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Abstract We consider the critical focusing wave equation (—8,2 +A)u+u’ =0in
R!*3 and prove the existence of energy class solutions which are of the form

ult, x) = tZW{t"x) + n(t, x)

in the forward lightcone {(¢, x) € R x R3 : x| <t,t > 1} where W(x) = (1 +
%|x |2)_% is the ground state soliton, u is an arbitrary prescribed real number (positive
or negative) with || < 1, and the error 7 satisfies

18en(t, M 205, + IV p2sy €1, Bri={x € R 1 |x| < 1)

for all # > 1. Furthermore, the kinetic energy of u outside the cone is small. Conse-
quently, depending on the sign of 11, we obtain two new types of solutions which either
concentrate as ¢t — oo (with a continuum of rates) or stay bounded but do not scat-
ter. In particular, these solutions contradict a strong version of the soliton resolution
conjecture.
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90 R. Donninger, J. Krieger

1 Introduction

In this paper we study the critical focusing wave equation
(=02 4+ A)u(t, x) +u(t, x)> =0 (1.1)

foru : I x R® - R, I C Raninterval. Itis well-known that the Cauchy problem for
Eq. (1.1) is well-posed for data in the energy space H' x L?(R3), see e.g. [29,43].
Furthermore, Eq. (1.1) admits a static solution W, the ground state soliton given by

Wx) = (1+ %|x|2)_%, which indicates the presence of interesting dynamics. Our
main result is the following.

Theorem 1.1 There exists an g > 0 such thatforany § > 0and u € Rwith || < &g
there exists a to > 1 and an energy class solution u : [ty, 00) x R3 — R of Eq. (1.1)
of the form

u(t, x) = tTW@hx) +n(t, x), x| <t,1>1
and

100 (2, 2 w3\m,) + IV, i 2w3\5,) <6,
10:m (@, I z2,) + 1V, g2, <8

forall t > ty where B; :== {x ¢ R : |x| < t}.

The Cauchy problem for Eq. (1.1) has attracted a lot of interest in the recent past
and we briefly review the most important contributions. Equation (1.1) is invariant
under the scaling transformation

u(t, x) > u(t, x) = 22u(rt, Ax), A >0 (1.2)
and its conserved energy
E( _ 1 2 1 6
(e, ), (1, )) = 3G, ), NI ey — 1 s s,
satisfies Eu”(t/A, ), ut(t/x,-)) = E(u(t,-), u,(t,-)) which is why Eq. (1.1) is
called energy critical. Historically, the investigation of the global Cauchy problem
for energy critical wave equations started with the defocusing case,

(=92 4+ Ayu(t, x) —u(t, x)° =0,

where the sign of the nonlinearity is reversed compared to Eq. (1.1). After the pio-
neering works [37,39], the development culminated in a proof of global existence
and scattering for arbitrary data [2,16,17,20,40,41,44], see also [47]. However, the
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Nonscattering solutions and blowup at infinity 91

dynamics in the focusing case are much more complicated. For instance, it is well-
known that there exist solutions with compactly supported smooth initial data which
blow up in finite time. This is most easily seen by observing that

u(t, x) = (%)% (1—1)?

is an explicit solution which, by finite speed of propagation, can be used to construct a
blowup solution of the aforementioned type. This kind of breakdown is referred to as
ODE blowup and it is conjectured to comprise the “generic”’ blowup scenario [4]. We
remark in passing that (parts of) this conjecture have been proved for the subcritical
case

(=82 4+ AMu+ulul’"' =0, pe(l,3]

see [7,33,34], but for p > 3 the problem is largely open (see, however, [6]). Another
(less explicit but classical) argument to obtain finite time blowup for focusing wave
equations is due to Levine [28]. Recently, Krieger et al. [27] constructed in the energy
critical case p = 5 more “exotic” blowup solutions of the form!

u(t,x) = 1= 2 W =) V) 4@ x), x| < 1—1

where v > % can be prescribed arbitrarily and 7 is small in a suitable sense. As a matter
of fact, the proof of Theorem 1.1 makes extensive use of the techniques developed
in [27], see also [23,24] for analogous results in the case of critical wave maps and
Yang-Mills equations. In this respect we also mention another construction of blowup
solutions for the critical wave equation by Hillairet and Raphaél [18], albeit for the
higher dimensional case R'*#. Furthermore, Duyckaerts et al. [9, 10] showed that any
type II blowup solution? which satisfies a suitable smallness condition decomposes
into a rescaled ground state soliton plus a small remainder.

Apart from the construction of blowup solutions, it is of interest to obtain conditions
on the initial data under which the solution exists globally. As a consequence of
Strichartz estimates it is relatively easy to establish global existence and scattering for
data with small energy, see [37,43]. However, for energies close to the ground state the
situation becomes much more involved. Krieger and Schlag [22] proved the existence
of a small codimension one manifold in the space of initial data, containing (W, 0),
which leads to solutions of the form

u(t, x) = 2(1)2WO)X) + 12, x)

where A(f) — a > 0 ast — oo and n scatters like a free wave. In other words, the
solutions arising from data on this manifold exist globally and scatter to a rescaling

! The existence of ground state solitons, i.e., positive static solutions with finite energy such as W requires
p = 5 in spatial dimension 3, cf. [15,19].

2 A type II blowup solution stays bounded in the energy space. The solutions constructed in [27] are of
this type.
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92 R. Donninger, J. Krieger

of the ground state soliton, see also [45] for numerical work in this direction. A
different line of investigation was pursued by Kenig and Merle [21] who established
the following celebrated dichotomy.

Theorem 1.2 (Kenig—Merle [21]) Let u be an energy class solution to Eq. (1.1) with
Eu(0, ), us (0, ) < E(W,0).

e If|u(, Mg sy < W g1 g3 then the solution u(t, x) exists for allt € R and
scatters like a free wave as t — =£oo.

e If|lu(O, ')”H‘(R3) > ||W||H‘(R3) then the solution u(t, x) blows up in finite time
in both temporal directions.

Theorem 1.2 was extended by Duyckaerts and Merle [13] to include the case
E(,-),u;(0,-)) = E(W, 0) which, in addition to the possibilities of Theorem 1.2,
entails solutions which scatter towards (a rescaling of) W. We also refer the reader
to the recent works by Krieger et al. [25,26] where they consider data with energies
slightly above the ground state. Based on the results in [13,21,22,27] it seemed plau-
sible to expect a strong version of the soliton resolution conjecture to hold. Roughly
speaking, this conjecture states that the long time evolution splits into a finite sum of
solitons plus radiation, see [42].

Conjecture 1.3 (Strong soliton resolution at energies close to the ground state) Any
radial energy class solution of Eq. (1.1) with energy close to E(W, 0) either blows up
in finite time or scatters to zero like a free wave or scatters towards a rescaling of W.

Our Theorem 1.1, however, shows that Conjecture 1.3 is wrong. In addition to the
already known dynamics

e A(t) — oo ast — 1— (exotic blowup [27])
e A(t) —> a > 0ast — oo (scattering towards (a rescaling of) W [13,22])

for solutions of the form u(z, x) = )\(t)% WA (t)x) + n(t, x) with n small, our result
adds the two new possibilities

e A(t) = Oast — oo (“vanishing”)
e A(t) = ocoast — oo (“blowup at infinity”)

and either of which contradicts Conjecture 1.3. Furthermore, there exists a continuum
of rates at which the blowup (or vanishing) occurs. It has to be remarked that the blowup
does not take place in the energy norm (which stays bounded) but in a type II fashion
(i.e., only higher order norms blow up). We also note that, although Conjecture 1.3 in
this sharp form does not hold, a weaker version in the radial context was proved after
the submission of the present paper [11]. The resultin [11] shows in particular that the
solutions we construct are in a sense the only global solutions which do not scatter.
We also remark in passing that we expect the solutions of Theorem 1.1 to be smooth
and therefore, unlike in the case of the exotic blowup in [27], there is no conjectured
“quantization” of blowup rates as one passes to smooth solutions. The intuitive reason
for this is that we do not encounter a singularity at the lightcone as in [27] since we
cut off our approximate solutions in such a way that they are supported inside the
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Nonscattering solutions and blowup at infinity 93

smaller cone r < t — ¢ for some constant ¢. At the moment, however, we cannot
rigorously prove the smoothness of the full solutions since parts of our construction
rely on a “soft” argument which only yields energy class regularity. Furthermore, it is
worth mentioning that the technique used to prove Theorem 1.1 appears to have much
wider applicability for similar critical nonlinear problems, as did the construction in
[27]. We also note that the restrictions on p in our Theorem 1.1 seem to be in part
technical and nonessential. Thus, it appears to be natural to expect at least the range
—1 < u < gp to be allowable, for suitable g9 > 0.

While this paper was being written up, T. Duyckaerts informed the authors of the
following result, obtained jointly with C. Kenig and F. Merle, which nicely combines
with our Theorem 1.1 in a similar way as [9, 10] are related to [27].

Theorem 1.4 (Duyckaerts—Kenig—Merle [12], private communication by T. Duyck-
aerts) If u : [0, 00) x R? — R is a radial energy class solution of Eq. (1.1) with

lim sup (||3;M(l‘, ) ||L2(R3) + ||Vu(t, )||L2(R3)) < 2||VW||L2(R3)
—00
then (up to a change of sign)

u(t, x) = 1) WOX) + vt X) + 0571 gy (1)
8[M(t, .x) = 8tv(t, X) + OLZ(R3)(1)

with v a free wave and tA(t) — oo ast — oQ.

Theorem 1.1 should also be contrasted to previous works on other dispersive sys-
tems such as the nonlinear Schrodinger equation. We cannot do justice to the vast
literature on this subject but as an example we mention Tao’s result [46] on the cubic
focusing Schrodinger equation in R!*3 which states that radial solutions which exist
globally decouple into a smooth function localized near the origin, a radiative term,
and an error that goes to zero as t — oo. Unlike Theorem 1.1, this result is in con-
cordance with the soliton resolution conjecture. We refer the reader to [42] and the
references therein for more positive results in this direction. Furthermore, the only
system (to our knowledge) of “wave type” (i.e., either nonlinear wave or Schrodinger
equation) for which nonscattering solutions similar to ours are known is the L>-critical
nonlinear Schrodinger equation in R'+!. For this system nonscattering solutions can
be constructed by combining the “log log” blowup of [38] with the pseudo-conformal
symmetry (the “log log” blowup exists in other dimensions as well, see [30-32]). How-
ever, it is evident that the mechanism which furnishes these solutions is completely
different and not related to the situation here.

1.1 A roadmap of the proof
We give a brief overview of the proof of Theorem 1.1 without going into technical

details. As already mentioned, the construction is in parts based on the techniques
developed in [23,24,27]. However, in order to deal with the present situation, the
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94 R. Donninger, J. Krieger

method has to be modified and extended considerably. In the following we restrict
ourselves to radial functions and the symbols r and |x| are used interchangeably. By a
slight abuse of notation we also write u(z, r) instead of u(z, x) meaning that u(z, -) is
a radial function. Furthermore, throughout this paper we set’ A(¢) := r~( =) where
v is assumed to be close to 1. Roughly speaking, the proof splits into three main parts
which we now describe in more detail.

(1) Construction of “elliptic profile modifiers”. An obvious idea is to insert the naive
ansatz u(t, r) = )L(t)% W (A(2)r) +n(t, r) into Eq. (1.1) and to derive an equation
for n. By doing so, however, one produces an error a,z[x(t)% W (A(t)r)] which
decays roughly like =2 and this turns out to be insufficient. Consequently, we
first modify the profile )»(t)% W (A(t)r) by a nonperturbative procedure. This is
done in two steps where we solve suitable (linear) approximations to Eq. (1.1) and
thereby improve the error at the center and, in the second step, near the lightcone
r ~ t. This does not yield an actual solution but a function u» which solves
Eq. (1.1) only up to an error. However, this error now decays approximately like
t~* and thus, we have gained two powers which is sufficient to proceed. This
is in contrast to the analogous procedure in [27] where a very large number of
modifications are added to the ground state. In our situation, it turns out that
additional modifications do not improve the error further. The improvement in
decay comes at the expense of differentiability at the lightcone which has to be
accounted for by using suitable cut-offs. Thus, in this first stage of the construction,
we only obtain an approximate solution in a smaller forward light cone (i.e., of
the form |x| < ¢t — ¢ and hence strictly contained inside the standard light cone
|x| < t), in contrast to the procedure in [27].

(2) In a second step we insert the ansatz u = up + ¢ into Eq. (1.1) and derive an
equation for ¢ which is of the form

(=037 + A)e + 5Wj, & = nonlinear terms + error (1.3)

where W, (x) := k% W (Ax). Due to the aforementioned lack of smoothness, the
right-hand side of the equation is only defined in a forward lightcone and for the
moment we restrict ourselves to this region. In order to obtain a time-independent
potential on the left-hand side we use R := A(¢)r as a spatial coordinate and, with
an appropriate new time coordinate t, Eq. (1.3) transforms into

D?c + ct 'De + (—A + V)& = nonlinear terms + error (1.4)

where D is a first order transport-type operator and V = —5W*. In order to solve
Eq. (1.4) we apply the “distorted Fourier transform” relative to the self-adjoint
operator —A + V. This requires a careful spectral analysis which is only feasible
since we are in the radial case. The existence of a zero energy resonance plays a
prominent role here. As aresult we obtain a transport-type equation for the Fourier

3 We use this convention for “historical” reasons, cf. [27].
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Nonscattering solutions and blowup at infinity 95

coefficients which is then solved by the method of characteristics combined with a
fixed point argument. The treatment of the error terms on the right-hand side of the
transport equation is delicate and requires a good amount of harmonic analysis.
In particular, the functional framework employed differs from that in [27].

(3) The last step consists of a partially “soft” argument which is used to extend
the solution to the whole space and, second, to extract suitable initial data that
lead to the desired solution (recall that we have solved the equation in a forward
lightcone where the Cauchy problem is not well-posed). For this we rely on a
concentration-compactness approach based on the celebrated Bahouri—Gérard
decomposition [1].

1.2 Notation

We write N for the natural numbers {1, 2, 3, ...} and set Ny := {0} U N. We use
standard Lebesgue and (fractional) Sobolev spaces denoted by L?(£2), W* 7 (2) and
H® := W52 with Q@ c R. Our sign convention for the wave operatoris [ := —8t2+A.
Unless otherwise stated, the letter C (possibly with indices) denotes a positive constant
which may change from line to line. As usual, we write a < b if a < Cb and if the
constant C has to be sufficiently large, we indicate this by a < b. Similarly, we
use a = band a >~ b means a < b and b < a. Furthermore, we reiterate that
A(t) := t~U~) with v a real number close to 1. Throughout the paper, v is supposed
to be fixed and sufficiently close to 1. Note also that Theorem 1.1 is trivial if v = 1 since
in this case u (¢, x) = W(x). Thus, whenever convenient we exclude the case v = 1
without further notice. For x € R? we set (x) := /1 + |x|2 and write O(f(x)) to
denote a generic real-valued function which satisfies |O (f (x))| < | f(x)| in a domain
of x that s either specified explicitly or follows from the context. If the function attains
complex values as well we indicate this by a subscript, e.g. Oc(x). An O-term O (x7),
where x, y € R, issaid to behave like a symbol if |8)]§ O(xV)| < Cxlx|Y*forallk € N.
A similar definition applies to symbol behavior of O ({x)?) with | - | substituted by (-).

2 Construction of an approximate solution

Our intention is to construct a solution u of the form u (¢, r) = )L(t)% W()r)+n(t,r)
with A(7) = =1~V where v is sufficiently close to 1 and n is small in a suitable
sense. We first improve the approximate solution Wj)(r) := A(t)%W()\(t)r) by
successively adding two correction terms vo and v;. These corrections are obtained
by approximately solving the equation in a way we describe in the following.

2.1 Improvement at the center
We set ug(t, r) := Wy (r) and define the first error ey by
eo = Lug + ug = —Bfuo

with O = -2 + A.
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96 R. Donninger, J. Krieger

Lemma 2.1 The error e is of the form
2 _ L -1 2 %
t7eo(t,r) = cyA(D2(A()r) " +1t7eq(t, 1)

where ¢, is a real constant and ej satisfies the bounds

1 _ _a2_
198852 e (1, 1) < Crer ()T Aty 7k
forallt >ty > 0,r > 0andk, £ € Ny. In addition, we have
0P eq(t. r)lr=0 = 87 g2, 1)l =0 = 0.

