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In this paper, we will present a generalized convolution quadrature for solving linear parabolic and hyper-
bolic evolution equations. The original convolution quadrature method by Lubich works very nicely for
equidistant time steps while the generalization of the method and its analysis to nonuniform time stepping
is by no means obvious. We will introduce the generalized convolution quadrature allowing for variable
time steps and develop a theory for its error analysis. This method opens the door for further development
towards adaptive time stepping for evolution equations. As the main application of our new theory, we
will consider the wave equation in exterior domains which is formulated as a retarded boundary integral
equation.
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1. Introduction

In this paper, we will present a numerical method for the discretization of linear convolution equations
of the form

kx¢=g, (1.1)

where * denotes convolution with respect to time, g is a given function and k is some fixed kernel func-
tion, in such a way that the left-hand side in (1.1) is understood as a mapping of the function ¢ into some
function space. In many applications such as partial differential equations of hyperbolic or parabolic
type, the kernel function k is defined as the inverse Laplace transform of the transfer function IC in the
Laplace domain and analyticity of K is assumed in a region containing the half plane Rez > oy > 0.
For this type of problem, the convolution quadrature method was developed originally by Lubich; see
Lubich (1988a,b), Lubich & Ostermann (1993) and Lubich (2004) for parabolic problems and Lubich
(1994) for hyperbolic ones. The idea is to express the convolution kernel & as the inverse Laplace trans-
form of K and reduce the problem to the solution of scalar ordinary differential equations (ODEs) of the
form y' = zy + g, for z the variable in the Laplace domain. The temporal discretization is then based on
the approximation of the solution of these ODEs by some time-stepping method and the transformation
of the resulting equation back to the original time domain. This results in a discrete convolution in time
which has very nice properties: (a) it allows for Fast Fourier-type algorithms for solving the discrete
convolution equation and (b) the theory of ODEs can be employed nicely for deriving error estimates in
the Laplace domain, and then these estimates can be transformed back to the original time domain via
Parseval’s theorem.

On the other hand, there is also a drawback in the convolution quadrature method. Since it heavily
employs the continuous and discrete Fourier—Laplace transforms for the formulation of the method and
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its analysis, the generalization to variable time stepping is by no means obvious. However, if the right-
hand side is not uniformly smooth and/or contains nonuniformly distributed variations in time and/or
consists of localized pulses, the use of adaptive time stepping becomes very important in order to keep
the number of time steps reasonably small. Furthermore, the introduction of adaptivity is the first step
in the development of strategies to control the step size in terms of the behaviour of the solution to the
integral equation.

In this paper, we will present a generalized convolution quadrature which allows for variable time
stepping and develop a new theory for its error analysis. We limit ourselves to the implicit Euler method
for the time discretization. Note that the use of low-order methods is justified for problems where the
solution, possibly, contains nonuniformly distributed irregularities. We emphasize that our derivation of
the method can be extended to higher-order Runge—Kutta methods, but the representation of the discrete
solution becomes more complicated and the extension of the analysis is by no means straightforward. It
is our opinion that fully understanding the first-order method will open the way to further developments,
both from the analytical and the algorithmic point of view.

Our idea is based on introducing adaptivity in the time integration of the scalar ODEs y =
zy + g. This idea has already been used in the oblivious algorithm which was developed in
Lopez-Fernandez et al. (2008). However, this algorithm is restricted to sectorial convolution ker-
nels, for which the analyticity domain of K extends to a sector entering the left half plane (see
Lopez-Fernandez et al., 2008 for details) and, thus, is not applicable to wave equations. Furthermore, no
error analysis is available. Our main application is the solution of retarded potential integral equations
(RPIE) which arise if the wave equation in an unbounded exterior domain is formulated as a space-time
integral equation on the boundary of the scatterer. The most popular numerical approaches for its dis-
cretization in the literature are (a) the direct space-time Galerkin discretization of the RPIE and (b) the
convolution quadrature. For the first class of methods, only very recently a temporal discretization with
variable time steps has been proposed (Sauter & Veit, 2012), while for the convolution quadrature, to
the best of our knowledge, such a generalization does not exist in the literature.

The paper is organized as follows. In Section 2, we introduce abstract one-sided convolution equa-
tions and formulate appropriate assumptions on the growth behaviour of the transfer operator in some
complex half plane. Section 3 is concerned with the temporal discretization of the convolution equation
via the time integration of a parameter-dependent ODE in the Laplace domain. The error analysis for the
discretization of this abstract equation is developed in Section 4. We apply this theory to the space-time
discretization of RPIE for solving the wave equation in Section 5 and give some concluding remarks
in Section 6. Some technical estimates for the stability function for the implicit Euler method are post-
poned to the Appendix.

The efficient implementation of the method presented in this paper is challenging. In
Lopez-Fernandez & Sauter (2012b) a fully discrete algorithmic version of our method is presented,
which allows the integral operators in the arising time-stepping scheme to be computed in a fast and
stable way. In this paper, the results of numerical experiments are also reported which illustrate the
advantage of variable time stepping for some important classes of applications.

