the logarithm of the
discount rate is extremely high compared to the risk-free rate of return, then the investor will
only invest to reach short-term goals.®> These latter conditions do not seem to be realistic and
we thus expect that in general goal j* corresponds to the long-term goal. We come back to
this in Sect. 3.

To conclude this subsection we report the full dynamics of optimal wealths and optimal
strategies for all investment goals and at any time ¢ € [0, 7], as derived in Berkelaar [6,
Proposition 5]:

Proposition 2.2 The optimal wealth W(t) for investment goal j and at time t € [0, T}]
corresponds to

W) =Wie T @ (di*(y)). T)))

) 1/(aj—1)
+(yj ) T @ (dr(E* (), T))) {17

+
/3]‘ aj

where

log(&/&(1)) + (r — A |IkII>) (T — 1)

di(§,T) = , (18)
el VT —1t
VT —t
(&, T)=di1 (5, T) + |kl T (19)
-« 1 1 a )
e, 7)y=— (1+-1klP) T—0+5 (—) IkIP(T-0. (0
o 2 2 \1—«a
The optimal wealth share for goal j at time t € [0, T;] is given by
W (t)
wi(t) = =
iz Wi (@)
and w;(t) =0fort > T;.
5 For example, for 71 = 1 and 7> = 5 and r = log(d) one needs to have o < 1 — 5(1 — 1) to invest

100% of his wealth in the short-term goal 1. On the other hand, when @1 = «p = «, one needs to have
log(8) > r + sz/(l — «) in order to invest 100% of his wealth in the short-term goal 1. With « = 0.88, as
calibrated by Tversky and Kahneman [29] and s = 0.2 this implies log(8) > r + 0.3.
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The optimal strategy Aj(t) = (Aj1,...,Aj k(1)) for investment goal j at any time
t € [0, Tj] corresponds to

@)k WieT" TimDg (di(&* (y)), T)))
HO) e |1/ (T = 1)

@)t (360N pon (€ 0T | O@E G T)
wio \\ 67 el /T — 1) —a

)\.j(l)=

€2y

where ¢ = @’ is the density function of the standard normal distribution.

2.4 Optimal wealth shares with extreme loss aversion

We now consider investors who display extreme loss aversion, that is, ,B]’.L = O forall j. In this

case Problem (16) is analytically tractable since we have an explicit expression for h;l. As
discussed before, extreme loss aversion describes investors who are mainly concerned about
reaching their investment goals, while a surplus above their target wealth does not deliver
any additional value to them. In our numerical exercises for the case ,B;r > 0 (see Sect. 3),

we found that all results for ﬂj between 0 and 0.1 are almost identical to the case /3].+ =0.

Therefore, we interpret extreme loss aversion as when the degree of loss aversion i /B f is
higher than 10. -
When /3]4+ = 0 for all j, we can prove the following proposition:

Proposition 2.3 Let ,B;T =O0forall j. Letb; = Wj exp(—r T;)/(§o Wo) and assume that
ZJJ':1 bj > 1. Then

1 1 1.2 .
Wy = bjd><—a log (Eo‘{’Vo) ~ 5 (Tj log(8) —r Tj + iST_,)) ifv >0,

by, else,
I
where v solves 35 w} o = 1.

The condition Z}J:l bj > 1 is equivalent to ijl Wj exp(—r Tj) > Wy, that is, the
discounted value of all target wealths must be larger than or equal to the initial wealth. If the
discounted value of all target wealths is strictly larger than the initial wealth (Z,J':1 bj >1)
then we have v > 0 and the investor invests some of her wealth into the risky assets. There-
fore, in this case, the volatility of the market price of risk s and the inter-temporal discount
factor § enter into the expression for wealth shares w;’o. If> j=1 w j exp(=rT;) = Wy,
then v < 0 and the investor can reach all investment goals with probability one by simply
putting all her wealth into the risk-free asset. Therefore, in this case, w;’o simply corresponds
to b, that is the ratio between the discounted value of the target wealth for goal j and the
initial wealth.

