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In this paper we obtain a range of inverse-type inequalities which are applicable to finite-element functions
on general classes of meshes, including degenerate meshes obtained by anisotropic refinement. These are
obtained for Sobolev norms of positive, zero and negative order. In contrast to classical inverse estimates,
negative powers of the minimum mesh diameter are avoided. We give two applications of these estimates
in the context of boundary elements: (i) to the analysis of quadrature error in discrete Galerkin methods
and (ii) to the analysis of the panel clustering algorithm. Our results show that degeneracy in the meshes
yields no degradation in the approximation properties of these methods.
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1. Introduction

Ford = 2 or 3, let 2 C R3 denote either a bounded domain (d = 3) or a bounded surface with or
without boundary (d = 2). Suppose that {2 is decomposed into a mesh of tetrahedra/bricks (d = 3) or
curvilinear triangles/quadrilaterals (d = 2). Then classical inverse estimates give
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for a suitable range of positive s and for all functions u € H({2) which are piecewise polynomials
of degree < m with respect to this mesh. (Here the notation A < B means that A/B is bounded by a
constant independent of the mesh and independent of u — for a more precise statement, see Section 2.)
The quantity /i, is the minimum diameter of all the elements of the mesh and (1.1) holds under the
assumption of shape regularity, i.e. p; 2 h; for each 7, where h; is the diameter of v and p; is the
diameter of the largest inscribed sphere (see Definition 2.1). Such estimates are regularly used in finite-
element analysis. When the mesh is quasiuniform (2 < hpin, where 4 is the maximum diameter of all the
elements), they can be used to obtain convergence rates in powers of & for various quantities in various
norms. However, practical meshes are often non-quasiuniform and then the negative powers of Apj, in

(1.1) may give rise to overly pessimistic convergence rates. In Dahmen et al. (2004), less pessimistic
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replacements for (1.1) have been derived, a particular case being

Nl sy S A5l 20y S 1~ Ful s (1.2)

where 4 : {2 — R is now a continuous piecewise linear mesh function whose value on each element t
reflects the diameter of that element (i.e. h; < h|; < hy).

Estimates (1.2) have several applications, e.g. to the analysis of quadrature errors in discrete Galerkin
boundary element methods (Graham et al., 2000a) and to the analysis of the mortar element method
(Dahmen et al., 2004). In fact, Dahmen et al. (2004) contains more general versions of (1.2), e.g. in
the Sobolev space W* P ({2) and in related Besov spaces. While the left-hand inequality in (1.2) is well-
known, at least in the Sobolev space case, the right-hand inequality requires rather delicate analysis.

In this paper we obtain more general versions of (1.2) which do not require the mesh sequence to be
shape-regular. A typical estimate is

— —2s
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where the mesh function p : 2 — R is now a continuous piecewise linear function whose value
on each element 7 reflects the diameter of the largest inscribed sphere, introduced in Definition 2.1.
Estimates (1.3) hold under the rather weak assumptions that (i) the quantities s, and p, are locally
quasiuniform (i.e. h;/hy < 1and p;/p,s < 1 for all neighbouring elements 7, ') and (ii) the number of
elements which touch any element remains bounded as the mesh is refined (see Assumption 2.6). These
assumptions admit degenerate meshes, containing long thin ‘stretched’ elements, which are typically
used for approximating edge singularities or boundary layers in solutions of PDEs. Our estimates (1.3)
hold true when all the elements T of a mesh are obtained by suitable maps from a single unit element,
as is usual for finite-element spaces. For the purpose of a readable introduction we have here written our
estimates (1.3) in a very compact form. In fact, the range of s for which the right-hand inequality in (1.3)
holds may be greater then that for which the left-hand inequality holds and we shall give precise ranges
in Section 3.

It is expected that these estimates will have a range of applications similar to those already identified
above for (1.2). In particular, we already used a special case of (1.3) to analyse quadrature errors for a
Galerkin boundary element discretization of a model screen problem in Graham et al. (1999). In this
paper we give as applications a more general Galerkin quadrature error analysis, as well as an error
analysis of the panel clustering algorithm in the presence of degenerate meshes.

Our inverse estimates are proved in Section 3. We briefly introduce the well-known Galerkin
boundary element method in Section 4. The analysis of Galerkin quadrature is given in Section 5.
Quadrature almost always has to be employed in practical computations; a general analysis for shape-
regular meshes was included in Graham et al. (2000a). In Section 5, with the help of (1.3), we generalize
the results of Graham et al. (2000a) to degenerate meshes. The results turn out to be qualitatively the
same as those in Graham et al. (2000a): in the far field the degeneracy of the mesh has no effect on the
required precision of the quadrature needed to preserve the accuracy of the Galerkin method. The error
analysis of the panel clustering algorithm is given in Section 6. This algorithm (Hackbusch & Nowak,
1989; Sauter, 1997) provides an alternative representation of the finite-dimensional Galerkin operator
which has the same order of accuracy as the standard representation. The multiplication of the panel
clustering representation with any vector has complexity O(N log“ N), for some (small) x, where N is
the number of degrees of freedom. This should be compared with the complexity O (N 2) of the standard
matrix representation. Until now the accuracy and complexity analysis for this algorithm was obtained
only for quasiuniform meshes. In Section 6 we extend the accuracy analysis to the case of much more
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general (including degenerate) meshes using (1.3). Again we find the error estimate is qualitatively the
same as in the quasiuniform case.

It turns out, however, that when the conventional panel clustering algorithm is applied in practice to
some discretizations on degenerate mesh sequences, it has a complexity higher than the O(N log“ N)
mentioned above. In a subsequent paper (Graham et al., in preparation) we shall elaborate on this and
we shall propose a new variant of the panel clustering algorithm which is optimal for this type of mesh.
The results here, depending on (1.3), are crucial for the analysis which will be given in Graham et al. (in
preparation).

2. Meshes and finite elements

Throughout Sections 2 and 3, {2 will denote a bounded d-dimensional subset of R3, ford = 2 or 3. More
precisely, when d = 3, {2 will denote a bounded domain in R3 and for d = 2, 2 will denote a bounded
two-dimensional piecewise smooth Lipschitz manifold in R which may or may not have a boundary.
The case when {2 is a bounded domain in R? is then included as a special case, by trivially embedding
it into R3.

We define the Sobolev space H*({2), s > 0, in the usual way (see e.g. Hackbusch, 1992 or McLean,
2000). Note that in the case d = 2 the range of s for which H*({2) is defined may be limited, depending
on the global smoothness of the surface (2. Throughout, we let [—k, k] denote the range of Sobolev
indices for which we are going to prove the inverse estimates (where k is a positive integer), and we
assume that H*(f?2) is defined for all s € [—k, k], and that H~%({2) is the dual of H*({2), for s > 0.
(For example, when d = 2 and {2 is a Lipschitz manifold, then —1 < s < 1.) We assume that {2 is
decomposed into a mesh 7 of relatively open pairwise-disjoint finite elements T C (2 with the property
R=UT:teT).

In our applications to boundary integral equations in Sections 4—-6, we will restrict to equations
posed on closed bounded surfaces in R3. Thus we avoid dealing explicitly with special subspaces of
H?({2) which vanish on the boundary (for s > 0), and their dual spaces. However, we note that the
inverse estimates which we shall obtain for functions in H* ({2) obviously hold also for functions in any
subspace of H¥({2).

DEFINITION 2.1 (Mesh parameters) For each t € 7, |r| denotes its d-dimensional measure, &,
denotes its diameter and p; is the diameter of the largest sphere centred at a point in T whose intersection
with 12 lies entirely inside . For any other simplex or cube € R (not necessarily an element of 7") we
define h; and p; in the same way.

In order to impose a simple geometric character on the mesh t, we assume that each 7 €
T is diffeomorphic to a simple unit element. More precisely, let 63 denote the unit simplex
with vertices (0,0,0), (1,0,0), (0,1,0), (0,0,1), let %3 denote the unit cube with vertices
{(x,y,2) :x,y,2€{0,1}}. In two dimensions, define 62 to be the unit simplex with vertices
(0, 0), (1, 0) and (0, 1) and define 2 to be the unit square with vertices {(x, y) : x, y € {0, 1}}.