2. One-sided convolution equations

We consider the class of convolution operators as described in Lubich (1994, Section 2.1) and recall its
definition. Let B and D denote some normed vector spaces and let £(B, D) be the space of continuous,
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linear mappings. As a norm in £(B, D), we take the usual operator norm

| Fullp
| Fl|l ;= sup .
ueB\(0) lullp

For a given right-hand side g : R>o — D, we consider the problem of finding ¢ : R> — B such that for
allt >0,

/0 k(i — 1) () dr =g (1), @1

is considered as an equation in D. The kernel operator k is the inverse Laplace transform of some
transfer operator IC, which is defined as follows. Let K : [, — L£(B, D) be an analytic operator-valued
function in a half plane

I, :={zeC:Rez >0y}, forsome o> 0, 2.2)

which is bounded by
1K@ < Coplzl® Yz €1y, 2.3)

for some Cop, > 0 and 6 € R. For p € Z, we define
K,(2) :=z2""K(z). (2.4)

We choose p > max{—1,6 + 1}, so that the Laplace inversion formula
1 zt
ky(t):=— [ e“K,(2)dz 2.5)
2mi J,

for a contour y = o + iR, o > oy defines a continuous and exponentially bounded operator &, (), which
by Cauchy’s integral theorem vanishes for < 0. As in Lubich (1994), we denote the convolution k * ¢
by

d 14 t e}
(K@) (1) := (dt) / kp(t—r)qb(r)df:/o ko ()9 (1 — 1) dr, (2.6)

for sufficiently smooth functions ¢ which satisfy ¢ (x) = 0 for x < 0.
Our goal is to solve the convolution equation

K@) =g, 2.7

where we always assume that the given right-hand side can be extended by zero to 7 < 0 to a sufficiently
smooth function. Additional smoothness assumptions at = 0 will be formulated later.
The composition rule for one-sided convolutions (cf. Lubich, 1994, (2.3), (2.22)) leads to

d=K'0)g
so that

(1) = / (1. / ET(K™N,(2) dz) ¢t —1)dr, (2.8)
o \2mi J,

for appropriately chosen p. This representation of the solution clearly shows that the growth behaviour
of |X=!(z)|| determines the smoothness requirements on the right-hand side g. We will assume that, for
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some C,p > 0 and n € R, a similar estimate' to (2.3) holds for £, namely,
IKT' @I < Coplal* Vz €Ly, (2.9)
In this way, p will be chosen according to

p>max{—1,u+ 1,0 + 1}. (2.10)

3. Temporal discretization

Our main application will be the time discretization of retarded potentials associated to wave equations.
In this context, (2.9) will typically hold for some p > 0. As we have seen in the previous section, solving
the convolution equation (2.7) is equivalent to the evaluation of the convolution with the inverse transfer
function applied to the right-hand side (cf. (2.8)), which can be written in compact form as

¢=(K",3)8".
In an abstract setting, we are concerned with the approximation of the mapping
f—=C@O)f (3.1)
at prescribed time points for a given transfer operator C which satisfies a bound like (2.9) for some

u < —1. To discretize (3.1), we express the mapping in (3.1) as the inverse Laplace transform of the
transfer operator

COD) = — / ( / £0-0¢(2) dz)f(f)dr.
0

2mi y

By interchanging the order of integration, we can write
1
CONHW) =— | Cu(z,1)dz, (3.2)
27i J,
where
13
u(z, 1) ::/ ETOF (1) dr.
0
Note that the function u in (3.2) is the solution of the initial value problem

u(z,t) =zu(z,t) + (1), u(z,0)=0. (3.3)

We will consider the implicit Euler method with variable mesh width for the discretization of (3.3).
Foratime mesh =0 <1t <t <--- <ty =T with variable step sizes A; =t — t;_1,j=1,...,N, the

' For simplicity, we use the same notation for the multiplicative constants in (2.3) and (2.9).
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implicit Euler method for (3.3) is given by

1 Ay
n—1(2 s =0. 3.4
T 1@ + 7= Anzf uo(2) (34)

u,(z) =

This recursion can be resolved and we obtain

n n 1
u i) 2@ =3 Af] [ (3.5)

=1 ks

By considering (3.2) at time point ¢, and replacing u(z, t,) by the approximation u,(z), we obtain the
approximation to the convolution (C(3;)f)(t,),

1
(C(az)f)(tn)%zfm/c(z)un(z) dz. (3.6)
14

By solving the recursion (3.4) and using Cauchy’s integral formula for the divided differences of an
analytic function (see for instance de Boor, 2005, Formula (51)), we conclude from the combination of
(3.5) and (3.6) that the approximation in (3.6) can be written in the form

- 11 1
CONEI» Y onj(O) < [Aj, A An] C> s 3.7)
j=1
where w,;(z) = H'Z:jH (z — A[l) and [1/4;,1/Aj41,...,1/A,]C denote Newton’s divided difference
with respect to the nodes Ak_l ,j<k<n.
For C= (K™!), and f = g, formula (3.7) defines an approximation ¢, ~ ¢ (t,) to the solution of

the convolution equation (2.7). In order to define a recursive method based on /C rather than /C~!,
we need the following lemma.

