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ABSTRACT

We revisit the relative retention problem originally introduced by de Finetti using
concepts recently developed in risk theory and quantitative risk management.
Instead of using the Variance as a risk measure we consider the Expected
Shortfall (Tail-Value-at-Risk) and include capital costs and take constraints
on risk capital into account. Starting from a risk-based capital allocation, the
paper presents an optimization scheme for sharing risk in a multi-risk class envi-
ronment. Risk sharing takes place between two portfolios and the pricing of
risktransfer reflects both portfolio structures. This allows us to shed more light
on the question of how optimal risk sharing is characterized in a situation
where risk transfer takes place between parties employing similar risk and per-
formance measures. Recent developments in the regulatory domain (‘risk-based
supervision’) pushing for common, insurance industry-wide risk measures
underline the importance of this question. The paper includes a simple non-
life insurance example illustrating optimal risk transfer in terms of retentions
of common reinsurance structures.
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1. INTRODUCTION

Actuarial and financial risk management has evolved rapidly over the last cou-
ple of years. Driving forces behind this development are manyfold. To name
a few: Increasing integration of financial and actuarial risk management, a
shift towards performance and risk management from an economical per-
spective and recent pressure on profitability in the insurance industry. Con-
siderable theoretical progress has been achieved, an example of this being the
development of coherent risk measures. Further, current developments in the
regulatory domain will eventually lead to a supervisory framework in which
insurers (and reinsures) will have to quantify risk-based capital using prescribed
risk measures (see e.g. [22, 12].
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Given this background, we revisit the relative retention problem originally
introduced by de Finetti [10] from a more modern point of view. Instead of
using Variance as a risk measure we consider the Expected Shortfall (Tail-
Value-at-Risk) and include capital costs and constraints on risk-based capital
into our considerations. Taking into account constraints on risk-based capital
means that capital restrictions are met. These constraints are of growing impor-
tance from a risk management and regulatory point of view. Finally, consid-
ering capital costs is of importance when it comes to deciding on how much
risk should be kept on the balance sheet from an economical perspective. The
basic question to answer then becomes: Is it economically favorable to support
risk by capital or should a transfer of risk take place, for example by buying
reinsurance? And, in this respect, what are the optimal risk retentions of a
reinsurance program?

Setting retention levels of reinsurance programs has been discussed by many
authors. Starting with de Finetti [10], there has been a long history of attempts
to set retention levels in such a way that given a constraint on the net profit,
the overall Variance of the portfolio is minimized ([23, 3, 4, 26, 19, 20, 15]).
Other approaches rely on criteria related to adjustment coefficients [5, 7] or util-
ity theory [6]. For a comprehensive review see [8]. A limitation of most of
those approaches is that they focus on the primary insurer while the point of
view of the reinsurer is taken into account only by simplified premium prin-
ciples, often limited to the expected value or variance premium principle, i.e.
premium principles that rely on first or second moments of loss distributions.

The paper is organized as follows. In the next Section we briefly discuss
some mathematical concepts and tools that will be used in the paper. The third
Section derives conditions for optimal relative retentions and discusses the
question of setting absolute retention levels. Finally, Section four presents a sim-
ple example. The paper concludes with a summary and a discussion.

2. FROM RISK EXPOSURE TO THE MEASUREMENT AND THE PRICE OF RISK

2.1. Risk measures

In insurance and finance, risk refers to the intrinsic uncertainty of the future
and its impact on business goals. Mathematically, uncertainty can be described
by a random variable X, viewed as an element of a linear space of measurable
functions L and defined on an appropriate probability space. A risk measure
for X then is defined by a reasonable map r : FX 7 � mapping X or the cumu-
lative distribution FX , respectively, to a single, risk quantifying number.

A basic example for a risk measure is the Variance of X. It measures the
variability of X relative to the expectation E[X ], however, it falls short of char-
acterizing the tail of the distribution. A common risk measure characterizing
the tail of a distribution is the Value-at-Risk. It is defined as the a-quantile
FX

–1(a) and denoted by VaRa. VaR as risk measure is very convenient in the
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sense that it has the a straightforward interpretation as the impact of an event
with given probability a, however it does not distinguish between distributions
having equal a-quantiles but different tails beyond. A risk measure including
this type of information is the Expected Shortfall, defined as conditional
average

ESa [X ] = E[X |X # FX
–1(a)] (2.1)

where it is assumed that smaller realizations x correspond to an adverse situ-
ation1. This is typical the case if X stands for a profit and loss distribution.
The Expected Shortfall quantifies in this case the risk related to events falling
short of VaRa = FX

–1(a) as the average of all outcomes lower than VaRa, or, in
a discrete Monte Carlo setting as average over a subset of scenarios (see [1]).
As discussed in [2], the Expected Shortfall is coherent and possesses desirable
properties like

ESa [X + Y] $ ESa [X ] + ESa [Y ] sub-additivity (2.2)

ESa [X ] # ESa [Y ], if X # Y monotonicity (2.3)

ESa [s · X ] = s · ESa [X ] homogeneity (2.4)

ESa [X + a ] = ESa [X ] + a translation invariance (2.5)

While the coherence of the risk measure is not a prerequisite for what follows
we will consider the Expected Shortfall as risk measure because of its stability
(see e.g. [18] and comments in Section 3.5.1) and the fact that it is the risk
measure that has been chosen for a well developed risk-based supervisory
framework (Swiss Solvency Test, see e.g. [22]).