Then we assume that for each T € 7, there exists a unit element 7 = 6¢ or ¢ and a bijective map
Xe o T — 7, with x; and ! both smooth. (Here, for simplicity, ‘smooth’ means C*.) We also let ||
denote the d-dimensional measure of £ and /; denote its diameter. Since . is smooth, each element
T € 7 is either a curvilinear tetrahedron/brick (d = 3) or a curvilinear triangle/rectangle (d = 2). The
mesh 7 is allowed to contain both types of elements. Each element has vertices and edges (defined to
be the images of the vertices and edges of the corresponding unit element under x). In the 3D case the
element also has faces, comprising the images of the faces of the unit element. For a suitable index set
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N, we let {xp peN } denote the set of all vertices of 7. We assume the mesh is conforming, i.e. for
each 7, 7/ € T with T # v/, TN/ is allowed to be either empty, a node, an edge or (when d = 3) a face
of both t and t’. The requirement that x, is smooth ensures that edges of {2 (d = 2) and edges of 32
(d = 3) are confined to edges of elements T € 7. Let J; denote the 3 x d Jacobian of x;. Then

gr = {det JTT ]f}l/2

is the Gram determinant of the map x., which appears in the change of variable formula: | L SX)dx =
f + F(Xe (X))g: (X) dx. To ensure that the map x. is sufficiently regular we shall make the following
assumptions on J;.

ASSUMPTION 2.2 (Mapping properties)
D72 < det{J;®)T (R} < DIl (2.1a)
Ep? < minlde®T T (X)) (2.1b)

uniformly in X € 7, for all T € 7, with positive constants D, E independent of t.

(Throughout this section, for a symmetric matrix A, Amin(A) and Apax(A) denote respectively the
minimum and maximum eigenvalues of A.) Assumption 2.2 is satisfied in a number of standard cases.

EXAMPLE 2.3 Suppose either d = 2 and t C {2, where {2 is a planar polygon (assumed without loss
of generality to lie in the plane x3 = 0) or d = 3. Suppose also that x, is an affine map. Then the
Jacobian J; can be identified with a d x d constant matrix and it is well known (e.g. Ciarlet, 1978) that
det J; = |t]/|7| and that ||JT_1 I < hfp.[_l, from which the estimates (2.1a,b) follow.

Proceeding to the case when (2 is a surface we give the following example.

EXAMPLE 2.4 Suppose d = 2 and let {2 be the surface of a polyhedron. Let t be a triangle with vertices
X1, X2, X3 € R? and choose Xz to be the affine map x,(X) = x; + X;ja + Xob, where a = x; — x|,
b = x3 — x;. Then

I =

T

> a’b T 2 2
[aTb b2 | detJ; Jr = |a x b|” = 4|t]*, 2.2)
from which (2.1a) follows. If we denote the eigenvalues of J,T J: by 0 < A_ < A4, then we can easily
obtain the relations A4 < A + A4 = [a|> + |b|> < 2h2 and A_A, = 4|7|?> which imply (2.1b).
Finite elements on curved surfaces can similarly be shown to satisfy Assumption 2.2, for example
when the map y; is sufficiently close to affine.

In many applications quadrilateral or hexahedral elements are important. Consider, for example,
quadrilateral elements 7 obtained by mapping from the unit element <> = (0, 1)2. If the map is
affine, then the estimates for (2.1a,b) obtained in Example 2.4 carry over verbatim. However, only
parallelograms can be obtained by applying affine maps to <. More general quadrilaterals can be
obtained using bilinear maps and it turns out that, under quite moderate assumptions, (2.1a,b) still hold.
Since there is no obvious reference for this result we state and prove it here as a proposition.

Consider any quadrilateral element 7. A parallelogram 7 (considered as an open subset of R?) will
be called an inscribed parallelogram for T if # C 7 and if two adjacent edges of & are identical with
two adjacent edges of t. It is easy to show that any convex quadrilateral T has at least one inscribed
parallelogram.
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FIG. 1. Quadrilateral T (with xq := 0), parallelogram 7 and bounding rectangle R.

PROPOSITION 2.5 Let t be a convex planar quadrilateral obtained by applying a bilinear mapping to
2. Let 7 be any inscribed parallelogram for t. Then the estimates (2.1a,b) hold uniformly in X € 7 with
D, E depending continuously on the ratio r := ||/ |t| € (O, 1].

REMARK It follows that if the ratio || /|r| is bounded below by some constant y > 0 say, for
all elements t as the mesh is refined, then (2.1a,b) hold (with D and E dependent on y). There are
obvious degenerate elements which satisfy this, for example any parallelograms (no matter how small
the smallest interior angles are) satisfy it. Similarly, ‘moderately’ distorted parallelograms also satisfy
1t.

Proof. We assume that T has vertices Xg, Xo + a, Xo + b, Xo + a + b + ¢ and that the inscribed
parallelogram 7 has vertices X, Xo+a, Xo+b, X0+ a+b. Without loss of generality, we may assume
that |a| < |b] (see Fig. 1 in which we put xq at 0 for convenience).

For this proof only, we introduce the notation A = B to mean that A/B is bounded above by a
constant which depends continuously on r € (0, 1], and we attach the obvious analogous meanings to 2
and «.

(a) Elementary trigonometry shows that |¢| =< |b| and |PJ-c| = |Pla
projection orthogonal to b.

(b) Now let R be the smallest rectangle containing 7, t, and the shifted vertices {xo + a + ¢, Xo +
b + ¢, X9 +a+ b + 2¢} (see Fig. 1). The length of R is bounded by = |b| + 2 |¢| = |b]| and the height
of R is bounded by = |Pla| +2 ]Pic] = }Pla , with both estimates making use of part (a). Hence we
have

, where PL denotes the

lz| = || = [b| )Pla’ < |R|.

(¢) The bilinear mapping from £2 to T may be written x; (X) = Xo + £1a + £2b + %1 £2¢. With J; (%)
denoting its Jacobian, it can easily be seen that JTT (X)J; (X) has the form (2.2) with a, b replaced by
a’'(X) := a+%¢, b'(X) :=b+xc. Hence, det J] (X)J; (X) = 4|7 (%)|?, where 7 (X) is the parallelogram
with vertices xg, X + a’(X), xo + b’(X), xo + a’(X) + b’(X). Since 7 (X) C Rforall 0 < x1,x < 1,
we can employ part (b) to obtain (det JTT J)(X) < 4R? 24|t |2, and the right-hand inequality in (2.1a)
follows.
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FIG. 2. Illustration of a graded mesh. Some elements become very long and thin as e.g. the shaded one in the figure. We have
chosen here a smaller grading exponent g < 5 for illustration purpose only.

To obtain the left-hand inequality in (2.1a), let (p, q) denote the matrix with columns p and q.
Then note (from Fig. 1) that a, b, ¢ satisfy det(c,a) > 0 and det(b,c¢) > 0. Hence, |7(X)| =
det(b’(x), a' (X)) = det(b, a) + x| det(b, ¢) + X det(c, a) + x1xpdet(e, ¢) > det(b,a) = |7| = |7].
The proof of (2.1b) is analogous to the proof of (2.1b) in Example 2.4. ]

Assumption 2.2 describes the quality of the maps which take the unit element 7 to each t. We also
need assumptions on how the size and shape of neighbouring elements in our mesh may vary. Here
we impose only very weak local conditions which require the meshes to be neither quasi-uniform nor
shape-regular. Throughout the rest of this paper we make the following assumption.

ASSUMPTI@\I 2.6 (Mesh properties) For some K, L € Rt and M € N, we assume that, for all 7, 7’ €
T withT Nt # 0@,

he < Khyr o < Loy, (2.32)
max#{re7T :x, €T} < M. (2.3b)
peN

Note that condition (2.3a) requires that 4, and p; do not vary too rapidly between neighbouring
elements. This allows elements with large aspect ratio, provided their immediate neighbours have a
comparable aspect ratio.

EXAMPLE 2.7 Shape-regular meshes are easily shown to satisfy Assumption 2.6 with moderate
K, L, M. Also, meshes which are anisotropically graded towards an edge typically lie in this class.
A classical example of these arises in the approximation of boundary integral formulations of screen
problems for elliptic PDEs, where the screen is a polygon. Near an edge, but away from the corners,
the solution typically is badly behaved only in the direction orthogonal to the edge and efficient
approximations require meshes which are anisotropically graded.
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For example, for the square screen [0, 1] x [0, 1], a typical tensor product anisotropic mesh would
be: x; j = (t;,tj), where t; = (i/n)8/2 and tp,_; = 1 — (i/n)8/2fori =0, ..., n, for some grading
exponent g > 1. (For example, see Noble, 1961; Petersdorff, 1989; Ervin et al., 1990; Graham et
al., 1999.) An illustration of such a graded mesh is given in Fig. 2. In this case the elements become
very long and thin near smooth parts of edges. In the hp version of the finite-element method similar
meshes but with more extreme grading may be used (e.g. Sauter & Schwab, 1997) and these also satisfy
Assumption 2.6.

We denote the class of meshes which satisfy Assumptions 2.2 and 2.6 as M p g k.r.m. From now
on, if A(7) and B(7) are two mesh-dependent quantities, then the inequality A(7) < B(7) will mean
that there is a constant C independent of 7 € Mp g k.r.m, such that A(7) < CB(T). (The class
of meshes Mp g x.r.m depends on D, E, K, L, M, and we do not claim that C is independent of
D, E,K,L,M.) Also, the notation A(7) ~ B(7) will mean that A(7) < B(7) and B(7) < A(T).