LeEmMA 3.1 (Inversion formula) Let (x;);eny C R denote a sequence of points and let f : R — E denote
some function in a set £ of linear mappings. We assume that f(x;) is invertible for all i e Ny;.
Let @,;(x) := H2=j+1 (x — x¢). A mapping of the form

Gni= _ &njO) (.41, . Xl )uj €Ny, (3.8)
j=1

can be inverted and it holds that
n
=Y DnjO) (X5 X1, o5 lf g, neNsy. 3.9)
j=1

Proof. We denote the left-hand side in (3.9) by &, and prove that &, = u, if we replace g; by the
definition (3.8). By inserting (3.8) into the right-hand side of (3.9), we obtain

n J
i, = Z OOV, X1, - X1 Z @11 (0) (ks X1, -+ -5 X1 )t

=1 k=1
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Observe that @, ;(0)@;x (0) = @, (0), so that after interchanging the ordering of the summations,

iy =Y @i (0) | D (0 X510l (X Xt 1) | e (3.10)
The Leibniz rule for divided differences (de Boor, 2005, Corollary 28) leads to

D X1 Xl T Xt 1) = Do Xt - ()

=[x, X 15 -+ -5 Xn ] =gl

Here, I is the identity mapping considered as a constant function in x. Hence, only the summand with
k =n in (3.10) is different from zero and the assertion follows. O
DEFINITION 3.2 (Generalized convolution quadrature) For a set of given time points (tl)N
alized convolution quadrature (GCQ) approximation of

| the gener-

K@)e =g

is given by

! 1
_ ( ) s A
/C—,o (An) 4 Za)n,/(o) (|:A A]+1 R An:| ]C_p) qﬁj, (3.11)

where _,(2) :=z"K(2); cf. (2.4).

REMARK 3.3 The representation of the GCQ in the form (3.11) is well suited for theoretical investiga-
tions but not for practical implementation due to numerical instabilities. In Lopez-Fernandez & Sauter
(2012b), an efficient, fully discrete algorithm of the GCQ is presented which is based on the represen-
tation of the high-order divided differences in (3.11) as contour integrals and their approximation by a
novel contour quadrature method which has been developed in Lopez-Fernandez & Sauter (2012a). For
the details and the results of numerical experiments, we refer to Lopez-Fernandez & Sauter (2012b).

4. Error analysis

For some fixed N > 1, we consider the discrete approximations ¢, defined by (3.11), for 1 <n < N.
We set

A:=max{A;: 1 <j< N}

From (3.11), we are interested in the solution of the equation

1
N L — K ) 1<n<N. 4.1
ZwJ(O)({A WS ,An}/cp)@ gy, n (4.1)
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4.1 Discrete stability

LEmMA 4.1 (Summation by parts) Let ¢, be the solution of (4.1). Assume that g € C*([0, T]) and it is
extended by 0 to # < 0. Then ¢, has the representation

n

b= (Ai+ A)Q P 10,121,118, (4.2)
j=1

where 7_; < 0 can be chosen arbitrarily,2 Ag:=ty—1t_1,and

1 K~
(k.n) .
ofm .= — [ > 4 vigi<an 4.3
/ 27i J, & [[o;(1 = Ar2) / 43)

Proof. As a consequence of Lemma 3.1, we obtain from (4.1),

(p)
bn= wam)(h ywnl AJ (K~ >p)

= (K™, <A1> () 4 ZA Q(P”) (p)_ 4.4)

Twice applying the relation
k k k+1,
A Q( n) (Q](_:l_l n) Q]( +1 n)),

which can be verified straightforwardly, we obtain from (4.4) and following the notation? in (2.4),

_ 1 ”
b0 = (/C l)p (A> () Q(/J-H l)g(P) Qilp-‘rln) [th2, tn71]g(p)
n

n—1

+) A+ ADQ P . 1,118 (4.5)

J=1

Using the relation Q%" = (K~1),_;(1/4,), we obtain

n
2,
b= (Ai+ A)Q P [t 0,11, 118
=1

We next estimate the operators in the representation formula (4.2) for ¢.

AssumpTION 4.2 For all oy > 0 and z € I, the transfer operator K(z) : B— D is invertible and for some
u € R satisfies the bound
IK™ @Il < Coplzl* ¥z €1,

where C,, depends on oy.

2 For simplicity, we fix 1_j := —1;.
3 Note that (]C™1),,(z) is understood as K~ (z) and not as (IC,,(z))~".
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LeEMMA 4.3 Let Assumption 4.2 be satisfied and let A be sufficiently small that 1 — Aoy > « for some
ap > 0. Let p be chosen according to (2.10). Then, there exists a constant C, depending only on oy, o
and on the transfer operator ~! through the constants Cop and o in Assumption 4.2, such that for all

g € D it holds that

[of
10" glly < CeM gl with 8y = ———. 0
7 1 — Aoy

Proof. From Assumption 4.2, we conclude that

||Q()0+2 ) ” / ”’C;J,z(Z)g”B dz

/ 22 dz
14

Note that for p > u — 1, the integral in (4.7) is bounded by a constant C,,. The product can be estimated
by means of Lemma Al in the Appendix and the assertion follows. O

2 Hg _ 11— Aoy
1 Cop

So—mr 7 lgllp- 4.7)
27 TT)i11 — Acool b

The combination of the representation formula in Lemma 4.1 and the estimates in Lemma 4.3
directly leads to the following stability estimate of the discrete convolution.