Proof Note first that W(R) = +/3(R)~! + W*(R) where |3k W*(R)| < Cx(R)37*
for all R > 0 and k € Ny. Consequently, the claim follows from

eo(t. ) = —2uo(t. r) = —2 AW (1)r)]

by the chain rule. O

Note that the decay of eg(¢, r) near the lightcone r = ¢ is better than at the center.
Consequently, we first attempt to improve the approximation near r = 0. Ideally, we
would like to add a correction vg such that u; := ug + vg becomes an exact solution,
ie.,

0="0u; + u? = vy + 5u3v0 + N (ug, vo) + eg
where
N (o, vo) := 10ujvs + 10udvy + Suovg + v},
Near the center r = 0 we expect the time derivative to be less important and therefore
we neglect it altogether and also drop the nonlinearity to obtain the approximate
equation
Avg + Sugvy = —eg 2.1

and the next error e; is defined as

er = Ouy +u3. (2.2)

We solve Eq. (2.1) for vg and subsequently show that e; decays faster than e.

Lemma 2.2 There exists a function vg satisfying Eq. (2.1) such that
v0(t, 1) = ey () AN 2A0r + dyh (@) 10072 + (2. 7)

@ Springer



Nonscattering solutions and blowup at infinity 97

where ¢, d,, are real constants and
1889k v (1, | < Crer@ TN ()r) ™' (log(1(0)r))

forallt >ty > 0,r > 0andk, £ € Ny. As a consequence, the error e defined by
Eq. (2.2) is of the form

2ei(t,r) = cyh(t) IO 20(0r + dyh (D)2 M0 + 2e5(t, 1)

with (different) real constants c,, d, and e’lk satisfies the bounds

1080k %€ (1, )| < Croh() T2 )y~

forallt >ty > 0,0 <r <t,any (fixed) € > 0, and k, £ € Ny. In addition, we have
32 w(t, r)|,—0 = 0 where w € {vo, g, e, e},

Proof Setting vo(t, R) := Ruvy(t, A(1)"'R) and R := A (t)r, Eq. (2.1) reads
3200(1, R) 4+ 5SW(R)*Do(t, R) = —A(t) >Reo(t, (1) "' R) (2.3)

which is an inhomogeneous ODE in R and ¢ can be treated as a parameter. Explicitly,
the potential reads

5
SW(R)* = ———
W E

and the homogeneous equation has the fundamental system {¢o, 6y} given by

_3
2

poR) =R(1- ) (1+8) * =—V3+a5R)

[}

0o(R) = (1 n %2)_ (1 _2R> 4 %4) = LR+6:(R)

NG
where
10kes(R)| < Cr(R)™27K, 10565 (R)| < Ci(R)~17F

for all R > 0 and k € Ny. Furthermore, for the Wronskian we obtain W (6p, ¢9) =
90¢6 — 96(;50 = 1. According to the variation of constants formula, a solution vy of
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98 R. Donninger, J. Krieger

Eq. (2.3) is therefore given by

R
vo(r, R) = —k(t)_2¢0(R)/90(R/)R/60(t,)»(t)_lR’)dR/
0

R
+ A0 260(R) / o(R)R eo(t, ()" 'R )dR'
0

and by using Lemma 2.1 we obtain the claim concerning vg.
The assertion for ¢; now follows from e; = —a}vo + N(ug, vg). We have

e1(t, 1) =co A2 (O] 20 +dy(6) 2 I3 2 = 8208 (¢, 1)+ N (1o, vo)

and |8,2v(’§ @ < )\(t)%[)»(t)t]’”ft’z()»(t)r)’l where the €-loss comes from the
logarithm. The nonlinear contributions are of higher order and belong to e since

IN (g, v0) (£, )| < AR ((0)r) ™"

where we use [A()]”! < (A(t)r)~! for 0 < r < t. The derivative bounds follow
from the corresponding bounds on v by the Leibniz rule. O

2.2 Improvement near the lightcone

We have to go one step further and continue improving our approximate solution.
Thus, we add another correction v to u and set uo 1= u| + vy = ug + vg + vy. This
yields

Cuy + u% = Ov; + 5u?v1 + N(uy,vy) +Ouyp + u?
= Oy + 5ufv; 4+ N(uy, v) + ey.
This time we intend to improve the approximate solution near the lightcone r = ¢ since
the decay of the error e near the center is already good enough. Of course, near the
lightcone we cannot ignore the temporal derivative but thanks to the decay of u;(z, )
it turns out that we may safely neglect the potential and the nonlinearity. Furthermore,

we also ignore the higher order error e} which already decays fast enough. Thus, we
arrive at the approximate equation

Doy (t, ) = —eo A () "2t~ *0 () — dyi() 21~ (2.4)
and the next error e; is given by

ey = Olusy + 13, (2.5)
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Nonscattering solutions and blowup at infinity 99

Note carefully in Lemma 2.3 below that in order to gain decay in ¢ we sacrifice
differentiability at the lightcone.

Lemma 2.3 There exists a solution v = vi1 + vi2 of Eq. (2.4) and a decomposition
vy = v‘fi + vi’/, j = 1,2, such that

o1, ) SA@ 24, o2 (t, N SAD 21742 (r=31)
W8, < 02, 0, (1, ) S ) 3172 (r <20)

l— 3 1
W n S A0 2 (1= 5207 bl S a2 (1= 5207 <)

forallt > ty > 0 and estimates for the derivatives follow by formally differentiating
these bounds. As a consequence, the error e> as defined by Eq. (2.5), satisfies the
bound

12ex(t. 1) < A IO 221 ()]

forO <r <t—c allt >ty > cy > c(where cg is a fixed constant), and for any
(fixed) € > 0. Finally, we have Brzkvu(t, r)|r=0 = 8r2k+1v12(t, r)r=0 =0, k € Np.

Proof Instead of solving Eq. (2.4) directly, we set vi = vq1 + v12 and consider
_3 4 _3 4
Cvyr = —cpA () 2t A, Qv = —dyA(t)” 2t

separately. In order to reduce these equations to ODEs, we use the self-similar coor-
dinate @ = 7. We start with

1
20y (6, 1) = —cd(t) "2t

and make the self-similar ansatz
1l 1.
vit(t, r) = A0 2t oy (%)
which yields

(1 —a®) [3](@) + 20} (@] — (1 + v)ad) (@) — [5(1 —v) = 1][31 —v) = 2]
v11(a) = —cya. (2.6)

The homogeneous equation has the fundamental system {04} given by
bala) = L1 £a)? 0™

with the Wronskian

v—1

W4, 06— = —
O 0@ =
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100 R. Donninger, J. Krieger

Furthermore, v := 6_ — 6 is another solution of the homogeneous equation which
is smooth at @ = 0 and clearly, W (64, ) = W (04, 6_). Consequently, a solution vy
of Eq. (2.6) is given by

i@ = Y [0y
0

v |

Vv —

b3(1 — b1 2o, (bydb 2.7

0

and it follows that 9;1(a) = O(a’) as a — 0. Thus, we obtain vy (¢, 7) =
v‘fl (t,r)+ vll’2(t, r) with the stated bounds. Next, we turn to the equation 20vp =

—duk(t)_%t_z. Here, we make the ansatz vy (¢, r) = A(t)_%t_2512(§) which yields
Eq. (2.6) but with v replaced by 3v. Thus, we obtain v{2(a) = 0(a?) asa — 0 and
vi2 = v§, + v?, with the claimed bounds.
By construction, the error e; is given by
e = Su‘fvl + N(up,vi) + €}

and from Lemma 2.2 we recall the bounds

i (£, )| < luo(t, 1) + ot 1) < 2@ (AOr) ™ + A 2@ 20(0)r
<A Or)
e (e, )] < A2 ()

From above we have the bounds
1
i, 1) S AO O A 0r)
forO <r < %t and
1

W0 ) S A0 oA (1= 5)207 a2 aon e

for %t < r <t — c. Furthermore,
b 1 ) ry 3 (1=3v) 1 —1, L1-y
Wi, M) S A2 [A ()] (1 - ;)2 SAM2[A()] 12

for %t < r <t — c and the stated bounds for e, follow. O

Remark 2.4 There is a slight nuisance associated with the function vy constructed in
Lemma 2.3: its odd derivatives with respect to r do not vanish at the origin, i.e., vy is
not smooth at the center when viewed as a radial function on R3. This inconvenient
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Nonscattering solutions and blowup at infinity 101

fact, however, is easily remedied if we replace v11 by v where 6 is a smooth function
with 6(r) = r for, say, r € [0, %] and 6(r) = 1 for r > 1. This modification does not
affect the bounds given in Lemma 2.3 (provided that 7o > 1) and it yields the desired
behavior near the center. Furthermore, since (1(6vy1) (¢, r) = Qv (¢, r) forr > 1,
the stated estimates for the corresponding error e; are not altered either. Consequently,
we may equally well assume from the onset that v1; and e, are smooth at the center
(as functions on R?). This remark will be useful later on.

3 The transport equation

For the sake of clarity we outline the main results of this section.

(1) We make the ansatz u = u» + ¢ and perform the change of variables (¢, r) —
(7, R) where t = %)\(t)t, R = A(t)r. From the requirement Uu + w =0 we
derive an equation for v(z, R) := Re(wi(t)'1, A(t) "' R) of the form

D?v + By(t)Dv + Lv = A(t) [rhs.] (3.1

where D = 3 + B, (1)(RIg— 1), Bu(r) = (1- 1)t~ L and £ = 92 —SW(R)*.

(2) Next, we discuss the spectral theory of the Schrodinger operator £. We derive
the asymptotics of the spectral measure p associated to £ by applying Weyl-
Titchmarsh theory. As a consequence, we obtain a precise description of the
spectral transformation (the “distorted Fourier transform™) U : L2(0, 00) —
L%(o (L), d ), the unitary map satisfying UK £ (£) = EU f (£).

(3) We apply this map to Eq. (3.1) in order to “transform away” the potential
—5W(R)*. This yields an equation for* x(, £) := [Uv(z, -)](£) of the form

[153 + Bo(T)D, + 5] x(z, &) = A7 2(7)[rh.s.] + “K — terms”

where 756 = 0;—2B,80:+0 (r’] ). The expression “/C-terms” stands for nonlocal
error terms which arise from the application of U to Rdg (in D).
(4) Then we study the inhomogeneous equation

[+ pu@De + 8] 2. 8) = bz, &)

and solve it by the method of characteristics. We obtain suitable pointwise bounds
for the kernel of the solution operator (the “parametrix’).

(5) Finally, we introduce the basic solution spaces we work with and prove bounds
for the parametrix in these spaces.

4 In fact, we have to work with a vector-valued function x since £ has a negative eigenvalue. This is not
essential for the argument but complicates the notation. Thus, for the moment we ignore this issue.
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3.1 Change of variables

The function u, constructed in Sect. 2 satisfies the critical wave equation only up to
an error e>. In this section we aim at constructing an exact solution to

Ou+u’ =0
of the form u = u, + ¢ where (¢, r) decays sufficiently fast as r — oo. Recall that

17 is nonsmooth at the lightcone and thus, we restrict our construction to a truncated
forward lightcone

K® :={(t,x) eRxR3:1>19,|x| <1 —c)

1o,C

for #p > ¢ > 0. Consequently, we have to solve the equation
Oe + Sue + N(uz, &) +e2 =0
which we rewrite as
4, _ g4 4

e + Suge = 5(ug — u3)e — N(uz, &) — ea. (3.2)
As before, in order to obtain a time-independent potential, we use the new space
variable R(t,r) = A(t)r. Furthermore, it is convenient to introduce the new time

variable 7 (1) = %t". We write A(t) = X(r(t)) and note that

A ()
Al)

70 =r0), V)=
Consequently, the derivatives transform according to
3, = A1) (af + i/(r)i(z)*‘RaR), 9, = i(r)dR
and by setting v(t (¢), R(t,r)) = &(t, r) we obtain from Eq. (3.2) the problem

[0 + B (D) RIRID + Bu(D)d: + B (1) RIRID — [0 + F ok +SW(R) |5
= i(1)2 [5(u‘2‘ —ud)D + N(uz, 9) + ez:l (3.3)
with
Bo() =X (r) = (L -1)! (3.4)

where it is understood, of course, that the functions u(, u, and e be evaluated accord-
ingly. Finally, the standard substitution 9(t, R) = R~'v(z, R) transforms the radial
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3d Laplacian into the radial 1d Laplacian and, by noting that
[0 + B (D) RIRIUGE. = £[9; + Bu (D) RIR — By (D]v (T, R),

we end up with the main equation
D + Bo(1)Dv + Lv = i(7) 2 [S(M‘z‘ —ud)v + RN (uz, R™v) + Reg] (3.5)

where D = 0; + B, (7)(Rdg — 1) and L = —81% — SW(R)*. Our goal is to solve
Eq. (3.5) backwards in time with zero Cauchy data at T = oo. Roughly speaking,
the idea is to perform a distorted Fourier transform with respect to the self-adjoint
operator £ and to solve the remaining transport-type equation on the Fourier side by
the method of characteristics.

3.2 Spectral theory of £ and the distorted Fourier transform

In the following we recall some standard facts about the spectral theory of L, see
e.g. [8,14,49,50]. We write V := —5 Ww* and emphasize that V (R) depends smoothly
on R and decays like R* as R — oo. The Schrodinger operator £ = —81% + Vis
self-adjoint in L2(0, 00) with domain

dom(L) = {f € L%(0,00) : f, f € AC[0, RIVR > 0, f(0) = 0, Lf € L2(0, 00)}

since the endpoint 0 is regular whereas oo is in the limit-point case. Furthermore, there
exists a zero energy resonance which is induced by the scaling symmetry of the wave
equation. More precisely, the function

R(1—1R?)

1
@o(R) = 2R0)[p=1A2W(AR) = m

(3.6)

belongs to L>°(0, co) and (formally) satisfies L¢o = 0. Since ¢ has precisely one
zero on (0, 00), it follows by Sturm oscillation theory (see e.g. [8]) that £ has exactly
one simple negative eigenvalue £; < 0. The corresponding eigenfunction ¢, is smooth
and positive on (0, co) and decays exponentially towards oco. Thus, the spectrum of £
is given by o (L) = {£4} U [0, co) and thanks to the decay of V, the continuous part
is in fact absolutely continuous.

We denote by {¢ (-, 2), 0(-, 2)}, z € C, the standard fundamental system of

Lf=zf 3.7
satisfying

$(0,2) =0'(0,2) =0, ¢'(0,2) =6(0,2) = 1.
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In particular we have W(6(-, z), ¢ (-, z)) = 1 for all z € C. Furthermore, (-, z) for
z € C\R denotes the Weyl-Titchmarsh solution of Eq. (3.7), i.e., the unique solution
of Eq. (3.7) which belongs to L?(0, co) and satisfies ¥ (0, z) = 1. Consequently, for
each z € C\R there exists a number m(z) such that

Y(,2) =0(0,2) +m)¢p(-, 2)

and we obtain m(z) = W(@(, 2), ¥ (-, 7)). The Weyl-Titchmarsh m-function is of
crucial importance since it determines the spectral measure.

Proposition 3.1 (1) For any & > O the limit
p(€) =L lim Imm(& +ie)
e—>0+

exists but p(§) — oo as € — 0+.
(2) Let 1 be the Borel measure defined by

d®O¢, (§)

S 4 pe)d
9 gy O

du) =

where d®g, denotes the Dirac measure at ;. Then there exists a unitary oper-
ator U : L*(0, 00) — L?*(o (L), dw), the “distorted Fourier transform”, which
diagonalizes L, i.e.,

UL = M;;u
where M;y is the (maximally defined) operator of multiplication by the identity

function.
(3) The distorted Fourier transform is explicitly given by

b
us© = tim_ [ SR EFRAR. £ a0)
0

where the limit is understood with respect to || - || 12((2),du)-
(4) The inverse transform U~ reads

b
A R, A . 2
U f Ry = — 25D e b tim / bR, )] )p(E)dE
I8¢ €122 6 b0
: 0
where the limit is understood with respect to || - || 12(0.c0)-

5 In other words, Miq f (&) = Ef (§).
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Proof Let Imz > 0 (and Im /z > 0). The Weyl-Titchmarsh solution is given by
Y-, z) = co(z) f1 (-, z) where the Jost function f4 (-, z) is defined by Lf4 (-, z) =
zf4+(-,z) and fy (R, z) ~ ¢ViR a5 R — 00. The coefficient co(z) is chosen such that
v(0,z) =1,1e.,

1
W(f+(" Z)’ d)(’ Z)) .

co(z) = (3.8)

The Jost function satisfies the Volterra equation
l o
fi(R,z) = ViR 4 W / sin(v/Z(R' — R)V(R') f+ (R, 2)dR’ (3.9)
<
R

and from this representation it follows immediately that
f+(R,§) = lim fL(R,§ +ie)
e—0+

exists provided that £ > 0 and moreover, fi (R, &) satisfies Eq. (3.9) with z = &,
cf. [5]. From Eq. (3.9) we also have W(f1(-, 2), f4(-,2)) = —2i4/z and thus, by
expanding

J+(8) =al@)e(.§) +bE)O(.§)

we obtain (recall that ¢ (-, £) and (-, £) are real-valued)

—2iJE = W(f(, 6), f+( &) = 2ilm (a(€)b(£))

which in particular implies b(§) # 0 if £ > 0. Consequently, we infer

W(f+(.8),¢0(.8) =bE) #0

and this shows that co(£¢) (and therefore ¥ (R, &)) is well-defined and finite provided
that& > 0. However, due to the zero energy resonance we clearly have |co(§)| — oo as
& — 04. The connection between the Weyl-Titchmarsh m-function and the spectral
measure u is provided by the classical formula

E46

~ 1 . . .
) = ;6E}r(1)]+€l_1>r(r)l+ / Imm(r +ie)dt
8

where the distribution function ft determines p in the sense of Lebesgue—Stieltjes.
The statements about the distorted Fourier transform are well-known and classical,
see e.g. [8,14,49,50]. |
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3.3 Asymptotics of the spectral measure for small &

In order to be able to apply the distorted Fourier transform, we require more detailed
information on the behavior of the spectral measure. We start with the asymptotics as
& — 04 where the spectral measure blows up due to the existence of the zero energy
resonance. We also obtain estimates for the fundamental system {¢(-, &), 60(-, &)}
which will be relevant later on. As before, ¢pg(R) = ¢ (R, 0) is the resonance function
given in Eq. (3.6) and we write 6p(R) := 6(R, 0). Explicitly, we have

1R

Lemma 3.2 There exists a (complex-valued) function ® (-, &) satisfying LO(-, ) =
ED(-, &) such that

D(R, &) = [po(R) +i00(R)I[1 + a(R, §)]
where a(0,£) =a’(0,&) =0 and

|0 g [Rea(R, £)] < Cre(R)>Hg'

ofoklima(R,)1| = Cre [(R)HE! 4 (R)* 462

forall R € [0, E_%], 0 < & < landk,t € Ny. In particular, we have ¢ = Re ® and
0 =Imd.