Now we introduce finite-element spaces on the mesh 7.

DEFINITION 2.8 (Finite-element spaces) Form > 0and 7 € {69, k¢}, we define

P (3) = polynomials of total degree < m on T i
polynomials of coordinate degree < montT i

Then we define
S (T)={ueL®2):uox, €eP"(?), €T}, for m>0.
SMT)={ueC’(2):uoy, eP"(?),t €T} for m>1.

We finish this section with a generalization of a standard scaling argument which is used several
times in later proofs.

PROPOSITION 2.9 Lett € 7 and let f be any simplex which is contained in the associated unit element
£ € R?. Let P denote any d-variate polynomial on 7 and define t = x.(f), P = P o x_'. Then for all
0<s <1,

IPlEsay < o7 o7 1P L2 2.4

The hidden constant of proportionality in (2.4) depends on P only through its degree and is independent
of 7.

Proof. The proof is a refinement of standard scaling arguments (e.g. Ciarlet, 1978).

Consider first the case d = 3. Then £2 C R? is a bounded Euclidean domain and by the chain rule we
have V P, X)) = J:®T(VP)(x: (X)), where V denotes the gradient with respect to X € 7 and V denotes
gradient with respect to x € 7. By (2.1a), JI J; is invertible and

1Pl = f VP U1 (VP)ge, 2.5)
t

where | - |1,y denotes the usual seminorm. Using (2.1b) we obtain

PRy, S 07 / 9P 1. 2.6)
t
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Since 7 is a simplex, we can also introduce an affine map v : 63 — 7, introduce a new function P o v

and repeat the previous argument, using also Example 2.3 to obtain
Pl 0207 [ 19 o vPes, @)

where g is the Gram determinant for v and V denotes the gradient with respect to X := v~ (%X). Then,
since P o v is a polynomial of the same degree as P, by equivalence of norms on finite-dimensional
spaces there follows

1Pl S peop” / P ovPggr = %021 PITa . (2.8)
o

(Here the hidden constant of proportionality depends on the degree of P.) This proves the result for
s = 1. The intermediate values of s are obtained by interpolation.

Turn now to the case d = 2. When {2 is a bounded two-dimensional Euclidean domain, the proof is
entirely analogous to that given above. Now consider the case when (2 is a piecewise smooth Lipschitz
surface in R3. Since x. is assumed a smooth mapping, the element 7 consists of a smooth portion of
2 and can be written T = 1(f) where ¥ C R? is a planar, curvilinear element lying in one of the
charts which determine {2 and 5 is a smooth bijective map with smooth inverse. We consider n as the
transformation of the surface metric to a planar metric which is independent of the size of 7. We may
write the mapping x. as the composition x; = n o xz, where x; is now a scaling from the unit element
% to 7. Introduce the set 7 := n~! (tf) C 7 and the function P := P o 5 on . The above result on
two-dimensional Euclidean domains shows

1Py S 7007 1P L2y
Since the constants in p; ~ p, only depend on the mapping 7, and since we also have
1Plgsy ~ 1PNy, IPlz2y ~ IPIg2s
the result follows. U

The argument in Proposition 2.9 can be extended to general positive s when . is simple enough, as
the following extension shows.

COROLLARY 2.10 Let the assumptions of Proposition 2.9 hold and suppose in addition that x, is an
affine map. Then (2.4) holds uniformly for all s in any compact subset of (0, 00).

Proof. Let o be any multi-index with || = k > 1. Then, repeating the argument by which we derived
(2.7) from (2.5), we obtain

where Qg(ﬁ) = @PP/axP)(x: (X)), X € i and B is a multi-index of order |8| = k — 1.

Then, since both x. and v are affine, Qg o v is still a polynomial of degree no more than the degree
of P. Thus the equivalence of norms argument which was used to derive (2.8) can be applied again to
obtain

3% P 2

dx¢%

2 3b p
g -
Lo | 0xP

A

;0 f IV(Qp 0 v)IPggr.
H(n) &3

2 2

aPp
dxB

P
0x%

)
S pip;? sup

Lo(1) |Bl=k—1 L2(1)
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The required result (2.4) for any integer s > 1 follows by iterating this, with the intermediate values of
s being obtained by interpolation.

This generalizes the argument of Proposition 2.9 when 7 is a subset of a Euclidean domain in R? or
R3. When 7 is a surface element, the generalization of the proposition is trivial, since the assumption
that x. is affine forces 7 to be planar and the result follows from the R case. ]

3. Inverse estimates

In this section we prove our inverse estimates, which were motivated in the Introduction (see (1.3)).
To define the scaling function p, recall the parameters p, introduced in Definition 2.1. From these we
construct a continuous mesh function p € Sll on {2 as follows.

DEFINITION 3.1 (Mesh function) For each p € N, set p, = max{p; : X, € T}. The mesh function p
is the unique function in 811 (7) such that p(x,) = p,, for each p € N.

Clearly p is a positive, continuous function on {2 and, by Assumption 2.6, it follows that p(x) ~ p;
for x € 7, and all T € 7. The main results of this section are Theorems 3.2, 3.4 and 3.6. The first two
of these provide inverse estimates in positive Sobolev norms for functions u € S (7)) with continuity
index i = 1, 0 respectively. The third theorem provides inverse estimates in negative norms.

THEOREM 3.2 Let0 < s < 1land —00o < o < @ < 00. Then
lo%ullmscy S 10 ull 20y
uniformly in o € [, @], u € S7'(T).

REMARK 3.3 Since S{'(7) C H*(#2) for all s < 3/2, it may be expected that the range of Sobolev
indices for which Theorem 3.2 holds may be extended. Such an extension has been obtained in Dahmen
et al. (2004) for shape-regular meshes at the expense of working in Besov norms. We have avoided such
extensions here in order to simplify the present paper.

Proof. The proof is a generalization of Dahmen ez al. (2004, Theorem 4.1). First we write
V(p%u) = ap® uVp + p*Vu.
Using this, Assumption 2.6 and Proposition 2.9, we have

2 -1 2 2 2
”V(pau)”LZ(-L-) S ”pa MHLOO(-L-)”VIO”LZ(T) + ”pavu”LZ(T)

S o2 M ey 1002y + 242l g,

ol 171 N L = 11 P
Now a simple scaling argument shows that
||u||%oo(,)lfl ~ ”””iz(r) uniformly inu € S/ (7), i=0,1. (3.1)
Hence
IV 120y S P2 MulFagey ~ 10%  ullFa

and the proof for s = 1 follows by summation over T € 7. The proof for s € [0, 1] follows by
interpolation. |



388 1.G. GRAHAM ET AL.

THEOREM 3.4 Let0 < s < 1/2and —o0 < o < & < 00. Then

lo%ullmscy S 10 ull 20
uniformly in @ € [, @], u € S5 (7).

Proof. We give the proof for d = 2. It is a generalization of Dahmen et al. (2004, Theorem 4.2). (The
proof for d = 3 follows similar lines.)

Firstly, it follows from a result of Faermann (2002, Lemma 3.1), that the fractional order Sobolev
norm || - || gs () admits an estimate in terms of local norms of the form

|(p* u)(x) (p*u)(y)I?
o ullfsiy S Do yor e ulfa, + D // —ypi dedy 0. (3.2)
el TeT

T'NT£D

(Note that in Faermann (2002) the estimate (3.2) is proved in a slightly different setting, where meshes on
a surface I" are obtained by mappings of triangulations of the surface of a nearby polyhedron. However,
it is easy to check that (3.2) still holds true in the more general setting of this paper.) Because of the local
quasiuniformity (Assumption 2.6), the proof is finished, provided we can show

o 2
// |(p* u)(X) l(ﬁzit)(y)l dr dy < szw S)Ilulle(T) (3.3)
el

reT TeT
TNTAY

To prove this, we decompose the left-hand side of (3.3) as

o 2 o — (p* 2
// (o u)(x) (W) way+ Y | 0T0®) = PP 4 ay. 3.4

|2t x — y|2+2s

‘L'GT €T \(t}
TATAD

By definition of the Aronszajn—Slobodeckij norm on H® (t) (see e.g. Faermann, 2002) and by using
Proposition 2.9, the second term in (3.4) may be bounded by

Do uliysey S D o2 Il (3.5)
teT teT

Finally, following the proof of Dahmen et al. (2004, Theorem 4.2), the first term in (3.4) may be bounded
by

>y {||p“u||§w(f)+||p“u||§oo(r,)}Jm,, wherejT’T/:/‘// X —y| 2% dxdy. (3.6)
€T t'eT\{r} TIT
T/NT#Y

The proof may be completed by showing that, for all T # ©/ with T N 7/ # @,

T S min { o722, o211 (3.7)
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Inserting this into the left-hand side of (3.6) and using again Assumption 2.6 shows that the first term of
(3.4) may be bounded by a constant times Zre'f |lu ”%ﬁo(r) |7| p%"‘_zs. Using (3.1), this can be bounded
analogously to (3.5). Thus the proof is complete once we establish (3.7).