THEOREM 4.4 Let Assumption 4.2 be satisfied and let A be sufficiently small that 1 — Aoy > «p for
some «tp > 0. Let p be chosen according to (2.10) and assume that g(p ) (p )= 0. Let ¢, for 1 <n<N,
denote the solution of (4.1). Then, there exists a constant C, depending only on oy and «, such that

n
Inlls <CD (A + Ai-0) € [t 151,118 1,
j=1

with §¢ as in (4.6).

4.2  Convergence

By assuming that g is (p + 2)-times differentiable and has (p + 1) vanishing derivatives at the origin
the exact solution can be written as follows:

1 _ n _
b)) =5~ / (K™D ps2(0) dg / g (1) dr
y 0
cf. (2.8). By interchanging the order of integration above, we obtain

(1) = / ! Q(p+2,n)(t)g(0+2)(1) dt (4.8)
0

with
0 (1) = - / (K@) e dg,  forkeN. 4.9)
27i J,

THEOREM 4.5 Let Assumption 4.2 be satisfied and let A be sufficiently small that 1 — Aoy > g
for some o > 0. Let N > 1 be the total number of time steps and let p be chosen according to (2.10).
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We assume that the right-hand side in (4.1) satisfies g € C**3([0,T]) and g©(0) =0 for all 0 < ¢ <
p + 2. We denote by ¢, for 1 <n <N, the solution of (4.1). Then the following error estimate holds:

n

A; + A‘—l — S0t v
16 = 9lls < CAcp () | 3 === max [g”"@)llp
J=1 £e(2,3)
with
141 ! ifv=1
co(A) = By HVED (4.10)
1 ifv>1.
Proof. The combination of (4.8) with (4.2) leads to the error representation
¢(tn) —pun=hL+ 1L+ 1, (4.11)

where we set

f LA+ A
L= / QP2 (1)t (1) dr —Z%"Q“”Z»'”(rj_l>g<p+2><rj_1>, 4.12)
O .
j=1
"LA+ A . 0
hi=) %(QW’Z’ V(1) = QMg (), (4.13)
j=1
n A'+A'71 ,
=) S0 @ (o) — 2t 111,
j=1

In the following, we will estimate these terms separately.
Estimate of I,. For I, we start with

n 1 — j.n
QU (@) — QT = / (K™D p2(0)d " (¢) dt, (4.14)
1 y
where
. 1
digy =t - — (4.15)
[Ti;(1 — Ac)

We split the contour y = oy + iR into

y" U i={r ey 1Al <C} and Y i=y\p" (4.16)

for some C = O(1). From Lemma A1, we conclude

A ()] <2,
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with 8y as in (4.6). Hence, for the far-field part of the integral in (4.14), we obtain the estimation

1 )
— [ (K™H,020)d" (¢)d¢

Zﬂi yl'ur

o0
1
< Cre i / de
B<D c/a (Vog + 622

< 1
< Cre o / o 8 < Cre i Ar e,
c/A

where ¢ depends only on C. Since p > 1+ u, we conclude that AP—=D < A2,
For the near-field part of the integral in (4.14), we conclude from Lemma A2 that

|dnj($)| < G3A[C | e %0t

and hence

c/A
<CAe ™I / 1P de.
0

An easy calculation shows that

L —1 G
zm /y I @) d

B<D

c/A
/ e |M*p d¢ < Cc,o—u (A4)
0

with ¢,—,,(A) as in (4.10). Thus,

In summary, we have proved

(K™ ,2(0)d%" (¢) d¢ < CAc,_ (A) e %,

ynear

2 B<D

LA+ A
1Bl < CAcy () ) =———

J=1

e 20l || gt - lp-

Estimate of I;. Note that the difference /; is the error of the composite trapezoidal rule applied to the
integral on the right-hand side in (4.12). We use only the fact that the trapezoidal rule is exact for
constant functions to obtain the error estimate

n
Ills<CY A7 max [[(Q¥" g ) (x)lp.
o T€ltj1.4]
We obtain

d ‘ (p+2,n) _ 1 o1 ¢ty —7)
(dr) oY (T)—Zni/y(—f) (K )p+2(§)e dg.

This leads to the norm estimate for £ =0, 1,

4
(i) QN (z)

max
Telti-1.1]

< C ¢%0n=t-1) / |;—|5+It*(p+2) de < éeo'o(tnitjf]),
Y

B<D
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since £ + i — (p + 2) < —2. The Leibniz rule leads to

n
Il < CAY  Aje™ max [|g¥(1)]p.
5 T€li—1.4]
j=1 £e(2,3}
Estimate of I3. A well-known property of divided differences is that there exists some 7 € [t;_», #;] such
that

2[tj72, tjfl’ t]]g(p) = g(p+2)(t)’

so that
gt (1) — g2 (D) llp < (4) + Aj—1) max, g% (@) lp.

TEltjia.t;
By means of Lemma 4.3 we finally obtain

n
A+ Ao _
I3l < CAY === max [|g¥"(1)]|p.

