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We establish a hierarchy of quantum dilogarithm identities associated to a sequence
of triangular shaped quivers. The tetrahedron equation plays a key role in our

construction.

1 Introduction. Main Results

Fix g € (0, 1). The quantum exponential function is the following formal series:

S (—x)"
W=l T g a o W

Its key functional property is the equation (gx),; = (1 + x)(x)4 due to which the quantum
exponential function appears naturally, in particular, in the theory of cluster algebras.
It is well known that if X and Y are two g-commuting indeterminates, that is

they satisfy the commutation relation

YX = gXY, 2)
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then the following identities hold:

X)g(Y)g=(X+Y)q, (3)

<X>q<XY)q<Y)q = (Y)q(x)q' (4)

The first one is due to Schiitzenberger [12]. The second identity was found in [3] and is
now commonly called the pentagon identity. It is also often called a quantum diloga-
rithm identity because it is closely related to the five-term dilogarithm identity [3, 4, 14].

Now take three pairwise g-commuting indeterminates X, Y, and Z,

YX=gXY, XZ=gZX, ZY=gqYZ (5)

Following [9, 13], we utilize the pentagon relation twice and find that

<X>q<z)q<XY>q(Y>q = <Z>q<zx>q(x>q<XY>q<Y>q = <Z>q(zx>q<Y>q(X>q~ (6)

Note that XY and Z commute. Permuting (XY), and (Z), on the L.h.s., we bring identity (6)
to the form T = p(T), where T = (X)4(XY)4(Z)q(Y)g and p: X - Z,Y - X,Z— Y is an order
3 automorphism of the associative algebra defined by presentation (5). Hence follows

immediately the following triple identity:

T=pM=p(pM), (7)
or, explicitly,
<X>q (XY)q (Z>q <Y>q = <Z>q (ZX>q <Y>q (X)q = <Y>q (Yz>q <X>q (Z)q . (8)

In view of (7), we will say that (8) is a cyclic quantum dilogarithm identity.

The goal of this paper is to obtain a hierarchy of cyclic quantum dilogarithm
identities in which (8) would be the first nontrivial member. For this purpose, we will
introduce an algebra 7y with generators assigned to the vertices of a certain quiver Qy.

In what follows, N stands for an integer number >1.

Definition 1.1. The quiver Qy is an oriented graph with vertices that are labeled by
pairs of integer numbers (i, j) such that 1 <i < j < N. The directed edges go from (i, j)
to (i, j + 1), from (i, j) to i + 1, j), and from (i + 1, j + 1) to (i, j). O
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Thus, Qy has ( ) vertices. For instance, the quivers Qs and Q4 are

(1,2) —(1,3) — (1,4)

w7 NN/

Q4: (2,3) — (2,4

(2,3) ‘\ /
(3,4)

Given Qy, one defines in the standard way its skew-symmetric incidence matrix

031

B: B jyw.jy =—Ba.j,a =1 if there is a directed edge going from (i, j) to (i’, j'), and

B j.a,j) =0 if the vertices (i, j) and (i, j') are not connected.

Definition 1.2. The algebra 7y associated with the quiver Qy is a unital associative

algebra over R with (}) generators Z;;, 1 <i < j < N, and the following defining relations:

Z;Zyjy = qBenanz, 7 Zij. (9)
O

In particular, 7; is generated by a single generator. The algebra 73 (with genera-

tors Z2, Z13, Z3 renamed X, Z, Y) coincides with the algebra defined by presentation (5).

Remark 1.3. Let I be a subset of vertices of Qy. Consider a linear homomorphism o}
such that 0;(Z;;) =0if (i, j) € I and 0;(Z;;) = Z;; otherwise. Since relations (9) are homoge-
neous, oy is an algebra homomorphism from 7y to its subalgebra. In particular, sending
Z;y to zero for all i, we reduce 7y to 7y_;. Thus, we have a chain of subalgebra inclusions:
TyCT3---CTy1 CTy. ]

Remark 1.4. The center Zy of the algebra 7y has dimension N/2 if N is even and
(N —1)/2 if N is odd. (See Section 2.2 for more details.) O

The quiver Qy is mapped to itself by a clockwise rotation about its geometric

center by 27/3. Hence, the algebra 7y admits an automorphism p of order 3,
p(Zij)=Zj_in+1-i- (10)

Furthermore, the quiver Qy is mapped into a dual quiver (where all the arrows
are reverted) by a reflection with respect to either of its three axes of symmetry

passing through the corner vertices. Hence, the algebra 7y admits three involutive



1078 A. Bytsko and A. Volkov

anti-automorphisms:

miZip) =Zj_ij, m2(Zij) =Zys1—jnt1-i»  M3Zij) =Zi Nr14i-j- (11)

Note that
10y =2 O A3 = i3 O L] = p. (12)

Let us adopt the following notations for products of noncommuting factors. Let
< be the lexicographic order relation of elements of a set A CZ™. Then ﬁAeA f. and
ﬁke 4 f. stand for ordered products, where f, is put to the right (respectively, to the
left) of all f; such that A’ < A. In particular, if A =[1, k] C Z, then ﬁkeA fi=A - fiand
Moa = fi - £

Let Ay C Z° be the following discrete tetrahedron containing (7'

5 ) points:

Ay={r=(a,b,0)|1<a<b<c<N+1}. (13)

To each point A = (a, b, ¢) € Ay, we associate the following element of 7y (strictly speak-
ing, of its completion):

H
R,\=< l_[ Za+k,b+k> . (14)

0<k<c-b-1 q

Now we can define an analog of the element T used in (7).

Definition 1.5. Ty € 7y is the following lexicographically ordered product:

N
Ty = H R;. (15)
reAN O

In particular, we have T2=R123=<212>q and T3=R123R124R134R234=<212)q
(Z12Z23)q(Z13)q(Z23)q-

Remark 1.6. Some factors in the product (15) mutually commute, as, for example, R;24
and R;34 in T3. Therefore, Ty admits a number of equivalent expressions obtained by

permutations of such factors. Some of these expressions are given in Lemma 2.7. O

We will say that a quantum dilogarithm identity is of the type n~ m if it involves
n quantum exponentials with monomial arguments on one side and m on the other.

