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1. Introduction

Suppose we are given a vector-valued random variable X = (Xj,.
Xi)': (9,9, P) - R* where Q is the fundamental space, 2 the o-algebra and
P the probability measure. Assume that X has a p.d.f. f. How can we define
a center c, for the p.d.f. f? Clearly there is no unique answer to this question.
Perhaps the most natural way is to take ¢, as the center of gravity of f, that is,

. =E[X] = [ x/(x)dx

This center of gravity c, ean also be charactenzed as the unique vector which
minimizes the function

k
¢ = E[|IX —clf] = Y E[X; — ¢, 1)
Jj=t

1/
where ||x||, = ( le ij|p> ? is the usual Ly-norm on R*. This follows sim-

ply from the fact that each term E[| X; —¢;|?], j = 1, ...,k in (1) is minimized
separately by c,; = E[X;] = [z,f(x)dx. Now, generalizing this, we can
define, for each p > 1 and ¢ > 1 a central parameter as one of the minimizers
of the function

¢ = 3(¢) = E[[X — clfg]. @

The question of uniqueness will be discussed in detail in section 2. Clearly
p defines how we decide to measure distances in R¥, for instance p = 2 corre-
sponds to the standard Euclidean distance. When k = 1, p obviously plays no
role, in that case when q = 2, ¢, = ¢ is just the usual expectation E[X] of X,
whereas when g = 1, ¢, is a median M of X (not unique when 7 is even). In
the multivariate case k£ > 2, we define by analogy c, to be the L,-mean of X-if
it minimizes ®2(c) and the L,-median of X if it minimizes Ql(c) '

Although quite surpnsmgly the general asymptotic properties of the cen-
tral parameter c for arbitrary p and g have never been considered before, vari-
ous definitions of central location parameters have been proposed earlier. The
(p,q) = (1,1) case was first introduced by Hayford (1902). It is also studied
in Mood (1941) where it is called the arithmetic median. For (p,q9) = (2,1)
the parameter c is known as the L,-median. It was first introduced by Gini and
Galvani (1929) and by Eells (1930) and was called the spatial median by Brown
(1997) although Haldane (1948) introduced the term geometrical median and
Gower (1974) the term mediancenter. In his article, Small (1990) unfortunately
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introduces the term L;-median to denote the spatial median. Dodge and Rous-
son (1998) introduced the L;-mean that is the (p,q) = (1,2) case with our
notations. They provided an efficient algorithm to compute it numerically. See
also references Chaudhuri (1992), Gentleman (1965), Oja and Niinimaa (1985)
and Pollard (1984). For the convenience of the reader we list below special
cases of our Ly,-norm central parameter that have been considered in the litera-
ture:

e (p, ) (2,2): As we mentioned, the Ly-mean c, is just the center of
gravity E[X] of the p.d.f. f.

e (p,q) =(1,1): Here Cy« is the Li-median. Note that E[||X — c|;] =

' _1|X; — ¢j| is minimized by taking each c.; to be
a medlan M; of X; for j = 1,...,k. The problem is
therefore one-dimensional. For any finite sample size n,
the p.d.f. of the corresponding random variable ¢,; can
be found explicitly using the p.d.f. of the order statistics
of the components X; .

e (p,q) =(2,1): The Lz-median has been considered by Eells (1930) and
by Gini and Galvani (1929). It is just a special case of our
treatment.

¢ (p,q) = (1,2): The L;-mean is in some sense the simplest non-euclidean
mean, it will also be a special case of our results. This
case was introduced recently in Dodge and Rousson
(1998).

The paper is organized as follows: in section 2. we examine the ques-
tlon of the uniqueness of the minimizers of ® and of its empirical counterpart”
‘I> When needed, we shall single out one of these minimizers, and denote it
respectively by p, and fi,,. Then we state a law of large numbers and a central
limit theorem which describe the asymptotic behavior of fi,, as n — oo. In
section 3. we give a detailed proof of both theorems and finally we leave the
reader with an open problem.