The estimate (3.7) follows from the proof of Theorem 4.2 in Dahmen et al. (2004) in the case when
7 and 7’ are planar triangular elements. In this paper we allow the more general setting where 7 and t’/
can be curved surface elements and the proof in (Dahmen et al., 2004) needs to be extended slightly.

First observe that since 7 and t’ are smooth subsurfaces of {2 (itself a piecewise smooth Lipschitz
surface), T U T/ may be parametrized by a bi-Lipschitz map n : TU 7/ :— 7 U/, where T = ™ (1),
#' = n~!(z’) and 1 is independent of the mesh 7. Then

Tow < / / % — 31727 di dy.
TJT

Now, proceeding as in the proof of Dahmen er al. (2004, Theorem 4.2), it is easy to deduce from this
that J; o < ff dist(§, 87) =2 dy. If we now define ¥ = 7~ o x, and let J; denote the Jacobian of
this map, it is easy to deduce (using (2.1a) and (2.1b)) that estimates (2.1a) and (2.1b) still hold when J;
is replaced by J-. Hence, when ¥y = %:(¥), it follows that dist(y, d7) = p.dist(y, d7). Hence on using
(2.1a) and (2.1b) for fr, it follows that

VARES { / dist(§, 9%) > d&} o5l S el
T

Since 7 and 1’ are interchangeable, (3.7) follows. O

The final theorem in this section (Theorem 3.6) provides estimates in negative Sobolev norms for
finite-element functions. Before we prove this, we require the following technical lemma.

LEMMA 3.5 Let £ and P™(7) be as in Definition 2.8. Then for each integer m > 0, there exists § =
8(m) € (0, 1) with the following property:
For each ii € P (%), there exists a simplex  C £ (which may depend on « and m), such that

p; =6 and infa(X)| = 8llill o), (3-8)
X€et

where p; is as defined in Definition 2.1.

Proof. By equivalence of norms on finite-dimensional spaces, there exists y = y (m) > 0 such that, for
all i € P (7),

Vil oozy < v llitll Loy, (3.9)

where V denotes the gradient with respect to X. Now, by choosing 89 = 8¢(m) such that 0 < §y <
(1+y)~! < 1, it follows that

- . B ]l ooz
0 < 80 < (1 + IVitll ooz /il o) ™" = @

S ) (3.10)
IVullpoozy + Nl Loo )

for all u € P (7).
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For any & € RY and p > 0, let B, (%) denote the open ball centred at X with radius p. We shall

establish the statement: For all ii € P (%), there exists p > 8y and X* € 7 (both of which may depend
on u and m), such that

inf |2 > 8ol o) (3.11)

%eB,({x)N?

Then, with a suitable choice of « € (0, 1), (depending only on the unit element 7), there is always a
simplex f C B, (X*) N 7 with p; > a8y. The required result follows with § = 8.

To establish (3.11), consider any & € P (7). Suppose that ||§12”L00(f) # 0. Then [|it]| Lo zy 7 0 and
we can choose p = p (i1, m) > 0 by setting

p = (1= 8o)llitll oo ey /I Vitll oo ) - (3.12)
By (3.10), we then have 8y < p. Moreover, if we now choose any X* € 7 such that
@& = llitll Loos),
then, for any X € B,(X*) N 7, we have
AR) = A& < Vil o) |8 = K] < Vil oo p = (1= 8ol e,

This implies that |#(X)| > [#(X*)| — [i(X) — @ (X*)| > 8ollit|| = (#). This establishes the statement (3.11)
when || Vit o3y # 0. On the other hand, if || Vil|| ;) = 0, then i is constant on 7, and (3.11) holds
trivially with p = 8¢ and any X* € 7. O

THEOREM 3.6 Leti € {0,1},m 21,0 < s < 1and —oco < @ < & < oo. Then the inequality

o°ull 202y S N0 ull g0 (3.13)

holds uniformly inu € 8" (T) and a € [a, o]. If x; is affine for all T then (3.13) holds forall 0 < s < k,
where k is as described in the second paragraph of Section 2.

Proof. The result is clear for s = 0. Throughout the proof we make use of the inequality (2.4) which
we assume holds for all 0 < s < k. For k > 1 the restriction that x, should be affine is required (see
Corollary 2.10).

Suppose u# € S (7). The case u = 0 is trivial, so from now on we assume that u # 0. Then, for any

w e H* (£2), we have, by definition,

[(0%u, w)l

lo%ull gk = :
7 Nwll g

We shall construct w € H¥(§2) such that

Ut (3.14)

[(p%u, )| Z lIp
and

lwll gy < 10" ull 2 (). (3.15)
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from which the result follows immediately.

The construction of w is a generalization of the argument used to prove Theorem 4.7 in Dahmen et
al. (2004). For any 7 € T, we have u o x, € P"(%), and by Lemma 3.5, there exists a simplex 7(t) C ©
such that

Xet(r

by 21 andinf o x| > 8o xellies) 2 o xellie.  G-16)

(Recall that the constant § in Lemma 3.5 was independent of u, hence § 2 1.) It is clear from this that
u o x; does not change sign on 7(7) and that

l7(t)| ~ 1. (3.17)

Using the Bernstein representation of polynomials (as described, for example in Dahmen et al. (2004,
Section 4.3)), we can construct a non-negative function P;(T) in Hé‘ (7) such that supp P;(r) = 1(1), P;(t)
is a polynomial on 7(t) and such that

CUEON? = 11 Pry Lo ey = CLlE @Y7, (3.18)

with Cy, C, independent of p and of #(7). (This is done by constructing a positive-valued polynomial on
7(7) which vanishes with sufficiently high order on the boundary of #(t).) Combining this with (3.17),
we have

ﬁ Py ~ (D) ~ 1. (3.19)
t(t)

Now set #(t) = x.(f(r)) € 7 and define a corresponding non-negative function Py € H k) by
setting P (7) = ﬁ;(r) o x; ' ontand P,(;) = 0 on 2\7. It follows that

supp Prr) = 1(7) and /( )P,(t) ~|t|. (3.20)
(T

(The proof of the second relation makes use of (2.1a) and (3.19).)
For each T € 7, we introduce scalars

be = prt¥ sign(ul;(ry) inf |u(x)|, (3.21)
x€er(t)
and we define w € H¥(2) by
w= Y bpt P (3.22)
teT

Then, using (3.22), (3.20), we obtain

uwy =3 | o/ | beu) P,
reT /(@)

By (3.21), (2.3a) and the non-negativity of P;), we have

2
Yy, w)| > 2kt b Snf |u(x / Piip).
(0% u, w)| 2 Y p? Jnt iy f P

teT
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Then, by (3.16) and (3.20),

0w, w) 2 pr oo I,
el

which, using (3.1) and (2.3a), readily yields (3.14).
To obtain (3.15), we first obtain the estimate

1wl gy = D Wil < D o2 e PIP o ko S D 0P IP @ 20y (B23)
teT teT teT

where the final inequality follows from Proposition 2.9 (or Corollary 2.10) and (3.16). Since

2
”Pt(‘[) ||L2(t(‘[)) = /( " 8t |T|/

(3.18), and then (3.17), yields || P,(I)HZLQ(I(T)) ~ |t||f (t)] ~ |t (v)]. Using this together with the
definition (3.21) of b, we finally obtain

t(r) t(r) ’

2
Il S D b Ple@] < 3 p2¢F Lé?f,)'”(")'} OIS 10" ulFa ), B24)
teT el

ie. (3.15). O

REMARK 3.7 Wheni = k = 1, a simpler construction for w can be given in terms of a suitable element
in §'(7) (see Graham et al., 2000a for the case m = 1).

REMARK 3.8 Note that the test function w constructed in the proof of Theorem 3.6 vanishes at the
boundaries of elements. Hence if {2 has a boundary then w belongs to the closure of the space C{°(2)
with respect to the H*®({2) norm (this space is usually denoted HS (£2)). Thus the result of Theorem 6
also holds if H™*({2) was defined as the dual of H(2), although we have not so defined it here.