For instance, (4) and (8) are of the type 2-3 and 4-4, respectively. The main result
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of the present work is a family of cyclic quantum dilogarithm identities of the type
N+1) __ (N+1
()~ ()

Theorem 1.7. Identities

Ty =p1(Ty) = p2(Ty) = us(Tw), (16)
Tun=pTn)=p((Tw)), (17)
hold for any integer N > 2. O

Remark 1.8. Identities (16) involve the anti-automorphism transformations u, corre-
sponding to a reflection rather than a rotation symmetry of the quiver. Nevertheless,
two of these identities are almost cyclic in the following sense. We will see below
(cf. Lemma A.2) that u, applied to Ty acts almost as an identical transformation just
permuting some commuting quantum exponentials. (As an example, apply to (8) an anti-
automorphism that maps Z to itself and exchanges X and Y.) Along with (12) this implies
that, again up to a permutation of commuting factors, u; applied to Ty acts as p, and u3

1

applied to Ty acts as p~™' =p o p. O

It is clear from the definition (1) of the quantum exponential that (0), = 1. This,

along with Remark 1.3, implies the following proposition.

Proposition 1.9. Let I be a subset of the set of vertices of Qy. In the identity (17), replace
with unity every quantum exponential that contains at least one Z;; with (i, j) € I. The

result is a correct quantum dilogarithm identity. O

Note that the resulting reduced identity is not necessarily cyclic. For instance,
sending Z to 0 in the 44 identity (8), we obtain the pentagon identity (4).

Quantum dilogarithm identities associated with various quivers have close con-
nections with (quantum) cluster algebras and Y-systems; see, for example, [1, 5, 8, 10].
Quantum torus algebras of which 7y is a particular example play an important role in
this context. Within the cluster algebras framework, a classical or a quantum dilog-
arithm identity is a consequence of existence of a periodic sequence of mutations of
a quiver and seeds assigned to the quiver [10, 11]. Examples of dilogarithm identities
obtained by this approach for (direct products of) Dynkin quivers are given in [7, 10].
Identities given in Theorem 1.7 can in principle be obtained by the quiver mutation
method as well. But in the present paper, we will derive them by a different representa-

tion theoretic approach related to inversions of maximal chains of higher Bruhat orders.
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Our motivation for studying a specific family of quantum dilogarithm identities
is an observation that they are accessible from the 44 identities (8). For instance, let
us demonstrate how to derive the equality T4 = p(T4) without invoking the pentagon

relation but using only the 4-4 identities (8):

Ty = (£12)q(Z12223) q(Z12Z232Z34) g{Z13) q(Z13Z24) q(Z14) q(Z23) q(Z23Z34) q(£24) g {ZL34)q

= (Z12)q(Z122Z23)q(Z13)q(Z23) q(Z12Z23Z34) ¢(Z13Z24) q{Z23Z34) g (Z14) ¢(Z24) q(Z34) q

= (Z13)q(Z13212)q(Z23)q(Z12) q(Z12Z232Z34) q(Z13Z24) (Z23Z34) g (Z14) q(Z24) q(Z34) g

= (Z13)q(Z23)q(Z132Z12) q(Z13Z24) g\ Z13Z24212) q(Z23Z34) (Z12) g (Z14) ¢(Z24) g (Z34)q

= (Z13)q(Z23)q(Z132Z24) q(Z13Z12) g(Z13Z12Z24) q(Z14) (Z24) g(Z23Z34) q(Z34) q(Z12)q

= (Z13)q(Z23)q(Z132Z24) q(Z14) (Z1aZ13212) ¢(Z24) q{Z13Z12) (Z23Z34) ¢(Z34) g (Z12)q

= (Z13)q(Z13224) q{Z14) q(Z1aZ13212) q(Z23) (ZL23Z34) q(Z24) q(Z34) g (Z13Z12) (Z12)q

= (Z13)q(Z13224) q(Z14) q(Z24) q(Z14Z13212) q(Z24Z23) q(Z34) q(Z23) q(Z13Z12) g (Z12) g

= (Z14)q(Z14213)q(Z24) q(Z13) g(Z1aZ132Z12) (Z24Z23) (Z34) g(Z13Z12) q(Z23) q(Z12)q
= (Z14)q(Z14213)q(Z14Z13212) q(Z24) q(L24L23) q(Z34) q(Z13) q(Z13Z12) q(Z23) q(Z12) g

= p(Ty).

The underlined terms were transformed by applying the 44 identities (8). The remaining
transformations changed only the order of commuting factors or the order of commuting
generators in the arguments of quantum exponentials.

We will give a proof of the identities listed in Theorem 1.7 which makes it evident
that they are accessible from the 4-4 identities (8) for all N. The origin of this accessi-
bility is that these identities stem from identities for certain words in a group whose

generators satisfy the tetrahedron equation:
RabcRabd Racd Rbcd = Rped Racd Rabd Rabe- (18)

The paper is organized as follows. Section 2 contains auxiliary statements which
we need to combine together in order to prove Theorem 1.7. Namely, in Section 2.1 we
consider families of groups B(n, N) whose generators satisfy the Yang—Baxter equation

(for n=2), the tetrahedron equation (for n= 3), or their higher analogs (for n> 4). The two
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key technical results here are an identity for certain words containing all the generators
of the group B(n, N) and relation of these words to the element Ty. In Section 2.2, we
describe the center of 7y. In Section 2.3, we consider a local tensor space representation
¢ for B(3, N). In Section 2.4, we explain how evaluation of the above-mentioned identity
for words of B(3, N) in the representation ¢ yields ultimately the desired quantum dilog-
arithm identities for an arbitrary N. Appendix contains proofs of all statements given

in Section 2.

2 Main Technical Ingredients

Below we assume that NV and n are positive integers and N > n.

2.1 A group with n-simplex relations

ap, < N. The group is defined by the following presentation:

(1) The generators commute,

Ral ..... IZnR'bl ..... bn = R'bl ..... bnRal ..... [27°%} (19)

unless the set {a;, ..., a,}(\{b1, ..., by} contains exactly (n— 1) element.

