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1. INTRODUCTION

If one thinks to extend the Multiplicative Ergodic Theorem [I, 2] to an
infinite dimensional space, one could expect that the only change will be
the possible existence of infinitely many Lyapunov exponents. However,
the spectral theory of bounded linear operators shows that things are not
that simple.

Let T be a bounded linear operator of the Banach space E. The
essential spectral radius pess(T) is the smallest number r >0 such that any
A in the spectrum of T with modulus larger than r is an isolated eigen-
value of finite (algebraic) multiplicity. We note Nussbaum’s formula [3]:

Pess(T) = lim (inf{||T" — K| | K € L(E) is compact})l/”
n—>oo
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for the essential spectral radius, giving the smallest disk containing the
Browder essential spectrum. There is thus no hope to find Lyapunov
exponents smaller than the essential spectral radius. The most satisfac-
tory situation is when the cocyle is measurable and consists of compact
operators, and a Multiplicative Ergodic Theorem was proved by Man¢ in
this context (see [4]). The theorem was then improved by Thieullen [5] for
“quasi-compact” measurable cocycles; Thieullen introduced a measurable
index of compactness similar to the essential spectral radius.

On the other hand, if we consider continuous cocycles (see [6]), we
can obtain an exponential splitting corresponding to the different growth-
rates of vectors in E. It was then proved by Sacker and Sell [7] that, under
some recurrence properties in the base space, for numbers 6 larger than a
similar uniform index of compactness, 6 is not in the dynamical spectrum
if, and only if, there are no nonzero vectors with positive and negative
shifted orbits uniformly bounded (see Theorems 1 and 2). The correspond-
ing expanding subspaces are moreover finite dimensional.

The aim of this work is to study the relations between the (measur-
able) Lyapunov spectrum and the dynamical spectrum (corresponding to
the usual spectrum for bounded linear operators). We prove in particular
that

* The uniform index of compactness is equal to the supremum of
the measurable ones. The supremum is moreover attained for some
invariant, ergodic Borel probability measure (Theorem 5).

¢ The boundary points of the compact intervals of the dynamical
spectrum correspond to Lyapunov exponents for invariant, ergodic
Borel probability measures (Theorem 5).

These are generalizations of results appearing in [8, 9].

2. SKEW-PRODUCT FLOWS
2.1. Cocycles and Skew-Product Flows

Let ¢: X - X be a homeomorphism of the compact metric space
X, (E,|.I) a (real) Banach space and x +— & (x) a mapping from X into
L(E), continuous in the norm topology of L(E). We construct from these
objects a mapping (n,x) — @(n,x), defined for n a nonnegative integer
and x € X by

@(0,x)=1d, D, x)=P(n—1,px)D(x).
Then x+— @ (n, x) is continuous for each n, and the cocycle identity

®(n+m,x)=D(n,d"x)®(m, x),
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holds. We will indifferently refer to x+— @ (x) and x+> @ (n, x) as a cocycle.
(It would be more precise to say continuous semicocycle, but we will use
the shorter terminology.)

We will allow ourselves to use the word “vector” to refer either to ele-
ments of E or to elements (x,v) of X x E. In the latter case, words like
“norm”, “normalized”, “bounded”, etc. refer only to the v component.

The definition of @ (n, x) is motivated by the following construction:
Given ¢: X — X and @: X — L(E), we define the semidirect product map-
ping w of X x E to itself by 7w(x, v) = (¢x, @(x)v). It is then easy to see
that 7" (x, v) = (¢"x, @ (n, x)v). We will refer to = as a linear skew-product
semiflow ( skew-product flow for short), having in mind the applications to
differential equations.

If — and only if — each @ (x) is invertible, 7 is also invertible; the defi-
nition of @(n,x) can then be extended to negative n in such a way that
the cocycle identity and the relation between 7" and @ (n,x) continue to
hold. In the applications we have in mind, E will be infinite dimensional
and the @ (x), although bounded, will almost never have bounded inverses.
For this reason, we need to write all formulas in terms of the & (n, x) for
nonnegative n, although this will sometimes make them less transparent
than one might wish.

With this in mind we define a negative continuation of a vector (xg, vg)
— or sometimes of the vector vy at xp — to be the sequence of vec-
tors (x_p1,v—1), (x—_2,v_2),... such that w(x_,,v_,;) = (x_p+1, v_p4+1) for
n=1,2,... In other words

* ()bx—l’l =X—n+l> i~e~9 X—n :¢7nx09
® P(X_p)Vp=V_p41.

A given vector may or may not admit a negative continuation; if it does,
its negative continuation may or may not be unique. If @ (x) is invertible
for all x, then every vector (xg,vp) has a unique negative continuation,
namely 7" (xg, vg).

Remark 1. If 7 = (¢,®) is a continuous-time skew-product flow
that is continuous in norm, i.e.,, each map (¢,x) — @(t,x) € L(E) 1is
continuous, then each operator @(¢, x) is invertible and the cocycle iden-
tity holds for negative times also. In this setting, we hence usually work
with strongly continuous skew-product flows, i.c., those with each map
(t,x,v)—> @(t,x)v e E continuous (see [10, Remark 6.2]).