The ratio b; can be interpreted as a measures of how ambitious an investment goal is rel-
ative to the initial wealth. Obviously, we expect investors with extreme loss aversion to put a
higher proportion of their wealth into goals with a higher discounted target wealth. Indeed,
as we discussed above, if the initial wealth is high enough, then using the risk-free strategy
will ensure that all investment goals will be reached with probability one, and investors put
a higher proportion of their wealth into goals with higher ;. However, when Z;zl bj >1,
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the risk-free strategy causes investors to fails some of their investment goals with probability
one. Therefore in this case investors might prefer having some risky assets into their port-
folios and optimal wealth shares will then deviate from b;. We also point out that when the
risk-free strategy fails, then wealth shares w* o are strrctly smaller than b; for all investment
goals. This means that investors decrease the proportion of wealth put mto goal j relative to
b; for all investment goals, that is, instead of using the risk-free strategy for some goals and
risky strategies for others, they prefer to invests into risky strategies for all investment goals.
This is due to their risk-seeking behavior on losses.

The question now is how investors decide to split their wealth among investment goals
when the risk-free strategy fails. In other words, on which goals do investors take more risk
and put less wealth if we also account for how ambitious an investment goal is? In order
to take into consideration the importance of one investment goal relative to the others, we
consider the ratio w* .0/bj, which only depends on the characteristics of the market and the
time horizon. We therefore analyze how the ratio w* ;/b; changes as function of the time
horizon. The results are reported in the following corollary, which directly follows from
Proposition 2.3.:

Corollary 2.3 Let v > 0 such that ZJJ: | w;’O = 1 and w7,0 is given in Proposition 2.3.

Then
w, 1 ) 1 1
Js 2
L ——1 - T log(8) —rT; +
bj ( ST; Og(éo Wo) ST; ( 8@ =71 2STj))

and the following holds:

(1) Ifr —log(d) — %sz < 0, then the ratio wj0/b; is maximal for

oA _IOg(So]{’Vo)
N _r—log(é)—%sT

~
Noe

increasing for T; < YA“J- and decreasing for fj > Tj with limy; 00 w;,o/bj =0.
(2) Ifr —log(d) — %sz > 0, then the ratio wj o/b; is minimal for

—log (m)

Ti=T=— 070
! Ty —log(8) — %sz

strictly increasing for T; > fj with limr; o w?o/bj = 1, and strictly decreasing for
TJ' < fj.

(3) If r —log(é) — %32 = 0, then the ratio wjo/b; is strictly increasing for all T; if
log (v/ (& Wo)) > O, strictly decreasing for all T; if log (v/ (&0 Wo)) < 0 and constant

if log (v/ (5o Wo)) = 0.
(4) Moreover,

w I, ifv<W,
lim # =10.5, ifv =W,
Tj=0 bj 0, ifv> Wo.

We define the wealth ratio WRy = Wy/ ij-zl W.,' exp(—r T}) as the ratio between the
initial wealth and the discounted value of all target payoffs. Before we discuss Corollary 2.3,
we briefly present here how W Ry is linked to v. First, we notice that 1/ WRy = Zle bj.
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Therefore, when W Ry = 1 then also ij-zl bj =1, and all investment goals can be reached
with probability one by simply adopting the risk-free strategy for all goals. When W Ry is
smaller than 1, then Z{:l b is larger than 1 and optimal wealth shares differ from b;. If

W Ry is very small, then v must be very large in order to have ij-zl w;,o = 1. Indeed, w;,o
strictly decreases with v and a large v is required in order to satisfies Z,J‘=1 w;,o = 1 when
Z]J 1 bj is much larger than 1. On the other hand, when W Ry is slightly smaller than 1, then

Z] 1 bj is slightly higher than 1 and a small v > 0 is sufficient to have Z] 1 wj o= 1L
Therefore, whether v is large or small depends on how ambitious the investments goals are
relative to the initial wealth, that is, on whether the wealth ratio W Ry is very small or near
to 1. We now use this observation to discuss Corollary 2.3.

The quantity r — log(8) — (1/2) s? can be written as — [—(r + (1/2) s?) + log(8) + s2],
where —(r 4+ (1/2) s2) is the growth rate of the pricing kernel, s2 its volatility, and § is
the inter-temporal discount factor. Therefore, r — log(§) — (1/2) s2 s negative (positive),
when the pricing kernel displays small (high) absolute growth rate, high (low) volatility, and,
additionally, the inter-temporal discount factor is high (small). When these conditions hold,
long-term investing appears less (more) attractive. The results in Corollary 2.3 are consistent
with this observation, as will become clear from the following discussion.