(2) If N > n, the generators satisfy the following (nfl) relations:

N <
1_[ Ra1q~~~~,lvqu~~~~,a/n+1 = 1_[ Ra1q~~~7lvqu~~~~,a/n+1 ’ (20)
l<j<n+l 1<j<n+l
where a; is dropped. |

For n=1, relations (20) imply commutativity, R;R, = Ry R, so that 5(1, N) is an
abelian group with N generators.

For n= 2, relations (20) have the form of the Yang-Baxter equation,

RapRacRoc = RocRacRap, a<b<cg, (21)

and Ry, commutes with Ry if they have no common index.
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For n= 3, relations (20) have the form of the tetrahedron equation,

RapeRabdRacd Rocd = RbedRacdRavdRabe, @ <b<c<d, (22)

and Ry, commutes with Ry unless they have exactly two common indices.
—
Recall that, given a set A C Z™, we use the symbol [[,_, f. to denote the lexico-

graphically ordered product of noncommuting factors.

Definition 2.2. The word W(n, N) € B(n, N) is the lexicographically ordered product of
all generators of B(n, N), that is,

—
wn )= []  PRa.a (23)

l<aq<ap--<an<N 0

nforall nand W(1, N)=R; --- Ry for all N.

Let <’ be the colexicographic order relation of elements of a set A C Z™. That

In particular, we have W(n, n) = R,

is, components of elements of A are compared starting from the right. For instance,
— <~

(a,b) <" (c,d) iff b<dor b=dand a < c. We will denote by [[’,_, £ and []’,_, fi ordered

products where f; is put to the right (respectively, to the left) of all f,; such that A’ <" A.

Lemma 2.3. Define N
wnN= []  PRa.a (24)

l<aq)<ap---<an<N

Then we have the equality
W(n, N)=W'(n, N). (25)
O

For instance, (23) yields W(2, 4) = Ry R13 Ri4 Ro3 Roa R34 while (24) yields W'(2, 4) =
Ry3R13Ro3 Ri4 Rog R3y. These two words coincide since, by (19), R4 and Ry3 commute. It is
also true in general that one needs to use only the commutativity relations (19) in order
to change the order of factors in (24) to match that in (23).

Let n be an involutive anti-automorphism of B(n, N) such that
1(Rq,,...a,) = Ra,....a, (26)
for all the generators of 5(n, N). Define

W(n, N) =n(W(n, N)), (27)



Tetrahedron Equation and Cyclic Quantum Dilogarithm Identities 1083

which is a word with the order of factors reverse to that of W(n, N). Our first key tech-

nical statement is the following theorem.
Theorem 2.4. For all N > n, we have the equality

W(n, N) = W(n, N). (28)
O

Remark 2.5. A simple inspection of the proof given in the Appendix shows that the
invertibility of R’s is not really needed. Thus, Theorem 2.4 holds also if B(n, N) is a

semigroup. O

Remark 2.6. The presented proof provides a constructive recursive procedure that
transforms W(n, N) into W(n, N). The transformation involves trivial moves based on
Ri23(W(2,4)) = RysRisRi2 RiaRoa Res. Let W(n, N) and W(n, N) stand for the compositions
of such moves in which R's are ordered in the same way as R's are ordered in W(n, N) and
W(n, N). A simple inspection of the proof shows that the 1.h.s. of (28) is transformed into
its r.h.s. by W*(n+ 1, N), where the star means that trivial moves are included when
necessary. Moreover, the same transformation is achieved by W*(n—i— 1, N) if we start
each reordering not from the left but from the right. Thus, the moves satisfy the iden-
tity W*(n, N) = W*(n, N) analogous to (28). This identity is closely related to the con-
sistency condition for inversions of maximal chains of higher Bruhat orders; see, for

example, [2]. O

Equations (23) and (24) for n=2 and n= 3 read

—> —>
w2, M= [[ Res W@ M= [] Ra (29)
1<a<b<N 1<a<b<N
— —>
w3, =[] BRaee WG NM= ][] R (30)
1<a<b<c<N 1<a<b<c<N

Recall that Ry, was defined in (14). We introduce also the following elements of 7y:

—
R(1b = 1_[ Rabc- (31)
b+1<c<N+1
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Let us introduce the following homomorphisms from 5(2, N) and B(3, N + 1) to

Ty (it should be stressed that they are not algebra homomorphisms):

d:Rap—> Rap,  *:BRape —> Rape,  *% 1 Rape = Ry cqab,c- (32)

Lemma 2.7. The element Ty defined in (15) can be obtained as follows:

Ty = (W(2, N))* = (W' (2, N))*, (33)
Ty=(W(@3, N+ 1))*= (W3, N + 1))*, (34)
Ty=(W(@3, N+ 1))™* = (W3, N+ 1) (35)

O

This observation suggests that identities (28) can be recast in some quantum
dilogarithm identities. Furthermore, Remark 2.6 indicates that one needs to use the 44

relation (8) (NJrl

4 ) times in order to derive identity (17) for given N.

2.2 The center of Ty

Let us assign to each vertex (i, j) of the quiver Qy a nonnegative integer weight «;;. Let
o denote the vector composed of those weights taken in the lexicographic order. For
instance, @ = (o129, o013, ag3) if N =3.

Monomials N

M(a) = 1_[ Z?}j, ac€ Zi_véNfl)/z (36)
1<i<j<N

constitute a basis of 7y. We will say that «;; are the weights of M(«).

The algebra 7y has a nontrivial center Zy. In particular, for any N, if «° is a

vector such that a?j =1, then M(«®) belongs to Zy.

Theorem 2.8. Let x (V) stand for N/2 if N is even and for (N — 1)/2 if N is odd.