4. Galerkin boundary element method

In this section we review briefly the Galerkin boundary element method for elliptic PDEs, which forms
the basis of the applications in the proceeding sections. We consider a 2D surface 2 in R3 (i.e. the
case d = 2 above). To conform with more usual notation in boundary integral equations, we rename
this surface I'. To avoid technicalities, we assume that " is a closed bounded Lipschitz surface in R3,
consisting of infinitely smooth (i.e. C*) pieces joined at corners and edges. (The extension to the case
when I' is an open surface may require slightly different Sobolev spaces. Although this extension is
possible, in the interests of brevity, we do not give it here.)
Consider the general linear integral equation

AT + Ku(x) := Au(x) +/Fk(x, yu(ly)dy =g(x), xel, “4.1)

for some given scalar A € R, kernel function k and sufficiently smooth right-hand side g. The
corresponding weak form is

Find u € V" such that a(u, v) := (A + K)u, v) = (g,v) forallv € V*. 4.2)



FINITE ELEMENTS ON DEGENERATE MESHES 393

In general the energy space V* is a closed subspace of H* (I") for some i € R with norm induced by
H" (I'). (The most usual case is V* = H*(I").) The bracket (-, -) denotes the continuous extension of
the L? (I') scalar product to the H~*(I") x H"*(I") duality pairing. Typical examples of kernels k and
scalars A in (4.1) arise in boundary integral reformulations of the PDE problem

—Au+ o*u =0, 4.3)

for some (generally complex) parameter w, subject to Dirichlet or Neumann boundary conditions on I
(together with appropriate decay conditions at infinity if the computational domain is unbounded). The
fundamental solution for (4.3) is G (z) := e~ /(47 |z|) and equations (4.1) appear in three standard
formats:

Single layer potential: k(X,y) =G x—y), A =0 (4.4a)
Double layer potential:  k(x,y) = d/9n(y)G(x—y), A = *x1/2 (4.4b)
Hypersingular operator: k(x,y) = d/dn(x)d/dn(y)G (x—y), A =0. (4.4¢)

It is well known that existence, uniqueness and well posedness of the weak problem (4.2) follows if the
following three conditions hold:

Continuity: There exists C > 0 such that

Vu,v € V¥ i la (u, v)| < Cllull gucry 1l gucry - (4.52)

Gdrding’s inequality: There exist a constant y > 0 and a compact operator T : V* — (V*) with
associated bilinear form ¢ (-, -) = (T -, -) such that

YueV":a,u) > y||u||%{M(F)—t(u,u). (4.5b)

Injectivity:
Ifu € V¥, then a(u,v) =0Vv e V* impliesu = 0. (4.5¢)

Let us recall what is known about the conditions (4.5) for the operators (4.4), in the special case when
w € [0, 00) in (4.3). (Proofs are given, e.g., in Sauter & Schwab, 2004.) The single-layer potential (4.4a),
satisfies (4.5) in space V* = H~!/2(I"). The double-layer potential (4.4b) is known to satisfy (4.5) in
VH = L2 (I') provided I" is a sufficiently smooth (e.g. Lyapunov) surface. In this case the generalization
to less smooth surfaces (e.g. polyhedra) is still an open problem—see Elschner (1992). Subject to the
further restriction that @ > 0, the hypersingular operator (4.4c) satisfies (4.5) in V* = H 12.(y.

REMARK 4.1 The case of the Laplace operator (w = 0) is exceptional for the hypersingular operator,
since, in order to ensure (4.5), the energy space V* has to be chosen as the quotient space H'/2 (I /R.
In order to reduce technicalities we will always assume in the following that

conditions (4.5) hold in V¥ = H* (I") for some u € {—1/2,0, 1/2}.

Under this restriction, our analysis only handles the hypersingular operator for the case @ > 0. Our
analysis could be further extended to the case w = 0 (or indeed to integral equation formulations of the
Helmbholtz equation ((4.3) with w purely imaginary), but for brevity we do not do that here.
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In the (conforming) Galerkin method we select a space of piecewise polynomial functions 5" (7)) C
H"(I") and approximate (4.2) by seeking U € S;"(7), such that

a(U,V)y= (g, V) forallV eS"(T). (4.6)

Note that when u < 1/2 we may choose i = 0 or 1, but when n > 1/2 we are forced to work in the
space of continuous piecewise polynomials (i = 1).

In order to realize (4.6) numerically, we need to introduce a basis for S (7). For convenience we
shall restrict here to standard nodal bases defined as follows. For each t € 7, we define (see Definition
2.8)

P'"t)={u:t— R: uoyl; € P*@)}.

In 7, we choose a set of d(m) := (m+1)(m+2)/2 nodes (X, :p=1,...,d(m)}sothateachit € ]f”m(f)
is uniquely determined by its values at the X,,. (This is the so-called unisolvence property. Some of the

X, may lie on the boundary of 7.) The corresponding nodes on T are defined by: X, ; = x.(X,) and
there exist corresponding nodal basis functions ¢, . € P"'(tr) € S;'(7), with the property that
Gpc(Xg 1)) =8p.r)(g ), Tor pog=1,...,dm),t,7' eT. 4.7

The functions
{bpr: p=1,...dm), T €T} 4.8)

then constitute a suitable basis of Sy (7).

For SI" (T), we require further that if two elements t and 7’ share a common edge e, then, this edge
is parametrized equally from both sides. More precisely, we require that if x~ I(e) = éand XT_,I (e)=¢
then there exists an affine mapping y : ¢ — ¢’ such that x; and x. o ¥ coincide pointwise on . We
assume that the points X, ; and x, ./ restricted to e coincide and that the values of u at these points are
sufficient to determine uniquely u|, on e. In this case any u € S]"(7) is determined uniquely by its
values at the set of global nodes, namely the set {x, . : p =1,...,d(m), v € T}, where nodes on
the boundaries of several elements now constitute a single ‘freedom’. Denoting this set more abstractly
by {x : f € F} for some suitable index set of freedoms F, then our basis for S{"(7) is

{6 feF}, 4.9)
where ¢ € S1"(T) is the unique function satisfying
dr(xp) =855, foral f,f'eF. (4.10)

Clearly the basis (4.8) may be written in the abstract form (4.9) by allowing the set F to contain
double indices of the form (p, ). With this notation, (4.10) follows from (4.7). Moreover, in any case,

supp¢f§U{?:xf€?}~ 4.11)
Note also that, because of the above unisolvence assumption above,

d(m) 172
the functional & —> [ Z | (f(p)|2} is a norm on P (7). 4.12)
p=1
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Writing U = ) rerUpdy, (4.6) is equivalent to the linear system

Y. (Mg +Kpp)Up =gy, feF, (4.13)
fleF

where gr = (g, ¢f), My y = (¢, ) is the mass matrix and
Ky = /F /F k(x, Y)pp(Nprx)dydx, f f €F. (4.14)
is the stiffness matrix. The mass matrix M is sparse and can be easily computed. The stiffness matrix is

dense and generally has to be approximated by quadrature. Replacing K r, s by an approximation K ff
leads to the discrete counterpart of (4.6): Find U e S"(T), such that

alu,vy=(f, V), forall V e S™(T), (4.15)
where
a(v Wy =3 S Wy (M4 Ry ) Ve (4.16)
feF fleF

The stability and convergence of U is provided by the first ‘Strang lemma’. A version for symmetric
continuous elliptic bilinear forms is given in Ciarlet (1978); however in this paper we need an extension
to forms satisfying the weaker assumptions (4.5). Before stating the result, we first introduce the relevant
parameters. A measure for stability of the perturbed bilinear form is

Fstab = sup . 4.17)
v.wesranoy 1V ey IW gy

The stability of the perturbed problerrl (4.15) follows if rgap approaches O as the mesh is refined.
However, the rate of convergence of U may depend on the regularity parameter § in the following
assumption:

the solution u of (4-2) satisfies u € HH*TS (I"), forsomesd > 0. (4.18)

Note that conditions (4.5) ensure that (4.18) holds at least for § = 0.
With the regularity assumption in place, the rate of convergence depends on the quantity
la (V. W) —a(V,W)|

Teony i=  SUp : (4.19)
o v.wesrnoy IV Iy IWlaer)

where the parameter v has to satisfy
w<v<p+ds with S"(7)C H'(I). (4.20)
LEMMA 4.2 Consider the problem (4.2), where a(-, -) satisfies (4.5). Suppose

rsab — 0 as h:=max{h; :t €T} — 0. 4.21)
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Then, for sufficiently small 4, the approximate Galerkin method (4.15) has a unique solution U e
S{" (7). If, in addition, (4.18) holds and v satisfies (4.20), then we have the error estimate

u—U < su inf  |lw—Z|gv inf |u—Z| gv +r [z gv .
l (V708 weHz"R‘(F) & HY (D) e ()t Teonv lull v ()
IleHZ\)fu(p):l
(4.22)

The proof of this lemma can be found in Sauter & Schwab (2004, Satz 4.2.11 and Bemerkung
4.2.12).