Proof We write ®( := ¢o+1i6p and note that & does not vanish anywhere on [0, 00).
Inserting the ansatz ®(-, &) = ®p[l + a(-, )] into LO(-, &) = ED(-, &) yields the
Volterra equation

R R
a(R,&) = —5// ®o(R")2dR" ®o(R)?*[1 4+ a(R', £)1dR’ (3.10)
0 R

which is of the form

R

a(R, &) = / KR, R ,&[ +a(R, &)]NIR

0

with a kernel satisfying |[K(R, R’,&)| < (R')¢ forall0 < R < Rand & > 0.
Consequently, we have

D=

e

sup  |K(R,R,&)|dR <1
0 Re(R.ED)
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and a standard Volterra iteration yields the existence of a(-, &) with |a(R, &)| < (R)?&

forall R € [O, E_%] and 0 < & < 1. Obviously, we have a(0, &) = a’(0,&) = 0 and
this immediately yields ¢ = Re ® and & = Im ®. Now observe that, for0 < R’ < R,

R R
[ @0 2ar = [ [or" ) +10GR) )] dR'= OGR) ) +1 0GR )
R’ R

which implies

R
/CDQ(R”)’ZdR” ®o(R)> = O((R') +i0(1).
R/

Consequently, with |a(R, £)| < (R)?& from above and Eq. (3.10) we infer

R
Ima(R, &) = O((R)§) + &Im / Oc((R)a(R',&)dR" = O((R)E) + O((R)*&?).
0

The derivative bounds follow inductively from Eq. (3.10) by symbol calculus. O
Next, we consider the Jost function f4 (-, §).

Lemma 3.3 The Jost function f4 (-, &) of the operator L is of the form
f+(R.§) = &VER[1 4 b(R, §)]
where b(-, §) satisfies the bounds
|9£0kb(R, £)] < Cre(R) > Fe 274

forall R >£7%,0 <& <1andk, ¢ e No.

Proof The function b(-, £) satisfies the Volterra equation

1
2i /&

b(R,€) = /[e”@(’?’*’?) — 1] V(R)[1 + b(R', £)1dR’
R

K(R, R, &)1 +b(R, £)]dR’. 3.11)

27\8

Thanks to the strong decay of V we have |K (R, R', §)| < (R’)_4§_% for R < R’ and
thus,
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o0

/ sup  |K(R,R,&)|dR < 1.
ReE™5,R))

N—

3

Consequently, a standard Volterra iteration yields the claim. The derivative bounds
follow inductively by symbol calculus. O

The information provided by Lemmas 3.2 and 3.3 already suffices to obtain the
asymptotics of the spectral measure for & — 0+.

Lemma 3.4 For the functions co and p given in Eq. (3.8) and Proposition 3.1, respec-
tively, we have

co€) = —=E 721+ 0D, p®) = 621+ 0]

for 0 < & < 1 where the O-terms behave like symbols under differentiation.

Proof For the Weyl-Titchmarsh solution ¥ (-, £) we have ¥ (-, &) = co(&) f+(-, &)
where the coefficient co(§) is given by

1
W(f-l—('a 5)7 (p(’ E)) '

co(§) =

cf. the proof of Proposition 3.1. From Lemma 3.2 we have

P (R, &) =Re D(R, &) = po(R)[1 + Rea(R, £)] — 6p(R)Ima(R, &)
= ¢o(R)[1 + O((R)?*E) + O((RY’EH], R=>1

and, by noting that |¢{(R)| ~ (R)~> for R > 1,
¢'(R,§) = OUR) )1+ O((R)*&) + O(R)EM], R=1.
We evaluate the Wronskian at R = & _%. Thus, we use

BET.E) = goE )1+ 0ED)] = —v3[1 + 0ED)]
@(E"TE) = OED) 1+ 0E )] = 0ED)

and, from Lemma 3.3,

FrE0.8) =11+ 0cED] = 1+ O¢(ET)
FLE,8) = g2 1+ Oc(E)] = iE2[1 + Oc(ES)]

and all O-terms behave like symbols under differentiation. Consequently, we obtain
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W(fs(6). ¢ (. E) = V3iE[1 + Og(E3)]

and thus, cg(§) = —ﬁé_% [1+ Oc (é%)] where the O-term behaves like a symbol.
The Weyl-Titchmarsh m-function is given by

m§) =W(O(.5), ¥ (. 8) =co@WOC(.5), f+(.§).

From Lemma 3.2 we have
6(1,6)=0E™), 6/ 1,6 =1+06%)

and thus, W (O(, €), f1(£)) = — = + Oc(£5). This yields p(§) = Limm (&) =
%f;"% [1+ O(E%)] with an O-term that behaves like a symbol. O
3.4 Asymptotics of the spectral measure for large &

In this section we study the behavior of p(§) as & — oo. This is considerably easier
than the limit & — 04. In order to get a small factor in front of the potential, it is

convenient to rescale the equation £ f = & f by setting f(R) = f (S% R) which yields

F'O) + F) =WV E ) f(y) (3.12)

for y > 0, & 2> 1 and this form already suggests to treat the right-hand side perturba-
tively.

Lemma 3.5 The Jost function (-, &) of L is of the form
fr(R. &) = eVER[1 + b(R, £)]
where
|9£0kB(R, £)] < Cre(R) g3

forallR >0,& 2 1andk, £ € Ny.

Proof We start by constructing a solution f+ (-, &) to Eq. (3.12) of the form f+ (y,&) =
e[1 + b(y, &)]. Inserting this ansatz into Eq. (3.12) yields the Volterra equation

b(y.6) = 55" / [0 — 1V ET + b0, £)1dy’
y

/K(y,y/,%')[l +b(, §)ldy’ (3.13)

y
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where |K (y, Y, &)| < 5_1(5_%y’)_4 forall0 < y <y’ and & 2 1. Consequently,
we have

o0
1

/ sup |K(y,y ., &)ldy S€§7251
0 ve(0,y")

and a Volterra iteration yields |5( v, 8)| S S_% (& -3 y)~3. Furthermore, by introducing
the new variable u = y’ — y, we rewrite Eq. (3.13) as

b(y,&) = zi,-s*l/[ezl'" —VE 2@+ )+ b+ y. £)ldu
0

and with
10£05V(E 2+ )| < Cre e 2w+ )R, ke

forall y,u > 0, & 2 1, we obtain inductively the bounds

1

~ 1l 1y _L 3
10£05b(y, )] < Cres 2724 HEm2y) 3k
forall y > 0,& > 1and k, £ € No. We have f+(£2R) ~ ¢'VER as R — oo and

thus, as already suggested by the notation, the Jost solution is given by f4 (R, &) =

F+(E2R, &) and by setting b(R, £) = b(§? R, §) we obtain the stated form of £, (-, £)
and the bounds for b follow from the ones for b by the chain rule. O

Lemma 3.6 The functions cy and p are of the form

o) =14 0cE™?), p&) =Le2[1 4+ 0E )]

for & 2 1 where the O-terms behave like symbols under differentiation.

Proof By evaluation at R = 0 we obtain from Lemma 3.5

W(fi (L&) d(.6) = f1(0.6) = 1 +5(0,6) = 1 + Oc(E™?)

which, by Eq. (3.8), implies c¢o(§) = 1 + Oc (& _%) where the O-term behaves like a
symbol. Furthermore, we have

WO, &), fr(E)=FL0,8)=i£2[1 + b(0, £)]+b (0, &) =i& 2 [1 + Oc (¢ 1)]

and we infer
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p(&) = Him [co@W O, &), f+(. )] = L1621+ 0]

with an O-term that behaves like a symbol. O

It is now a simple matter to obtain a convenient representation of ¢ (-, &) in terms
of the Jost function f, (-, £).

Corollary 3.7 The function ¢ (-, &) has the representation

O(R.E) = a() f1(R.£) +a@) f1 (R, E)
where
ag) =L 4 0cEs), 0<&<1
a(®) = £ 1+ 0cE )], £21

and the O-terms behave like symbols.

Proof Since W(fy(-, &), fr(-,€)) = —2i/E it is clear that there exist coefficients

a(€),b(¢)suchthatp (-, &) = a(€) f+(-, &) +b(€) f1(-, &) provided that £ > 0. From
the fact that ¢ (-, ) is real-valued it follows that b(§) = W&). Consequently, we obtain

b = W (L 6). (. 8) = ~2i52a(®)

and Lemmas 3.4, 3.6 yield the claim.

3.5 The transference identity

Unfortunately, it is not straightforward to apply the distorted Fourier transform to
Eq. (3.5) due to the presence of the derivative Rdg. The idea is to substitute the term
ROg by asuitable derivative on the Fourier side. This is not possible without making an
error. For the following it is convenient to distinguish between the continuous and the
discrete part of the spectrum of £. This is most effectively done by introducing vector
notation. Consequently, we interpret the distorted Fourier transform, now denoted by
F, as a vector-valued map F : L2(0, 0o) — C x L?((0, 00), p(&)d&) given by

_ [ UfGa)
Fri= (Ufl[o,oc»)

with ¢/ from Proposition 3.1. By Proposition 3.1 the inverse map
F~1Cx L2((0,0), p(§)d§) — L*(0, 00)

reads

b
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We define the error operator /C by
FOf = fH=AFf+KFf (3.15)

for f € C2°(0, co) where

A= (g 1) Acw®) = 2660 — (3428 x®

and we write
_ ( Kaa Kac
k= (K:cd K:cc)

for the matrix components of /. We call Eq. (3.15) the “transference identity” since
it allows us to transfer derivatives with respect to R to derivatives with respect to the
Fourier variable £. In order to motivate the definitions of A and /C, let us take the free
case as a model problem, i.e., assume for the moment that V = 0 and £ = —8123. Note,
however, that the free case with a Dirichlet condition at zero is not a good model for
our problem since it is not resonant. Consequently, we assume a Neumann condition
instead. In the free case there is no discrete spectrum and the corresponding ¢ (-, &)

can be given explicitly and reads ¢ (R, &) = — cos(é%R). Furthermore, the spectral
measure is p(§) = %S =3 . For the transference identity we obtain

U = HE) /¢(R, ERf'(R)AR —US (&)
0

- —/Re% sin(¢*R) f(R)AR — 2/¢(R, £)f(R)R
0 0

= 260 [ p(R.6)F(RUR ~ 2 ©)
0
=26 ® - (3+ L) usE

for f € C2°(0, 00) and we recover the operator A whereas the corresponding error
operator is identically zero. Due to the strong decay of V (R) as R — oo itis reasonable
to expect that the transference identity Eq. (3.15) is well approximated by the above
model case, at least to leading order. Therefore, K should be “small” in a suitable
sense. We will make this idea rigorous in Sect. 5 where we prove appropriate mapping
properties of IC which exhibit a certain smoothing effect that turns out to be crucial
for the whole construction.
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3.6 Application of the distorted Fourier transform

Now we intend to apply the distorted Fourier transform to Eq. (3.5). In order to be able
to do so, however, we have to deal with the fact that the functions on the right-hand
side of Eq. (3.5) are only defined in a forward lightcone and we have to extend them
smoothly to all » > 0. To this end we use a smooth cut-off x satisfying x(x) = 0
for x < % and x(x) = 1 for x > 1. Then X(’%’) is identically 1 in the truncated

cone r <t — ¢ and identically O if r > r — % Of course, we assume here that r > c.

Furthermore, in terms of the new variables T = %t” = 1yt and R = A (1)r, the

- v
cut-off reads
~ ey (5 () lvI=R
f@ R = x (A,
Consequently, the equation we really want to solve is given by

D20+ B,(0)Dv + Lv = 3(0) 27 [ 53 = u)v + RN (w2, R'0) + Res ],
(3.16)

cf. Eq. (3.5), and we recall that D = 9, + B, (t)(Rdg — 1). Thus, we have
FD =8 F + Bu(A+K)F = DF
and this yields D2 = D2F where

D? = 92 + 2B,(A + K)d; + B2(A2 + KA+ AK + K2 + BL(A+ K)
= (0 + B A +2B,K8, + BZQKA+ [A K1+ K2 + /K.

We conclude that

D? 4+ B,D = (3 + BuA)? + B QK + 1) (3: + BuA)

+82 (IC2 +IA K1+ K+ %IC)

In the following we write (x4(7), x(7, §)) = Fv(r, -)(§). Consequently, by applying
F to Eq. (3.16), we end up with the system

(a$+sd 0 ) ( xq(7) )
0 (3 +Bu(0)A)?+¢ x(z, &)

5
= ZNJ ();d) (1,8) — B (DK + 1) (9; + B,(1)A) (xd(f) ) &)
j=1

x(t,-)

2 (12 B (1) xq(T) ex(t, &)
—Bu(®)? (K2 + LA K] + K+ 245.K) (x(r, ,))(s>+(éz(ng))

(3.17)

@ Springer



114 R. Donninger, J. Krieger

where the operators NV, j € {1, 2, 3, 4, 5}, are given by

J
N (fj)(r,s) :=f(|-|so,~<r, ) [| R (fg’f,)))] )@) (3.18)

with

01(t, R) = 51(0) 27 (1, B2 wA(D) ', i) 'R —uowA(t) ' A() T R
©2(t, R) = 10A(1) 2% (7, Rur Wi (t) 'z, A(0) "' R)’

@3(t, R) = 101 (1) 25 (1, Rua(wi(v) "', A(x) "' R)?

@4(t, R) = 5h(x) 27 (r, Ruz(wi(r) "1, A1) 'R)

¢s(t, R) = A(t) 2% (1, R)

and

(1, 8) = X(r)—z/d)(R, £)x (I\(r)*#) Re> (u?\(r)—lr, X(r)—lR) dR.
0

(3.19)

3.7 Solution of the transport equation

Our goal is to treat the entire right-hand side of Eq. (3.17) perturbatively. To this end
it is necessary to be able to solve the two decoupled equations

X4(0) + Eaxa(x) = ba(z)  (3:20)
/ 2
00— B (280 + 3+ 2@) [ 2w 0 + 62 0) = b §) (21

for some given functions by and b. Recall that we are interested in decaying solutions
as T — oo and by variation of constants it is readily seen that

o0
xq() = / Hy(x, ©)ba(t)dr', Hy(r,7') = —Ligg|"2e ol T

70

for some constant 7¢ is a solution to Eq. (3.20) which behaves well at infinity. For
future reference we denote by H, the solution operator, i.e.,

Haf (1) = / Hy(t, ) f()Hdr'. (3.22)
0
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In order to solve Eq. (3.21) we first define a new variable y(z, &) by

X(1,8) = A1) p(E) 1y(1. &)

Then, by recalling that 8, (t) = 5»’(1’)5»(1’)_1, we observe that

(00 = 3800 — Bu(0) (260 + L&) | x(z. )
= A1) p(E) 2[0: — 2By (DED Y (T, §)

and thus, Eq. (3.21) is equivalent to

[9: — 2B,(D)ED PPy (1. &) + Ey(1. ) = A(T) 2 p(E)Ib(r.£).  (3.23)

Now we solve Eq. (3.23) by the method of characteristics, i.e., we compute

Ly(1,8(1)) = d:y(1, (1) + &' (D) v (T, (7))

and by comparison with the differential operator in Eq. (3.23) we obtain the character-
istic equation &'(t) = —28,(t)&(r) which, by recalling that 8, (t) = —(% — D!
from Eq. (3.4), is readily solved as £(7) = yrz(%’]) for some constant y. Thus, along
the characteristic T — (7, ytz(%_l)), Eq. (3.23) takes the form

1_

V'@ y) + vy G5 y) = bz y) (3.24)
where y(t; y)=y(t, yrz(%_l)) and 15(1; Y) =X(t)’%p(ytz(%_l))%b(t, ytz(%_l)).

