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We show that for any linear combination of characteristic polynomials of independent
random unitary matrices with the same determinant, the expected proportion of zeros
lying on the unit circle tends to 1 as the dimension of the matrices tends to infinity. This
result is the random matrix analog of an earlier result by Bombieri and Hejhal on the
distribution of zeros of linear combinations of L-functions, and thus is consistent with
the conjectured links between the value distribution of the characteristic polynomial of

random unitary matrices and the value distribution of L-functions on the critical line.

1 Introduction

Over the past two decades, there have been many new results at the interface of random
matrix theory and analytic number theory that can be considered as evidence for the

zeros of the Riemann zeta function being statistically distributed as eigenvalues of large
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random matrices (matrices from the Gaussian Unitary Ensemble, or Haar-distributed
unitary matrices). The interested reader can refer to [14, 20, 21] for a detailed account
with many references, and to [13] for the function field framework. Since the seminal
papers by Keating and Snaith [15, 16], it is believed that the characteristic polynomial of
a random unitary matrix on the unit circle provides a very accurate model for the value
distribution of the Riemann zeta function (or, more generally, L-functions) on the critical
line. This analogy was used by Keating and Snaith to produce the moments conjecture
and since then the characteristic polynomial has been the topic of many research papers,
and the moments of the characteristic polynomial have now been derived with many dif-
ferent methods: representation theoretic approach (see [6, 7]); super-symmetry (see [20]);
analytic methods (such as Toeplitz determinants [20] and orthogonal polynomials on the
unit circle [17]); and probabilistic techniques [4]. Each method brings a new insight to
the problem. Many more fine-grained properties of the characteristic polynomial have
been established (e.g., the large deviations principle [10], local limit theorems [18], the
analog of the moments conjecture for finite field zeta functions [1, 12], etc.). Moreover,
thanks to this analogy, one has been able to perform calculations in the random matrix
world (whose analog in the number theory world appears to be currently out of reach) to
produce conjectures for the analogous arithmetic objects (see [23] for a recent account).

There are nonetheless certain results that can be proved in both worlds, such as
Selberg’s central limit theorem for the Riemann zeta function and the Keating—Snaith
central limit theorem for the characteristic polynomial of random unitary matrices
(see [15]). In fact, Selberg's central limit theorem can be proved more generally for a
wide class of L-functions (see [3, 22]).

Roughly speaking, an L-function must be defined by a Dirichlet series for
Re(s) > 1, have an Euler product (with some growth condition on the coefficients of this
product), an analytic continuation (except for finitely many poles all located on the line
Re(s) = 1), and must satisfy a functional equation. Such L-functions are expected to sat-
isfy the general Riemann hypothesis (GRH), which says that all the nontrivial zeros are
located on the critical line, the line Re(s) = 3.

Now if one considers a finite number of such L-functions, all satisfying the same
functional equation, then one can wonder if the zeros of a linear combination of these
L-functions are still on the critical line. In general, the answer is that GRH does not hold
anymore for such a linear combination even though it still has a functional equation
(this can be thought of coming from the fact that such a linear combination does not
have an Euler product anymore). But Bombieri and Hejhal proved in [3] that nonethe-

less 100% of the zeros of such linear combinations are still on the critical line (under
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an extra assumption of “near orthogonality” which ensures that the logarithm of the
L-functions are statistically asymptotically independent and that 100% of the zeros of
each L-function do not occur in clumps). In this paper, we will show that a similar
result holds for linear combinations of independent characteristic polynomials of ran-
dom unitary matrices. The result on the random matrix side is technical and difficult.
In addition to being an extra piece of evidence that the characteristic polynomial is a
good model for the value distribution of L-functions, the result is also remarkable when
viewed in the general setting of random polynomials. The main goal of this article is to
show that on average, any linear combination of characteristic polynomials of indepen-
dent random unitary matrices having the same determinant has a proportion of zeros
on the unit circle which tends to 1 when the dimension goes to infinity.

More precisely, if U is a unitary matrix of order N > 1, for ze C let
Py (2) =det (Iy — zU)

be the characteristic polynomial of U. From the fact that U is unitary, we get the func-

tional equation

@y (2) = (—2)" det(U) Py (1/2).

For z on the unit circle, this equation implies that

Py (2) = R(2)v (—2)" det(U),

where R(z) is real-valued (with any convention taken for the square root). Now, let
(Uj)1<j<n be a collection of nunitary matrices of order N, and let (bj)1<j<n be real num-

bers. We wish to study the number of zeros on the unit circle of the linear combination

FN(Z) = Z bj(pUj (Z)

j=1

If we want F to have most of its zeros on the unit circle, it is reasonable to expect
that we need a “unidimensional condition” for the equation F(z) =0 and |z =1, that is,
a functional equation similar to the equation satisfied by U. This equation obviously
exists if all the characteristic polynomials @y, satisfy the same functional equation,
which happens when the matrices U; have the same determinant. By symmetry of the
unitary group, it is natural to assume that the unitary matrices have determinant 1.

More precisely, the main result of the article is the following theorem.
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Theorem 1.1. Let (b;):<;<n be nonzero real numbers. For N > 1, let

n
Fy(2):=) by, (2).
j=1
where (Uj)1<j<n is a family of independent matrices whose distribution is the Haar mea-
sure on the special unitary group SU(V). The expected proportion of zeros of Fy on the

unit circle tends to 1 as N goes to infinity, that is,
E({zeU: Fn(2) =0}|) =N — o(lN),
where |{z€ U : Fy(2) =0}| is the number of z on the unit circle which satisfy Fy(z) =0.0

The whole paper is devoted to the proof of this result. Before explaining the

strategy of the proof, we make a few remarks.
Remark 1.2. Theorem 1.1 can be stated as

1
AIIEEO]E(ﬁHZEU : FN(Z)=O}|> =1.

1
Since the random variable ﬁ|{ze U : Fy(2) =0}| is bounded by 1, the convergence holds
in all LP spaces for p> 1. It therefore also holds in probability since convergence in L!

implies convergence in probability. O

Remark 1.3. The fact that we impose the condition that the matrices have the same
determinant is similar to the condition in [3] that the L-functions have the same func-
tional equation. Moreover, in our framework, the analog of the Riemann hypothesis is
automatically satisfied since all the zeros of each characteristic polynomial are on the

unit circle. O

Remark 1.4. The fact that the proportion of zeros on the unit circle tends to 1 is a
remarkable fact when considered as a result about random polynomials. It is well known
that the characteristic polynomial of a unitary matrix is self-inversive. (A self-inversive
polynomial is one where ay_;=exp(if)a; for some 6 e R, where (ay)ockscn are the
coefficients of the polynomial.) Self-inversive random polynomials are of interest in
the context of semiclassical approximations in quantum mechanics, and determining
the proportion of zeros on the unit circle is an important problem in that context.
Bogomolny et al. [2] showed that if the first half of the coefficients are chosen as indepen-

dent complex Gaussian random variables (the second half being fixed by the self-inverse
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symmetry), then asymptotically %g of all the zeros are exactly on the unit circle. Hence,
we can say that our result is not typical of what is expected for classical random polyno-
mials built from independent Gaussian random variables. In our framework, we do not
know the distribution of the coefficients, but we do know that they are not independent.
Consequently, the classical methods which use the independence of the coefficients (or
use the fact that they are Gaussian if one wishes to add some dependence) do not work
here. Using general results on random polynomials whose coefficients are not necessar-
ily independent or equidistributed [11], one can deduce that the zeros cluster uniformly
around the unit circle. But showing that they are almost all precisely on the unit circle

is a much more refined statement. O

We now say a few words about our strategy of proof of Theorem 1.1. In fact, we
use the same general method as in [3], called the “carrier waves” method, but the ingredi-
ents of our proof are different, in the sense that they are probabilistic. For instance, we
use the coupling method, concentration inequalities and the recent probabilistic repre-
sentation of the characteristic polynomial obtained in [4]. More precisely, for U € U (V)
and 0 € R, we denote by Zy(0) the characteristic polynomial of U evaluated at e~?, that
is, Zy(0) = ®y(e~¥). Then we make a simple transformation of the linear combination

Fy in order that it is real-valued when restricted as a function on the unit circle:

n n
iv eiNe/zFN(e—ie) — il giNO/2 Z b]@Uj(e_ie) _ Z bjiN eiN@/ZZUj ®). (1)
j=1 j=1