Let us first consider the case r — log(8) — (1/2) s2 < 0, that is, long-term investing is
less attractive. When the wealth ratio W Ry is small enough such that v is larger than Wy,
then log(v/ (&9 Wp)) is strictly positive and an intermediate horizon f j exists where the cor-
responding ratio w;,o /b; is maximal, while it decreases as the horizon increases. Note that

f’ can be large when W R is very small, that is, when the initial wealth is very small relative
to the discounted sum of target wealths the ratio w* .0/bj is maximal for a long-term goals.
On the other hand, when W Ry is slightly smaller than 1 such that v is smaller than Wy,
then log(v/(&n Wp)) is strictly negative and the ratio w? ho /b strictly decreases with the time
horizon. This means that in this case w;‘,o /b; is maximal for very short-term goals, while
it is small for long-term goals. Summarizing, when long-term investing is less attractive,
investors put a higher proportion of their wealth (after accounting for how important the goal
is) to long-term goals when the initial wealth is very small relative to the current value of
target payoffs (goals are too ambitious), while they put a higher proportion of their wealth
into short-term goals when goals are not too ambitious.

Let us now consider the case r — log(s) — (1/2) s2 > 0, that is, long-term investing is
more attractive If WRy is small enough such that v > Wy and log(v/(§y Wp)) is strictly
positive, then T is negative, that is, the ratio w* (o/bj strictly increases with T;. Itis therefore
maximal for very long-term goals. On the other hand when W Ry 1s shghtly smaller than 1
such that v is smaller than W and log(v /(&0 Wp)) is negative, then T is positive. Therefore,

there exists an intermediate horizon T where the ratio w .0/bj is minimal, while it strictly

increases for T; > Tj. Moreover, when v < W, the ratlo is also maximal equals to 1 at
T; = 0. Summarizing, when long-term investing is more attractive, the ratio w;‘o /b; is max-
imal for very long-term goals and, when goals are not too ambitious, also for very short-term
investment goals. Table 1 summarizes the results in Corollary 2.3.

How does the investment strategy just discussed impact the probability of reaching the
investment goals? The answer to this question follows directly from Proposition 2.3, Propo-
sition 2.1 and Corollary 2.1, and is given in the following corollary:

Corollary 2.4 Let v > 0 such that ZJJ‘:1 w;’o = 1 and w;,o is given in Proposition 2.3.
Then
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Table 1 Time horizon 7; for which the ratio w}f o/bj is maximal, as function of 7 = r —log(8) — (1/2) 52
and the wealth ratio WRy = W/ Z]J':1 Wj exp(—r 7). We have ij = —log (v/(& Wo)) /m

Wealth ratio (W Rg)

Small High

(v > Wp) (v < Wp)
n <0 Aj 0
n >0 00 0 and oo
n =0 00 0

~log (T)Uwo) — T log(®) +7 Tj + % 53,

STj

Pi(Tj)) =P [W;(Tj) > Wj] —d
and the following holds:

(1) Ifr —log(d) + %sz < 0, then P;(T}) is maximal for

—log (501;"’0)
r —log(8) + %527

T, =

P

increasing for T; < fj and decreasing for T; > fj, with limz; o0 Pj(T}) = 0.
(2) Ifr —log(d) + %sz > 0, then P;(T}) is minimal for

—log (EOLWO)

Ti=T =— "%/
L~ log(8) + 152

decreasing for T; < f‘j and increasing for T; > fj with limy, .00 Pj(Tj) = 1.
(3) Ifr —log(é) + %52 =0, then P;(T;) is constant as function of T}.
(4) Moreover,

I, ifv<W,
lim Pj(Tj) = 05, l.fl) = W(),
Une 0, ifv>W.

The quantity r — log(é) + (1/2) s2 can be written as — [—(r + (1/2) )+ log((S)]. Thus
r — log(8) + (1/2)s? is negative (positive) when the absolute growth rate of the pricing
kernel is small (high) and the inter-temporal discount factor is high (small). If the absolute
growth rate of the pricing kernel is small, bad states of the world are more likely to occur.
Therefore, the probability to reach an investment goal decreases, especially for long-term
goals. On the other hand, if the absolute growth rate of the pricing kernel is large, good
states of the world are more likely to occur and the probability to reach an investment goal
is higher, especially for long-term goals. Finally, we also see that when the initial wealth is
high enough, (very) short-term goals will be reached almost surely. This is due to the fact
that for very short horizons wealth shares almost corresponds to b; (the risk-free strategy),
as reported in Corollary 2.3. Table 2 summarizes these findings.