2. Statement of the Results

Before we state our results, we define the central parameter u, of the
distribution f and its estimator fi,, as an unbiased statistic on the sample. We
then establish in which case they are unique. From here on we shall drop the
indices on 9} to avoid too heavy annotation. We must essentially investigate
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the convexity properﬁes of the following two functions of u:

) = [ f(llx— plgax and

1 n
Cu(m) = =3 lxi—ullg, 3)
=1
depending on the values of p and gq. The points X1,..-,Xp are here thought
of as being realizations of the sample X,...,X,,, ie. x; = X;(w) for some

occurrence w € ON. We write 3, (1) for the random variable defined by re-
placing x; in (3) by X;.

Let0 < A <1,u,v€ R andp > 1,q > 1. Convexity of ® and ®,, is a
consequence of the following two inequalities '

Au+ @ =2)vl < Al + (1= N)Ivilp)? @
< Auflg + @ = Nlivil )

where (4) is the triangle inequality for ||.||,, » > 1 and (5) is the convexity of
z — z9, ¢ > 1. Obviously any convex linear combination of minimizers is
still 2 minimizer. This allows us to define y, and My, as the centers of gravity
of the respective sets of minimizers of ® and ®,,. Again we shall denote by [i,,
the random variable corresponding to ,,.

Now equality in (4) holds
e for p > 1if and only if u = av, for some o > 0 and
e for p =1 if and only if sgn(u;) = sgn('z}j), forallj =1,... k.
whereas (5) is saturated
o for q > 1 if and only if |lu]|, = ||v||, and

e for g =1 always.
Uniqueness of 4,

Notice first that all minimizers of ®, and in particular u,, lie in the con-

vex hull 7 (supp(f)) of the support supp(f) of p.d.f. . We shall assume that
supp(f) is connected. See Figure 1.

o Letp > 1. Take u =X—p,and v = x — v, in (4) and (5), multiply
both members by the positive density f and integrate over x. We obtain
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. Figure 1. The support supp(f), its convex hull #(supp(f)) and two candidates g, and v, for

the minimizer of ®.

S(Ap, + (1 — Nwy) < A®(u,) + (1 = A)@(v,) for 0 < A < 1. Now
suppose equality holds. This implies that x—p, = a(x)(x—v.), a(x) >
0 for almost all x € supp(f). Butif p, # v, this requires that supp(f)
be contained in a line, which is clearly impossible in R¥, £ > 2 for a
p.d.f. f of a continuous random variable. Therefore we conclude that
p, =v.forp> 1. -

Let p = 1. Perform the same steps as above to deduce the convexity

inequality for ®. Now, this time equality implies that sgn(z; — Bj) =
sgn(z; — v;) forall j = 1,...,k and for almost all x € supp(f). But if
i, # v, this inequality will not hold for any point x € supp(f) for which
zy € [min(g;; v;), max (g, v)] for some index ! (see the dark-gray zones
in Figure 1). The fact that supp(f) is connected and that the candidates
for the minimizer have to lie inside H(supp(f)) imply that those points

form a set of non-zero measure and thus the inequality can not hold. We

conclude that u* =v,alsoforp=1.
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Uniqueness of ,,

Let u,, = (/J’nlr"nu’nk)T and x; = (:L‘il,...,.’l,'.,;k)T, i=1,...,n.

e Let p > 1. Define the event B,, € 2 as the set of occurences w € QN
for which there are at least two different minimizers p,, and v,, of &,
n(w) To saturate the convex1ty inequality for ®,, we must require that
the points x; = X;(w) satisfy x; — pu,, = a;(x; ~vy), a; > 0, § =
1,...,n which means that all x; should lie on a line. But this is clea:ly an
event of probability zero, for a continuous multivariate random variable
with p.df. f. Thus for p > 1 and for any n the minimizer M, is almost
surely unique. -

e Letp = 1and g = 1. Define the event B(e) € 2 as the set of occurrences
w € QN for which there are at least two different minimizers M, and
v, which satisfy p,; ~ vy > € for some € > 0 and for all n > 1.
To saturate the convexity inequalities for all ®,, we must require that all
points x; = X; (w) satisfy the equalities sgn(z;j — p,,;) = sgn(zsj — vn;j)
forall j =1,...,k and alln > 1. But points x; € supp(f) for which
Ty € [infn>1 Vny, sup,s py,] will violate these equalities. As e > 0, the
set of these points clearly has non-zero measure with respect to our p.d.f.
f and therefore Bj(¢) is an event with zero probability. Thus for the case

