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Suppose an investor has a Hixed decision horizon and an appropriate utility function
for measuring his or her utility of wealth. [f there are only two investment vehicles, a
risky and a risk-free asset, then the optimal investment strategy is such that, at any
tume, the amount invested in the risky asset must be the product of his or her “current
risk tolerance” and the risk premium on the risky asset, divided by the square of the
diffusion coetficient of the risky asset. In the case of more than one risky asset, the
optimal investment strategy is sim:lar, with the ratios of the amounts invested in the
different risky assets being constant over time.
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1. Introduction

This paper is about optimal investinent strategies. A classical investient strat-
egy is based on the Markowitz mean-variance analysis. Unfortunately, the
Markowitz model is a one-period model. In contrast, investing (for example
for retirement) may well be a long-term, multi-period problem. As time passes,
the investor can and will re-allocate assets or rebalance his or her investment
portfolio. As Luenberger (1998, p. 417) has noted, “conclusions about multi-
period investment situations are not mere variations of single-period conclusions
— rather they often rewerse those earlier conclusions. This makes the subject
exciting, both intellectually and in practice. Once the subtleties of multiperiod
investment are understood. the reward in terms of enhanced investment perfor-
mance can be substantial”. Other insightful remarks can be found in articles by
the Nobel laureate Paul Samuelson (1990, 1997).

This paper treats the multiperiod, continuous-time investment problem, where
re-allocation or re-balancing of assets takes place dynamically. For a given de-



cwston horizon and a given criterion to assess the utility of wealth, what is the
optimal dynamie investment strategy! Expositions of this problem can be found
i advanced texthooks and research monographs such as Bicksler and Samuelson
11974, Part vi), Bjork (1993}, Dutfie 11996, Chapter 9), Karatzas aud Shreve
11998}, Korn (199731, Mallians and Brock (1982, Chapter 1), Merton {1990).
Pliska 11997, Chapter 5). Scthi (1996} and Ziemba and Vickson (1975). Some
carly papers on this subject are Mossin (1968}, Samiclson (1969) and Merton
- 1969), and recent surveys can be found in Hakansson {1057}, Constantinides
and Mallarios 11995), and Hakansson and Ziemba (1995}, Several authors treat
the problem of optimal investment simultancously with the problem of optimal
consumption. In the context of a saviug process, the first problem appears to
Ine nruch more important. Including the second problem mnay add unnecessary
camplications and require advanced mathematics such us dynamic programming
1 eoptinuous time {stochastic control theory s and the Hamitton-Taeobi-Bellinan
HIB} - puainn.

This paper gives a latgely self-contamed exposition on optiual capital srowth
wud dyvnamie asset allocation. The bases are luid in Sections 2 to 5; we consider
v one-period mondel, where arbitrary randow pavments, due at the terinmal
‘ime 1decision horizen). can be traded at time 0. For a given utility function,
the Investor seeks to maximize the expected utility of terminal wealth (wealth at
Jecision horizon). To understand the optimal decision, it is judicious to introduce
ihe risk tolerance function associated with the utility function, and the imphed
atility, that is the maximal expected utility of terminal wealth, considered as a
lunction of the current wealth. Some very explicit resnits are obtained for utility
fnctions with a linear risk tolerance function. The sclution of the dynamic asset
allocation problem is presented in Sections 6 and 7. In Section 6, the investment
vehicles are riskless asset and a single risky asset. In Section 7, the universe of
mvestment vehicles is enlarged to the more realistic case of more than one risky
amset. The optimal dynamic investment strutegy can be found with a simple
wlear consider the self-Anancing portfolio that replicates the optimal terminal
wealth, The key resulis can be formulated in terms of the risk-neutral Esscher
jarameter {a term coined to honor the Swedish actuary F. Esscher {1932)) and
in terms of the elasticity, with respect to the current wealth, of the expected
narginal utility of optimal terminal wealth.