We introduce now a useful device: If @(n, x) is a cocycle, then so is
®g(n, x) defined by ®y(n,x) :=e"9®(n, x) for every real number 0. We
will refer to @y as the cocycle @ shifted by 6 and also consider the shifted
semidirect product mapping 7yp. However, when we will consider properties
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of a negative continuation we will always have in mind “of the unshifted
cocycle”.

3. SUBBUNDLES AND HYPERBOLIC SPLITTINGS

We want now to give a precise definition of hyperbolicity. To do this,
some preliminary concepts are needed: Let X and E be as before; let £ be
a subset of X x £ and Y a compact subset of X. We define the fiber £(x)
of £ over x by

Ex)={veE|(x,v)el}.

A subset £ of X x E will be called a subbundle over Y if, for each yeY,

(1) the fiber £(y) is closed in E,

(2) &(y) has a closed complement F(y) in E, i.e., E=E(y) ®F(y).
We will also write the direct sum as a Whitney sum: Y x E =
EDF.

We will moreover say that the splitting ¥ x E =& @ F is continuous
if, denoting by P(y) the projection onto £(y) along F(y), the mapping
y+ P(y) is norm continuous from Y into L£(E). In the applications we
have in mind we are mostly interested in one of the subbundles, say &; we
will abuse language in this case and say that the subbundle £ is continuous
over Y, without referring to F.

Let w = (¢, @) be a skew-product flow. A subbundle £ over Y is called
w-invariant if

(1) Y is ¢-invariant, i.e., ¢p(Y)=7,

(2) 2(ME(y)CE(py) forall yeY,

(3) @(y)F(y)CF(py) for all yeY (F denotes the complementary
subbundle of £ in Y x E).

Let:

* The forward 6-bounded set Bg“ () be the set of all vectors (x,v) in
& such that ®y(n, x)v is uniformly bounded for n=0,1,2,...; we
refer to such an (x, v) as a 6-contracting vector. (It might be better
to say “forward 6-bounded vector” instead of “O-contracting vec-
tor”. “Contracting” is, however, shorter, and we will see later that,
in the case of greatest interest to us, the terminology is justified.)

* The backward 0-bounded set B, (£) be the set of all vectors (x,v)
in £ admitting a negative continuation (x_,,v_,) in & with
e"®v_, uniformly bounded for n=1,2,...; such an (x,v) is a
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0-expanding vector. (As is traditional in this area, “expanding” is
to be understood as meaning “contracting backwards”.)

* The 0-bounded set By (E) be BJ(E)DBQ_(E); an (x,v) in By(€) is a
0-bounded vector.

* O(€) be the set of trivial vectors, i.e., the set of vectors (x,v) in £
such that v=0.

We will often write, e.g., By for By(X x E), B instead of By or B(xw) to
clarify what we have in mind.

We say that the skew-product flow m admits a hyperbolic splitting
(or an exponential dichotomy) over Y if there exist continuous, 7-invariant
subbundles £ and £° over Y such that

(1) YXE=E"DES,
(2) dim(&*(y)) <oo for all yeY;
(3) the restriction of @ to & is invertible (and hence @ (y)E*(y) =
E(Py));
(4) there exist positive constants ¢, 8 such that
P, y)v| <ce™|v|| forall n>0, (y,v)e€&*,
|®(—n, y)v|| < ceP|v| for all n>0, (y,v)e&".

The subbundles &5 and &£% are called the stable and unstable subbundlies
respectively.

(M

Remark 2. We stress that the finite dimensionality of the unstable
subbundle is a strong condition and is part of our definition of a hyper-
bolic splitting. In this case, we can replace condition (1) by the following
equivalent one:

1P (n, y)vll < ce ™ v| for all 0, (y,v) €&,
1P (n, yyvll = cte"Pllu]l for all n>0, (y,v) e E™.

We cannot obtain a Multiplicative Ergodic Theorem without such proper-
ties (see Theorem 3, more precisely the definition of the measurable index
of compactness). Moreover, the Sacker—Sell characterization of hyperbolic-
ity (Theorem 1) only works in this context.

4. EXPONENTIAL SPLITTINGS
4.1. Index of Compactness

Let (M, d) be a metric space. We denote by By (v, r) the open ball of
radius r in M and centered at ve M. Following Kuratowski [11] we define
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for every bounded subset ¥ of M a number «(Y) as the infimum of all
reals r >0 such that Y can be covered by a finite number of open balls
with centers in Y and radius r. We note the following properties of «:

e a(Y)=0<«7Y is compact.
e If E is a real normed space then dim(E) = oo if, and only if,
a(Bg(0,1)=1.

Let (E,|.|) be a real normed space and A € L(E). We define the
index of compactness 0(A) of A by 0(A) :=a(A(Bg(0,1))). We note that
0(A) < ||A|l and that A is a compact operator on a Banach space E if, and
only if, o(A) =0 (see [3] for properties of o).

We define the (logarithmic) index of (uniform asymptotic) compact-
ness k() €[—o0, +00) of the skew-product flow 7 = (¢, @) by

1
k() :=liminf —logsup o(®(n, x)), (2
n—>+oo n

xeX

and also

1
Kess () :=liminf — logsupinf{||®(n,x) — K||| K € L(E) compact }.
n—-+oo n

xeX
The number «ess(7r) will be called the essential (logarithmic) index of (uni-

form asymptotic) compactness. The Subadditive Lemma [12, Theorem 4.9]
yields, e.g.,

— fim L1 @ —inf L1 @
w(m= lim -~ ogiggg( (n,x))—;l;l; ogileu;e?( (n,x)).