P 2 TE[tj 2.t

5. Application to the wave equation

Let 2~ CR? be a bounded Lipschitz domain with boundary I". The unbounded complement is denoted
by 21 :=R3\Q2~. Let 2 € {27, 2%}. Our goal is to numerically solve the homogeneous wave
equation

u=Au in 2 x (0,7, (5.1a)
with initial conditions
u(-,0)=0u(-,00)=0 in £2 (5.1b)
and boundary conditions
u=g onl x (0,7), (5.1¢)

on a time interval (0, 7) for some 7 > 0 and given sufficiently smooth and compatible boundary data.
For its solution, we employ an ansatz as a retarded single layer potential:

Vre®, Yie(0,T), u(xn)= //H(b(y,t)dfydt. (5.2)
y

The ansatz (5.2) satisfies the homogeneous equation (5.1a) and the initial conditions (5.1b). The
extension x — I is continuous and hence, the unknown density ¢ in (5.2) is determined via the bound-
ary conditions (5.1c¢), u(x, t) = g(x, t). This results in the boundary integral equation for ¢,

Vi e (0,7), /k(t—r)d)(t)dr:g(t) in H/2(I"), (5.3)
0

where k(f) : H~'/>(I") — H'/?(I") is the kernel operator

)
k(1)) = / ¢l ”)¢(y> ar;,
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and §(-) denotes the Dirac delta distribution. The Sobolev space H*(I"), s > 0, is defined in the usual
way (see, e.g., Hackbusch, 1992 or McLean, 2000). The range of s for which H*(I") is defined may be
limited, depending on the global smoothness of the surface I". Throughout, we let [—k, k] denote the
range of Sobolev indices for which H*(I") is defined, with the negative-order spaces defined by duality
in the usual way. The norm is denoted by || - ||gs(r).

Existence and uniqueness results for the solution of the continuous problem are proven in Bamberger
& Ha-Duong (1986), and Lubich (1994). The GCQ for (5.3) with the implicit Euler method then is given
by

n—1
K- ( )¢,1= (P) Za)w(O)([A i ..,Al]/cp)qu in H'2(I), (5.4)
' n

where the error analysis will justify the choice p = 3.
Note that (5.4) is only semidiscrete since it is formulated in the infinite-dimensional space H'/?(I").
The fully discrete space-time discretization will be introduced in Section 5.2.

5.1 Analysis of the semidiscrete method
The Laplace transformed integral operator is given by
e syl
Ko := / prr T LALIE

It is well known (see Bamberger & Ha-Duong, 1986, Proposition 3 and Lubich, 1994, Proposition 2.3)
that KCo(¢) : H~'/2(I") — H'/2(I") is an isomorphism for all ¢ with Re ¢ > 0 and also for ¢ = 0. More
precisely, the following continuity estimates hold.

PropPosITION 5.1 Let ¢ € C with Re ¢ = 0 > 0. Then

1402
||ICO(§)||H1/2(F)<_H71/2([‘) g C730|é-|
99
and
N 1 + (o))
”’CO 1(§)||H-‘/2(1")6H+1/2(1—~) <C |;—|

Proof. The first estimate follows from Bamberger & Ha-Duong (1986, Proposition 3) and Lubich
(1994, Proposition 2.3). Note that the second estimate is a consequence of the coercivity estimate
(Bamberger & Ha-Duong, 1986, Proposition 3)

min(1, o)

Re(¢Ko(O)W, ) > canuiﬂ/zm Yy e H V2, YVt eCwithRe =0 >0, (5.5)

where (-, -) - denotes the continuous extension of the L2(I”) scalar product to the antilinear dual pairing
(o VHI2 (Y xH-12() - O

Proposition 5.1 implies that Assumption 4.2 holds with p = 2, so that Theorem 4-3 can be applied
in the following form.
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THEOREM 5.2 We consider the GCQ (5.4) for the wave equation. Let A be sufficiently small
that 1 — Aoy >y for some op>0. Let N>1 be the number of time steps and p=3.
Let the boundary data in (5.1) satisfy ge C**3([0,T]) and g@(0)=0 for all 0<L<p+2.
Let ¢, for 1 <n < N, denote the solution of (4.1). Then the following error estimate holds:

n

1 A+ Aoy s
¢ (tn) — Pullu-12(ry < CA (1 + log ) Z —L el max (|g O () gy
A = 2 IEE[t{jizi?]
- €12,

In the following, we will prove a shift theorem for the case that both the boundary I" of £~ is
analytic and the data g(7) is analytic. The frequency variable is always assumed to be in a half plane
(cf. (2.2))

I, ={z€C:Rez >0y} forsome op > 0.

Tubular neighbourhoods N of I" are open sets which satisfy
N D {xeR? | dist(x, I') <€},

for some ¢ > 0.

DEFINITION 5.3 For an open set N' C R3 and constants C, y >0, we set
AC,y N) = {f e PN) | IV'fllzvy < Cy"max{n + 1, [¢]}" Vn e No}.