Using the fact that U; € SU(N), one checks that iV eN%/2Zy (9) is real, and thus

the number of zeros of Fy on the unit circle is bounded from below by the number
of sign changes, when 6 increases from 6y to 6y + 27 (with 6y to be chosen carefully),
of the real quantity given by the right-hand side of the equation above. The notion of
carrier waves is explained in detail in [3, pp. 824-827] and we do not explain it again
but we would rather give a general outline. The main idea is that informally, with
“high” probability and for “most” of the values of 6, one of the characteristic polyno-
mials Zy; dominates all the others (it is the “carrier wave”). More precisely, Lemma 3.8
implies the following: If § depends only on N and tends to zero when N goes to infin-
ity, then there exists, with probability 1 — o(1), a subset of [0y, 6y + 27) with Lebesgue
measure o(1) such that for any 6 outside this set, one can find j, between 1 and n
such that [log|Zy, (6)| —log|Zy,(0)|| > 8\/@ for all j# jo. In other words, one of the
terms in the sum of the right-hand side of (1) should dominate all the others. More-
over, Lemma 3.13 informally gives the following: With high probability, the order of
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magnitude of each of the characteristic polynomials does not change too quickly, so if
the interval [0y, 0y + 27) is divided into sufficiently many equal subintervals, the index
of the carrier wave remains the same in a “large” part of each subinterval. The zeros of
Zy, correspond to sign changes of i" e™?/2Zy, (9), and since this is the dominant term
of (1), one gets sign changes of i¥ e!N?/2Fy(e""¥). By counting all these sign changes, one
deduces a lower bound for the number of zeros of Fy on the unit circle.

The main issue of the present paper is to make rigorous this informal construc-
tion, in such a way that one gets a lower bound N — o(&V). One of the reasons why the
proof becomes technical and involved is that we have to take into account two different
kinds of sets, and show that they have almost “full measure”: subsets of the interval
[6o, 00 + 27) and subsets of SU(N).

Our proof is structured as follows: We first give two standard results (Proposi-
tions 2.1 and 2.5), one on the disintegration of the Haar measure on U (NV) and the other
one which establishes a relationship between the number of eigenvalues in a given fixed
arc to the variation of the imaginary part of the logarithm of the characteristic polyno-
mial. (Indeed, most of our results on random matrices are established for U(N) and we
show how to go from the results for U () to those for SU(N).) Then we provide some
estimates on the real and imaginary parts of the logarithm of the characteristic poly-
nomial (Lemmas 3.1 and 3.2) as well as a bound on the concentration of the law of the
logarithm of the characteristic polynomial (Lemma 3.3). Then we provide bounds on
the oscillations of the real and imaginary parts of the logarithm of the characteristic
polynomial (Lemma 3.7). These estimates, and some further intermediary ones which
we establish, are also useful in their own right and complement the existing results in
the literature on characteristic polynomials. We then introduce our subdivisions of the
interval [6p, 6y + 27) and the corresponding relevant random sets to implement the car-
rier waves technique. Finally, we combine all these estimates together to show that the
average number of sign changes of (1) is at least N(1 — O((log N)~'/??)). The exponent

—1/22 does not play any major role in our analysis.

Notation

We gather here some notation used throughout the paper.

We write U(N) for the unitary group of order N, while SU(N) stands for the
subgroup of elements U(NN) whose determinant is equal to 1. We let Py and Psyq)
denote the probability Haar measure on U(N) and SU(N), respectively. Similarly, we

denote by Ey(x) and Egy(y) the corresponding expectations. For na positive integer, we let
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]P’(S'[’}(N) be the n-fold product of the Haar measure on SU(N), and ]E(S’{}(N) the corresponding
expectation.

If U is a unitary matrix, we write its characteristic polynomial as ®y(z) =
det (Iy — zU), with ze C. For 0 € R, we denote by Zy(0) the characteristic polynomial
of U evaluated at e ¥, that is, Zy(9) = &y (e™¥).

We shall denote the Lebesgue measure on R by A. If @ > 0 is a constant and if I is
an interval of length «, then A, will denote the normalized measure é)» on the interval I.

If nis an integer, we denote [1, n] the set of integers {1, ..., n}, and if £ is a finite
set, we write |£| for the number of its elements.

We shall introduce several positive quantities during the proof: K >0, M > 0,
and § > 0. The reader should have in mind that these quantities will eventually depend
on N. Unless stated otherwise, N >4 and K is an integer such that 2 << K < N/2, and
M = N/K. In the end, we will use K ~ N/(log N)3/6* and § ~ (log N)~%/32,

2 Some General Facts

In this section, we state some general facts in random matrix theory, which will be used

later on.

2.1 Disintegration of the Haar measure on unitary matrices

Proposition 2.1. Let Pyy) be the Haar measure on U (), Psy(y) be the Haar measure on
SU(N), and for 6 e R, let Psy(n) .0 be the image of Psyy by the application U +— €U from
U(N) to U(N). Then, we have the following equality:

21 d9
P — =P , 2
L SUW) .65 U (2)

that is, for any continuous function F from U(N) to Ry, the expectation Egy ¢ (F) of F

with respect to Psy(y),¢ is measurable with respect to 6 and

27 de
ESU(N),G(F)Z_ =Ky (F). 0
0 T

Proof. One has
Esu,o (F) = J F(Xe") dPsy (X), (3)

which, by dominated convergence, is continuous, and a fortiori measurable with respect
to 6. By integrating (3) with respect to 6, one sees that the proposition is equivalent to

the following: if U is a uniform matrix on SU(XN), and if Z is independent, uniform on the



Sums of Characteristic Polynomials of Unitary Matrices 12373

unit circle, then ZU is uniform on U(N). Now, let A be a deterministic matrix in U(N).
For any d e C such that d™¥ =det(A), one has Ade SU(N), and then ZU A= (Z/d)(U Ad),

where:

(1) U Ad follows the Haar measure on SU() (since this measure is invariant by
multiplication by Ad e SU(N)).

(2) Z/dis uniform on the unit circle (since d, as det(A), has modulus 1).

(3) These two variables, which depend deterministically on the independent

variables A and Z, are independent.

Hence, ZU A has the same law as ZU, that is, this law is invariant by right multiplication

by any unitary matrix. Hence, ZU follows the Haar measure on U(N). |

Remark 2.2. This result also appears in the proof of [19, Lemma 2.5]. O

Remark 2.3. This disintegration will allow us to deduce the estimates on SU(NV) we will
need from the corresponding estimates on U(N). Another way to proceed would be to

make use of [13, Lemma AD.7.1] which we recall here. O

Lemma 2.4 ([13, p. 390]). Let f:U(N)— C be a C* bounded central function, that is,
fUV)= f(VU) for all U, V € U(N). Then, one has the equality with an absolutely con-
vergent series

Esoan (f(X0) =) By (det X)° f(X)). O

LeZ

If one wished to proceed using this lemma, one would then need to estimate the
terms of the series in order to show that the term corresponding to £ =0 is dominant,
that is, that the expectation Esy) ( f(X)) is close to Ey v ( f(X)). For f being a function of
the characteristic polynomial, this can be done using the probabilistic splitting defined

in [4] and used in the proof of Lemma 3.2.

2.2 Number of eigenvalues in an arc

The result we state here relates the number of eigenvalues of a unitary matrix on a given

arc to the logarithm of its characteristic polynomial. Recall that for U € U(N) and 6 € R,

we denote by Zy(9) the characteristic polynomial of U evaluated at e . Moreover, if e

is not an eigenvalue of U, we define the logarithm of Zy (9), as

N

log Zy(6) :== Y _log(1 —e®=), (4)

j=1
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where 6, ...,60y are the zeros of Zy in [0, 27), taken with multiplicity (note that the
eigenvalues of U are elt, ..., el%), and where the principal branch of the logarithm is
taken in the right-hand side. Note that e’ is not an eigenvalue of U almost surely under
Haar measure on U(IN), and also almost surely under the Haar measure on SU(N), except
for the case when e =1 and N =1.

We then have the following result, already stated, for example, in [10].

Proposition 2.5. Let 0<s <t <2x, and let us assume that s and t are not zeros of Zy.