We also introduce a number () defined as the infimum of all reals ¢
such that ||®;(n,x)|| is bounded over n=0,1,... and x € X.

Proposition 1. Let E be a Banach space, A a bounded, linear operator
in E and 7w a skew-product flow over the compact metric space X. Then

(1) o(A)KInf{||A—K| | K € L(E) is a compact operator};
(2) k() Skess () S ().

Proof. The proof follows from standard properties of the Kuratowski
functional «. U

We do not know examples with « () < kess(77). However, we can prove
that « (7) = kess(7r) under some assumptions on the Banach space E (see
Lemma 1).
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4.2. The Sacker—Sell Theorem

The result below was proved by Sacker and Sell [7, Theorem B, p. 28]
for strongly continuous, continuous-time cocycles over a flow. We recall
that a homemorphism ¢ of the compact metric space X is one-sided topo-
logically transitive if there exists a dense orbit {¢"(x)|n >0} in X.

Theorem 1. (Sacker-Sell). Suppose that the skew-product flow
7w = (¢, D) satisfies the following condition over the compact metric space X:

(H1) ¢: X — X is one-sided topologically transitive.

Then the system w = (¢, @) admits a hyperbolic splitting over X if, and only
if, B(m)=0 and lim,_, o sup,cx 0(P(n,x))=0.

It may at first seem surprising that it suffices to assume
lim supo(®(n, x))=0,
n—)ooxex

rather than the apparently stronger condition « () <0, i.e., the exponen-
tial falloff with n of sup, o(®(n, x)). In fact, however, the two hypotheses
are equivalent: The mapping n+> logsup, o(® (n, x)) is subadditive, so

lim 1 logsup o(@(n, x)) =inf 1 logsupo(®(n, x)).
n—oon x nn x

Thus, if there exists one ng such that sup, o(® (ng, x)) <1, then sup, o(®(n,
x)) falls off exponentially with n.

Sacker and Sell first proved the theorem for a finite-dimensional Banach
space [13—15]. In order to treat the infinite-dimensional case, some compact-
ness conditions (smoothing properties) are needed to prove the invertibility
of @ acting on the (finite-dimensional) unstable subbundle. Some assumption
like (H1) is necessary, even in the finite-dimensional case: A diffeomorphism
f of a compact manifold M is often called quasi-Anosov if the bounded set
B(df)(x) of the differential df is trivial for all x € M. In the 1970s the follow-
ing question arose: is a quasi-Anosov diffeomorphism Anosov? This question
has a positive answer in dimension two as shown by Maiié [16], but the answer
is definitely 70 in general: Franks and Robinson [1] have exhibited a counter-
example in dimension three. However, it became clear that a quasi-Anosov
diffeomorphism satisfying some recurrence conditions is Anosov [13, 16, 18].

Remark that assumption (H1) is replaced by the following ones in the
work of Sacker and Sell [7, Theorems D and F]:

(H2) The compact metric space X is connected and the union of the
minimal sets of ¢ is dense in X.
(H3) X is connected and ¢ is chain recurrent on X.
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In particular, (H2) holds true if the periodic points of ¢ are dense in X.
From the probabilistic point of view, we can replace (H1) by the following
stronger condition [12, Theorem 5.16]:

(H4) There exists a ¢-invariant, ergodic Borel probability measure
on X giving nonzero measure to every nonempty open subset
of X.

If recurrence properties as (H1), (H2), (H3) or (H4) do not hold, we can
nevertheless decompose the space X into finitely many compact, invariant
Morse sets over each of which the skew-product flow 7 admits a hyper-
bolic splitting [7, Theorem E].

It is possible to generalize Theorem 1 in the direction of Theorem 2
below, using the shifted systems mg. This approach was adopted by Chow
and Leiva [19] for continuous-time cocycles.

4.3. Dynamical Spectrum and Exponential Splitting

Let ¢ be a homeomorphism of the compact metric space X and
7 = (¢, ®) a continuous skew-product flow over X. We define a subset
Res (r) of the reals, the resolvent set of m, by

Res () :={0 e R| 1y admits a hyperbolic splitting over X}.

The dynamical spectrum X (7) (or Sacker—Sell spectrum) is defined as the
complement of the resolvent set in the reals, i.e., X (;r) :=R\Res (7). An
interval of the kind (—o0, a] will be conventionally empty if a =—oc0. We
stress that “hyperbolic splitting” means, in particular, that the unstable
bundle is finite-dimensional. It is easy to see that the resolvent set Res ()
is an open subset of the reals, and hence, the dynamical spectrum X (r) is
closed.

Theorem 2. (Bounded Sets and Exponential Splittings). Let (E, |.|))
be an infinite-dimensional (real) Banach space, w a continuous skew-prod-
uct flow over the compact metric space X and suppose ¢:X — X is one-
sided topologically transitive. Assume that X (mw) %0, X () # (—oo, m(w)].
Then there exist numbers () =: b1 Z A > U2 Z Ay > - > ZAj > >

+2k(m) (uj \ k4 if we have (countably) infinitely many such numbers)
and families of nontrivial, continuous, m-invariant subbundles {H;}, {ﬁk} of
X x E such that

(1) P)H;(x)=H;(px) for all x and j;
@ (x)Hy(x) CHi(px)  for all x and k.
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(2) 1<dim(H;(x))=:dj <oo for all x and j. In particular, the
dimension does not depend on x.