Here, |[V"u(x)|? =" (n!/aD)|D%u(x)|?.

aENg:\a\:n

For s € {+, —}, we will need the standard trace operator y; : H' (N N £2°%) — H'*(I") and the one-
sided normal derivative y{ : H'(N N £2*) — H~'/2(I"), where the normal vector is oriented in both
cases £2F, £2~ into the unbounded domain 2.

THEOREM 5.4 Assume that the boundary I is analytic and star shaped. Let g =y, G for some G €
A(Cg, v, Ng N 27). For ¢ € C with Re¢ =0 >0, let ¢ = K(]]({)g. Then, ¢ € H~'/2(I") for any
g >0and

1%, q=0,
ol < s {|c|"+3/2, g>1/2,
where
) == 09
= lgllev2ry q (5.6)
Co +lgharay, g=1/2.

Proof. Let ¢ € C with Re ¢ = 0y > 0. For g as in the assumption of the theorem, let ¢ = K~'(¢)g. We
define the potential
=& llx=yll

u(x) 1= (Sg) (x) = / _omdl, VxeR.
rarlx—yl

Note that u satisfies

—Au+u=0 in2 Ut
(5.7
u=g onl.
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From Sauter & Schwab (2010, Lemma 3.1.9, Theorem 3.1.16), we conclude that u € H'(R¢). The well-
known jump relation is

[yvoulr =0 and [yiulr=—o.

From Melenk (2012, Theorem B.2), we conclude that the solution of (5.7) satisfies u € A(Cy, y, N N
2°%), where C; < C(Cg + |¢]™! [l 1,¢),25), Where, for & > 0, the indexed norm || - ||1 ¢ is given by

2 =\ 19 ooy + €21 I -
From Melenk & Sauter (2011, Remark 4.19), we conclude that

lulli oo < CIEIAglmeay + 11 Mgz,

so that
IV ull 2y < C(Co + gl + 16172 1gllzry) y™ max{n + 1, |¢ [} (5.8)

By Green’s formula we have

|(yiu, ¥)rl Nl e | Z |1 ge g2
”VlSM”H*‘/Z(I‘) = sup namrll < Iq Iq
YeH!'2(IM\{0} ||1//||H'/2(1“) weH 2(IM\{0} ||Iﬂ||H1/2(1—)

where (-,-)r denotes the extension of the L*(I") scalar product to the antilinear dual pairing on
H~'2(I"y x H'*(I"). From Bamberger & Ha-Duong (1986, Lemma 1), we conclude that there exists
an extension operator Z : H'2(I'y — H'(£2°%) such that

1ZY el < CIEI W e
Thus,

1/2
lellaray < Y Ilyiulaveery < CIE1 ull e ue-
se{+,—}

< CIPAglmeay + 1612 lglzay) < CIEPIghaa ).

For g > 1/2, from standard trace inequalities and (5.8) we obtain
Nl < Y Myiullaeea
sef{+,—}

< Cllullosn g < Co(Co + glmrar)Ig |72,

5.2 GCQ and spatial Galerkin discretization for RPIE

We assume that S‘g is a finite-dimensional boundary element space subordinate to a shape-regular sur-

face mesh G ={7;: 1 <i< M } of 952, consisting of affine or possibly curved triangles (for the details
we refer to Sauter & Schwab, 2010, Chapter 4).
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The basis functions b; of the corresponding boundary element space
SE =span{b;: 1 <i<M}CH '*(3R) (5.9)

are the usual Lagrange nodal basis functions, i.e., lifted piecewise polynomials of degree p with local
support. For brevity, we write S for Sfj if G and p are clear from the context. The maximal mesh width
is denoted by

hg :=max{h, :t € G} with h, :=diamr.

The Galerkin discretization of the semidiscrete equation (5.4) is given by seeking functions ¢, s,
1 <n <N, such that for all y € S

1 ! 11 1
(e (@) pers), =600 =S o ([ g 5] oo )
n =1 i n r

(5.10)

where, again, p = 3.
Let Ps: H='/2(I") — S be defined for all ¥ € H~/>(I") by the relation

(Ps¥r,0)i2ary=W,@)r VYo eS.
The discrete Galerkin operator is given by
K_,s5():=PsK_,(¢)P5 with Py denoting the adjoint of Pg.
Then, (5.10) can be written in operator form as

1
an,l(o) <|:A Aj+1 ce An:| K—p,S) ¢/S —PSg(p)

For the following, we need a generalization of Definition 5.3 to time-dependent functions.

DEFINITION 5.5 For an open set N C R3 and constants C, y, 0o > 0 we set
AC,y,N,m,00,T) := {f e C"([0, T, L*(\)) :

oo
/ eV (Ol dt < Cy"max{n+ 1,[¢|}" Vne NO}
0

The subset of A(C, y, N, m,oq, T) with vanishing initial derivatives up to some order k < m is given by
Ao(C.y . N k,m, 00, T) :={f € ACC,y.N,m,00,T) |VO< £ <k:f®(0)=0}.