2.2. Risk-based capital and cost of capital

At company level, capital provides protection and mitigation from insolven-
cyor ruin due to large unexpected losses. Holding such ‘risk capital’ comes at
a cost since shareholders expect an adequate return from their investment. Any
economically meaningful analysis of insurance performance should take this
cost of capital into account.

In the following we will distinguish between risk capital and risk-based
capital (RBC). With risk-based capital we denote capital that is allocated
to support specific risk(s) while risk capital stands for the available amount
of capital to support risk in total. The definition and allocation of risk-based
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1 For our purposes F may further depend on a parameter r and F(r) is assumed to be piecewise
continuous or approximated by a continuous function. The definition of the Expected Shortfall as
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derivatives �rES[F(r)] to exist (see Section 3.3).
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capital is a widely discussed problem and ranges from simple factor based
approaches used for regulatory purposes (e.g. Solvency I) to more elaborated
concepts relying on conditional risk measures or distorted probabilities. Risk-
based capital in our context refers to company internal capital management but
can also have a link to regulatory capital requirements (e.g. as constraints due
to capital requirements in a risk-based supervision regime). Independent of the
definition and allocation of risk-based capital, the cost of capital C related to
a specific risk is proportional to the amount of allocated risk-based capital, i.e.

C = l · RBC (2.6)

The cost of capital rate l depends on various factors including e.g. the capi-
tal structure of the company, type of business and other features. Frequently,
the CAPM model is used to estimate l2.

We will now consider the simplified situation of a non-life insurer that under-
writes one short-tail line of business (i.e. business for which risk materializes
over a relatively short time horizon) over a single time period and is ceding part
of the associated risk to a reinsurer. Neglecting expenses, discounting and the
cost of allocated capital, the net underwriting profit is 

U = P – L – P* + R (2.7)

where P stands for the gross premium income of the primary insurer, P* for
paid reinsurance premiums, L for the accumulated gross loss amount and R
for the accumulated recoveries due to reinsurance. We will not consider loss
dependent, stochastic premiums here. Thus the basic accumulated stochastic
variable is the gross loss amount L, which may include several risk classes i

i

L ,i j
j

N

i 1

=
=

l!! (2.8)

with stochastic loss amounts li, j and the stochastic number of losses Ni .
Recoveries R will depend on the loss experience and some control parameters r
(e.g. retentions), i.e. R = R(ri, li, j | i, j ). Including the cost of capital, the net
underwriting profit Z including capital costs becomes 

Z = U – l · RBC (2.9)

where RBC stands for the capital allocated to support the net risk. This frame-
work can easily be generalized to include discounting, investment return and
risk, expenses and typical features of non-life insurance like loss depended pre-
miums or profit sharing.
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2 The cost of capital rate l for an insurer typically lies in the range 4% to 15%.
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Insurers normally do not allocated risk-based capital for the full range of
potential adverse results but only up a probability corresponding to a company
specific risk appetite level a or up to regulatory requirements3. Equally impor-
tant, the determination of risk-based capital also depends on the risk measure
and other factors. For example, the risk-based capital can be defined relative
to the break-even situation z ! {Z = 0} or relative to the expected profit z !
{Z = E[Z ]}. Note that from a theoretical point of view there are properties
that favor some of the concepts over other ones. This is in particular the case
for a risk-based capital allocation on sub-portfolio level (see e.g. [24, 25] and
Section 2.3). We here choose the Expected Shortfall as risk measure and define
risk-based capital relative to the break-even situation z ! {Z = 0}. The risk-based
capital for a given risk appetite level a then is determined implicitly by

RBC[Z ] = –ESa [Z ]

= –ESa [U – l · RBC[Z ]] (2.10)

Using (2.5) and solving this equation for RBC[Z ] we get 

RBC[Z ] = a UES
l1-

-

6 @
(2.11)

and thus 

Z = U + l · a UES
l1 -

6 @
(2.12)

Note that the sign in (2.11) has been chosen in a way that the RBC[Z ] is a
positive number under normal circumstances. The net profit Z is the basic
quantity we are interested in. For the insurer, it characterizes the economical
value of keeping risk on the balance sheet.

2.3. Generalization for a portfolio of risks

For various purposes ranging from risk management to performance mea-
surement, insurers typically group their business into several classes (‘lines of
business’). The allocation of capital usually follows this grouping which leads
to a multivariate situation. There is general agreement that a capital allocation
scheme should fulfill two key properties:

• Risk-based capital should be allocated according to the risk contribution of
the sub-portfolio to the overall risk of the portfolio.

• The sum of allocated risk-based capital should equal the risk-based capital
determined for the total portfolio.
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A number of different capital allocation schemes taking into account these
key properties have been proposed, many relying on conditional risk measures.
For a review see [25]. In addition, there are capital allocation scheme applying
a game theoretical or optimization approach (see [9, 16] and also comments
in Sections and Conclusions).