(1) If M(a) € Zy, then its weights have the following symmetries:
Olij = O, N+1—i = Oj—i,j = ON+1—j,N+1—i = O, N+1+i—j (37)

and M(«) is invariant under the action of p and u defined in (10) and (11).
(2) If M(o), M(e') € Zy, and o =a’1j for j=2,..., x(N)+1, then ¢« =« and hence
M(a) = M(e).
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(3) Given N and an arbitrary integer sequence fi, ..., By there exist m e Zq
and a vector « 6212\7(()1\/71)/2 such that M(«) € Zy and a;;=8j_1 +m for j=
2,..., x(N)+1. O

In other words, each monomial central element M(«) € Zy is uniquely determined
by its weights assigned to the vertices comprising a half of a boundary side of the quiver
Qp. It follows also that the dimension of Zy is x (V).

For instance, for N =3, we have x(3) =1 and M(x) € Z3 iff @13 = @33 = «12. Thus,
Z3 is generated by Z,,Z,3Z,3. For N =4, we have x(4) =2 and M(«) € Z4 iff 014 = 034 = 12
and ap3 = aeq = a13. Thus, Z, is generated by Z,,74734 and Z,3Z,37Z54.

For N =5, we have x(5) =2 and M(«) € Z5 iff a15 = o45 = 12, 014 = 095 = 035 = Q93 =

34 = 13, and azq = 2013 — @12. The last relation requires that 2a;3 > ays.

Remark 2.9. The last part of Theorem 2.8 shows that the x(IN) weights that define
a central monomial can be taken almost arbitrary (possibly, up to a total shift by an
integer m). A direct inspection up to N = 8 suggests that in order to have m = 0, it suffices

to take a nondecreasing integer sequence, 0 < 8; <--- < B, ). O

Remark 2.10. The generators Z;; of 7y can be constructed as exponential functions of
canonically conjugate variables py, x; such that [x;, pr] = v/—1 8i. Theorem 2.8 implies
that the number of degrees of freedom of Ty, that is, the minimal number of such pairs
(Pr. Xx) is N(N — 2)/4 if N is even and (N — 1)?/4 if N is odd. O

2.3 A local tensor space representation for tetrahedron equation

Let V be a vector space. For N > 2, we define Sy = V®Y¥-1/2 The tensor components of
Sy will be labeled in the lexicographic order by pairs of integers (i, j), where 1 <i < j <
N. For instance, S3 = Vj2 ® Vi3 ® Va3, where all V;; are isomorphic to V.

For a given R € End (S;), we denote by R its canonical extension to a linear
operator on Sy which acts nontrivially only on the tensor components Vg, Ve, and V.
For example, Ri23=R®id® id®id if N=4.

Definition 2.11. Let R € End (S3) be invertible and let its action canonically extended to

S, satisfy the tetrahedron equation,

Ri23R124R134R234 = R23aR134R124R123. (38)
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A local tensor space representation of B(3, N) is a homomorphism B(3, N) — End (Sy)

sending R to Rgpe. O

Note that the commutativity relations (19) hold by construction. Indeed, if Ry
and Ry have no common pair of indices, then they act nontrivially on different tensor

components of Sy and hence they commute.

Remark 2.12. An equation formally identical to (38) was considered in [6]. There, how-
ever, it was treated as an operator equation on V®* with the identification Ri2; =R ® id
etc. We treat (38) as an equation on V®®, which is the standard Zamolodchikov's tetrahe-
dron equation [15] but with a nonstandard (double index) labeling of the tensor compo-

nents. =

Let V be the vector space of formal series in x, x~'. Then Sy is the vector space
of formal series in x;, x;;!, where 1 <i < j < N.

Define operators X;j, Y;; € End (Sy), 1 <i < j < N such that

(Xij.f)(X127"")(’:j"")=}(’:j f(X].Z""’)(ij7"')’
Vi Nz, ... X, .. = f(xz, ..., 4%, . ..) (39)
for any f € Sy. These operators comprise (2’) g-commuting pairs,

i 8

887
XijXirjr =Xy jiXij,  YijXiy =@ Xy jYig, o Yij¥ij = YijYij- (40)

Consider F € End (S;) whose action on monomials is given by
F: sz X113X2rg, - X{czxirzlz%xgk’ (41)
or, equivalently, (F f)(x2, x13, X23) = f("l;—;‘”, X3, X13). It is easy to check that
FX12 = X12X13Xg3 F,  FX13 =X23F,  FXg3 =Xi3F, (42)

Fyi2=VY12F, Fyis =Vi2y2sF, Fyas =y7,yisF. (43)

Clearly, F is invertible and F? = id.
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Let R € End(S;) be the following operator:
R=F - (@7 %12%3Y12V1d Vas " (44)

where y € Z. A reader familiar with the Yang-Baxter equation will see in (44) an analogy

with the standard ansatz for R-matrix, R=P - IE%, where P is the permutation, P2 =id.

Lemma 2.13. Let Fgc and Ry stand for the canonical extensions of F defined by (41) and
R defined by (44) to operators on Sy. The homomorphisms 6, ¢, : B(3, N) — End (Sy) such
that 6 (Rasc) = Fane and ¢, (Rane) = Ranc are local tensor space representations of 5(3, N).[J

Remark 2.14. The above lemma generalizes two previously known solutions of the
tetrahedron equation. Namely, the case corresponding to y = 0 was found in [13], and the
case corresponding to y = —1 was considered in [9]. Our proof follows closely that given
in [9]. O

Lemma 2.15. Let Xgp, Yap, 1<a<b<N + 1 act on Sy,; as defined in (39) and let y,, =1 if

a=b>b. Then, for all N > 2, the linear homomorphism 7 : 7y — End(Sy,1) such that

Xab Ya+1.b

t(Zyp)=q for 1<a<b<N (45)

Xa+1,b+1 Ya+1,b+1

is a faithful representation of 7y. O

2.4 Proof of Theorem 1.7

One of the three symmetries of Ty presented in (16) can be established by reordering
commuting factors. Namely, applying u, to relations (34) and (35) and using Lemma A.2

(see Appendix A.4), we obtain the following statement.