By setting y(t; y) = r_%(%_l)w(vy%t]?) we infer that the homogeneous version of
Eq. (3.24) is equivalent to

(L)2 — 1
w”(Z) + (1 — %) UJ(Z) =0

where z = vy 277 and this identifies Eq. (3.24) as a Bessel equation. Consequently, a
fundamental system {¢;(:; y) : j = 0, 1} for the homogeneous version of Eq. (3.24)
is given by

1 1 1
T; =a,t2J vy2tv
¢0( V) v v/2( Y ) (325)

1 11
é1(t; ) =byt2Y, p(vy2TY)

where J,/2, Y, 2 are the standard Bessel functions, see e.g. [35,36], and a,, b, are
chosen such that

aydy2(2) =222 [14 0(ZD)], byYupn(x) =12z 2[1+ 0(")]  (3.26)
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as z — 0+. This yields the asymptotics

Po(t;y) = yi[l + 0()/5%)] (3.27)
o1t y) =y H1+O0(y21)]

for, say,0 < y iy < 1 and the O-terms behave like symbols. By evaluationatt = 0
we also obtain the Wronskian W (¢o(-; ), ¢1(-; ¥)) = —1. Furthermore, from the
Hankel asymptotics we have |Hlfj%(z)| < z_% forz > 1, j = 1,2 (see [35,36])
and thus, the relations J,,/2 = %(H‘f}% + Hlf%) as well as ¥, 0 = zl—l(H‘f}% — Hl%)
immediately yield the bound

1 1.1 .
it Sy 32670 j=0,1 (3.28)

fory Sy > 1. Consequently, assuming sufficient decay of b(: y ), adecaying solution
to Eq. (3.24) is given by

o
y(iy) = /[¢>1(r; Y)$0(05 ) — do(t; ¥)$1(0; y)1b(o; y)do.
T
In order to obtain an expression for x(z, &), we set y = $r_2(%_1) and this yields
o0
1_
x(r.£) = / He(r.0.6)b(0. (2" §)do = Heb(r.6)  (3.29)
T
with

He(z,0,6) = 103 p ()7 [ (v 6272070 go (016272070

1

— g0 (:6772070) 1 (0367 72070) [ Rio) Hp ((%)2(5‘” s)z .

(3.30)
Now we establish bounds for H.(z, o, &).
Lemma 3.8 The function H, defined by Eq. (3.30) satisfies the bounds
_1 1 1
R N LT L
|He(z,0,6) S (2)% r20=0g=3(+) 0 <12 <1, 02 > 1
o 0<t67<1,0<0t? <1

foralll <t <oand& > 0.
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Proof Recall that A(7) = (vr)*(%*l) and thus, X(T)%X(O‘)_% = (%)%(%*1). Further-

more, if £ > 1 we have |p(§)] "2 < €4 by Lemma 3.6 and, if (2)26~Vg > 1, we
infer

1

pE) p ((%)2(5” s)z

1

SE () -

==

=

<i—
NI

D=

Ve < (9)

again by Lemma 3.6. Note that we always have (%)%(%*1) S (3 21511 regardless of
the sign of % — 1 since 1 < t < o is assumed throughout this proof. If, on the other

hand, 0 < (%)2(%_1)5 < 1 we obtain

1

PE) ((%)2(”5)2

A
o
|
Bl
—~
1Q
SN—"
|
o=
puy
<i—
|
Z
o
|
Bl
A
—~
«|Q
SN~
-
<=
|

since |p(§)|% < é_% for0 < & < 1 by Lemma 3.4.
In the case 0 < & < 1 we have |p(f;‘)|’% < E% and thus, either

P& 2p ((%)2(3"” 5)2

st et (i

or

1

oo o ((27070) | set (010 et g gyt

T

by Lemma 3.6 depending on whether 0 < (%)%(%_l)é <lor (%)%(%_1)5 > 1. We
conclude that

1
2

1_
< (2)*h (3.31)

A0 3@ 2 ((%)2(1‘” s)

foralll <t <o andé& > 0.

Itremains to estimate the terms involving ¢ ;. We have different asymptotic descrip-
tions of ¢;(7;y) depending on whether 0 < y%r% < 1lor J/%T% > 1. For
y = 51_2(%_1) this distinction reads 0 < ‘L’E% < lor ‘L’E% > 1. Thus, in princi-
ple we have to deal with the four cases

(1) 762 > land o£7 > 1

2) 0 <767 <1landot? > 1

(3) 0 <767 <1land0 < o3 < 1
4) 762 > 1and 0 < 0£3 < 1.
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However, since we are only interested in T < o, case (4) is void.

(1) We use the bound from the Hankel asymptotics stated in Eq. (3.28) to obtain

1 1l gy 11 L1
Ipo(; VB1(0; I Sy 2T 2 De 36D < (gyalv T

Bl—

-

by evaluation at y = 51_2(%_1). This bound is symmetric in T and ¢ and thus,
by Eq. (3.31), we infer

1
|He(z,0,6)] S (2)2177
(2) From Egs. (3.27) and (3.28) we have
161(z; )o(os )| Sy 41 g=3G =D
90(s 1)$1(03 1) S 711 VTom1GD gy matigmaGoD
and thus,

1_ 1 g
(He(r.0.6)] £ (2)"° 1 1200736 hg i

7,1
< ( )7\;—1|T%(1—v)$—1(1+v)

~

«|Q

by Eq. (3.31).
(3) Eq. (3.27) yields

[po(T; Y)p1(o; )| ST

and this implies |Hc(t, 0, &)| < (%)3|%’]‘(r +0) < (%)3%*”0

O
We shall also require bounds for the differentiated kernel
ez, 0,8) i= [0 = o080 + 3 + LE) | Hom.06)  (332)

where, as always, B,(t) = —(% — 1)t ~!. These are established next.

Lemma 3.9 The differentiated kernel satisfies the bounds

71 1 75%21705%21
|He(t.0,6)] < (2)20 1 e30=g=30=0) 0 2263 <1, 083 > 1
1 0<‘C$%§l,0<a§%§1

foralll <t <oand& > 0.
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Proof Note that for any differentiable function f of two variables we have

[0 — o83 + 3+ L) | (AP o@) tf ()
= (D)2 p(E) 2[0r — 2By (T)E]f (T, E).

By Eq. (3.30) and

[8: — 2Bu(1)EBe19; (t; %‘r‘z(%‘”) = 01¢; (r; %‘r—z(%—l))
[0 = 28,(D)E 016, (o 67720 7V) =0

for j = 0, 1 we therefore obtain

Aoz, 0,6) = 103 p (@) 2arg1 (v 67207 D) g (o 677207)

1

—2(1_ T ~ 5 211 2
-t () (-5 (9740)
From Eq. (3.27) we immediately infer

digo(t;v) = V%[1£+ Oyt (3.33)
01¢1(t;7) = O(y*)

11 .
for 0 < y2tv < 1. Furthermore, since

1_1

1 11 1 11
d1po(tT;y) = %t_zaqu/z(v)/er) +y2Ty Zavjlﬁ/z(vthv)
T

1 11 L1 1 11
N1 (T y) = 2T 26 Yy 2Ty) +y 2T 2bY H(vy2TY),

see Eq. (3.25), the identity C;/z = %(Cv/z_l — Cyp241), C € {J, Y} [36], and the
asymptotics of the Hankel functions yield |C, 1221 < z’% for z 2 1 and thus,

01 (T )| S y ST IR 4y derGoD < pEe3GTD 33
for y%r\l} >land j =0,1.

As in the proof of Lemma 3.8 we now distinguish three cases and we always assume
l1<rt<o.

(1) Ift&2 > land 0£2 > 1 we use Egs. (3.28) and (3.34) to conclude

1819122 )do (0 Y| + 1310 (z: ga(os I < (2)27"

which, by Eq. (3.31), implies | H.(r, 0, £)| < (2)21i 11,
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(2) If0 < 762 < land 0&? > 1 we obtain
1 e
10161(z; ¥)d0 (03 )| + 1910(T; )i (05 )| S vy~ Vo267
by Eqgs. (3.33) and (3.28). Hence, upon setting y = 5172(%*1), we conclude
q o3Il _—L(1—v)g—La-v)
|He(z,0,6) S (2)2 T t72 74 .
(3) Inthecase 0 < ‘L’E% <landO < O’E% < 1 we have, by Eqgs. (3.27) and (3.33),
01601 (22 ¥)po (0 1)| + 110 (T: V)1 (s Y)| S 1+ y 20 S 1

. . ~ 1_
which yields |Hc(, 0, &) < (2£)*lv " by Eq. (3.31). O

3.8 Estimates for the solution operator

In order to set up our main contraction argument for Eq. (3.17) we have to introduce
appropriate function spaces.

Definition 3.10 For §,« € Rand p € [1, co) we define norms || - ||X§>,a and || - ||ypre
by

1/p 1/2

P o0
e |+ / IfEPEE ™ p@)dE |
0

1

1 fllype o= /’f@) ()
0

1/2

I fllyre =l fllLro,00) + / |FE)N2E) 0 (&)dE
0

Furthermore, for a function b of two variables and a Banach space X we write

161l 0. = sup TP l1b(z, )l

=70

where B > 0 and 79 > O (in what follows we always assume 1 to be sufficiently
large).

For the following it is convenient to introduce the notation

Bewb(r.§) i= [0 — Bu(0) (260 + 3 + L&) | b, 6).
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Proposition 3.11 Fixa 8 with2|1 — 1| <8 < 1 and let p € (1, 00) be so large that
pi—s+21—1) <1

where p’ is the Holder conjugate of p, i.e., % + % = 1. Suppose further that 7y > 1,
> danda € [0, 1] be fixed. Then we have the bounds
2

”HCb”L?g-ﬂ*I*Z‘SXg’v"‘ S ”b”ngvﬁyp.a

”BC,UHCb”L?S»ﬁ’l yp.« S.z ”b”Llo_gvﬂyp.a .

Proof Let g € (1, oo). By Holder’s inequality we have

i o\2(L-1)
[Heb(t, &) S/IHC(LU,&)IJ (0, (2)7 f;‘) |do

l/q

oo
<A wb (o, (225 Ve) ja
< Apg(t.8) lo¥b | 0. (%) §)I%do
T

with 4 € R and

o] 1/‘1/

Mg @8 = [l Bt 001 do
T

We claim that
—pd 1 1
T q 2 &2 >1
Apg (T8 3 _Mﬁl = 1 (3.35)

T q’ 0<té2 <1

provided that u > 1+ % + 5|% — 1|. Indeed, if ré% > 1 we have from Lemma 3.8 the

bound |H (v, o, £)] < (2)21v~"1&~2 and this implies the first estimate in Eq. (3.35).

In order to prove the second bound in Eq. (3.35) we use |H.(7, 0, &)| < (%)5|%—1|0

—pt g+l

from Lemma 3.8 which yields A, ,/(7,§) St in the case 0 < ré% <las

claimed.
Now note that Eq. (3.35) implies

—uL 25 1 428 B T
Apg(&) St T T ST g )Tt
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for all £ > 0 and thus, by interchanging the order of integration, we obtain

7’ch(r, g)(g(a—l)%_s)pdg

0

oo o0 »
<//!Au,pf(r,s><s<s>—l)%“‘\p o'b (0, (%)2“‘”5)‘ dtdo

T 0
o0 o0
—put+Ly2s+2(1 -2(4-
< Pnt 242 ))//IG“ 26 D(o, n)|Pdido.
T 0

Now we set 4 = 8 — § which is admissible since 8 —§ > 1+ # + 5|% — 1| provided
v is sufficiently close to 1 which we may safely assume. Hence, we infer

e¢]

1 L_s|P
[Heb(z, )6 ()™H7| " as
0
o
< TP(—/3+i+38+2(%—1))”b”p G_p(3+2(%_1))d6
~ LY PLr(0.00)

T

< L P(=B+1+28) r
St 181

L =1— 1 and this implies

where the last step is justified since 1 — § — 2(% -1 < 7 %

—p@E+2¢ —1) < -1
For the L? based part in || - || xpe We proceed similarly and obtain from Eq. (3.35)

the bound A, »(7, &) S r‘“"’%é_% for all £ > 0. This shows
o0
/ [Heb(z, )17 (6)* p(§)dé
0

< 200D / / obo. (.00 (€0 (E)dzdo

00
T 0

o0 00

= 12(—u+%)// lo"b(o, n)\z(w(r, o) o(r,0)p(w(t, o)n)dndo
0

T

where we write w(t,0) = (%)_2(%_1). We clearly have (w(t, o)n)?* < (%)4”7_1|

(n)?* for all n > 0 and also, w(z, p)p(w(t,o)n) < (g)3|%—1‘p(n) provided that
w(t,o)n > 1, cf. Lemma 3.6. In the case 0 < w(7, 0)n < 1, Lemma 3.4 implies
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(1, 0)p@(t, o)) S o) it < (2)7 o).

Consequently, by choosing © = 8 — % we infer

9

o0

/ Heb(x, )€ (€)% pE)de S 2P I p) s [ 07157 dg
0

0

ﬂ\g

2(—B+1
STCPDIbN ey

and this finishes the proof of the first estimate.

For the second bound note that the operator B, ,H, has the kernel H (t, 0, &) from
Lemma 3.9 and based on the bounds given there it is straightforward to prove the
claimed estimate by repeating the above arguments. O

It is also an easy exercise to prove an appropriate bound for the discrete part H,;.

Lemma 3.12 Let 8 > 0 and suppose by € L%”ﬂ . Then
[Haballyzos S Mball o 1(Haba) ll o S Iball s

Proof By definition (Eq. (3.22)) we have

T
1

Haba(e) = =3lsal e " [ o0 0t

0
o
_1 1/2 _ 12
g el f/e &' () do
T

=: I1(v) + L(7).

It is evident that |I>(7)| < (r)~# and in order to estimate /1 () we note that

T

[1(7)] < sup aﬂ|bd(a)|e—lfd|”2r/e\sdﬂ/zaa—ﬁda
o>1
70

and the first assertion follows by performing one integration by parts. The proof of the
second bound is identical.

4 Estimates for the nonlinear and inhomogeneous terms
We provide estimates (in terms of the spaces in Definition 3.10) for the various con-

tributions on the right-hand side of our main equation (3.17) that do not involve the
operator K from the transference identity. Thus, this section is mainly concerned with
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the nonlinear contributions. In order to treat the nonlinearity, we first discuss mapping
properties of the distorted Fourier transform JF. These allow us to transfer the problem
to the physical side where the nonlinearity can be estimated using standard tools. The
main ingredients are basic inequalities and interpolation theory of Sobolev spaces as
well as the fractional Leibniz rule. As a consequence, we infer the crucial contraction
property of the nonlinearity on our spaces.

4.1 The inhomogeneous term

We start with the inhomogeneous term ¢é; as defined in Eq. (3.19).

Lemma 4.1 For any fixed € > 0 we have
~ —e—311_ ~ 3L
é) € Loo,S €3l llYp,ot, 62('7%_(1) c Loo,3 €=3[;—1]

forall p > 1 and a € [0, 4—11).

Proof We distinguish between & < 1 (including § = &;)and & 2 1. If & < 1 we have
from Corollary 3.7 the bound |¢ (R, &)| < 1 and from Lemma 2.3 we recall

’I\(r)—zez (vi(r)—lr, i(r)—lR)‘ < A(o)rrHrerili-l gy

in the truncated cone r < t — ¢ which corresponds to R < vt — i(t)c. Thus, by
Eq. (3.19) we obtain

o0
by 1 51 -
165(1, )| < ,\(T)zfmﬁwrn/x ()\(.L.)flvrC—R)dR
0
T
< ):(‘E)%r_‘“"e"'%‘%—” /dR < T—3+e+3|%_1\
0

by recalling that A(t) ~7= (=D since the cut-off localizes to the lightcone R<vt S 7.

If & 2> 1 we use

(R, &) = 0cE e VER 1+ Oc(R) 6™ )] + Oc(e e VER
[1+ 0c((R) 36~

with symbol behavior of all O-terms (Lemma 3.5 and Corollary 3.7) and perform one
integration by parts to obtain
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T
(. &)] < Ar)zrHrerali-llg] /(R)*‘dR
0

00
+X(T)—%T—4+e+%|%—1|$—l/ X/(X(‘E)_lvr;R)‘dR
0

U‘L'f%;\.(‘()c
< X(t)%t_3+6+%|%_1|§'_1 +X(T)—%r—4+e+§|%—1\é—1 dR
vr—i(r)c

< T—3+e+3|%—1|$—1.