We consider here a capital allocation based on the conditional Expected
Shortfall (called also the Expected Shortfall ‘co-measure’ in [25]). Given a set
of risk factors {Xi}, the conditional Expected Shortfall is defined as 

CESa,X [Xi ] := E[Xi | X # FX
–1(a)] (2.13)

which is the mean of Xi given that the sum X = iX! is greater than or equal
to the a-quantile FX

–1(a). The quantity CESa,X [Xi ] can be interpreted as the
average contribution of the sub-portfolio i to the average adverse portfolio
result for X # FX

–1(a)4. A basic property of conditional risk measures is their
additivity. In case of the conditional Expected Shortfall 

ESa [X ] = CESa,X [X ] = ,a XCES
i

! [Xi ] (2.14)

which is a consequence of the conditional nature of CESa,X [Xi ].
A generalization of equations (2.10) to (2.12) to n sub-portfolios is straight-

forward. The contribution of a sub-portfolio i to the total risk-based capital
becomes 

RBC[Zi ] = – E[Zi | Z # FZ
–1(a)]

= – CESa,Z [Zi ]

= – CESa,Z [Ui – l · RBC[Zi ] ]

= – ,a UCES
l1

Z i

-

6 @
(2.15)

where Zi is the insurer’s profit of the i-th sub-portfolio. Using the allocation
scheme (2.15) for risk-based capital, the profit on sub-portfolio level is

Zi = Ui – l · RBC[Zi ]

= Ui + l · ,a UCES
l1

Z i

-

6 @
(2.16)

596 A. KULL

4 Under the assumption of homogeneity of the function f (r) = ESa [X(r)] where r is a control para-
meter characterizing the transferred risk R = X(r), this capital allocation scheme is equivalent to the
Euler allocation principle (see e.g. [24]). Homogeneity of f (r) in the context of reinsurance is given
for proportional reinsurance agreements where R = (1 – r) · X. For non-proportional reinsurance
agreements where R = X(r) is non-linear, this is however not in general the case. For a related dis-
cussion see also [17].
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The term

l · ,a UCES
l1

Z i

-

6 @
(2.17)

in (2.16) corresponds to capital costs for risk class i (after reinsurance). Capital
costs depend on the portfolio structure of the insurer and thus take into
account diversification effects. In other terminology, (2.17) quantifies the (net)
loading related to risk class i.

The total expected underwriting result after capital costs simply is 

E[Z ] =
i

ZE i! 6 @ (2.18)

Due to the additivity of the conditional Expected Shortfall we get a similar
expression for the total risk at company level by summing over the contributions
of the sub-portfolios

ESa[Z ] =
i

,aCES Z! [Zi ] (2.19)

and the risk-based capital exhibits the similar additivity

RBC[Z ] = RBC
i

! [Zi ] =
i

,a UCES
l1

Z i
-

-
!

6 @
(2.20)

This demonstrates that (i) the risk-based capital allocation to lines of business
depends on the risk characteristic on sub-portfolio level and (ii) the risk-based
capital of the n sub-lines adds up to the total risk-based capital at company
level. Note that ,aCES Zi

- ! [Zi ] # ai
- ES! [Zi ] (see e.g. [14] for details). The

allocation scheme thus takes into account diversification on portfolio level and
allocates the diversification benefit on portfolio level to the sub-portfolio level.
It follows directly that capital costs on sub-portfolio level share properties (i)
and (ii) as well.

3. OPTIMAL RISK RETENTION

3.1. Sharing and transferring risk

As discussed, keeping risk on a balance sheet comes at a cost for an insurance
company. Pooling and sharing risk will in general lower this cost due to
diversification effects. The insurance industry achieves intercompany risk shar-
ing by risk transfer commonly relying on reinsurance. Because of the usually
higher diversification of the portfolio of the reinsurer, the reinsurance premium
for risk transfer may be lower than the corresponding cost of keeping the risk
on the balance sheet of the insurer only. Assuming that a reinsurer gets an
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adequate premium, risk transfer can thus lead to a situation where both the
risk ceding and receiving party benefit. The basic question thus arising is how
and to what extend risk should be retained or shared. Answering this question
depends on risk characteristics and a number of other parameters including
e.g. the type of risk measure, the risk appetite level and capital costs. An equally
important role play constraints on available risk capital.

3.2. The price of transferring risk

3.2.1. Reinsurance premium principle

Reinsurance premiums principle usually split the reinsurance premium into
the expected loss and a loading. Common loadings principles are e.g. the
Expected Value principle or the Variance principle (see e.g. [11]). We chose here
to define the loading from a more economic point of view and consider that
both the reinsurer and the primary insurer have to support underwritten risks
by capital. We account for related capital costs of the reinsurer in exactly the
same way as proposed in Section 2.2 for the primary insurer.