Then, the number of zeros of Zy in the interval (s, t) is given as follows:

N

N 1
Z pes.0) = Z(t —s)+ - (Imlog Zy(t) — Imlog Zy (s)) . (5)
k=1

Proof. It is sufficient to check that for all ¢ € [0, 27)\{s, t},
Tl jyeeso) = t;_s +Imlog(l — @) —Imlog(l — @),
Now, for v € (0, 27),
1—eV=e"/?(e /? — ¢/?) = —2isin(v/2) e"/* = 2sin(v/2) €2,

Now, sin(v/2) >0 and (v — 7)/2 € (—7 /2, r/2) and hence

vV—T
2 9

Imlog(l —e') =
since we take the principal branch of the logarithm. Now, for ¢ € [0, 27)\{s, t}, ¥ — s+
2nlp.sp and ¥ — t+ 2w (y.y are in (0, 27), which implies

ﬂ—t—n+2n11w<t} l?—S—]T+2]T11{19<S}
2 2

Imlog(1l — ew’”) —Imlog(l — ei(ﬂfs)) —

s—t
= T +JT(]1{19<t} — ]1{19<s})a

from which Proposition 2.5 follows by summing over the N zeros of Zy in [0, 27). |

3 Proof of Theorem 1.1
3.1 Conventions

All the random matrices we will consider are defined, for some N > 1, on the measurable

space (My(C), F), where F denotes the Borel o-algebra of the space of N x N complex
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matrices My (C). The canonical random variable with values in My (C), that is, the iden-
tity function from (My(C), F) to My(C) is denoted by X. For example, if F is a bounded,
Borel function from M y(C) to R,

Esuawn[F (X)] = J F(M)dPsy ) (M).
My (C)

3.2 An estimate on the average of the logarithm of the characteristic polynomial

Lemma 3.1. There exists a universal constant ¢; > 0 such that for all N > 2, and A> 0,

2 dg o
J Psy) (|logZx(6)| > Ay/log N)z— <o e AN
0 n

J1 .. 1
where A A %N denotes the minimum of A and %N. O

Proof. Forall A >0,

21 d9 2w d@
J Psuv) (IlogZx(0)| > Ay/log N)o— < e 4V 1°gNJ Esuq (e*°8 ZX<9>|>2—
0 Y4 0 4

< e MAVIBNE, o (4108 2xOl) (by (2))

< e A /log NEU(N) (e/\(|Re log Zx(0)|+|Imlog ZX(O)|))'

Using the inequality el?+?l < e#™? 4 e3P 4 e=2+b 4 ¢=%b vyalid for all a, b € R, and
writing the right-hand side of this inequality as 4E(e?%t2?) for B and B’ two independent
Bernoulli random variables, independent of U, such that P(B=1)=1-P(B=-1) = %,
we have:

o d@ LA\ /log N L(B Relog Zx(0)+B'Imlog Zx(0
J IPsmN)(uong(en>A¢log1v)g <4eMAVIBNE, o (1B Relog Zx(0)+B Imlog Zx(0)))
0

Keating and Snaith [15] showed that for s, t € C such that Re(s + it) and Re(s — it)
are strictly larger than —1,

G+ HHG1 + HG(1 + N)G1+ N +5)
G+ N+ )61+ N+ 561 +5)

s Relog Zx(0)+t Imlog ZX(O)) —

Evav (e (6)

where G is the Barnes G-function, defined for all ze C, by

oo
G(z+1):= (27)%? e [(1+y)Z +4/2 1—[ (1 + f)” g7t E/2m),
n=1 n

with y being the Euler constant.
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In other words, one has

G+ NG (1 + 551

s Relog Zx(0)+t Imlog ZX(O)) —
G(1+5s)

2+12)/4
(s™+t0/ GN,s,t’

Eya (e

where, by the classical estimates of the Barnes function,

G(1+N)G(l + N +5)

— N+t /4 i .
G+ N+ 559G+ N+ 5

Gust:

tends to 1 when N goes to infinity, uniformly on s and ¢ if these parameters are bounded.
For any sequence (Ay)y>1 such that Ay €0, %], one has (taking s=AyB and
t= )\.NB/):

Eyar (eM(® Relog Zx(0)+B' Imlog Zx(O0)y — M()»N)N*%’/z,

where

G(1 + AnZHE)G(1 + Ay B )
N, AyB,AyB' | -

Mo :=E< G+ iwB)

Since the function G is holomorphic, with no zero on the half-plane {ze C : Re(z) > 0},
and since Gy ;5.5 tends to 1 when N goes to infinity, uniformly on A € [0, 1], the quantity
M()) is uniformly bounded by some universal constant ¢ > 0, for A € [0, %]. Hence, for N
going to infinity,

EU(N)(eAN(B Relog Zx(0)+B' Imlog ZX(O))) < C/N)Lfv/Z’
which implies that
2 de
J Psuaw) (l1ogZx(6)| > Ay/log M), < 4¢ e~ vAVIog N +05 log N)/2
0 T

Now, taking Ay = (1/2) A (A4//log N) (which means Ay is the smaller of 7 and A/,/log N),

we have
2 de
J IP)SU(N)(|10gZX(9)| > A\/@)Z_ <4d ef)»NA/1OgN[A*()»N«/10gN)/2]
0 4
< ac e—AN log N[A—(A/+/log N)(4/log N)/2]
< 4:d e—ANA/logN(A/Z)

< 4d e IW1ogN/2nA14/2). m
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3.3 An estimate on the imaginary part of the logarithm of the characteristic polynomial

From the previous result, we obtain the following estimate for the imaginary part of the

logarithm of the characteristic polynomial.

Lemma 3.2. There exists a universal constant ¢; > 0 such that for all N>2, A>0, and

6 eR,

N
=

Psuyan (| Imlog Zx(6)] > Ay/log N) < ¢j e (4 O

Proof. We use here the probabilistic splitting established in [4] which shows that for
any U € U(N), there exists, for 1 < j< N, x; on the unit sphere of C/, uniquely deter-

mined, such that

U — Roa) (R(xN_l) 0) (R(xN_z> 0>.._<R<xl) 0 ) -
0 1 0 Ig 0 IN—]

where R(x;) denotes the unique unitary matrix in U(j) sending the last basis vector e;
of C/ to x;, and such that the image of I; — R(x;) is the vector space generated by e; — x;.
(See also [5] for an infinite-dimensional point of view.)

Moreover, the characteristic polynomial of U € U(N) is given by

N
Zy©@) =[] - (xj, e,
j=1
and its logarithm is
N
log Zy(0) = ) _log(1 — (x;, &;)), (8)
j=1

when 1 is not an eigenvalue of U, taking the principal branch of the logarithm on the
right-hand side. Note that the determination of the logarithm given by this formula
fits with the definition involving the eigenangles (4). Indeed, the two formulas depend
continuously on the matrix U, on the connected set {U € U(N), 1 ¢ Spec(U)}, and their
exponentials are equal, hence, it is sufficient to check that they coincide for one matrix
U. For example if U = —Iy, then x; = —e; for all j and the two formulas both give N log 2.

If U follows the uniform distribution on U(N), then the vectors (xj)i1¢j<n are
independent and x; is uniform on the sphere of C/. The determinant of U is equal to the

product of the determinants of R(x;) for 1 < j < N, and since R(x;) is the multiplication
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by x; on C, one has

N
det(U) =x [ [ Iy (xy).
j=2
where I is the function from C/ to the unit circle U that maps Xj > det(R(x;)). From

this, we deduce that under the measure Psy) ¢

(1) The vectors (xj)2<j<n are independent, x; being uniform on the unit sphere
of CJ.
iNo

(2) The value of x; € U is uniquely determined by the determinant det(U) =¢e'"",

N
x; = eV H[Fj(xj)]’l.