4.2 Mapping properties of F

It is of fundamental importance to understand the action of the distorted Fourier
transform on the spaces X g’ ** In the following we use the standard Sobolev spaces
W*:P(IR?) and in order to make sense of Il f lws.r 3y for a function f : [0, c0) — C,
we identify f with the radial function x — f(|x|) on R3. In this sense we have, for
instance, || f11722(0,00) = lll - |_1f||L2(R3). Note that if f : [0, c0) — C is smooth and
F@=D) =0 forall k € N then x — f(|x]) is a smooth function on R3. To begin
with, we write

11720 = / &P E p)ds
0

and recall a fundamental result from [27].

Lemma 4.2 Let o > 0. Then
@ g, pze = M- 17 F 7@ Hll s
forall (a, f) e C x L%’“ or, equivalently,
IFCA- 1)y 2o = 181 a2e )

for all radial g € H*(R3).
Proof This is a consequence of the unitarity of U/, see [27]. O

Lemma 4.3 Fix a small § > 0 and let p > 1 be so large that p’(1 — §) < 1.
Furthermore, denote by x a smooth cut-off function which satisfies x(§) = 0 for
& €[0,1]and x (&) = 1 for& > 2. Then, for any o > 0, the following estimates hold:

@ Springer



126 R. Donninger, J. Krieger

M - 17 F N XD s sy S 1@ Pllesexre

@ 1F @, (1= 0Nl S 1@ Plicexre

@) W17 F e, = ) Dy S 1@ Pligyxpe forany g € (3, 0],

@ - F @ Q=0 PN 52 S @, Pligyxreforany q € (3, 00)

W 0700 3y
and 6 € [0, 1].

Proof Recall that F~!(a, f) is given by

¢ (. 8a)

T . dE.
”¢(.’Ed)”iz(0,oo) /¢( &) fE)pE)dE

Fla, f)=a

Since ||~ 'p (]|, &) € C®(R3) with exponential decay towards infinity, the estimates
for the discrete part follow immediately. Thus, we focus on the integral term.

(1) By Lemma 4.2 it suffices to note that
IIXfIIL/ZJ,wl/z S xSl

(2) By Corollary 3.7 we have |¢(R,&)| < 1 for all R,& > 0 and thus, Holder’s
inequality yields

/¢(R,$)[1 —xX@E1fE)p@)ds
0

1/p 1/p'

2 2
< / FE)E P / EH ()] d
0 0

and the right-hand side of this inequality is finite and controlled by || || XD since

|p(&)E— 2] < g7 for £ € (0,2) (Lemma 3.4) and p'(—1 +8) > —1 by
assumption on p.
(3) From Lemma 3.2 and Corollary 3.7 we obtain

45(1;, S)‘ < (R)~!
£€0.2)

for all R > 0 and by repeating the argument in (2) this implies
IR F " a, (1= ) NRIS (R, (1= 30 N llcyxre

which yields
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I 17 7 @ =0 Dllgaey S 1@, A =50 Dl

for any g € (3, oo].
(4) From Lemma 4.2 we have

I 17 F e (=0 Dl S @ (=0 Plleexpe

and the claim follows from this and (3) by complex interpolation since
2

q 1721, — ‘29’6+3<1—0>
[L1, H g =W q , see [3].

4.3 The operator N}

In order to estimate the operator N, defined in Eq. (3.18), we first prove the following
auxiliary result.

Lemma 4.4 Let p,§ be as in Lemma 4.3 and let ¢ : [0,00) — R be a function
satisfying

lp®(R)| < Cr(R)77F

for some y > % and all R > 0, k € Ng. Then ¢ € H*(R?) and there exists a small
€ > 0 such that

IFA- 10l oy S [0z + 19111 0.00)] [m - 18-ll2(0.00) + 18Il 200,00

+llg-1Il .

1
W1,16—5(R3

S+ ||g+||H3(R3J

forallg = g_+ g+ where g_ and g belong to the respective spaces on the right-hand
side.

Proof Note first that ¢ € L2(R3). Furthermore, we have
. S .
005 0(x1) = " (XD 12% + /() [ 1 = 5% ]
and thus, [9;9;¢(|x])| < x|~ (x)77~! which implies ¢ € H?(R?). Now recall that

Flog) = (fo ¢>(R,sd)<p<R)g<R>dR)

JoZ & (R, He(R)g(RYAR

and || - [lyre > || - lLr(0,00) + II - |2« We proceed in four steps, estimating each
P
component separately.
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(1) We note the estimate

uvl|| 1 < |lu|| =
I ||H1(R3)N|| ”HE(R* [lv ||H8(R3

which is a consequence of the fractional Leibniz rule ([48], p. 105, Proposition
1.1)

v u
N e T e

uv| 1 < 24 v
vl bl 38 gy W04 28 T

1 (R3) L5 (R3) w4 (R3)

and the Sobolev embeddings H#(R3) < L3 (R%), HE(R3) « W17 (R3).
With these preparations at hand we immediately conclude from Lemma 4.2 that

S lell llg-+1l

IF(| - |(pg+)"<c 21 = llogtll o ® HE (R

Lp Hi (R3) ™~

<
||§0||H2(R3)”g+||H4(R3)

(2) In order to estimate the L”-part of g1 note first that |¢ (R, &)| < (& )_% for all
R > 0 by Lemmas 3.2, 3.3, 3.5 and Corollary 3.7. This yields

1
IF( - g 2@ S (€) 2@l 120,001 - 18+1122(0.00)
1
~ (&) 2@l L20,00) 18+ 2 (R3)

<
SO Nl gl g g

by noting that ¢l 20,00 S 1@llLe®3) + 1@llL2®3) S 1@l g2@s3)- By raising
the above inequality to the power p > 2 we conclude

IF( - lpg)llexLro.00 S ||</)||H2<R3)||g+||H4(R3)

(3) In order to estimate the L”-norm of the second component we note, as in (2),
_1
F (- log=) 1) <€) 2llell 110,001l - 18- 1L 0,00)
and therefore,

IF (- lpg)lallLr©.00) S €1l L1(0,00) I - 18112000

provided that p > 2.
(4) For the L2-part of g_ we use Lemma 4.2 again and obtain

IFC-legIN - 51 = lleg-I
CxL

x p H4(R3)

~ llpg-Ilr2ws3) + log- IIHI(R%.
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Note that
log—ll2mrsy S lell2msllg=llLe©.00) S @l m2w3) 8= llLe0.00)

and it remains to bound the H % -norm. For this we use the fractional Leibniz rule
and obtain

llog—Il g1l 0.00)

<
L.
+ll

AR

g1l .

L7 ®Y) W16~ (R3)

and this yields the claim since H>(R3) — L7+ (R3) by Sobolev embedding.
O

Now we are ready to establish the crucial estimate for the operator 7, cf. Eq. (3.18).

Lemma 4.5 Let p, § be as in Lemma 4.3 and By, B > 0. Then we have

X4, X Xd, X 1.
NGt Ol e, o SN0y o

Proof Recall from Eq. (3.18) that

NG, (@, &) = F (1 lor (@ )] 7 F 7 (@), x(@,0) ©)
with
@1(7, R) = 5A(0) 21 (t, B)[u2 Wi () Lo, a() 'R — up(wi(r) ', A(r) TR

Furthermore, we have uy = ug + vo + v{ with vy and vy from Lemmas 2.2 and 2.3,
respectively. Now note that

ui — uf = 4udv + 6uv® + dugv’ + v*

where v := vg + v and from Lemmas 2.2 and 2.3 as well as the definition of ug we
have the bounds

i)', i) R < )2 2(R)
luoi(t) "'z, A(r) ' R)| < i) (R)!

for R < vt — %X(r)c which imply

loi(t, B)| S T72(R)~2.
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We also have |8§¢1 (t,R)| < th_z(R)_z_k for all k£ € Ny and this implies

lor (T, M gzwsy + o1 Il 110,00 S T 775

cf. Lemma 4.4.

1
For given (x4, x) € L?g’ﬁd x L%D’ﬂ"Xg'S we now set
YT, R) = R F (xg(0), x(1. )(R),

i.e., we have N1 (xq, x)(7, &) = F(| - lp1(z, )y(t, -))(§) and obviously, our goal is to
apply Lemma 4.4. According to Lemma 4.3 we have a decomposition y = y_ + y
such that

. < .
I3+ 5 sy S 0@, x(x, ))”Cfo%
I 1y= (T, Ize©,00 S MMxa (@), x(T, DI 0
CxX; 8
ly—(z, IMre©00) S lxa(m), x(T, NI 1
CxX; 8

. < .
Y= 4 toe sy S 1a (D), x(x, ))Ilcxxép%

with the € from Lemma 4.4. Consequently, Lemma 4.4 indeed applies and yields

-2
1 5 T ”(xd(‘[)’ -x(T’ ))” pyl
8 CxX; 8

IV (ks D@
which implies the claim. O

4.4 The operator N5

Next, we study the operator Ns5. As before, we start with an auxiliary estimate that
does not take into account the time dependence.

Lemma 4.6 Let p, § be as in Lemma 4.3. Then there exists a small € > 0 such that

1 (1187 ) e p S 18- s, + 8= 5o e,

. g+l s

5
+llg—
81, 1o, .

R3

forall g = g_ + g4 such that the right-hand side is finite.

Proof Wehave g° = (g- +g4+)°> =g +--- + gi and study the extreme cases g>
and gi first. The intermediate terms are then estimated by interpolation. Let us note
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the estimate

5 5
[17 <20 o | H 1 fell 12y

Jj=1 H%(R,?) Jj=1

which is a consequence of the fractional Leibniz rule ([48], p. 105, Proposition 1.1).
By the Sobolev embeddings H3(R3) — L'2(R3) and HI(R3) > W1O(R3) we
infer

5 5
[T+ ST, 5 g,

= lgigsy 0=

which will be useful in the following.

(1) According to Lemma 4.2 we have

5
S llg+l

F(-1g]
IFC- 18D, g = N8L g gy Sleell s

P

(2) Inorder to estimate the L?-part of g recall that |¢p (R, §)| < (&) =3 forall R >0
and thus,

IF( - 18D12@E] S 1 C Ol 200l - 18712001y
117G o0 I - P81 (1.00)
_1
S E7F (Mgl ioges) + g+ ls s )-
Consequently, the Sobolev embeddings H I(R3) < L'O(R3) and Hi(R%) —

L>(R3) yield

5 5
ILF( - 1gP2liLr0.00) S ||g+|| 3R

for p > 2 as desired.
(3) For the LP-part of g_ note that

1F( 18911 S €72 [Ig2 lmon + 11+ Pe 210,00
S E)7F ey + 18135z, |
which yields the desired bound
IF (- 18120 Lr 0,000 S 18170 sy + 18175 g5,

provided that p > 2.
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(4) According to Lemma 4.3 we have

IIJ”:(I‘Igi)II(C 2= e |

XL, Hi (R3)
and Sll’lCC ||g— ||L2(R3) - ||g ”LIO(R’% ||g— ”LS(R’S) + ||g ”LOO(R% lt Sufﬁces to
control the homogeneous Sobolev norm g1l . ’(]R* . For this we use the frac-
tional Leibniz rule to conclude
<
1820 54 oy S N8 g, 8= b o

[ng_np(w 18wy | 181 416 g

We briefly comment on how to estimate the mixed terms. First of all, it is trivial to
bound the L” norms since

IF( - 1827 gD )] </|¢<R OIR|1s-(RI + g+ (R | dR

for all k € {1, 2, 3, 4} by the pointwise inequality Ig5 —h gk S le- 1> + |g+|° which
brings us back to the two extreme cases considered above For the L2-parts the only
nontrivial contributions come from the H %(R?’) homogeneous Sobolev norms. In
order to control these, one proceeds as before by applying the fractional Leibniz rule
followed by Sobolev embedding, i.e.,

||g g+”H4(R3 < llg— ||Loo(R3)||g+||L3(k 1 (R3) ||8+|| 1o s
+||g+|| ,\,16+ ”g ”Loo(R% ”g ||W4 167(R3)
00 +
S llg- IIL ®3) IIngIIHZSI(]R3 lg—IPP~ 115_( ”g+”m<R3)

Lemma 4.7 Let p, § be as in Lemma 4.3 and By, Bc > 0. Then we have the estimate

N5 (xa, )l

5
ocS/Sd oo.SﬁC—%YI < 1 Ceas )l 1

L, XLIO 8 LogPd s 30Pex )8

Proof Recall that

5
Ns(xa, %)z, ) = F (| s [ 7 F a(0), x5, )] ) ®
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and by setting y(t, R) := RV F(x4(1), x(z, ) (&) we obtain from Lemma 4.3 the
existence of a decomposition y = y_ + y; with the bound
Y- (T M Lssy + 1= (@ ipo@s) + 1y-( 90
S g, x(@ NI 1
Cxx

P3g
XA

1.16— E(R3

as well as

S NGa (), x (T, N I

7{ R3 ™~ (C><X§”g

ly+(z.

for any (small) € > 0. Thus, since |3 o5(t, R)| < Ckk(t) —2—k < r4 for bounded k,
Lemma 4.6 yields

CxX;

N5 (xa (), x(z, M yry S THIGa(D), x(2, N

which implies the claim. O

Remark 4.8 The loss of 77 in Lemma 4.7 can be improved to ¢ with ¢ — 0+ as
v — 1 but the stated result suffices for our purposes and it avoids the introduction of
an additional €.

The remaining operators N3, N3, N are in a certain sense interpolates between
N1 and N5 and can be treated in the exact same fashion. Note that we do not gain
additional decay in 7 from the ¢; factors because they involve the (rescaled) soliton uq
which does not decay. In fact, from ¢ ; we may even have aloss of 7€ (withe — 04 as
v — 1) depending on the sign of 1 —v. Consequently, the gain comes exclusively from
the nonlinearity, as is the case for the operator As. We only state the corresponding
result and leave the verification to the reader.

Lemma 4.9 Let p, § be as in Lemma 4.3 and By, B > 0. Then we have the estimate

J
NGt O ey i g SN,

1
Lo xy®

for j €{2,3,4}.

Furthermore, by basically repeating the above computations and using elementary
identities such as

n—1

a —b" = (a—b) Zajb”flfj,

j=0

it is straightforward to see that we have the following estimate for the operator N :=

Z?:l '/V./
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Lemma 4.10 Let p, § be as in Lemma 4.3 and B4, Be > % Then there exists a contin-
uous function y : [0, 0o) x [0, 00) — R such that

— <
IN G ) = NI spsg sty YD)

—(a, Y

OOﬁdXLro ﬁrXp 3
where

Xm0l gk ¥ = 1040

Oof‘d PeyP§
00, Be ’
70 X 70 5 XLTO XS

5 Estimates for the terms involving /C and [A, K]

Finally, we consider the terms on the right-hand side of Eq. (3.17) which come from the
transference identity. The main results in this respect are summarized in the following
proposition.

Proposition 5.1 (Estimates for the K-operators) Let § > 0 be small and assume
p e (1, 00) to be so large that p'(1—38) < 1. Then we have the estimates

1K@ Ol 1 <, f)II st A K@, HI 1 S i, f)II ol

CxXy'8 CxX; '8 CxX; 8 CxX; 8
1K@ N yop S M@ POl x;"% LA, K@, Ol . ot S @ Dl Xg,_%
1K@ ol ot W@, ot (LA, /C](a,g)ll(CX py Sl@ol, 1

1
oralla e C, f € XV'%, and cYPE,
S 8

Based on these bounds and the nonlinear estimates from Sect. 4 we then prove the
existence of a solution to Eq. (3.17) by a fixed point argument.

5.1 A convenient expression for

First, we need to obtain an explicit expression for the operator K. Definition (3.15)
can be rewritten as

(/c+1)(ji) =f(|"[f_1 (?)D _“4(7‘)

or, equivalently,

oo (p) == ()] -7 ()
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By definition of A and Eq. (3.14) we have

J—"A(a) =F! y /
f =20 |f' —3f -y

= -2 / ¢ C.nf’ (p(n)dn - / b [§+ 28] fampmdn
0 0

and, assuming that f € C2°(0, o), an integration by parts yields

()

N0y 1) £ () p ()l + / bCm =3+ 28] ranpmdn

|
[

0
Ndyd (. fpmdn + F~! ((_ I pr) f)~

P

8=

Consequently, we obtain

f_lK(a)(R)z (Rdx — D (R, &)
f l6C, 01220 o,

o0

+ / [Rox$ (R, 1) — 219, (R )1f (o ()dn

0

-F! i (R)
(1+5) s

and thus,

IC —/ R, Rog — 1]¢(R, dR———
dda = T gd)”Lz(Ooo) @ (R, E)[ROg — 1]9(R, &y)

Ke —/ R, &)[Rog — 1]¢p(R,E4)dR
O = g | #1168

Kac f =//¢(R,€d)[R3R¢(R,n)—2773n¢(R777)]f(77)p(77)d77dR
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Keef €)= / / $(R. £)[RORG(R. 1) — 203, (R. )1 £ () (dnd R
00
~(3+28) r®
where, as before,
A Kaa Kac
k= (K:cd ’Ccc).