3.2.2. Non-proportional reinsurance

Following Section 2.2, we start from the underwriting profit distribution
including the cost of capital and denote quantities referring to the reinsurer
by a star (*). Z*, the overall underwriting profit including cost of capital of the
reinsurer, is

Z* = Z0
* + *

iZ
i

! = Z0
* + *

iP
i

! – Ri – Ci
* (3.1)

where Z0
* stands for the profit distribution of the reinsurance portfolio before

risk transfer and Zi
* for the profit distribution related to the i-th risk transfer

(or line of business) with reinsurance recoveries (or losses, respectively) Ri ,
premium income Pi

* and related capital costs Ci
*. The cost of capital at indi-

vidual risk transfer level is given by

Ci
* = l* · RBC*[Zi

*] (3.2)

where the constant l* stands for the capital cost of the reinsurer. In analogy
to (2.15) the risk-based capital RBC*[Zi

*] allocated to Zi
* is defined by the

implicit relation

RBC*[Zi
*] = – CES*

b, Z* [Pi
* – Ri – l* · RBC*[Zi

*]] (3.3)

with b the risk appetite level of the reinsurer. Solving for RBC*[Zi
*] yields

RBC*[Zi
*] = *

, Zb
* *

iP RCES i
-

-*

l1 -

9 C

(3.4)
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From equation (3.1) and expression (3.4) we define a reinsurance premium
principle as follows

Pi
* = E[Ri ] + l* · RBC*[Zi

*] (3.5)

The premium principle simply states that the reinsurance premium Pi
* per risk

class i equals the expected accumulated loss for the reinsurer (recovery for the
primary insurer) E[Ri ] plus a loading l* · RBC*[Zi

*] reflecting the (diversified)
capital costs of the reinsurer. Solving the implicit expression (3.5) for P* and
assuming flat reinsurance premiums (i.e. no reinstatements) leads to the rein-
surance premium

Pi
* = (1 – l*) · E[Ri ] + l* · CES*

b,Z* [Ri ] (3.6)

According to (3.6) the reinsurer charges the insurer for capital costs relative to
his portfolio. Risks showing a higher degree of dependency with the portfolio
of the reinsurer will require a relatively higher loading than risks with no or
negative dependency. In general, capital costs for reinsurer and primary insurer
will differ not only because of different portfolio structures but also because
l* ! l and a ! b i.e. the capital costs of insurer and reinsurer are not the same
and the risk appetite may differ.

3.2.3. Proportional reinsurance

In a proportional reinsurance arrangement, primary insurer and reinsurer share
both risk and premium on a proportional basis. The premium principle in the
proportional case thus has the simple form 

Pi
* = (1 – ri) · Pi (3.7)

where ri quantifies the retention of the primary insurer. In practice, a reinsurer
will pay a brokerage or commission Bi compensating acquisition expenses of
the primary insurer. The discussion of an adequate reinsurance premium thus
becomes a question of the adequacy of Bi . From the point of view of the primary
insurer, the reinsurance premium paid for the risk transfer is

Pi
* = (1 – ri) · Pi – Bi (3.8)

In the following, we will assume that the reinsurer charges the primary insurer
for the risk transfer by adjusting the commission Bi and we will consider com-
missions Bi only implicitly by focusing on the ‘commission adjusted’ reinsurance
premium Pi

*. If needed, the commission (or brokerage) Bi contained in Pi
* can

directly be recovered by solving (3.8) for Bi .
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3.3. Criteria for optimal risk retention

3.3.1. Constrained risk retention

After having fixed notation and concepts, we come back to the initial question.
What are optimal risk retention levels given portfolio structure, reinsurance
premium principle, and capital costs? Optimality in this perspective refers to
the amount and type of risk that should be kept (or shared with the reinsurer,
respectively) from an economical point of view. While this question (‘absolute
retention problem’) certainly is relevant, it does not reflect common business
realities where the amount of capital supporting risk is limited and often fixed
e.g. by ‘risk budgets’. We therefore take into account a constraint and consider
the amount of available risk capital as fixed. According de Finetti’s terminol-
ogy this is the relative retention problem. Optimizing the overall level of risk
retention is discussed in Section 3.3.3.

Depending on the risk characteristics of each line of business, optimal risk
retentions will vary. The question to answer thus is: Given the overall risk
retention in terms of the risk-based capital, what are economically optimal
risk retentions r = {ri} on line of business level? In particular, given the available
risk capital, how should risk be ceded? Considering the profit Z = Z(r) and the
risk-based capital RBC = RBC[Z(r)] as a function of retention levels {ri}, this
is a typical non-linear constrained extremum value problem

E[Z(r)] = max! (3.9)

RBC[Z(r)] = const (3.10)

with control parameters {ri}. This type of extremum value problem is solved
by Lagrangian multiplier techniques, i.e. by maximizing the expression

ƒ = E[Z(r)] + k · RBC[Z(r)] (3.11)

where k represents the Lagrangian multiplier associated with the constraint (3.10)
given by (2.20)5. To keep the notation simple, we will omit in the following the
explicit r-dependence of the profits Z, U, Z* and U* as well as of the recover-
ies R, the reinsurance premium P* and risk-based capital RBC[Z] and RBC*[Z*].