3 Hi=XxE, H;j=H;®&H;j1 forallj.

4) E(W)Z(—OO’K+]UUj[AjsM/j\]-

() Z@IH)=[rj,ul, Z@lH)=2Z(@@)N (=00, ui]  for all j k
and, if there are p < oo subbundles Hj, then X (mw|H,41) =
(_OO’K+]'

(6) The restriction of w to H;j is invertible and there is a constant
¢ >0 such that for all x and j,

P, x)v|| < ce"|l  for all veH(x), n=>0,
|®(—n, x)v|| < ce ™| for all veH;(x), n>0,
D, x)|Hi ()| < ce™  for all n>0, all k.
If there are p <oo subbundles 'H;, then
||¢(n,x)|ﬁp+1(x)|| Lce™t  for all x, all n>0.
(7) 6eRes(m)s0>k(m) and By(m)=0.

We also note that

1
(r)= lim —logsup||®(n,x)|.
n—-oon

xeX

Proof. See [10, Section 6.3, 19]. A direct proof of the theorem-not
assuming Theorem 1 — can be found in [20]. UJ

Remark 3. We will prove later in Section 5.2, using Lyapunov expo-
nents, that k; =« () if we have infinitely many compact intervals [A;, u ;]
in the dynamical spectrum X (7) (see Corollary 2).

We will call the family {#;} of Theorem 2 the exponential splitting
associated to the skew-product flow 7 and denote it by S(n):={H; =
Hij.u; ()} to specify the characterizations of the family. The number
k4 () :=ky will be called the dynamical index of compactness of the skew-
product flow 7.

We have clearly « (1) < kess(m) <k (7r) (see Proposition 1). We prove
below that, under some assumptions on the Banach space E, we always
have « () = kess(r). We do not know, however, if kess(m) < k4 () 1is
possible.

Lemma 1. (Compact approximations of the identity). Let E be a
Banach space such that there are a sequence of linear operators I1; on E
and a positive constant B such that
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() IM;I<B  for all j,
(2) I—-T1I; s compact for all j,
3) D:={veE|Ijv—0} is dense in E.

Let moreover A be a bounded, linear operator on E. Then

inf |A— K|l < Bo(A).

where the infimum is taken over all compact operators K € L(E). In partic-
ular, k() = kess() for every skew-product flow w on E.

Proof. To see this, take a positive €; by definition of o(-), there are
vectors vy, v, ..., v, In E such that

ABg(0, ) | Be(vi, 0(A) +€).

i=1

We can now choose vectors wi, wa, ..., w, in D such that
€ .
||v,-—w,-||<ﬁ fori=1,...,n.

Therefore, we can find some integer jy= jo(¢) such that for all j > j, and
all i:

€ €
(1T || < T jw; || 4+ (1T (v — wi) |l <5+B'E<6.

We now claim that ||[IT;A|| < B(o(A) +¢€) +¢ for all j> jo. Indeed, if ve
Bg(0,1) we can assume that Ave Bg(v;, 0(A)+¢€) and hence

(T Av|| < [ITT; (Av —vi) [+ [TTjvi || < B(e(A) +€)+€  for all j = jo.
However, (I —IT;)A is a compact operator for every j and thus

inf A - K| <IIA— U —THAI=T;AIl< Blo(A) +e) +e

for all j > jo. The claim follows since € is arbitrary. O

Such compact approximations of the identity are discussed by
Holschneider [21] and Baladi and Holschneider [22], where it is proved, e.g.,
that

1
k() = Kess () = nhlgo 0 log sup lim sup ||T1; @ (n, x) |
x J

1
= lim —logsupliminf ||IT;®(n, x)]|.
J

n—oon X

A compact approximation of the identity as in Lemma 1 exists in the fol-
lowing spaces (see [22, Lemma 4]):
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(1) The spaces H*(T"), s >0, of Sobolev mappings defined on the
n-dimensional torus T”.
(2) The closure in the space C"(T") of C*°(T"), r >0.

The following corollary can be found in [23], where completely con-
tinuous skew-product flows are considered, and in [19].

Corollary 1. (Dynamical spectrum). The dynamical spectrum X (w) of
the system m is exactly one of the following sets:

() XZ(m)y=v;

(2) X(m)=(—o00, m(m)];

() X(m) = (—00, k(MU U;[Aj, il where () =p1 = A1 > ps >
Apy>coe>UjZhj> > Ky () Zkess () Z k(1) and juj k() =
k() if we have infinitely many such numbers.

Remark that the spectrum of a compact operator on a Banach space
can be equal to {0}; so, X (;r) =0 is possible if the base space X is trivial.

Remark 4. Our definition of a hyperbolic splitting is relatively restric-
tive and hence the interval (—oo, k()] is always contained in the dynam-
ical spectrum X (). In particular, if we have a “hyperbolic splitting”
with infinite dimensional expanding subspaces, we do not consider this
as “hyperbolic”. In order to generalize this concept, it is however essen-
tial that the restriction of ®(n,x) to ran(/ — P(x)) is invertible from
ran(/ — P(x)) into ran(/ — P(¢"x)); but ran(/ — P(x)) need not be finite-
dimensional. Such a concept appears in [24] and could produce numbers
0 € (—oo, k(w)]NRes (;r) for the corresponding resolvent set Res (7).