j=2
Indeed, let Pgy .y, o be the probability measure on the image of SU(N) by the multiplica-
tion by e'?, under which the law of (xj)1< < is given by the two bullet points above. This
probability measure can be constructed as the law of the random matrix U given by the
formula (7), where (x;):<j<n are random vectors whose joint distribution is given by the
bullet points (1) and (2) just above. We now have to prove that Psyw) s = Pgyy, 4. Let us
first note that the joint law of (x;)2<j<w, under the probability measure Pgyy, ,, does not

depend on 6. Hence, under the averaged measure

J'27r ]P)/ %
0 SU(N),0 2 ’

the vectors (xj)2¢j<n still have the same law, that is, they are independent and
xj is uniform on the unit sphere of C’/. Moreover, conditionally on (xj)2<j<n, X1 =
elv? ]_[yzz[l“j(xj)]‘l, where 6 is uniform on [0, 27). Hence, (x;)1<j<n are independent, x
is uniform on U, and thus x; in uniform on the unit sphere of C’ for all je{1,..., N},

which implies

2 do 27 do
P, — =P = P —.
JO SU(N),0 2 U(v) J;] SU(N),6 o

Now, Psy).2-/n is the image of Psyy by multiplication by e?"/¥ Iy, which is a matrix
in SU(WN). The invariance property defining the Haar measure Psyy, implies that
Psu(wy,2=/v = Psuawy, and so 6 — Psy),¢ is (27/N)-periodic. It is the same for 6 ]P”SU(N)’G,
since the values of x;, ..., xy involved in the definition of IP’/SU(N),(9 do not change if we add

a multiple of 27/N to 6. Hence,

27 /N , N do 2w /N N do
]P)SU(N),O 2 = SU(N),0 2
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Now, let F be a continuous, bounded function from U(N) to R. By applying the equal-
ity above to the function U F(U)1{getye(ene, gery), for an interval I CI[0,27/N), one

deduces with obvious notation that

, do d6
J ESU(N),G(F)_u' =J Esuy.o (F)—
I I

1y’
where |I| is the length of I. By the definition of Psya) ¢ and Pgy y, 4, the first measure
is the image of Psy(y, by multiplication by e, and the second measure is the image of
Psy (.0 DY right multiplication by the matrix (eigg I ) Hence, by continuity and bound-
edness of F, and by dominated convergence, Esy) o (F) and EéU(N).G(F) are continuous
with respect to 6. By considering a sequence (I,),>1 of intervals containing a given value

of 6 and whose length tends to zero, one deduces, by letting r — oo,

Esyon.o (F) = Esua.o(F).

We now get the equality Psya e =IP’/SU(N)’9, and thus the law of (x;)i<;j<n under Psyw)o
described above.

Hence, the sequence (X;)2<j<n has the same law under Psy(y),¢ and Py ). We now
use this fact to construct a coupling between these two probability measures on the
unitary group.

The general principle of coupling is the following: When we want to show that
two probability distributions P; and P, on a metric space have a similar behavior, a
possible strategy is to construct a couple (U, U’) of random variables defined on the
same probability space endowed with a probability P, such that the law of U under
P is Py, the law of U’ under P is P,, and the distance between U and U’ is small
with high probability. In the present situation, we take (X})lg j<n to be independent
with x; uniform on the unit sphere of C/ for all je({1,..., N}. We construct, using (7),
a random matrix U’ following Py,. Then, we do the coupling by taking x;:=x] for
2<j<Nand

N
x = e [,
j=2

which gives a random matrix U following Psy(w)¢. From the fact that x; = x; for j > 2 and

equation (8), we get the following:

log Zy(0) — log Zy(0) =1log(1 — x1) — log(1 — x7),
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and in particular,

|Imlog Zy(0) — Imlog Zy (0)| < .

Now, for B := (A— —%—),, one gets:

/log N
Psyav) (I Imlog Zx(—0)| > Ay/log N) =Psy).¢(| Imlog Zx(0)| > Ay/log N)
=P(|Imlog Zy(0)| > Ay/log N)
<P(|Imlog Zy (0)| > AV]log N — 7)

=Py, (| Imlog Zx(0)| > B/log N)
21 d9
:J Psyavy (| Imlog Zx(0)| > B+y/log N o
0

2 de
< J Pouan (1 1og Zx(@)] > By/Tog M)
0

A/log N
<c e BT,

Now, if B < ¥ lggN, then

2
A J1og N A% 1 2 2
— | AN 08 < — B+L =B_+ B + T
2 2 J1og N 2 Jlogh 2loghN

2 +2+210g2

2
g(BA\/logN>+n N big

A AA,/logN <A,/logN< log N B+ 7T __BJlogN =
2 2 T4 T 4 Jlogh] 4

B B A log N +n

2 2 4

Hence, we get Lemma 3.2, with
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3.4 Bound on the concentration of the law of the logarithm of the characteristic polynomial

Lemma 3.3. For N >4, 6 €0, 27) and § € (0, 1/2), one has, uniformly in x5 € R

Psyanlllog|Zx(0)] — x| < 8/log N1 < Célog(1/6),

where C > 0 is a universal constant. O
Proof. The proof of Lemma 3.3 needs several steps. |

Sublemma 3.4. For j > 1 integer, s, t € R, let us define

(J+ 55 + L)

QG5 0=

Then,

(1) For32+t2>8j2,|a(j,s,t)|>max(1,@)_
(2) For j2<s?+12<8j2 1Q(, s, t) < 1.
(3) Fors?+t2<j2, Q] s, t)| < e " +/1077, -

Proof. One has

1— S 4 it/

1+1it/j 9)

a(j,s, t)=

If s + t? < 852, it is immediate that the numerator has a smaller absolute value than the

denominator, that is, |Q(J, s, t)| < 1. Moreover,

2 42 2 tZ 2 2 2 42 2 42

R T e (51— )
|O(J’Sst)| = 2 =1- 2
1+ 7 1+ 7

and in the case where s% + t2 < j2, one deduces

7(s? 4+ t?)

Qdj, s, H*<1 i
1Q(J], s, B)] 3277

and then

] _ 2 | 42 2 (242 .9
1Q(J, 5, 8)| e 7T L g (THO/I0T,
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Now, if s? 4+ t> > 82, the numerator in (9) has a larger absolute value than the denomi-

nator, and then |Q(J, s, t)| > 1. Moreover, since (s? + t?)/8j% > 1,

2 2 2 2 2 2 2 2 2 2
L CHE DS BEP R D+

|Q(Jv s, )= 2 = 2 = 242

1+ J—g 14 ]—2 1+ J_z

2 2 2 2
(s]-—+zt)2+sj+t _ s2 4t
~ 64’ 1+ 252 6452
which finishes the proof of the sublemma. |

Sublemma 3.5. Let j > 1 be an integer, let p; and o; be the real and imaginary parts of
log(1 — ,/,quj_leie), where B, j_; is a beta random variable with g(1, j — 1) distribution

and 0 is independent of g j_;, uniform on [0, 27]. Then, for s, t e R,

|E[ei(tpj+saj)]| < ef(SZ+t2)/30j

if s2 4+t < 8j?, and
8

Vs +t?
ifs2+t>>8j%and j > 2. O

|E[ei(tpj+5(7j)]| <

Proof. ForteR and s € C with real part strictly between —1 and 1,

r(Hra+iy

E[ei(tpj-‘rsnj)] — : i
rF(j+55HrG+45)

(10)

(see [4]). Now, if t is fixed, the function
S > E[ei(tpj+saj)]

is holomorphic, since the imaginary part is uniformly bounded (by 7/2). This implies

that (10) holds for all t€ R, s € C, and in particular for all s, t € R. Moreover,

'k (k+1it)
- - — 1
Ik+ 52T (k+ H32) koo

since I'(k+ z)/I"(k) is asymptotic to k* for large k for all ze C. Hence, by using the
equation I'(z+ 1) = zI'(z), one deduces that
N e (U w R =

E[eltri+so))] — l—[ : = l_[ Qk, s, t).
e k(k + it) k=
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If s2 + 2 < 852, then |Q(k, s, )| < 1 for all k> j and |Q(k, s, t)] < e~ " T/1K for all k> 3.
Hence,
o [e¢]
“E[ei(tijrSGj)]l < 1—[ ef(sz+t2)/10k2 < l—[ e7(52+t2)/10k(k+1) =e7(52+t2)/30j-

k=3j k=3j

Now let us assume s? + t?> > 8;2. One has:

rara+ip ﬁ 1

E[el®i+soD] = Ti—s it+s ’
F+5HrA+45%) 5 aks. )

k=1

where all the factors m have absolute value bounded by one. By considering the case
where j =1, one deduces
rra1+ie
ra+5Hra+ i)

and then, for j > 2,
1 8

< .
[Q(1,s, )| sz 4+¢2

|E[ei(tpj+saj)] | g

Sublemma 3.6. For N >4 and 6 € [0, 2r), the distribution of log(Zx(0)) under Haar mea-
sure on U(N) has a density with respect to Lebesgue measure on C, which is continuous

and bounded by Cy/log(V), where Cy > 0 is a universal constant. O

Proof. By the results in [4] and the previous sublemma, one checks that the character-

istic function @ of log(Zx(0)) € C ~R? is given by
N .
®(s. 1) = [ Bl ™).
j=1
If s + t> > 32N, one has s + t? > 128 > 8 for j € {2, 3, 4}. Hence,