Lemma 2.16. For all N > 2, we have

w2(Ty) =Ty (46)
O

Clearly, in order to establish an analogous equality involving u; or ug, we will
have to use the 4-4 relation (8). To do it for u;, we establish a connection between the
element Ty evaluated in the representation r and words from B(3, N + 1) evaluated in

the representation ¢, (we will take y =0 for simplicity).
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Lemma 2.17. For all N > 2, we have the equalities

Go(W' (3, N + 1)) =0(W'(3, N + 1))t (Ty), (47)
po(W (3, N + 1)) =0 (W' (3, N + 1)t (1 (Tn)). (48)
O

Invoking Theorem 2.4, we infer that t(Ty) =7t(u1(Ty)), which, by virtue of

Lemma 2.15, implies that
wi(Ty) =Ty (49)

Now, combining (46) with (49) and using (12), we conclude that p(Ty) = (10 uz2)
(Ty) = Ty. And finally, using (12) again, we obtain u3(Ty) = (u2 0 p)(Ty) =Ty
Thus, we have obtained all relations given in Theorem 1.7.
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Appendix
A.1 Proofs of propositions of Section 2.1

Proof of Lemma 2.3. Let |W]y,1 € B(n, N + 1) denote the word which is obtained from
aword We B(n— 1, N) by the replacement Ry, 4, , = Rq...a,,.n+1 applied to all factors.

A key step in proving Lemma 2.3 is to observe that the following recursive relation holds:
Wn, N)|[Wn—1, N)|ys1 = W(n, N +1). (A.1)
For instance,
W(2,3)LW(1,3)]a= RizRi3Ro3| Ri R R3 |4 = Ri2 Ri3 Ri4 Ro3 Roa Ra = W(2, 4).

For n=2, Equation (A.1) is almost trivial since |[W(1, N)|y+1 = Ry n+1--- Ry.nvi1
and for each factor R, yy1, a# N the rightmost factor in W(2, N) with which it does
not commute is R, y. Therefore, moving all factors from |W(1, N)]y; to the left until

they meet their noncommuting counterparts, we obtain the lexicographically ordered
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word W(2, N + 1). Note that only the last two factors in |[W(1, N)|y.; have the same
noncommuting counterpart, namely, Ry_1 y.

The proof for n>3 is similar. Each factor R, 4, , n+1 in [Wn—1,N)|yn
belongs to a cluster, that is, a product of consecutive lexicographically ordered fac-
tors. A cluster has length 1 if @, ; <N —1.1If @, ; > N — 1, then the length of a cluster is
k+ 1, where k=max{m:a,m >N —m}. If Ry a4 ., N—k..N—1.8+1 is the leftmost factor
of a cluster of length k+ 1, then the rightmost noncommuting counterpart in W(n, N)

for all factors of the clusteris Ry, . 4, , ,.n—k..n—1.n. Therefore, moving each cluster from

[W(n—1, N)] .1 to the left until it meets its counterpart, we achieve the lexicographic
order of all factors, that is, we obtain the word W(n, N + 1).

The recursive relation (A.1) implies that

—

W N)= [] (Wn-1k-1D (A.2)
n<k<N
which in turn leads to the expression (24) for W'(n, N). [ |

To prove Theorem 2.4, we will need also the following statement.
Lemma A.1. Let w be an involutive automorphism of B(n, N) such that
o (Rg,... a,) = Bvyi-a,. N+l-a > (A.3)
for all generators of B(n, N). Then, for all N > n, the equalities
w(W(n, N)) =n(W(n, N)), o(W(n N)=nW(n, N)) (A.4)

hold in the strong sense, that is, their r.h.s. coincide with their L.h.s. without a permuta-

tion of commuting factors. O

Proof. Define W'(n, N)=n(W'(n, N)). Applying the anti-automorphism 7 to (24) and

(A.1), we obtain

V_V/(TL, N) = 1_[/ Ry,...b, (A.5)
1<b;<--<by,<N

Wn N+1)=|Wn—1,N)|y. 1 W(n, N). (A.6)
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Applying to (A.5) the automorphism w, and relabeling the indices by ax =N + 1 — bpy14,
we recover the r.h.s. of formula (23). Hence we infer that w(n(W'(n, N))) = W(n, N), which
proves the first equality in (A.4). The second equality follows then immediately since w

and n mutually commute and both are involutive. [ |

Proof of Theorem 2.4. For n=1, the statement of the theorem is obvious since all R’s
commute. For n= 2, the statement can be proved by induction on N. The base, for N =3,
is simply the relation (20). Assume that the equality W(2, N) = W(2, N) has been already
established for some IV > 3. Then, taking into account the recursive structure of (A.1) and

(A.6), we have to prove that

—> R
L I RaJ :(W(Z,N))_l\‘ [ RaJ W(2, N). (A.7)
N+1 N+1

1<a<N 1<a<N

Observe that the Yang-Baxter equation (21) can be rewritten as the following “almost

commutativity” relation for two R’s:

| ReRplw+1 = Ry | RyRal n+1 Rap- (A.8)

Using this relation, we can move R; y4; in the product ﬁ R, n+1 to the right, then move
Ry y+1, and so on until we obtain the reverse-ordered product ﬁ R, n+1- Note that all
the extra “twisting” factors bel arising in this process commute with any R;y1, C#
a, b. Therefore, at each step these twisting factors can be moved outside of the product
|--- |y41. It is easy to see that these factors combine into (W(2, N))*!. Thus, we have
established the inductive step (A.7) and hence the Theorem is proved for n= 2.

For n=3, the theorem can be proved along the same lines. The base, for N =4,
is the relation (20). Assuming that W(3, N) = W(3, N) has been already established for

some N >4 and taking into account (A.1) and (A.6), we have to prove the inductive step:
LW(2, N)]y1 = (W3, N)~' [W(2, N) |1 W(3, N). (A.9)

Observe that the tetrahedron Equation (22) can be rewritten as the following “almost

Yang-Baxter” relation for three R's:

L Rap RacRoc| w1 = Ripe| RocRac Rab | v +1 Rave, (A.10)

where a < b < c. Note that Ry, commutes with any factor in |[W(2, N) |y except those on
the Lh.s. of (A.10). Therefore, the factors in | W(2, N)]|y; can be reordered exactly in the
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same way as the factors in W(2, N) and the extra twisting factors R:!