- p = g = 1 (the L;-median) almost surely we can find N (€) such that
n > N(e) implies |vpj — p,;| < eforallj=1,...,k.

e letp =1and q > 1. Define B = ﬂn>1 B,,. In words, B is the event

that the <I>(w) has no unique minimizer for any n > 1. Let p,, and v,
be two different minimizers of ®,,. Because ¢ > 1 we must now impose
an additional condition on the points x; to saturate the second inequality

(5), namely that [[x; — plli = {Ix; — v} forall i = 1,...,n and all
n > 1. Figure 2 illustrates the situation in k = 2 dxmensmns forn = 2
andn = 3.

The requu‘ement of having non-uniqueness for the minimizer for all n > 1
is the same as asking that all points x; fall only in two opposite sectors, as
for instance A and C in Figure 1. This is clearly an event of probability
zero. Therefore when p = 1 and g > 1 the function ®,(w) will almost
surely have a unique minimizer if n is large enough.

Fmally, let us note that in contradistinction to the usual Ly-mean, for
which g, = —1 Xi, there is in general no explicit formula for p,, in terms
of the coordmates z;j of the n points x;.

We are now ready to state our two main results:
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Figure 2. Example of non—uniaﬁeness for g, forp = 1 and ¢ > 1. In (a) g, is not unique
whereas in (b) 5 is unique.

Theorem 1 Let X be a continuous random variable with values in Rk, k> 2
and p.df. f with connected support. For any p > 1 and any q > 1, de-
fine the central parameter p, of X as the unique minimizer of the function
p = E[||X — pl|f]. For each sample Xy,...,X, of random variable i.i.d.
as X, define an empirical central parameter fi,, as a (not necessarely unique)
minimizer of the function p — = 3% X, — p|[3. Then if E[||X||$] < oo the
Jfollowing holds: : '
fi, 25 p, asn — oo,

meaning precisely almost sure componentwise convergence of the vectors [,
towards .

Theorem 2 Assume(p > landq > 1) or(p = 1 and q > 1), then the following
holds: ' c :
vn(g, — p,) — Z ~ N(0,V) asn — oo,

where Z is a normal multivariate random variable with covariance matrix V.
If we denote % = O, we have:
&

'V = M 1AM where ©6)
M = (My) with My = B0E [||X — p.l|¢] and
A = (An) with Ay = E[ (81X — . ]Ig) - (AIX — ,112)] -
The matrix elements of Ay, and My, can be written out more explicitly
if we use the relations: :
O 1 Xi—ml = —0k:sgn(X;—py)
O :sgn (X —py) = —20k:0(X; — 1), @)
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:5 -

where § () is the Dirac distribution at 0. However the expressmns are not par-
ticularly illuminating..

For the special case (p,q)=(2,2), m, =E[X] and & X —pu,|3 =
— 2(Xk — pyr)s OONX — p,]|3 = 26y, which translates into M = 21 and
Ay = 4Cov(Xg, X;). We thus 31mply recover the standard result Vi; =
COV(X]C,X[)

3.. Proofs

The proof of Theorem 1 uses standard convexity arguments and the strong
law of large numbers. -

Proof of Theorem 1: From the assumption E[|IX||2] < oo and the triangle
inequality for ||.||, we get: -

B 1] < Bl + )] < 3 ( ) B[] i < oo. 8)

k=0

Bach X, ¢ = 1,...,n being distributed as X, (8) establishes that the random
variable V; = ||X; — (|7, ¢ = 1,...,nareallin L; (QN, PN). We can therefore
apply the strong law of large numbers to the random variable Y; and conclude
that:

1& s '
- Y 11X — pllf =5 E[JIX — peflg] as n — 00
-~ ,

for all € R¥. Using the notation defined in section 2, this means there is a set
A c OF, negligible with respect to PN, such that:

Jim nZIIX (W) = pllf = lim ®n(p) = B(p)

for all w € QN \ A. From now on we fix such an w and choose an arbitrary
€ > 0. We will show that for large enough n, any minimizer p,, of ®, lies
inside the closed disc D,(s,) of radius ¢ around the unique minimizer g, of
®, thus proving ., 3} M-

Simple convergence of ®,, towards ® on the compact domain D, (u,) implies
uniform convergence on D, (s, ). Therefore, V8 > 0, we can find N (e, 6) such
that n > N(e,d) implies |, (u) — ®(p)| < 6 for all p € D.(u,). Let
0D, () be the boundary circle of D¢(g,). In section 2 we established that
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- ©) - 8(2) \\\ D + ) - 3(e)

D,

A 4

t
He - € P Ha Mt €

Figure 3. Convergence of the functions ®.,, towards the strictly convex function ®.

@ is strictly convex for any p > 1 and any ¢ > 1. It is thus possible to take
d = d(¢) so small that

®(p,) +6(e) < ueggir(lm) ® () — 6(e)

&

This implies, for n > N(, d(¢)), that

Bn(p,) < in &,
n(Ix) peliin (1)

and thus convexity of ®, implies that any of its minimizers u,, lies inside
D, (p,). Figure 3 illustrates the situation. W

The general idea of the proof of the second theorem is the following: be-
cause p, and p, = i, (w) solve respectively the equations V®(u) = 0 and
V®,(p) = 0, we use a first order expansion to compare the two equations.
To get the asymptotic distribution of the corresponding random variable fi,, we
apply the central limit theorem to the random variable 8; 3, ().

Proof of Theorem 2: Recall the two definitions:
®(p) Ef||X — pli2],

~ 1.
Ool) = —> I%i— pllf. - ©)
=1
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%.

We first assume that p > 1, because this will allow us to differentiate ®,, and &
with respect to y1;. Denoting 9; = a%. and V = (9, ..., 0;) we can define the

random variable V{I;n () in an obvious way. Let us also define §u = p — p,.
The differentiability of @ allows us to define p, as the unique solution to the
equation V®(p) = 0, therefore:

Von(u) = V& (k, + )
= V&(p, + o) — VO(u,)
= [VBalia + 80) — VE(u, + )]
=+ [Ve(u, + o) — V&(1,)] . (10)
For p > 1, & is infinitely differentiable and therefore we can make a first order

expansion of V® to express the second bracket in (10) as (here, e denotes the
unit vector in the k** direction)

VO(p, + ) - VO(1,) = ) exdydid®(p,) + O(4u?)
kl

= Mdu+ O(?) (11)
The first bracket in (10) is an arithmetic mean of n i.i.d random variable and
we shall apply the central limit theorem to get its asymptotic distribution when

n — oo. To get the covariance matrix of the k random variable defined by the
first bracket we need to compute, for arbitrary «;, the following variance:

k k n
~ 1
Var E a;j0;®,(pn)] = Var E aj;E 95l1X; — plld
j:l i=1

j=1

k
1
= Var |} 00X ~ pllg
J=1

1
= - > i0iCov [B]X — pl|2, 81X — elig]
1,J
1 |
=~ aio5(Cov X — 12, 611X — pl|g]
2,J )
+0(3u))
1
= =D ci(EB[(31X — p.lff) - (351X — pe.ll9)]
: Y]

+0(u))
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1
= -T—l Z (aiainj + 0(6/"')) ’ (12)
‘ 4j '

where we used once more that 8;®(u,) = E[9;{|X — p,|IZ] = 0. From the
central limit theorem we conclude that: '

Wy = \/ﬁi:%‘ (aja’n(u)—@j‘l’(u))
V4 |

fff) W ~ N 0, Z a,-ainj + O(JM)
1,J

as n — oo, for all o and therefore the asymptotlc joint distribution of the
krandom variable is given by:

W, =vn (v@n(u) — V() 5 W~ N (0,4 +0(0)) asn — oo
(13)
Putting everything together we get:
@n = 2 .__7_"_. 4
V& (s, + ) = Mdp + O(8u%) + Tn | (14)

Let us reparametrize the problein introducing ¥ = y/néu and the following
sequence of random variable

e o ) 5o o )]

From (13) we deduce that Z,, Lz N (0, A)as n — ooand (14) becomes:

2
= 7 2
63 S M Z,.
o+ ) 02
First assume p > 1. In that case V@nis differentiable so we can define a

new random variable which we denote by ¥,,, as the function (on §2) defined
1mphc1t1y by the equation:

= Tn \ _
Ve, (u* + \/ﬁ> =0.