512

< i(tp2+s02) i(tp3+so3) i(tpat+son)| <
|9 (s. )| < |Ele 1/|Ele 1I|Ele I< e

If s% + t> < 32N, then s? + t? < 82 for all j > 2+/N. Hence,

. 1

@ (s, 1) < E[el®it59)] L exp | —(s% + t? —

o, nl< [ E I<exp|—(s*+1) ) 307
2/ NN 2V NN
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, one deduces

: (s2+12)/30 2V + 1 (s2+£%)/30
o6 0l< ] (L> <<—>

1 N+1
2N jEN I +

.\ (s2+12)/30
o (3 —N) = e*log(N/g)(Sz+t2)/50

: 1/j < J+1
Since e!/7 > ]T

S\ N
Now, for N > 10,

12
J |q)(s,t)|dsdt<J 5
RZ

—log(N/9)(s2+t2)/60
2 —(sz + t2)3/2 ]1{82+t2>32N} dS dt + J e ]1{52+t2<32N} dS dt

RZ
32N 00

=7 (J g ulog(/9)/60 g4, 4 J 512 du)
0 oy U %2

607

- 10, 000
~ log(N/9)

10247 (32N)~ /2 ,
+ 7(32N) Tog N
and for Ne{4,5,6,7, 8,9},

512
2 (32 + t2)3/2

32N o0
512
=nJ du—i—J ——du
0 3oy U 3/?
10, 000
< _

<327 N + 10247 (32N) /2 < 2887 + 10247(128)"1/2 < TR

J |@(S, t)| dS dt < J ]l{sz+t2>32N} dS dt + J ]l{sertZgSZN} dS dt
R? R R2

By applying Fourier inversion, we obtain Sublemma 3.6. |

Let us now go back to the proof of Lemma 3.3. For any X € U (V) with eigenvalues

(e'%)1<j<n, one has, in the case where e' # €% for all je{1,..., N},

7 :=Im(log(Zx()) = Z Im(log(1 — ei®—9)))

1SN
1 ) '
= 2 Z 0; —0) + Z Im(log(e*1(91*9>/2 — e1(9176)/2))
ISjSN 1<jEN

= % Im(log det(X)) — NTQ + Z Im(log(—2isin(6; — 6)/2)))
1<jSN

_J N@+n

2 2
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where J denotes the version of Im(log det(X)) lying on the interval (—m,n].

Hence, for any €€ (0,7), |J|<e if and only if 7 is on an interval of the form

[Zk”*E*ZNw*”), 2k”+€;N(9+”)] for some ke Z. Now, for some A> 0 chosen later as a func-
tion of §, let @ be a continuous function from C to [0, 1] such that &(z)=1 if |Re
Z— Xp| < 8\/@ and |Im z| < A/log N, and such that &(z) =0 for | Rez— x| > 28\/@
or |Imz > ZAW. For € € (0, ), and under the Haar measure Py, on U(N),

gEU(N)[ﬁp(IOg(ZX(Q)))]l{\mge}]

T
= z Z EU(N) [@ (log(Zx(Q))) 1 { 2k7rfesz(0+7t) <I< 2k7(+6—2N(H+7r) }]

keZ
p 00 (2km4+-e—N(0+1))/2
=—ZJ de dyD(x+ip)®(x+iy)
€ Yz J—o (2kr —e—N(0+7))/2

00 1/2
=nZJ dXJ duD(x+ilkmr — N + 7)/2 + ue)) @ (x + ilkmr — N6 + 7)/2 + uel),
keZ ¥~ —1/2

where D denotes the density of the law of log(Zx(0)), with respect to the Lebesgue mea-

sure. Now,
D(x+ilkm — NO +7m)/2 + ue) @ (x + ilkmr — N0 + ) /2 + uel)

is uniformly bounded by the overall maximum of D and vanishes as soon as |x — x| >
28 /logN or |klr > N(|6|+7)/2+ n/2+ 2A,/log N. Since D and & are continuous func-
tions, one can apply dominated convergence and deduce that

%EUW)[q)(log(Zx(@))) I71<el

converges to

T Zro D(x+ilkm — N + m)/2)® (x + ilkr — N + 7)/2]) dx
keZ ¥~

when € goes to zero. On the other hand, if the matrix X follows Pgsyy) and if T is an
independent uniform variable on (-, 7], then Xe!”/¥ follows Py, and its determinant

is e!T. One deduces

P P
zEU(N)[‘P(IOg(ZX(Q))) I71<el= zESU(N)[¢ (log(Z xeirv (0)) i 71<6)]

1 r¢€
= Z J ESU(N) [@ (log(ZXen/N (9)))] dt

1/2
= J ESU(N) [(D (log(ZXeZive/N (9)))] dv.
—1/2
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Now, the function X +— @ (log(Zx(0))) is continuous from U (N) to [0, 1], since @ is contin-
uous with compact support and X — log(Zx(0)) has discontinuities only at points where

its real part goes to —co. One can then apply dominated convergence and obtain

%EU(N)[(D (log(Zx(@)N 1 71<e1] = Esya[® og(Zx(6)))].

By comparing with the convergence obtained just above, one deduces that

Esum[@(log(Zx(O)DN]=n ZJ D(x+ilkmr — N + 7)/2)® (x + ilkr — N + 7)/2]) dx.
kez ¥~

Since D(2) < Cy/log N and

11{|x—xU\ss«/logNJy\sA«/logN] SP(x+iy) < 11{\x—xO|<28«/logN,|y\<2A«/logN}
for all x, ye R, one deduces

ﬂdLCo

Psyanlllog|Zx(0)| — x| < 8y/log N, [Imlog Zx(9)| < Ay/log NI < Tog N’

where d=44,/log N is the length of the interval [x, — 28,/log N, xy + 28,/log N] and L is
the number of integers k such that |[knr — N(0 4+ 7)/2| < 2A,/log N. Now, it is easy to check

that L <1+ 24y/log N anOgN, and so
47'[500
Psuan[|log|Zx ()| — x| < 8y/log N, | Imlog Zx(9)| < Ay/log N1 < 16C(AS + —ﬁ'
0g
Using Lemma 3.2, one obtains
47[300 —A(A/\ logN)
Psuanlllog|Zx(0)] — x0| < 8y/10g N1 < 16CoAS + —— + ¢ e 2 z ),
J1og N
Let us now choose A:=1+ 5log(1/§). One finds
log N logN _ ,/log2
AN ViogN =[1+5log(1/8)] A ViogN > o8
2 2 2
and thus
A log v 5./log21 1/6
_(AAx/og >> VIog2log(1/8) o
2 2 4
Therefore,
4JT(SCO
PSU(N)[|10g|ZX(9)| — Xo| < 8\/ log N] < 16608 + 80008 log(1/8) + + 6’18

J1og N
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Since § < %, one has § <d8log(1/8)/log(2), which implies Lemma 3.3, for

¢ =% | goc, 4 <0 !
~ log2 °" log2)32 " log2’

3.5 Behavior of the oscillation in short intervals of the logarithm of the characteristic

polynomial

Lemma 3.7. There exists ¢, > 0 such that for © € R and A> 0 and uniformly in N > M >

2v i,
2 m de C
Psuw) <L Relog Zx (9 + N) — Relog ZX(Q)‘ o > Am) < a2
and . p " o
Psuw) <L Imlog Zx (9 + N) —Imlog ZX(Q)‘ o > AW) < 2 O

Proof. By symmetry of the problem, we can assume u > 0. Setting
Ry:=RelogZx (0 + %) — Relog Zx(9)

for fixed u (or the same expression with the imaginary part), we get:

o (| 18012 > aTog 1) < o ( (|11 22)
sum |\ | 1oloy 2 VIR M TS aogar SV, O 20

DR r” ,do
S a2logM U\, Riox

2

— J E ( 2)%
T A2logM ), W B o

1

Now, under U (N), the canonical matrix X is almost surely unitary. Let 0y, ..., 0y
be its eigenangles in [0, 27). For je({l,..., N} and t<[0, 27)\{6;}, we can expand the
logarithm as a conditionally convergent series

eik(®;—1)

log(1 — el = —
>1

Hence, for t such that Zx(t) #0,

N olk@;—0) o ikt
log Zx(t)=—Y_ Y _ - =-Y - tr (X¥).

j=1k>1 k>1
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Therefore,
1 1 ik k ikt K 1 I ke k
Relog Zx(t) = —2 ZE tr (X +Z e tr (x7F) :_EZ?e tr (x¥)
>1 k>1 iz 1K
and
Imlog Zx(t) = 1 Z l —ikt ¢y Xk Z elkt tr (X = 1 1 e ik tr (Xk)
2i k 2i k '
k>1 k>1 keZ+

Here, the series in ke Z* =7\ {0} are conditionally convergent. More precisely, for K > 1
set
1 1 .
S(K) . - - eflkt tr Xk
-3 2 e
keZ+,[kI<K
and
S: :=Relog Zx(¢t),

then s§K> tends almost surely to S; as K goes to infinity.