“be arising at each

step can be moved outside of the product |---|y.1. It is easy to see that these factors
combine into (W(3, N))*!. Since we already know that W(2, N) = W(2, N), it follows that
the inductive step (A.9) holds and so the theorem is proved for n= 3.

It is now clear that the proof continues by the double induction on n and N. For
a given n, relation (20) can be rewritten as “almost” the relation for n— 1. Using it, we
can reorder the factors in |[W(n— 1, N)|y; exactly in the same way as the factors in
W(n— 1, N). At each step the extra twisting factors can be moved outside of the product
L--- Jn+1 due to relation (19). Therefore, the same line of arguments as for n= 2, 3 proves

the theorem for an arbitrary n. |

Proof of Lemma 2.7. (1) The first equality in (33) is obvious from Definition 1.5 and
Equation (31). In order to prove the second equality in (33), we consider the following

elements of 7y:

%
Tvs= [] Ra 2<b=<N. (A.11)
1<a<k<b
We observe that N
Typ=Twp1 H Rgp. (A.12)
1<a<b

Indeed, it follows from the definition (31) that the rightmost factor in the lexicograph-
ically ordered product Ty, which does not commute with Ry, is R, 1. Repeating the
argument used in the proof of formula (A.1) for n= 2, we conclude that (A.12) holds. And
it is easy to see that (A.12) along with Ty =Ty y implies that

— —
Tw=Tuwa [[ Rav="-= [] Ro=we my. (A.13)

l<a<N 1<a<b<N

(2) The first equality in (34) is obvious from Definition 1.5. The second equality

in (34) is equivalent to the statement that
Ty =Ty 1W'(2,N), (A.14)

where W'(2, N) is given by (29) with each Ry, replaced with R, p y41. Using relations (A.1)

and (A.13), we can rewrite the r.h.s. of (A.14) as follows:

—
W2, N - HW'(2, N — 1)( I R6N>, (A.15)

1<e<N
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where W’(z, N) is given by (29) with each Ry, replaced with R),, which is an element of
7Ty-1 given by (31). Definition (31) implies that R}, is the rightmost factor in W/(Z, N-—-1)
which does not commute with the factor R, p ny1 in W'(2, N — 1). Therefore, moving all
factors from W'(2, N — 1) to the left until they meet their noncommuting counterparts
and noting that R;R,p v+1 =Rae, we conclude that (A.15) coincides with the second
expression in (A.13) and hence relation (A.14) holds.

(3) To prove the last part of the lemma, we consider W'(2, N) introduced in (A.14).
One can check that all its factors containing Zy_; y can be moved to the right preserv-
ing their order. Making then the same procedure with factors containing Zy_, y, Zy_3.n,
etc., we conclude that W'(2, N) is given by the same expression in (29) where each Ry is
replaced with Ry yy14+4-p n+1. With such a form of W (2, N) formula (A.14) leads immedi-
ately to the second equality in (35).

Equivalence of the first and second expressions for Ty in (35) is verified as
follows:

(W3, N)™ = pu2(W'(3, N))*) = p2(W(3, N))*) = (W'(3, N))™. (A.16)

The middle equality is due to the second part of the lemma. In the first and last equali-

ties, we used Lemma A.2, which is proved below in Section A.4. [ |

A.2 Proof of Theorem 2.8

Recall that o € ZQE,N_I)/Z is a vector comprising the weights «;; assigned to the vertices

of Qy ordered lexicographically. By (36), each o determines a monomial M(«) € 7y. Rela-
tions (9) imply that M(«) commutes with all generators of 7y iff B« = 0. Thus, we have to
study the kernel of the incidence matrix B.

(1) Let U be the symmetry transformation of the vertices of Qy such that/(i, j) =
(j—1i,N+1—1), and U be the matrix of the corresponding orthogonal transformation
of the basis in ZIZV(()N*)/Z. Applying p to (9), we infer that B commutes with U. Taking into
account that U is orthogonal and B is skew-symmetric, we conclude that if « € KerB,
then « is an eigenvector of U. However, U® =1 and so the only real eigenvalue of U is 1.

Thus, M(«) € Zy implies that U« = «. Hence
UG, j) = Yij, (A.17)

which is the first symmetry in (37). Applying p to a central monomial M(«) and taking
this symmetry of its weights into account, we infer that p(M(a)) = ¢°®M(x), where the



Tetrahedron Equation and Cyclic Quantum Dilogarithm Identities 1093

multiplicative constant appears due to reordering of the generators. However, the prop-
erty p o p o p =idimplies that g°® =1 and thus p(M(x)) = M(«).

Let p be any of the anti-homomorphisms in (11), K be the corresponding sym-
metry transformation of the vertices of Qy (e.g., K@, j) = (j — i, j) for p1), and K be the
matrix of the corresponding orthogonal transformation of the basis in Zg(()Nfl)/ 2, Apply-
ing i to (9), we infer that KBK = —B. Hence B? commutes with K. Taking into account
that both these matrices are real symmetric and K 2—1, we conclude that if « € KerB,

then Ko = +«. But a1, =1y = ay_1, vy owing to (A.17). Therefore, Ko = «. Hence

oK, j) = Aij, (A.18)

which yields the remaining symmetries in (37). Applying u to a central monomial M(«)
and taking these symmetries into account, we obtain that u(M(«)) = g°“M(«). The prop-
erty u o u =id implies that ¢¢® =1 and thus u(M(«)) = M().

(2) Consider monomials M(«) and M(«) such that «;; = 0‘/1]' for j=2,..., N. Then,
in view of (A.17), all components of vector «” = o — &’ corresponding to boundary vertices
of Qy vanish. Suppose that M(«¢) and M(«) are central. Then M(«”) commutes with all
generators of 7y. In particular, the condition that M(«”) commutes with all Z;; is equiv-
alent to a system of equations: & ;,; =, ;. However, we already have a;; = 0. Therefore,
we conclude that a;; =0 for j=3, ..., N. This implies, in view of (A.17), that all compo-
nents of «” corresponding to next to boundary vertices of Qy also vanish. Continuing
this consideration similarly for Z,;, Z3;, etc., we conclude that «” = 0. Thus, M(¢') = M(«),
that is, two central monomials coincide iff they have coinciding weights at one bound-
ary of Qy. Owing to the symmetry (A.18), the latter condition is equivalent to a weaker
condition: a’ljzozlj for j=2,..., x(N)+ 1.