Independent of the reinsurance structure, the optimization problem can be
formulated in terms of the reinsurance recoveries Ri and control parameters ri

related e.g. to the proportional (quota share reinsurance) or non-proportional
retention (excess-of-loss reinsurance). In the context of the Lagrange multiplier
technique which we will make use of here, constraint optima are characterized
by the condition

j
,

f
0

2
2

=r = 0, 6j (3.12)

600 A. KULL

5 The reverse optimization problem ESa, Z [Z ] = min!, E[Z ] = const leads to an expression equivalent
to (3.11).
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We continue by considering an explicit expression for the objective function Z,
i.e. the net profit distribution. Combining expressions for the insurers under-
writing profit U, the reinsurance premium P* and the risk-based capital RBC
we get for Z

**

, Zb

* *

*

i i
i

i

,

,

a

a

Z L P R L P R

R R

L R L R

CES

E CES

CES

l
l

l l l
l

l
l

1

1 1 1

1

i i i Z i i i

i
i i

i i Z i i

$

$ $

$

= - - + -
-

- + -

=
-

-
-

-
-

- - -
-

-

*
l1 -

P P

P

!

!

`

^

j

h

9

6 6

6

C

@ @

@

(3.13)

With the corresponding expression (2.19) for the risk-based capital constraint,
condition (3.12) becomes

(3.14)
*

*
, Zb

*

j j

j
j

*

i
,a

f
Z Z

R R j

E RBC

E

CES CES

k

l l k

l k l k

1

1 0i Z i

$

$ $

$ $ $

2
2

2
2

2
2

6

= +

= - + -

- - - - =*

!

r r

r Rl

!

^

]^

] ]

h

gh

g g

6 6

88

6 6:

@ @

B

@ @DG

Solutions r = r0 of the constraint optimization problem (3.9) are characterized
by (3.14)6. A sufficient criteria for the existence of the maximum is the negative
definiteness of the Hesse matrix 

jr

2

2 2
2

i r E[Z]|r = r0
along the direction spanned by

constraint (3.10) (see e.g. [21]).
What is the role and interpretation of the Lagrange multiplier k in (3.14)?

The parameter is related in our case to the overall risk retention. The overall risk
retention (corresponding to the risk-based capital amount RBC[Z]) implicitly
determines the Lagrangian multiplier k. Its interpretation is linked to the deriv-
ative of the objective function E[Z]. The value of the Lagrange multiplier k
at a given net risk retention is equal to the derivative of E[Z] with respect to
the retentions ri. Thus the Lagrange multiplier k measures the marginal change
of E[Z], i.e. the rate of increase (or decrease) in the maximized expected net
profit E[Z] as retentions ri are changed.

Equation (3.14) form the basic criteria we will consider in detail in the fol-
lowing. According to (3.14), optimal retentions depend on both the primary
insurer’s and reinsurer’s portfolio, risk measure and risk appetite and individ-
ual capital costs. These expressions thus capture the essential economics behind
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6 In vector notation (3.14) can bewritten as 

4r [(l* – l + k · (1 – l*)) · E[R] – l* · (1 – k) · CES*
b,Z*[R] + (l – k) · CESa,Z [R]]

!
= 0 (3.15)
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risk transfer between primary insurer and reinsurer and illustrates how a ‘win-
win’ situation can occur as well as by which factors it is driven.

As mentioned condition (3.14) is general. It does not depend on the type
of risk transfer. For example, (3.14) characterizes optimal retention levels in
non-proportional and proportional reinsurance agreements as well as combi-
nations thereof.

3.3.2. Equal portfolios and zero capital costs

From (3.14) it follows that the difference of the portfolios of the primary
insurer and the reinsurer and non-zero capital costs are crucial for the existence
of a solution. To see that consider first the case where b = a and CES*[Ri ] =
CES[Ri ]. Expression (3.14) becomes

* *
j j i

,a
f

R R jE CESl l k 1 0i Z i$ $
2
2

2
2

6= - + - - =
!

r rl !]^ gh 6 67 @ @A (3.16)

which means that k is independent of the retention levels ri indicating that no
unique solution exists.

A situation with no solution arises if capital costs l and l* are zero. This
leads to

j j i
,a ,

f
R R jE CESk 0i Z i$

2
2

2
2

6= - =
!

r r ! 6 67 @ @A (3.17)

i.e. a condition that is generally only fulfilled with k = 0. Thus both, equal
portfolios and zero capital costs lead to a situation where no optimization is
possible. Loosely speaking, the reason for this is that in the first case the load-
ings of reinsurer and primary insurer are proportional. In the second case the
loadings itself vanish leaving k = 0 as a degenerate solution.

3.3.3. Unconstrained risk retention

Optimal retentions without constraint related to the overall net risk retention
(‘absolute retentions’) maximize the overall profit

E[Z] = max! (3.18)

leading to a similar criteria as (3.14) but with k = 0 in f

(3.19)
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The implicit assumption here is that the primary insurer does not care about
the net risk retention level. In our context this means that there is no constraint
related to the available risk capital or, respectively, the risk-based capital to be
deployed. The extremum characterized by (3.19) is a maximum if the Hesse
matrix 

jr

2

2 2
2

i r E[Z]|r = r0
is negative definite.

3.3.4. The situation of the reinsurer

A special case which is interesting to consider is the situation where capital costs
of reinsurer and insurer are the same (l* = l). Condition (3.19) then is inde-
pendent of l and becomes

, Zbj j

*

i
,a

f
R R jCES CES 0Z i i2

2
2
2

6= - =*

!

r r ! 6 6: @ @D (3.20)

Thus we find

4r CESa,Z [R ]
!
= 4r CES*

b,Z*[R ] (3.21)

which means that optimal retentions ri are characterized by an equal gra-
dient 4r of the conditional Expected Shortfall of the overall recovery R
with respect to insurer portfolio Z and the reinsurer portfolio Z*, respectively.
Note that this condition still depends on portfolio structures and risk appetite
levels a and b.