We conclude this section with a brief discussion on whether goal-based investing is inef-
ficient from the perspective of an investor who add up the different investment goals and
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Table 2 Time horizon T; for which the probability to reach the investment goal is maximal, as function
of np = r —log(é) + (1/2)s2 and the wealth ratio WRy = Wy/ ij':l Wj exp(—r T}). We have f’j =
—log (v/ (50 Wo)) /m2

Wealth ratio (W Rg)

Small High

v > W) v < Wp)
n <0 f, 0
n >0 o0 0 and oo
m =0 oS 0

derive utility from total wealth. We restrict ourselves to the case where all investment goals
have the same time horizon, as in Das et al. [12]. In this case we find that goal-based investing
delivers the same optimal terminal total wealth (and investment strategy) as when investors
consider a unique goal with target wealth equals to the sum of goals’ specific target wealths.
This result is reported in the following corollary.

Corollary 2.5 Let ﬂ;‘ =0forall jand T; =T for all j. Then the optimal terminal total
wealth is

S WL ifE(T) < E*(y)
0, fET) =& ()

where £*(y) = £*(y;) is independent from j. This corresponds to the terminal wealth for a

W*(T) = [

unique investment goal with time horizon T and target wealth Zj]: 1 w j-

Corollary 2.5 implies that, when all investment goals possess the same horizon, goal-based
investing is not inefficient from the perspective of extremely loss averse investors who add
up the different investment goals and derive utility from total wealth. This result is similar
to that reported by Das et al. [12] for the case of goal-based investing with mean-variance
preferences.

3 Numerical examples

To illustrate the implications of the model presented in the previous section, we derive the
optimal investment strategy for an investor with preferences according to Eq. 4 and multiple
investment goals at different horizons.

We assume that the investor has three investment goals at different time horizons. We
assume that Wj = $50, 000 exp(r T;) for j = 1,2,3 where Ty = 1 year (short-term),
T, = 5 years (medium term) and 73 = 20 years (long-term), that is, all investment goals
have the same discounted value equal to $50,000. Under this assumption, the parameters b
from Proposition 2.3 are identical for all investment goals and thus wealth shares are not
affected by the how ambitious an investment goal is relative to the others.

We specify the investor’s preferences assuming B; =2.25and oj = 0.88 for all j =

1,2,3 and § = exp(r), where r is the risk-free rate of return, while ﬁ;.r is not fixed and will

determine the degree of loss aversion f; = g,/ ,B;F. In our numerical examples we further
assume that there is one risky asset, that is the market portfolio, with drift x4 and volatility o.
The Sharpe ratio corresponds to x = (u —r)/o.
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Fig. 2 Optimal wealth shares at time ¢ = 0 as function ﬁ;’ (loss aversion parameter), when the investor has

three investment goals with same discounted value at time ¢ = O (that is, w jexp(=rTj) = $50, 000 for
all j) at horizons 1 year (full line), 5 years (dashed line) and 20 years (dotted line). Investor’s preferences are
characterized by /3]7 =2.25,ando; = 0.88 for j = 1,2,3. We have r = 0.03, 0 = 0.2 and x = 0.2, which
imply an equity premium of 4%. The wealth ratio WRy = Wy/ Z?: 1 w j exp (—r T;) corresponds to 0.4
(left panel) and 0.75 (right panel)

When ﬂf # 0 and the degree of loss aversion §; = ,Bj_ / ,8;' is in the range of two-three
for all j, as calibrated by Tversky and Kahneman [29], we see that the investor optimally
puts almost all her wealth in the long-term goal. This happens also if the degree of loss
aversion is much higher for the short-term goal than for the long-term goal. This result in
now clear from our discussion in Sect. 2, where we showed that for moderate loss aversion
the investor puts all her wealth in a unique goal and this corresponds to the long-term goal
under realistic assumptions for the preference parameters. Figure 2 displays optimal wealth
shares as function of 8 ,Jf, under the assumption that 8 ;=225 for all j. For ﬂ}“ in the range
from 0.6 to 1, which implies a degree of loss aversion from 2.25 to 3.75, almost all wealth
is invested in the long-term goal. This result is robust with respect to different values for
the wealth ratio (0.4 in the left panel and 0.75 in the right panel). It follows that in case that
the degree of loss aversion is in the range two-three, the overall investment strategy almost
corresponds to the long-term investment strategy, as shown in Fig. 3.