REMARK 4.3 Note that since u < v, we always have reony < 7sab, and the best possible estimate
for rcony Would be obtained by choosing the maximal v so that S*(7) C H"(I"), provided also that
©w < v < p+ 6. The error estimate (4.22) will then give a rate of convergence which is the maximum of
Feony and the first term in the right-hand side of (4.22).

In the applications in the following two sections we shall study two different stiffness matrix
approximations K to K. Our estimates for the induced perturbation in the bilinear form do not depend
on the underlying energy space and in their simplest possible form imply

la (V. W) —a (V. W)l < Cu VIl 2ry IW 2y - forall V, W € 8" (T)., (4.23)

where C, - Oash :=max{h;:1€7T}— 0.

Lebesgue-type norms (here L;, but they may be L) naturally appear in the right-hand side (see (5.2)
and (6.11)). In order to use (4.23) to estimate rggap and reony, the argument differs according to whether
uw=0o0ru<0.

If 1 > 0, then the estimates

Fsab < Cpand  reony <€ forall p <v<pu+6

are a trivial consequence and cannot be bettered. Thus the rate of convergence provable from (4.22) is
limited to C, in this case. Thus, for the double-layer potential and the hypersingular operator the simplest
choice v = p and § = 0 is optimal in Lemma 4.2, leading to r¢ony = 7stab, independent of any regularity
in the problem.

The situation is different if & < 0, since then inverse estimates are needed to estimate the L,-
norms in the right-hand side of (4.23) in terms of (negative) energy norms. Since inverse estimates incur
some blow-up as i — oo there is the possibility of obtaining a better estimate for r¢ony than for rggp,
when some regularity is present. This is the gain from the use of different measures for stability and
consistency.

For the single-layer operator, & = —1/2 and one has to combine inverse inequalities for V and
W with (4.23) in order to estimate rg,p. If we assume L2—regularity, ie. § = 1/2, we obtain optimal
estimates for r¢ony by choosing v = 0 in (4.20). Under moderate assumptions on the mesh we have

sup inf _Jw = Zll2py < Ch'/?
weHY2(I zeS"(T)
lwll 172 py=1
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and the error estimate (4.22) takes the form

u—"Ully <h'2? inf Ju-2z +r, u . 424
l I 2y < 2eSM(T) I ||L2(F) conv | ||L2(F) ( )

Since the estimate of r¢ony Only requires one application of inverse estimates (for the function W), the
term rcony should converge faster to zero than rg,p, and estimate (4.24) should be better than the ‘trivial®
one (corresponding to the choice v = —1/2):

u—"Ul - S oinf u—Z|g- ~+ Tstab Ul - . 4.25
I la-12¢m) 2, l | -172(ry + rstab lull g-172( ) (4.25)

This is the reason why sharp inverse estimates play a key role in the analysis. We give detailed estimates
for rgap and r¢ong in the following sections.

5. Galerkin method with quadrature

The effect of quadrature errors in Galerkin methods is analysed in Graham et al. (2000a), under the
assumption of shape-regular meshes. The following theory generalizes these results, allowing also the
treatment of degenerate mesh sequences, provided they satisfy Assumptions 2.2 and 2.6.

THEOREM 5.1 Suppose, for all f, f’ € F the approximate matrix entries K f,f' are constructed so that
the following error estimate holds:

\K s — Kyp gl Sh*H  supp eyl |supp | (5.1)

for some x > 0 where h = max {h; : T € 7} is the global mesh diameter. Let i € {0, 1}. Then, for all
v, v2 € [—1, k] such that S" (7)) € H™>*iv2l(),

la(V, W) —a(v, w| o o
Vi Wiy~ 20 1712 pe
HI(I) H2(I') teT teT

uniformly in V, W € & (7) where v, := min{v;, 0}.

REMARK 5.2 Theorem 5.1 extends to all vi, v» € [—k, k] under the assumption that x, is affine for
each t € 7 (see Theorem 3.6).

Proof. By the definitions (4.2) and (4.16) of a and a, we have, forall V, W € §"(7),

a(V, W) —a(v, )| < D Y IVelIKpp = KpplIWpl SBT Y " splVel e 4D splWelt

feF fleF feF feF
(5.2)
where s s = | supp ¢ s|. Now, using the Cauchy—Schwarz inequality, we obtain
Lo 1/2y —vp 1)2 v N
DosrlVel =D tey s e s PV < D0 oy sy [ oy s ViR (53)

feF feF feF feF
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where pr = p (x f) and p is the piecewise linear function specified in Definition 3.1.
Now, using (4.11) and then (2.3a) and (2.3b), we have

2v 2v, 2v 2v
Yopyt sy < Yooyt Yo ll=3 > pp IS Y e kel (5.4)
feF feF tel t€7T feF teT
Xf€T X €T

where the constant of proportionality in the last inequality depends on the polynomial degree m, but not
on the mesh 7 or on v;. A similar argument shows that

Z p;2U;Sf |Vf|2 S Z szv; Z |Vf|2 I|.
feF teT feF
XfET

Thus, by a simple scaling argument based on (4.12) and making use again of (2.3a), we have
—2v; 2 B
pr " Sf|Vf| gZHp "1V‘
feF el
Combining (5.3) with (5.4) and (5.5) we obtain

AT o v,
D osplVl S D e el e Ve S Y0 pr Rl Va1
peF teT teT

where the final relation follows from Theorem 3.6 when v; < 0 and trivially otherwise. Using this and
an analogous estimate for ) peFSp |Wp|in (5.2), we obtain the theorem. ([l

2
(5.5)

L2

REMARK 5.3

(i) When K f,f 1s a quadrature approximation of Kz, ¢/, the value of x in Theorem 5.1 is determined
by the order of precision of the chosen quadrature rule, the distance between supp ¢ ¢ and supp ¢ ¢/
and the blow-up of the kernel. The rule to be used typically depends on f, f’ and should be
chosen so that the resulting estimates for rg,p and r¢ony are suitable for the required application of
Lemma 4.2. Typically for kernels k(x, y) which blow up at x =y, the order of precision has to be
increased when supp ¢, and supp ¢, get closer together (see e.g. Graham et al., 2000a). Special
transformation methods can be used to remove the singularity when supp ¢, and supp ¢, intersect
(see Hackbusch et al., 1997; Sauter & Schwab, 2004).

(i1) In Graham ef al. (2000a,b) we give a number of different quadrature schemes which can achieve
(5.1) in the case when the approximating space is S 11 (7). This analysis can be easily extended to
the more general approximating spaces considered here.

A general theory of quadrature approximation of Galerkin methods follows by combining
Lemma 4.2 and Theorem 5.1.

COROLLARY 5.4 Under the conditions of Theorem 5.1, we have

1 2u”+1 1 2~ +1 207 +1
T'stab S h*t : § pTM + hr} s Tconv S, h*t § pru he § prv + he.
el el teT
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Proof. The proof is achieved by a trivial application of Theorem 5.1, with vi = u = vy for rg,p and
V] = v, vy = u for reony, and noting that |7| ~ ph;. O

When the energy space of the Galerkin method is H#, for u > —1/2, wehave2v™+1 > 2u~+1 >
0, and no negative exponent appears in the estimates in Corollary 5.4. Hence the degeneracy has no effect
on the stability and consistency estimates. This holds for all the standard boundary integral equations for
second-order elliptic PDEs. In particular, for the three standard integral equations given by (4.4a—c), we
obtain Corollary 5.5, the proof of which follows directly from Corollary 5.4.

COROLLARY 5.5 For the single-layer potential, we have © = —1/2 and

T'stab 5 hXJrl {Z hr} < hX+2 #T},
teT

where #7 denotes the number of elements in 7. With the regularity assumption § = 1/2 we may set
v = 0 to obtain

1/2
reow S WY R {Z |r|} S WEPHTY,
el teT

To see why rcony may be smaller than rg,p, assume, as is often the case, that #7° < h~2. Then, reap < hX,
while reony < X F1/2 and we see the gain of using different quantities for measuring the stability and
consistency.

For the double-layer potential and hypersingular operator, we choose § = 0 and v = p to obtain in
this case

1 1
"'stabzrconvf,]’lxJr E |77|§hxJr .
el

6. Galerkin method with panel clustering

The panel clustering algorithm provides an alternative representation of the finite-dimensional Galerkin
operator described in Section 4, so that multiplication of any vector by the corresponding matrix
representation has complexity O(N log“ N), for some (small) k ~ 4, where N (= #F) is the number
of degrees of freedom. This should be compared with the N? complexity required for multiplication by
the exact matrix. Approximations of this sort are at the heart of many fast methods for dense systems.
As well as providing a fast multiplication, the approximation needs also to be sufficiently accurate and,
so far, this has only been shown for quasi-uniform meshes. The purpose of this section is to extend the
error analysis to (possibly) degenerate meshes. Our results show that the panel clustering approximation
satisfies stability and consistency estimates which are independent of mesh degeneracy.