Relation (3.21) has an interesting interpretation as from its symmetry we
can conclude that risk sharing characterized by (3.21) is optimal for both the
insurer and the reinsurer. Relation (3.21) also is reminiscent of some results
obtained in the context of the theory of cooperative games. As has been shown
in [9], the Aumann-Shapley value provides a fair allocation principle that for
coherent risk measures simply corresponds to the gradient of the risk measure
with respect to presence levels of sub-portfolios7. While the setting in [9]
describes one firm with sub-portfolios, here two firms are considered that
evaluate an allocation of risk-based capital (i.e. capital cost) for transferring risk
R via risk transfer instruments. In the case of one firm, risk and diversification
is fully shared and the fair risk-based capital allocation corresponds to the
gradient of the risk measure with respect to presence levels of sub-portfolios.
If two firms share risk via risk transfer instruments, both benefit from shar-
ing diversification only to the limited extent of actually transferred risk R.
Without additional constraints, the fair and optimal allocation then is char-
acterized by r0 = r fulfilling (3.21).
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7 Note that the allocation principle (2.13) corresponds to the Aumann-Shapley method for homoge-
neous risk measures and portfolio profit/loss distributions.
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3.4. Reinsurance structures

Based on the optimality criteria (3.14), this Section presents a brief discussion
of optimal retentions for common reinsurance structures and discusses imple-
mentation questions. The Section also relates to Section 4, where a numerical
example is considered.

We consider here the simplified situation where both proportional and non-
proportional reinsurance is characterized by one parameter only. For a non-pro-
portional reinsurance structure on a single claim basis (e.g. excess-of-loss), the
parameter is the attachment point above which risk is transferred, or equivalently
the deductible. No limit is considered. For a proportional reinsurance agree-
ment, the parameter is the pro-rata amount of risk that is retained. A general-
ization to to risk transfer characterized by more parameters is straightforward.

3.4.1. Proportional reinsurance

Proportional reinsurance leads to recoveries

Ri = (1 – ri) · Li = (1 – ri) · ,j i
j

N

1

i

=

l! (3.22)

where ri is the proportional risk retention by the primary insurer (per line of
business or risk category i ). Inserting this expression in (3.14) leads to the fol-
lowing expression 

(3.23)
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On first sight, this expression may appear to be independent of ri . However, this
is not the case since the risk measures CESa,Z and CES*

b,Z* by Z = Z[r] and
Z* = Z*[r] implicitly depend on r. Loosely speaking, the linearity of underwrit-
ing result and capital costs under a proportional reinsurance agreement thus is lost
once a risk-based commission as implicitly defined by (3.8) is taken into account.

While proportional reinsurance leads to a simplified optimality criteria
(3.23), the implicit dependence of risk measures CES*

b,Z*[Ri ] and CESa,Z [Ri ]
on ri remains and a further simplification is not straightforward. In general, a
numerical evaluation of (3.23) is necessary.

3.4.2. Non-proportional reinsurance

Non-proportional reinsurance on an excess-of-loss basis applies to single losses.
In general, the recovery from a reinsurance structure is limited to loss amounts
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between retentions ri and a maximum claim amounts mi. As discussed, we
consider here only the case where mi = 3 (unlimited layer). The total recovery
then is 

,i j

j

,maxR l r 0i
j

i
1

= -
=

N

! 8 B (3.24)

While finding analytical expressions in terms of the severity and frequency dis-
tributions Si and Ni for E[Ri ] is feasible (see e.g. [11]), closed form expressions
for CES*

b,Z*[Ri ] and CESa,Z [Ri ] and corresponding derivatives with respect to
retention levels ri are not readily available and may not exit. We thus do not
attempt to write (3.14) in terms of severity and frequency distributions for Si

and Ni. Instead, a numerical evaluation will be considered.

3.4.3. Stop loss reinsurance

Stop loss reinsurance applies to the aggregated loss amounts. The recoveries
for a reinsurance structure with aggregate retentions ri and limits mi = 3 are 

Ri = max[Li – ri, 0] (3.25)

As is the case with excess-of-loss reinsurance, risk measures CES*
b,Z*[Ri ] and

CESa,Z [Ri] implicitly depend on ri. Finding analytical expressions for derivatives
of CES*

b,Z*[Ri ] and CESa,Z [Ri ] with respect to ri is thus not straightforward.

3.5. Some remarks

3.5.1. Technicalities

A straightforward way of addressing the risk retention problem numerically are
Monte Carlo methods frequently used for Asset Liability Management (ALM)
and Dynamic Financial Analysis (DFA). In such a scenario based setting, the
Expected Shortfall and its co-measure counterpart, the conditional Expected
Shortfall, transform simply into averages over subsets of scenarios. Computing
these conditional averages can be done easily and efficiently. From the practical
point of view, another important property of risk measures used here is
stability. Compared to Value-at-Risk, the Expected Shortfall is a much more
stable quantity since it is defined as an average over quantiles instead of a sin-
gle quantile. This is of special importance when it comes to compute partial
derivatives e.g. in (3.14). Numerically, the main problem that has to be tackled
in the Monte Carlo setting are discontinuities due to finite resolution in both
the objective functions Zi and the constraint RBC[Z]. One option is to con-
tinuously approximate or smooth the corresponding functions. In addition,
numerical optimization schemes available in advanced mathematical software
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packages such as MATLAB provide a wide range of methods to resolve numer-
ical problems related to discontinuities.