2. Securities Market Models with Price Density

t'ousider an investor who is to invest an amount w in the securities market at
tine 0. The investor’s planning horizon is T, a fixed positive number. There is
o withdrawal or addition of funds between time O and time T. The goal is to
cptinize, in & certain sense, the value of the investor's investinent holdings at
time T. All discussions in this paper are restricted to the time interval [0, T).
‘T'he securities market model under consideration is one in which the securities
or assets are priced by a price density V. The price density W is a positive random
vantable with expectation E[T] = 1. For a contingent payment Y due at time
[". its price, known at time 0 and paid at time T, is the expectation E[I").
tn other words, the quantity E[Y 0] is the time-0 forwerd price for the random



payvment ¥ due at time 7. In this paper, we simply assuine that the risk-free
force of interest is constant through tinle and we denote it as r. Hence the time-0
price of ¥ is e T E[Y ],

2.1. 4 Single Risky Asset

For a classical exainple of ¥, consider a securities market model consisting of
4 risk-free asset (or risk-free hond} whose value accumnulates at the risk-free
rate r, o risky asset which pays ne dividends between times 9 and T, and their
derivative securities. {The assumption that the risky asset pays no dividends is
not critical, beeause one can consider ull dividends heing reinvested in the asset
ns zoon as they mre recetved.) For 0 -7 ¢ <2 7, let the price of a wut of the ricky
et at thne £ he dencted as S7). Asstime that {517.) s a geometric Brownuun
mofwn, e 1t satisfies the stochastic differential equation

dS(t) = WSIdt + o S(6dZIF, (2.1)
where 1 and o are constants and {Z{1)} is a standard Wiener process (or Brow-

nian motion). As pointed out in Gerber and Shiu (1994, 1996}, there is a unique
number k*, called the risk-neutral Fsscher porametéer, such that

e
ALY (2.2
E STy
is the price density of the securities market; see also Section 10.9 of Panjer ¢t al.
{1998).
Let

X(t) = InfS(t)/S5(0}] (2.3)

be the continuously compounded rate of return over the time interval [0, ¢]. Then
{2.2) can be rewritten as
eh'.\'lT}
Differentiating (2.3) with respect to t using Itd’s Lemma and applying (2.1)
yields .
dX(t) = (pp — o~ /2}dt + odZ (1), (2.5)

or
X{t) = (u—o%/Dt +oZit). (2.6)

Considering S(77) as a random payment, one sees that
S = e "TE[S(T)Y], (2.7)

or
1= TR [e(wh’}X:T)J JE [eh'.mT)] _ i12.8)



[t follows from (2.8} and (2.6} (with ¢ = T} that
hY = (r —pjjos. i2.9)

We shall return to this model in Section 6 and show that the eptimal invest-
inent strategy is one in which the amount invested in the risky asset divided
by the investor's “current risk tolerance’ is always kept at the constant level
—h* = (u —r}/o. In finance, the quantity —2*c = (g — r)/c 15 usually called
the “market price of risk” (Baxter and Rennie, 1996, p. 119); it is related to the
Sharpe Ratio or the Sharpe Index {Sharpe, 1994; Luenberger, 1998, p. 137).

2.2, Multiple Risky Assets

For a more realistic securities market maodel, we consider one consisting of a risk-
free asset accumulating at rate r, n risky assets which pay no dividends hetween
times 0 and 7. and their derivative securities. For 0 <<t < Tand 7 = 1,2,... 0,
let S,(t) denote the price of the j-th risky asset at time f. Following the usual
approach in the finance literature, assume that the dynamics of the asset prices
are given by the following system of n stochastic differential equations

n
de(ﬁ) =SJ(t) {,ujdt-FZO'Jdek(t} s y=12,...,n, (2.10)

k=1

where i, and o, are constants and {Z,(¢)}, {Z2(t}}, ..., {Zn(t)} are n indepen-
dent standard Wiener processes. Under the assumption that the matrix

C = (o) (2.11)

is nonsingular, there exist n unique numbers, A7, h4, ..., ~n, called risk-neutral
Esscher parameters, such that

STV 85ty - S (T)M

¥ =
E[Si{T)M 82(T)" - - - Su(T)ha

(2.12)

is the price density of the securities market. Gerber and Shiu (1994, Section 7)
determine the 72 parameters using the n equations.