We now discuss the case with ,B;r = 0 for all j, that is, the investor displays extreme

loss aversion. As we see from Fig. 2, wealth shares are almost constant as function of ,BJJT

for ,Bf € (0,0.1). We found this in all our numerical exercises. Thus /3}' = 0 can be seen

as a good approximation for the case 8’/ ,8;“ > 10, that is, the degree of loss aversion is
higher than 10. Figure 4 shows optimal wealth shares at time 0 as function of the wealth
ratio WRy = Wy/ Z§=1 Wj exp(—r T;). We assumed r = 0.03, o = 0.2, while « takes
values 0.2 (left panel) and 0.4 (right panel), which imply an equity premium of 4% and 8%,
respectively. With 7 = 0.03 we have W1 = $51, 523, W, = $58, 092 and W3 = $91, 106.
When the wealth ratio is small (that is, goals are too ambitious), the investor puts the largest
proportion of her wealth to the long-term goal. However, as the wealth ratio increases (that
is, goals are less ambitious) the investor mainly invests to reach short-term goals, that is, the
probability to reach this goal is significantly higher, as shown in Fig. 5. We also see that when
the wealth ratio is small, the probability to reach the long-term goal is higher. By contrast,
in this case, the probability to reach the short-term goal is small, and the investor adopts
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Fig. 3 Optimal proportion of risky assets at time # = 0 as function ﬂ+ (loss aversion parameter), when the

investor has three investment goals with same discounted value at time t+ = O (that is, W exp(—rTj) =
$50, 000 for all j) at horizons 1year (full line), 5years (dashed line) and 20 years (dotted line). The red
line gives the total allocation to the risky asset. Investor’s preferences are characterized by g; = 2.25, and

a; =0.88 for j = 1,2,3. We have r = 0.03, 0 = 0.2 and ¥ = 0.2, which imply an equity premium of 4%.
The wealth ratio W Ry = Wy/ Z?:l W.i exp (—r T ;) corresponds to 0.4 (left panel) and 0.75 (right panel)
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Fig. 4 Optimal wealth shares at time r = 0 as function of the of the wealth ratio WRy =

Wo/ 23,1 W' exp (=7 T}), when the investor has three investment goals with same discounted value at
time 7 = O (thatis, W exp(—r T;) = $50, 000 for all j) at horizons 1-year (full line), 5 years (dashed line)
and 20 years (d()tted lzne), Investor’s preferences are characterized by ﬂJ.r =0, B; = 2.25 (extreme loss

aversion) and «; = 0.88 for j = 1,2,3. We have r = 0.03, 0 = 0.2. We have k = 0.2 (left panel) and
k = 0.4 (right panel), which imply an equity premium of 4% and 8%, respectively

aggressive investment strategies for all investment goals, as shown in Fig. 6. Moreover,
short- and medium-term goals displays a high leverage and this is true also for the overall
investment strategy. We also note that these results do not qualitatively depend on the equity
premium.

Figure 7 shows the optimal wealth shares as function of the equity premium. We fixed the
volatility o = 0.20 and the wealth ratio takes values 0.40 (left panel) and 0.75 (right panel),
which correspond to Wy = $60, 000 and Wy = $112, 500, respectively (the discounted

@ Springer



220 Math Finan Econ (2011) 5:203-227

o | e ]
5 - 5 -
3 3
o X o X
£ ° £ °
2. £,
§ 9] s °]
®© ®©
(0] (0]
o < o <
B o B o
2 2
3 o 3 o
S o S o
Q Q
o o | o o |
°© T T T T T °© T T T T T
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Wealth Ratio Wealth Ratio

Fig. 5 Probability of reaching the investment goals as function of the of the wealth ratio WRy =
Wo/ 23: 1 w j exp(—r T}), when the investor has three investment goals with same discounted value at
time ¢t = O (that is, Wj exp(—rTj) = $50, 000 for all j) at horizons 1-year (full line), 5 years (dashed line)
and 20years (dotted line). Investor’s preferences are characterized by ﬁJf =0, B; = 2.25 (extreme loss

aversion) and o = 0.88 for j = 1,2,3. We have r = 0.03, 0 = 0.2. We have x = 0.2 (left panel) and
k = 0.4 (right panel), which imply an equity premium of 4% and 8%, respectively
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Fig. 6 Optimal proportion of risky assets at time ¢+ = O as function of the wealth ratio WRy =