5. LYAPUNOV EXPONENTS AND MULTIPLICATIVE ERGODIC
THEOREMS

5.1. Lyapunov Exponents

Let m = (¢, @) be a continuous skew-product flow over the compact
metric space X. If the dynamical index of compactness k() is smaller
than the maximal expansion (), we obtain a nontrivial exponential
splitting S(m) ={H; =H,, ()} as discussed in Theorem 2. We define
Lyapunov exponents for x € X and ve E \ {0} as follows:

_ 1
At (x,v) := limsup - log || @ (n, x)v]|,

n—-+00

.1
Ay (x,v) :=liminf —log||® (n, x)v||.
n——+o0o n
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We can also define the following Lyapunov exponents for x € X and
ve B~ (x)\ {0} with negative continuation (x_y,v_1), (x_2,v_2),...:

_ . 1
A—(x,v) := limsup — log ||v, |,
n——oo N

.1
A_(x,v) := liminf — log ||v,].
n——o00 n
If there is no such sequence (x_,,v_,) then we set A_(x,v):=—o00.
It is then clear from construction of the exponential splitting that all

the above Lyapunov exponents lie in the dynamical spectrum. More pre-
cisely (a proof can be found in [10, Theorem 6.48, Corollary 6.49, 25, 26]):

Proposition 2. Let jy be the minimal index j such that v has a non-
trivial component in 'H (x) and ko the maximal k such that v has a nontriv-
ial component in Hy(x) (assuming that both indices do exist). Then

)"jo < A.l,_(-x’ U) gx-}—(-xa U) g“]‘oa
My S A_(x,0) KA-—(x, V) < gy

In particular, if (x,v) belongs to finitely many H;’s,

dx(x,v), Ay (x,v)€[rj, il if, and only if, veH;(x)\{0}.

5.2. The Multiplicative Ergodic Theorems of Thieullen and Maiié

Let now v be a ¢-invariant Borel probability measure on X. We can
consider for a continuous cocycle the pointwise analogue of the uniform
quantities characterizing the cocycle (see Section 4.1):

k(x) == k(m)(x) ::limirgi‘%logg(@(n,x)w),
. 1
(x) = p(mw)(x) :=hrnsup,—llog |@(n,x)|E].

n——+00

The Subadditive Ergodic Theorem [27, Chapter 2] yields
1
Kky(x) ==Kk (x)= lim —logo(®(n,x)|E),
n—+oon
) 1
y(x) :==m(x)= lim —log|®(n,x)E|
n—+oon
for v-a.e. x € X. The number «,(x) will be called the measurable index of

compactness. We define N'(x) :=(oe; @(n, ¢ "x)E for x € X. If @(x) is
injective for all x € X, then every v € A'(x) has a unique inverse image
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under @ (n,¢"x) and we can consider orbits going to —oo in time.
If ,(x) > ky(x) on a set of positive measure, we obtain Multiplicative
Ergodic Theorems on this set of positive measure. They were first proved
by Mané [4] for compact cocycles (see also [28, p. 263 ff.]); the general
case is due to Thieullen [5]. We formulate the result here in a special case.

Theorem 3. (Multiplicative Ergodic Theorem). Let X be a compact
metric space, ¢: X — X a homeomorphism, v a ¢-invariant Borel probabil-
ity measure on X and E a (real) Banach space. Let @ be the cocycle over
¢ generated by the continuous mapping @: X — L(E). We moreover suppose
that @ (x) is injective for all x € X. Then there exist a ¢-invariant Borel sub-
set Yy (ie. ¢(Yy)=Yy) of full measure (i.e. v(Yy)=v({x |k, (x) <, (x)}),
pv € NU {+00}, measurable functions ki(x), )L%(x), o AP, families of
measurable subbundles Vi, V! such that for all x€Y, and j=1,..., py (if
pv =00 we do not claim the existence, e.g, of a number A"; we simply
mean that there are infinitely many numbers A} (x)):

(D) &&= 2 @) > 220 > - > A () > k() (i py = +oo,
MEONE); , N N

2) M@=, Vi)=Y (x), Vi(px)=Vi(x);
D)V (x)=V](¢x), D)V (x)=V]($x);

3) dim(V/(x)) < oc;

@ Viw=E, Viw=vVimeVit\x);

- 1
(5) if veVI@\{0} then v e N(x) and lirjrtl —log||®(n, x)v| =
. n—-xTroo n
A (x);
6) lim —log||®(n, x)[VIT )| = At x) (f po is finite, we
n——+oon
define A2 =x));

(7) limsup —log | ®(—n, x)v|| > —Al(x) if ve N(x)NVIT ().

n—>+oo N

Remark that, if we suppose v ergodic, the Lyapunov exponents
and the measurable index of compactness are ¢-invariant functions and
thus constant. Thieullen’s Theorem was generalized by Schaumloffel [29],
Schaumloftel and Flandol [30].