5.2 K¢ as a Calder6n—Zygmund operator

First, we focus on /C.. which is the most complicated of the above operators. The
respective estimates for K.y and /Cy. will follow easily after we have understood
Kee and ICyq is trivial anyway. In order to proceed, we need a more manageable
representation of IC.., more precisely of the integral part of .. which we denote by
Iﬁo for the moment, i.e.,

Kof &) I=//¢(R,$)[R3R¢(R, n) — 2n0,¢ (R, m1f (m)p(m)dndR.
00

Note first that, for f € C2°(0, 0o), the function

R / [ROge (R, 1) — 2ndyd (R, ))1f () p (el
0

is rapidly decreasing as R — oo. This can be immediately concluded from the rep-
resentation of ¢ given in Corollary 3.7 and integration by parts. It follows that the
operator Ko is well-defined as a linear mapping from CZ°(0, co) to C[0, co). Further-
more, by dominated convergence, Ko is continuous when viewed as a map into the
space of distributions. Consequently, by the Schwartz kernel theorem there exists a
(distributional) kernel K such that

]

Rof (&) = / Ro(&. m) f (m)dn. 5.1)

0

In fact, the operator C.. has already been studied in [27] and from there we have the
following result (note carefully that our /C,. is called g in [27]).
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Theorem 5.2 For f € C2°(0, 00) the operator K. is given by

Kecf © = [ Kote.pfndn
0
where the kernel K is of the form
Koe. ) = 2 pie. )
§—n

with a symmetric function F € Cz((O, o0) x (0, 00)). Furthermore, for any N € N,
F satisfies the bounds

E+n E§+n=<1

F , _C 1 1
1 E+n=<l
I%F@JM+J%F@WN§CN[@+nyga+§;_nh)N€+n21
E+n)2 E+n<l1

max |8j8kF(EJ7)| <Cpy :
jk=2' &1 E+m20+1E2 =)V ey =1

Proof This is Theorem 5.1 in [27]. One starts with an integration by parts and thereby
identifies the function F' which can be expressed as an integral over ¢, p and some
explicitly known function resulting from the potential V. The stated estimates are then
obtained by a careful analysis of this expression based on the asymptotic descriptions
of ¢ and p from Sect. 3. We refer the reader to [27] for the details. O

5.3 Bounds for ..

In order to obtain estimates in the X f “* and YP-* spaces, we require boundedness of
Kee inweighted LP spaces. However, this problem reduces to boundedness on ordinary
L? by simply attaching the weights to the kernel. The (weighted) L? boundedness
of Ky is already established in [27], Proposition 5.2. Unfortunately, the result there
does not exactly apply to our situation (at least not for small frequencies) since it only
considers weights of the form (-)2* but we have to deal with more general expressions,
cf. Definition 3.10. Thus, we have to make sure that despite this slight modification
the reasoning in [27] still goes through. Furthermore, we have to take care of the L”
component in X 5 ** which is not present in [27]. Finally, we need to exploit a certain
additional smoothing property of K., at small frequencies which was irrelevant for
the construction in [27].

In order to prove boundedness in weighted spaces of the type occurring in the
definition of X, we define kernels K(ga’b) fora, b € R by

KD & ) = E72 () 167 E) P Ko (&, mn® (n)? (5.2)
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and denote by Ké“’b) the corresponding operators. Observe carefully the additional

weight & -3 (& )% on the “output” variable which encodes the aforementioned smooth-
ing effect. Our aim is to prove L? boundedness of IC(()a’b) foranya,band 1 < p < o0
which then implies the desired boundedness properties of [C.. in X g’ “and YPo
Due to the singular behavior of the spectral measure at zero it is advantageous to
separate the diagonal from the off-diagonal behavior. This is most effectively done by
introducing a dyadic covering of the diagonal A = {(£, ) € R? : & = n},

AclJ1x1,
JEZ

where /; := [2/~1, 2/1]. Furthermore, let x : R — [0, 1] be a smooth bump function
satisfying

1ifg e[3, 7]

ng:io&&g%méz2

and set x;(§) := x(277&). Then we have supp(x;) C I; and the sets {(§,n) € R?:

Xxj (&) xj(m) = 1} still cover the diagonal. We smoothly restrict the kernel Kéa’b) to
I; x I; by using x; and write

b b
’C((;fj Vf = KT G
for the corresponding truncated operator.

Lemma 5.3 Fix (a,b) € R%> and let 1 < p < oo. Then IC((f}b) extends to a bounded
operator on L? (R) and

b
IS Fllerm S 1 ILe)

forall f e LPR)and j € Z, j < 2.

Proof The point of the dyadic decomposition is of course that &, € I; implies
n < 4&. In other words, for any two elements &, n € I; we have § >~ n >~ 2/ with
implicit constants independent of j! This allows us to control the singular behavior
of p(n) uniformly in j. We write F (&, n) = F(§,&) 4+ (§ — n) F (€, n) where

1

Fem = —/azF@, £+ 50y — £))ds

0
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and by Theorem 5.2 we have the bound |I:“ (&, n)| <1 forall &, . Thus, the kernel
decomposes as K%b) ¢&.m=A;¢,n) + Bj(&,n) where

F,
AjE.n) = Xj(g)é_%(5)%5_‘1(5)_}’%)(1'(77)0('7)77(1(U)b

Bj(E. 1) = xj(E)E2(E)VIET(E) P FE. ) (o (n)”

g

and we call the respective operators .A; and B;. In other words, we have A; f =
o, j H(Y1,j f) where H is the Hilbert transform. By the L” boundedness of H for
p € (1, 00) we immediately obtain

1A fllr@y S o, Loyl flloe®y < %o, j eyl jll ooyl fll e r)

and from Theorem 5.2 and Lemma 3.4 we infer the bounds

1 . 1 .
o, (€)] < 2027940y ()| S 2002t

for all £, 7 € R which yield | A; fllzr®) S Il fllLrr). Furthermore, the kernel B;
satisfies

1B; (€. S 277 %) x;(n)

and thus,

1B fllray S 277 xj e @ Xl Lo gy L f IlLr )

(—1+14.Ly;
<2 P fllee @y = I f e @w)-

An analogous result holds for j > 1 as well.

Lemma 5.4 Fix (a,b) € R%2andlet 1 < p < oo. Then IC(()fl}b) extends to a bounded
operator on LP (R) and

b
IS v S Il
forall f e LPR)and j € Z, j > 1.

Proof We perform the same decomposition IC(()a}.b) = A; + B; as in the proof of
Lemma 5.3 and this time we have

o/ ©)] S 27y )] 20D

for all £, n € R by Theorem 5.2 and Lemma 3.4. Consequently, as before, the L”
boundedness of the Hilbert transform yields [|A; fllLr®) S | fllLrr) for p € (1, 00).
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For the operator‘Bj we note that |ﬁ(§, < E+ 77|_% by Theorem 5.2 and thus,
|Bj (&, mI < 277 (&) x;(n) which yields ||B; fllLr@ < I lLr@®)-

The bounds obtained in Lemmas 5.3 and 5.4 can be summed.

Corollary 5.5 Fix (a,b) € R> and | < p < oc. Then the operator

(a,b) ,_ (a.b)
Kon' =2 Kyl
JEZL

is bounded on LP (R).

Proof 1t suffices to note that

b b
WSS FIL py S D MKS Ly NG gy S DM I p @y S UFI gy
JEZ JEZ

by Lemmas 5.3 and 5.4 where 1 I denotes the characteristic function of the set /;. O
Now we can conclude the desired boundedness properties of /Cc..

Proposition 5.6 Fix « > 0 and § > 0 small. Furthermore, let 1 < p < 00 be so
large that p'(1 — 8) < 1. Then we have the bounds

1Kee fllxpa S 1l
1Kee fllyra S 1f g
1Kee fllyra S 1 f lyra.

Proof We write ICa f 1= ZjeZ XjKee(x f) for the diagonal part of k.. By Corol-
lary 5.5 it is evident that ||KAf||X§,ot < ||f||X§'”‘ and ||Ka fllyre < || fllyre. Inorder

to obtain the mixed estimate we exploit the smoothing property, i.e., we note that

1 _1
I fllLr©,00) S - 12()  fllro. o) S I - 279 7 fllLr©.en) S S ISl
as well as
1 11
AN pzlle(o o) S N1 12()2" 202 Ml 220,000 S N e
It remains to study the off-diagonal contributions and to this end we set
QA€ m) =14 m) | 1= D x;Ex;jm)
JEZL

for A C [0, 00)2. We distinguish between large &,  and small &, n and consider the
two truncated kernels

K_ := (D[O’]]zK(), K+ = @[O,M)z\[o,l]zKO
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and denote by K_, K the respective operators. Note that (§,7) € supp(¢ 112)
implies that n < c& or n > %S for a suitable ¢ € (0, 1). This implies |& — n| 2>
& + n and from Theorem 5.2 and Lemma 3.4 we obtain the estimate |K_ (&, n)| <

#0112, 77)77_%. We infer

1 1
K@) < Lo (®) / 3D ldn = 1o () / 1 ()l
0 0

1_
S Lo@®IN-127° fllier o,

by Holder’s inequality and the condition p’(1 —§) < 1. Note that this estimate implies

IK-fEIS L@l f I xre and also [K- f )] < To.yE)fllyre forall § = 0.
Thus, we immediately obtain the bound ||IC_f||X§z.a S IK-flleeo.1) S ||f||X§;.a.
For the remaining two estimates it is crucial that the spectral measure p be integrable
near 0, i.e., we have

IK-Fllyre S UK~ flleonlleoliioy S 1 1xre

and analogously, [ KC_ f[lyra < || f[ly»e.
In order to bound the operator /. we note that, as before, we have |§ —n| 2 £+non
supp(¢0,00)2\[0,112) and thus, by Theorem 5.2 and Lemma 3.6 we infer |Ky (§, n)| <

Cy(& )_N (n)_N for any N. This yields the three stated estimates for X1 as well. O

5.4 Estimates for the operators Cg. and KCpy

It is now an easy exercise to conclude the respective boundedness for the remaining
operators Ky, and Cg.

Lemma 5.7 Leta > 0,6 > 0Oand 1 < p < o0 be as in Proposition 5.6. Then we
have the bounds

IIICchIIX Slal, IKac IS IS Ixre

p}
5
as well as

IIICchIIYP,L Slal, IKacgl S Nglyre

8

foralla € Cand f € ng’a, geyre
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Proof Recall that

Ke —/ R,&)[Rog — 11 (R, Ex)dR
aa(§) = T fd)”Lz(oOo) ®(R,&)[Ror — 119(R, §a)

Kac f =//¢(R,§d)[R3R¢>(RJ7) — 2ndyp (R, m1f(mp(mdndR.

According to Lemma 3.5 and Corollary 3.7 we obtain [Kza(§)| < |a|(§)*% by
performing two integrations by parts. This already shows |[|K.qall i < |a| and

||ICcda|| ! < l|a| as claimed. Furthermore, the operator K4, has a sslmllar (in fact,

better behaved) kernel as KC.. and we conclude |[KCye f| < || £l xpe as wellas |[Kgcg| <

llgllype. mi
We summarize our results.

Corollary 5.8 Lerd > 0be small and assume p € (1, 00) be so large that p'(1—8) < 1.
Then the operator IC satisfies the estimates

IIIC(a,f)II nt Sl f)II

CxXxy'®

1K@ Nl oy S I, f)IIC .

<
1K (a, g)ll(cxy,,% < l(a, g)lICXYp%

]
ool—

o Ry
o0l—

foralla e C, f € Xp g and g € YPs.
Proof This is the content of Proposition 5.6 and Lemma 5.7. O

5.5 Estimates for [A, K]
It remains to estimate the commutator [.A4, K]. To this end recall that
00
4= (0.4)
with A, f(§) = —[2£0¢ —|— + Ep f (&). Thus, the commutator reads

_ 0 ,CchC
[A’ ’C] - (_Aclccd [Am ’Ccc]) '

Obviously, the most complicated contribution comes from [ A, K.]. Recall that /C..
is a continuous map from CZ°(0, c0) to the space of distributions D’(0, co). Conse-
quently, [Ac, Kcel @ C2°(0, 00) — D'(0, 00) is well-defined and continuous.
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Proposition 5.9 Let «, 8, p be as in Proposition 5.6. Then [Ac, K] satisfies the
bounds

” ACv cc]f”xpo‘ S ”f”xp"‘
IAe, Keel fllyre SN llxre
LA, Keel fllyre SN fllype.

Proof In [27], Proposition 5.2 it is shown that [/C.., A.] has a similar kernel as ..
Thus, the verification of the stated bound consists of a repetition of the above arguments
that led to Proposition 5.6. O

Finally, we bound the operators A.K.s and Ky.A,.

Lemma 5.10 Let «, 8, p be as in Proposition 5.6. Then we have the bounds

IIAc/CchIIXp% Slal, IRaeAcfIS I xpe
8

as well as

lAKaall 1 S lals [KacAcgl S Ngllyre

foralla € Cand f € Xg”a, geyYre,

Proof We start with Ac/Ceq. If 0 < £ < 1 we have |£9:¢(R, §)| S (R) forallR > 0
by Lemmas 3.2, 3.3 and Corollary 3.7. This implies | A Kcqa(§)| < 1 since ¢ (R, &g)
decays exponentially as R — o0. On the other hand, if & 2 1, we obtain by integration

by parts the estimate | A Kcqga(§)] < (é)_% as in the proof of Lemma 5.7. This shows
ALK cqall < lal and [|AcKeqall ool < lal.

p—N

Furthermore from [27], Theorem 5.1 we have the representation
KacAef = [ Kot fnd
0

with K, bounded and rapidly decreasing. This yields
_1 ~ 1 1 g ~ 1
KacAc FLS M1 1Kal2 M 0,00 I - 1272 1Ka1Z £l L0 0,000
1 s ~ 1
S 121K 12 fllLeo.00)

since p’(—% +38) > p/(—1+8) > —1 by assumption and this yields |[Kse A f| <
||f||x§’~a as well as |KgeAcgl S llgllyre. o

By putting together Proposition 5.9 and Lemma 5.10 we arrive at the desired result.
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Corollary 5.11 Let§ > 0 be small and assume p € (1, 00) be so large that p’'(1 — §)
< 1. Then the operator [ A, K] satisfies the estimates

ILA, KlG@, HI -,
Cx

LSh@nl
X CxX;

LA K1 Pl g ST DIy
XA

8 8

ool—

A K@ ol . 1 S a9l

1 1
xY?'8 xY?'8

1
oralla e C, f € XV'% and cYPE,
P 8

5.6 Construction of an exact solution in the forward lightcone

We solve the main equation (3.17) by a contraction argument. To this end, we write
‘H := diag(H4, H,) for the solution operator of the transport equation (3.20), (3.21).
Furthermore, we set

P(xg, ) = H [N (ks X) + RuBy (i, ) + T (g, ) + s | (5.3)

where

RuBy (fcd) (1.8) 1= —Bu(D)2K + 1)@ + Bu(1)A) (xd(r) ) (&)

x(t,-)

7 (%) 6 = —pu? (LA KT+ K+ 20) (245 ) o

ﬂu(f)z X('C, )
By = (2080

ex(t,§)

and

x(t,-)

B, (fj) (1.8) = (3 + Au(1) A) (xd(’) ) ©)

Thus, solutions of Eq. (3.17) correspond to fixed points of ®. In order to simplify
notation, we define the following Banach space where we run our fixed point argument.

Definition 5.12 Fix a § with 2|% -1l <8< % and a (large) p € (2, 00) such that

p/(1—8+2|é—1|) < 1. Then, for x4 : [19, 00) — Rand x : [tg, 00) x [0, o0) — R,
where 79 > 0, we set

[ (xa, V)l xmow := II(Jccz,x)lle_HS pooayid F1Bo (s Ol o325

1.
50,2-28 1, p, &
70 XL, 0 LTO Yes

The Banach space of the respective functions is denoted by X%V,
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Theorem 5.13 Let 1y > 1 be sufficiently large and v be sufficiently close to 1. Then
® (as defined in Eq. (5.3)) maps the unit ball in X" to itself and is contractive, i.e.,

19 (xa, x) = D (s Mllxor < 51(xa, %) = a, )l o

for all (xg,x), (ya,y) € XV with |[(xg, X)[|xov < 1, [[(ya, Mlxwr < 1. Asa
consequence, there exists a unique fixed point of ® (and hence, a solution of Eq. (3.17))
which belongs to X™ " (in fact, to the unit ball in X™").

Proof We consider each term on the right-hand side of Eq. (5.3) separately.