Wo/ Z;zl w j exp(—r T}), when the investor has three investment goals with same discounted value at

time ¢t = 0 (that is, Wj exp(—rTj) = $50, 000 for all j) at horizons 1 year (full line), 5 years (dashed line)
and 20years (dotted line). The red line gives the total allocation to the risky asset. Investor’s preferences are
characterized by f}.+ =0, ,3]7 = 2.25 (extreme loss aversion) and «; = 0.88 for j = 1,2,3. We have
r =0.03, 0 = 0.2. We have k = 0.2 (left panel) and k = 0.4 (right panel), which imply an equity premium
of 4% and 8%, respectively

value of all target payoffs is $150,000). We see that investors put a higher proportion of
initial wealth into short-term goals as the equity premium increases. Nevertheless, as show
in Fig. 8, the probability to reach the short-term goal is the lowest when the wealth ratio
is low. By contrast, it is the highest when the wealth ratio is high. Figure 9 reports the
investment strategies for all goals and globally. When the wealth ratio is low, the short-
term strategy becomes less aggressive as the equity premium increases, while the opposite
holds for the long-term strategy. However, in this case, the overall investment strategy is
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Fig.7 Optimal wealth shares at time ¢ = 0 as function of the equity premium p — r = o k, when the investor
has three investment goals with same discounted value at time ¢+ = O (that is, W.i exp(—r 7“_,) = $50, 000
for all j) at horizons 1year (full line), 5 years (dashed line) and 20 years (dotted line). Investor’s preferences
are characterized by ﬂ}" =0, Bj_ = 2.25 (extreme loss aversion) and o j= 0.88 for j = 1, 2, 3. We have

r = 0.03, 0 = 0.2. The wealth ratio WRy = Wy/ 2;21 Wj exp(—r T}) corresponds to 0.40 (left panel)
and 0.75 (right panel)
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Fig. 8 Probability of reaching the investment goals as function of the equity premium u — r = o k, when
the investor has three investment goals with same discounted value at time ¢t = 0 (that is, W jexp(—=rTj) =
$50, 000 for all j) at horizons 1year (full line), 5years (dashed line) and 20years (dotted line). Investor’s
preferences are characterized by ﬂ}" =0, 'Bi_ = 2.25 (extreme loss aversion) and o = 0.88 for j =1,2,3.
We have r = 0.03, ¢ = 0.2. The wealth ratio WRy = Wy/ Zi':l Wj exp(—r T) corresponds to 0.40 (left
panel) and 0.75 (right panel)

almost unaffected by the equity premium. When the wealth ratio is high, goals’ specific
strategies displays similar patterns as when the wealth ratio is low. However, the overall
investment strategy now becomes less aggressive as the equity premium increases. This is
because in this case the long-term goal can be reached with higher probability and extremely
loss averse investors allocate less wealth to it. Consequently, they allocate more wealth to
short- and medium-term goals and adopt safer strategies for those goals. Finally, in this
case, the impact of short- and medium-term strategies on the overall investment strategy is
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Fig. 9 Optimal proportion of risky assets at time O as function of the equity premium p — r = o k , when
the investor has three investment goals with same discounted value at time ¢t = 0 (that is, W jexp(=rTj) =
$50, 000 for all ;) at horizons 1 year (full line), 5 years (dashed line) and 20 years (dotted line). The red line
gives the total allocation to the risky asset. Investor’s preferences are characterized by /S;.F =0, ﬂi_ =225

(extreme loss aversion) and aj = 0.88 for j = 1,2,3. We have r = 0.03, 0 = 0.2. The wealth ratio
WRy = Wy/ 23’:1 Wj exp(—r T}) corresponds to 0.40 (left panel) and 0.75 (right panel)

stronger and thus the overall investment strategy also becomes safer as the equity premium
increases.

4 Conclusion

In this paper we studied loss aversion in a portfolio selection model, where investors pos-
sess different investment goals at different time horizons. Our model assumes that investors
mentally organize each investment goal as a separate account and derive optimal investment
strategies for each investment goal, ignoring covariances between goal-specific portfolios.
Nevertheless, they initially have to decide how to split wealth among investment goals. There-
fore, goals are at least partially connected, that is, our model only assumes partial narrow
framing.