S,0) =e TES,(TY], ;=1,2,...,n (2.13)

Let
X, () = In[S5,(t)/S,(0)], j=12...,n (2.14)

Then
1= o
dX,(t) = {“J - EZJJ_’C
k=1

dt + Y akdZilt), (2.15)
ka1
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generalizing (2.5). Equation (2.15} also follows from (2.5) by identifying the
Brownian motion :\:Z:z 7, Zx{t) in (2.15) with the Brownian motion ¢Z{#) in
{2.1). Because

Cov( X, (), X,(1)) = Cov (kade(t}, 3 crjdem(t))
k=1 m=1

n
= tz T ks
k=1

the covariance matrix for {X;(t)} is tCC”. For a simple formula of the risk-
neutral Esscher parameters {h;}, define the column vector

| R T SO M (2.16)
Bo= s pigy o pin)t {2.17)
and
1=1(1,1....,1% (2.18)
Then
h* = (CCTYy~Yr1 — ), {2.19)

which generalizes (2.9).
In the finance literature (Baxter and Rennie, 1996, p. 188; Bjork, 1998;
Karatzas and Shreve, 1998), the elements of the vector

m=C H{p—-rl) (2.20)

are called market prices of risk. Hence the risk-neutral Esscher parameters and
market prices of risk are related by formula

h* = —(CT)"'m, (2.21)

3. Characterizing the Optimal Terminal Wealth

An investor, who has the amount w to invest at time 0 and buys the time-T'
random payment Y in the securities market, will have

WY} = we'? +Y — E[Y] (3.1)
at time T. Note that, for each Y,
EW(Y}¥] = we'T. (3.2)

The term ‘“terminal wealth” is used to describe the random variable W{Y"),
because T is the decision horizon for the investment problem and “wealth” is a
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stapdard term in the inoneial literature, There are other appropriate substitutes
for “wealth”, such as “accumuiation vatue”, “accumulation” and “fortune”.

Assuine the investor uses a risk-averse ufilify funcfion utr) for determining
the optamal terminal wealth. That is, there 1s a Minetion elx), with w/() - 0 and
Wiz} < 0, for which the terminal wealth W (Y} that maximizes the cxpectation
FluiWiY})| 15 to be determined. Furthermore. assume that the (ecreasing
function u'{2) varies between +oc and 0, as x varies in the domain of defimtion;
this preperty is satistied by many hnportant vtility functions. A receut survey
on utility theory can be found in Gerber and Pafumi ( 1968),

Let Wy denote the optimal terminal wealth WY It follows from 13.2) that

EWp] =we’. (3.3)
Suhiect to 3.3}, the random variable T8 can be characterized by
Wy = Bl v ], {34}
To derive (3.4). consider the Lagransian
LW, A) = Elwt W] — MEW ] — we'™}, 13.5)

where A\ denctes the Lagrange multiplier and W the wealth random variuhle.
The “gradient” of L with respect to W is

(WY -\

{an explanation can be found in Deprez and Gerber 11985)). The optimality
condition is that the gradient varnishes. Hence

W (W) = AP, (3.6)

where \ is the optimal value of the Lagrange multiplier. Taking expectations
vields )
Eld'(Wr)] = A (3.7)

Thus the optimal Lagrange multiplier is the expected marginal ntility of opti-
mal terminal wealth. Substitution of {3.7) in (3.6) yields (3.4). For another
derivation of (3.4}, see Gerber and Shiu (1998}.
Because u” < 0, the marginal utility function v’ has an inverse function. Let
it be denoted as v, ie., v(u/(x)) = x. (In Section 3.10 of Panjer et al. (1998},
the function v is denoted as h.} Applying the function v to hoth sides of {3.6)
gives )
Wi = v(AT). (3.8)

By {3.3),
E[TuiAl)} = we'T (3.9)

This formula establishes the functional relationship between A and w. The next
section presents some important examples of the optimal terminal wealth random
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variable Wopo In each of these vxamples, 13.9) leads to an explicit cxpression for
A, which can then be substituted in (3.8).