Moreover, one has the following classical result, [8]: For all p, g € Z,

Eyav tr (XP)tr (X9)) = 1L (p=q) | Pl A N. (11)

Hence, for K, L >1,t, uckR,

() (L) 1 e~ i(pt+qu)
EU(N) (St Su ) = EU(N) l_L Z ﬁ tr (Xp) tr (Xq)
D.q€Z*,|pI<K,|qI<L pq
1 efi(pthu)
—3 X B (X7 (x7)
p.qeZ*,|pI<K.|qI<L
efi(pt+qu)

2411 3

p.q€Z*,| pI<K,|qI<L |pal

>

keZ*,|k|<KAL

1 kAN eik(uft)+efik(uft)
-3 > ()

1<k<KAL

Np——qylgl AN (from (11))

eik(u—t)
|kl A N

ZN cos(k(u—1t)).

1<k<KAL



Sums of Characteristic Polynomials of Unitary Matrices 12389

One deduces that

Evan (S — S7)2) = Eyay (S5 + By (S)?) — 2 By (S5 S)

kAN
- 5 - cos(k(u— 1) (M jk<k) + Lik<ry — 20 k<raL)
k=1

AN
Z 2 cos(k(u — ) Mk aL<k<KvL)

k>1
1 kAN
S5 Z 2
2 k>KAL k

which tends to zero when K A L goes to infinity. Hence, S'X) converges in L? when K

goes to infinity, and the limit is necessarily S;. Therefore,

. 1 kAN NN
EU(N)(StS“)ZI}I_{EOE Z TR ———cos(k(u—1t)) = — Z iz cos(k(u—t)).

1<k<KAL k>1

The same computation with S;:=Imlog Zx(t) gives exactly the same equality,

namely

Eyw) (S:Sw) = Z 2 Cos(k(u—t))

k>1

It is therefore sufficient to only show the calculations for S;, as those for S, are
identical.

Setting « = £ and using this last formula, we can write

Euay(RY) =By ((Se — S0)?) = 2Ey(S% — S.So)

-¥ 5

k>1
k/\N kAN ku
—Z kz COoSs ﬁ .
k>1 k>1

We have

i% NZ _logN+)/+O<1>+N(1 +o<1;2)>

k>1 k=1 k> N
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and using Euler-Maclaurin summation, we have the following result (see [9, p. 37] for

the details), that uniformly on « € [—7, 7]

> kkA—zN cos (k) = — log |2 sin (%)‘ + Ci (N |a]) + cos(Na)

1

1
_ %N|a| + NaSi(Na) + O <N) ,

where
. Zsinx T  CcoSZ ® cosx
Si(z) := dx=— — + dx
0o X 2 ,; X2
and
® cosx Zcosx—1
Ci(z)=—J dX=y—logz~|—J ——dx.
z X 0 X

Let us denote f(u):=logu + Zu — cos u — Ci(u) — uSi(u). We therefore have, for
N going to infinity,

. 1
EU(N)(Rg) =logN+1+4+y+ f(n) —logu +log ‘2 sin (%)‘ + 0 (—)

N

2 1
:logN—l—l—i—y—l—f(u)—log,u—i—log(Z% (1—}-0((%) ))>+O(N>
_ 2 1
—1+y+f(u)+0(<ﬁ)>+o(ﬁ). (12)

Let us now study the behavior of the function f.

fln) =log u — cos u + 1 (5 = Si(w) - Ci(w)

2
cos * cos x “cosx—1
oz~ ot (22— [ 0) (g [ X )
1% i X 0 X
* cos x Hcosx—1
w X 0 X

Bounding the integrals uniformly in & > 0, one has that

© 1 w1
f(M)Z-V—;LO(J —zdx)+0<J <—/\1>dx)
w X 0 X
=—y+00)+0( +log(uv1))=0(log(%v2)),

where we have used the standard notation x v 1 to mean the maximum of x and 1.
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Substituting this into (12) yields

Eyan (R2) = 0 (log (% v 2)) = O(log M). (13)

3.6 Control in probability of the mean oscillation of the logarithm of the characteristic

polynomials

Lemma 3.8. Given neN, consider an i.i.d. sequence (U;)<;<n of random matrices fol-

lowing the Haar measure on SU(XV), and let
log|Zy,(6)|
J3logN

For § € (0, %), consider the random set

L(6):=

&= J[{oer0.271 / IL;@®)1 =67} u| J{0 €l0.27] /|L;(0) — Li(6)] < 5}

i=1 J#

There exists ¢z > 0, depending only on n, such that for all N >4
E(A27(85)) < c361og(1/8),

where Az, denotes the normalized Lebesgue measure on [0, 27]. O

Proof. One has

Esu (hax (63)) J _]PSU(N) 0 € &)

2 do
ZJ —]P’SU(N)(|L @)=Y+ Z J EPSUW)QLJ‘(@) — Li(0)] <9).

=1 1<i#j<n

In the last second sum, since i # j, L;(f) is independent of L ;(#), and hence, conditioning

on L;(0), one gets

Psuan (|Lj(©) — Li(0)| < 8) = Esyan) (H(Li(0))),

where

H(x) =Psyan (|L;(©®) — x| <)
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One deduces that for all i # j

1
Psyaw)(|Lj(0) — Li(0)| <8) < sup  Psyw <|108|ZX(9)| — x| <5,/ 2 log N) .
0€l0,2n],xeR

Using Markov's inequality, that is, P(X > t) < E(X)/tfor all t > 0 and all random variables
X >0, one thus obtains

2 dg /1
Esun (Aax (63)) < TZJ Z—PSU(M <|10g|Zx(9)|| >6""'./=log N)
0 T 2
1
+nn—-1) sup Psyw (}log|ZX(9)| — X| <8,/ - log N)
6€l0,27], xR 2

(5 TEY) = 1)6(5/v/3) 1og(V2/6).

<nce V2

Now,

s=1 (51  /logh 51 2 log2 51

e_ﬁ(ﬁA ) < e_ﬁ(ﬁA ) <e” 5 =0(8log(1/é8))
and
34
8log(v/2/8) < 8log(v/5-1/8) = - log(1/6).

which gives Lemma 3.8. u

3.7 Control in expectation of the oscillation of the logarithm of the characteristic

polynomials on a small period

In what follows, assume the dimension N > 4. Let K be an integer such that 2 < K < N/2,
defined as a function of N which is asymptotically equivalent to N/(log N)*/6* when N
goes to infinity. We denote

M:=N/K >2,

which is asymptotic to (log N)*®*, and we also define a parameter § € (0, ;) as a function

of N, asymptotic to (log N)~3/32 when N goes to infinity. For 6, € [0, 27], we denote, for
0<k<K.
O = B0 + 271k_9 N 2 kM
k-—Y0 K — VYo N ’
and for0<k<K -1,
Aep 6, — 2n  2nM
=0k — k= = ——
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The angle 6, is chosen in such a way that the following technical condition is satisfied:

K-1
> " Esuan (| Imlog Zx (6 + (1 — v/8)A) — Imlog Zx (6 + V/54)))
k=0

2 deo
0

This choice is always possible. Indeed, if the converse (strict) inequality were true for all
0o, then one would get a contradiction by integrating with respect to 6, € [0, 27 /K). We
then define the interval J:=1[6y, 6y + 27) = [0y, k). Note that all the objects introduced
here can be defined only as a function of N. Moreover, by applying Lemma 3.7 to 6 + /5 A
and u = N(1 — 2v/8)A < 27 M, we deduce that the assumption made on 6, implies that
K-1
3" Esua (| Imlog Zx (6 + (1 — v/3)A) — Imlog Zx (6 + V34))) = O (K log M) . (14)
k=0
We now introduce the 2-oscillation of the real and imaginary parts of the loga-

rithm of the characteristic polynomial.

Definition 3.9. For 6 € J and u €[0, 27 M], and for the canonical matrix X € U(N), the
2-oscillations of Relog Zx and Imlog Zx are defined by

— Relog ZX(G)’ ,

A Ry = \/ﬁ ‘RelogZX (9 + %)

AMIQ .