(1) According to Lemma 4.1 we have E, e L$§’3_3 X L$§’3_3Yp’§ and thus, we find

~ < =8y f
”HEZ||Loo,3—25xLoo,2748X1’*é ~ T ”EZ”L?og,g

1
00,3—8 P:g
70 70 5 0 ><LTO Y

and also

-4 A
XLOC,Z—Z(SYp,% N 7o IE2|l
70

”BVHEZ ||Lw13_25
0

_ _ 1
L?S,Z% ﬁngg,S 5Y[I, 3

by Propos}tion 3.11 and Lemma 3.12. Hence, since 79 > 1 is assumed large, we
infer |HE || xov < &.

8
(2) By Corollaries 5.8 and 5.11 we infer

||7;(.Xd, X)HLQO,4743XL$Q’4745Y,7% S ”('xds x)”LooJ—

1
268 00,2—48 P>
0 0 70 XLIOV X;'8

8
and by Proposition 3.11 and Lemma 3.12 this implies

—1+26

HT, (x4, x 1 <1 X4, X i
TG0 s yasgnd S50 N0 oy o
as well as
—1428
IByHT, (xq, )N o5 sl ST, I Cea, )| 1.
TR gy 20 Ly

We obtain ||H7T, (xgq, x) || xwor < éll(xd, X) || x70.v provided that tp > 1 is suffi-
ciently large.
(3) From Corollary 5.8 we obtain

”RUBV (-xds x) ”LOO’}_%

0

<1_
ch;gs—za Yp,é S I 1By (xq, x) ||L?8’3_28XL?8'2_25 yl”%

by recalling that g, (t) = —(% — 1I)t~!. By Proposition 3.11 and Lemma 3.12
this yields

1
||HRUBv(xd,x)|le3728 P Sy = HIBoGas Ol o525

1
00.2-28,p. &
70 70 K] 0 LfO M
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as well as

1.
Loo.2725 Yp,g

1
”BVHRUBU (x4, x) ||Loo.3—28 ><L°°’2728Y1"% 5 |; —1 ”BU (x4, x) ||L°°’3726>< :
0

70 0 70
Consequently, if v is sufficiently close to 1, we infer [|HR, B, (xq, x)||x70v <

gl G, )l o
(4) Finally, for the nonlinearity we infer from Lemma 4.10 that

IN G, x) = NOa DI

Casypl
LY XLy Ps

1
—1425
SR (PR R O T

14y Py
00.2— .
% Ly ™ x, '8

1)

for all (x4, x), (yg,y) in the unit ball in X™-¥. As before, since 1 is large,
Proposition 3.11 and Lemma 3.12 yield [|HN (x4, x) — HN (ya, ¥) |l xor <
%H(xd, x) — (a4, ¥) a0 and by recalling that A’(0) = O this also implies
IHN (x4, x) || xmo0 < %II(Xd, X))l xmo-v.

The claim now follows by the contraction mapping principle. O

5.7 Transformation to the physical space

Recall that our original intention was to solve Eq. (3.2), given by
Ol + Suge = 5(ugy — u3)e — N(uz, &) — e2, (5.4)

where ug(t,r) = )\(t)% W (A(t)r) and the functions u, and e are the approximate
solution and the error constructed in Sect. 2. However, u; and e are only defined in
the forward lightcone

KX, ={(t.x) eRxR :1>1,0<|x|<t—c}, t9>c>0

and as a consequence, we had to introduce the smooth cut-off x.(¢,r) := X(’%r)

where x(s) = 0 fors < % and x (s) = 1 for s > 1. Then we considered the truncated
equation

Lle + 5uge = Xc [5(143 — u%)e — N(up, ¢e) — ez] (5.5)

instead of Eq. (5.4). As a consequence of Theorem 5.13 we now have the following
result which concludes the construction of the solution inside the forward lightcone.
Lemma 5.14 Let ty > 0 be sufficiently large and v be sufficiently close to 1. Then
there exists a solution ¢ of Eq. (5.5) with
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et ), et D (Byyx 228y ST

forall t > ty where By, = {x € R? : |x| < 21}.

Proof Recall the transformations that led from Eq. (5.5) to the main system Eq. (3.17)
which we have finally solved in Theorem 5.13. Schematically, we had

(«.R). R F (xd)
E—>V—>V—>
X

and in order to prove the claim we simply have to undo these transformations. The
coordinates (¢, r) and (tr, R) are related by 7 = %A(l)t and R = A(¢t)r. Thus, let
(x4, x) € X™" be the solution of Eq. (3.17) constructed in Theorem 5.13 (which
exists since we assume fg and hence 79 = %A(to)to to be large) and set

(I =)x(z, )

~ W p—lp—1 0
R PR I

ﬁ_(r,R):lef]( xd(1) )(R)

where x is again a smooth cut-off with x(§) = 0 for, say, § < % and x(§) = 1 for

& > 1. According to Lemma 4.3 we have v, (7,-) € H %(R3) (recall that we have

seta = %) and therefore, |04 (t, )|l g1 r3) S 0+(7, .)”H%(H@) < 1724 for some
small § > 0 (see Definition 5.12). Furthermore, Lemma 4.3 yields ||[v_(z, -)|| H2([R3) <

T2 and also, ||| - 19 (t, )| o3y S T 27, Thus, we obtain
~ ~ —3 445
19 (T, M L2(Bayry S M- 10 (T, ooy 1M 123y ST 2T
L. ~ _3 . - - .
which implies [[v_(7, )l z2(p,,,) <z 748, By setting v = v_ + v4 we infer

15, g1 (g, S T 27 and thus, with e(r,r) = 5(LA(1)r, A(1)r), we obtain
e (@, Il a1 By < ¢+~ since v is assumed to be close to 1.
For the time derivative recall that 0, = X(r)[af + By (t)RAg] and thus,
de(t,r) = AR '[9; + By (1) (RIg — D]v(z, R).

By the transference identity Eq. (3.15) we have

R [0+ Bu(D)(Rog — Dlu(r, )=R" 7~ ([af+ﬁv<r><A+/C)] ( jg’r(”))) .

By Theorem 5.13, Lemma 4.2, Corollary 5.8 and the definition of the space Y?” ' we
therefore obtain the desired ||0;&(z, -)|l2(,,) <t L O
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6 Extraction of initial data

Let x. (¢, r) be the smooth localizer to the truncated cone which is defined by x.(¢, r) =
X(’%’) where x is a fixed smooth cut-off with x(s) = 0 for s < % and x(s) = 1
for s > 1. Furthermore, we set 0(¢,r) := 1 — x(zit), ie.,0(t,r)=1ifr <t and
0(t,r) = 0if r > 2t. As a consequence of Lemma 5.14 there exists a function u. of
the form

uc(t,r) =)L(t)% W()r)+6(t, r)[vy(t, r)—i—vf(t, r)+e(t, r)]+ x.(t, r)vf(t, r),
6.1)

where vo and vf = vfl + vfz, vi’ = Ui)l + vll’2 are from Lemmas 2.2 and 2.3, and

Ouc(t, r) 4+ uc(t, r)> = 0 provided that (¢, r) € Kt‘(’)‘fc with #p > 0 sufficiently large.

6.1 Energy estimates

As a first step we establish energy bounds for the solution u,.

Lemma 6.1 Let ty > 1 be sufficiently large and suppose v is sufficiently close to 1.
Then we have the bounds

_r
2

_1
X (@, )Ouc(t, 23y S [AO]72 4+ ¢
1
X (2, )0 Wiyl L2 w3y S A1) 2
_1 _y
IVIuc(t, ) = Wil p2wsy S [A0)]72 + 2

forallt >ty > 2c¢ > 1 where, as before, W )(r) = k(t)% W()r).
Proof We consider each constituent of u. separately.

(1) For the time derivative of W, ;) we have

AT WD) = A0 IN OWRD)r) + A0 20 (O)r W (M(0)r)

and, since

L)t

t
/|W(x(z)r)|2r2dr =13 / \W () |2r2dr < a)~,
0 0

we infer

_3 1 _1 _1
X (2, )3 Wiy | L2may S MO T2 (012 =172 = [A(0)e] 2.
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(2) According to Lemma 2.2 we have the estimates
)
lvo(t, r)| S A 2t
10,000, )| + 18,000, N S A2 r + 172 S a0 22

forall t > tg and O < r < 2t. Furthermore, note that |9,60 (¢, r)| =~ rt‘zl)(/(%ﬂ
and |VO(t,r)| =~ t‘1|x’(%)|. Thus, we obtain

2t
e (@, )30, ot 2 g, S A~ '17° / rdr < [0

t
and analogously, |VO(z, -)vo(t, ')||L2(R3) < [A(t)t]_%. Similarly, we infer

2t

e, )0, )3rvo(t, 7o sy + 100, IVt M Fagsy S 1O / ridr
0
< o

(3) Note that 6(t, r)v§ (t,r) + xc(t, r)v(t,r) = vi (¢, r) provided r < 37. Thus, in
the case r < %t we put v‘lg and v{’ together and use the bounds

o1t 1) < A 27!
_1
19,1 (2, )| + 18,05 (2, )| S A(r) 2672

from Lemma 2.3. If %t < r < 2t we similarly have

1 1
Wi IS AO 2 af () + 18 vf (e, 1)) S A T2
by Lemma 2.3 and thus, these terms can be treated in the exact same fashion as

0.
(4) For ¢ it suffices to invoke the bound from Lemma 5.14 which immediately yields

e (2, Y300 e, M2y + IVIOC, Ve, Ml sy S 17 S 072

(5) Finally, we come to the most interesting contribution, the term . vi’ = Xc(v{’ 1+
vi’z). We emphasize that the following estimates are key to the whole construction.
We may restrict ourselves to r > %t since the case r < %t is already included in
point (3) above. We start with xcv{’]. Lemma 2.3 yields
b B 31-v)
i @)l S A2 (1 =52

1 L—v)—1
0,00, (t, 1)+ 10,08, (1, P S A 7272 (1= £)2 07
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for all t > 9 and %t < r < t. Furthermore, note that

190 xe (8, )|+ 18, xe (8, )] 2= L)' (5 1.

We infer
=S
—1.,— 1—
18 e (0 I (1 2@\ ) S 22O / (1=5) " r2dr

t—c

-5

=ba) 't / (1 —s)'7s%ds
1-¢

Z/\

1 2— —
2— U)CZ )"(t) (%‘) 5 c Y

12-v

v

and by the very same calculation we also obtain ||V x.(z, -)v? @I 2wy Sc 2.
If the derivative hits v11 we have

_ —v—1
e (e, )37y (0 Moy S AT / (1=5)7"" r%dr

-5
= [A@®)]! / (1 —s)"""s%ds
2
1.— — —
S ()T S

~

and analogously we get || x.(¢, )an(t Mezwyy S < ¢™7 as well. The term vfz

is handled by the exact same computations upon replacing v by 3v. O

Next, we estimate the residual energy outside the (truncated) lightcone K;°.

Lemma 6.2 Under the assumptions of Lemma 6.1 we have the bounds

Xe @, )0 Wiyl 2R3\ B, ) S S [)»(t)t]_7

IVWiny 2B, S [M(DE]72
Pforallt >ty > 2c > 2 where B_. = {x e R?: |x| <t —c}.
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Proof The first bound follows from Lemma 6.1. Thus, it suffices to note that

/ 10, W (O(0)r) |2 r2dr

—C

IV Wi 172 5,y = )
t

<)’ / A4 2dr <) e = o)t
t—c

<

To conclude the energy bounds, we provide estimates for the L° norms.

Corollary 6.3 Under the assumptions of Lemma 6.1 we have

_1 _y

luc(t, -) — Wil Low3) SO 2 4+c¢2
_1
Wil Lo,y S [M0)]72

forallt >ty > 2¢ > 2.
Proof The first assertion is an immediate consequence of Lemma 6.1 and the Sobolev
embedding H'(R?) < L°(R3). For the second bound we calculate explicitly

oo

W IS oo,y S 2O / MO0 dr S0 -7 S 0.

r—c

6.2 Extension of the solution to the whole space

Lemmas 6.1 and 6.2 show that the bulk of the energy of u. is concentrated on the
soliton inside the truncated lightcone. Now we pick a sequence of times (7;) with
T, > typ and T, — oo as n — oo. Then we consider the sequence of Cauchy data

(f, g given by

fcn(r) = uc(Ty,r) (6.2)
8e (r) = Xc(Tu, r)duc(t, 1)li=T, -

Since x.(T,,r) = 1 forr < T, — ¢, we have® (fr. g} = uclT,] on Br,—. As
a consequence of Lemma 6.1, the sequence (f, g/') is uniformly bounded in H' x
L?(R3) forall n € N. Now we solve the equation backwards in time with data (£, g")
att = T,. For the following it is useful to introduce the notation

6 Here and in the following we employ the convenient abbreviation u[t] = (u(t, -), dru(t, -)).
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Kio={(t,x) eRx R 19 <1 < Ty, |x| <1 —c}.

Furthermore, for U C R? open we set
— l 2 2 _ 1 6
Eulf. 8) = 2 AVFI" + 1g()[7)dx G Lf(x)Pdx
U

= 2||(f i1 oy = 81 Wsry

Thus, s is the energy functional associated with the focusing quintic wave equation.

Lemma 6.4 Letty > 1 and ¢ > 1 be sufficiently large and assume ty > 2c. Then, for
any n € N, there exists an energy class solution u'™ of

[ OuT(t, x) +uT(t, x)> =0, (t,x) € [to, T,] x R?
u T[T, ] = (7, g")

which satisfies u™ = u. on K Tn . Furthermore,

fo,c*
7, .
Jlu )[t0]||H1><L2(R3\B;O—c) —~0

as to, c — oo, uniformly in n.

Proof Recall that, given data in H' x L?(R3), the Cauchy problem for the quintic
wave equation can be solved locally in time. Furthermore, if the data are small in H' x
L2(R3), the corresponding solution exists globally in time, see [37] or [43], p. 142,
Theorem 3.1. Given any § > 0, we have [|(f", 8)ll g1 ®3)x22®3) < IWll g1 gs) +9
for all n € N if we assume g and c to be sufficiently large (see Lemma 6.1). Thus, we
infer the existence of ™) on (T¥, T,,] x R? with some T,* < T, and we assume 7"
to be minimal with this property. Furthermore, the map

te w1 gy 2@y - (T Tl > R

is continuous ([43], p. 142, Theorem 3.1). If 7 < #y we are done. Thus, assume
that 7, > fo. By causality it is clear that uTw) =y, on (K 7% In ), the interior of the
truncated lightcone. Furthermore, by Lemma 6.1 and Corollary 6.3, the data satisfy

I ge) — Wity Ol i 2 wsy S8
Ife = Wi llpswsy S 6

and, by using that [ VW, ) | 2r3) = [IVW]| 2R3 and analogously for [| Wy ) [l s w3
this implies [Egs (£, g7) — Ers(W, 0)| < 82 + 8% < 62 for the total energy. In other
words, the bulk of the total energy is concentrated on the soliton. By conservation of
energy we infer that this has to hold for all times, i.e., |Er3 @ T[] — Ers(W,0)| < 82
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for all t € (T,f, T,]. Since un) = U, on (KTT’;’C)O, we infer from Lemma 6.1 and
Corollary 6.3 the bounds

1 ™18 = Wiy, Ol 28, ) S 8
||M(T")(t’ ) — WA(t)||L6(B;—c) ’S 8

which imply |Ep,_ (uT[t]) — Ep, . (Wi, 0)| < 8%. Moreover, by Lemma 6.2 and
Corollary 6.3 we have |Egs\ 5 (W,0)| < 6% and thus, &3\ 5 @ T[1])| < 82
which shows that the total energy of the solution ") outside the truncated lightcone
stays small for all times. By a (slight modification of) the Sobolev inequality we infer
lu (@, I pewang, o < IVuT (@, )l 2®s\p, ) With an implicit constant that is
independent of 7. This estimate implies

8% 2 Eovp, @D = 31151 o,y — 610 @S s @,

1 T, 2 T, 4
= j”u( )[t]||H1XL2(R3\Bf—(‘) [1 - C”M( )[t]||H1XL2(R3\B[—(‘)]

forallt € (7, T,]. Initially, at t = T},, we have

NI g1 s 2 ovg,_ = 1A 8D w2 @3B, < 8
by Lemma 6.2 and therefore, we must have

n 2 2
[ NI

forall t € (T,}, T,,] (provided § > 0 is sufficiently small) since the map ¢ uT[1]
is continuous from (7., T, ] to H' x LZ(R3\BI_C) by a classical % argument. We
conclude that not only the total energy but also the kinetic energy of u™) stays small
outside the truncated cone. Consequently, the small data global existence result allows
us to extend the solution beyond time 7, which contradicts the minimality of 7. Thus,
we must have 7, < 7y and the Lemma is proved. O

6.3 The Bahouri-Gérard decomposition

Our idea now is to consider the sequence of data u T [19] and attempt to extract a limit
as n — o0. In effect, we shall not be able to do so, but we shall nonetheless be able to
construct new initial data u,[fo] resulting in an energy class solution u, (¢, x) defined
on all of [, 00) x R with the property that

e ¢]

Ux =ucon K, .