4. LRT Utility Functions

For a twice-differentiable utility ufr). the function
ey = ) e 11.1)

is ralled the resk folerunce function (Panjer et al. 1998, p. 161), The assumption
that 1 is a risk-averse utility function (u' .- O and »” -2 0) implies that 7(&) is
strictly positive (in the domain of definition of u). Throughout this paper, we
zhall illustrate the theory with lmear risk tolerance (LRT) nsility functions, 1f
T s eongtant ot o linear frnetion of » (estricted to the domoin of dehnition
of uy, then the unliey funetion ¢ is aowember of the LRT class. Becaure the
reciprocal of the risk folerance function is called the ( Arrow-Pract) absolute risk
aversion (ARA) function, the LRT class of ntility functions is also called the
hyperbolic absolute risk aversion (HARA) class of utility functions.

The LRT utility functions can he classified into thiree subclasses, depending
on whether 7{z) is constant, linear and decreasing, or linear and increasing. Two
utility functions are said to be eguivalent if they have the same risk tolerance
function. In other words, two utility functions are equivalent if cne is an affice
fiinction of the other. In each of the next three subsections, a formula is given
for the utility functions {up to equivalence} of a subclass, followed by a formula
for the optimal terminal wealth W

1.1. Constant Risk Tolerance Ulility Functions

These are the exponential function with parameter a > 4, 1/a being the constant
lizvel of risk tolerance. Up to equivalence,

uln) = —e™ " /q, — 00 < < 00, (4.2}
w'(r) = e ™", —~ 00 < I < 00, {4.3)

and
viz) = (—1/a)in(z), -0 <r <. {4.4)

The risk tolerance function is
riz)=1l/a, -—-co<zx <00 {4.5)

Here. (3.8) and (3.9} hecome
Wr = —[In(A) + n(¥)]/a (4.6)

and .
~{In(\) + E[¥in )]} /a = we'T, (4.7)



respectively. By eliminating the {n(}) term,

W = we™ 4+ {E[®ini )] — n(¥)}/a. (1.8}

4.2. Decreasing LRT Utilty Functions

These are the power utility functions with parameters ¢ and s5,¢ > (0, where ¢ is
power of the marginal utility {—1/c is the slope of the risk solerance {unction)
and s is the finite level of saturation or maximal satisfaction. Up to equivalence,

by == —(s5 — .zl""'l;(c%- 1), £ s, {4.m
wie) =15 — )", z7 8, (++.10)

and ‘
vz} =5~ e, x < 8. (4.11)

The risk tolerance function is
r(z) = (s — /e, £ < s {4.12)

Here, {3.8) and (3.9) become

Wy = 5 — A/egl/e (4.13)
and
5 - ;\I/CE[‘I'HUC} = we'T, (4.14)
respectively. Hence
5 —we™t
Wy =s5-— W\I’”“, w< se” T, {(-415)

Note that, if w > e "'s, the investment problem has a trivial solution; the
investor can achieve maximal satisfaction simply by investing all funds in the
risk-free asset.

4.3, Increasing LRT Utility Functions

These are the power utility functions with parameters ¢ and g, ¢ > (), where —c is
the power of the marginal utility (1/c¢ is the slope of the risk tolerance function)
and s is the minimal requirement of the terminal wealth. Up to equivalence and
fore# 1,

u(z) = {x — )"/ {1 = ¢), T > 8 (4.16)
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for 0 =1,

) =Iniz -5, r>s {L1T)
Then
nie) = (o —8)"" x> 14.18)
otr) = s +o e p s, (-4.19)
and
Fle) ={xr—s}je, x> (-L.20)
Hence )
Wy = s+ A"Vrp-tie (1.21)
el ’
s+ ATHEPIN = e T (4.22)
from which it follows that
we't —s
Sy o N TRt T4 o —rT .
Wy =54 Bwi=ie W LW 2 ose . i1.23)

Note that the investment problem has no solution if w < e~"7s. The investor
views the situation as hopeless: for any random payment Y, the terminal wealth
i 3.1} will be below the minimal required wealth with positive probability.