If the generator @ (x) of the cocycle is not injective, we can not expect
an exponential splitting, even in finite dimensions. However, we can prove
an analogous theorem with a flag decomposition of the state-space E (see
[5, Theorem 2.3]). More precisely Thieullen showed:

Theorem 4. (Multiplicative Ergodic Theorem). Let X be a com-
pact metric space, ¢: X — X a homeomorphism, v a ¢-invariant Borel
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probability measure on X and E a (real) Banach space. Let & be the
cocycle over ¢ generated by the continuous mapping ®:X — L(E). Then
there exist a ¢-invariant Borel subset Y, of full measure (ie. ¢(Y,) =Y,
and v(Y,) =v({x |k, (x) <@, ()}), pv € NU{+oo}, measurable functions
)Lllj(x), A‘Z, (x), ..., AL (x), families of measurable subbundles V; such that for
all xeY, and j=1,...,py:

D) &&= 2@ > 220 > - > A () > k() (i py = +oo,
Aﬂ(x)\xu(x)); ‘ , , ,

(2) M(px) =) (x), V’(¢X)—V’(X), D)V (x) =V (px);

(3) E=VI®)DVix)D- SV ) and
codim V/ (x)) <codim (Vj+1(x)) < 00;

@ tim —logl| @@, vll=A(0) i veV] @\ VI ();
n—-—+oon
1 . )
®) liI_P —log||®(n, )|V (x)|=A)(x) and, if p, is finite,
n——+oon

1
lim = log /@ (n, x)[VE" ™ (x) | =k (x).
n——+oon

Remark 5. Proqf of Theorem 4 is based on the construction of an
enlarged state-space E by choosing

E:= {U: (VK1 € EN

sup |[vgll < +oo ¢,
k>1

equipped with the supremum norm. Pick a sequence (ax)x>1 of positive
reals and define a skew-product flow 7 over ¢ by

@ (X)V:= (D (x)v1, ajv], 0002, ...), (X, eXxE.

Each operator é (x) is injective. The sequence (ax) can be chosen in such
a way that the Lyapunov exponents of = and 7 agree [5, Lemma 4.2].
More precisely, (ozk) can be chosen such that

11m1nf - logg (q)(n x)) <11m1nf —logg (@ (n, x))

n—oo

<lim sup logQ (®(n, x)) <lim sup logQ (45 (n,x)),

n—o0 n—o0

liminf — log ||5(n, Ol gliminf —log ||<D(n,x)||

<lim sup - log |D(n, x)]| <11m sup - log 1@ (n, %),

n—o0

1 1
liminf — log ||¢(n, x)?|| <liminf —log ||® (n, x)v; ||
n—-oo n n—oo n
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<11msup—10g 1P (n, x)vq <11rnsup—10g ||45(n x)7].

n—o0 n—0o0

We can apply Theorem 3 to the system (X, v, 7, E) and obtain a set Y, of
full measure in {x|x,(x) <m,(x)} with a corresponding flag decomposition
E =9]} (x) Dﬁg(x) D--- for all x €Y,. The theorem follows projecting the
spaces on E.

5.3. Lyapunov and Dynamical Spectra

Let now 7 = (¢, @) be a continuous skew-product flow with nontriv-
ial exponential splitting S() = {H; :=H;; ,; () | 1 < j < p}. According to
Theorem 2 (Bounded Sets and Exponential Splittings) there are 7-invariant,
continuous subbundles ; of X x E such that

Hi=XxE, Hj=Hj®Hjy forj=1,...,p. 3)

Let v be a ¢-invariant, ergodic Borel probability measure on X; if @ (x) is
injective for all x, Theorem 3 (Multiplicative Ergodic Theorem) gives us v-con-
tinuous subbundles Vlf , Vlf, a Borel subset Y, of full measure in X, an integer
Py such that

Vi=y,xE,  Vi=V/eVi*! for j=1,....p, 4)

and corresponding Lyapunov exponents 2. Let 6; be in Res(m), 6; <A;
and k; =k;(v) be the integer such that

kj+1 ki o
max{K,,,)wH_ }<wjpr<6<ii<n), if j<p,

ky+1 k . . .
max{Kv,)Lv”+ } <kp(m) <6, <, <A, if pis finite.

The measurable subbundles are then the traces on Y, of the continuous
subbundles (see [10, Proposition 8.10]).

Proposition 3. For all 1 <j<p we have:
k i+1

(D x)= H,_H(x) for all xeY,;
2) @ Vf(x) =H;x) forall xeY,.
C:afelr)m))

In particular, the sum of the dimensions of the V' (x) does not depend
on the measure v.
(3) If, moreover, p is finite, then

@ Vf(x)eal’)\{’”ﬂ(x)z’l?{pﬂ(x) for all x €Y,
b e(ky k4 ()]

(Last formula can also be interpreted for p=+00.)
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Corollary 2. Let m be a continuous skew-product flow with infinitely
many compact intervals [Aj, u;] in the dynamical spectrum X (mw). Then

W Nk () =iy ().

Proof of Corollary 2. By Theorem 3, the Lyapunov exponents A}, con-
verge to k, <k (m)v-a.s. for any invariant, ergodic Borel probability mea-
sure v. Therefore, in view of Proposition 3, it is impossible that the p;’s
converge to a number larger than «(;r): We would get Lyapunov expo-
nents accumulating at a number larger than «,. UJ

Remark 6.

(i) We obtain a similar result if we do not suppose v ergodic.

(i) We also get a similar result in the framework of Theorem 4
and Corollary 2 remains valid: the subbundles V; giving the flag
decomposition are such that

Hi) =V ) =H;x) eV (x) forall xev,.