We numerically derived optimal wealth shares allocated to each investment goal and opti-
mal investment strategies for all goals. For the case of extreme loss aversion we also derived
an analytical expression for wealth shares. We showed that loss averse investors mainly invest
too reach long-term goals and adopt aggressive investment strategies for short-term goals.
The same behavior follows when loss aversion is extremely high and investment goals are
very ambitious. By contrast, when goals are not too ambitious, extremely loss averse inves-
tors display a short-term perspective and the probability to reach short-term goals is higher
compared to medium- and long-term goals.

Our model implies excessive risk taking when investors possess ambitious (short-term)
goals. Indeed, when goals are very ambitious, the likelihood that investors will face losses is
higher. Since investors are assumed to be risk seeking on losses, when goals become more
ambitious, they are willing to take more risk. This formalizes a remark made by Shefrin [26],
who argues that ambitious short-term goals have generated a high level of leverage, and this
has been identified as one of the main drivers of the financial crises erupted in 2008.
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A Proofs

A.1 Proof of Proposition 2.1

See Berkelaar et al. [6]. We additionally point out that g ; (-, y) is a continuous, strictly decreas-
ing function. For y > 0 fix, we have lim, ¢ g;(x, y) = oo and lim, .« g;(x, y) = —oo.
So for each y > 0 we find a unique x such that g;(x, y) = 0. For y > 0 fix, we denote by
E;(y) the solution to g;(x, y) = 0.

A.2 Proof of Lemma 2.1

Assume that £*(y) = a/y” for some a, b € R. We have:

l—a [y o/(1-a) B .
gE* (), y) - (E) BT )10 _Wyay b4 g~ W

1—- —
- — & e/-a) yb=Da/(=a) (g+ o) 1/U=0) _ Ty y=b+1 | g= %

This expression is constant if and only if b = 1. In this case we have:
1— — —
SE (), ) = LY e/ Bra)/1=0 _ g W 4 g~ W*
o

and thus g(¢*(y), y)) = 0 if and only if
l—a a~/1=0) (gt ) 1/1=0) _ W 4 g~ W = 0.
o

We still have to show that a > 0 and is unique. Note that
1— _ .
—= a0 (B o) 10— a W W = gla. )

and g(-, 1) is strictly decreasing, lim,_,¢ g(a, 1) = oo and lim,—, o g(a, 1) = —oo. So,
g(a, 1) = 0 possesses a unique solution @ > 0 and the statement in the Lemma follows.

A.3 Proof of Lemma 2.2

From Proposition 2.1, it follows:

E[§(T)W ()] =E [Wé(T) lery<ery) + (ﬂ%x)a_l ()T 1E(T)gg*(y):|

a—

= WE[&(T) lemy<ern ] + (wia) E [é(T)ﬁ lsmss*(y)] .
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Since £(T) is log-normally distributed with parameters mr = m T and s7 = s /T, then

log(€*(y)) — mr — s%)

1
E[£(T) lgry<e+(y) ] = exp(mr +t3 ST) GI>( o

Moreover, S(T)"‘/ @=1 js also log-normally distributed with parameters o mr /(o — 1) and
ast/(1 — ). It follows

a amr 1 o?s? log(a/y) —my — 2% 52
IE[E(T)“-1 1§<T)§é*(y)] = eXP( T s 1T)2) ¢( ST =)

Leth = % exp(mr + 1 s%)

w bon e e (amr L 1 28
=W exp(— rT)andc_ (,3 ) exp aA"'iW then

E[6(T) w*(T)]

&0 Wo
* _ 2 1 — _ a2
:M(log(s ) —mr sr)ﬂyallq,(og(a/y) mr a_lsr).
ST st
Now let
log(a/y)—mr— %1 53
1o * _ 2 ey Tl a7
h(y)zbq)( gE* () —mr sT)Hyallq) B
ST st
then

E[£(T) W*(T)] = & wo Wo < h(y) = wo.

Putting £*(y) = a/y from Lemma 2.1, the statement in the Lemma follows.

A4 Proof of Corollary 2.2

Let a and y be solutions to Eq. 12 and h(y) = wy, respectively, given parameters BT and
B~.Let Bt =u BT and B~ = u B, while the other parameters are ﬁxN. Denotg by a and y
the solutions to Eq. 12 and h(y) = wy, respectively, given parameters 8+ and . It can be
easily shown that @ = ua and y = u y. Therefore, £*(¥) = a/y = a/y = £*(y). Moreover,

since the surplus in the good scenario depends on the ratio y/B7, it is also independent from
u.