5. Utility of the Initial Wealth

The maximal expected utility of terminal wealth is a function of the initial wealth
w. Let

un{w) = E[ul Wyl (5.1}

In the literature, this is called a derived utility function, an implied utility func-
tion, an indirect utility function, or an induced utility function. The following

relation shows that it is intimately connected with \:

ui(w) = Ae’T, (5.2)
which, by (3.7), is equivalent to
1 .
ai;;g{u(wq«)] = E[u'{Wrjle™™. (5.3)

To prove (5.2), we apply (3.3} to rewrite (5.1} as

uolw) = Elu{v(AW)}]. (5.4)



By the chain rule,

wglw) = iElu \‘E’) } A\
dA s (5 5)
dw
= ELS W' (A) ‘D]/_.
Now, it foliows from (3.6} that
Efu (Wr)o' (NI ] = A Elo’ (V)T (5.6)
Also, by (3.9],
lj' - “
S L e TR AR (5.7)
AN

Applving 15 61 and (5.7 to rhe nshe-hand side of (5.5 vields 13 21,

The function UQL w) does have the two propertics of a risk-averse utility fune-
tion: uf > 0 and ay < 0. It foliows from (5.2) and (3.7} that the first derivative
iuh has the same sign us o', which is positive. To check the sign of the second
derivative uj, we ditferentiate (5.2):

er_'j\_ . erT/iElE

o (w) = e roiakiire (5.8)
Applying (5.7) to (5.8) yields
ve(w) = 7T/ Elv' (\) W), (5.9)

Because »” is negative, it follows that ¢ is negative. Hence (5.9) shows that v
is negative.
Let
Tolw) = —ufy(w)/ug(w (5.10)

be the risk tolerence function that is associated to the derived utility function
uolw). It follows form (5.2} and (5.8) that

rofw) = —A%. (5.11)

which is needed to derive the important formulas (6.9) and (7.10).
It turns out that, for the LRT utility functions.

o(w) = e T riwe™). (5.12)

In other words, ug(w) is equivalent to u(werT). This equivalence is verified by

showing that, in each of the three subclasses of LET utility functions, wy(w) is

proportional to uw'(we™ ). In view of (5.2), it is sufficient to check that A, as

a function of w, is proportional to »/(we"™ ). This can be done using formulas
(4.7}, (4.14} and (4.22), respectively.
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6. Optimal Dynamic Investment Strategies — A Single Risky Asset

The result in previous gections are obtained under the assumption of a seeurities
market in which random payments due at time T can be traded or coutracted at
time 0. If such a market does not exist. it may be pussible to create the raudom
payments in a synthetic way by dynamically trading the primitive securities.
Now consider a market in which securities can be traded without transaction
costs or taxes at all times 1,0 < ¢ X T. In a complete securities market, each
contingent claim or random paymment can be replicated by a self~hnancing, Jdy-
namically adjusted portfoho, In particular, the optimal terminal wealth Wp can
he replicated, starting with the amount w at time 0. The goal is to determine
this optimal dynamic investment strategy.

Consider the inodel of one primitive risky asset that was ciscussed in Sub-
section 2.1, It fullows from ¢2.2Y and 2.4 that the price density eou be wrilten

]

P Sup T e TSy 16.2)

where v is a constant such that £70] = 1. By (3.8}, the optimal ternunal wealth
is _ i ' .
W = o AS() ™ e =T8Ty, (6 3)

As in Section 10.6 of Panjer et al. {1998), let us consider a contingent claim at
time T, which is a function of the risky asset price at time T, 5{7T"}, but does
not otherwise depend on the asset prices before time T. That is, the contingent
payment is n{&{T)), where the function ={-} i3 called a payoff function. Let
Vis, 1) denote the price for the contingent claim at time ¢, given that S0t} =
3,0 <t << T, Because the market is complete, the contingent claim can be
replicated hy a dynamic. self-financing portfolio. For 0 <t < T, let 4{5{1).f)
be the amount in the replicating portfolio invested in the risky asset at timne f.
[Hence ViS(t). t) — p(5(t), ) is the amount in the replicating portlolio invested
in the rigk-free asset at time #]. [t can be shown (Baxter and Rennie 1996, p. 95;
Dothan 1990, p. 228; Gerber and Shiu 1996. Formula 7.22: Panjer et al. 1998,
Formula 10.6.6) that

st = s-é%V(sqt). i6.4)

[The partial derivative $-V (s, t) is called delta in the option-pricing literature].