(3) Let us show that, given arbitrary integers fi, ..., By, there exists a unique
integer vector & such that a;;=g;_; for j=2,..., x(IV) + 1 and M(«) given by (36) (where
some &;; can be negative) commutes with all generators Z;;. Let dQy stand for the
set of all boundary vertices of Q. Forgetting about the edges, we have Qy =0Qy U
9Qy_3U---.

First, given the weights @;; for j=2,..., x(IV) + 1, we extend them to weights
at other vertices of dQy by the symmetries (A.17) and (A.18). Now, the requirement that
M(&) commutes with all generators assigned to 9 Qy fixes uniquely all weights at 9 Qy_s.
Indeed, M(a) commutes with Z;; if ay j41 — @2 =01 j+1 — &1, j—1. Taking into account that
(23 = @13, this set of equations determines all &, ; uniquely. Moreover, the symmetry (A.18)
for @;; induces the same symmetry for &,;. Finally, a;; can be extended to weights at

other vertices of 9 Qy_3 by the symmetry (A.17).
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Similarly, given weights at d Q.3 and 9 Qg, the requirement that M(&) commutes
with all generators assigned to dQy fixes uniquely all weights at dQj_3. Indeed, M(&)
commutes with all Z;; for a given i if @i j41 — @i, j =0 j41 — & j—1 + Gi_1,j—1 — X1, ;-
These equations are resolved uniquely since we know the r.h.s. and several first values
of @;;1, ; owing to the symmetry (A.17).

Thus, the vector @ is recovered uniquely from its first x (V) components. How-
ever, it can happen that some ¢;; are negative. In this case, we take another vector,
a =a& + ma®, where ° is a vector such that a?j =1, and m is a sufficiently large posi-
tive number to ensure the positivity of all «;;. Then we have M(«) =g* - M(@)(M(a®)™. Tt

remains to observe that M(«°) € Zy and hence M(x) € Zy.

A.3 Proofs of propositions of Section 2.3

Proof of Lemma 2.13. The statement of the Lemma for F follows from the fact that the
action of Fig3F124F134F234 and Fa34F134F124F 125 on the monomial szxf3xg3xf4xg4xg4 yields
the same result.

Note that R given by (44) is invertible. If the argument of the quantum expo-
nential in (44) is denoted by X, then we have R™' = (X)_'F, where (x),' is the following
formal series:
gnD/2 xn

-1

(X)q = (A.19)

Z(l—q)---(l—q”)'

n>0

In order to check that R satisfies the tetrahedron equation, one has to substitute
Rapc into (38), move all F's to the left, and cancel the products of F’s on the both sides of
the equation by invoking the first part of the lemma. Then one is left with the equality

(X)q(XY)q(Z)q(Y)q = (2)q(ZX)q(Y)q(X) g, (A.20)
where
X=q""X12X03 VoY 1d Vas o Y =" XasX5d ViaVod Vau
Z=q""X13%1 Y1 3Y14 Va3 Vou - (A.21)

These operators satisfy relations (5). Therefore, comparing the first equality in (8) with
(A.20), we conclude that equality (A.20) holds. |
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Proof of Lemma 2.15. Note that there are only six cases when 7(Z,,) does not commute
with t(Zgy): (1)@ =aand b =b+1;(2) d —a==+1and b'=bor b'=b+ a — a. It is easy
to check that in these cases 1(Zy) and t(Z,y) satisfy the defining relations (9).

Clearly, the representation (45) is faithful for 7, since in this case the algebra
has only one generator. The proof of faithfulness of this representation in other cases
will use the inclusion 7y_; C 7y (cf. Remark 1.3). Let N be the minimal positive number
such that the representation 7 is not faithful for 7. Then there exists a polynomial H in
(Zg) variables such that H= H(t(Z12), ..., t(Zy_1.5)) =0.

Without a loss of generality, we can assume that H has the form

K-
H= Y Bk 7@y Zpol -k, (A.22)

ki,....ky—1>0
where By, ..k, , #0 at least for one set {ki, ..., ky_1} such that k +---+ ky_; > 0. Here

Hg,..ky_, stand for polynomials in the generators of 7y_; evaluated in the representa-
tion (45).
Acting by H on f € Sy C Sy,1, we obtain

a=1

N—-1 ke
E(RL,..ny N—1 Xa o
H. f= Z q (ke K >Bkl,,,km,1 ( <—N> )(Hkl---kNl -, (A.23)

oy >0 Xa+1,N+1

where I:hq...;CAH =YyHy .k, With Yy =VYaon---yy_1.n. Note that all terms in the sum in
(A.23) are linearly independent monomials in XZ}V+1, ..., Xy'y,1- Hence, H=0 implies that
H, ..k, , - f=0. Since Yy is invertible, we conclude that Hy,..;, , annihilates an arbitrary
f from Sy and, thus, Hg, ..k, , = 0. But this contradicts the assumption that the represen-
tation 7 is faithful for 7y_;. [ |

A.4 Proof of propositions of Section 2.4

Lemma A.2. For all N > 3, the equalities
2 (W(3, N))*) = (W' 3, N)™, pn2((W'(3, N))*) = (W(3, N))*™, (A.24)

hold in the strong sense, that is their r.h.s. coincide with their 1.h.s. without a permuta-

tion of commuting factors. O
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Proof. The first equality in (A.24) is checked with the help of Lemma A.1 as follows:

— —
w2 ((W(3, N))*) = pz ( 1—[ (Rabc)*) = H/ p2((w(Rabe))™)
1<a<b<c<N 1<a<b<c<N
— —
= I we®ypcviisniia= [] Racrabe=W @G N)*.
l1<a<b<c<N l<a<b<c<N
The second equality can be checked in a similar way. [ |

Recall that the homomorphisms 0 and ¢, were introduced in Lemma 2.13. In this

subsection, we will use the following notations:

Rabc = ¢O(Rabc) = Fabc ' IE{H,bC7 Fabc = G(Rabc)» Ianbc = (arbXZCI yb_cl >q- (A-25)

We will need also the following homomorphisms ¢, ¢’ from B(3, N) to End(Sy):

c—b
X _
o(Rape) = qXab Ya+k b+k—1 ’ (A.26)
Xatc-bec i, Yatkb+k
/ Xp—a,b+k—1 Yb a+1,b
(Rabe) = { q( ) (A.27)
v ¢ <q be a+1,b+k Yb a+lc>q

where yg =1 if a=b.
Recall that the word W'(3, N) is given by (30), and that W' (3, N) = n(W'(3, N)) is

the word with reversely ordered factors. Let us introduce

Fyv=60(W'3, N)) =6(W'(3, N)), (A.28)
where the equality of the expressions is due to Theorem 2.4.
Lemma A.3. For all N > 3, we have the equalities

$o(W' (3, N)) =Fy - o(W'(3, ), (A.29)

do(W'(3, N)) =Fy - ¢'(W'(3, N)). (A.30)
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Proof. Equation (A.2) implies that

—
W@, N)= [] do(lW(2,c—1]o. (A.31)

3<c<N

Consider Iv?abc entering the ¢o(|- - - ]c) part. In order to establish (A.29), it suffices to prove
that:

v

(i) Rape transforms into ¢(Rg,c) when all F's from ¢ (|- - - |¢) are moved to the left
of this part;
(ii)) ¢@(Rgac) does not change when, for any k> ¢, all F's from ¢o(|W'(2,k— 1) |x)

are moved through it. |

Proof of (i). Comnsider ﬁabc which is not the rightmost one (otherwise, it already has the
form ¢(R)). All F's to the right of it have the form F. ., {@’, b’} # {a, b}. By (42), they do
not change X4, but act on the first index of X, as permutations P,y . From the recursive
structure of the word W'(2,c— 1) =W, 1)],--- |W(1,c— 2)]._ it follows that x;. has

to be pulled through the following chain of permutations:

Poip-Po1pPipy1-  Popr1- - Pre1- Pe_2c1-

The part Pgy1p--- Pp—1p here is present if a<b — 1. It transforms X, into Xgi1... The
remaining permutations are grouped into (¢ — 1 — b) shift operators Ug= Pgg4:+1 - P12,
b<d<c- 2. Each Uy increases the first index of X,;1,. by 1, thus transforming it into
Xatc—b,c

Consider now y;. entering the argument of ﬁabc. It is first transformed by Fgi1 5.
into ;ﬁ Note that, by (43), all F's entering ¢o(|W'(2, c — 1)) act nontrivially only on y’s
whose second index is ¢. From the recursive structure of the word W'(2, c — 1) it follows
that y,1.c is transformed by consecutive action of pairs FuikpikcFat1+kpike 1 <k<c—
Vatkbik

b — 1. Each such pair transforms y, ¢ into T
y's in (A.26). |

Ya+1+ke Which yields the product of

Proof of (ii). This part is trivial for y’s since, by (43), y,» commutes with any Fgyy if
k+# a, b. For x's we have to consider the transformations of )’%”, where @ =a+ ¢ — b. Note
that a < @’ < c. Therefore, > is first transformed by Fg into )’(‘L’)‘fb’; Then this expression

is pulled through all F's between F,; and F, . They act only on the first indices of Xg
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and Xpx as the following chain of permutations:
Por1p  Poo1pProy1 -  Popr1- - Prc Pa—1c

The part P11 Pp—1p transforms );_ZZ into Xxf;‘k. Then each of the shift operators Uy,

b<d<c— 2 increases the first indices of X4 and X, ¢ by 1, which yields % The last
part, Py ;- -- Py 1., transforms % into % Finally, % is transformed by Fgq into
%, which then is not affected by the remaining F’s.

Thus, we have verified (i) and (ii) and therefore proved relation (A.29).

In order to establish equation (A.30), we will prove first that
$o(W'(3, N)) = ¢" (W3, N)) - Fu, (A.32)

where ¢” is a homomorphism from 5(3, N) to End (Sy),

c-b-1
X
0" (Rape) = | L% Yatkbek | (A.33)
Xatc-bc o Yatkb+ktl
q
Indeed, we have
Rabe = ¢o(Rabc) = IE{abc - Fape, ﬁabc = (arbXECI yabygcl )q- (A.34)

Note that the x’s arguments of Iflabc and Iflabc are the same. Therefore, moving all F’s
in ¢o(W'(3, N)) to the right results in the same transformation of these arguments as
moving all F's in ¢o(W'(3, N)) to the left.

The y's arguments of Iﬁabc are transformed only by those F’s that enter the
¢o(LW'(2,c—1)].) part. Specifically, y,» does not change, whereas yg. is transformed
by consecutive action of pairs Foikpr1+kcFatri+kprirke 0 <k<c—b— 1, which yields the
product of y's in (A.33).

It remains to pull Fy in (A.32) to the left. Note that F2 = 1. Using (42) and (43),

one can verify that

N-b X b—a y
b—a,b+k k.a+k
FuXaoFv =X ap [ [ ——"—, FuYaFv=]] =, (A.35)
1 Xb—a+1,b+k T Ykatk-1
k=1 k=1
whence
Xab Xp—a.b ab b—a+1.b
7Y Fy=Fy a ; y FN=FNyL. (A.36)
Xa+1,b+1 Xb—a+1,b+1 Yab+1 Yb—a+1.b+1

Applying these relations to (A.33), we obtain (A.27). [ |
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Proof of Lemma 2.17. Using (14), (32), and (45), we find

T(Rape) = @(Rapne)s  T(1(Rape)) = (P/(Rabc)~ (A.37)

Therefore, invoking Lemma 2.7, we conclude that

t(Ty)=t(W 3, N+ 1)) =W (3, N+ 1)), (A.38)
(w1 (Tw) =7 (w1 (W3, N+ 1)) = ¢ (W3, N + 1)). (A.39)
These relations along with Lemma A.3 yield the statement of Lemma 2.17. |
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