In order to achieve this, we apply the celebrated Bahouri-Gérard decomposition [1].
From now on we always assume fy and ¢ to be sufficiently large with 7y > 2¢. Note
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also that no space translations are necessary in the following lemma since all functions
are in fact radial. Furthermore, it is convenient to introduce the notation

t—1) x
u)"to(t, X) = k_%u O, - ).
A A

Lemma 6.5 (Linear profile decomposition) Consider the sequence (u'™[ty]),en of
Cauchy data for the solutions constructed in Lemma 6.4. Then, upon passing to a
subsequence, there exists a sequence (V;);en of (fixed) radial free waves’, such that

A o
M) = 3" V" Mol + WAl1o] 63)
i=1

for all n, A € N where (t,i),,eN and O‘Z)neN are suitable sequences of times and
positive scaling factors, respectively, that satisfy

M| 1 =) o,
log X_IJ + ")L—l" — 00, [ # ] (6.4)
n n

asn — 0o, and W™ is a free wave with the property

lim lim sup || WnA ||L°°(R)L6(R3) =0.

A—00 p—o0

Furthermore, for any A € N, we have asymptotic orthogonality in the sense that

Mot At .. . .
(Vl [fo]‘V [70] -0, I1<i,j<A, i#]j

/ )Hl x L2(R3)
At
(Vi " 1o]

W“mo >0, 1<i<A
H!xL2(R3)

asn — oo.
Proof From Lemma 6.1 we deduce
T, i — .
1100l 12y = Nacltolll 2, o S 1

and in the proof of Lemma 6.4 above we had

1 1ol 1 12 @\ By o) S 0

7 A “free wave” is a function v : R x R® — R such that the map ¢ = [[v[7]ll 51 < L2(R3) is continuous (in
particular, [[v[#]]| g1 < L2(R3) < lforanys € R)and v(z, -) = cos(¢|V|)v(0, -) + IVI*1 sin(¢|V])d1v(O0, -),
i.e., (v = 0 in the weak sense.
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for all n € N. Thus, we infer

sup [ [10]ll g1 23y S 1
neN

and everything follows by the main theorem in [1] and the remark on p. 159.

Remark 6.6 We will also use a kind of “localized” orthogonality which can be derived
as follows. Suppose (v, [7o]|wy [l()])HlXLz(R3) = o(1) as n — oo and the energy of

vn[to] concentrates in U C R3 as n — o0, i.e.,

||Un[tO]||H1><L2(R3) = ||Un[t0]||1-'11><L2(U) +o(1)

as n — 00, or, in other words,
loaltolll 1 L2 3\g) = O (1 — 00).

Of course, we also assume that ||v,[fo]]l ;1 wr2@®3) lwnltolll g1y 2R3 < 1 for all n.
Then we have the localized orthogonality

(Un[lO]|wn[tO])H1><L2(U) = (Un[t0]|wn[t0])Hle2(R3) - (Un[t0]|wn[t0])[-'11XLZ(RS\U)
=o(1)

since

| nttolwnltoD 1,2 | = enltoll g1 2oy lonltol L1 2oy = O

asn — oQ.

A triple (V;, (Ail), (t,"l)) like in Lemma 6.5 is called a (concentration) profile. As
a first step we now show that certain profiles with scaling factors tending to zero
cannot exist. Heuristically speaking, such profiles are excluded by the fact that they
would concentrate at the origin as n — 0o but near x = 0, u")[y] equals u.[fo] and
is thus independent of n. In order to make the argument rigorous, one has to show
that the concentration effect cannot be “cancelled” by the error term W”"4. This is a
consequence of the asymptotic orthogonality of the profiles. Before coming to that,
however, we introduce another notion. We call a profile (V;, (XZ), (t,i,)) bounded, if
)Lfl ~ 1 and |ty — t,il| < 1 for all n € N. Otherwise, the profile is called unbounded.
Note that by condition (6.4) there exists at most one (nonzero) bounded profile in the
decomposition Eq. (6.3).

Lemma 6.7 Consider the decomposition given in Lemma 6.5 and suppose there exists
a profile (V;, ()Lil), (t,’;)) with )\;'l — O0asn — ocoand I[O;—[l'l’l < 1foralln € N. Then
Vi =0. '
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Proof Fix A € N and let V}, be the unique bounded profile (V; might be zero in which
case we set A2 = 1 and 12 = 0 for all n € N). First, we claim that for any given & > 0
we can find a § > 0 such that

<e€ (6.5)

AL b
w1 — vV, " 1] |
H'x L2(Bs)

for all n € N. Indeed, u(T")[to]| B; 1s independent of n for small enough § since by
construction we have ™) [1] = u.[fo] on Byy—., see Lemma 6.4. This shows that
||u(T")[to]||H1 <L2(B;y) — 0 as § — 0, uniformly in n. Furthermore, by scaling and
energy conservation we have

Ml
IV " olll g 2 qrsy = IViltodll gy 2 ws3)
for any profile V; (bounded or unbounded). Since A2 ~ 1and [t?| < 1 foralln € N, we
b b
obtain by the continuity of # > [|Vs[¢1]| jj1, ;2 (r3) the bound || Vb)\’“t" (o1l fr1 12 (By) <
5 for all n € N provided § > 0 is sufficiently small. Consequently, the triangle

inequality yields the claim (6.5).
Note that by Eq. (6.3), Eq. (6.5) is equivalent to

A o
U
> V] + W] <e.
i=1,i#b HIXLZ(B,S)

We write i € Z4 iff A, — 0asn — oo and lt";—,t”l < 1forall n € N. Now observe
n
that, fori € Zy,

to—tl
81‘11 ( 0 i 2 ) ')
A L2R\By ;)

fo—t
+|VV; 0 _" .
A

as n — oo by the continuity of # = || V;[¢]| g1 L2(R3)- For brevity we write

Al g
V™ Lol g 2@ as) = ‘

— 0

2 (TR3 .
L2(R3\B, ;)

ALl At
valtol := D V"Ml waltol i= > VI 0] + WA Lrg).
i€Zy i¢ZA,i#£b
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By the pairwise orthogonality of the profiles and the triangle inequality we obtain

2

A o

2l
e> | > V] + WLk = lvalto] + waltol%1
i=1,i%b

(Bs)
H!xL2(Bs)

= llvalto] + walto] 31 12 sy — Ivnlto] + waltod 1, 12 g g,

v

lonlto115 1,2 sy + 1wn L0012 sy — N0 lt0115 1 2 gy,
- ” Wy [tO] ”i]l XLZ(R3\35) - 2||Un [tO] ”H' XL2(R3\B,;) “w” [tO] ”H] XLZ(R3\B5) + 0(1)
2

Mt
D Vil oy + | 2 Vi o] + WA lko] +o(1)
i€Zy i¢ZA,i#b

HxL2(Bs)

as n — o0o. Consequently, ||Vi[t0]||Hle2(R3) < g for alli € Z4 provided n is
sufficiently large and, since ¢ > 0 and A € N were arbitrary, this yields the claim. O

Our next goal is to prove that the energy of all unbounded profiles is small. As a
preparation for this we need the following elementary observation which is just an
instance of the strong Huygens’ principle. As always, it suffices to consider the radial
case for our purposes.

Lemma 6.8 (Strong Huygens’ principle) Let v : R x R® — R be a (radial) free wave
and set

A(R,Ry) :={x e R’ : R < |x| < Ra}.

Then we have the estimate

Il w28y < IOLOTH At s r2caqe1—Roje1 Yy T+ IV Os L6 A= g, 1e14-8))
forallt € Randall R > 0 provided |t| > R.

Proof Note first that by the Sobolev embedding H! (R3) — L6(R3) we may assume
v(t, ) € LOR3) forall r € R. Furthermore, by the time reflection symmetry it suffices
to consider the case ¢+ > R. Since v is radial, it is given explicitly by d’Alembert’s
formula

t+r
v(t,r) = % t+rf+r)—C—nr)f@t—r)+ / sg(s)ds
t—r

for 0 < r < t where (f, g) = v[0]. Based on this formula it is straightforward to
prove the claimed estimate by using Hardy’s and Holder’s inequalities.

We obtain a simple corollary which applies to certain concentration profiles in the
Bahouri-Gérard decomposition.
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Corollary 6.9 Suppose v : R x R? — R is a (radial) free wave and let (A,)pen,
(th)neN be sequences of (positive) scaling factors and times, respectively. If

e Ay —> OO

to—tn|—R
° 0r‘°+—>ooasn—>oo
n

then
Anst,
0 [t 123y = O

as n — oo for any (fixed) R > 0.

Proof Note that by scaling we have
o — 1, o — 1,
v 0 n y Vo 0 n .
An An

First, we consider the case A, — oo. If ‘t‘);—t"l < 1 forall n € N then the continuity

2 2

st
[[o™ ™ [zo]

.

2 _
Hle2(BR)_‘ .
L2(Bgny)

(6.6)

L2(BRjan)

of t = |lt]ll g1, 12wy and Eq. (6.6) show that [[v**" o]l 31,125,y — O as

n — 00. On the other hand, if ‘tok;nt"l — 00, we must have |ty — t,|] — o0 and thus,
lto — tyl/An = R/A, for large n. Consequently, Lemma 6.8 yields the claim. The
second case is a direct consequence of Lemma 6.8.

Now we can show the aforementioned smallness of the unbounded profiles.
Lemma 6.10 Let ¢ > 0. For the energy of any unbounded profile (V;, (Aﬁl), (t,i)) in
the decomposition Eq. (6.3) we have the bound

IViltolll i 2y < Nu ™ ltodl 2 @ons, ) +€

asn — oQ.

Remark 6.11 By Lemma 6.4 we see that the energy of the unbounded profiles can be
assumed to be arbitrarily small provided ¢y and ¢ are chosen large enough.

Proof of Lemma 6.10 By Lemma 6.7 the claim holds trivially for those unbounded
profiles V; where )LL — 0asn — oo and l“’;—,t’l‘l < 1 for all n € N. Furthermore, if

the sequences (A!) and (¢}) satisfy the hypothesis of Corollary 6.9, we infer
IViltolll g L2 r3y = IIVi[to]IlgnxLz(Ra\B[Ofc) +o(1)

as n — oo and the claim follows by the orthogonality of the profiles stated in Lemma
6.5 and Remark 6.6. )
It remains to study those profiles where W < 1and A}, < 1. Since the

n

profiles in question are unbounded, we must have A\ — 0. Consequently, |ty — £}| is
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bounded and after selecting a subsequence, we may assume that tjl — tl. Lete >0
be given. Then we can find an R > 0 such that

||Vi[0]||gl><L2(R3) = ||Vi[0]||glez(BR) + ¢,

i.e., the energy of V;[0] is essentially contained in Bg. Taking into account the fact
that V' is a free wave, we infer by the strong Huygens’ principle that the energy of V

at time to;,.t” (for large enough n) is essentially contained in

to—t} to—t
Q= {xeR3:—|°M.1"‘ —R<|x| < lfo— ”|+R}

cf. Lemma 6.8. More precisely, we have

to—l‘i l‘()—ti
K i
A A

as n — oo. By rescaling this is equivalent to

H!xL2(R3)

+ ¢
H'xL2(Q,)

'l’tiil )“il’tn
IV ol grwe@sy = 1V " " ol g2,y + €

WhereQn ={xeR: |t0—tn| —)JR < |x| < |t0—tn|+A’R} Thus, as n — oo,
V; Aot [#o] concentrates at i = = |ty — t* | Ifri <1y—c, we apply the argument from

Lemma 6.7 to conclude that V; = 0 (the logic being that V; Pl [t0] cannot concentrate
inside of By,_. because there, u T [19] equals u.[7]). If ri >ty — ¢, it follows from
Lemma 6.4 and the orthogonality of Lemma 6.5, see also Remark 6.6, that the energy
of the profile V; is small. In any case, we arrive at the desired conclusion. O

An immediate consequence of Lemma 6.10 is the fact that the bulk of the energy
of uT)[1y] is concentrated on the bounded profile V}, (in particular, V}, is nonzero).

6.4 The nonlinear profile decomposition

After extracting a subsequence we have A2 — A%, t® — t? as n — oo where A? and
tb are some finite numbers. Now we define new initial data by

. )\b’g b b
(f, g = lim v,* f [t0] = Vb}‘ o]
n—o0

with convergence in H!x L*(RY). By the local existence theory [43] we obtain a time
t, > to and an energy class solution u, satisfying
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[ O (t, x) + us(t,x)> =0, (t,x) € (to, t,)) x R? 6.7)

ulto] = (f, &)

where we assume ¢, to b¢ maxjmal.

To each profile (V;, (A},), (t,ll.)) in phe decomposition of Lemma 6.5 there is associ-
ated a nonlinear profile (U;, (A},), (t,)) which is characterized by OU; + Ui5 =0 and
either

IVilt] = ULl g1 p2gesy — Oas £ — 00

to—t!
if 0}\, 2 — 400 in the limit n — oo or

Uilt] = Vilnl

lto—ti|
A

in the case < 1 for all n € N. The existence of the nonlinear profiles is a

consequence of the small data scattering theory [37], cf. also [21]. Moreover, since
the energy of all unbounded profiles V; is small, it follows that the U; exist globally
(and scatter) provided i 7 b and by a continuity argument as in the proof of Lemma
6.4 we may assume ||U;[7]]| g1, ;2 (g3, to be small for all 7 € R. In the case of U we
have at least existence for small times. By the symmetries of the equation we see that,
foralln € N, U;”ﬁ’l’i; is a solution with data U;Z’I'[” [to] = kaﬁ’l'[” [#o] and thus, by the
local well-posedness we infer

AL b
U™ " (1] = uad )l g1 p2esy — O (2 — 00) (6.8)

for any ¢ € [#g, t,). Now we want to compare the solution u, with uT)The follow-
ing lemma yields a representation of the nonlinear evolution of the decomposition
Eq. (6.3).

Lemma 6.12 Lett) € [to., t*). Then there exists an ng € N such that, for all n > ny,

. Aty . L .
the nonlinear profiles U; """ associated to the decomposition in Lemma 6.5 exist on
[t0, t1] x R and

A o
T, x) = > UM, x) + W@ x) + R x)
i=1

forall A € Nandt € [ty, t1] where wnA s the free wave from Lemma 6.5. Further-
more, the error R satisfies

nA
i 1im sup R Lo g, it <2y = 0-

Proof This is (the second part of) the main theorem in [1]. Note that in [1] the result is
actually proved for the defocusing critical wave equation. However, once the existence

@ Springer



Nonscattering solutions and blowup at infinity 161

of the nonlinear profiles U; is established, one checks that the argument in Section
IV of [1] is in fact insensitive to the sign of the nonlinearity. As already mentioned,
the U; fori # b exist globally and scatter since the energy of the corresponding V; is

small (in fact, arbitrarily small if we choose 7y and ¢ large enough). In the case of U,
b b

it follows from Eq. (6.8) that we may assume the existence of U, 2 »n on [f0, 11] x R3
provided n is sufficiently large. O

The final step in the construction consists of showing that u, = u, on (K,’S"C)O. In

particular, we thereby obtain that u, can be extended beyond time ¢, and thus extends
globally.

Lemma 6.13 The solution u, extends to all of [ty, 00) X R3 and satisfies

ee]

Ux =ucon K.

Proof Lett € [1, t,) and choose n so large that Lemma 6.12 applies. For N € N
denote by P_y the Littlewood-Paley projector to frequencies {§ € R? : |£] < N}.
Given ¢ > 0 we choose N so large that

lus(t, ) — P<nus(t, o, ) <&

Consider the decomposition in Lemma 6.12. For an unbounded profile (U;, (AZ), (t,",))
with A — 0 as n — oo we clearly have ||P<NUi'\£"['i(t, Mo, — 0 as
n — oo. Furthermore, for a profile (U;, (A}), (#},)) with !, — oo we obtain
||Ul.)”£”’t£‘ (t, o,y = 0asn — oo. Finally, if kﬁl ~ 1 and |t,iz| — 00 we infer
I Uikf“t’i’ (¢, )lgoep,_,) — 0asn — oo by the small data scattering theory and Huy-

gens’ principle (recall that the H' x L2(R>) norm of all unbounded profiles is small).
By choosing A sufficiently large we can also achieve

IW" A, )l o) + IR )l ogs) < &
by Lemma 6.12. These estimates and the decomposition from Lemma 6.12 imply

st ) =™t pocp, ) S €
provided n is chosen large enough. Since ¢ > 0 was arbitrary and u™) = u. on
K} . by Lemma 6.4, we obtain u, = u, on K/ .. Furthermore, the solution can
be continued since outside of K,’O’ . the kinetic energy stays small for all times by a
continuity argument as in the proof of Lemma 6.4 and inside of K ,’0, . the solution u,
equals u. which exists on Kg° . ]
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