(iii) If the Banach space E is finite-dimensional and the
skew-product flow 7 invertible, then we have

Mj:supkﬁ, Aj:infkf,

where ¢ runs over all integers k with A €[ j»mj] and v over
the ¢-invariant, ergodic Borel probability measures on X; the
extrema are moreover attained. (A similar result holds for sepa-
rable Hilbert spaces and continuous cocycles with values in the
algebra of compact operators, see [8, 9 or 10, Theorem 8.15].)
Applying this result to the restriction of the skew-product flow
to the subbundles 7; we find a similar result in the context of
Theorems 3 and 4. It is moreover proved in [10, Theorem 8.15]
that 7z(r) =supA! in the Hilbert-space framework cited above.
We generalize this result below to the Banach space setting and
prove moreover that the supremum is attained.

Theorem 5. Let ¢ be a homeomorphism of the compact metric space
X and @: X — L(E) a continuous map generating a skew-product flow w
over X. We moreover suppose that & (x) is injective for all x € X. We have
then

k() =supk,, ()
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where the supremum is taken over the ¢-invariant, ergodic Borel probability
measures v on X. Moreover, the number k4 () appearing in Theorem 2 sat-

isfies
Kt (r) =sup A, (6)

where the supremum is taken over the ¢-invariant, ergodic Borel probability
measures v on X and the Lyapunov exponents A of the system (w,v) such
that )5 < (). The suprema (5) and (6) are moreover attained.

We note that similar results are obtained if we do not suppose that all
maps @ (x) are injective (see Theorem 4 and Remark 5).

Corollary 3. We have in particular:

() =Sup 7,

where the supremum is taken over the ¢-invariant, ergodic Borel probability
measures v on X, and [, is the largest Lyapunov exponent of (w,v) (or the
measurable index of compactness «, if there are no Lyapunov exponents).
The supremum is moreover attained.

Proof of Theorem 5. We follow the general strategy of [8, 9]. We first
prove that k() =supA’. Restricting the dynamics to invariant subspaces
if necessary, we can assume without loss of generality that «y (7m) = () >
—oo. First note that, by Theorem 2,

1
w(r)= lim —logsup [P (n, x)].
n—-oon xeX

Moreover, the largest Lyapunov exponent fr, with respect to an ergodic
measure v is given for a point x in a set Y, of full measure in X by

1
fZ, = lim ~log | (n, )| < 7).
n—-oon

We now construct an ergodic probability measure v such that
o, =m(m). The strategy is to construct a measure n on the compactifica-
tion of a “projective bundle” X x P(E) to be defined, and to obtain v as the
projection of  on X.

We first projectivize the vector space E, identifying lines through the
origin in E. We get a space P(E), and equip this space with the strongest
topology making the projection from E to P(E) continuous. We then put
on X :=X x P(E) the product topology. In this way, X becomes a metriz-
able topological space.
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The first idea is to “scalarize” the cocycle @: Since @(x) is injective
for x € X, we can define a scalar-valued function f on X by

fx,v):=log|®(x)v||, where vev with |jv||=1.

Note that feC(X,R).
The next step is to “projectivize” the homeomorphism ¢ of X; we
define a map ¥ on X as follows:

Y(x,v) = (dx, P(x)v).

Each map @ (x) is linear, so maps lines to lines in E and is thus defined
— and continuous — on P(E); so ¥ € C(X). Let us observe that

Y (x,v)=(¢"x, P, x)v) forn>1.

We now choose points x,, € X, v, €v, € P(E) with ||v,||=1, n>1, such
that

1
12 (2. xn)vn |l > 5 sup [P (n, )]l

xeX

Let BP(E) denote the Stone-Cech compactification of P(E) (see [6,
§V.6]). We denote by Cp(X,R) the space of bounded continuous functions
on X and define X := X x BP(E). Since Cp(X,R)* =M (BX), the space
of regular Borel measures on SX, we can define a probability measure 7,
on SX by

n—1

M (g) :=%2g (Vo). geChX.R). )

j=0

By passing to a subsequence if necessary we can assume that (7,) con-
verges in the weak-star topology to some Borel measure 7. So,

n(g) —> n(g) for all geCp(X,R).

It is important to note that f is not necessarily bounded on X.

Claim 1. The function f represents a well-defined element fP in the
space LY(BX,n) and

n(ff) > ar).
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Proof of the Claim. We first remark that X has full measure in SX.
Therefore, f can be viewed as an 7,- or n-measurable function f# on SX.
However, f# is n,-integrable for all n>1 and

n—1 .
! 19 G + L x)v
By —
M (ff)== Y log =Tt
/ ng * 10 G mul

We thus obtain
1 _
m(f?) = —1og @ (1, xn)vn]| —> FEC).