Letting n — oo, we obtain an equation for the limit Jof 4,,as n — oo:

M~ +Z =0,
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which immediately implies
F~NO,MTAM™). (15)

Thus the theorem is proved for p > 1. Toconclude forp = 1 and ¢ > 1, we

use a simple continuity argument. In section 2 we saw that ® has in that case

a uni s (19 4nd > : s (L,g)
que munmizer oy and that @,(w) a.s. has a unique minimizer

if n is large enough. These results followed from strict convexity of ® and of

®,, (w) for large enough n. Using exactly the same convergence argument as in

the proof of Theorem 1 we can show that limp >, p,,(?’Q) = uﬁl’q) and (for large

n) limp >0 ugf’ ) - u,(ll’?i . The theorem thus also holds in the case p = 1 and
g>1. )

4. Relative Performances of Ly-means and L,-medians
If pyand pyare respectively the median and the mean of a univariate data

set x = (21, ..., Tn)’, Stavig and Gibbons (1977) introduced the following co-
efficients

n n
2z —pal= X [z —
=1 . =1

B1(2adv = n - (16)
'—21 |z — pa ‘
n n
21 (= — py)*— 21 (T — pp)?
Holyadv = = n = a7
'—21 (= — p)?

to measure the relative advantage of the median over the mean, respectively of
the mean over the median. - The first coefficient is the proportional reduction
in the sum of the absolute values obtaified when the median is used instead
of the mean, while the second one is the proportional reduction in the sum of
square deviations obtained when the mean is used instead of the median. The
net advantage coefficient is then defined to be & 1(2) = K1(2)adv — H2(1)ady Which
can be used as a quantitative criterion for selecting between the median and the
mean to describe the center of a univariate data set. The rule is to choose the
median if ;) > 0 and to choose the mean if d1(2) < 0. Stavig and Gibbons
(1977) found that d1(2) is positively correlated with the classical coefficients
of skewness and kurtosis of the data set x and hence that large skewness or
large kurtosis leads to choose the median as a measure of centrality rather than



Asymptotic Properties of the Multivariate L,-mean 151

”

the mean. Note that this result is consistent with the well known “robustness
of the median since high coefficients of skewness and kurtosis may indicate
the presence of outliers in the data set, cases where the median is generally
preferred to the mean.

Using the notation of Section 1, (16) and (17) may be rewritten as fol-
lows:

lly (e2)ll; — lly (e)ly

K1(2)adv lly (2l
e = ly (sl — IIY(uz)llgl
adv = lly ()13

Now, if X = (xi,... x,J’ is a multivariate data set with L;-median gt;,, L;-
mean pt, Ly-median gt and Lo-mean fiq,it seems natural to define the coef-
ficients

lly 1 (ee2)lly — lya Ceean)lly

H11(12)adv Iy (i)l

H11(20)ad ”}’1(11'21)”1 — Iy (1)l
ly1 ezl

BieRedy = ly1(pa)lly — ||YI(N11)”1
“}’1(#22)"1

to measure the relative advantages of the L;-median over respectively the L;-
mean, the Lo-median and the Ly-mean,

Iy ()2 = Iy ()l

Hra(tmady ly2 ()1
ey = I~ Iy1Gess) I
lly1(eean)ll3
—— lly1(paa)l3 — I|y12(u12)||§
”)’1(#22)“2 -

to measure the relative advantages of the L;-mean over respectively the L;-
median, the Ly-median and the Ly-mean,

ly2(eea)lly — ||Y2(#21_)”1

Fo(iheds = ly2(pr)l;
N21(125 . ly2(ea2)ll; — ”3’2(1421)”1
e lly2(r12)ll4
_ ly2(eeao)lly = lly2(pan)lly