First, we will analyse standard formulations of integral operators in a unified setting. In the final
section we consider a special formulation of the hypersingular operator.

6.1 Panel clustering in the general case

To obtain this result we need to introduce the following concepts. (For a more complete introduction,
see Hackbusch & Sauter, 1993; Hackbusch et al., 1997, 2000; Sauter, 2000; Borm et al., 2002; Borm &
Hackbusch, 2002.)
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DEFINITION 6.1 (Cluster tree) A cluster tree T is a tree” whose vertices (called ‘clusters’) consist of
unions 0 = U{T : t € 7'} for certain subsets 7' C 7. These are required to satisfy the following
properties:

(i) I' = U7 T is the root of T.
(i) L(T) = 7T, where L(T) denotes the set of leaves of T.
(iii) If o € T\L(T), there is an associated set of vertices of T (denoted sons(o)) which satisfies:

(a) 0 =U{o’: o’ € sons(o)};
(b) If o/, 0" € sons(o) and o’ # o”, then ¢’, ¢” intersect at most by their boundaries.

There are standard procedures for constructing cluster trees (see for example Borm et al., 2002,
Example 2.1). Once T has been constructed, a second tree, T, whose vertices are pairs of clusters, may
be uniquely defined by the following prescription.

DEFINITION 6.2

(i) (I, I') € T, is the root of T,
(i) Forb = (a’ ,o ) € T, the set of sons is defined as follows:

sons (0’) X sons (0”) if o/,0” € T\L(T),

. {0’} X sons (o”) if be L£L(T)x T\L(T),
sons (b) = sons {o'} x {o”} if be T\L(T) x L(T),
] if be L(T) x L(T).

The key point in the panel clustering algorithm is to select pairs of clusters (o7, 6”) € T, and to
approximate the corresponding integrals by replacing the kernel k in (4.14) with some suitable separable
expansion. This cannot be done on all pairs of clusters, but only on pairs which are sufficiently far apart
relative to their diameters. This leads to the following definition of an admissible pair of clusters:.

DEFINITION 6.3 (Admissible pair) For n > 0, a pair (¢’, 0”) € T is called n-admissible if
n dist(o’, ¢”) > max{diamo¢’, diamo"}.

Using the concept of admissibility, the integration domain I" x I" in (4.14) is split into a near field
and a far field, characterized by the subsets P, (‘far field’) and Ppear (‘near field”) of T, defined as
follows.

First set Phear = ¥ = Pryr, and then initiate a call divide(I”, I") to the following recursive procedure:

procedure divide(o’, 0”);

begin if (o’, ") is n-admissible then Pgy; := Pgye U {(0”, ")}
else if (o, 0”)is aleaf then Ppueyr := Prear U {(0/, o)}
else for all (¢, ¢”) € sons(c’, o) do divide(c’, ¢”)

end;

As aresult of this call, P := Ppear U Pryr describes a non-overlapping covering of I' x I' in the sense
that U{c’ x ¢” : (¢/,06"”) € P} = I" x I" and all contributions o’ x ¢ in this union intersect at most by
their boundaries.

TUsua]ly atree is a graph (V, E) with vertices V and edges E having a certain structure. Here the structure will be given by the
sons of the vertices (defined below), while V is identified with T.
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Now we describe how the matrix K is approximated, using this decomposition. For the integration
in Pg,y, we approximate the kernel k(x, y) as follows. Let b = (¢/,06"”) € Py. Forx € 6/, y € o”, we
use a separable approximation kp (X, y) ~ k(x,y) of the form

hxy) = Y «;®0®v)y) (6.1)

iEIU/, jEIa//

with appropriate function systems {@((f’,) 21 € Iy} and {W{g’,,) : j € I,»} and expansion coefficients
Ki,j (b)

For kernel functions which are related to linear elliptic PDEs of second order with constant
coefficients and when (6.1) is related to a polynomial approximation of degree / in each coordinate
direction, one can prove (see Hackbusch & Nowak, 1989; Sauter & Schwab, 2004) the exponential
convergence estimate

!

kX, y) — kp (%, y)| < Cle—— 2l
k(. 3) = k(% V)| < Crge

6.2)

forall x € 6/,y € 0” and b = (0/,0") € Pgy, where ' = Cpn for some constant C and s is the
blow-up rate of the kernel

lkx,»I<C3lx—yl™, X,yel', x#y. (6.3)

Note that the constants C1 and C, are independent of / while the cardinality of the index sets I/, I,
depends on /. In the following, we assume that (6.2) holds.

The panel clustering approximation of the bilinear form a in (4.2) acting on the finite-dimensional
space 8" (T) x S8"(T) is given by

avV,w)= (I +K)V, W), withKV(x) = / k(x,y)V(y)dy, for V, W € S"(T), (6.4)
r

and

Fx.y) = k(X,y) xeo',y € 0" withb = (¢/,6") € Pyear, ©65)
V= kp(X,y) xeo,yeo” withb = (¢/,0") € Ppur. '

Since we are concerned here only with error estimates for this approximation, we do not discuss its
implementation, but instead refer readers to Hackbusch & Sauter (1993) and Hackbusch ef al. (1997) for
details.

Analogously to Theorem 5.1 we then have the following theorem.

THEOREM 6.4 Suppose we use the panel clustering algorithm described above to obtain an approximate
bilinear form a. Then, for all v, v> € [—1, k] such that S (7) C Hmax{vrval ()

la(V, W) —a(V, W)|
NVl cry IW L ve ory
uniformly in V, W € S (T), where

S ) HT) max A7 (6.6)

and v, :=min{v;,0}, i =1, 2.

VL2 vy 412
Pt i

Ap ;= maxthy, B}t {pl

The asymptotic constant in (6.6) may depend on .
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REMARK 6.5 As in Theorem 5.1 this result extends to all v, vo € [—k, k] under the assumption that
Xz is affine for each t € 7.

Proof. By (6.4), (6.5) and (6.2),

la(V. W)y —a(v, w)l=| > V) (k(x,y) — kp(x, ) W(y) dy dx
b:(U/,O'”)Eme— o’ Jo”
)
S dist (o', ")* VL] IWI
b=(0',0")€ Py ’ g

O.//

! / /

= Z Tt NS Z Vi [ IW]. (6.7)

be(ol e py diSt@ 0 L=y T
tCo’,1Co”

Nowift, 1 € 7T,t Co’,tv Co” and (6/,0") € P, then (a’, o”) is n-admissible and we have
ndist(¢, ) = ndist(c’, ¢) > max{diamo¢’, diam¢”} > max{diam¢, diam t}, (6.8)

which shows that such (¢, ) € T, are n-admissible. Since the procedure divide implies that each such
n-admissible (¢, T) belongs to a unique far field block (o], 07') € Prar, we can rewrite (6.7) as

nl
a(v. wy—aqv.wy <Y ﬁﬁw/w 6.9)
1 t T

t,tel T
(t,7) n—admissible

Because of the properties of (o/, o)),

dist(a;, o) > n~ ! max{diam(c,), diam(c)} > n~' max{h,, h;} > (17’)71 max{h;, h:}, (6.10)

where the constant of proportionality is independent of . Moreover, forany V € S;"(7) andany 7 € 7,
we have, by Assumption 2.6, for any v € R,

fm ~ /p:wp—”‘w < o2 107 Ve,
T T

where v~ = min{v, 0}. Inserting these last two results into (6.9), we obtain

la(V, W) —a(V, W)|

_ (n/)l+s 21}17 21}; o oy
S VIt Ul 2 e Vil e T Wil

s
Z,TET max {hl"h'[}
(t,7) n—admissible

Vielo " [zlp2”
NS max 2L T

<
S t,reT  max {h;, he)*

Do Vil Do loT 2 Wiy (6.11)

teT teT

Now observe that (since here I is a two-dimensional manifold), forallr, T € 7,

o 2

1o, " ITlpr 2 Vhihy VI 1/2 vy 412 = [ w12 w412
~ Py Pz < max{h;, hr} Py Pz .

max {h;, h.}’ max {h;, h¢}’
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The result follows from (6.11) by first applying the Cauchy—Schwarz inequality and then Theorem 3.6
— when either v; or v; is negative — or a trivial inequality otherwise. O

In Theorem 6.4, and n are parameters which control the accuracy of the panel clustering algorithm.
(They also control its computational cost.) Using Theorem 6.4 we can see how / and 1 should be chosen
in order to ensure the required accuracy in the case of various standard integral equations. The results
are in the following corollary.