We define for each N >1 a function fy on X by fy:=max{f, —N};
fv €Cp(X,R) and has thus a unique continuous extension ff} to pX. If
we let M be M :=logsup, ||®(x)| <oo, then

Py <L, vy <M for (x,v)eX and N>1.
However, since fﬁeC(,BX,R),
n(f5) = tim n.(f5) > lim n.(f%)=7(r).
n—>oo n—oo

On the other hand, flg \\ /? pointwise on X, i.c., n-almost every-
where on BX. So, by the Monotone Convergence Theorem, f#eL'(BX, )
and

n(ff)= lim n(f{) =),
0

Let ¥# be the unique continuous extension of ¥ to SX. Remark that
n is yP-invariant since 1(g o) =n(g) for all g €Cy(X,R). The Birkhoff
Ergodic Theorem gives a subset X, of full measure in BX such that, for
each point & in X,

n—1

— . 1 . . —
FPE)=lim 3" 7 (V@) exists and (7P =n(f").
j=0

Let p (respectively, p) be the projection of X onto X (respectively,
P(E)) and let pf: BX — X (respectively, pP: BX — BP(E)) be the contin-
uous extension of p (respectively, p) to BX. We define measures v and v
on X and each fiber BX (x) = BP(E), respectively, by

vi=plhn, Vi=pl.
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Note that v is ¢-invariant since 7 is ¥#-invariant and that Xyi=pX,NX
is a set of full »n-measure in X. Decomposing v into ergodic components
if necessary, we can suppose without loss of generality that v is ergodic.
The Multiplicative Ergodic Theorem for v and 7 gives a subset Y, of full
measure in X such that

1
lim —log||®(n,x)||=wr, forall xeY,.
n—-oon

So, if (x,v) €Y, :=p(X,)NY, x p(X,) and vev with |lv||=1, then
1 1! )
i, > lim —log|@(n,x)vl = lim -3 f# (W(x,v))
n—-oon n—-oon 0
j:

= F(}C, V). (8)

The argument below is the main difference with [10, Theorem 8.15].
Denoting the product measure on X by v ®V, we remark that ), is a
subset of full (v ® V)-measure in BX. The measure n is moreover abso-
lutely continuous with respect to v®7V since

(2’ <(v@V)(Z) for every Borel subset Z of BX.

Hence, by the Radon-Nikodym Theorem, there is a nonnegative
function a € L'(BX,v®7) such that

/gdn=/g-ad(v®'ﬁ)
Z Z

for every Borel subset Z of BX, whenever the measurable function g is
such that [ gdn exists. Moreover, (v ®7)(a)=1 and thus, since f# <7,
on a set of full (v ®V)-measure,

@) <n(fF)=n(fF=0 N (fF a) <, (V®V)(a) =7,

The supremum in x4 () =sup Al is therefore attained.

The proof of k() =sup«, is similar and we only sketch it. Let 2F be
the set of all nonempty bounded subsets of E. We can put on 2£ a vector
space structure by defining

F+G:={u+v|iueF, veG},
tF:={tu|lueF}, teR, F,Ge2f.
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Let 2£ be the subspace of relatively compact sets in 2%; the Kuratowski
function o defines a norm on the quotient space 2£/2£ since a(F)=0,
F e2F if and only if F is relatively compact in E. The next step is to pro-
jectivize the normed space (2£ /2%, ), identifying lines through the origin
in 2£/2E. We get a space P(2£/2E) and we consider the projective bundle
X:=X xPQE2E).

We claim that we can suppose without loss of generality that

a(®(x)F)>0 whenever «(F)>0, xeX, Fe2k. 9)

To prove this, consider if necessary the extension @ of & as in Remark 5.
We first note that

supa(F;) <« (l_[ E), where F; €2F for all i. (10)
ieN ieN

To see this, we define for € >0 a number r. by re¢ :=q(]_[i_Fi) + €. There
exist then a positive integer k and vectors #) = (u(lj),uéj),...) e[l F,
1< j <k, such that

k k k
[1FcUBz@?. ro=JTBe@” roc[TU Bew.ro.

ieN j=1 j=lieN ieNj=1

Each set F; can thus be covered by finitely many balls of radius not
exceeding r. and with centers in F;. Therefore,

supa(F;) <re

1

and (10) follows if we let ¢ tend to zero.
Let F €2f be such that a(FY) > 0; then, by Tychonoff’s Theorem,
a(F)>0 and we thus get from (10) for x € X:

« (5(x)FN) =a (()F x a1 F x anF x---) >a(F)supa; >0,

1

from which (9) follows. We can hence define a function f on X by
f(&x,F):=loga (®(x)F), where FeF with a(F)=1.

Note that f €C(X,R) and @ (x) e LQ2E/2E «) for xe X.
We define as above a continuous mapping ¥ on X by

v (x, F):=(¢x, ®(x)F)
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and choose points x, € X, n>1, such that

1
o (P(n,x,)B) = supo (P (n, x)).
2 xeX
Here, B denotes the unit }gall in E. The proof can be completed as above,
working with the Stone-Cech compactification of P(2F/2E). We simply
note the following fact used in step (8):

0 (@)= sup a(P)F).

a(F)=1
The upper bound follows from «(B)=1 and the definition of g; in order
to prove the lower bound, it is sufficient to note that, given € >0, F e2F

can be covered by a finite number k of balls B; of radius r. :=a(F)+e€
and centered in u; e F, 1< j <k. Hence,

k k
o) Fc| Jo@Bj=J(@0u}+@x)¢B))
j=1 j=l1
and we get

a (@) F)< [max {a (@) {uj}) +rea (@(x)B) f=reo (@(x)).

\J\
Therefore, if we let € tend to zero and suppose «(F) >0,

a(®(x)F)

«(F) <e(@(x))

and the claim follows. O
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