THEOREM 5.6 Assume that the boundary I is analytic and star shaped. Let g(¢) = yG(f) for some
Ge Ay(C,y,N,p+17,p+ 8,00, T) and we choose p =3 in (3.11), (5.10). Let S’é denote the boundary
element space with mesh G and local polynomial degree p. Let N > 1 be the total number of time steps
and A be sufficiently small that 1 — Aoy > «p for some «g > 0. Let ¢, 5, for | <n <N, denote the
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solution of (5.10). Then the following error estimate holds:

1
¢ () — Susllu-12ry < Cnghng/z +CA (1 + log A)

n

A+ A ;
X Z e e %1 max IIg("“)(T)IIH'/Z(r) ’

- 2 T€ltj_2.41]
=1 (e{2,3}

with C, given by (5.6).
Proof. Lemma 4.1 can be applied and we obtain
Gns = Z(Aj + Aj—l)QJ('gH'n) [t 1;-1.1;1Psg”" .
j=1

where

1 (Kg i@
(k,n) S .
. = — —=—— —dz V1<K 1.
s = om /y T (0-242 " JsnE

To estimate ¢, s — ¢ (t,), we write
Oty) —ps=Io+ 11 + L+ 15,
where
In:= /0 T (2)g 1 (1) — QP (1)Pyg (1)) e
with
08" (1) = % /V (K5 (@) & dz.

I, I, I are defined as in (4.12), where Q"2 (1) has to be replaced by Q(Sp +2m (2 and Q](-p 21 by

Q§/;+2,n)
i .
Estimate of Iy: We apply partial integration (p + 5)-times and use g (0) =0 forall £ < p +p + 6 to
obtain

o0
I :/ (Q(p+p+7,n)(.[)g(p+p+7)(.L_) _ Qéﬂﬂ’”,")(.E)psg(p+p+7)(.[)) dr.
0

Let v := (K1) 1p07 (g7 and s := (Kg") 17 ()Psg 7). The H~V/(I")-orthogonal
projection onto S is denoted by ITs : H~'/2(I") — S. Then

Y —Ys =W — Isy) + (s — ¥s).
By applying (Ks)_,(z) to the second term and using Galerkin’s orthogonality, we obtain

(Ks)—p@UIs¥ — ¥s) =PsK_p ()T — V).
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Since the coercivity estimate (5.5) holds for all ¢ € S, we conclude that* (Kg)_ »(2) P exists and satisfies
the same bound as the continuous operator

1+00

—1 2—
(K5 ) p @Ps -1 ry—n+irgry < C F{ i

Using this estimate and Proposition 5.1 we obtain

sy — Ysllg-120r) < C|Z|27p||lc—p(2)((nsl/f — YDy < ClzP | sy — Ylla-12er)-

In total, we have proved that

Iy — Ysllaveery < CA+ 2P sy = W lla-veery.

Hence,

. 1 S
Mol < Cr— / oo
27'[ 0

/ A+ 1EDIUTs = DI pipsr @ (@)l dE | de.
¥
Standard approximation properties of the space S’é lead to

(s — D™y ip17 @@ 12y < CHE I s 1D (@) s 1

We apply Theorem 5.4 to obtain

/ T+ 1PN pips7 (O (@) o1 1y < CpCelg ]2
0

The integral over ¢ is bounded so that we obtain the required bound for /.
The estimates of I}, I, I3 are just a repetition of the arguments in the proof of Theorem 4.5 since
also the Galerkin operator satisfies ||y ' (2)Ps|| < C|¢]%. O

6. Conclusion

In this paper, we have developed a GCQ method with variable time stepping for solving one-sided con-
volution equations. As in the original convolution quadrature, the continuous equation is transformed
to the Laplace domain and the transformed solution can be characterized as the solution of an ODE. In
contrast to the original method, we introduce variable time stepping for the solution of the ODE. The
discrete equation is transformed back to the time domain resulting in the GCQ method. The operators
involved in this equation can be computed as Newton’s divided differences applied to the transfer opera-
tor. Although the convolution structure is not inherited at the discrete level, we expect that for problems
with nonuniformly distributed irregularities in the right-hand side, the savings in the number of time
steps by adaptive time stepping can be very significant. Future work will be devoted to the development
of a fast GCQ.

We have developed a new theory for the analysis of the GCQ which is different from the theory
of the original convolution quadrature. The reason is that the discrete equation is no longer a proper
discrete convolution and, hence, cannot be transformed to the Fourier—Laplace domain by the discrete

# Note that (K~1),,5(0) = ¢ "Kg§(0) = (K_ms (@)
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Fourier transform. Instead, we have developed direct estimates for Newton’s divided differences of the
transfer operator which allows us to stay on the ‘time-domain side’. As an important application of this
theory, we consider the formulation of the wave equation in unbounded domains as RPIE and prove that
the GCQ converges at an optimal rate (up to a logarithmic term).

In Lopez-Fernandez & Sauter (2012b) and Lopez-Fernandez & Sauter (2012a), we developed a fast
and stable algorithmic version of the GCQ and reported the results of numerical experiments which
illustrate the advantage of variable time stepping for some important classes of applications.

Funding
This work was partially supported by the Spanish grant MTM 2010-19510 (M.L.-F.).

Acknowledgement

Part of this work was carried out during a visit of the second author to the Department of Mathematics,
University of California, San Diego, La Jolla. This support is gratefully acknowledged.