1
"~ Jlog(M)

In case of several matrices (X;)1<j<n We denote the corresponding 2-oscillations
by A,LRéj) and A,LIe(j). O

‘ImlogZX (6 + %) —ImlogZX(G)‘.

Now, we need to introduce several random sets. The most important ones can be

informally described as follows:

(1) A set .47 of indices k such that the average of the 2-oscillations A, Ry, and
A, Iy of the logarithm of the characteristic polynomials for 6 € [0, 6x+1] and
u €0, 27 M] is sufficiently small.

(2) For ke .41, a subset % of [0k, 6k.1] for which the average of the 2-oscillations
with respect to u € [0, 27 M] is small enough.

(3) A subset .#; of 41 of “good” indices, such that there exists 6 € [6, 6 + Vs4],

both in % and &5. This last set, introduced in Lemma 3.8, corresponds to the
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fact that the logarithms of the absolute values of the characterize polynomi-
als are not too large and not too close from each other. It is from this last
condition that we can define the “carrier wave”.

(4) For ke .4, and for some 6] € [0, Ok + VSAIN %G N &C, a subset % of [0, 277 M]
such that the 2-oscillations A, Rs; and A, I,; are sufficiently small. This con-
dition will ensure that the carrier wave index corresponding to 6 =6; + /N
does not depend on u € %.

(5) From this property, we deduce that, for each pair of consecutive gaps
between zeros of the carrier wave, which are sufficiently large to contain
an angle of the form 6} 4+ u/N for ke .4; and u € % (“roomy gaps”), one can
find, with the notation of the introduction, a sign change of i¥ elVN?/2 Fy (e ™),

and hence a zero of Fy.

All these sets will be precisely defined later in this paper. They are constructed in a
way such that their measure is “large” with “high” probability (again, in a manner to be
made precise). The corresponding estimates will then be used to prove our main result,

Theorem 1.1.

Lemma 3.10. Let IP’(S’{}(N) be the n-fold product of the Haar measure on SU(), ]E(S%)(N) the

corresponding expectation, and (X;)i<j<» be the canonical sequence of n matrices in
SU(N). Then:

(1) There exists a random set .4; C [0, K — 1] such that Eé’{}(N)(IMI) >(1-8)K
and P(S'@(N)—a.s., vV (j,ke[l,n] x A,

O y du do 1
A Ré])——:O =
20 27 M 27 SK
Ok 0

L y dup do 1
J J adP =0 ).
Ok 0 2n M 27 SK

(2) Pgyy-as., ¥ ke M, 3% C b Os1) such that iy (%) > (1 —8)/K and, ¥V 0 €
%G, jell,n],

27 M X d 1 2n M . d,U/ 1
ARP ZE _o(= d J ATV ZE o). 15
L B 52) ARC | A onm 52 (18)

Here, the implied constant in the O(-) symbols depends only on n. O

and
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Proof. By (13) and the similar estimate for the imaginary part, we have uniformly (with

a universal implied constant),
Eyw(4.F0)") + Eyar((4,10)") = O(1).
The Cauchy-Schwarz inequality ensures that
Eyw (A,Ro) + Eyan(Auly) = O(1),

that is, d
0
J Esuon(4 R + 4,1 5 = 0(D),
J jT

which implies

2 M do
E A, AL =0(1).
JJJO sua (A, By + 9)2 M 27 M

Splitting the interval J into K equal pieces and applying this estimate to nindependent

matrices (X;)<j<n following the Haar measure on SU(N), one gets

n K-1 Or1 (2T M n do
—ZZE&?W (J JO (AR + 4, I“))m2—)=0(1). (16)

Jj=1 k=0

Applying Markov's inequality, we deduce that there exists a universal constant « > 0,
such that

Okir 27 M du d9 Kn 3K
E(SI}(N) <card{(], ke[l,n] x[0,K—1]: L L A,RY 5 o Ké; }) <5
k

and

Okir p2m M cdu do  kn SK
E® ard{(j.k) e1.7] x [0.K — 1 :J J A S ST K 02
suaw | card ) (J. k) € [1.n] x | ] 6 Jo MO 2mM2n T K$ 2

Setting

- K du do _ kn (% (M dp A9 kn
=N ke[[O,K—l]}:J J ARD _<"_,J J PN L P e
i=1 o Jo 2rM 27w~ Kb )y, Jo 2nM 2w " K§

we thus get
Ea, (4D > (1 = K. (17)

Now, for ke .41, let us set

n

2r M d 2 2 2r M - d 2 2
m KT " KT
G = 1[0, O ﬂl | A, RV < ’J A T < )
b=t | Ho TwmMS e )y M mM S e




12396 Y. Barhoumi-Andréani et al.
Applying Markov's inequality again, we get that ]P’(S'g( n-a.s. we have

Aax (D) =2 (1 —9)/K. (18)

Definition 3.11 (Good indices). An index k€ [0, K — 1] is said to be good if:

(1) ke,
(2)  EF NG N 16k, O + V/8A) #0.

We denote by .45 the set of good indices, that is,
Ny 1= ke A /6 NG [0, 0+ V52) £ 0] (19)
An index is said to be bad if it is not good. O
Lemma 3.12. With the notation above, the set of good indices satisfies
Egyn (1-43]) = K(1 — 0(v/81og(1/9))),

where the implied constant in the O(-) symbol depends only on n. O

Proof. If ke .#° either ke 4° or ke # and & NG N[Ok, Ok + V8A)=@. This is,
Nf = M€ U A; where

N o={ke M G N[Ok O+ V84) C &)

By (17), we have Egy , (|47°]) < 8K.

For all ke.#, we have & D% N[0 6k++/34), that is, & D Ukek/‘;1 N
[0k, Ox + +/34), where the union is disjoint, and thus, Az, (&) > | A7 | ming Az (% N [0,
Ok + /S A)).

By (18), we have, Pg@u\,)—a.s.,

A2n (G OV [0k, O + V/BA)) = Aar (%) + han 1Bk, O + V/5A)) — Aan (16k, B + A))
1
> ((1=8)++V5-1).
K
Now, since § < 1, we obtain ng}w)—a.s.

V3

Aar (% N (6, SA)) >
27 (% 0 [0k, O + V5 1)) oK

(20)
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This implies that IP’(S’{}(N)—a.s.

~ 2K

Now, by Lemma (3.8), ES , (I-41]) = O(K /5 log(1/8)) and so

ESo o (457D <Egan 14D + gy (41 < 8K + O(KV/81og(1/8)).

3.8 Speed of the good oscillation of the logarithm of the characteristic polynomials

12397

Lemma 3.13. With the notation above, and P(S'Il}(N)—a.s., VY ke 4, there exists a random

set % C [0, 2 M], and 05 € & N Y N [0k, Ok + J8A), such that
Aoxm (%) =1— 0(5~*(log N)"/*(log M)'/?),

where Ay, is 1/(27n M) times the Lebesgue measure, and for all j € [1, n], u € %,

0 _ o (Log M) Gy [ Qog )1/
A = (W and - Al =0\ oganyz )

Again, the implied constant in the O(-) symbol depends only on n.

Proof. Letke .45 and 6; € NG N [0k, Ok + /34). Set

n
Y, 1= ﬂ{A_Rég) <e, A,Igg) <elh
j=1

where
__ (ogn)'/*

= og a7
Applying Markov's inequality, we get

n

n
daant (%) <hamm | (JARD 2 6} | + 22em | tA L) > )

j=1 j=1
n 2r M I d/J/ 2r M . de 1
< — max A Q—\/J AJY =) =Z0(s72 ,
e 1§j<n<J.0 ”R"k 2r M Jo "0 2m M & ( )

by (15), which gives the announced result.

(21)
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3.9 The number of sign changes

Let us go back to Theorem 1.1. We need to estimate the number of zeros of Fy on the unit
circle, or equivalently, the number of values of 6 € J such that the following quantity

vanishes:

n n
iN eiN@/ZFN(e—iH) — 11\7 eiN9/2 Z bjéUij (6—19) — Z b]lN eiN@/ZZUN’j (9) (22)
j=1 j=1

Using the fact that Uy j € SU(N), one checks that i¥ e!¥%/2Zy, (6) is real, and then the
number of zeros of Fy on the unit circle is bounded from below by the number of sign
changes, when 6 increases from 6, to 6y + 27, of the real quantity given by the right-hand
side of (22). Now, the order of magnitude of log|Zy, ;(0)| is J/log N and more precisely,
Lemma 3.8 informally means that for most values of 0, the values of log|Zy,,;(6)| for
1 < j < nare pairwise separated by an interval of length of order \/m. Hence, one of
the terms in the sum at the right-hand side of (22) should dominate all the others. If jj is
the corresponding index, one can expect that the sign changes of (22) can, at least locally,
be related to the corresponding sign changes of i’ e¥/2Zy, . (6), which are associated to
the zeros of the characteristic polynomial Zy, , . This should give a lower bound on the
number of sign changes of (22).
This informal discussion motivates the following definition.