3.5.2. Practical feasibility and relevance

In practice, risk transfer takes place without a detailed knowledge of the port-
folio structures on the other side of the transaction. In general, portfolio infor-
mation is passed to the market only indirectly by quoted rates. The concept of
‘leading and following reinsurers’ implies that rates do not take into account
the portfolio structure of a major part of market participants. The current
(re-)insurance market thus is not well enough developed in order to fully allow
for risk transfer guided by the scheme outlined here. However, approximations
based e.g. on simplified portfolio models and considering optimal retentions
as first indications to be adjusted by expert judgement later may prove help-
ful in practice.

The situation is somewhat different when it comes to intercompany risk
transfer. Intercompany risk transfer plays an important role for capital man-
agement of multinational (re-)insurance groups. Instead of capital, risk is often
transfer between balance sheets. Under the assumption that multinational
groups have a risk management process and system in place that allows for a
quantitative assessment of risk on portfolio and sub-portfolio level, risk trans-
fer guided by principles discussed above will allow the group to use its capital
in an efficient way despite the fact that capital might be tight up on individual
balance sheets. However, in such a situation also the legal entity and ownership
structure (and corresponding risk) need to be taken into account. For an exam-
ple of optimization of capital requirements within an insurance group see [13].

An important force that will eventually require more transparency from
the (re-)insurance industry regarding risk transfer is the regulatory shift towards
risk-based supervision. In Europe, Solvency II for instance will impose a risk-
based regulatory framework based on prescribe risk measures and confidence
level. By this, the framework introduces comparability into the market and
paves the way towards a market place that eventually may allow for a more
transparent sharing of risk.

4. AN ILLUSTRATIVE EXAMPLE

In this Section we present illustrative results of a simple model. The model
demonstrates risk transfer from a portfolio consisting of two risk classes to a
portfolio that is similar but more diversified. Losses are modeled by frequency
and severity distributions. Even this simple example illustrates how diverse
effects of risk transfer are and that sharing the ‘right’ part of the risk has a
considerable impact on the economic bottom line.

The example is based on 50’000 Monte Carlo scenarios. Characteristics
of risk classes are listed in Table 1 and risk appetite levels and cost of capital
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in Table 2. We chose the risk appetite for both portfolios to be the same but
consider different capital costs. The first portfolio could be identified with a pri-
mary insurer, the second portfolio with a reinsurer. Considering a common
risk appetite level is in the spirit of a risk-based supervision framework that
does not distinguish between primary insurer and reinsurer. Different capital
costs are considered in order to illustrate the dependency on this parameter.
Note that for the first, risk ceding portfolio capital costs are lower than the
capital costs of the second, risk receiving portfolio. We have chosen this rela-
tion because it leads to a situation with an unconstraint maximum for the
expected net profit including capital costs E[Z ].

In Figures 1 to 4 we plot optimal retentions, diversification and expected
net loss and profits as well as the loading of the reinsurance premium, all as
a function of the net risk-based capital. A proportional and a non-proportional
excess-of-loss reinsurance agreement is considered. For illustration, we also
plot a number of other relations, e.g. between retentions and reinsurance pre-
mium loading. Finally we also present surface plots illustrating the behavior
of the net result over the whole retention range. Note that this type of figure
is based on an ‘brut-force’ calculation taking into account a large number of
possible combinations of retention levels ri . For the determination of reten-
tion levels these calculations are not used. All Figures are based on the assump-
tion that the primary insurer receives a premium that compensates the expected
loss and capital costs as discussed in Section 3.2.
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TABLE 1

RISK CHARACTERISTICS OF THE RISK CEDING (RISK CLASSES 1A AND 1B) AND THE RISK RECEIVING

PORTFOLIO (RISK CLASSES 2A AND 2B). RISK CLASSES ARE INDEPENDENT.
NOTE THAT THE RISK RECEIVING PORTFOLIO IS MORE DIVERSIFIED

Severity Frequency

Typ m s f

Risk Class 1a Normal 2.0 1.0 2
Risk Class 1b LogNormal 2.0 1.5 4
Risk Class 2a Normal 2.0 1.0 4
Risk Class 2b LogNormal 2.0 1.5 8

TABLE 2

RISK APPETITE LEVELS AND COST OF CAPITAL FOR RISK TRANSFERRING PORTFOLIO (1)
AND RISK RECEIVING PORTFOLIO (2).

Risk Appetite Cost of Capital

Portfolio 1 90% 9%
Portfolio 2 90% 14%
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FIGURE 1: Proportional reinsurance. Optimal retentions and net result as a function of the total net risk-
based capital (left panes). Right panes show the expected net loss (top) and the loading of the reinsurance
premium, again as a function of the net risk-based capital.