COROLLARY 6.6 Under the assumptions of Theorem 6.4, we have
(i) For the single-layer potential: reab < () TH#HT),

~

(ii)  For the double-layer potential: ~ rgap < (0 VA2 HTY,

~

(iii)  For the hypersingular operator:  reqap < (/)3 {#7T) max;e7{h; .

~

According to Remark 4.3, the choice v =  and § = 0 is optimal for the double-layer potential and
the hypersingular operator. In this case 7siah = Fcony-

If we assume for the single-layer potential L2-regularity, i.e. § = 1/2 in (4.18) we may choose v = 0
to obtain

Feomw S RV T

~

Proof. Putting vi = w = v, in the result of Theorem 6.4, we obtain

raan S ()7 T) max {max(he, he)' = (orpe) 12 (6.12)
\T

where £~ = min{u, 0}.

The estimate (i) follows easily since, for the single-layer potential, s = 1 and u = —1/2.

The estimate for 7cony in the case § = 1/2 and v = 0 follows from (6.6) with s = 1, v =0, v, =
—1/2:

V12 vy 412
Pt

Feonv S (77/)1+S #7T} lmaé, {)0, max{h,, hr}l_s}
1€

= () #T) (max o 2) < H2a)) T
teT
For the double-layer potential (on a polyhedron) we have s = 2 and p = 0. Then (6.12) leads to

Feab S () THHT) max. {\/Ptpr max{h;, hr}_l} .

Since max{h;, h.}~! < {h,h,}_l/z, and since p; < hy, forall T € 7, the result (ii) follows.
In the hypersingular case s = 3 and u = 1/2 and (6.12) readily yields

reab < () T #T) max max{h, he)7l,
,TE

which yields the required result. U

EXAMPLE 6.7 Let I be the surface of the unit cube [0, 1]* and consider problem (4.2) in the special
case (4.4a): Find u € H~'/2 (I) such that

/dedyZ/g(x)v(x)dx Yoe H™'2 (D),
r4m|x—y| r
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for a given (say smooth) function g on I'. It is known that the Galerkin discretization in S& (7) on the
mesh is obtained by applying the mesh in Example 2.7 on each face of I'; then we obtain a solution
which satisfies the error estimate (see Petersdorff, 1989, Sauter & Schwab, 2004)
lu = Ullygiry < CN~Minlg=e3/4,
where 0 < ¢ < 1 is arbitrary but fixed, N = dim S& (7T), and g denotes the grading exponent. The
choice g > 5 leads to the optimal convergence rate of N ~>/4.
For this problem, Corollary 6.6(i) tells us that provided (') T' N < N=3/4, then optimal convergence

will follow. Hence, by the trivial estimate (4.25) the Galerkin solution converges with optimal rate if the
expansion order for the panel clustering algorithm is chosen according to

[ 9 log N
| 4llogn'| |
The estimates given in Corollary 6.6 for the single- and double-layer potentials are clearly unaffected
by any mesh degeneracy. However in the case of the hypersingular operator, a negative power of the
minimum diameter occurs. This is not a severe deficiency, but nevertheless it can be removed if we

reformulate the hypersingular equation using the concept of partial integration. This we describe in the
following final section.

6.2  Hypersingular operator with partial integration

The integral of the kernel of the hypersingular operator in (4.4c) does not exist as an improper integral
and has to be defined as a finite part integral. Various regularization methods for hypersingular integrals
exist in the literature and we choose here the method of partial integration (see Nédélec, 2001). As
explained in Remark 4.1, we restrict for the hypersingular operator (see (4.4c)) to the case w > 0
allowing the choice vz = gl/2 (I'), while the case @ = 0 can be treated similarly, but with some
more technicalities.

The bilinear form a : H'/?(I') x H'/?(I") — R which is associated with the hypersingular operator
can be written in the form (see Nédélec, 2001; Sauter & Schwab, 2004)

(aﬁpv (x) , cutlpu <y>) + @ (1(x), n(y)) v(X)u(y)
a(u,v) = /
I'xI’

dx dy, (6.13)
4 |x —y|

where the fangential rotation curl r is defined as follows (see Nédélec, 2001). For functions u €
H'/2 (I') and surface vector fields having componentwise differentiable extensions i and ¥, respectively,
in H! (U), where U is some three-dimensional neighbourhood of I', we define the tangential gradient
Vru as the restriction of the Euclidean gradient to the surface I"

Vru:= (V).
This enables us to introduce the tangential rotation of u as

—>
curlpu := —n x Vru.
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Since the energy space for (6.13) is H'/>(I") we must use continuous piecewise polynomials ST (1)
for its discretization. To analyse the effect of the approximation of the bilinear form a (-, -) by the panel
clustering algorithm, the estimate of the quantities

la(V,W) —a(V, W) la(V,W) —a(V, W)

Fstab ‘= and r = sup (6.14)
™ I1Vilgr2cmy IWlg2 o viwesmnoy 1V Ilay oy Wl ae

forall V, W e 8" (T) \ {0} plays the essential role. The parameter v must satisfy (4.20) with p = 1/2.
We split the bilinear forma (-, -) = aj (-, -) +a2 (-, -) in (6.13) according to the sum in the numerator
of the integrand.
To estimate the perturbation in a,, we can employ (6.12) with s = 1 and & = 1/2 to obtain, for all
v>1/2,
r@ <& < ) #HT Y, (6.15)

conv stab

where the indices (2) in the left-hand side of (6.15) correspond to the bilinear form a; (-, -).
Next, we turn to the estimate for the perturbation error in aj (-, -). For simplicity, we assume that the
piecewise smooth Lipschitz surface I" is actually the surface of a polyhedron

q
I = U Iy whereevery I, 1 <i < ¢, is planar. (6.16)

i=1
As a consequence, the normal n is constant on every panel T € 7 and
3

el S (T) = e we St (D} (57 ) (6.17)
THEOREM 6.8 Let rs(tg)b, rc((],av be defined as in (6.14) with respect to the bilinear form a; (-, -) as in
(6.13) and denote its panel clustering approximation by aj (-, -). Assume that I" satisfies (6.16). Then
the stability estimate

1
riay S (T HT)

stab ~
holds uniformly in V, W € &' (7)\ {0}. The choice v = 1/2 leads t0 rcony = Tstab-
Assume that the continuous problem has regularity § = 1/2. In this case, we have

r0 <2 ()T T

conv ~v

Proof. Ttis well known that the bilinear form a (-, -) is elliptic and continuous in H!/ 2 (I') (see Nédélec,
2001; Sauter & Schwab, 2004). In view of the inclusion in (6.17) we may use the inverse inequality from
Theorem 3.4 fors = 1, = 1/2 and interpolate with the trivial identity [|0"/2V || 1.0y = 102V | 1)
to obtain

le/zcuT; VH L < le/z‘/” SWVilgiegy — forall Ve S

L2(1) HI(I)
Hence,
lap (V, W) —a (V, W) < lap (V, W) —a; (V, W)]

Vg Wlgizagy = [0 2Ve] oy [072We | 2y

(6.18)
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where V¢ := curlp V and W€ := curl W. Now, by repeating the steps in the proof of Theorem 6.4, we
obtain the estimate for a; — ay:

av.w-a@wi= > [ [ vee we ke - &yl dray

b=(0",6")€ Py V7

S ———~ [ V[ | W] 6.19
~ z,;T dist (o,’ , 0{/) ‘ | | ‘ | | (6.19)
(¢t,7) n—admissible

Moreover, for any V¢ € ;' ~1(T) and any T € 7, we have, by Assumption 2.6,

/’Vc" N/ 1/2‘)01/2‘/(3
t

Inserting this and (6.10) into (6.19), we obtain

hihe)'/?
lai (V, W) —ai (V,W)| (”/)IH |:nt1a§ { m(ax {h) H Z H v
T,t€ t’

1/2

{ie1 o1} o 2ve

1/2 le/z

L2(t) L2(r)

L2(z) Z H’O

L2(r) )
(6.20)

Since /h hy < max {h;, h}, the term in square brackets in (6.20) is bounded from above by 1 and we
obtain by the Cauchy—Schwarz inequality the final estimate

lar (V. W) =@ (v, W)l 5 () ! @) | 02V

le/z

L2(I) L2

(¢9)
stab*

Assume that the problem has regularity 6 = 1/2. Repeating the proof for rl
inverse estimate only for the function W, we obtain

Combining this with (6.18) yields the estimate for r
but applying the

stab

~ [+1
lay (V, W) — a1 (V. W)l S HV2 () DIV gy IW ey -
O

REMARK 6.9 Theorem 6.8 along with estimate (6.15) shows that the negative power of 4 in
Corollary 6.6(iii) can be avoided by applying the panel clustering algorithm to the kernel in (6.13) and
not to the hypersingular kernel function in its original form (4.4c). In addition, we gain an additional
factor 2!/2 in the error estimate by employing the regularity of the solution.
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