Definition 3.14. With the notation of the previous subsections, for all k€ .43, we define

the carrier wave index by:
Ji :=Argmax {Relog Zx, (6;)} .
J

where 67 is the random angle introduced in Lemma 3.13. Moreover, to each ke .4, we

associate the interval

Ji:=165, 6 + (1 —V/8) Al O

As 6 € &¢, we have that for all j # jx, Relog Zx,(0;) < Relog Zx, 05) — %,/log N.
From (21), we deduce that for all j # j; and for all u € % we have
)

ﬁ(log N2 + 0(QogN)Y*).  (23)

* n % 125
Relog Zx, (Qk + ﬁ) < Relog Zx;, <9k + ﬁ) _

Now, since

1/8 = O((log N)'/19),
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with a universal implied constant, we then get, for a universal ¢> 0,

1Zx,6; + %)

— = <exp(—2c(log N)**° + 0((log N)'/*)) < exp(—c(log N)*/'?),
|ZXjk(9k + ﬁ)l

for N large enough, depending only on n. This implies

* 1% Z] |b]| . W 10
Z : j i — )< — ) , Ll _
j;tjkaZX] (9]( + N) X man |bJ| kaZXJk (Qk + N)‘ exp( C(lOg N) )

1 . M
Sl (1+2)

for N> Ny, where N; depends only on n,by,...,b, Hence, for ke 43, ne€ %, and
0 =6f + /N, the quantity

n
G©O):=) bi"eN"? 7y (0).
j=1
which is ng(m—a.s. real, has the same sign as its term of index jj.
Theorem 1.1 is proved if we show that the expectation of number of sign changes
of G(9) for 6 € J, under Pé’{}(m, is bounded from below by N — o(IN). Hence, it is sufficient
to get

Egan | D Sk| =N — o),
ke Nz

where S is the number of sign changes of b;,i¥ eiNO/ZZXjk (0), for 0 € i N{OF + &, 1w € A}

Now, for ke 43, let a1 < g2 < -+ <ok, be the eigenangles, counted with multi-
plicity, of X}, in the interval Ji. The sign of bji"¥ e!¥/?Zy, alternates between the differ-
ent intervals (ak1, okz2), (02, ®k3), - - -, (@kv—1, Ok ). Hence, for each pair of consecutive
intervals containing an angle 6 =6; 4+ %, u € %, we get a contribution of at least 1 for
the quantity Sk.

Every element of J; can be written as 6; + % for
0<u<(1—-vVNALNA=27M.

The Lebesgue measure of the elements of J; for which u ¢ %4 is then bounded by

1 2n M
ﬁk(@kc) = T)"ZnM(%C)a

where A denotes the standard Lebesgue measure. Hence, if an interval (o ,, ak,+1) has a

length strictly greater than this bound, it necessarily contains some 6 = 6; + 4 for which
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u € %. For some ¢ > 0 depending only on n, this condition is implied by
M _, —-1/4 1/2
Okv+1 — Okp > dﬁa (log N) (].Og M)*/<.

We will say that (ax., @k.v+1) is @ roomy gap if this inequality is satisfied, and a narrow
gap if

M
Qi1 — Ay < dﬁafz(log N)~'*(log M)'/2.

By the previous discussion, S is at least the number of pairs of consecutive roomy gaps
among the intervals (ak1, ¢k 2), (tk2, ®k3), - - - » (k1> k.- If there is no narrow gap, the
number of such pairs is (vy — 2) > vy — 2. Moreover, if among the intervals, we replace a
roomy gap by a narrow gap, this removes at most two pairs of consecutive roomy gaps.
Hence, we deduce, for all k€ .45, that

Sk = vk — 2 — 2y,

where vg is the number of zeros of Z X in the interval J; and vy the number of narrow

gaps among these zeros. Hence, we get the lower bound:

(n) (n)
Esyw) Z Sk | = Esy) Z ve— 2K -2y |, (24)
ke Ny ke Ny

where v is the total number of narrow gaps among the zeros in [0, 27) of all the functions

(Zigj<n
Now, P;@(N)-a.s., for all ke .42, we have
ve= 0 € 6§, 65 + (1 — V58)Al, Z;,(6) =0}
> {0 € [0k + VA, 0+ (1 — /5) A, Z;,(0) =0}

N(1-2V/9HA 1
- (2—7;/_) + ;(Imlog Zx, (O + (1 — V/8)A) —Imlog Zy, (6 + V/34))

> %(1 —2/8) — %Z |(Imlog Zx, (6 + (1 — /8)A) — Imlog Zx, (6 + /34))],
j=1

the second equality coming from Proposition 2.5.
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Adding this inequality for all ke .43, and taking the expectation yields the

estimate

N
Etan | 2 e | > 21 = 2V0EG (142
ke N5

n K-1
= > > ES i mlog Zx, (6 + (1 — V/6) A) — Im1log Zx, (6 + V5 4))]]
j=1 k=0

and using (14) to estimate the terms on the right-hand side we therefore conclude that

N
Egvan | D_ v | = (1= 2V9)K(1 - 0(v/51og(1/8)) + O(K/log M)

ke N5

(25)

> N(1 — 0(v31log(1/8))) + O (M%M) .

It remains to estimate

E&l}(m [2y] = 2nEsuan[x] = 2nEy v [x],

where x denotes the number of narrow gaps between the eigenvalues of the canonical
unitary matrix X. The replacement of SU(N) by U(N) is possible since the notion of
narrow gap is invariant by rotation of the eigenvalues. Note that this estimate of the
number of narrow gaps is the analog of the assumption made by Bombieri and Hejhal
on the proportion of small gaps between zeros of L-functions. Now, the last expectation

can be estimated by the following result.

Lemma 3.15. For N > 1 and € > 0, let U be a Haar-distributed matrix on U (V) and let x,
be the number of pairs of eigenvalues of U whose argument differ by at most ¢/N. Then,
Elx.] = O(Ned). O
Proof. For 6,0, € R, the two-point correlation density of the eigenvalues of U at e

and e'®2, with respect to the Haar probability measure on the unitary group, is given by

p(e &) =N2 |1 - (Sin[N(eZ —0)/2] )2
' N sin[(6, — 6;)/2] ’

Now,

N|sinl©; — 6:)/2]| < N|6; — 6,/2
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sin[N (0, — 61)/2]\? _ (sinx z
(Nsin[(Qz — 91)/2]) - ( X

for x=N(6, — 6,)/2. Now, for all xe R, | sinx| > sin |x| > |x| — |x|3/6, which implies
sin x\ 2 2\* x?
2ll1——) 21— —
X 6 3

sinx>2i| < N?x*>  N*(0, — 61)*

and then

and

X 3 6

p(ei91’ ei@z) <N2 [1 _ (

Integrating the correlation function for 6, € [0, 27) and 0’ :=6, — 6, € [—¢/N, ¢/N] gives

e/

2m e/N ' nAn\2
<[ L[ )

N
— < N4J (0")?do’ = 0 (N*(e/N)?).
0 2

—&/N 2 6 —&/N

From this result, applied for
e =cMs *(og N)"V*(log M)/
we get the estimate
Egyw[2¢]= O(Ne®) = O (N M58 (log N)~*/*(log M)*/?). (26)

Substituting the estimates (25) and (26) into (24), and recalling that M := N/K so
2K = O(N/M), we find that

ke Ny

EQ ) (Z Sk) >N |:1 -0 (‘/5108(1/3) + \/I(I)MW/[ + M35 %(log N)~**(log M)s/z)} .

From the values taken for § and M, we get
V81log(1/8) = O((log N)~*®*1oglog ),

J1og M
o8 = 0(y/loglog N(log N)~3/6%)

u -

and

M35 %(log N)"**(og M)** = 0 ((log N)*/**(log N)'®/**(log N)"**(log log N)*/?)

= 0 ((log N)"*/**(loglog N)3/?) .
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Finally, we get

ESm | D Se| =N - 0(og N)~V22)),
ke Ny

which completes the proof of Theorem 1.1. |
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