REFERENCES

BAMBERGER, A. & HA-Duong, T. (1986) Formulation variationnelle espace-temps pour le calcul par potientiel
retardé de la diffraction d’une onde acoustique. Math. Meth. Appl. Sci., 8, 405-435.

DE BooRr, C. (2005) Divided differences. Surv. Approx. Theory, 1, 46—69.

HacksuscH, W. (1992) Elliptic Differential Equations. Berlin: Springer.

LoPEz-FERNANDEZ, M., LUBICH, C. & SCHADLE, A. (2008) Adaptive, fast, and oblivious convolution in evolution
equations with memory. SIAM J. Sci. Comput., 30, 1015-1037.

LoPEZ-FERNANDEZ, M. & SAUTER, S. A. (2012a) Fast and stable contour integration for high order divided differ-
ences via elliptic functions. Technical Report 08-2012. Ziirich: Institut fiir Mathematik.

LoPEZ-FERNANDEZ, M. & SAUTER, S. A. (2012b) A generalized convolution quadrature with variable time step-
ping. Part II: algorithms and numerical results. Technical Report 09-2012. Ziirich: Institut fiir Mathematik.

LusicH, C. (1988a) Convolution quadrature and discretized operational calculus I. Numer. Math., 52, 129-145.

LusicH, C. (1988b) Convolution quadrature and discretized operational calculus II. Numer. Math., 52,
413-425.

LusicH, C. (1994) On the multistep time discretization of linear initial-boundary value problems and their boundary
integral equations. Numer. Math., 67, 365-389.

LuBIcH, C. (2004) Convolution quadrature revisited. BIT Numer. Math., 44, 503-514.

LusicH, C. & OSTERMANN, A. (1993) Runge—Kutta methods for parabolic equations and convolution quadrature.
Math. Comp., 60, 105-131.

McLEAN, W. (2000) Strongly Elliptic Systems and Boundary Integral Equations. Cambridge: Cambridge University
Press.

MELENK, J. (2012) Mapping properties of combined field Helmholtz boundary integral operators. SIAM J. Math.
Anal., 44, 2599-2636.

MELENK, J. M. & SAUTER, S. A. (2011) Wave-number explicit convergence analysis for Galerkin discretizations
of the Helmholtz equation. SIAM J. Numer. Anal., 49, 1210-1243.

SAUTER, S. & ScuwaB, C. (2010) Boundary Element Methods. Heidelberg: Springer.

SAUTER, S. & VEIT, A. (2012) A Galerkin method for retarded boundary integral equations with smooth and com-
pactly supported temporal basis functions. Numer. Math., (electronic first) DOI 10.1007/s00211-012-0483-7.



1174 M. LOPEZ-FERNANDEZ AND S. SAUTER

Appendix A. Estimate of ¢

In this appendix, we will derive some estimates for the function d¥ as in (4.15).

LEMMA Al Lety =0y + iR for some oy > 0. For the maximal mesh width A, we assume 1 — gy A > 0.
For all ¢ € y, it holds that

Lt with 8 1= — .
11— Al I —0pA

Proof. The assertion follows from

1 1 A(GO 5 1t
7 <o exp log ( ) L e,
[T 11— Al " I - UOAe| Z 1 — Aoy

Next, we will derive an estimate for d,,; for all ¢ € y"*; cf. (4.16).

LEMMA A2 Let y =0y + iR for some oy > 0 and let y"**" be as in (4.16). For the maximal mesh width
A, we assume 1 — opA > 0. Then, for all ¢ € ™" it holds that

|d,.; ()| < C3min{1, A[Z|*} e~ %01,
where C3 depends on the final time T and the parameter oy.

Proof. Let
1

T,

and observe |¢;| > (1 — 0pA)~" > 0. Furthermore, let

At _ 1

Ep.=¢€ m

and ¢:= (sg)’zzj.

Then, it is easy to see that there is a constant C, depending only on C such that
leel S Calg Ae? V¢ €lgya.

We write
n

doj@) =[] ce+e0 -]
l=j l=j

Taylor expansion of the function g, ;(¢) := HZ:_I-(Q + &¢) about e =0 yields

8nj(€) = 8gnj(0) + (Vgn,(e), €) (A.D)
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for some 6 € [0, 1]. For the derivatives of g, ;, we obtain

agnj .
—>(fe) = Oep).
56, 09 H(Ce + 0eq)
t=j
£k
From
ﬁ(w +0e0)| = ﬁ 20 peas
- - \1—-2¢A,
l=j l=j
e£k 0£k
and . !
< < e with 8o = L,
1-— Agé‘ 1-— AgO’Q 1-— AO’Q
we obtain
‘ [ce+0e0| <| [Tt =0y 4025 < [ e <eonin,
(=j (=j (=j
£k £k ek

From (A.1), we derive

n
[(Vegnj(Oe), )| < C2 > 0|z Ay
=j

< GAL Pty — -] eXoln=im0)
(G TP Alg | e ™0,
and the estimate
|d, (D)< C3A[ | e %00

follows. The other estimate directly follows from Lemma Al:

—3otj-1

|d,j(0)]<] =51 |+ Cre

n—<
T, 11— 4|

The combination of these two estimates leads to the assertion. O