Because Wr depends on both S{T} and S(0), formula (6.1) is not directly
applicable to determine the replicating portfolio of IWr. However, it can be
applied to a related contingent claim defined by

T(S(T)) = vihe “TS(TY™). (6.5)

With A viewed as a parameter, both {6.3) and {6.5) are actually two related
families of payoffs. Formula (6.5) is (6.3) with A replaced by AS(03*". Thus,

hecause w = w(A) is the time-0 price for (6.3} as a function of the parameter A,
the time-0 price of (6.5} must be

VIS(0),0) = wi AS(0)"7), (

o
(=2
-
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Accerding to (6.4) and the chain rle,

118, 0) = s’ As? AR 5"

) . (6.7
= A ) /
for the replicating portfolio of (6.5).

The goal is to find the replicating portfoliv of Wi, For 0 < ¢ < T, let W,
denote the value at time ¢ of the replicating portfolio. In other words, by using
the optimal strategy, the investor's mitial investment of Wy = w accumulates
to wealth Wy at time £, Let p(1V,, 1) he the amount in the replicating portfolio
invested in the risky asset at time 7. [The ammount invested in the risk-free asset
at time t is Wy — piW,, £).1 Note that the right-hand sides of {6.3) and (6.5} are
identical if

= =Sy =L

Hence it sutfices to make this substitution m (6.7} to obtan
plw, i) = h‘:\nﬂ(i). 16.8)
Furthermore, it follows trom (5.11} and (2.9} that

pw, ) = —~h"rg(w) {6.9)

p—=rt X
= —- T {it). .10
e n{iw) (6.10)

The extension of these formulas to time t,0 < ¢t < T, is evident. Let w{w)
denote the conditional expected utitity of optimal terminal wealth, given that
WV, = w, and let 7,{w) be the corresponding risk tolecrance function Hence the
random variable 1, (W,) is the implied risk tolerance at time ¢, and shall be called
the current risk tolerance.

Generalizing (6.9) and (6.10],

p(W,t) = — R n (W) 16.11)
m

LWy, 0<t<T (6.12)
0-2

This provides the simple investment rule mentioned at the end of Subsection
2.1: the optimal amount invested in the risky asset is the product of
the current risk tolerance and the risk premium on the risky asset,
divided by the square of the diffusion coefficient.

Consider next the optimal investment in the risky asset as a fraction of the
investor's current wealth at time ¢, W;. Hence define

MW, t) = p(Wy, t)/We, (6.13)

which is called the Merton ratio. in honor of the Nobel laureate Robert C. Mer-
ton. By (6.8),

M(w,0) = h*Aw'(A) /w. (6.14)
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Note that the quantity ,\w’{ﬁ\}/ w is the elasticuty of the initial wealth w with

respect to the expected marginal utility of optimaj terminal wealth M. For further
discussion on this point, see Section 8 of Gerber and Shiu {1998).

it follows from (5.12) that, for the LRT utility functions, (6.9} and {6.10) can
he written as

plw, ) = =hte TriweT) = fl——:é«j':e:"rTT{we‘”"'ﬂ). 16.15)
a
Applving (6.15) to {6.13) yields

M{w,0) = ~h*e " Tr(we™) fw = %e“ﬁﬂ'we’”r}. (6.16)

Henee for the LRT utility functions, some verv explicit formulas can be ontained,
as shown in the pext three subsections.