The quantitative behavior observed in Figures 1 to 4 is understood in terms
of factors driving the expected net underwriting result of the primary insurer
Z and the factors driving the reinsurance premium R. Main drivers are
diversification and capital costs. Note for instance that the overall net result is
increasing as retentions are lowered. Behind this feature is the fact that the
diversification effects tend to increase as a bigger part of the risk is shared.
As well, sharing both types of risk turns out to be better than sharing just one
type of risk. As can be seen from Figures 1 and 3 as well as Figures 2 and 4,
optimal retentions are characterized by ceding similar parts of the risk. This
again has to do with diversification effects. Finally note that in both the pro-
portional and non-proportional case there is an absolute maximum of the net
result which can be traced back to the assumption that capital costs for the
portfolio taking over risk is higher than capital costs of the risk ceding port-
folio. The more risk is ceded, the more the higher capital costs of the risk
receiving portfolio impact, through the reinsurance premium, the net result.
An interesting result of its own is the fact that from an absolute point of view
the proportional reinsurance structure is favored over the non-proportional
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FIGURE 2: Proportional reinsurance. Net result as a function of retention levels. The dark line indicates opti-
mal retentions as calculated form condition (3.14). The bright line represents the constraint net result at
RBC = 8.5. It illustrates the range of achievable net results with fixed RBC amount.

one. This can be traced back to diversification effects which tend to be bigger
for higher net risk retention levels in the case of the proportional reinsurance
structure.

Looking at Figures 3, another important feature becomes apparent. There
are situations, where optimal retentions are hard to isolate because another
combination of retention levels is nearly as optimal. In this case numerical
instabilities introduce noisy fluctuations in retention levels. However note that
these fluctuations do not affect the maximization of the overall net result. The
noisy fluctuations observed especially in the lower left pane of Figure 3 are thus
merely an allocation problem.

When interpreting these results it should be kept in mind that the discussed
behavior is specific for the simple model we have chosen. If for example depen-
dency structures are considered either in the risk ceding, the risk receiving or
between risk ceding and receiving portfolio, optimal retentions are clearly dif-
ferent. Again, this is due to different diversification effects. A positive depen-
dency between risks in the transferring and receiving portfolio e.g. leads to a
corresponding higher reinsurance premium and will thus favor transferring
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FIGURE 3: Non-proportional excess-of-loss reinsurance. Optimal retentions (or deductibles) and net result as
a function of the total net risk-based capital (left panes). Right panes show the expected net loss (top) and
the loading of the reinsurance premium, again as a function of the net risk-based capital. Note the noisy
behavior of optimal retentions around RBC = 9 and RBC = 1. While the optimal net result on sub-portfolio
level is affected (see lower left pane), the optimal overall net result is not. For a discussion see Section 4.

other, less dependent risks. Clearly, changing the risk characteristics (e.g. sever-
ity distribution) will also have an impact on optimal retentions.

5. SUMMARY AND CONCLUSIONS

The question of optimal risk transfer has a long history. In terms of mini-
mizing the Variance of the overall net result, the setting of optimal retention
levels of reinsurance programs dates back to de Finetti’s 1940 paper [10].
In depth research has been performed since then, ranging from approaches
relying on criteria related to adjustment coefficients to utility theory. The advent
of new actuarial and financial risk management methods including advanced
risk measures and Monte Carlo techniques makes it possible to address the
problem of optimal risk transfer from yet another point of view.

In this paper we considered the impact of risk transfer on the economic bot-
tom line of an insurer by taking into account capital costs. Capital costs relate
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FIGURE 4: Non-proportional excess-of-loss reinsurance. Net result as a function of retention levels (or deductibles).
The dark line indicates optimal retentions as calculated form condition (3.14). The bright line represents the
constraint net result at RBC = 8.5. It illustrates the range of achievable net results with fixed RBC amount.

to risk-based capital which we define by means of the Expected Shortfall.
On sub-portfolio level, capital is allocated conditional to the overall portfolio
thus consistently taking into account diversification effects. We assume that
for both, the risk ceding and risk receiving portfolio similar capital allocation
and risk pricing procedure are used. Starting from these assumptions, we derive
a criteria for optimal risk retention levels on sub-portfolio level. Optimal reten-
tions maximize the net result including capital cost given a constraint on avail-
able risk-based capital. Implicitly our approach also determines an optimal
capital allocation on a lines of business level that depends on overall available
capital and the price of risk transfer. In this respect the paper addresses a sim-
ilar problem as [16]. The crucial question discussed in [16] of how available
information with regard to the dependency structure impacts capital allocation
warrants a further analysis in our context of optimal risk transfer. Another
extension or rather generalization of the presented methodology could be
achieved by incorporating elements of utility theory, e.g. by changing the
probability measure and computing risk measures with respect to distorted
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probabilities. Further, similar results partly hold for a situation in which the
insurer and reinsurer do not use the same risk measure but apply different yet
positively homogenous risk measures.

The simple numerical example discussed in Section 4 illustrates a key con-
clusion of this paper: To be most advantageous from an economic point of
view, not only the sharing of risk but also the sharing of diversification needs
to be considered when structuring risk transfer. In practice this implies that
ceding very specific risks may not be the most efficient way of sharing risk.
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