,U:?1(22)adv lly2(re22)ll,
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4;

to méasum the relative advantages of the Ly-median over respectively the L;-
median, the L;-mean and the Lo-mean, and

2 2
ly2 (Mu) “2 — |ly2 (Mzz) “2

H22(11)adv
e eI
Bo2(12)adv = HYZ(”IZ)Hg - “}’2(1122)”%
- ly2(p2) 2
Hopotady = Iy (pean)ll3 = lly2(p202) 1
“ Ty2 ()|

to measure the relative advantages of the Ly-mean over respectively the Li-
median, the L;-mean andthe Lo-median. In order to select one of these four
criteria for describing the center of X we can then calculate the net advantage
coefficients

511(12) = H11(12)edv — H12(11)adv (18)
511(21) = Hi1i(21)adv — H21(11)adv (19)
511(22)‘ = F11(22)adv — H22(11)ady (20
512(21) = H12(21)adv — H21(12)edv 02y
512(22) = HF12(22)adv — H22(12)adv (22)
02122) = H21(22)adv — H22(21)adv (23)

and apply the following rule: choose the L;-median if (18), (19) and (20) are
positive, choose the L;-mean if (18) is negative and (21) and (22) positive,
choose the Ly-median if (19) and (21) are negative and (23) positive and choose
the Ly-mean if (20), (22) and (23) are negative. For the other cases, the choice
is not straightforward. For example, if (18), (22) and (23) are negative and
(19), (20) and (21) positive, we have the following conclusion: the L;-mean is
preferable to the L;-median which is preferable to the Ly-mean which is itself
preferable to the L;-mean, all of these three criteria beeing preferable to the
Ly-median. In such a case, a solution is to compute the following coefficients

§11 = +(18) + (19) + (20)

Sip = —(18) + (21) + (22)
o1 = —(19) —(21) + (23)
622 = —(20) —(22) — (23)

and to choose the L;-median, the L-mean, the Lo-median or the Ly-mean if
respectively 411, d12, 09101 d99 is the largest coefficient of the four.

This rule was used to select one of these four criteria for describing the
center of bivariate data sets of size n =11, n =31 and n = 51 drawn from
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Table 1 : Number of times that each criteria was chosen over 1000 Monte Carlo bivariate
samples for different sample sizes and different populations.

Population n  Lj;-median L;-mean Lj-median Ljz-mean
Bivariate Uniform 11 120 287 16 577
31 54 324 2 620
51 30 317 4 - 649
Bivariate Normal 11 198 352 21 429
31 118 374 13 495
.51 70 469 6 455
Bivariate Logistic 11 219 376 26 379
: 31 146 430 14 410
51 126 481 8 385
Bivariate Laplace 11 290 397 35 278
-31 251 497 25 -227
51 248 501 22 229

populations distributed successively as independent bivariate uniform, normal,
logistic and Laplace using the S-Plus random generator. Table 1 gives the num-
ber of times that each of the criteria was chosen over 1000 Monte Carlo sam-
ples. Results show that in uniform cases, the Lo-mean is the most preferable
criterion of the four. In normal and in logistic cases, the Lo-mean is found to
be preferable when n is small while the L;-mean is the most chosen criteria
when n is larger. In Laplace cases, except for very small data sets for which
the L;-median can be considered, the L;-mean should generally be chosen to
describe the center of the data set.

Open problem: In the univariate case it is well known that there is no géneral

inequality between the variance of the mean 7i,, and the median J/\/I\n of a sam-
ple Xi,...,X,. For instance if the distribution f is normal A/(0, 1), one has

Var(i,) < Va.r(J’V[\n) whereas for a Cauchy law C(0, 1) the mean does not even
exist. So, in the multivariate case we would like to ask: “How can we optimize -
the choice of the integers (p, ), in terms of smaller variance, for a given p.d.f.

f, or how can we compare the variances V for various choices of indices (p, q)
4’)”
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