6.1. Constant Risk Tolerance Utility Functions

It follows from (4.5} that
plw,0) = —h"e™"T /a {6.17)

and
M(w,0) = —h*e ™77 law), (6.18)
For 0 <t < T, (6.17) is generalized to
PIWi ) = e T8 /g = B2 T -r(T-t) (6.19)
o a

Thus for an exponential utility function, the product of the amount invested in
the risky asset and the interest accumulation factor to time 7' is the constant
—h*/a. In particular, the amount invested in the risky asset is independent
of the invesior’s wealth, reflecting the fact that the risk tolerance function is
constant.

6.2. Decreasing LRT Utility Funetions

It follows from (4.12) that

plw.0) = —(h*/e)(se™ ™ —w), w<se™T, {6.20)

and
Mw,0) = —(R*/e)ise™™ —w)/w, w< se” T (6.21)



For 0 <t T, (6.21) is generalized to

)
li

MW, 1) = th foipse™ T~ — W, ) W,
e 622
L “ se”" _) W 1, <« se 1T | )
= i

which shows that the optiinal amount invested in the risky nsset is proportional
to the ditference between the discounted level of saturation and the current
wealth.

6.3. Increasing LRT Uity Functivns

it follows rom (4.20) that
pl 0] = —th" feifw —se Ty w2 se™ T (6.23)

andl
Mw. 0y = —th™fejfw—se ") jw.,  wise™ T i$5.24)

For 0 <t -< T, (6.24) is generalized to

MW, 8) = —(h*/e) (W, — se " T~ /1¥,
H— r* IV{‘ —_ b‘e—r(T'—ﬂ . Tty !6.25)
-= > s .
T2 I’Vt H ”’r = 8€

Heuce optiinal the amount invested in the risky asset is proportional to the excess
of current wealth over the discounted value of the minimal required terminal
wealth,

An investor may have the constraint that the termimal wealth must be at
least s, 8 > 0. Then se"'T—t is the portion of current wealth W, that grows
to s at time T with certainty. Then complement, W, — se~™(T~"' is the portion
of current wealth that can considered as “tree”. Thus (6.25) shows that, at any
time, a constant proportion of the “free” wealth should be invested in the risky
asset.

In the special case § = 0, {6.23) reduces to

+

MWy t) = ~h*Jc = “0_2;" , (6.26)

which is a constant. Thus, at any time t,0 < t < T, 5 constant proportion of
the current wealth should be invested in the risky asset. This formula, not the
more general formula (6.13), is usnally called the Merton ratio in the literature
{Panjer et al., 1998, p. 141). Consider an investor who has an increasing LRT
atility function with ¢ = 4/3 and s = 0. If the risk premium on the risky asset,
w—r*, is 8% and the volatility of the risky asset as measured by « is 25%., then
the Merton ratio (6.26) for this investor is 607%.
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7. Optimal Dynamic Investment Strategies -— Multiple Risky Assets

The results in the last section can be generalized to the case of multiple primitive
risky assets (the model in Subsection 2.2), which is more relevant in practice.
Shullar to (6.2), the price density can be written as

o= ,ﬂkFH[bk /5&(0 FT.I)

{As in the last section. the value of @ 15 not relevant in the following. It is such
that E[W] = L.) By (3.8) and (7.1), the optimal terminal wealth is now

il
Wy -0 (,\c'”':r Hift’h-(T\,'S;.-N‘“?“Z) . (7.3
Wzl .

Again, let W) = w, and for 0 = ¢ < T let ¥, denote the value of the replicating
portfollo for Wy, Ford <t < T md k=1.2,...,n, let 5. {1V, #) he amount
invested in risky asset & in | the replicating porttoho ot Wy at time t. cherahzmg
16.13), let

M Wit} = pi(We, 8/ Wy (7.4}

be the Merton ratio for risky asset & at time £,k = 1,2,..., 7,
Formnla (6.4) can be generalized as follows. Consider a contingent claim with
payoif
a5 {T), S2(T), ..., 9. TH (7.5)

at time T, for some payoff function ». For 0 <t < T, let Vs, 8a,....8,.8)
denote its price at time £, and for k= 1,2, ... . n, let ni(s1.80,...,3,,t) denote
the amount of risky asset & in the replicating portfolio for (7.5), given that
S,(t) = 8;.7 = 1,2,...,n Then it is known (Gerber and Shiu 1996, Formula
3.35) that

av
= 7.6
T = Sk {7.6)
In particular, consider the pavoff
TSUTY, Sa(T), .., Sl Ty = v [ Ae™T [] S | (7.7)