A.5 Proof of Lemma 2.3

From Proposition 2.1, it follows:
L}
a= e
E[W*(T)] = [W ler)<e+(y + (ﬂ+ ) E(T)aT 1E(T)SE*(y):|

o =
P[&(T) <& (n] + (fﬁ%) E [E(T)ﬁ 1§(T)§E*(y)] -
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Since £(T) is log-normally distributed with parameters mr = m T and s7 = s /T, then
log(§*(y)) — mr)

ST

P[E(T) <& (0] =@ (

Moreover, £(T)'/@~D is also log-normally distributed with parameters m7 /(o — 1) and
st /(1 — ). It follows

2
mr 1 sk ) log(6*(y)) —mr + 11
ST

1
E[ T)o—T 1 * (v :| = =
§(T) T Ler)<e+(y) exp(a 11> @—1)2

1 2
Letd = (BT a) ™ exp (D:"TT +3 (as_Tl)z) then

SZ
M) oy o [ PEE O et G

E[W D] =Wo (
ST

ST

We define

32
W)Myﬁ@ (1 =) log(€* () + mr — 115

k(y) =W @ (
ST

ST

A.6 Proof of Proposition 2.3

When ﬂf = 0, we know from Corollary 2.1 that
yj = aj exp (—sT_/. o1 (wj,o/bj) —my; — s%j) solves hj(y) = wjo. We put y; into k;
and obtain
fi(wo ) =kj(h7 wj0) =W, @ (" (wjo/bj) +s1,)
The function f; is strictly increasing and strictly concave with

— f(wj,0) =

d Wj
dwj,() bj

exp (—sTj > (wjo/bj) — (1/2) S%) :

The Karush-Kuhn-Tucker conditions for the convex optimization Problem (16) with the
additional constraint w; o < b; for all j are as follows:

n,;>0,1m,; >0, wjo>0, (22)
n,jwjo=0,n;(wy;—b;j)=0, (23)
J
D wio=0, (24)
j=1
shiw; -1 2
—=——L exp (=57, @7 wj0/bp) = (1/2)5F ) —mj+my+v =0 (29)
j
From Eqgs. 22 and 25 we obtain:
87T Wj -1 2
M.y =V =~ exp (—ST_,»CD (wj,O/bj)_(l/z)ST,.)‘i‘nZ,j >0 (26)
y .
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We multiply 5y, ; with wo, ; and obtain:

s TiW; _
0=wjpo (v - TJ exp (—sTj [ l(w.,-,o/bj) —(1/2) s%j) + r]z,j). 27
J

Using that n2 j (w; 0 — b;) = 0 we can solve the latter equation for 7, ; and we obtain:

w;o s Tiw,; -~
m,j=— bjj (u — Tj exp (—STj () l(wj,o/bj) —(1/2) s%j)) >0 (29

which implies

57T Wj'
v <

T (=, @ wjo/bp) = (1/2)5 ). (29)

since wj o > 0. Finally, using 12, ;j (w; 0 — b;) = 0 we have

wj.0 A -1 2
0=—220 (wy; — b)) (v - e (=1, @~ wjo/bp) = (17253, ) ) - 30)
If v > 0, then wjo < b;. Indeed, if w; o = b; and v > 0 then condition (29) is violated.
Moreover, since w; o < bj,thenn; > = 0by the second Slater’s condition in (23). Therefore,
wo,; > 0, else condition (26) is violated. It follows from Eq. 30 that wg, _; must solve

s Tiw,; _
v———L exp (—ST]. o~ (wjo/b;) — (1/2) s%j) -0
J

and after some re-arrangements we obtain

—pof-L Y L (7 tog() — r T; + - 52
wo,j = bj —; og £ Wo _S7T]. jog()—r j+5sTj .

If v < 0, then n;> > 0 else condition (26) is violated since the inequality

5w -1 2
Vot e (—sTj o~ (w;o/bj) — (1/2) sTj) <0
holds for all wq,; € [0, b;]. Therefore, wg ; = b; by the second Slater’s condition in (23).
If v =0and wy,; # b; then wg ; = 0 by Eq. 30. However, when wy_; = 0 then Eq. 26
is violated. Thus, also in this case we must have wy ; = b;.
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