Again, with \ viewed as a parameter, this is a family of payoffs. Because w =
wi A) is the time-0 price of {7.3}, we gather that the titne-0 price of (7.7) is

n
; N _
Visi, 82, 800l = w )\”S;” . (7T.8)
i=1

4T



Hence, by (7.6) and the chain rule,

k{81, 82, ..., S, ) = w' ,\H sf; \h,t H Sf’:. (7.9)
J=1 g=1
To obtain ppfw. 0), it suffices to set 51 = s9 = ... = s, = L. Thus
pelw. 0) = Miiw'(A) = —himglw), (710)
Hence
Pe(Wet) = —hin (V) (7.11)

reneralizing (6.12),
Note that rhe amouut invested in risky ssset £, as o fraction of the todal
amount invested in all risky assets, is

o (Wi t) _ Iy, (7.12)

Nop Wity >
J=1 =1

which depends only on the risk-neutral Esscher parameters and is constant, say
qr, at all times. Hence we have a “mutnal fund” theorem: for any risk-averse
investor, the risky asset portion of his optimal investment portfolio is of identical
composition. That is, each investor only needs to invest in (or borrow from) the
same two mutual funds —- one is a risk-free bond fund while the other is a
risky-asset mutual fund whose portfolio mix is continuously adjusted so that at
ail times the fraction of its value invested in risky asset & is qr. The investor’s
exposure or amount of investment in the riskv-asset mutual fund divided by his
or her “current risk tolerance” is always kept at the constant level

=Y A (7.13)
=1

8. Concluding Remarks

For the investor who wants to maximize the expected utility of terminal wealth,
some general and simple rules have been established. In the case where the in-
vestment vehicles are a risk-free asset and a risky asset, the amount invested in
the risky asset should at any time be the product of the current risk tolerance
and the risk premium on the risky asset, divided by the square of the diffusion
coefficient. It is natural to formulate this result in terms of the risk-neutral Es-
scher parameter, und also In terms of the elasticity. For example, the amount
invested in the risky asset, as a fraction of the total assets, should at any time be
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the risk-neutral Esscher parameter divided by the elasticity, with respect to cur-
rent wealth, of the expected marginal utility of terminal wealth. More general,
but similarly transparent, results are found for the optimal strategy in the more
realistic case, where the investment vehicles comprise mere than one risky asset,
1t 15 shown that the ratio of the amounts invested in the various risky assets
are constant in time and are proportional to the risk-neutral Esscher parame-
ters. Henece the risky assets can he replaced by » single mutnal fund with the
right asset mix. In this sense, the case of multiple risky assets can be reduced
to the case of a single risky asset. This paper can be refined and extended in
varous directions. The iuterested reader may want to consult research papers
such as Bovle and Lin (1997}, Boyle and Yang (1997}, Browne (1998}, Cox and
Huang (1989), Dybvig (1988), Dybvig (1988), Karatzas, Leboczky, Sethi and
Shreve (1986) and Pliska (1936) and their references. Also, many recent arti-
cleg on optimal investment strategies are published in the journal AMafhematiral
Frrahnee,
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Sulle strategie di investimento ottimali

RIASSUNTO

Si consideri un investitore con un orizzonte decisionale dato e funzione d’utilita
definita sulla sua ricchezza. Se le attivita disponibili sono solo due, una rischiosa
e 'altra no, allora ia strategia d’investimento ottima & tale che in ogni istante
ammontare investito nell’attivitd rischiosa deve essere il prodotto della sua
“tolleranza al rischio attuale” e del premio al rischio per ogni attivita, diviso
per il quadrato del coefficiente di diffusione dell’attivita rischiosa. Nel caso di
pit attivitd rischiose, la strategia d'investimento ottima & simile ¢ mantiene i
rapporti delle quantith investite nelle diverse attivita costanti nel tempo.
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